ALLEN JEE (Main + Advanced) : Mathematics

Maxima and Minima

SOLUTIONS

EXERCISE - O
1. Ans. (A)

1
f(x) = cosx + 5 COS 2Xx - 3 cos 3x

f'(x) =-sin x-sin 2x + sin 3x = 2 cos 2x sin x - 2 sin x cos x
= 2sinx (cos 2x - cos x)

, ) C(3x\ | x
f'(x) =2sinx (—251n (7) sin E)
f'(x) = 0 (for maxima + minima)

. . 3x _ /X 3x X
sinx = 0,sm7 = 0,51n(z) =0=> x= mr,7 = mr,z =nn

2nm 2n 4w
=X =NI,X = T,x = 2nm > O,F,H,?,Zn, .......
1 1 7 .
f(0) =1+ >3 & (maximum)
2 -1 1 1 -13 .
f (?) =5"71°3° 13 (minimum)
1 1 -1
f(T[) =-1 +§+§= ?
At -11 1 -13 .

G)=%73"1 (minimum)
f@m = f0) = 7

. 7 (-13 27 9
Difference = ris (ﬁ) =5~

2. Ans. (B)
f(x) =2x + (x - 100)2
f'(x) =2+2(x-100) =0
= x=99
f'(999)>0
> minima
£'(99)<0
So, number are 99, 1
3. Ans. (B)
Since f(x) has local maxima at x =-1 and f'(x) has local minima at x = 0.
f'(x) =2Ax
2

flx) =25 +c {f'-n=0
>4+ c=022=-2 (i)
again, Integrating both sides we get
f@)=2% +ex +d (i)
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8

f2) = A(g) + 2 +d =18

and  f()=2+c+d=-1 ..(iii)
using (i), (ii) and (iii) we get

1 10,3
fx) = 1 (19x° - 57x + 34)

1 2 57
flx) = 7 (57x%-57) = 7 (x-1D(x +1),

using number line rule f(x) is increasing for [1, 2 V5]
and  f(x) haslocal maximum at x =-1 and f(x) has local minimum atx = 1

34
also, f(0) =

4. Ans. (A)
uy
1
> X
1
[ X
sin— ,0<x<1
f(x) = 2
|3 — 2x ,x=>1
5. Ans. (B)
a
fx) = ;+ bx
(1,6)satisfy6 =a+»b -(1)
—-a
and f'(x) =x_2+ b = 0at(1,6)
=a=b» -(2)
from (1) & (2) we geta = 3,b = 3.
6. Ans. (B)
dy [12x*—2x+2 for2<x<3 _ dy
—_— = ) not derivableatx = 2& —=0
dx 12x“ +2x—2 for0<x <2 dx

atx = 1/3, Decreasing in (0, 1/3) & Increasing for (%, 2) U (2,3
= Minima occursatx = 1/3So f (%) = —11/27.

X + y +xy is to be minimized.

Puttingy = x-2.

we get, f(x) = 2x-2 + x(x-2)
flfx)=2+2x-2=0

f'(x) = 2x = x = 0 is a point of minima
Thus minimum valueisatx = 0&y =-2.
Hence (B) is correct.
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8.

10.

11.

Ans. (C)
f '(x):3x2 +2ax+b

f'(3):27+6a+b:0} a=-3

f'(-1)=3-2a+b=0
Ans. (B)
f(1)=1(0-2)=-2

f(e’)=¢€(2-2)=0

f'(x):ﬂn x—2+x.l=0:€n x=1
X

- f(e)=e(1-2)=—e
Difference = e
Ans. (A)

;ceR
b=-9

S.minimaatx =1
Ans. (A,B,D)

y=1f(x)]
\/\ y=f(x)
(B) — ; ) ; .
-2 -1 1 2 3
y=f()

/-

\
(©), (D) —3'\—%1

= X=¢€

..local minima as
well as maxima
(in constant portion)

5 pts. Of extrema

3 pts. Of extrema

[110]
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12. Ans. (A,C,D)
f(x,y) represent sum of distances of P(x, y) from four pts A(0, 0), B(1, 0), C(0, 1) and D(3, 4)

f(x,y) is minimum when P is at pt. of intersection of diagonals

13. Ans. (B,D)
sec” X(cos X+ X) (cos X-X)

f'(x) =

(1+x tanx)’ A
The only factor in f’(x) which changes sign is cosx - x. - % y=x
Let us consider graph of y =cos xand y = x e
It is clear from figure that for x € (0, xo), cos x - x > 0 and for / ‘y = C"fxx

- 0 X
X € XO ) AN
2

cos x — x < 0, = f'(x) has maxima at x,
14. Ans. (B,D)

we have

x=t5—5t3-20t+7

and,y = 4t3 —3t> — 18t + 3

A% 51562~ 20and Y= 1262 — 6t — 18
dt dt
dy
S sz —ayer+Dand Y —6@e -3yt +1) >N At _ 6231
dt dt dx  dX 52 -4)(t?+1)
dt
Now, d—y=0:t=i ,—1
dx 2
clearly, these values satisfy - 2 <t < 2.
dy dy
, bl =2
Now, M :i ﬂ = i i . E
dx*  dx | dx dt | dx | dx
dt dt

dx d*y dy d*x
_dt dt® dt dt® _ (5t -15t2 -20)(24t-6) - (12t* - 6t —18) (20" —301)
dx \’ (5t* -15t> - 20)?
)
When t =-1, we have
d’y _-30x-30
dx’ (-30)°

<0,x=3landy =14

www.allen.in [111]



ALLEN

JEE (Main + Advanced) : Mathematics

15.

