EMI and AC

ELECTROMAGNETIC INDUCTION

Faraday'’s great insight lay in discovering a simple mathematical relation
to explain the series of experiments he carried out on electromagnetic
induction. However, before we state and appreciate his laws, we must get
familiar with the notion of magnetic flux, ®s. Magnetic flux is defined in
the same way as electric flux is defined in the chapter Electrostatics.

Magnetic Flux

W \&
DA

A plane of surface area 4 placed in a uniform magnetic field B.
Magnetic flux through a plane of area 4 placed in a uniform magnetic field B
can be written as ¢, =B.A=BAcos0

where 6 is angle between B and A. The notion of the area as a vector has been discussed earlier in
electrostatics. Above Equation can be extended to curved surfaces and nonuniform fields.

¢=[B.dA

Faraday’s laws of electromagnetic induction
Faraday stated experimental observations in the form of laws called Faraday’s laws of electromagnetic
induction. The law is stated below.
The magnitude of the induced emf in a circuit is equal to the time rate of change of magnetic flux through
the circuit.
Mathematically, the induced emf is given by
d¢
dt
(-) sign indicates that the emf will be induced in such a way that it will oppose the change of flux (Len’z law).

ST unit of magnetic flux = Weber.

Illustration 1:
A coil is placed in a constant magnetic field. The magnetic field is parallel to the plane of the coil as shown
in figure. Find the emf induced in the coil.

Solution:
¢ = 0 (always) since area is perpendicular to magnetic field.

emf=0
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Illustration 2:

Find the emfinduced in the coil shown in figure. The magnetic field is perpendicular to the plane of the coil

and is constant.
Solution:
¢ = BA (always) Area=A

= const.

% ®

emf=0

Illustration 3:

Figure shows a coil placed in decreasing magnetic field applied perpendicular to the plane of coil. The

magnetic field is decreasing at a rate of 10T/s. Find out current in magnitude and direction.

Solution:

d=BA :>emf=A.Z—f=2x10=20V

i =20/ 5 =4 amp. From Lenz’s law direction of current will be anticlockwise.
Illustration 4:

Figure shows a long current carrying wire and two rectangular loops moving with velocity v. Find the

direction of current in each loop.

Constant i 4 (i)

(i)

Solution:

In loop (i) no emf will be induced because there is no flux change.

In loop (ii) emf will be induced because the coil is moving in a region of decreasing magnetic field which is
inward in direction. Therefore, to oppose the flux decrease in inward direction, current will be induced

such that its magnetic field will be inwards. For this direction of current should be clockwise.
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Lenz’s Law (Conservation of Energy Principle)

According to this law, emf will be induced in such a way
that it will oppose the cause which has produced it. Figure
shows a magnet approaching a ring with its north pole
towards the ring.

We know that magnetic field lines come out of the north
pole and magnetic field intensity decreases as we move
away from magnet. So, the magnetic flux (here towards

left) will increase with the approach of magnet. This is the
cause of flux change. To oppose it, induced magnetic field
will be towards right. For this the current must be
anticlockwise as seen by the magnet.

If we consider the approach of North pole to be the cause of flux change, the Lenz’s law suggests that the
side of the coil towards the magnet will behave as North pole and will repel the magnet. We know that a
current carrying coil will behave like North pole if it flows anticlockwise. Thus, as seen by the magnet, the
current will be anticlockwise.

If we consider the approach of magnet as the cause of the flux change, Lenz’s law suggests that a force
opposite to the motion of magnet will act on the magnet, whatever be the mechanism.

Lenz’s law tells that if the coil is set free, it will move away from the magnet, because in doing so it will
oppose the ‘approach’ of magnet. If the magnet is given some initial velocity towards the coil and is released,
it will slow down. It can be explained as following.

The current induced in the coil will produce heat. From the energy conservation, if heat is produced there
must be an equal decrease of energy in some other form, here it is the kinetic energy of the moving magnet.
Thus, the magnet must slow down. So, we can justify that the Lenz’s law is conservation of energy
principle.

Motional emf from Lorentz force

A conductor PQ is placed in a uniform magnetic field B,
directed outwards, perpendicular to the plane of the
paper. PQ is moved with a velocity v, the free electrons
of PQ also move with the same velocity. The electrons
experience a magnetic Lorentz force,

F=eixB
According to right hand rule, this force acts in the

direction PQ and hence the free electrons will move
towards Q. Negative charge accumulates at Q and

positive charge at P. An electric field E is setup in the
conductor from P to Q. Force exerted by electric field
on the free electrons is,

F —eE

The accumulation of charges at the two ends continues till these two forces balance each other.

So F =—I:"e:>e(17><§):—el§:>ﬁz—(\7><§)

m
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The potential difference between the ends P and Q is

V=E'.i=(\7><l§).i
It is the magnetic force on the moving free electrons that maintains the potential difference and produces
the emf E =Blv.
For Blv.l/
As this emf is produced due to the motion of a conductor, it is called a motional emf. The concept of
motional emf for a conductor can be generalized for any shape moving in any magnetic field uniform or
not. For an elementdl of conductor the contribution due to the emf of the magnitude

de=(vxB).dl
Therefore total EMF across any arbitrary shape wire is given by

E=[(vxB)dl
Motional emf across an arbitrary shape wire moving translationally in uniform magnetic field:

From previous section it can be said that a moving rod is electrically equivalent to the following diagram.
P

J— Bfv

r

Q

Now consider a situation as shown by the Figure in which a closed coil ABCA is moving in a uniform
magnetic field B with velocity v. The flux passing through the coil is constant and therefore the induced
emfis zero.

A
X B

C L
_>V

B

Now consider rod AB, which is a part of the coil. Emf induced in therod =B Lv
Suppose the emf induced in part ACB is E, as shown.

A
E vBL
B
Since the emf in the coil is zero, Emf (in ACB) + Emf (in BA) =0

or -E+vBL=0 or E=vBL
Thus, emf induced in any path joining A and B is same, provided the magnetic field is uniform. Also, the
equivalent emf between A and B is BLv (here the two emf’s are in parallel)
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Illustration 5:

Figure shows an irregular shaped wire AB moving with velocity v, as shown.
v

® B £

Find the emf induced in the wire.
Solution:
The same emf will be induced in the straight imaginary wire joining A and B, which is Bv# sin 6

£

Illustration 6:

Two parallel rails with negligible resistances are
10 cm apart. They are connected by a 5 () resistor. a c
The circuit also contains two metal rods having
resistance of 10 () and 15 Q along the rails (fig). The
rods are pulled away from the resistor at constant 5Q — 2m/s
speeds 4 m/s and 2 m/s respectively. A uniform X b N foy
magnetic field of magnitude 0.01 T is applied : | | '
perpendicular to the plane of the rails. Determine X 100 X 150 X

the current in the 5 Q resistor.

Solution:

As two conductors are moving in uniform magnetic field, motional emf will be induced across them. The

rod ab will act as a source of emf e, = Bv( :(0.01)(4)(0.1) =4x10"V

And it’s internal resistance r; = 10 Q

o)

X X

4 m/s +—]

ol F—wawawa—

a Cc e

Similarly, rod ef will also act as source of emf,

.

e,=(0.01)(2)(0.1)=2x10"°V 2 —g
|

f

R
with internal resistance r, = 15 () Al
From right hand rule: V, >V, and V, >V, e1
Also R=50Q, b d

— 73— -3
; _en—en :60><10 20x10 :ﬂxlo_g —1.6x10"volt
r+r, 15+10 25
ro= 15%x10 —60
7 15+10
E, _16x10° 16 8

and I=

=—"x107°=—x10"Amp fromdto c
r,+R 6+5 11 55

eq
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Illustration 7:

A rod of length I is kept parallel to a long wire carrying constant current i. It is moving away from the wire
with a velocity v. Find the emf induced in the wire when its distance from the long wire is x.

