MODULUS OF COMPLEX NUMBERS
ARGUMENT OF COMPLEX NUMBERS
MAXIMA AND MINIMA

CUBIC ROOT OF UNITY

De MOIVRE S THEORM

MODULUS OF COMPLEX NUMBERS

1). If e, fare two non zero complex numbers and £ is uni modular then

the value of ‘a—_ﬁ 1S
l-ap
o 2) 1 3)2 4) |a|
Key (2
Sol af|_le=fl _le=Pig_,
1-ap ‘l—a.l_‘ ‘ﬂ_&‘
B

1 1-2i 3450
2). fZ=1+2i -5 10i |then
3-51 —10i 11

1) Z is purely imaginary 2) Z is purely real
-
3)Z=0 4)argZ=T

Key (2

1 1+2i  3-5i
Sol z=[1-2 -5 —10i |=z
345 —10i 11

c.z is purely real.

zZz Z
S+
z Z

3). Number of complex numbers z such that |Z|=1and =1 and arg Z €(0,27)

1)4 2)6 3)8 4) more than 8



Key (3

-2

2
Sol z=e" |2 2l = \c052x+isin2x+cost—isin2x =1
2z
= C0s2x = iE => x has eight values in (0,27)
4. If the ratio }I—Z is purely imaginary, then
z

Ho<l|zl< 2)|z=1 3) |z|>1 4) bounds for |z| can not be decided

Key (2
Sol 0177 1—?:(l—z)(1+z)+(l—_z)(l+z)=2(1—|zz|) = =1
l+z 1+7Z (1+Z)(1+Z) |1+ z]|
1 1 1
5). If z,z,,z, are complex numbers such that ‘Zl‘ :‘22‘:‘23‘: —F—+—|=1
Z. Zn Z
I 2 73
then |z1 +z, +z3| 1s
1) equal to 1 2) less than 1 3) greater than 3 4) equal to 3
Key (1
Sol vzl =z =z =1we get 22, = 2,7, = 2,7, =1

=|z, +z, +z|
=|z, + 2z, +z|
7). Iflal=2,]z|=3. |z|=4 and |z + 2+ 2| =5 then 42,2, +92,7 +1622,| =
1) 20 2)24 3) 48 4) 120
Key (4
Sol  |4z,z,+9z,z, +16zz,|

= 12,2,2,2y + 2,2,2,2, + 23232122‘



- HZI||Z2||Z3”|ZI +z, +Z3| =120
8). Let Zr(l <r<4) be complex numbers such that ‘zr‘ —Jr+1 and

‘3021 +2022 +1523 + 1224‘ = k‘zlzzz3 +ZZZ3Z4 —1—232421 +Z4ZIZZ‘

Then the value of k equals

1)‘zlzzz3‘ 2)‘222324‘ 3) ‘242122‘ 4)  None of these
Key (3
z, 7, 7, Z
Sol  Wehave | 1«24 28 X1, ‘i+i+i+L
2 3 4 5| 601234z z oz 9z
1 2 3 4
Now, lel—Z 2222:3 2323:4and 2,2, =
60 60
So, k= = =30=z 27
PP N N R S

Note for objective take z, :\/E;z2 =\/§;z3 =2z, = NG

2P +2l7-3]

0 <=2
9). If Etan30° ‘Z‘+1 then
3 3
1)|z|<5 2)|z|>5 3)|Z|>2 4) |Z|<2
Key (3
Sol | 2|2°|+2|2|-3 ,
0 0gtan30°W<_
2|2°|+2|2|-3
=11 " 53
|Z|+1

