Gravitation

What is Gravitation
Gravitation is the phenomena in which objects with masses have a natural tendency to attract each other.
Newton's Law of Gravitation

It states that every particle in the universe attract all other particles with a force which is directly
proportional to the product of their masses and is inversely proportional to the square of the distance

between them.

o -5
Fgoc T1m2 (1) Qnﬂ&b F,i | )
Fgoc = ..(ii) < _ >
By equation (i) & (ii)
= Fyo m;nz F, = G“:zmz
Universal Gravitational Constant "G"
. Universal Gravitational constant is a scalar quantity.
. Value of G: SI: G=6.67 x 10-11 N-m2/kg? ;
CGS: G =6.67 x 10-8 dyne-cm?/g2 Dimensions : [M-1L3T-2]
. Its value is same throughout the universe; G does not depend on the nature and size of the bodies;

it does not depend even upon the nature of the medium between the bodies.
Note: This formula is given for point masses.

For spherical objects (planets), distance between centers is taken.
Illustration 1

Two solid spheres of same size of a certain metal are placed in contact with each ) M o M .
other. Prove that the gravitational force acting between them is directly k ) \ 13 \
proportional to the fourth power of their radius. RS,/
Solution:

The mass of the spheres may be assumed to be concentrated at their centres.

G {: nR3p} x [: nR3p} .
So F= Ry = E(anpZ)R4 =Fa«R*
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Two particles of mass 1kg and 2kg are placed at a separation of 50cm. Assuming that the only forces acting
on the particles are their mutual gravitation. Find the initial acceleration of heavier particle.
Solution:

we know that Fg = Gm, m, here
r
11 m; = 2kg
6.67x10 " x2x1
= Fg = (0 5)2 m; = 1kg
= Fy=5.34x10-10N r=50cm=0.5m

F
Acceleration of heavier particle (a;) = £ = a
m

 5.34x107"

) = a; =2.67 x 10-10m/s?

1

Important Points

(1) Gravitational force is always attractive.

(2) Gravitational forces are developed in the form of action and reaction pair. They obey Newton's third
law of motion.

(3) Itis the weakest of all fundamental forces in nature.
Strong Nuclear force > Electromagnetic force > Weak forces > Gravitational force

(4) To see the effect of gravitational pull practically, at least one of the bodies must be celestial.

(5) It is two body interaction i.e. gravitational force between the two particles is independent of the
presence or absence of other bodies or particles.

(6) Force of gravitation does not depend on medium.

(7) Force of gravitation always acts along the line joining two particles, so it is a central force.

(8) Gravitational force is conservative force, so work done by gravitational force does not depends on
path.

(9) If any particle moves along a closed path under the action of gravitational force, then the work done

by this force is always zero for round the trip.

Force due to multiple particles

ﬁ/ \
\ .(’ ) *\k \
Fs F:
¢ e

E‘net =§1 +152 +lE'3+ ..........

Illustration 3

Find net force on 2kg due to 3kg and 4kg particles.

, \ 3m , s 2m \
\3kg } '\Zkg‘ ‘\4kg ]
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Gravitation
Solution:

We know that Here

F.= - Gm,m, F1 = Force on 2kg due to 3kg mass

87 T2 F, = Force on 2kg due to 4kg mass
6.67x107"" x2x3
= Rz TR0 444 % 10-0N
6.67x107" x2x4 F14—k2kg —> F2

=13.34 x10-11N

Similarly F, = (2)2
So Net force

= net = FZ - Fl

Illustration 4

=13.34 x10-11-4.44 x 10-11 = 8.9 x 10-11N

Infinite particles each of mass m are placed at positions x = 1m, x = 2m, x = 4m ........ oo. Find the magnitude

of gravitational force on particle at origin (x = 0)

m m

X;O x=1 x=2

Solution:

We know that, Fg =

So, the gravitational force on mass m placed atx =0

Gm’ Gm?* Gm?*
= + +

F, =
Ay @2 @
1 1 1

= Fg:GmZ[1—2+2—2+E+ ........ j

= Fy= Gm® SIS j

= Fg = Gm®

"." from geometric progression

Here
a = first term
r = common ratio
a=1
1

r=—
4

Illustration 5

A particle of mass m is placed at a distance "d" from one end of mass M and length L as shown in figure.

Find the gravitational force on the particle by the rod.

d M,L
—
i 1 |
m
Solution:
Since Rod is not a point mass.
d dx M,L
— >
2 LA |
dm
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M
Gmx| —dx i
Gmdm F dil ( L j GMm & By unitary method
dFy= 2050 = !ngzg i !X dx L—>M
d+L L— M
GMm[x']™ -GMm[1]" L
R el B M
d d dx —> T dx = dm.
—GMm{ 1 1} ~GMm | d-(d+L) GMm
= Fg = — - |= g = = M
L d+L d L d(d+L) d(d+L) = dm= rdx.

Illustration 6
A small object of mass m rotates about a very large and heavy object of mass M with constant speed V.

Then find the radius of its circular path R.

Solution:

GMm

RZ

We know that, F; =

Here for circular motion of particle, necessary centripetal force is provided by gravitation force.

Fg = FCP ,z/ ~~~~~~ ~\~‘
g AN
F mv z II/ R \\‘I Vo
cP = I} \
R { r \ ) . .
! k s }F m) R — Radius of circle.
1
GMm mv} \ - g Fe !
R? a R ‘\ /I
\‘\ ,,'
\\ /’
GM SN -
R=— T ~
VO , ’ \s\
/ “
. 1
When mass of two objects are comparable they both rotates about ! - r \
. . m - o (im’

a common center if both have sufficient speed. u €
\ 1
\ 7

For example, Binary star systems. N /

Law of gravitation in vector form

~ -
_______

Here Fi,;= Gravitational force on m; by m.

F21 = Gravitational force on m; by mj.

yu
Fi2 =-Fu m;
I'12
= Fi2|=|Fa r
- r 21
I m
= Gmm, . 2
Fiz =~ 12 2 r -
r Iz
»X
2 Gmm, -
or Fi2=— 3 r
r
.. _ - - - z

where Iis a unit vector from mztom; and r=r; -r;
Note: The gravitational forces Fi2 and F21 form action-reaction pair.