16.
17.
18.

when t = % , we have

dz_y >0 x:_1033 andy = =%

dx? 4

Hence, the function y = f(x) attains a local
maximum at (31, 14) and a local minimum
at (- 1033/32,-69/4)

Ans. (B,C,D)

)

3 local minima

fx) -

gx)— 3 local maxima

Ans. (A)

Ans. (B)

Ans. (A)

Solution For Q.16 to Q.18

X2 +3x+1 2X

——= 1+ -
X +x+1 X +x+1
2

x+1+1
X

gx) =

=1+

Ifx>0-—> x+122
X
1< gx) Sg

Ifx<0—> X+1S—2
X

L-1<g(x) <1
Ifx=0—->g(0)=1

[112]
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19.

20.

21.
22.
23.

5 5
Lgx)e|-1,—-| 2A=-1,B=—
9(x) [ 3} 3

fx)=1+a?x—x3
f/(x)=a?>—-3x% = 0> x:i% (-a>0)

£(X)=—6X & X=——=, F"(x)>0

B

Ans. (A,D)
L(x) = f(g() = (* —x? + )% &

= L'(x)=e" ¥ (3 —x2+x) Bx2 —2x + 1) (3 —x% +x +2)

Local minimum value f(g(0)) =0
Ans. (C.D)

d y B
&(h(f(x))):e X(x+2)=0

+ 1 — 1 +
= 1 1
-2 0

S h(£(0)) =2

Ans. (0)

Ans. (-1)

Ans. (6)

Solution for Q.21 to Q.23)

f)=x*(x-2)*(x-1)

fl) =x3(x =22+ (x —2)?(x — 1)3x%2 + 2x3(x — 1) (x — 2)
fl(x) = (x—2)x?[x(x —2) + (x —2) 3(x — 1) + 2x(x — 1)]
fl(x) = (x — 2)x?[x? — 2x + 3(x%? — 3x + 2) + 2x% — 2x]

= (x — 2)x%[6x% — 13x + 6]

=(x—2)x?(2x—3) (3x — 2)

0

+

W[ N
N| W—

N
N -

minima at X= 5,2

. 3
maxima at X = E

minimum value of = f 2)__128
3 729
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24.  Ans. (A—-P;B-S;C—Q;D—>R)
2 2(xX*-1)(x*+1
@A) fG)=2x- 5 = DD
X X
No point of local maxima
(B)  Given expression = (sin"x)3 + (cos™1x)3
3 2 3
= | Z] —3sintx | Zosin x |.L = st (sin™tx)? 3 Ginlx 4+
2 2 2 4 8
This is quadratic in sin"*x. Therefore it will give maximum value when
sinlx = - =x=-1
2

(o) flf(x) =12(x+2)(x + D(x - 1)
———
- =2 -1 1
sing of f'(x)
= a=-2b=-1
a’+b’® _a’+(8-a)’ _8
48 48 48
a’+b’ . 8 (43.64-24°) 8
48 48 4.3 3
25. Ans. (A—>R;B—S;C—Q;D—->P)
(A) LetPQ = x

(D) (3a? — 24a + 64)

Minimum

A A
ThenBP = =%
2
SoPS = 4 x tan60° = M
2 2 S R
.. area A of rectangle = £ (4—x)x
2 0

f 60
dA 3 _
a:7(4—2X):0 :>x—2 B 4—XP x Q C
d2 2
™ =—/3<0 .. A is maximum, when x = 2.

X

.. Maximum area = ?.2.2=2\/§

Square of maximum area = 12
(B) Dimensions be x, 2x, h
72 =x.2x.h
36 = xh (1)
S = 4x? + 6xh

S=ax? 462
X
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EXERCISE - S

1. Ans. (177)
f'(x) = 3x%-24x + 36
=3(x?- 8x + 12) = 3(x-2)(x-6)
f'x)=0=>x=2,6
f'(x) =3(2x-8)
f"(2)<o0 local maxima
f(2) =8-48+72+17 =49
f(1) =42, so maximum x = 10
f(10) = 177 maxi.i.e. (f(x)) =177
2. Ans. (25)
Given 2r + ¢ = 20

r? 1
Area = 0 =-129 A\
360° 2
r2 ¢ 1{ r r
A
r(20—-2r
:%:(107‘—1‘2) A
dA
Ez(lO—Zr)zO: r=5=£=20-10= 10

1
Area =3 (10 x 5) = 25
3. Ans. (80)
Let Abe (h,0) = D is (h,4h)
= 6(6_4h 4h) =>B(6_4h 0)
5 ) 5 ’
6-4h

Area f(h) = 4h (T—h) - 15—2(2h— 3h2)

Maximum f(h) = f’(h) = 0
f'(h)=15—2 (2-6h)=0=nh

1
A _4<1) 6-4(§) 1 _4(14—5)_08
carem =3 5 3] 3\s5x3/) =

4. Ans. (4)
y= 3 —x? =y = —2X|x=q
= slope of tangent = —2a
.. eq.of tangent at A
Ly—(0B—-a% =-2a(x—a)

) Q(0,3 + a?)
2a "‘-~.,yA(a,3 —a?)
1(3+a
Ar (AOP) = = 3+a’)=4
ron = 3 35 o+
AN, vi ""'./
d—A=O:>a=1ora=3(reject) S0 4 P
da .
1(3+1 e
c Amin = —(—j(3+1) =4 2a
2\ 2
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5. Ans. (15)
Let x tree be added then
P(x) = (x + 50) (800 — 10x)
now P'(x) =0 =>x =15

6. Ans. (74)

M st.T: (0,214, 61;[8,9)
a b b d c f
St.4: [2,41: 16, 8]
P q ros

(ii) Local minima atx; =4 & x, =8

(iif) f7(x) > 0'in (/% 6); (6, ?)