= ((|2[-2)(2[2])+3) >0

= |z|>2



n—1

10). If z is a root of the equation aOzn +az" 7+
i=0,1,....n. Then
D Jz[>3 2) fal< 3)al> 5
Key (1
Sol  az"+az"" +a, 2" Fean, +a, z+a, =3
|3| = ‘aoz" +az"" +a, 2" F . +a, z+a,

n—1

3<[a|4 +

z

n—1

3<2( "+ Foe, +|z|+1)

z z

%<1+|Z|+|z|2+ ...... +laf

n+l

2-2

z

<321
3|z|-1>0

2|2
3

n—1

4

z+a, =3, where |a|<2 for

1
4 L
)<

0€[0,27] and z;,z,,z3 are three complex numbers such that they are collinear and

4)4

12).
(1 +sin 9|)zl +(|cos 0| —1)22 2 zz =0 If at least one of the complex numbers
71,25,2z3 1S non- zero then number of possible values of 4 is
1) Infinite 2)0 3)2
Key (4
Sol  If 41542523 are collinear and az, +bz, +cz, =0 then at+b+c =0 .Hence

1+|sint9|+|cost9|—1—x/§=0:>|sint9|+|cost9|=\/§

3 Sx Ix

:0217_9_5_
4744 4



5

14). If Zi, Z, are two complex numbers such that |Z|=1, |Z,|=1 then the maximum value of
242y +[7,=2,is
1)2 2) 242 3)4 4) none of these
Key (2
Z =cosa+isina, Z,=cosf+isinf

|Z,+ Z,]+|2, - Z,| =\[2+ 2cos(a - B) + /2 2cos (a - B)
Sol leta— B=0

2cosg+2sin£=2ﬁsin £+€
2 2 4 2

17). If z,z, are complex numbers such that =z -3zz=2 and 3z'z,-z =11 then
2 2
|z +23|=
Key (5
Sol 213 —32125 +3izlzz2 —iZ; :2+11i:>(z1 +i22)3 =2+11
Similarly , (z —iz,) =2-11

1/3

|2+ 23] = (7 + iz ) (7 — )| = |2+ 100) (2 -11) 7| = 5

19). If the complex number Z satisfying Z+|Z|=2+8i then value of |Z| =
1) 8 )17 3)15 4) 24
Key (2
Sol z=a+ib
= a+ib+Na’ +b> =2+8i
=b=8, a+\a’+64=2

a+64=a’—4a+4
= 4a=60=a=-15

o |z =a* +b* =225+ 64 =4/289 =17
ARGUMENT OF COMPLEX NUMBERS

32). The greatest positive argument of z satisfying |Z —4|=Re(Z)



1.z 2. 2% 3. % 4.
3 3 2 4
Key (4
X-4)Y +y*+x°
Sol |x+iy—4|:x( ) IR

¥ —8x+16=0

z lies on the parabola with vertex (2,0) focus (4,0) and tangents from (0,0)a
point on the directrix in x always include 90°

- greatest arg(z) is 45" =%
33). If Z is a complex number such that —%Sargzg%zhen which of the following in

equality is true.

Dz 2| <|z|jarg z —arg 2| 2) |z - 2| <|argz - arg=
3)|z 2| > |l|argz — are?] 4) |--3-1

Key (1

Sol  z=ré’,z=re™

z z . -
‘———‘ = |2z sin 6?| < ‘argz—arg z‘
ror

= ‘z—g‘ < |z|‘argz—arg2‘

34). If §< a< 37” then Modulus and argument of (1+cos2a)+isin2a is

1) —2sina,% 2) 2cosa,a—rx 3) —2sina,a—x4) None of these

Key (2

Sol Let Z:(1+cos2a)+isin2a

=2cos’ a+2isinacosa

=2008a[cosa+isina]

=-2cosa[-cosa—isina]