Negative sign shows that this force is attractive in nature.
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Illustration 7

Two particles of mass 2kg and 3kg are at points (1, 2) and (4, 6) respectively. Gravitational force on 3kg
particle due to 2kg particle is?

Solution:

Force or mass 3 kg due to 2 kg in vector form is Vg 3kg

{::—IFglr Fg/.(4'6)
r

A F

o T _(41+6))-(i+2]) 12

rA A 5 kg

- . ;X
1,::31-’-4] (0!0)

5
F.= Gmm, 6.67x10"" x2x3
oo 5y
-11

Fz_M(gi+4j)N

1. Four identical point masses, each equal to M are placed at the four corners of a square of side a.
Calculate the force of attraction on another point mass m; kept at the centre of the square.

PGR148

2. Three identical particles each of mass m are placed at the three corners of an equilateral triangle

of side "a". Find the gravitational force exerted on one body due to the other two.
PGR149
3. Three identical point masses, each of mass 1 kg lie in the x-y plane at points (0,0) (0, 0.2m) and
(0.2m, 0) respectively. The gravitational force on the mass at the origin is :-

(A)1.67 x 10-11(i+j) N (B)3.34x10-10(i+j) N
(C)1.67x10 (i+)) N (D) 3.34x10-10 (i—j) N
PGR150
Gravitational field
" It is the region around a mass where its gravitational effects can be observed.
" Gravitational field due to a body extends till infinity.
. Strength of gravitational field decreases on moving away from a body.
(i) Atinfinite gravitational field is zero. (ii) Gravitational field o« mass
" Gravitational field is conservative in nature.
There are two ways to measure strength of gravitational field.
(i) Gravitational field intensity. (ii) Gravitational potential
Gravitational field intensity (I)
It is defined as gravitational force exerted on a unit mass placed in a gravitational field.
i-E
m
[t is a vector quantity. :
Its direction is same as that of gravitational force. m —— M
Unit : N/kg. * Dimension — [MoL!T-2]

Force on a particle of mass 'm' placed in gravitational field having intensity 1 can be written as -

F=ml
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Gravitational field intensity due to a point mass

Intensity due to a particle of mass M at a position r with respect to itself can be written as -
Gravitational field intensity = gravitational force exerted on unit mass

r' P
- GM, .
[=—-(-1) /
r -

M |
Where "M" is the mass of that particle due to which we have to find intensity.

Negative sign indicates that the force due to gravitational field is attractive in nature
Illustration 8

Particle of mass 4m is placed at origin. Find gravitational field intensity at

Aky
point A and point B respectively. TB
Solution:

we know that, f ( r) 2
A
So 1y =2U4m)

d2 (_i) ﬂ‘d_’: ’

and similarly, _I.B G(4m)
(2dy?

Illustration 9

Gravitational field intensity due to a particle of mass "M" at 5m distance is 10 units, then find its value at 10m
Solution:

As we know that. I=G—1;/I
r
Here 'M' is same
I 2 2
r I, r L, (5)

Gravitational Field intensity due to multiple particles
. Write gravitational field intensity due to all particles

'%
individually. y
. The resultant of all the intensity vector will give net ¢ 'Y ,," \ ‘\\
gravitational field intensity at a given point. I," ‘\‘ X
Inet =T1 +I+ I3+ \ 3 \\
Illustration 10 - -
Find net field intensity at mid-point + O. \m&‘- } ‘\Zm‘-
Solution: 0
we know that
> GM, .
I:— —-Ir 4 Y r E 4 Y
r’ ) o I (:) Iz e
G 2
L=—2(-0)
- G(2m) -
Similarly T, = SC™) 4

T 1.7 - —Gm » ~ (2Gm Gm
he=litlz = = szi+2G2mi=( - ——j() = Inet=—(1)
r

r r
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Neutral point

A point in space, Where I = 0
. For two particle system, Neutral point exists on the line joining of the particles.

r

Iy ‘T‘ I, ; ka!

A A

kml |

If r1 and r; are distances at neutral point from m; and m; respectively then.

Intensity of both particle would be equal.

Gm, Gm m, m ,/m ,/m
— 1_ 2 L2 1_ 2
I, r

2 2 2 2
rl r2 r1 r2 1 2
r=ri+rnr; = In=r-nn
‘/ml ,/mz
= —=—:>Jm1r—,/m1 l‘lz,/m2 r,
I, (r-r)

Jm, r=(m, +m, ),

m, r o m, r
= r, =ﬁ Similarly, r, :ﬁ
Where r is the distance between m; and m>
Note: Neutral point is closer to the lighter particle.
Illustration 11

If the distance between centres of earth and moon is "D" and mass of earth is 64 times that of moon, at
what distance from centre of earth gravitational field will be zero ?

Solution:

Here me.= mass of earth

D-x
Mm = mass of moon : :( ) g? i
me = 64Mp, Eart D >Moon
As we know that at neutral point
Inee=10
= Intensity of earth = intensity of moon. Here
x = distance from the earth surface
Gm, GM_ Gx64M ~ GM o e
= == > = = > where gravitational field is zero.
X (D-x) X (D-x)
64 1 8 1 8D
= — = > —= = X=—
x° (D-x) x (D-x) 9

Gravitational field Intensity due to spheres
For solid sphere
Let 'M' be the mass of sphere, 'R’ the radius of sphere and 'r' the distance of the

point under consideration from the centre of sphere.
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M

‘\

T

R r
p
M
. > GM, . P
Casell: Whenr=R, ie. atthesurfacethenl_ . =?(—r)
)

Casel: Whenr>R,ie. outside the sphere then TO

ut

GM, .
~ M p
r

Caselll: Whenr <R, ie.inside the sphere then I, = o (1)

-

= Graph between 'I' and 'r' for a solid sphere :

14
GM
r<R r=R r>R lmax = Isurface :—2
- pr R
0]
Iin «r : 1 1
: out & 17 _ _ GM(O] _
_@ 1 lmin - lcentre - T =0
RZ -------------
Gravitational field intensity due to a hollow sphere
r>R

-  GM, .
Casel:Ifr >R, the pointis outside the shell then | , = —2(—r)
r

WM h

urface 2
R

Case Il : Ifr = R, the point is on the surface then fs

Caselll: Ifr <R, the pointis inside the shell then1 =0
= 1 v/s r graph for hollow sphere :

T4
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Illustration 12
Find net gravitational force on particle of mass m inside a  pMass —> M
tunnel present in a solid sphere as shown.