Solution:

E=Bly=oV
2nx

OR

Emf is equal to the rate with which magnetic field lines are cut. In i ¢

dt time the area swept by the rod is [ v dt. The magnetic field lines ®B

ilvdt .
cut in dt time = Blvde = PV i ! v
2nx
ilv Const
The rate with which magnetic field lines are cut = BV ] D¢

X .

Illustration 8:

A rectangular loop, as shown in the figure, moves away from an infinitely long wire carrying a current i. Find
the emf induced in the rectangular loop.

LI — v

i —>

Solution:

. . -
E=BLv-Bly=L0lpy  Hol MOV
2mx 2n(x+b) 2nx(x+b)

MWWV |

BlLV BzLV
T ANWA I

Alter:
Consider a small segment of width dy at a distance y from the wire.
Let flux through the segment be d¢.

do=LL 1qy

&
iL x+b i i i
p=t2= 8oL (4 b)— tnx) I |
21 4 21 . o
' - constant |~ L |11 v
Now @z Moil| 1 dx 1dx - —oibLv onstant B
dt 2n | x+b dt xdt 2mx(x+b) current i —
Induced emf = LbLV
27'cx(x+b)
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Illustration 9:

A rod of length [ is placed perpendicular to a long wire

carrying current i. The rod is moved parallel to the wire with a i
velocity v. Find the emf induced in the rod, if its nearest end is at

distance ‘a’ from the wire.

Solution:

|

Consider a segment of the rod of length dx, at a distance x from
the wire. Emf induced in the segment

dE = “—Oldx.v
27X
( . .
E =a+ Holvdx _ MoV, (+a
2mx 27 a

Illustration 10:

A rectangular loop is moving parallel to a long wire carrying current i with velocity v. Find the emfinduced
in the loop, if its nearest end is at a distance ‘a’ from the wire. Draw equivalent electrical diagram.

]

Consti

Solution:
emf =0

21 a

: §

MW II——

Holv ﬂn(a+bj
2n a

Wolv fn(a+bj

Induced emf due to rotation
Rotation of the rod
Consider a conducting rod of length I rotating in a uniform magnetic field.

®B
L, ®B dr] |
. de =rwBdr
dr 1 p V =r® T
T r Small Segment Emfinduced in a
Just like a rod small segment
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Emfinduced in a small segment of length dr of therod =v Bdr=rw B dr

4
emfinduced in the rod = mBIO rdr = %Bco(?z

Equivalent of this rod is as following (figure):

dt "
d® Flux through the area swept by the rod in time dt
E=—-= Bwt?/2
dt dt
B 1 CPodt 1 T
-2 _“Bo
dt 2

Illustration 11:
A rod PQ of length 2¢ is rotating about one end P in a uniform ® B=uniform
magnetic field B which is perpendicular to the plane of rotation of the p ) 0
rod. Point M is the mid point of the rod. Find the induced emf between M
M and Q if that between Pand Q = 100V. < . >
Solution:

Emq + Epm = Epq

Bw(*
Epy = 2
1 2

Epy = EBm(ze) =100

Bw(* =50

Eyo=Epy—Epy =100—570=75V
Illustration 12: ® B

A rod of length £ and resistance r rotates about one end as shown in figure.

Its other end touches a conducting ring of negligible resistance. A resistance R

is connected between centre and periphery. Draw the electrical equivalence G,
and find the current in the resistance R. There is a uniform magnetic field B

directed as shown.

Solution:

11}

=
N~
Il

=]

= Bol?

current i=

R+r
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Illustration 13:

Solve the above question if the length of rod is 2L and resistance 2r and it is rotating about its centre. Both

ends of the rod now touch the conducting ring.

E
® B
Y
D 7 A
R
c
Solution:
E r
r 0 r
el A
R
= CEA
r
E
E ATAY;
1B@LZ
j=_ & _2
R+T  R+T
2 2

Illustration 14:

A rod of length [ is rotating with an angular speed ® about its one end
which is at a distance ‘a’ from an infinitely long wire carrying current i.

Find the emf induced in the rod at the instant shown in the figure.
Solution:

Consider a small segment of rod of length dx, at a distance x from one end

of the rod. Emf induced in the segment

= (o)
2n(x+a)

¢ . .
E =J‘H—OI(X(0)dx = Hol® K—a.fn(“—a)
0 2n(x+a) 2n a

& r/2
I v—
AV
R
w

iooa
X
a Tw
2&’)

=
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Velocity, force and power analysis for a conductor

moving a magnetic field: =0

Illustration 15: ? ® B |

A rod of mass m and resistance r is placed on fixed, resistance less, i

smooth conducting rails (closed by a resistance R) and it is projected ? —u R
with an initial velocity u. Find its velocity as a function of time. E m,r

Solution: v

Let at an instant the velocity of the rod be v. The emf induced in the

rod will be B/v. The electrically equivalent circuit is shown in the i

following diagram.
Current in the circuit,
i Bty
R+r
At time t magnetic force acting on the rod is F =i(B, opposite to the
motion of the rod.

dv
i/{B=—m— (1
m (1)

—AMVW
=e]

Bfv

i+

t>0
i Blv

R+r
Now solving these two equations

B*/%y _ dv

(2)

R+r “dt
B dv
(R+r)m 14 »
BZEZ
(R+r)m B
dv V=uekt

—-K.dt=—
14

Let

\%

d t
Tvz.([—K.dt

u

In (K] — Kt — st
u

Vv =uekt

Illustration 16:
In the above question find the force required to move the rod with constant velocity v, and also find the
power delivered by the external agent.

Solution:
The force needed to keep the velocity constant,
BZﬂZ
F,, =itB=""—"
R+r
ZKZVZ 82
Power due to external force = = =i*(R+r)

R+r _R+r
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Note:
The power delivered by the external agent is converted into joule heating in the circuit. That means
magnetic field helps in converting the mechanical energy into joule heating.

Illustration 17:
In the above question if a constant force F is applied on the rod. Find the velocity of the rod as a function of
time, assuming it started with zero initial velocity.

Solution:
dv v
m—=F—i(B (1)
dt -
Blv Vmax
i= (2
R+r (2)
d g2 t
m—v:F—B Y
dt R+r
2,2 ¢
Let K= B = j dv = Iﬁ
R+r 0 F—Kv o M
[(n(F-KV)], ¢ (F—va Kt
- = n =
K m F m
F—Kv=Fe*/m = V:E(l—e"‘t/m)
K

Illustration 18:
Arod PQ of mass m and resistance r is moving on two fixed, resistance less, smooth conducting rails (closed
on both sides by resistances R1 and R). Find the current in the rod at the instant its velocity is v.

P
r
Ry ©B —V Rz
{
Q
Solution:
i Bly

N
R, +R,

This circuit is equivalent to the following diagram.

| 1
R1
?r

www.allen.in [107]
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EMF Induced due to rotation of a coil

Illustration 19:

A ring rotates with angular velocity o about an axis perpendicular to the plane of the ring passing through
the center of the ring. A constant magnetic field B exists parallel to the axis. Find the emf induced in the
ring.

Solution:

Flux passing through the ring ¢ = B.A is a constant here, therefore emf induced in the coil is zero. Every
point of this ring is at the same potential, by symmetry.

Illustration 20:

A ring rotates with angular velocity @ about an axis in the plane of the ring and which passes through the
center of the ring. A constant magnetic field B exists perpendicular to the plane of the ring. Find the emf
induced in the ring as a function of time.