(iv) Inflection pt.atx =3 > k

(v) Number of critical pts. is 4 > w
~(a+b+c+d+e)+(prqg+r+s)+({U+m+n)+ (x; +x)+ (k+w)
=0+2+4+6+8)+(2+4+6+8)+B3+6+6)+(4+8)+(3+4)

=74

7. Ans. (6)
lim 2% _2-4 1imPM g
x=0 X x—=0 ¥

LetP(x) = ax® + bx*+ cx3 +dx? +ex+f

ax’ +bx* +cx® +dx® +ex+f

k xfjo X3 6
=>d=e=f=0;c=6 (for limit to exist)
5 P(x) = ax® + bx* + 6x3

a=_18
PP(-1)=0;P'(1))=0 = 5

b=0

P(x)=—1—58 X* +6X°

P'(x) = —18x* + 18x% = —18(x* — x?)
P"(x) =—-18(4x3—-2x) =0

=2X(2x* -1)=0

:X—O-i__l
2’2
={x:x?+6<5x}=x*-5x+6<0

=x € [2,3]

S P'(2)=-18(16 —4) =—-18x12=M
P'(3)=-18(81-9)=-18x72=m

m_72_,

M 12

[116]
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8.

10.

Ans. (0)

6 —2X
= V=6 —— slope function
Y x*+3 y ((x2+3)2J (slop )

N x> +3)* —x-2(x* +3)-2Xx
y__12232 2232_0
(x*+3)*
>2+3)(x?+3-4x)=0=>x*=1=>x=1,-1
6 3

At x=1: y=—=
y 4

2
~12(1) _ 3
(12+3) 4

Atx =-1: yzézE
4 2

y'(1)=

=3x+4y—-9=0 =3x—4y+9=0
Ans. (360)

nr + nr + 24 = 440

A=2r.¢

= A =71(440 — 2nr) = A = 440r — 2mr?

T
d—A=0:> 440 —4nr =0 =>r= 440 x7=1r=35 1
r

X

=2r=70 and /=110

Perimeter = 2(2r + 1) = 360

Ans. (320)

f'(x) =3x%+6(a—7)x+ 3(a?—-9)

D =36(a—7)>—4x3x3(a?-9)

=36(a’ +49 — 14a — a® + 9) = 36(58 — 14a)
f'x)=0

N CEE: J36(58—14a)

6
o=7-a—+/58-14a -p=7-a++58—14a

Nowa>0&D >0

a2—9>0&a<5—8
14

A

ae(—oo,-3)u (3, 5—8)
14

So,a, =-3
a3 =3

a4:_

a, + 11(13 + 70a4 = 320

+ | = |+

-3 3 58/14

www.allen.in
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EXERCISE - JEE (Main) PYQ
1. Ans. (3)
3

3p
y=7+x" =7+[§J

3x2=1-2x 1—1 /
2 3
3x2+2x—1=0 / /3+4
9%x12
2 7
3x*+3x—x—-1=0 N N i
108 61\3

x+1)Bx—-1)=0 Option (3)
.. x =-1(rejected)

X==
3

2. Ans. (2)
Let a is first term and d is common difference
then, a + 5d = 2 (given) (1)
f@d)y=2-5d)(2—-2d)(2—-4d)
2 8
d)=0=>d=—-,—
f'(d) = 3T

f'(d) < 0atd =8/5

:>d=§
5
3 Ans. (2)
f(x
iy 52 e
Let f(x) = ax® + bx* + cx3 +dx? +ex + f j 0 1g
Forlimittoexitd =e=f =0;c =2 m M

o f(x) = ax® + bx* + 2x3
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f'(x) = 5ax* + 4bx3 + 6x2
f'(1)=0=>5a+4b+6=0 |a=-6/5
f'(~1)=0=>5a-4b+6=0/ b=0

00 = (-3) x5 +2x% - odd f™

f(x) = —6x*+6x%=—6x%(x—1) (x +1)

4. Ans. (3)
Let f"(x) = a(x — 1)

2
= f '(x):aXT—ax+b

- f(x) is cubic
- f7(x) will be linear

f'(-1)=0 = 8iatb=0 = b=_—3a
2 2
3 2
= f(x)zﬂ_ﬁ_?’_""+C
6 2 2
f1)=-6 = 2-8.38_ . _¢
6 2 2

= |-11la+6c=-36|
Similarly, f(-1) = 10

=

Solving, weget:a=6;c=5
S f)=x3-3x2-9x+5
f'(x) =3(x%—-2x—-3)

=3x—-3)(x+1)
minimaatx = 3

5. Ans. (3)
Let thickness of ice be 'h'.

Vol. of ice = v= 2—“((10+ hy’ -10°)

dv  4r dh
V47 ia040m2). 90
a3 (B00hY)

given v 50cm3 /minand h = 5cm

= 50=ﬂ(3(10+5)2)@ _, dh__ 50 - =Lcm/min
3 dt dt 4nx15° 18xm
6. Ans. (3)
h=r7rsinb +r

base =BC = 2rcos0

Oe {O,Ej
2
1

Area of AABC = E(BC).h

www.allen.in
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A=%(2rcose).(rsin6+ r) =12 (cos0).(1 + sind)

d—g =r? [cos2 0—sin0—sin® 6] =72[1 - sin0 - 2sin20]

=r?[1+sin6][1-2sin6]=0 :ezg
=®T o \
0

e
e

. . T
= A is maximum where 0= g

Amax. = % r’ = area of equilateral A with BC = J3r.