Solution: e P Tunnel
Step A : First find I at mass 'm". Radius - R
GM(PZ{)
Ip=

R3

Step B : Now calculate force. F=mlp=m = =

Illustration 13

A spherical shell of mass M and radius 2R surrounds a smaller sphere of
same mass but radius R. If both spheres have common centre (concentric),
then find the intensity of gravitational field at distance r from the centre.

~ R ..« 3R

i) — i) =—

) 5 (i) 5

Solution: M,2R
R

i At r=—

(i 2

A we know that intensity inside a spherical shell is zero.
But intensity inside a solid sphere at point (r) herer <R.

Than,I=GRlv:r
R
GM| —
R (2) GM
here,r= —=I= =L = =—s
2 R 2R

3R
ii At r=—
(ii) 5

Similarly, intensity for a spherical shell inside distance r < 2R is also zero, but intensity for a solid

sphere at distance r = 37R(r >R) will be

GM GM GM 4GM

[=— = I= > D=0 =2 I=—7

r 3R 9& 9R
2 4

Acceleration due to gravity
If a body is placed inside a gravitational field having intensity I, gravitational force applied on it is

(m——F =ml

F=ml
Earth also pulls every object towards its center with force

F=mg
So, by comparison, it can be deduced that - g= |f|

Where, g is acceleration due to gravity I is intensity of gravitational field due to Earth
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Assuming Earth to be a solid sphere

Re = 6400 km
M=6x 102t kg
G =6.67 x 10-11 Nm2/kg?

GM
PR

On putting values of G, M and R. in the formula,
gs=9.81 m/s?

Note: Same formula can be used to find acceleration due to gravity at surface of any planet.

In terms of density (p): g= (;—I\Z/I R

Mass = Density x Volume

M= pxinR3
3 4
4 Volume = =mR3
G| px—nR® 3
——3 —ﬁnGR
g R’ 3 p

Illustration 14
Density of a planet is double of density of earth and radius is 1.5 times that of earth, the acceleration due

to gravity on the surface of planet will be -

(1) 3/4 times that on the surface of the earth (2) 3 times that on the surface of the earth
(3) 4/3 times that on the surface of the earth (4) 6 times that on the surface of the earth
Solution: (2)

We know that

g= 4 rGRe ' given

3 R,=1.5R.

= goc RP Pp = 2pe
N 8 _ m Here R, = Radius of planet

g. R.P, Pp = density of planet

1.5R x2pP
g—p=¢= 15x2= g, =3g,

8.  RxP
% change based problem
g= (;—l\f g= % nGRp
For change less than 5%
Ag_AM_2AR Ag_AR Ap
g M R g R »p
%Ag = %AM -2%AR %Ag = %AM + %Ap
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Illustration 15
If the mass of the earth increased by 2% & radius of the earth decreased by 1% then find % change in g ?

Solution:
According to question
MeT—2%andRe > — 1%
%Ag = %AM - 2%AR

=  %Ag=2-2(-1)%
= %Ag=(2+2)%
= %Ag =4%
Variation in acceleration due to gravity with height
From diagram

Gm

g, (R,+h)*  R?

g Gm, (R+hY
RZ

2 -2
g8__ R 1 = g—h—[1+£]

. nY hY g
R; 1+R— 1+R—

By Binomial expansion,

-2
h 2h . 2h

1+— | =[1-— ifh <<Re = —gl1-22

( RGJ [ Re) [ ] gh g|: R :|

e

Note: (i) This formula is valid if h is upto 5% of earth's radius (320 km from earth's surface)
GM

e

ii) If h is greater than 5% earth's radius we use. g, = —=—
( ) g 0 8h (Re+ h)z

Illustration 16
1
At which height from surface of earth acceleration due to gravity becomes 7 times of its value at earth

surface.

Solution:

g — at earth surface, g' =

- |09
o

h
For more than 5% = %:L:%:;jZZ[lﬁ-—Jj

= h=R,= h=6400 km
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Illustration 17
Value of acceleration due to gravity at a height 2R, from the surface of earth is (g is acceleration due to

gravity at a surface of earth).

Solution:
Eh ZLZ .
( h ] Given, h = 2R,
1+—
Re
g 8 g
8w = 2 = 2 =873
1+2 9
(1+h] (1+2)
Re

Variation in acceleration due to gravity with depth
At any general point inside Earth,

GM
g= Fr R — radius of Earth

here, r is distance from centre of Earth,

GM
g :F(R_d)

= GM (1 d) GM =g, (gs= gravity on surface of the earth)

R®
d
8, =8, (1 _Ej For any depth below Earth Surface.

(Ag), _ E

Fractional decrement R (Valid for all depths)
g

Note: 1. Valid for small or large depth

2. Fractional change in value of g — A :%

3. Atanydepth, g, <g,

4. Another form that can be used, g, = (;—l\g/lr 8, =8, % g
Graph: =0 IR
Forr<R Forr>R i
& R® &R - 5=8 r’ i »T

. . | Surface

Note: Value of g is maximum at Earth's surface Centre

Illustration 18

A body weighs 72N on surface of the earth. When it is taken to a depth equal to R/2 from the surface of
earth, where R is radius of earth, it would weigh -

Solution:

d R 1 1
—g |1-—|=g |1-—|=g [1-=|=2
gd gs( Rj gs( ZXRJ gs( 2] ng

mg, :%mgS = mg, :%x72:36N
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Illustration 19
At what depth from the earth surface acceleration due to gravity decreases by 75% of its value at the

surface of earth?
Solution:

d
84 :g(l_ﬁj

Here 75% decreases means 25% become
25 ( dj 1 d d 3 3R
— _

= —g=g|1 = d="—
g=8 R

100 R R 4 4
Illustration 20
At what depth from earth surface acceleration due to gravity is decreased by 2% ?
Solution:
We know that
Ag d
g R
2 d
100 6400km
Illustration 21

=d=128km

2R
Value of acceleration due to gravity at a depth 3 from the surface of earth is.