\J @ = const
®B
t=0

Solution:

At any time, t, ¢ = BA cos 6 = BA cos ot

Now induced emf in the loop

e :de): BAwsin ot
dt EMF (e) t

If there are N turns

emf = BAoN sin wt NBA® 7-\ /\
BA®N is the amplitude of the emf \/ \/ t

e=epsin ot

i€ _6m
R

— sinwt =i_sinot
R m

The rotating coil thus produces a sinusoidally varying current or alternating current. This is also the
principle used in generator.
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Illustration 21:

Figure shows a wire frame PQSTXYZ placed in a time varying magnetic field given as B = Bt, where B is a

positive constant. Resistance per unit length of the wire is A. Find the current induced in the wire and draw
its electrical equivalent diagram.

Z
b
® B b>a
(T S
X \S
®B |°
P 3 Q
Solution:
Induced emf in part PQST = a2 (in anticlockwise i Adb

direction, from Lenz’s Law)
Similarly Induced emf in part TXYZ = [3 b2 b2
(in anticlockwise direction, from Lenz’s Law) B

Total resistance of the part PQST = A4a.

Total resistance of the part TXYZ = A4b. The —>
equivalent circuit is as shown in the following i
diagram. —— Ba?

Writing KVL along the current flow T
2-Bqg? - i _ =
Bbz-PBaz-A4ai-A4bi=0 —AMMA—

By
1_4k(b a)

Emf induced in a rotating disc:
Consider a disc of radius r rotating in a magnetic field B.
Consider an element dx at a distance x form the centre. This element is moving with speed v = wx.
Induced emf across dx
= B(dx) v = Bdxwx = Boxdx ®B
Emf between the centre and the edge of disc.

Bor?

= IBoaxdx =
0 J ®
Induced Electric Field

Consider a conducting loop placed at rest in a magnetic field B. Suppose, the field is constant till ¢ = 0 and
then changes with time. An induced current starts in the loop att = 0.
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The free electrons were atrest till t = 0 (we are not interested in the random motion of the electrons). The
magnetic field cannot exert force on electrons at rest. Thus, the magnetic force cannot start the induced
current. The electrons can be forced to move only by an electric field and hence we conclude that an electric
field appears at t = 0. This electric field is produced by the changing magnetic field and not by any charged
particles according to the Coulomb’s law or the Gauss’s law. The electric field produced by the changing
magnetic field is non electrostatic and nonconservative in nature. We cannot define a potential
corresponding to this field. We call it induced electric field. The lines of induced electric field are closed
curves. There are no starting and terminating points of the field lines.

If E be the induced electric field, the force on a charge g placed in field is qE. The work done per unit charge

as the charge moves through dlisE.dl.
The emf developed in the loop is, therefore,

= (JSE dl
Using Faraday’s law of induction,
s:—@ or @E.diz—@
dt dt

The presence of a conducting loop is not necessary to have an induced electric field. As long as B keeps
changing, the induced electric field is present. If a loop is there, the free electrons start drifting and
consequently an induced current results.

Calculating the Induced Field
The induced electric field is peculiar in another way: It is nonconservative. Recall that a force is
conservative if it does no net work on a particle moving around a closed path. “Uphill” are balanced by
“downhills.” We can associate a potential energy with a conservative force, hence we have gravitational
potential energy for the conservative gravitational force and electric potential energy for the conservative
electric force of charges (Coulomb electric field).
But a charge moving around a closed path in the induced electric field is always being pushed in the same
direction by the electric force F =qFE . There’s never any negative work to balance the positive work, so the
net work done in going around a closed path is not zero. Because it is nonconservative, we cannot associate
an electric potential with an induced electric field. Only the Coulomb field of charges has an electric
potential.
However, we can associate the induced field with the emf of Faraday’s law. The emf was defined as the
work required per unit charge to separate the charge. That is,

£=—

q

In batteries this work, a familiar source of emf, is done by chemical forces. But the emf that appears in
Faraday’s law arises when work is done by the force of an induced electric field.

If a charge g moves through a small displacement ds , the small amount of work done by the electric field
is dW=F.ds = qE'.dST . The emf of Faraday’s law is an emf around a closed curve through which the magnetic

flux ¢, is changing. The work done by the induced electric field as charge g moves around a closed curve is

Wosedeurve =4 CJS Eds
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Where the integration symbol with the circle is the same as the one we used in Ampere’s law to indicate

an integral around a closed curve. If we use this work in equation, we find that the emf around a closed
loop is

£ = VVclosed curve @Edg

q
If we restrict ourselves to situations such as figure where the loop is perpendicular to the magnetic field and

only the field is changing, we can write Faraday’s law as e=|d¢,, /dt|=A|dB /dt|. Consequently
$Eds =4 ‘d—B
dt

Above equation is an alternative of statement of Faraday’s law that relates the induced electric field to the
changing magnetic field.

The solenoid in figure (a) provides a good example of the connection between E and B. If there were a
conduction loop inside the solenoid, we could use Lenz’s law to determine that the direction of the induced
current would be clockwise. But Faraday’s law, in the form of above equation, tells us that an induced
electric field is present whether there is a conducting loop or not. The electric field is induced simply due

to the fact that B is changing.

(a) The current through the (b) The induced electric (c) Top view into the

1 . field circulates around 1B :
solenoid is increasing. solenoid B is coming

the magnetic field out of the page.
lines.
i E— A A | 4 AB lncreaSIHg o Integratlon
QIS
Increasing _ Induced E
current Q\ :D )
\ I _ Induced E
Q\ /D

-
B increasing

In figure, the induced electric field circulates around the changing magnetic field inside a solenoid.

The shape and direction of the induced electric field have to be such that it could drive a current around a
conducting loop, if one were present and it has to be consistent with the cylindrical symmetry of the
solenoid. The only possible choice, shown in Figure is an electric field that circulates clockwise around the
magnetic field lines.

Note:

Circular electric field lines violate the rule that electric field lines have to start and stop on charges.
However, that rule applied only to Coulomb fields created by source charges. An induced electric field is a
non-Coulomb field created not by source charges but by a changing magnetic field. Without source charges,
induced electric field lines must form closed loops.
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To use Faraday’s law, choose a clockwise circle of radius r as the closed curve for evaluating the integral.

Figure (c) shows that the electric field vectors are everywhere along the tangent to the curve, so the line
integral of E is

(ﬁﬁ.dE —El=2nrE

Where [ = 27r is the length of the closed curve. This is exactly like the integrals we did for Amperes law.
If we stay inside the solenoid (r < R), the flux passes through area A = nr? and above equation becomes

dB| ,|dB
—| =Tr

qSE.d§:2an=A b
dt dt

Illustration 22:
A 4 cm diameter solenoid is wound with 2000 turns per meter. The current through the solenoid oscillates
at 60 Hz with an amplitude of 2 A. What is the maximum strength of the induced electric field inside the
solenoid?

Solution:

You learned in that the magnetic field strength inside a solenoid with n turns per meter is B = ponl. In this
case, the current through the solenoid is I = Iy sin ot, where I = 2 A is the peak current and
o = 2n(60Hz) = 377 rad/s. Thus, the induced electric field strength at radius r is

dB| r d

e ra
de| 2dt

: 1
=3 (ponl0 sin o)t) = Euonrmlo cosmt

The field strength is maximum at maximum radius (r = R) and at the instant when cos ot = 1. That is,

E, :%poanIO =0.019V /m

Illustration 23:
The magnetic field at all points within the cylindrical region whose
cross-section is indicated in the figure start increasing at a constant rate

tesla

. Find the magnitude of electric field as a function of r, the
second

distance from the geometric centre of the region.
Solution:

For r<R:
E,ng‘d_B
dt

E(2nr)= (nrz )oc

— E:%“ —~ Eoxr

E-r graph is straight line passing through origin.
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Ro
At r=R, E=—
2 .
For r>R ,// E \\\
dB III \\
El=A= H ;
at =. !
\ r !
\ ’ 7
E(2nr)= (nR2 )oc AN s
RZ 1 \~"‘->- ---
= E=2" —FaZ
2r r
A E
Ree |
2
Exr

Illustration 24:

For the situation described in figure the magnetic field changes with

time according to, B =(2t3 —4¢? +0.8)T and r, =2R=5cm

(a) Calculate the force on an electron located at P; at t = 2s

(b) What are the magnitude and direction of the electric field at

P; whent = 3sandr, = 0.02m?