7. Ans. (3)
f(x) =x3—3x2 - %f"(Z)x + f"(1) (1)
f'(x) =3x? — 6x —% f"(2) (i)
f'(x)=6x—6 ..(iii)

Now is 3rd equation
f'"2)=12-6=6
f"(11=0)

Use (ii)

f'(x) =3x%—6x —%f"(Z)

f'(x) =3x%—6x —%x6

f'(x) =3x*—6x—9
flx)=0
3x2-6x—9=0
=>x=-1&3

Use (iii)

f'"(x) =6x—6

f"(—1) = —12 < 0 maxima
f"(3) =12 > 0 minima.
Use (i)

F) = x3 — 32 —%f"(Z)x + (1)

f(x)=x3—3x2—%><6><x+0

f(x) =x%—3x2—-9x
F(3)=27—27-9x3=-27
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8. Ans. (1)
X2 —4x—2, VXe(—l,B_;/E]
f(x)=
X% +2X+2, VXEL?’_;/E,ZJ
f'(x) when Xe£—1,3_;/ﬁl

ffx)=2x—4=0=>x=2
(%) = 2(x — 2) = f'(x) is always
f2)=2
f(=1)=3
(=
2

2

f'(x) when X€[3_;/ﬁ,2}

f'(x) =—-2x+2
fl) =-2(x—-1)
f'(x) =0whenx =1
f@) =3

. J17 -3
absolute minimum value =

absolute maximum value = 3

J17-3 . 1743
Sum = +3=
2 2
9. Ans. (1)
y(x) = ax3® + bx? + cx + 5 is passing through (-2,0) then
8a—4b+2c=5 (1)

y'(x) = 3ax? + 2bx + ¢ touches x-axis at (-2,0)
12a—4b+c=0 ..(2)
again, for x = 0,y'(x) = 3

c=3 ~(3)

Solving eq. (1), (2) & (3) a=-— , b=—>

3., 3
'(X)=—=X"—=X+3
y'(x) > X 73
y(x) has local maximaatx = 1
27

y(1) = 7
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10. Ans. (5)

V=Larth=liht tanzo= 2" e = 3 g
3 3 8 16

:>dV 3n3h dh 6:(dhj 2
h=4

=—m/hr
dat 16 dt 3n

dt

Now, S = nir/ = Enh2
16

= @S _15m Zh%:> (d—sj =5m* /hr
dat 16 7 dt dt Jos

11. Ans. (1)
f'(x)=8x>-36x+8=4(2x’ —9x+2)
f'(x)=0

_6-2
2

Now f(x)=[x2 —2x—§j(2x2 +4x—1)+24x+7.5
f {@JZM =12\/€_%

12. Ans. (3)
Volume (V) = x (30 - 2x)2
v =(30-2x)(30-6x)=0
x=5cm
Surface area=4 x 5 x 20 + (20)2 =800 cm?
13. Ans. (1)

f (X)z X—sin2x+§sin3x

f'(x) = 1-2cos2x+cos3x=0
5n T

66
~ " (x)=4sin2x—3sin3x

( ) — [%) is point of maxima
f(om)_5m £ 1
6 3

6 2

30 — 2x

30cm

[122]
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14. Ans. (4)

f'(x)=x*+2b+ax

9'(x)=x*+a+2bx

(2b-a)-x(2b-a)=0

. X=1 is the common root

Putx =1in f'(x)=0 or g'(x)=0

1+2b+a=0

7+2b+a=6

EXERCISE - JEE (Advanced) PYQ

1. Ans. (D)

f(x)=e"+e = f(x) =2x (exz -efxz) > 0Vxe[0,1]

Clearlyfor0 < x < 1:1 > x > x?

f(x) = g(x) = h(x)

f(H=9g(1)=h1) = e+% and f (1) is the greatest

1
La=b=c=e+—=a=b=c

e
2. Ans. (1)
f(x) =4n(g(x))
9(x) = e/

g'(x) =e/®.f'(x)
gx)=0=f(x)=0ase/™® %0
= 2010(x — 2009)(x — 2010)?(x — 2011)3(x — 2012)* =0
So there is only one point of local maxima.
3. Ans. (5)

fO) = x| +(x + Dx = D

Ya
—> x> —x—1 x < -1
—» —x? —x+1 —1<x<0
= f(x) = 1
L5 —x?+x+1 0<x<1
» X
—» x*+x-1 x2>1 -1 1

.. f has 5 points where it attains either a local maximum or local minimum.
4. Ans. (9)

Let P'(x) = k(x — 1)(x — 3)

=k(x? —4x +3)

3
=P(x)=k [%—2x2+3xj+c

- P(1)=6
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= 4?k+c=6 (1)
P(3) =2
~c=2 -(2)
by (i) and (ii)
k=3
SP' () =3(x—-1D(x—-3)
=P'(0)=9
5. Ans. (A,Q)
Let¥ = 8x,b = 15x
. Volume = (8x — 2a)(15x — 2a)(a) = 4a® — 46a’x + 120 ax?

v =6a’ —46ax+60x’
da —a— —a—
(d_Vj =0= .. x=3 andE -cI; a a Z
da s 6 4. 2 |1 4a®=100
4V _ 6a-23x —es
a
ZV
(d 2] <O’
da ata=5&x=3 a r—a—
S — 3 i . T T T
o,atx = given maxima a a a a
d*v 1 L L
z >0 a —a—
da at a:5&x:g

5 . .
So,atx = ‘ given minima.