Solution:

S (PO P (UL S R (PO R
oo o) -o( -3 l3) S o

Variation in value of 'g' due to rotation of earth
N = Mg - M®2R.coszA

Mg.sr = Mg - Mw2R.cos2A

geff = g — ®2ReCOS2ZA

Where, g : acceleration due to gravity without considering
rotation of earth

geff : acceleration due to gravity considering rotation of earth
A : Angle of latitude

For poles, A = 90°

For equator, A =0

N = Mgesr = Mg - Mw?Rccos?A

As one moves towards pole, apparent weight increases.
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Illustration 22
What should be angular velocity of Earth so that weight of a man at equator becomes half of his present of

value? (Answer in terms of g and R)
Solution:

Weight at equator (W') = %

Mg' = Mg - M®w?Rccos2(A)
atequator A =0

= Mg' = Mg - Mw?2Re(1)?2 = ¥= W - Mo?R. = Mm?R. = % = %
= wr= B = o= |5
2R, 2R,
Special case
N = Mgesr = Mg - Mw?Rccos?A
If somehow & T ger 4 N4
N = Mgesr = Mg - M®2RecosZA =0 = @= LZ
R, cos” A
Required o
For Weightlessness.
Illustration 23
At what angular speed of Earth, person at equator will feel weightlessness?
Solution:
For weightlessness required o is
1
= & —— = £ (A = 0°) for equator
R, cos®A  cosA\R,
= / o= /é
"~ c0s0° R,
Note: ger = g - ®2Recoszh
. For poles, A=90° g8 =g
. For equator, A = 0° 8eq =g - ®?R
. If not mentioned in problem, assume object at equator, A = 0°
. If the earth suddenly stops rotating about its own axis, then apparent weight of bodies or effective

acceleration due to gravity will increase at all the places except poles.
Variation in value of "g" due to shape of Earth

Ag =ge-8p~0.02 m/s?
Earth is not a perfect sphere. d
GM Req

Esurface = F

as surface is close to center of Earth near pole as compared to equator,
8p > Beq
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Illustration 24
Where will you get more amount of sugar in 1kg. At pole or at equator?
Solution:

_ Gm
85 R
8p > 8eq [ Req > Re]
and W = weight = mg
= at pole at equator
Wpole =mgp  Wequator = Mge
= W . >W

pole equator

So at poles weight is more and at equator weight is less
So at equator we will get more amount of sugar in 1kg.

BEGINNER'’S BOX-2

1. The magnitudes of the gravitational field at distances ri and r; from the centre of a uniform
sphere of radius R and mass M are F; and F respectively. then :-
F F
(A) 520 fr <Randr, <R (B) —1:rizifr1>Randrz>R
FZ I«2 FZ 1
F, r F, r}
(9 —1:rl3ifr1<Randrz<R (D) —1:%ifr1<Randrz<R
F2 rZ FZ r-2
PGR151
2. A stone dropped from a height 'h' reaches the Earth's surface in 1 s. If the same stone is taken to

Moon and dropped freely from the same height then it will reach the surface of the Moon in a
time (The 'g' of Moon is 1/6 times that of Earth) :-

(A) V6 seconds (B) 9 seconds (9] J3 seconds (D) 6 seconds
PGR152
3. The radius of Earth is about 6400 km and that of Mars is 3200 km. The mass of Earth is 10 times that
of Mars. An object weighs 200 N on the surface of Earth. Its weight on the surface of Mars will be :-
(A)80ON (B)40N (C)20N (D)8N
PGR153
4. Weight of a body decreases by 1% when it is raised to a height h above the Earth's surface. If the

body is taken to a depth h in a mine, then its weight will :-
(A) decrease by 0.5% (B) decrease by 2%  (C) increase by 0.5% (D) increase by 1%

PGR154
5. At which height from the earth's surface does the acceleration due to gravity decrease by 1%?
PGR155
6. Find the percentage decrement in the weight of a body when taken to a height of 16 km above
the surface of earth. (radius of earth is 6400 km)
PGR156
7. What is the value of acceleration due to gravity at a height equal to half the radius of earth, from
surface of earth? [take g = 10 m/s2 on earth's surface]
PGR157
8. At which height from the earth's surface does the acceleration due to gravity decrease by 75%
of its value at earth's surface?
PGR158
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9. At which height above earth's surface is the value of 'g' same as in a 100 km deep mine?
PGR159
10. At what depth below the surface does the acceleration due to gravity becomes 70% of its value
on the surface of earth?
PGR160
11. At what depth from earth's surface does the acceleration due to gravity becomes % times that
of its value at surface?
PGR161
12. If earth is assumed to be a sphere of uniform density then plot a graph between acceleration
due to gravity (g) and distance from the centre of earth. [AIPMT (Mains) 2006]
PGR162

Gravitational potential
Gravitational potential at a point is defined as amount of work done by external agent against gravitational
pull in bringing a unit mass from infinity to that point without changing its kinetic energy.

V 0—>P m
" m e ~—
e 0]
Note: Motion of unit mass is considered slowly, so that no energy is spent to
change the kinetic energy of system.
At infinity, Gravitational Potential is assumed to be ZERO.
Gravitational potential due to point mass Fg = Fext
If a particle of mass m is at distance x from given particle of mass M Me & m ©
X

then, work done to displace mass m by distance dx towards M under equilibrium
aw GMm

ext 2
X

(—dx)cos(180°)

Negative sign of dx indicates that displacement is towards mass M
_ GMm GMm

dw,, = 2 (-dx)(-1)=dw,, = 2 dx
dw,, = MM g,
X

total work done in bringing the particle of mass m from infinity to a distance r from mass M is-

rGMm GMm|’ GMm GMm
[ B -] ) st L
X |, > .
Wext:_GMm
r
as per definition, V, =—==*
m
V:&:—@
m r