Solution:
2 2
EﬁzA‘d—B —g-TR i(zﬁ —4t? +0.8)=R—(6t2 -8t)
dt 2mr, dt 2r,
(a) Force on electron at Pz is F = eE
2
1.6x10™° x(2.5x10°7) )
At t=2s, F= _ <[6(2)" -8(2)]
2x5x%x10

:%xZ.leO_Zl x(24-16)=8x10""'N at t=2s

dB . . e .
E 1s positive so it is increasing.

Direction of induced current and E are as shown in figure and hence force on electron having

charge-e is right perpendicular to r» downwards.
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ALLEN
Forr; = 0.02mand att = 3s,
0'02{6(3)2 -8(3)| =030 /m

(b)

2
E:%(&z—&t):

- =~

At t=3sec, — is positive, so B is increasing and hence direction of E is same as in case (a) and it

is left perpendicular to r; upward.

Illustration 25:
For the situation described in figure the magnetic field changes with time according to B = kt. Find the

value of induced electric field across PQ.

Solution:
M-1: dE=E.dx

dE =§(r.cose).dx

= jdE:j%ydx:k?yxf

kyt
Fre=g

1
M-2:  dyp =B><E(y€)

g _db_lyt
O T gr 2

Ky
www.allen.in
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Illustration 26:

For the situation described in figure the magnetic field changes with time according to B = kt. Find the

value of induced electric field across PQ.

Solution:
E =@ = E =d—B><A
dt dt
wR?

EOP +EPQ +EQ0 :kXT

Illustration 27:

A non-conducting ring of mass m and radius R is placed horizontally in region where magnetic field varies

such that B = kt. Find angular acceleration o.

Solution:

Eﬂ:A‘Z—lj =E(2nR)=nR*(K)=E

.[drszrdQ

t=Torque=EQR=Ia
EQR

N S
mR 2m

Self-Inductance:

X X X X X X X X

X

Q

X X X X X X X X

In the absence of magnetic materials, the B-field at any point due to a single circuit of given shape is

proportional to the current in it, so the current is measured by it magnetic effect. It follows that the total

flux ¢ linking a circuit due to its own current [ is proportional to I. We define the self inductance L of a

circuit as the ratio of ¢ to I so that

|¢ =Ll (definition of L)|

www.allen.in
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L

Rest of network - X
~——] F I I L Drop in Drop in
4—@ \<—J/ potential potential
+ ~ —
+ Sense VzLﬂ V=20 Lﬁ RI
dt dt
@ (b) ©

Figure: (a) Self-flux of a circuit: increase of flux due to an increase in I causes an electromotance

in the negative sense and this opposes the growth of I; (b) self-inductance as a circuit element;

(¢) the equivalent circuit of a self-inductor with resistance.
And L is thus a constant for a circuit of given shape and size. The self-flux of a circuit defines the positive
direction for ¢ so that L is essentially positive. Its SI unit, the WhA1, is called the henry, symbol H.

Self-induction when the current in a rigid circuit changes, the induced electromotance is

The negative sign indicating that when [ increases, ¢ is negative and is thus in a direction opposing the
growth of I (fig. a). When a device is specially constructed so that above equation applies, it is known as
an inductor and has the symbol as in Fig. b in a circuit diagram, crossed by an arrow if variable and with
parallel lines adjacent to it if it has a ferromagnetic core.

In a network with varying currents, an inductor acts as an electromotance - Ldl/dt with an internal
resistance which cannot be avoided. Like a cell, therefore, it can be represented by an equivalent network
consisting of a pure inductance L in series with its resistance R as in Fig. c. The pure inductance has no
resistance and thus has a potential difference across its ends equal to the electromotance: once the
direction of I has been chosen arbitrarily in any problem the potential drop across an inductor L is Ldl/dt
just as that across R is RI (fig. c).

Self inductance of solenoid:

Let the volume of the solenoid be V, the number of turns « 4 >

per unit length be n. r 2>
Let a current i be flowing in the solenoid.

Magnetic field in the solenoid is given as B = poni. Af i

The magnetic flux through one turn of solenoid ¢ = o niA.

The total magnetic flux through the solenoid = N¢ = Nponi A = pon2i A £
L=pon2fA=pwn2V = ¢=pwninrz(nf) = L= i = Wo n2 mrzf
i

Inductance per unit volume = pon2.
Self inductance is the physical property of the loop due to which it opposes the change in current that
means it tries to keep the current constant. Current cannot change suddenly in the inductor.
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Self-Inductance of Toroid:

L=59=ﬂjédﬁ
I 1

jédﬁ:deA:igﬁfmn=““Whm{ﬁj

27 a

2

BN, fn[éj
21 a

Let, b—a=d

o ) on{1222)

If, b—a<<a
b—a<<b

Then, En(1+b_aj=(b_aJ
a a

L= HONZ h(b_a):HONzA
27 a l

=p n’lA

L 2
—=u,n“A
, Ko

which is Inductance per unit length of infinitely long solenoid.

Note:

If there is a resistance in the inductor (resistance of the coil of inductor) then :

A—I000—8 = A—00000—wWvww\—-B
L, R L R

)

Illustration 28:
A B is a part of circuit. Find the potential difference V4 - Vp if

*———L—JUUUUUL———1F-——NNVWF—*

A B
1H 5volt

(i) current i = 24 and is constant.

(ii) current i = 24 and is increasing at the rate of 1 amp/sec.

(iii)  currenti=2A and is decreasing at the rate 1 amp/sec.

Solution:
i _ydi |
dt dt o 2i
Writing KVL from A to B ;‘—Jrqmv\__‘l |—'VV\/V\_/_’B
di 1H Svolt

V,-1—-5=-2i=V,
A dt B
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()

(i)

(iii)

Put i=2,ﬂ=0
dt
V,-5-4=V, ooV, =Vy=9%olt

Put i=2,%=1;VA—1—5—4=VB or V,-V;=10volt

Put izZ,%z—l;VA+1—5—2x2:VB or V,~V,=8Volt

R-L DC circuit:
Current Growth

()

(ii)

(iii)

(iv)

MWW
R L
| M—| =7
Fl -
E switch

Emf equation E =IR+ L%

Current at any instant
When key is closed the current in circuit increases exponentially with respect to time. The current

-t
in circuit at any instant ‘¢’ is given by =1 {1—6 * }

T = 0 (just after the closing of key) =1 =0
T = oo (sometime after closing of key) =1 — I,
—VVWWV

R

| !

i -
II (*)

Just after the closing of the key inductance behaves like open circuit and current in circuit is zero.
Open circuit, t = 0,1 = 0, inductor provide infinite resistance.

Sometime after closing of the key inductance behaves like simple connecting wire (short circuit)
and current in circuit is constant.

- . . E
Short circuit, t—00, [=>I,. Inductor provide zero resistance I, = z
(Final, steady, maximum or peak value of current) or ultimate current.

Note:
Peak value of current in circuit does not depends on self inductance of coil.