So by x = 3 (for max volume)
8x = 24,15x = 45
6. Ans. (A,B)
AS, f(X)-i— g(x)_l f (X)_ g(x)l =Min( f (X), g(x))

2
2|X|+|X+2|—|X+2|X“:Min(|2x| |x+2[)
2 )
Q / //
[RREINS AWV ES SHEEY 4
\\\ \ T¢ ” AW
N \ I iV 4ER=E )
i’”zh\ N denotes
=SSSSURRN \NHES min(| 2%/, {3+2]
\ I
[ N NI
: %M >

According to the figure shown, points of local minima/maxima are x = —2, _?,0
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7. Ans. (4)
Let the inner radius of cylindrical container be r then radius of outer cylinder is (r + 2).
Now, V = mr?h where h is height of cylinder
Now, Let volume of total material used be T

T:n((r+2)2—rz).iz+n(r+2)2.2
mr T+ 2. «— 2mm

!

]

) —>
T:V(lzj +2n(r+2) -V <
r ]
h

r r r

Now, Atr = 10mm d—T:O
dr ¢2mm

g O=(r+2).4[n—\r/—3j

= \i=1000 = v
T 250n

8. Ans. (C)

Now, - —2v [ﬂjx(—%j—k 4n(r+2)
d

=4

f(x)=4ax2+l;x>0
X

3
f10=8ox—— =2 1
X X

1

18
f (x) attains its minimum at x = (8—j
a

13 23
f[(ij ]:1 = 4a[ij +(80) =1
8a 8a

= 3a'® =1 :>oc=i
27

9. Ans. (A,D)
Using L" Hépital's Rule
im f 90+ f(x)g'(x) _
=2 £7(x)g' () + £'(x)g"(x)
= TRO@ g e —f2)0
f"(2)g'(2)
option (D) is right and option (C) is wrong
also f'(2) = 0and f"(2) > 0
.. x = 2 islocal minima.
10. Ans. (B,D)
Expansion of determinant
f(x) = cos2x + cos4dx
f'(x) = —2sin 2x — 4sin 4x = —2sin 2x(1 + 4cos 2x)
.. Maximaatx =0 + =

nr 1
") =0 = X=—,c0s2X=—— 0
f'(x) 5 2

= more than three solutions
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11. Ans. (A,B,D)
f(x) can't be constant throughout the domain. Hence we can find x €(r, s) such the f(x) is one-
one option (A) is true.

Option (B) : | f TX”'Z‘M <1(LMVT)

Option (C): f(x) = sin((\/g)x) satisfies given condition

but limsin(\/g)D.N.E.

X—>0

= Incorrect
Option (D) : g(x) = f2(x) + (f'(x))"
|f'(x;) <1 (by LMVT)
|f (x1)] < 2 (given)
= g(x;) <5 3, €(—4,0)
Similarly g(x;) <5 3x, €(0,4)
g(0) = 85 = g(x) has maxima in (x4, x,) say at a.
g' (@ =0&g(a) =85
2f'(@(f(@) + f"(a)) =0
If f'(a) =0 = g(a) = f2(a) = 85 Not possible
fl@)+ f"(a) =0 Jae(x,x)e(—4,4)
option (D) correct.
12.  Ans.(A,CD)
1:(X):sinﬂ:x /y=nx/2
X’ //‘ X,
X’ cos X — 2Xsin X
x* //;’;
ZCosnx(an—tannxj 1/2 1 13/2/12 5/2

= f'(x)=

X3

f'(x)=0 = cosmx=0 or %X:tannx

= nx:(2n+1)gor %X:tannx 1

X:M,ne|

2
2n+1

from graph, we can see that Vx=

1/2 1 }3/212 5/2

= f'(x) doesn't change sign so these points are

neither local maxima nor local minimum.

X
Similarly Vx: ~_ tannx,

Wherey, e 2n—1,2n—-1/2)Vn=1,2,3 ..........
andx, € 2n,2n+1/2)vVn=1,2,3 ...
Xn41 = Yn+1 > land yppq =X > 1= X4 — 2%y > 2.
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13.

14.

15.

16.

Ans. (C)

Perimeter = 2(2a + 2cos 2a)
P =4(o + cos 2a)

dP

— =4(1-2sin20)=0
do

sin2o =

Do |

20, =

ol

)

ol a

2
d I: =-4cos2a

da

. T
for maximum o =—
12

Area = (2a) (2 cos 2a)

T \/§ T

=—X2X—=—x

6 2 23

Ans. (0.50)

2sin2x

(% + «a, 2c052a)

£(6) = (sin 0 + cos 0)2 + (sinO - cosO)*

f(6) =sin226 - sin26 + 2

f(0) =2 (sin20) (2cos 20) — 2cos 20

=2cos 20 (2sin 26 - 1)
critical points
L T 5T
So, minimum at 0 =—,—
12 12
Ak, =201
12 12 12 2
Ans. (57)

X 21

fit) = [T j)dt

= £,00=] [y

Therefore m; = 6,n; =5
2my + 3ny + mynq
=2(6) +3(5) + 30
=12+15+30=57

Ans. (6)

f,(x)=(98)(50)(x-1)*’ —(600)(49)(x—1)*
= (49) (100) (x - 1)*8(x - 1 - 6)

m, = 1,n2 =0
6m, + 4n, + 8m,n,
6(1)+4(0)+8(0)=6

I
+
I

T

Sl

www.allen.in
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17.

18.