At r distance from the particle of mass M,
GM

V="
r

Note: Negative sign in potential indicates attractive nature of force.
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Illustration 25

m
Find gravitational potential at the centroid. AN
Solution: a/ \a
= — G_m m"-’----a-_--\_\gm
r
r r r
m
a
= rcos30 = 2
a a
L V3 _a_a
2 2 3 m A m
a
= Viet = - 3Gm = _3\/§G_m
a/+3 a
Relation between Potential and Intensity
-4V
dr
Note: 1. IfVisconstantinaregion, =0
2. This relation is valid for all conservative fields.
Illustration 26 dm
Find gravitational potential at the centre of a ring of mass M and radius R.
Solution:
V= I_Gd_m - y-_tm
R
Standard results to remember
Spherical shell (M, R)
. GM
Casel r >R (outside the sphere) ; Vour = - — \Y
r + r<R R r>R
GM 0 : s
Case II r = R(on the surface) ; Vsurface = - Y ]
Case III r <R (inside the sphere ; Potential is same every where and is GM i
equal to its value at the surface ; Vin = - % R
Solid sphere(M, R) Va =R
GM - >t
Casel r >R (outside the sphere) ; Vou = ———
r Rectangular
GM
Case Il r = R(on the surface) ; Vsurface = - = -GMm hyperbola
R
Case III r <R (inside the sphere ; Potential is same every where and is Parabolic
GM
equal to its value at the surface ; Vin = - el (3Rz-172) - 3GM

Illustration 27
A particle of mass M is situated at the centre of a spherical shell of same mass and radius
R. Calculate the gravitational potential at a point situated at distance R/3 from the centre.
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Solution:
Vp = Vsphere + Vparticle

M

GM GM Ry
= — = é \
R R/3 M P

R
GM (—)
=-—/(1+3 3
R ( ) g
=_ ﬂ Spherical shell
R

Gravitational Potential Energy (GPE)
The gravitational potential energy of a particle situated at a point in some gravitational field is defined as
the amount of work required to bring it from infinity to that point without changing its kinetic energy.

U=- Gm,m,
r
(Here negative sign shows the boundness of the two bodies)
. It is a scalar quantity.
. It's ST unit is joule and Dimensions are [M1L2T-2]
. The gravitational potential energy of a particle of mass 'm' placed on the
surface of earth of mass 'M' and radius 'R’ is given by :
g GMm
R

Gravitational potential energy for three particle system
If there are more than two particles in a system, then the net gravitational potential energy of the whole
system is the sum of gravitational potential energies of all the possible pairs in that system.

Foreg.:

Gm,m Gm,m Gm,m Gmm, Gm,m, Gm,m
Usystem:(_ 1 2J+(_ 2 3}_‘_(_ 1 3]:_ e 20773 173

I I L I

If Gravitational Potential at a point P is Vp

Then GPE of a particle of mass m placed at P is :

Up = l’n(Vp)

Note: Atinfinity, V.=0= U, =0

Illustration 28

If the given system of three particles, each of mass m, on the vertices of an equilateral triangle side a is to
be changed to side of 2a, then find the work done on the system.

Solution:
Gravitational potential energy of an equilateral triangle of side "a"
Gmm Gmm Gmm _ 3Gm’ A
Usystem == - - =— N
a a a a a/ N\a
Now "a" is changed by "2a" 7 \\\
4 \
Gmm Gmm Gmm L B ®
Then Usystem = - - - a

2a 2a 2a
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2
= Usystem == 3Gm
2a m
2 2
Ui:_3Gm ande=_3Gm
a 2a 2a 2a
Workdone = AU
W =U¢-U;
2 2 2 m m
2
N W:_3Gm [ 3Gm*}_ 3Gm {1_1} a
2a a a 2
2
N W= 3Gm
2a

Illustration 29
Find gravitational potential energy of a particle of mass "m" placed at a height R. above
surface of solid sphere of mass "M" and Radius "R".

Solution:
yo oM
r
GM GM GM
f— V = - = - = -
(R+h) R+R 2R " r=R+h
Now potential energy (U) = V(m) andh=R
GM
= U:—@(m) = U=—"
2R 2R
Note: If object is thrown with velocity u from Earth Surface, vE 0

maximum height achieved can be found as :

[By applying mechanical energy conservation] Height above

earth surface

Same result for
Velocity of an object at Earth's surface when dropped from height h
above Earth Surface.

Illustration 30

An object is projected from Earth's surface with speed u = ,/1.5gRe , find the maximum height attained by

object. (g, Re have their usual meaning)
Solution:

\/§gR = o :>%R = zh = 3R+ 3h =4h

= h =3R.
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Escape velocity (Ve)

It is the minimum velocity required for an object located at the planet's surface so that it just escapes the
planet's gravitational field.

Consider a projectile of mass m, leaving the surface of a planet (or some other astronomical body or
system), of radius R and mass M with escape speed ve.

When the projectile just escapes to infinity, it has neither kinetic energy nor potential energy.

1 M 2GM
From conservation of mechanical energy Emvﬁ + (—Gij =0+0=>v, =, /GT

The escape velocity of a body from a location which is at height 'h' above the surface of planet, we can use :-

vV, = @: ﬂ {'.'r=R+h}
\ r R+h

Where, r = Distance from the centre of the planet, h = Height above the surface of the planet

Escape speed depends on :

(i) Mass (M) and radius (R) of the planet

(ii) Position from where the particle is projected.

Escape speed does not depend on :

(i) Mass (m) of the body which is projected

(ii) Angle of projection.

If a body is thrown from the Earth's surface with escape speed, it goes out of earth's gravitational field and
never returns back to the earth's surface.

For Earth

2GM
vV, =, [—
Re

GM
Other forms, g, =? =v, =«/2gS R,

e

On putting values : ve = 11.2 km/s, gs = 9.81 m/s2, Re = 6400 km

Illustration 31

An unknown planet is of twice the size and half the mass of Earth. If escape velocity from Earth surface is
V,, what would be escape velocity of particle from the unknown planet.

Solution:

Voo [M _y o, M
R R

Now V— M/2 R _ Lﬁ3 A
A M 2R "V, V4 2

Illustration 32

If M is mass of a planet, then in order to become black hole, what should be the radius of planet?
Solution:

For a body to become a black body. Even light can not escape its gravitational pull.