[118]
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(v) Time constant of circuit (1)
=
R

It is a time in which current increases up to 63% or 0.63 times of peak current value.

(vi) Rate of growth of current at any instant:

a5

dl E
= t=0 = |— =—
dac| .. L
t=00 = {ﬂ}—)O
dt

Note:
Maximum or initial value of rate of growth of current does not depends upon resistance of coil.

Illustration 29:
For the circuit shown, which of the following statement(s) is (are) correct?

4 12
4 6 8
|t
II*
4 12

(A) Its time constants is 2 second.

(B) In steady state, current through inductance will be 1A.

(C) In steady state, current through 4{ resistance will be 2/3A.
(D) In steady state, current through 8} resistance will be zero.
Ans. (B)

Solution:

Time constant t= £ =—=1s
R 12

40 12H 12H
VMWW 0000 —— — T
40 § § 6Q2 §8§2 =
12Q
MAAN — VVWW————
40
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In steady state

4Q

AAA A

4Q§ § 60 gSQ = 129§ 6Q§ BQ§
|\

AAAAA, | I |

40 12V 12V
Current through 4() resistance = x1= lA
6+12 3

Illustration 30:

N o . L di
In the following circuit, the switch is close at t = 0. Find the currents iy, i,,i3 and — att= 0 and at t = co.

Initially all current are zero.

o]

R

A I1 I3
W —
Solution:

C
t20
Iz L
i R
€

R

E D

Att=0

iz is zero, since current cannot suddenly change due to the inductor.
i; =i, (From KCL)

Applying KVL in the part ABEF we get, I, =i, :%

Also ﬂzi
dt L
At t = oo =v MW— —

i; will become constant and hence potential J
difference across the inductor will be zero. It §R

is just like a simple wire and the circuit can i —
be solved assuming it to be like shown in the
following diagram.

e . 2t di,
—,I, =—, also
3R 3R dt

I, =13 =
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Illustration 31:

In the circuit shown in figure S; remains closed for a long time and S, remains open. Now S, is closed and
S, is opened. Find out the di/dt just after that moment.

S1 R S2. 2R ;
AW —WWW—— ©
48 |
L

Solution:

Before S, is closed and S is closed current in the left part of the circuit = % .Now when S, isclosed §; is

. e . . . .
opened, current through the inductor can not change suddenly, current 2 will continue to move in the inductor.

Applying KVL in loop L.
Lﬂ+3(2R)+4s=0 o H__6e
dt R dt L

Illustration 32:

Which of the two curves shown has less time constant.

Ans. Curve 1

Solution:

. —t/2 di i
1=10(1—e tf ):> szozslope
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Current Decay:

(i) Emf equation IR+ L% =0

|
\S]
Y
—_

I=
E

(ii) Current at any instant
Once current acquires its final max steady value, if suddenly switch is put off then current start

decreasing exponentially wrt to time. At switch put off condition t = 0,1 = I, source emf E is cut

off from circuit =1, (e’t/x)

Just after opening of key t=0 = I=1, :%

Some time after opening of key t—>o = [0

(ili) Time constant (A)

It is a time in which current decreases up to 37% or 0.37 times of peak current value.

(iv) Rate of decay of current at any instant

2

o A _E
dt max. L

Graph for R-L circuit:

Current Growth:

It ﬂ * t =0, rate of growth maximum
oo dt
0.631¢ [-----=-----=> ; growth
i rate exp. decrease
(a) exp. growth (b) o
5 . rate = 0
t=0 t=A t t=0
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Current decay:

It oo 1= lo= (max) dl tt=0, rate of decay maximum
’ dt
decay
d rate exp. decrease
(a) 0.37 Ip |-----> ~EXp- decrease (b)
o TcS~—M t=00
i .t rate=0
t=0 t=A t=0
Illustration 33: R R
In the following circuit the switch is closed at t = 0. Initially t=§0
there is no current in inductor. Find out current in the inductor R L
coil as a function of time. €

Solution:
Atany time t
—e+i,R—(i—i;)R=0

, . R R
—-€+2ijR—iR=0 A A A AA ;ﬁ A A A AA
'7 iR * t=0- iR -
T +

. _IR+eg
h= R
e +
di —l— i-i1
i

' 2R
Now, —e+ijR+iR+L.—=0 —
dt

-+ iR+e +iR+L.ﬂ=O
2 dt

di

dt

¢ 3iR di
S
) dt

(—£+3iR

]dt =-Ldi

—dt__ di
2L  -€+3iR

—-e+3iR\ 3Rt
—In =—
( —€ j 2L

. 3R
i=+—|1-e 2
3R
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Illustration 34:

In the following circuit the switch is closed at
t = 0. Initially there is no current in inductor. Find
charge flown at time t when current flowing in the
circuit is iI.

Solution:

V—Lﬂ—iR:O
dt

j Vvdt —dei = j idtR
0

Vt-Li=QR

_Vt-Li

=%

Q = charge flown

Illustration 35:

Prove that decay energy loss in resistor from t = 0
. 1 .
to oo is equal to Esz .

Solution:

dH = Jizrdt
—t 2
= dH = | (iDeL/RJ Rdt
H S
fﬂozjﬁR[eL] dt
—2tR

H-0=i;R[e * dt

2R AR N
H—ozigRj'e L dt=i Re * (ﬁj == Li}
0

Illustration 36:

Switch was open for long time and now it is closed at t = 0. Find current from R; as a function of time.

[124]
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Solution:

Ldi (o-i1) Ru
V,+V,—-i,R,——L=V —
A 0 1772 dt A
 Ldi
Vo —i,R, = —MWWW——T0T00—
dt 1 R, L
~dt _ di ot " |en(i,R, - V) ot II_
L (i,R,-V,) L, R, Vo A
—_t:h{ile—Vojxi MRy zﬁn(ile—Voj
L -V, ) R, L -V,
~tR, . (Vy—i,R,
L v,
V,-i,R, % s
0 L 2-pl = V,—i,R,=V,e
VO
iR —V(1—e‘fRz/L) = —ﬁ(1 e*tRz/L)
12 770 1_R2
Ry
=2 (1-e ) = iy=-2 AW
2 2
o Ldi W\_J
VaiRy === =iRy =V, A ’V\QJZW 000
L—dlz—i(R1+R2) = ,Lzﬂ
dt —i(R,+R,) L
' (R +R.If
_di_[(Ri+Ry — gm"; _f Batie
i L b L 0
i _—tR R
—fn_iz(—RlJrszt = i=i0eL( )
I L
2

Energy stored in inductor

The energy of a capacitor is stored in the electric field between its plates. Similarly, an inductor has the
capability of storing energy in its magnetic field. An increasing current in an inductor causes an emf
between its terminals.

Power P = The work done per unit time = aw _ —ei =— Lﬂ i= —Liﬂ
dt dt dt
Here i = instantaneous current and L=inductance of the coil

From dW = —dU (energy stored) so =d—W = _au d—UzLiﬂde =Lidi
dt dt dt dt
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The total energy U supplied while the current increases from zero to final value I is.