Ans. (A,B,C)

1
[1j2 (1J4 (1j6 e
a=|=| +|=| +|=| +mta=—TF-==
2) \2) \2 13

1
4

JEE (Main + Advanced) : Mathematics

Lgx) = 2§ + 2(%)(1'36) !
x 21/3
Lgx) =123 +

N| —

/3
1 1
whereg(0)=1+23&g(1)=1+23

1/3
gl(x):l(zxﬂ 2 JZO
3 2

x/3

2x 1 1
=23 =283=>x= . " critical point 1 ?

graph of g'(x) =

1) .7 I
& o 3)- 0

.. graph of g(x) in [0, 1]
Ans. (A)
DR'Sof0G=1,1,1
DR'Sof AF =-1,1,1
DR'Sof CE=1,1,-1
DR'SofBD=1,-1,1 5019 E(1,1,0)
Equation of 0G = X_Y_
1 1
Equation of AB = x-1 ==
1 -1

Normal to both the line’s

f j |2 0(0,0,0)

N|= T ©®

G(1,1,7)

z
1 F(0,1,1)
y

O N

A(1,0,0)

1l=1+]-2k €(0,0,1) D(1,0,7)
-1 0

JEE (Main) Practice Paper
SECTION-A
Ans. (1)

f'(x)=(x-a)" (x—b)""

b - minima

a — neither maximum non minima

[128 ]
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2.

Ans. (2)

C= aV+E
Vv

75=30.a+£ 1
30 a=—

b 2
65=40a+—| b=1800
40

ForC  (Most economical cost)=C'=0

=C('= a—%:o :>V2=E=3600
V a

— V=60 km/h

Ans. (1)

Let f(x) = 2sinx + tanx — 3x

f'(x)2cosx + sec?x — 3
(cosx—l)2 (2cosx+1)

= > >0
Ccos” X

f(x)is M.L

x>0

f(x) > f(0)

2 sinx + tanx > 3x

3x < 2sinx +tanx
3X

2sin X +tan X

T [_3—X}:o
x—0"| 3sin X+ tan X

<l1lfor x e |0, r and Lt 3—X—l
2 x—-0" 3sin X+ tan X

Ans. (2)

1
Assume f(x) = xx and let us examine monotonic nature of f(x)
1
f’(x)=x§. 1-/nx
X2

FE>0  =xe(0e) \@0)1/1(0{)01?/101
i

and f'(x) < 0=x € (e, )

Hence f(x) is M.D. forx >e —
and since 100 <101

= f(100) > f(101)

= (100)1/100 > (101)1/101

Ans. (2)

100 101

Area=ab + (%az sin® cose+%b2 sinecosej.z

sin 20

_ b+ @+
2

2 2
. . a‘+b
Maximum area is ab + (—2)

www.allen.in
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6. Ans. (1)
Atx=0,f(0)=0—> f (X)min as for then x, values of f(x) will be positive
1
f =

1
—+ et +1+tanX+--+(tanx)"" +(tanx)"
(tanx)" (tanx) tan x

= f(X)= L
(tanx)" + 1 — |+ (tanx ”‘%% b+l tanxs * |41
(1 (10 "
>2 >2 =2

n terms, eachwithleast value = 2

1 s
ST (X)) = il atx = " (each term 2)

+1
.. Range: [OL}
2n+1
for neN, is a fraction (Ans. A)

2n+1
7. Ans. (1)
Graph of the functions

VA

/\/

0 1

& »
< »
X

Hence x = 0 is point of maxima and x = 1 is neither maxima nor minima.
8. Ans. (3)
20 + 2nr = 440

A=/02r=-2nr2+440r

—A =—4nr+440=0
2r

1 Figure

R

R =R1 (C—Rl)/C
drR _C-2R,

dR, C

dR =0atR1=

Rl

<
2

R2= % SO,R1=R2
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10. Ans. (3)
fx)=2-|x+1|

(-1,0)

N
N\

\

Figure

From figure it is clear that greatest, least values are respectively 2, 0

11. Ans. (3)
x=4cosB,y=3sin0
Let A be area.
A=4(4cos0)(3sin0)

=24 sin 20
A is maximum when 2 0 = g .
. . 2.4 23
= Dimensions are , —=
2 2
12. Ans. (3)
(2,1)
(1,0) (3,0)
13. Ans. (3)
Girth = Circumference of solid
S l+2nr=3

v=nr2l=mnr23 - 2nr)

v =n(3r2-2nr3)
ﬂ=6r—6nr2=0:>r=00rr=l
r TT

3 2x) 1 .,
‘. Vmaxzﬂ: — 3 =—Cm

T T

14. Ans. (4)
Let PQ = x Then BP =
. PS= 4X tan60° = —ﬁ (4=X)
2 2

.. area A of rectangle = g (4-x)x

/| \(4cos 8, 3 sin6)

/4

Figure

www.allen.in
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dA 3

dx 7
d*A
dx?

(4-2x)=0 =>x=2

.. Maximum area = g 2.2 = 2«/5.

Square of maximum area = 12

=-.3 <0 .. Ais maximum, when x = 2.

15. Ans. (1)
2
XAXE2 ) mxe(-3,-2)
X" +5X+6
For maximum or minimum of the function, put f’'(x) =0
a a
=a2-3x2=0=>x=- , ——
V3B
If a > 0, then point of minima is x = 8 5 3<_ 2 <_2o0r 2\/§ <ac< 3\/§
NE) V3
if a < 0, then point of minima is x = &
3
— -3< a <-2=-33 <a<—2\/§
V3
16. Ans. (4)
f'(x)=sinx cosx (3 sinx+21)
f'x)=0
: . -2
=sinx=0 or cosx=0 or sinx= ES
. -2A . .
=x=0 or sinx= KN (as cos x = 0 is not possible).
If A =0then f'(x) >0 = no extrema,
hence A = 0
:>—1<ﬂ <0 or O<ﬂ <1
3 3
3 3
:>0<k<§ or —E<l<0
17. Ans. (2)
02 =h? + x2
Area of base (triangle) is gaz
3x = £a h
2
Volume V = g ha? ¢ ? a
= h£ 4.3.x2 Figure
[132] www.allen.in
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18.

19.

20.