Vex>c

2GM
G >c ¢ = speed of light
r
2GM 2GM
o 2T = r<—;
C c
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Escape velocity from a point other than surface

Keep following points in mind !!

1. Total energy is zero at any point when particle start moving with escape velocity, TE=0
. . . GM m
2. If given point is at distance r (>R) from center of Earth, PEout = - <
r

3. If given point is at distance r (<R) from center of Earth. PEin = - TE

Illustration 33

GM(3R* -1?%) 5

With what velocity must a body be thrown from Earth's surface, so that it may reach at a height 4R. above

the Earth's surface. (Re = 6400km, g = 9.8m/s?)

Solution:
By using conservation of mechanical energy.
K; + Ui = K¢+ Us.
N lMDVZ— GMM, __ GMM,
2 R, (R,+4R,)
N 1 M.V = - GMM, . GMM,
2 5R, R,
4 GM M 8 GM v8= oM
= 1M0V2=— e =>Vi= —— Ri
2 5 R, 5R,
= GM=gR?
8 gR? ¢
~ V= ggR—e - %x 9.8 x 6400 x 103 = 108m /s

Illustration 34

A narrow tunnel is dug along the diameter of the earth (M, R), and a particle of mass 'm' is placed at 'R/2’

distance from the centre. Find the escape speed of the particle from that place.
Solution:
Suppose we project the particle with speed V.. So that it just reaches infinity (r — «)
By conservation of mechanical energy

Ki + Ui = K + U, M., R

2
g e S (3] =0
2 2R 2

= V, = =
4R

Illustration 35

Potential energy of a particle of mass 2kg is -100] at surface of planet. Find its escape velocity.

Solution:
By conservation of mechanical energy
Ki+ Ui= Kf+ Uf.
1
= EMV&Z +(-100)=0+0 at infinity
= Lavr-100 =0
2 Ur=0
V,=10m/s
www.allen.in [171]



ALLEN NEET : Physics

Escape energy-Binding Energy
Minimum energy given to a particle in the form of kinetic energy so that it can
just escape the Earth's gravitational field.

Magnitude of escape energy = GMTm

(-ve of PE on the Earth's surface)

Ve

surface

Escape energy = Kinetic Energy corresponding to the escape velocity = (')'
GMm 1 ,
——=—mv;
R 2
Note: In the above discussion it can be any planet for that matter
KE < Escape Energy v, <Ve Body returns to Earth surface
KE = Escape Energy v, =ve Body comes to rest at infinity
KE > Escape Energy v, > ve Body has residual velocity at infinity

Illustration 36
A body of mass m has speed v,(<ve) at the surface of the Earth. Find minimum additional energy required
so that it may escape from gravitational field of Earth. (M. : mass of Earth, Re : radius of Earth)
Solution:
Here v. <ve; By conservation of mechanical energy
Total energy atoo =0
= Esupplied +KEi+Ui=0
Esupplied + %mvi + (_GNITmJ =0 = Esupplied = l:GN[Tm —%mvi}
Note: Why do some planets have atmosphere around them, but some do not ?
If energy of a gas molecule is greater than or equal to escape energy on a planet, it will escape
from that planet easily.
That's why some celestial bodies have atmosphere and others have not.
Illustration 37
What happens when you release a Helium balloon-

(i) At Earth's surface (ii) At Moon's surface
Solution:
)] If a helium balloon is released from surface of Earth, then it "move upward" because the upward

buoyant force due to surrounding air exceeds its downwards weight
(i) When the balloon is released from surface of Moon then it will fall with "g/6" acceleration under
the influence of gravitational attraction at Moon (upthrust is zero due to absence of atmosphere)
Binding energy
Total energy of a particle near Earth.
BE < 0 Particle cannot escape the gravitational field of Earth
BE > 0 Particle can escape the gravitational field of Earth

BEGINNER'’S BOX-3

1. The gravitational acceleration on the surface of earth is g. Find the increase in potential energy
in lifting an object of mass m to a height equal to the radius of earth.

PGR163

2. In a certain region of space gravitational field is given by I = - (K/r) (Where r is the distance

from a fixed point and K is constant). Taking the reference point to be at r = ro with V = V,. Find
the potential at a distance r.

PGR164
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3. Two masses of 102 kg and 103 kg are separated by 1 m distance. Find the gravitational potential
at the mid point of the line joining them.
PGR165
4. The magnitude of intensity of gravitational field at a point situated at a distance 8000 km from the
centre of Earth is 6.0 N-kg. The magnitude of gravitational potential at that point in N-m/kg will be :-
(A) 6 (B) 4.8 x 107 (C) 8 x 105 (D) 4.8 x 102
PGR166
5. The gravitational field due to a certain mass distribution is E =£3 in the x-direction
X
(Kis a constant). Taking the gravitational potential to be zero at infinity, its value corresponding
to distance x is :-
K K K K
A) — B) — Q) — D) —
(A) — (B) (@ = (D) —=
PGR167
6. Two bodies of respective masses m and M are placed d distance apart. The gravitational
potential (V) at the position where the gravitational field due to them is zero is :-
(A) V=—S(m+m) B v=-2
d d
(©v--=£ (D) V=— (i + VMY
PGR168
7. A body of mass m is situated at a distance 4R, above the Earth's surface, where R. is the radius
of Earth. What minimum energy should be given to the body so that it may escape ?
mgR mgR
(A) mgR. (B) 2mgR. (©) i e (D) %
PGR169
8. Three solid spheres of mass M and radius R are placed in contact as shown in fig. find the
potential energy of the system.
PGR170
Kepler's Law
Kepler's 1st Law
Each planet moves in an elliptical orbit, with the sun at one focus of the ellipse.
Ellipse : Ellipse is the set of all points such that sum of the P
distance from the foci (plural of focus) and any point on ellipse
is constant.
General equation of ellipse
XZ 2
= +y—z =
a® b SP + S'P = constant

Kepler's 2nd Jaw (Law of Areas)
A line joining any planet to the Sun sweeps out equal areas in equal intervals of time, i.e. the areal velocity
of the planet remains constant.
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Kepler's laws of planetary motion