=—2cosa| cos(a—x)+isin(a—r)] {"E<a<7}



|z| =-2cosa and argz=a -7

36). Let a complex number z, with minimum argument is lying on the cure |z+4i|=2then

o 8l
arg(z)+ — | |=
s r=0 2\/§

1) s-% N3~ z 4y 2%

)3 3 )3 3 3)3 )3
Key (4

1 i3
Sol  Clearly z=—3-3i=>—==—| - +°2
ol Clearly z=—/3 l:>2\/§ [2+2J
10 10

37). IfZ:(1+\/§i) +(1—\/§i) , then arg z is

1z w4z D

) 2 ) 74 4 ®) none of these
Key (2
Sol z=a+a

= always real
—argz=0 or .
4
38). If z=cosa + 1 sina, 0 <o<m/6 then the argument of z ;1 1s
V4
T o« T« 3a Va
Key (1
Sol arg z' -1 =arg(z4—1)—arg(23+1)=(2a—£+7rj_3_a:7T+a
2 +1 2 2 2

39). If 0<arg(z)<x/4, then the least value of v2|z—i is
Key (1
Sol  0<arg(z)<7z/4 represents the region of the complex plane lying in the first

quadrant and bounded by the x-axis and the line y=x.



The least value of |z—i] is the length of perpendicular from (0,1) to y=x,
1

which is N

Thus, least value of \/5|z—i| =1.

YA

(0.1)

MAXIMA AND MINIMA

45). If |z]=15 and |z, -3-4i|=5, then
D o=z, =3 2) Ja=2,| =10
3) 72|, =20 4) |z,-z,) =25
Key: (1, 4)
Sol:

15

J nmun. s

max .25




Min. value of |z, —z,| =5
Max. value of |z, —z,|=25
46). For all complex numbers z,,z, satisfying |z|=12 and ‘ZZ —3—41“ =5,
the minimum value of |z, —z,| is
)0 2)2 37  4)17

Key: (2)
Sol: |z,|=12= z, lies on circle with centre ¢, at origin and radius 12

|z, -3—4i|=5= z, lies on the circle with centre ¢, (3+4/) and radius 5.

|z, = z,| will be minimum.

If z, and z, lies on the line joining ¢, and ¢,1.e on the line z=3+4i

Minimum value of |z, —z,| = 4B

=¢B-cA
= 12-10=2

47). If |z, -1|<1,

z,-2|<2 and [z, -3 <3, then |z + 2, + ;|

1) is less than 6 2) is greater than 6

3) is less than 12 4) lies between 6 and 12
Key: (3)
Sol: We have |z, +z,+2z,-6+6|<|z,+z,+2,—6|+6

=‘(zl —1)+(z2 —2)+(z3 —3)‘+6
<|z, =1|+|z, 2| +|z, -3|+6
<1+2+3+6=12.

4
Z__
zZ

48). If

=2, then the greatest value of || is

1) 1442 2) 2442 3) B+l 4)5+1
Key: (4)



10

4

z

4
z——+—|<|z

z Zz

Sol: ~ We have |£|=

g

Slf<2+
4

S’ <2z + 4= (7| -1) <5
:>|Z|—1S\/§:>|Z|S\/§+1

Also, for z=+/5+1,

Therefore, the greatest value of |z| is v5+1 which is attained when

Z=\/§+1.

49). 1If |z+2-i=5 then maximum value of [3Z+9-7i|=

1) 20 2) 15 3)5 4) 16
Key:(1,)
Sol:  [3Z+9-7i|=[3Z+6-3i+3—4il

< ‘3(z+2—i)+‘ =[3-4i]

< 3|z+2—i|+\/32 +4°

3(5)+5=20
50) If Z is a non-zero complex number such that |Z* +% <2, then the
maximum value of |Z +% is
D4 25 3) 242 4) 2

Key: (4)

3
Sol: (Z+l) =7’ +%+3(Z+lj

VA Z VA
3
z+4 < Z3+L3 +3Z+l‘
VA VA VA

10



11

3

Z+l S2+3Z+l‘
Z Z
1 1
Z+—| -3|Z+—=|-2<0
VA YA
1
a’ —3a—-2<0where a= Z+E >0.