S TRV |
U=L'([1d1=EL(12)O - U—ELIZ

, _— . o1
the energy stored in the magnetic field of an inductor when a current / is = ELI2 .
The source of this energy is the external source of emf that supplies the current.
e di . ,
After the current has reached its final steady state value I, T =0 and no more energy is input to the inductor.
t

When the current decreases from I to zero, the inductor acts as a source that supplies a total amount of
energy ELIZ to the external circuit. If we interrupt the circuit suddenly by opening a switch the current

decreases very rapidly, the induced emf is very large and the energy may be dissipated.
1 2
Magnetic energy density = ——
21,

Mutual inductance

Consider two arbitrary conducting loops 1 and 2. Suppose that I; is the instantaneous current flowing
around loop 1. This current generates a magnetic field B which links the second circuit, giving rise to a
magnetic flux ¢, through that circuit. If the current I doubles, then the magnetic field B1 doubles in strength
at all points in space, so the magnetic flux ¢» through the second circuit also doubles. Furthermore, it is
obvious that the flux through the second circuit is zero whenever the current flowing around the first
circuit is zero. It follows that the flux ¢, through the second circuit is directly proportional to the current I;
flowing around the first circuit. Hence, we can write ¢, = M21l1 where the constant of proportionality M is
called the mutual inductance of circuit 2 with respect to circuit 1. Similarly, the flux ¢, through the first
circuit due to the instantaneous current I; flowing around the second circuit is directly proportional to that
current, so we can write ¢1 = M12l, where M1, is the mutual inductance of circuit 1 with respect to circuit 2.
It can be shown that M2; = M12 (Reciprocity Theorem). Note that M is a purely geometric quantity,
depending only on the size, number of turns, relative position, and relative orientation of the two circuits.
The S.I. unit of mutual inductance is called Henry (H). One Henry is equivalent to a volt-second per ampere.
Suppose that the current flowing around circuit 1 changes by

an amount Al; in a small time interval At. The flux linking

circuit 2 changes by an amount A¢, = MA/ in the same time

A
interval. According to Faraday’s law, an emf 822—& is L

At
generated around the second circuit due to the changing
magnetic flux linking that circuit. Since, Ap, = MAI;, this emf
can also be written g, =— &

At
Thus, the emf generated around the second circuit due to the current flowing around the first circuit is
directly proportional to the rate at which that current changes. Likewise, if the current I, flowing around

the second circuit changes by an amount Al; in a time interval At then the emf generated around the first
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L Al . . . . . -
circuitis g, = _MA_Z Note that there is no direct physical connection(coupling) between the two circuits:
t

the coupling is due entirely to the magnetic field generated by the currents flowing around the circuits.

Note:

(1) M<.[LL,

(2) For two coils in series if mutual inductance is considered then
L,=L +L,+2M

Illustration 37:

Two insulated wires are wound on the same hollow cylinder, so as to form two solenoids sharinga common
air-filled core. Let I be the length of the core, A the cross-sectional area of the core, N1 the number of times
the first wire is wound around the core, and N, the number of turns the second wire is wound around the
core. Find the mutual inductance of the two solenoids, neglecting the end effects.

Solution:

N, I
If a current I; flows around the first wire then a uniform axial magnetic field of strength B, ol b R
generated in the core. The magnetic field in the region outside the core is of negligible magnitude. The flux
linking a single turn of the second wire is B14. Thus, the flux linking all N, turns of the second wire is
oV, N, 1L A =ML M= HoN N, A

1 L

As described previously, M is a geometric quantity depending on the dimensions of the core and the
manner in which the two wires are wound around the core, but not on the actual currents flowing through
the wires.

02=N2B1A =

Illustration 38:
Find the mutual inductance of two concentric coils of radii a: and a; (a1 << az) if the planes of coils are

7

Solution:
Let a current i flow in coil of radius a,.

Magnetic field at the centre of coil = 2—01
a
Flux linkage = Mi
. 2
na
Mi=Ylng  or  m=BTL
2a 2a,
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Illustration 39:
Solve the above question, if the planes of coil are perpendicular.
Solution:

Let a current i flow in the coil of radius ai. The magnetic field at the centre of this coil will now be parallel
to the plane of smaller coil and hence no flux will pass through it, hence M = 0.

Illustration 40:
Solve the above problem if the planes of coils make 0 angle with each other.
Solution:

If i current flows in the larger coil, magnetic field produced at the centre will be perpendicular to the plane
of larger coil.

Now the area vector of smaller coil which is perpendicular to the plane of smaller coil will make an angle 6

with the magnetic field.
2
.o i na;.cos 0
Thus flux = B.A=22 742.cos0 or M=HTCRT
2a, 2a,

Illustration 41:
Find the mutual inductance between two rectangular loops, shown in the figure.

| |
1 1
1 1
b
b
Sm—
C
1 1
1 1
a
Solution:
a
+—r
«—h—>
4 T
i
L i T
—Cc— >
_________ dx

Let current i flow in the loop having «o-ly long sides. Consider a segment of width dx at a distance x as shown
flux through the region

i
d —-——— |bd
6= {an 2n(x+a)} X
c+b

- o= J« bdx — _ Wib n c+b_€na+b+c _ M
2nx 27: x+a) 27 c a+c
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Illustration 42:

Figure shows two concentric coplanar coils with radii a and
b (a << b). A current i = 2t flows in the smaller loop. Neglecting self
inductance of larger loop.

(a) Find the mutual inductance of the two coils. @
(b) Find the emf induced in the larger coil.
() If the resistance of the larger loop is R find the

currentin it as a function of time.
Solution:
(a) To find mutual inductance, it does not matter in which coil we consider current and in which flux

is calculated (Reciprocity theorem) Let current i be flowing in the larger coil. Magnetic field at the

centre = 2o

Flux through the smaller coil = u—Olnaz s M=Rogg?

2b 2b
. . . di). I N TA 1, ma’
(b)  |emfinduced in larger coil|=M|| — |in smaller coil | =% na®(2)="2—
dt 2b b
p,ma’

(© Current in the larger coil = 2

Illustration 43:
Ifthe current in the inner loop changes according to i = 2¢2 then, find the

current in the capacitor as a function of time. (a << b)

Solution:

M =10 ng?
2b

emfinduced in larger coi1| = M[(%jin smaller coil}

o g? (4t)= —ZMOMZt

= e=—
b
Applying KVL:
+e-1_ir=0

2p0na2t _9_ir_0

b
Differentiate wrt time :-
2ugna’ i di R=0
b C dt

On solving it

i = ZHOZ‘JZC [1 _pt/RC ]

www.allen.in [129]



ALLEN JEE (Main + Advanced) : Physics

Coupled Coils:

The coils of figure have a mutual inductance of magnitude M. If Q and R are connected and a
current [ passed through both coils in series then, considered as one circuit, the total flux linkage is
L4l + Lgl + 2MI and the
Li=Ls+Lg+2M
If, on the other hand, Q and S are connected and a current passed from P to R the total flux linkage is now
Lyl + Lgl + 2MI (the self-fluxes must be positive and the mutual fluxes oppose them) so that
Ly,=Ls+Lg—2M
The same effect could be obtained by retaining the connections but rotating one coil through 180°-a
method which can therefore be used to obtain a self inductance varying smoothly from L, toL,.
Alternatively, because M :%(L1 -L,) from above equation a mutual inductance may be obtained from

measurements only of self-inductance, which are often simpler.

La M Lg

A flux

Figure : Two coupled coils.

Magnetic energy due to mutual inductance

Consider now two circuits with self inductances L; and L, and a mutual inductance M. We do not now
assume that My, = M.

First insert an electromotance (e.g. a cell) in circuit 1 so that the current in it grows as above to its final
value I;, keeping any induced currents in 2 at zero by extra electromotances (these do no work since

I, = 0). The energy stored, as above, is %Lllf.

Now insert an electromotance in circuit 2 to make the current in it grow to its final value I,. When it has
done so, naturally an energy %LZIZ2 is stored in 2, but while I, is changing an extra electromotance
-M,,di,/dt is induced in circuit 1, i, being the instantaneous value. We insert in 1 an adjustable
electromotance of value +M;;di,/dt, thus keeping I; constant (and not upsetting the %Llll2 already

stored). This time, however, the extra electromotance passes the current /; and thus puts energy into the
system at the rate I;M,,di,/dt. The total energy put in by this extra electromotance is therefore
I; M,,di, integrated from O to I, or My1;1,.