Area = % (base) (height)

dA = 1 (rd6)(r) = 1 rzdo
2 2 6

So, areal velocity (area per unit time) ,,"
dA 1 ,d6 1, 1 /
—=-r'—==r'o==rv i
dt 2 dt 2 2 ir
dA 1, 1 /
—=—r' =—rv {

dt 2 2 i
Areal velocity, rdo
L =Io = mr2m = mvr
Here I = mr2(instantaneous moment of inertia of planet about sun)
Angular momentum of planet about the Sun L = mvr
As force of gravitation on planet by the Sun passes through Sun itself,
Torque of gravitational pull is zero about the Sun,
Angular momentum of planet about the Sun is constant

L = mvr (constant)

L L 1 1 dA

— =V —=—VI=> —Vr=—o

m 2m 2 2 dt

I X v = constant (Perihelion) g

erinelion i
v. Tt o1 (Aphelion)
Valla = Vprp > = —=—=—
P ra rmax

Conclusion

At minimum distance from Sun, velocity is maximum.

At maximum distance from Sun, velocity is minimum.
Illustration 38

A small satellite is in elliptical orbit around Earth as shown. If
L is the magnitude of its angular momentum about the centre
of the earth and K is the kinetic energy. Then compare the
kinetic energies of satellite at position 1 and 2 :

Solution:

As torque of gravitational pull is zero about the sun. So
angular momentum of planet about the sun is constant.

= Li=l,=mviri =mvar; = viri = vara = r1 > 12
V,I.
= v, =—%%
r
f— V2 > V1
1 1
= —mvi>-mv: = K, >K;
2 2
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Illustration 39

A planet revolves about the sun in elliptical orbit. The areal velocity of the planetis 4.0 x 1016 m2/s. The least

distance between planet and the sun is 2 x 1012m. Then the maximum speed of the planet in km/s is :

Solution:
2
d—A Lo is constant
dt 2
dA rrflax('omin rrflin(’omax ZdA / dt
—_— = :> (’)max — 2—
dt 2 2 rmin
16
= Vimax = Omax Fmin = ZdA/dt = 2x4x10 =40 km/sec

r. 2x10"

Kepler's 3rd law

The square of the period of revolution of any planet around the Sun is
directly proportional to the cube of the semi-major axis of its elliptical
orbit.

T?  a°

a : average distance of the planet from Sun

_ rmax + rmin
2
3rd J]aw can be derived assuming a circular orbit of planet around Sun Force of gravitation provides
necessary centripetal acceleration to planet for circular motion R
GM,m_ )
Rz =m (oR) ®
Mmp

GM, ,

R

GM, (2

R? T

2 4 2
G_Nslsz4iz 72T p3
R T GM

N

Satellite Motion

A light body revolving round a heavier planet due to gravitational attraction, is called a satellite. Moon is a

{ !
Natural Satellite Artificial Satellite
(eg. Moon revolving around earth)

Polar Satellite Geo Stationary Satellite

natural satellite of Earth.
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Essential conditions for satellite motion

. The centre of satellite's orbit should coincide with the centre of Earth.

. Plane of the orbit of satellite should pass through the centre of Earth.
Fcp = FgcosO

(0 Fg sin® (i)
Unstable orbit Stable orbit
(Due to Fg sin 6, orbit will shift)
. It follows that a satellite can revolve round the earth only in those circular orbits whose centres

coincide with the centre of earth. Circles drawn on globe with centres coincident with earth are
known as 'great circles'. Therefore, a satellite revolves around the earth along circles concentric
with great circles.
Orbital Velocity (V)
As centripetal acceleration is provided by Gravitational pull of Earth,
GM,m mv.
r’ r

GM
vi=—2¢t

r

[GM,
V,=
r

For near Earth Surface Satellite
R~Re
GM

Vo = £ ~8.1km/s
R

e

Illustration 40

Satellites A and B are orbiting around the Earth in orbits of radius ratio 1 : 4, find ratio of their orbital
velocities.

Solution:

1
= Vo —

\/; Given

Vi [m _\/E L2 L
v, rl 1 1 rz 4

Time period of orbital motion
_ distance _ 2mr

speed \4

o]

2mr

[GM,
r

For Near Earth Surface satellite, r ~ Re

T= = T!uxr’

R3
T=2xn € ~84min
GM

e
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Illustration 41

The time period of a satellite in a circular orbit of radius R, is T.. Find time period of another satellite in a

circular orbit of radius 4R..

Solution:
3
To =27 R°
3 3
WhenR'=4R, = T'=2xn @ =27 64R,
GM, GM,

e

R3
T' =8| 2n,[—— |= T =8T,
GM

o . 1
Note: In case Gravitation Force is different F o —
r

1-n
then, orbital velocity v ocr 2

1+n

and Time period Tocr 2

Satellite motion - Energy Analysis
Kinetic energy of satellite

Due to motion of satellite, KE = %mvi

GM,
v, =
r
KE = GM,m
2r

Potential energy of satellite
Due to position of satellite

PE—_ GM,m E
r N
Total Energy = Kinetic Energy + Potential Energy E v
GM_m R
TE=——2=
2r G
M M M Y
kg = MM gy GMom pg—— oM.
2r 2r r
KE=-TE= _PE
2

As total energy of a satellite is negative, it is called as bounded system
Binding energy

Minimum energy required to break a bounded system.