(a=2)(a* +2a+1)<0
(a—2)(a+1)’ <0

a<l?.

51). If |z-3+2i|<4, then the absolute difference between the maximum

and minimum values of |z| 1S

1) 211 2) 311 3) 2413 4) 4+13
Key: (4)

Sol:
C =3-2i be the center of the circle |z—3+2i|=4. Join the origin to C and let it

meet the circle in 4 and B (see figure).

Least value of |z|=0B

= CB-0C
=437 +2°
=4-J13

Maximum value of |z|= 04 =4+4/13.

The absolute difference between the maximum and minimum values of |z|

is 24/13.

11



12

If |z—25{ <15 then |[maximum argz — minimum argz| equals

53).
1) 2cos™ 3 2) 2cos™! 4 3) Z i cos 3 4)sin™ é—cos’1 3
5 5 5 5
Key: (2)
Sol:
If |z—25i| <15 then : lies either in the interior and or on the boundary of
the circle with centre at C(0,25) and radius equal to 15 .
The least argument is for point A and greatest argument is for point
: ( 1
B from right AOAC, cos (% - 0) =7
7 _9=cos” (ij
2 5
Now for |z-25i[<15
IMaximum argz — Minimum argz|
=|BOA4
—|BOX —|40X =%+%—9—¢9
=r-20
—2cos ' 2
5
54). IfZ,, Z, are two complex numbers such that |Z,|=1, |Z,|=1 then
the maximum value of |Z, + Z,|+|Z, - Z,is
1)2 2) 242 3)4 4) none of these
Key: (2)

Sol:

12



58).

Z =cosa+isina, Z,=cosf+isinpf

|Z, + Z,|+|Z, —Zz|:\/2+2cos(a—ﬂ) +\/2—2cos(a—ﬂ)
leta— =6

2cos€+2sin€=2\/§sin Z+€
2 2 4 2

55).  If zis a complex number having least absolute value and |z—2+2i|=1then z =
1 1
)| 2-——|(1-i 2)| 2——=|(1+i
) (255 )00 )25+
3)[2+%j(1—i) 4)(2+%)(1+1)
Key: (1)
Sol:
OP=0C-CP
O
S
=2J2=1
~(0,0) (2,-2)
242-1:1
2(242-1) —2(242-1)
22 T 22

{503

CUBIC ROOT OF UNITY

If 2w+1= \/gi, then the determinant

1 1 1
A=l —-1-w* wl|ls
1 w w
1) 3w 2) 3w(w-1)

3) 3u? 4) 3um(1—w)

13

13



14

Sol w=_—1+l\/5

3
5 —. W =1, and A=3w—-3u?

59). If wis complex cube root of 1, then

cos(((l—w)(l—wz)+(2—w)(2—w2)+ ........ +(10_W)(IO_W2))9%J _

1) -1 2)0 3)1
Key 2

£
b

10
Sol Z(r—w)(r—wz):450 since w+w' =—1,w’ =1

r=1

60). If a,b,c are distinct integers and w1 is a cube root of unity then minimum value of

X =|a+bo+cw®|+|a+ba* +calis
1) 243 2)3 3) 442 4)2
Key (1
Sol Let z=a+bw+ce’

Then |z|2 =zZ =(a+ba)+ca)2)(a+ba)2 +ca))

=a*+b’+c* —bc—ca—ab

1 2 2 2
:5[(19—0) +(c—a) +(a—b) ]
x=|2|+[z]=2}]

=\2[(b-c) +(c-a) +(a-b)'] .

61). Ifa,Db ,c are integers not all equal andw is a cube root of unity (w=1) then the

minimum value of |a +ba)+ca)2‘ 18

1)2 2) atb+c 3) 1 4)0
Key (3
Sol

14



62).

Key

Sol

63).