Hence for a pair of circuits

1 1
Uy, =EL1112 +M,, L1, +EL2122
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And because the same situation can be reached by allowing I to grow first and finding that Uy is then

1 1
~ Lyl + My Ly, + 5 Ly, it follows that My, = My

There is only one mutual inductance M between two circuits and the magnetic energy is

Two coupled circuits: |U,, :%Lllf +M,, L1, +%L2122

This can also be written as
1 1 1
U, :El1 (LI, +M12)+EIZ (LI, +Ml,) =

Where ¢1 and ¢, are total magnetic fluxes linking each circuit.

1
11¢1 +Elz¢2

LC oscillations:

+Qo c -Qo I +Q c -Q
L L

Att=0 Att=t
When capacitor C is completely charged up to Qo and connected to an inductor Latt=0thenatt=t¢
2 2
L 1800 g g yefQ
dt C dt* C dt
aQ 1 . .
e +EQ =0 therefore, charge Q oscillates with Q = @, cos wt

Hence initial phase of oscillation is g and angular frequency w= L

One can prove that the energy in the system remains conserved.
2 2

Therefore Q—O+O=Q—+1L12 =1LI§ +0

2C 2C 2 2

Illustration 44:

Consider a L - C oscillation circuit. Circuit elements has zero resistance. Initially at ¢ = 0 all the energy is
stored in the form of electric field and plate-1 is having positive charge:

12
o]
L
At time t = t1 plate-2 attains half of the maximum +ve change for the first time. Value of ¢, is :
(A) %“JLC (B) gx/LC
4
© ?RVLC (D) =JLC
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Solution:
. +qo
q1 = qo sin (ot + /2)

At t=t, q1= —q—o

2

27 ZTE\/—
=—=—oA\/LC
3 3

Transformers

One of the great advantages of ac over dc for electric-power distribution is that it is much easier to step
voltage levels up and down with ac than with dc. The necessary conversion is accomplished by a static
device called transformer using the principle of mutual induction.

2 R Output

5
o
o
ot
HHW
1l
|
1l
v
VAYV
®
«~O 5

>
(@]
®

Laminated core

The figure shows an idealised transformer which consists of two coils or windings, electrically insulated
from each other but wound on the same core. The winding to which power is supplied is called primary,
the winding from which power is delivered is called the secondary.
The ac source causes an alternating current in the primary which sets up an alternating flux in the core and
this induces an emf in each winding of secondary in accordance with Faraday's law. For ideal transformer
we assume that primary has negligible resistance and all the flux in core links both primary and secondary.
The primary winding has N; turns and secondary has N> turns. When the magnetic flux changes because of
changing currents in the two coils, the resulting induced emf are

£y 2 do,

dt dt

The flux per turn B is same in both primary and the secondary so that the emf per turn is same in each. The

and E, =-N,

ratio of secondary emf E> to the primary emf E; is therefore equal at any instant to the ratio of secondary
to primary turns.

EZ _ NZ

E N,
If the windings have zero resistance, the induced emf 1 and 2 are equal to the terminal voltage across the
primary and the secondary respectively, hence

VZ _ NZ

v, N
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If N2 > Ny then V2 > V1 and we have step up transformer, if N, < Ny then V; < V1 and we have a step down

transformer.

If the transformer is assumed to be 100% efficient (no energy losses) the power input is equal to the power

outputi.e.
LV, =1V,
LN
11 NZ

All the currents and voltages derived above have same frequency as that of source. The equations obtained
above apply to ideal transformers, although some energy is lost but well designed transformers have
efficiency more than 95%, this is a good approximation. The causes of energy losses and their rectification

is given below

Cause Rectification

Due to poor design and air gaps in the core, oo i .
] By winding the primary and secondary coil
1. | all the flux due to primary does not pass | 1.
one over the other.
through the secondary.

. . In high current, low voltage, these are
2. | Resistance of windings causes I2R loss. 2. o ] ] )
minimised by using thick wire.

The alternating magnetic flux induces eddy i ) )
3. i ] 3. | By using laminated core it can be reduced.
currents in the core and causes heating.

) L It is kept minimum by using a magnetic
Alternating magnetisating of core causes _ . _
4. ] 4. | material having low hystersis loss.
hystersis loss. )
(e.g. softiron)

Eddy current :

Eddy currents (or Focalt's currents) [Experimental verification by Focalt]

®B ®B
®BwrtT ®BwrtT X CWE X % CW>;;
. X x[ Sl
ACW ACW | leF el
X1 X 1 ﬂ[ Ahgl 2
Flenz <X_( “:'L X Feddy X .._:ji___l
Metal loop Metal disc X poX X X
Metal loop Metal sheet
(F,<<<F)

Def. Itis a group of induced currents which are produced, when metal bodies placed in time varying
magnetic field or they moves in external magnetic field in such a way that flux through them

changes with respect to time.
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ALTERNATING CURRENT

Alternating Current and Voltage

Voltage or current is said to be alternating if it is changed continuously in magnitude and periodically in
direction with time. It can be represented by a sine curve or cosine curve

I=hsinot or I=hcosmot

where [ = Instantaneous value of current at time t, Iy = Amplitude or peak value

® = Angular frequency o = Z?TC =2nf T =time period f=frequency

41 4

JAYAY ‘“\ /D)

I as a sine function of t I as a cosine function of t

Amplitude of AC:

The maximum value of current in either direction is called peak value or the amplitude of current. It is
represented by Iy. Peak to peak value = 21j.

Periodic Time:

The time taken by alternating current to complete one cycle of variation is called periodic time or time
period of the current.

Frequency:
The number of cycles completed by an alternating current in one second is called the frequency of the
current.

Unit :  cycle/s; (Hz)
InIndia : f=50 Hz, supply voltage = 220 volt
InUSA : f=60 Hz supply voltage = 110 volt

Condition required for current/ voltage to be Alternating:
. Amplitude is constant.
. Alternate half cycle is positive and half negative.

The alternating current continuously varies in magnitude and periodically reverses its direction.

Triangular AC

I Sinosudial AC I
V\ Ja\ g AN,
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y Square wave AC

I ‘ Saw tooth wave

| MANNNS
e VvV

lo fo lo
: /\\/\ ¢ t
‘ Not AC (Direction does not change) | \j

Not AC (not periodic) ‘ Mixture of AC and DC

Average Value or Mean Value

The mean value of AC over any half cycle (either positive or negative) is that value of DC which would send
same amount of charge through a circuit as is sent by the AC through same circuit in the same time.

T/2

[ 1t

0
T/2

[ dt

0

Average value of current for half cycle < I > =

Average value of I = Iy sin ot over the positive half cycle :

T
FIO sinotdt 9 T 9 <sin 6> = <sin 26>=0
L, on— =—0[—C05 wt]g =—21 <cos 0>=<cos 20>=0
Pdt ®© T <sin 0 cos 0>=0
0
1
. For symmetric AC, average value over full cycle = 0, <sin?0> = <cos? 6> ==

Average value of sinusoidal AC

Full cycle | (+ve) half cycle | (-ve) half cycle As the average value of AC over a

complete cycle is zero, it is always
ﬂ _ ﬂ defined over a half cycle which must
T T be either positive or negative.

0

Maximum Value

. I=asinb = Iyax.=a . I=a+bsin® = Iux=a+b(ifaandb>0)

. I=asin®+bcos® = Iyu = \Ja*+b . I=asin20 = Ivax. =a (a>0)

Root Mean Square (rms) Value

It is value of DC which would produce same heat in given resistance in given time as is done by the
alternating current when passed through the same resistance for the same time.