=33 h(12 - h?)

dv
— =33 (£2-3h?
=33 ( )

V is maximum when h = £ .
3

Ans. (1)
From similar triangles AABC, AFBD

c-x _ ¢

y b
Area of AFDE = xysin A

= %(c—x) sin A

[t is maximum when x =

o | o

. bc .
.. Maximum area = I sin A

statement -1 is true
statement-2 is obvious.

Ans. (3)
= 2 2272 +142) (2 +1442)
(2 +1)°
2 +
2°>1 - 0
¥ +1-222-2>0 sign of f'(x)

Atx =0, f(x) is least.

Leastvalue = f(0) =1

Ans. (1)

f'(x)=3x*+ 6(a—7)x+3(a’-9)

D=36(a-7) —4x3x3(a’-9) =36(a’ +49-14a-a’ +9)
=36(58-14a) —
F)=0 N\t /
_ —6(a—7)i«/36(58—14a) \/

6
o=7-a—+/58-14a -p=7-a++58—14a
Nowa>0 & D >0

az-9>0 &a<5—8
14

at X

ae(—oo,—3)u(3,5—8j )

14 D
So,a;=-3 -3 3 58/14
a3=3
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58
Ay = —
14

a + 11613 + 70614 =320

SECTION-B

Ans. (36)
Lety = V-3+4x-X’
X +y*—4x+3=0
(X—Z)2 +y?=1, center C = (2, 0)
Consider point P(5, - 4)
9+16 =

2
Maximum value of (\/—3+4x—x2 +4) +(x=5) is (5 + 1)2 = 36

Ans. (4)
Let f(x)=x"+4x"-8x"+k
f'(x)=4x’+12x* -16 x
=4x(x2+3x—4)=4x(x+4)(x—1)
=>f(x)=0=x=-4,0,1
f"(X)=12X" +24x-16 =4(3xX* +6x—4)
4)=20>0

-16<0

=20>0

f(-
t(0)=
t(1)
=>x
x = 0 is point of local maxima
for f(x) = 0 to have 4 real roots
f(-4)<0 = k<128
f(0)>0 =k>0
f(1)<0
Ans.(2)
f(x)=2x>—9ax* +12a’x+1
f'(x)=6x* —18ax+12a’
f"(x)=12x—18a

For maximum and minimum,

=>k<3 =k e (0,3)

6x*—18ax+12a* =0= x* —3ax+2a* =0

Figure

=-4and x =1 are points of local minima whereas

X=a or X=2a,at Xx=a maximum and at X=2a minimum

- p’=q,
. a’=2a=a=2ora=0
But a>0, therefore a=2.

[134]
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4. Ans. (10)
Let u=2"+27"
U =8"+87+3(2")(27)(2* +27) => u’ -3u=8"+8"
also, 4" +47 =u*-2 = f (x)=u’-3u —4(u2 —2)=u3 —4u®-3u+8
Let g(u)=u’—4u”-3u+8; u>2
9'(u)=3u*-8u—3=(3u+1)(u-3)
putting g’(u) =0 ; wegetu=3
g'w=6u-8= g"(3)=1>0
= u =3 is point of minima = g(3) =27-36-9+8=-10
= minimum f(x) =-10

5. Ans. (1)
y=1-x2
Consider point P(x,,1-x})

O0<xp<1
equation of tangent at P is

y—(1-X)=-2x,(x—X,)

intersection with x-axis at
1_ 2

= Az(x0 +w, OJ
2X,

intersection with y-axis at

B(O, 2X§+ (1_X§)

2 2 2 2
area of AOABA=l (p+1) _1 (%+1) B
2 ZXO 4 X, .
A

dA (X0 +1) 5 1

dx, 4x; [3% —1 %o NG

dA _

—— changes sign from +ve to - ve Figure

0
1

atxg = ﬁ So point of minimum = A, = %

6. Ans. (81)
Area =36 (1 + cos0) sinf = 36.4. cos3 (6/2) . sin(0/2)
Maximum occurs when

tan[9j=\/z =0-= r
2 3 3

6 cos@ 6 cos0
o L - s
6 6sind 6
6sinf
6
Figure
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7. Ans. (45)
f(x)=x’y=x*(60—x)
f'(x)=4x*(45-X)

f(x) is maximum at x = 45

8. Ans. (5)

H_H-h
R r
S =2nrh

2
= 2nH (r-r—j
R

d_S = 27‘[1—1(1—&
dr R

N—

Maximum atr =

N | o

9. Ans. (3)
x +y =k constant
Area of triangle be A.

A= %x «/yz—xz
A= %x NN =

dA Jk (k-3x)
dx 2 Jk-2x

. . k
Area is maximum when x = g .

2k
:>y:? = cos 0=

w‘¥|w\7~—

10. Ans. (3)
a’+b’ _a’+(8-a) _ 8

48 48
a®+b’ s 8 (4.3.64-24%)
48 4.3

Minimum

m (3a2 —24a+ 64)

w| &

] ¢ dA
signo ix

JEE (Advanced) Practice Paper

1. Ans. (A,C)
From graph f1(x) = {

Maximum of f(x) existatx = 1
Minimum of f~1(x) existatx = -1

-X ; x<-1

1-x* ; -1<x<0

[136]
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~.
Sed

Figure
2. Ans. (A, D)

4x*+9y* =1 , 9y-8x=72
X2 yz X y
Z +2L 1

17T

4 9

.. closest & earthest points on ellipse lie on tangent parallel to 9y = 8x + 72

8
'mT=§ /’(018)
T:y=mpx + Ja’m? +b’ N
y T (_9’0)\_//’.3 >
y:gx—i— 1%4_1 -
9 V4 92 9