Key
Sol

15

) Considerla +bw +cu.:l|2 = (a +bhw +cw2)(a +bw +cw2)
= (a +bw +cw2)(a +boj+c;2)

=(a+bw+aw?)(a+bw®+av
( I )

=a*+b +c —ab—bc—ca
1

S{(a=8)" +(6-c) +(c-a)'}

When a=b=1, c=2, it gives minimum value (Since a,b,c not all equal)

.. Minimum value of (a+ bw + cw?) =, [=(0+1+1) =] =1

b =

If a=-1+iy3 and n is a positive integer which is not a multiple of 3, then
a2 42N M 22N =

11 2) -1 3)0 4) o’

3

2n n
We have o +2"a" +2%" =2% K%j +(%j +J

. 3
=2% (wz" +w" +1) {.'%z_—l+£ and (gj =1}

=2%"(0)=0. (since 3 does not divide n).
If o# 1 be a cube root of unity and (1+w)’ =!+ma, then the value of /+m=
1) 0 2) 1 3) 2 4) -1
3

o 18 cube root of unity L 1to+e® =0

= 1+o=-0

Now if (’I+(D)7:|+mco
= (—m2)7=|+m0) = —0?% o =l+mo
= —((03)4(02=|+mc0
= -0 =l+mo
= 1+o=l+mo

can comparison | =1, m=1

15



2 2 2
66). 1If +*+x+1-0 then the value Of(x+lj +(x2+i2j T (xzulj is

x
1) 27 2) 72 3) 45

Key (4

Sol

X+x+1=0= x=w or w’

Let x=w then x+l:w+lzw+w2 =-1
X w

1
X +—2=w2+—2:w2+w:—1
X w
1 1
Y¥+o=wt—=1+1=2
X
s 1 s 1
X'+—=w+—=wt+t—=-1etC
X w w

=18+9(2) =54

8
67). If ® is a non—real cube root of unity and f(x) = > A x".
k=0
If f(x) + flox) + f(o’x)=n (Ay + Ax" + A, x°") then ‘n” must be equal to
Key (3

Sol F(x) =4, + Ax+ A,x° + Ax +..... Ax°
S (wx) =4, + Awx+ 4w’ x> + 4,x° + ... AW X

f(wzx) = A, + AW x+ A,wx+ Ax +

f(x)+f(wx)+f(w2x) =3(A0 +Ax° +A6x6)

son=3

70). If x+l:l ;and p=x*""+
x

and n>1, then the value of p+q=

—and q be the digit at unit place in the number 2*, ne N
X

16

16



17

Key (5
Sol
x+l=1
X
X —x+1=0
X =—w,-w?
Now forx=-w ,p=w ‘“’“'H—W:w +—=-1
Similarly for x=- w ? also p=-1
For n>1, 2"=4k
2% =% = (16)k = a number with last digit=6
=g=6+ 1= 7
aptg=-1+7=6
71).  The number of common roots of the equations -3 4x2-1=0 and x*—1=0 is
Key (2
Sol X=X +x'-1=0

72).

Key
Sol

= (¥ +1)(¥* ~1)=0
:(x+1)2 (x—l)(x2 —x+1)=0
Roots are —-1,-1,1,—w,—@*
x*-1=0
:>(x2 +1)(x2 —1)20
Roots are 1,-1,i,—i
. Common roots are 1 and —1.

Sum of common roots of the equation z’ +2z° +2z+1=0 and z** +z'* +1=01is

1)-1 2) 1 3)0 4)1
1

(z+1)(zz+z+1)
=z=-1,w,w
Let f(Z):Z1985+ZIOO+1

f(-1)#0,f(w)=f(w)=0

17



SwHw =—1
73). The number of common roots of the equations x* +2x*>+2x+1=0and

x2012+x2()14 +1:OIS

1 1 2) 2 3) 3 4) 4
Key (4
2

Sol X 4+2x"+2x+1=0=x=—1Lww

But x=w,w’ will only satisfy x’+2x*+2x+1=0and »*"”+x*"*+1=0.