= BE+TE=0 = BE = -TE

~ GM_m

~2r

—  BE=|TE| —  BE
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Illustration 42
A satellite of mass m, initially at rest on Earth, is launched into a circular orbit at a height equal to the radius

of Earth. Energy required to do so is -

Solution:

h=R

Necessary centripetal force is provided by gravitational force.

mv: GMm GM
= = V=, |—
2R (2R)? V2R

Now by conservation of mechanical energy.
Ki+ Ui = K¢ + Ut

GMm 1 ( [GM) [ GMm
K+ - =—m|,|— | +| ——
R 2 [\2R 2R

1 GM GMm GMm
Ki=—m—+———
2R R 2R

_ GMm+GMm _3GMm .. GM

K; S g=2" — GM = gR2
4R 2R 4 R Y 8
3
K. =—mgR
(=8

Note: TE = - SMm pE = - GMem KE = SMem

2r r 2r
VO = GMe T oC R3/2

r

So, If radius of orbit of satellite is increased,

* KE will decrease ¢ TE will increase e PE will increase
« Orbital velocity will decrease » Time period will increase
Work done to shift orbit of satellite
Wex = ATE
Wex = TEf - TE;
W = (_ GMemj_(_ GMemJ __GMm GM,m
2r, 2r, 2r, 2r,

Wexe = GMem (1 —lJ

2 \r 1
Essential conditions for satellite motion -
. Centre of satellite's orbit coincide with center of Earth.
. Plane of orbit of satellite is passing through center of Earth.
There are two stable orbits for a satellite
. Equatorial orbit
. Polar orbit

Any satellite is projected as near to equator as possible as-
. g is minimum near equator, lesser fuel

. Easier to set the satellite in any orbit
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Polar satellite

. [t rotates in Polar plane.

. Its height from Earth surface is 500 km ~ 600 km.
. Its time period is 100 min.

. Used for weather data collection

Note: Any satellite is said to be in a condition of freely falling on Earth. (as only force acting on it is force
of gravity). Hence, apparent weight of any object in a satellite is always ZERO.

BEGINNER'’S BOX-4

1. The mean radius of the earth's orbit around the sun is 1.5 x 1011 m. The mean radius of the orbit

of mercury around the sun is 6 x 1010 m. Calculate the year of the mercury.

PGR171
2. If earth describes an orbit round the sun of double its present radius, what will be the year on
earth?
PGR172
3. If the gravitational force were to vary inversely as mth power of the distance, then the time
period of a planet in circular orbit of radius r around the Sun will be proportional to :-
(A) r-3m/2 (B) r3m/2 (C) rm+1/2 (D) r(m+1)/2
PGR173
4. A planet is revolving around the Sun in an elliptical orbit. Its closest distance from the Sun is

I'min. The farthest distance from the Sun is rmax. If the orbital angular velocity of the planet when
itis nearest to the Sun is o, then the orbital angular velocity at the point when it is at the farthest
distance from the Sun is :-

2 2
(A) [ rrﬂ},) (B) [ rmi},, ©) (rmiJ o (D) [rrﬂ] ©
rmax I-min I-min 1«max
PGR174

5. The time period of revolution of moon around the earth is 28 days and radius of its orbit is
4 x 105 km. If G = 6.67 x 10-11 Nm2/kg? then find the mass of the earth.
PGR175
6. Let the speed of the planet at the perihelion P in Fig. be vp and the Sun-planet distance SP be rp.
Relate (rp, vp) to the corresponding quantities at the aphelion (ra, va). Will the planet take equal
times to traverse BAC and CPB?

| 2b

PGR176
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7. A comet orbits the sun in a highly elliptical orbit. Does the comet have a constant (a) linear

speed, (b) angular speed, (c) angular momentum, (d) kinetic energy, (e) potential energy (f)

total energy throughout its orbit? Neglect any mass loss of the comet when it comes very close

to the Sun.
PGR177
8. A satellite moves in a circular orbit around the earth. The radius of this orbit is one half that of
the moon's orbit. Find the time in which the satellite completes one revolution.
PGR178
9. A small satellite revolves round a planet in an orbit just above planet's surface. Taking the mean
density of planet as p, calculate the time period of the satellite.
PGR179
10. Two satellites A and B, having ratio of masses 3 : 1 are in circular orbits of radius r and 4r.
Calculate the ratio of total mechanical energies of A to B.
PGR180

11. A satellite orbits the Earth at a height of 400 km above the surface. How much energy must be
expended to rocket the satellite out of the Earth's gravitational influence? Mass of the satellite
= 200 kg; mass of Earth = 6.0 x 1024 kg; radius of the Earth = 6.4 x 106 m; G = 6.67 x 10-11 N-m?2/kg?2.

PGR181

12. An artificial satellite orbiting the earth in very thin atmosphere loses its energy gradually due

to small but continuous dissipation against atmospheric resistance. Then explain why its speed

increases progressively as it comes closer and closer to the earth.

PGR182

13. For a satellite moving in an orbit around the earth what is the ratio of kinetic energy to potential
energy?

PGR183

14. An object weighs 10 N at the north pole of the Earth. In a geostationary satellite distant 7R from
the centre of the Earth (of radius R), the true weight and the apparent weight are respectively: -

(A)0,0 (B)0.2N, 0 (C)0.2N,9.8N (D)0.2N,0.2N
PGR184
15. What is the minimum energy required to launch to launch a satellite of mass m from the surface
of a planet of mass M and radius R in a circular orbit at an altitude of 2R?
PGR185
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s
Lz} BEGINNER’S BOX ANSWER KEY

11.

12.

13.

BEGINNER'S BOX-1

2
Zero 2. 3 G“; 3. (0
a
BEGINNER'S BOX-2
AB 2. (A 3. (A 4. (A
32 km 6.  0.5% 7.  444m/s? 8.  h=R=6400km
50 km 10. 1920 km

d= =R 12
T
BEGINNER'S BOX-3
%ng 2. V=V, +Klog (Lj 3. -2200 x 6.67 x 10-11] /kg
I40
(B) 5. (D) 6. (D) 7. (9;
2
PE—_ 3Gm
2R
BEGINNER'S BOX-4
2 3/2
(gj years 2. 2\/5 years 3. (D) 4. (D)

6.47 x 102* kg

angular momentum L= mp rp Vp = mp I‘A Va

<
—

L= .. Since ry > rp, Vp > V.

The area SBAC bounded by the ellipse and the radius vectors SB and SC is larger than SBPC in Fig.
From Kepler's second law, equal areas are swept in equal time intervals. Hence the planet will take
a longer time to traverse BAC than CPB.

All quantities vary over an orbit except angular momentum and total energy.

3n 10. 12

9.7 days 9,
Y Gp 1

11. 5.89 x 107]
Kinetic energy increases, but potential energy decreases, and the sum decreases due to dissipation
against friction.

L 14. (B) 15, 2GMm
2 6R
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