8 .5
=—Xt——>9y=8x%5
y 9% y

Tangent to ellipse on (x4, y;) is

XX, Yy
a—21+b—21=1—>4xxl+9yy1 =1

-8 8 9
T: —Xx+=-y=1,—x—=y=1
5 5y 5 5y
2 1
Xlzig’ y1=+g
2

A(P,q) & B(hk)

P+q:_?1,h+k:1

www.allen.in
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3. Ans. (B, C, D)
Leta<0&B>0 ; f(0)=1

Ay
(f(a) <0,f(B)>0)
\ a /\ o (three distinct

\/ B \ - real roots with
one positive root)

(f(@)>0,f(B) <0)

/\ (three distinct

A
P / > :
/ a \/ real roots with

one negative root)

4. Ans. (A,B,C)

, 1 11
X) = —— —,x>0
Fe 1+x* 2 X
2
—(x-1) <0V x>0
2X(1+x*)

f(x) is decreasing V' x > 0.
1
On {— NG , greatest value is
3 }
1 n 1 1
f[— = ——— (n| —= | and leastvalue is
B) 6 2 |3
1
f(«/§)=g‘ Eén.ﬁ

5. Ans. (B,D)
x=rcosf,y=rsinf

= 12=5(1+c0529)+ 3sin26 +1-cos 26
r

=6+4c0s20+3sin20, which has maximum 11 and minimum 1

.. 2 .
.. OP has minimum —=— and maximum 2.

J11

6. Ans. (A,B,C)

0

V will be minimum when & + % will be minimum

a

AM.>G.M.

Aoa

7+7

a A > &Xg

2 a
&+E > 2 = minimum of&+E =2

a A a i
Vimin = K~/2 which is independent of a.

[138]
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7. Ans. (A)
P'(x)=k(x—l)(x—Z)(x—S)zk(x3 —6X° +11x—6)

4

P(x)=k —2x3+%x2—6x]

P(—1):k(1+2+2+6J

4 2
55=§(1+8+22+24)

k=4

L P(x)=x*—8x° +22x* —24x

Points of extremum are
(1,-9), (2,-8), (3,-9)

Area=1
1 2 3 /~x

8. Ans. (D)
BZ \

0
-8
-9

= negative integral values which f(x) can have -9,-8, -7, -6, -5, -4, -3, -2, -1 i.e. 9 values.

9. Ans. (B)
VA

0 Ll
LN,
-9 \/\\/
=>8<u<9

10. Ans. (C)
sinx is concave downward in (0, «t)

and sin x is concave upward in (w, 27)
11. Ans. (D)

e*, 2%, tan"tx (If x € R-) is concave upward and /nx is concave downward

12. Ans. (A)
f(x) concave downward (f"(x) < 0)
f(x) increasing (. flx)<0)
Letg(x)=f"(x)=x
fllg() =x

f'g(x).g'x=1
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1
f'(g(x))

weN - 1 « f" '
9"(x) = (Te00T f(x).9'(x)

g"(x)>0
g(x) = f1(x) concave upward
13. Ans.(191)
Let No. of children of john & anglina = y

g'(x) = >0

Lx+(x+1)+y=24

y=23-2x

Number of fights

F=x(x+1)+x(23—2x)+ (x +1)(23 — 2x)
F=-3x*+45x+23

a0 6x445-0=x=75
dx

But 'x' wil be integral.
checkx=6orx=7
F=191

14. Ans. (9)

Z1 )
A

Figure
R?+r?=h?
R?*=h*-r?
volume of cylinder,
V = nR2(2h) = n(2h) (V-2 )2

av

S = 27 (2= h2) + 2nh(-2h) =0

—~r2=32=h= _"_
3
dy

Y <0 ath= L = Vpax = 27

r 2 r2 47‘Cr3
—_ r-——— =
dh? 3 3 3 33

15. Ans. (2)

A=2rh+nrr?+zrh

nrh 2V
= =

2 Tr

\
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A=ﬂ+nrz+ﬂ
nr r

dr

dA -4V 2V
- — =

dr mr

\ oL h

' m+2 2r
16. Ans. (40 mph)
Fuel charges per hour = kvZ = 48 = k. 162

= Fuel charges per hour = 13_6 V2
Charges per hour = %VZ +300

Expenses of journey = (% v2 + 300)E
v

where v = speed s = distance

Maximum occures when 3—V =@

v

h . h
(- ax+-,a,b,>0,x >0, has minimum when ax = -)
X X

vZ=16.100
v =40
17. Ans. (32)
f(X)=a, +a,x+a,x’ +a,X’ +a,x" +a;x° +a,Xx°

3

Lim (1+ f(x)jzl = a,=a,=a,=a,=0

X—0 X

1/x
Lim[l + f(gx)) =g’
X—>0 X

. 2
Lime® &%) = 2 — g, = 2

X—0

f (x)=2x"+a;x° +a,Xx°

f'(x)=x (8+5a5x+6a6x2)
(

12 2
x)=2x* === x*+=x8
f(x) z 3
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18. Ans. (5)
Let f(x) = sin X
X
£ = xcosxz—smx _ cosx(x;tanX) <0 yxe [0' gj( tanx > x)
X X

2 . .
1 —X“sinX—2XcosX+2sin X
ff(x)= :

X
Let g(x)=—xsinx—2xcosx+2sin X

9'(x)=—x’cosx <0V x e (0, 7/2)
for x > 0, we have g(x) < g(0)ie. g(x) <0
£ () <0 and f"(x) <0 V x e (o, gj

—f (A+B+Cj> (f(A)+ f(B)+f(C)j

3 3
.(A+B+Cj sinA sinB sinC
sinf ——— + +

3 A B C

A+B+C — 3

3

_, Sin A+sm B+sm C S9\/§
A B C 2n
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