De MOIVRE § THEORM

74). If  cosx+2cosy+3cosz=sinx+2siny+3sinz=0 then the  value

sin3x+8sin3y+27sin3z is
1) sin(x+y+z) 2) 3sin(x+y+z)
3) 18 sin (x+y+z) 4) sin(x+2y+z)
Key 3
Sol  a=cisx, B=cisy ,y =cisz Given
a+2p+3y=0=a’+88° +27y°> =18afy

=sin3x+8sin3y+27sin3z =18sin(x+ y+z)
75). The value of i(sin(zk—ﬂj—icos(zk—ﬂ))m
= 11 11
1)-1 2)i 3) 1 4) -
Key (2

10 2 .2
Sol Z—i(cos%ﬂ'sm%}

k=1

[

= —il+a+a’ +....+a" —1),where a = ¢’

=—i(0-1)= i (sumof 11" roots of unity is zero)

18

of

18



19

12
76).  The value of 1+ >’ cos(ZkJr])ﬁHsin(2k+l)7t1 is
k=0 13 13 J
Ho 2)-1 3H1 4)i
Key 3
Sol  Sum of the roots =0
12
Z{COS(21<+1)n+ism(21<+1)n}:0
= 3 13
32 10 2rrw 2rrw g
77). Z GBp+2) Z(sin——icos—} =
11 11
p=1 r=I
1) 48i 2) 16(1—1) 3) 48(1-1i) 4)16(i—1)
Key (3
2z,
Sol sinzL—icoszr—ﬂ——ze 1T Hence
11 11
2|10
62—”1 ell -1
11
10( . 2rm 2r7rj i
Z sin———i cosS—— | =—1i
= 11 11 27i
"~ ell —1
2zi
—i|1-e 11
ell -1
32 10 o P 32
5> (Bp+2) Z(SinT_iCOSTJ => (3p+2)i?
p=l1 r=1 =

32 32
=3) pif+2> "
p=1 p=1

=34+2B — (1)

19



320 an: _an:
21'32:1(1 V7)) 32i _ 32i

A=i+2i% 435 4. 43 > , Lo 16(1-1)
(1-i)~ —1=i 1-i
32 1(1—132)
B=>YiP :ﬁzo Ans:48(1—1)
p=1 !
Kr ... Kr .
78). If Zy :COSWJrlSmW then zz,z,z, is equal to
1)-1 2) 1 3)-2
Key 1
Sol Let z, =w" where W= 08 2= +isin -
10 10
22,232, =W W
=0
= Cos 107 +isin 107 (" Demoviere's theorem )
=cosm+isinsz
=1
79 sinz+lsin2—ﬂ+lsin3—”+ 00 =
). J tsinT e
DO )~ 3) L 4
) ) ) )
Key (4
Sol
LetS=sinz+lsin—ﬁ+—sin3—ﬂ+ ........ o0
2 3
RY/4
C=cos—+—cos—+—cC s?+ ....... 00

WY

20

4)2

. T .. T 1 2r .. 27w 1 37 .. 3«
C+iS=|cos—+isin— |+—| coOS— +isin— |+—| cOS— +iSIn— |+....... 00
3 3 2 3 3 3 3 3

20



=—log 1—e3]

T .. 7

=—log| 1—-| cos—+isin—

3 3
1) .3
=—log||l-=|-i—
2 2

1 .«/§J
=—log| ——i—

= —(log,&Jr% +iArg(%—i§D (-logz= log|z|+iArgz)

= —(logl +itan”' (—«/3))

=itan_]\/§ :>S=%

_ o 15 2m—1 A0 .
80). Let z=e" then the value of > Im(z ), when 8 =2"is
m=l

1 1 1 1
2 3 4
) 3sin2° ) 2sin2° ) 4sin2°

1)

sin 2°
Key (4

Sol  mm(z* ") =sin2m-1o

15
> sin(2m—1)0 =sinf +sin 36 +sin 56 +.......+ sin 290

m=1

sin 15.20
2 . (9+29¢9) sinl50 .
= sin =— .sin156
gin 20 2 sin @
2
_ 1 0

21

21



82).

Key
Sol

83).

Key

Sol

22

Roots of the equation (z+1)" =(z-1)’ are

1) iitan(zj,iitan(z—ﬂj 2) iicot[zj,iicot(z—ﬂj
5 5 5 5

3) iicot(zj,iitan(z—ﬂj 4) iitan(zj,iicot(z—ﬂJ
5 5 5 5

2

For z=1, the given equation can be written as

z+1Y i
=l=e" kel

z—1

= Z—Jri = where k=-2,-1,1,2
Z —

[For k=0, we get 1=—-1]

If we denote this value of z by z,, then

B e2km'/5 +1 _ ekﬂi/S +e*k7zi/5
%= e2mils _q - oilS _ gkl
) krx
=—icot| — |,k=-2,—-1,1,2.
5
. Roots are

iicot(zj,iicot[z—ﬂ] .
5 5

If ), z, are two complex numbers satisfying the equation jJr—Zz 1, then = isa
172 Zy

number which is
1) Positive real (2) Negative real
3) Zero 4) Lying on imaginary axis

4

417 122872 _cosq+isina

Z,-Z Z) -7,

: + : .
where o is the argument of % Applying componendo and dividendo, we
1~ %2

get
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z, _ l+coso+isina

z, —l+coso+isina

i G T PR
el lesls)

Purely imaginary in nature

»" ROOTS OF UNITY

1 1 1
84). If 1, w, W,.w'"" aren” roots of 1then value of + 7 o + 7
2-w 2y 2-w'"
equals to
1 2" -1 —2)2"" +1 2"
1) 2) n( ) 3) u 4) n
2" -1 2" +1 2" -1 2" -1
Key (3
Sol
=l ow— )~ (-
z—1
Take ‘log’ both sides and diff w.r. to z both sides and put z=2
i n-1 o
85). If a,,a,,,,....a, , be the »n" roots of unity, then value of ZO ) is equal to
= -
1 n 7) 1= 1 3 n+l1 a4 " +2

)3"—1 )3”—1 )3”—1 )3”—1
Key (1
Sol  Let P=ni1 % $6-a)-3_ HL—Hl - (

i:03_a[ Z): G-a) 0 3-a, o ()

n—1 n—
z"-1=]]Z-«a) log(Z" —1)= iln(Z—a[)
i=0 i=0

Diff. both sides w.r.t Z

n—1 n-1
nzZ _z Put Z=3

i-0 Z—Q;

23
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n—1 n
P:3n3 e n3 e n
3" -1 3" -1 3" -1

86). Ifl, a,,q,,....... a,, are roots of Z'* =1then Zaiaj equal to
1<i< <99

1)0 2) 1 3) 99 4) 100

Sol 29 1=(z-D)z- Nz=,).. (2= Q) =0

=X, 0+ ) gy =0

1<i<i<99
=Xaa; =1
n—| _
87). > =21 find k. (i=71)
e k
Key (2
2 n-12
i 1 1 1 1
Sol Lete” =a then Y ——=——+——+....+ —
al-e l-a l-«a l-a"

Where « is a nth root of unity (a, at,al,....o” ) are the roots of

ol (v—a) (- ) (-

x—1
Taking log on both side
x"—1 .
log - =log(x—a)+log(x—a2)+ ....... +10g(x—a 1)

Diff w.r.t. x and use lim

x—1

n—1 1 1 1

= + > T il
2 l-a 1-« -«

=

88). If a is non real root of x” =1, then 1 +3a + 502 + 70 + ... + 130 is equal to

1)0 z)i
1-a
14

3) — 4) none of these
a-1

24
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Key (3

Sol LetA=1+3a+5«*+7®+...+11a’ + 1308
oA=o+3c>+5>+ 7’ + ...+ 11a’ + 130’
(I-a)A=1+2a+2a>+2a°+...+2a° - 130’

=-12+2[a+ 0+ ..+ a=-14
A= %

1-a

89) If B=1 be any n” root of unity then 1+3B+58% +......n terms equals

2n —2n 2n 2n
h 2 2 2 Do Vg

Key (2

Sol  B=()"=p"=1 . (1)

If S be the sum of the given series which is arithmetic geometric series, then

S=1+3B+5p% +...(2n—1)p""
BS=B+3B*+...(2n-3)p" " +(2n-1)p"
S(1-B)=1+] 28+28” +...(n—1)terms | —(2n-1)

=2+2B+2B° +...n terms —2n

=2(11%[§)—2n:0—2n, 82%
90). If ais the nth root of 1 their 1+2a+3a° +..ccooee.... fo n terms equal to
e 5" B
Key (2
Sol  s=1+2a+3a®+......... +na"!
as =2+2a” +3a’ +............ +na”

(I-a)s=1+(a+a’ +..+a")—na"

n—1
1+—a(l @) —na”
-«



1 oa—1 n —-n
s = + = =
- (I-a)y l-a l1-«
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91). If & isnon real fifth root of 1 then log, [1+a ot v’ 1L
a
1
o 2) ) 3)1 4)2
Key (3
Sol log, ‘(a+a2 +a’ +1)—a4‘
log, ‘—2054‘ =log; =1
. th . _cis2Km o,
92). If a is any of 7™ roots of unity , then o = ; (K= 0 to 6) and Y a'=-1(a#1)and
i=1
a’ =1 Answer the following
. . 2r . 3n . 4r . St . 6x
SIn — SN — SN — =S1IN —SIN —SIN — =
7 7 7 7 7
J7 J7 J7 J7
D6 i ) K
Key (2

L2
Sol Let a=0157ﬁ then a=a+a’*+a*,b=a’+a’ +a°

=a+b=a+a’+a’ +a*+a’ +a’ =-1
& ab:(a+a2+a4)(a3+a5+a6):2
. Equation whose roots are a,b is x* —x(-1)+2=0

[+ flax)+ f(a’x)+ f(e'x) + ===+ f(a"x)

93). If w is atenth root of unity then log, ‘1+ o+ +@ +..+0" —o'| is equal to

Key (1
Sol  @"°=1

l+w+@ +.+@’ =0and |w|=1

log,

_—2‘ =log, _—2‘ =log, (2)=1.
w w

2.3 8

94). If o is atenth root of unity then log, 1+0+0”+@” +..+ @ .

is equal to

26



l+o+@ +..+@ =0and |w|=1

log, ;‘zlog2 (2)=1.

_2‘
—|=log,
@

95). If & isnon real fifth root of 1 then log,

1)0 2)%

Key (3

Sol log,

(a+a2+a3+l)—a4‘

log, ‘—2a4‘ =log’ =1

27

96). If o is the non real fifth root of unity, then

1) ‘1+a+a2+a3+a4‘20
3) ‘1+a+a2‘:2cos%

Key (1,2,3
Sol

We have o = cos—zg£ + i sinz?n

and l+a+d+a+ad'=0
H+a++1=lal=ldd* =1
Also,
NH+a+dl=1-2 (1+a)=I1+al (i)

i,

2 .. 2m
1+ cos — +1i sin—
5 5

T T .. =
2 cos—| cos— + i sin—
5( 5 5]’

=2 cos£
5

Again, from (i), 11 + ol =11 + &+ 0Pl =2 cos%

1+0{+0:2+053—l
a
3) 1 4)2
2) ‘1+a+a2+a3‘:1

4) ‘1+a‘ = 2COS%
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