LT IPdt
jrdt

rms value = Virtual value = Apparent value
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rms value of I= I, sin ot :

T
(I,sinwt)dt [
o L
[ de L

. T
_1, lJ-T 1-cos2mt dt =1, l E_st(nt :I_O
T 2 T|2 2x20 |, 2

. If nothing is mentioned then values printed in a.c. circuit on electrical appliances, any given or
unknown values, reading of AC meters are assumed to be RMS.
Current Average Peak RMS Angular frequency
Li=Isi 0 I ly
= I sin wt —-_= ®
1 0 0 \/E
I> = Iosin ot £= 2 in20t 0 k L 2
= lpsin ot cos ot =— ® — ®
e 2 2 242
I3 = Iy sinwt + Iy coswt 0 \/510 Io o
. For above varieties of current rms = Peak value

2
Illustration 45:

If1=2t ampere then calculate average and rms values over ¢ = 2 to 4s.

Solution:

4
[2e.dt 3 TS ¥ -
2 2Jt)dt Atdt 2
<[>= 2 2 :g(tt 12 :%[8—2\/5] and Irms= JZ( 2 ) :\/.[2 > = 2|:t :| =
fae 2 [[de
2

Illustration 46:
Find the time required for 50Hz alternating current to change its value from zero to rms value.
Solution:

: _ . 1
I=1Ip sin wt =l,sinot = sinot=—4==ot=

Ay T
" VoI
= Z_TC tzz :}t:zz 1 =25 ms

T 4 8 8x50

Illustration 47:

1
If E=20 sin (100x t) volt then calculate value of Eat t = %00 s.
Solution:

1
At t=——5E=20Sin 10075><L =20sin |~ | =20 x 1 =10V
600 600 6 2
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Illustration 48:

If a direct current of value a ampere is superimposed on an alternating current I = b sin ot flowing through
a wire, what is the effective value of the resulting current in the circuit?

N I
N BC I[\
'a b\ AC
i{ + ' H \//-\ > = ?
t
Solution:

As current at any instant in the circuit will be,

I=1Ipc+ Ipc=a+ bsinot

T T T
I, = 1 [rrde = lj(mbsinwt)zdt e [(@* +2absinwt + b sin® wt)dt
TO TO TO
1T
But as —Isinoatdt=0
TO
T
and ljsinz(ol,“dt:1
T+ 2

1
I, = ’aer—b2
eff 2

Some Important wave forms and their RMS and Average Value:

Nature of wave form Wave-form RMS Value Average or mean Value
Si idal 0| I—°=0707I 2i—06371
inusoida p o N 0 —=0 0
Half wave rectified 0| —=0.51 —=0.318 1y
T 21 2 n

1 21
Full wave rectified M 02 =0.707 Io ~0-0.637 I
O] T

S

T 21
Phase and phase difference
(a) Phase :
I=1Iy sin (ot * §)
Initial phase = ¢ (it does not change with time)

Instantaneous phase = ot + ¢ (it changes with time)
. Phase decides both value and sign. Unit: radian
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(b) Phase difference :

Voltage V = Vg sin (ot + ¢1) Current I = Ip sin (ot +¢2)
. Phase difference of I w.r.t. V d=d2- ¢1
. Phase difference of Vw.r.t. ] d=01-¢2

Lagging and leading Concept: I=Iosin( ot—¢)

(a) Vleads I or Ilags V— It means, V reach maximum before [ P sr
Letif V=V,sinot then [I=1Iosin (ot -¢)
and if V="V sin (ot+d) then [=1Ipsin ot \:/ \/
" V=Vosinot
(b) Vlags I or I leads V — It means V reach maximum after [ I= Iosin[mt+¢)
Letif V="V;sinwt then [I=1I,sin (ot+ ¢) }/\

;

and if V="V sin (ot - ¢) then [=1Ipsin ot \/ \\/

" V=Vosinwt

Phasor and Phasor diagram

A diagram representing alternating current and voltage (of same frequency) as vectors (phasor) with the
phase angle between them is called phasor diagram.

Let V=Vosinwt and [=Iosin (ot+)

In figure (a) two arrows represents phasors. The length of phasors represents the maximum value of
quantity. The projection of a phasor on y-axis represents the instantaneous value of quantity

Illustration 49:

The Equation of current in AC circuit is I= 4sin {100nt + g} A. Calculate.

(i) RMS Value (ii) Peak Value (iii) Frequency (iv) Initial phase (v) Currentatt=0
Solution:

(1) Trms =

— =224
5
(ii) Peak value Ip = 44
(iii) o =100 rrad/s

100w — 50 Hy

Frequency f=

(iv) Initial phase = g

B

(v)  Att=0,1=4sin [1oonxo+ﬂ =4x = 23 A
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Illustration 50:

If I =1y sin wt, E = Ey cos [cot +§} . Calculate phase difference between E and I.

Solution:
. K T
I=Isinot and E=E051n[5+cot+§}

Phase difference = g + r_ 5_75

3 6

Illustration 51:
If E=500 sin (100 rt) volt then calculate time taken to reach from zero to maximum.
Solution:

2 1 ) . T 1
ow=1007 =T T =—z¢, time taken to reach from zero to maximum :Z =——f 8

~100% 50 200

Illustration 52:

Show that average heat produced during a cycle of AC is same as produced by DC with [ = [,.
Solution:

For AC, I = Iy sin wt, the instantaneous value of heat produced (per second) in a resistance R is,
H = I?R = [y2 sin2 ot x R the average value of heat produced during a cycle is :

T T
Hdt (I? sin® ot x R)dt
w= j‘) — = L’ S =11§R [ jOTlg sin® otdt :1137"}
[ at [ at 2 2
0 0
I 2
= H =|--|R=I"R (1)
#
However, in case of DC, Hpc = I?R .(ii)

I = Irms so from equation (i) and (ii) Hpc = Hav

AC produces same heating effects as DC of value I = I, This is also why AC instruments which are based
on heating effect of current give rms value.

Different types of AC circuits:
In order to study the behaviour of A.C. circuits we classify them into two categories :

(a) Simple circuits containing only one basic elementi.e. resistor (R) or inductor (L) or capacitor (C) only.
(b) Complicated circuit containing any two of the three circuit elements R, L and C or all of three
elements.

AC Circuit Containing Pure Resistance:
Let at any instant the current in the circuit = L.

Potential difference across the resistance = IR. \}I\:A{\]I%
with the help of Kirchoff’s circuital law E - IR = 0
= Eosin ot = IR (3)
E &/
= [=—Csinot=I;sinot E=Eosinwt
E, .
(I, = 2 = peak or maximum value of current)
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Alternating current developed in a pure resistance is also

of sinusoidal nature. In an a.c. circuits containing pure Eandl E = Eosinwt
resistance, the voltage and current are in the same phase. N e
The vector or phasor diagram which represents the I /'/ 3 = lesinwt
phase relationship between alternating current and \, 302
alternating e.m.f. as shown in figure. 0 :1/2 = =
In the a.c. circuit having R only, as current and voltage are A\ /
in the same phase, hence in fig. both phasors Ej and Iy are ‘\\ //'
in the same direction, making an angle ot with OX. Their o
projections on Y-axis represent the instantaneous values
of alternating current and voltage. Y p
ie. I=lhsinot and E=Epsinwt E[77 ot Eo
) , E,
Since I, :EO' Hence $= Rz I lo
wt
N - E.. 0 > X
R
AC circuit containing pure inductance:
A circuit containing a pure inductance L (having zero ohmic resistance) L
connected with a source of alternating emf. W
Let the alternating e.m.f,, E = Eo sin ot
. ©-
When a.c. flows through the circuit, emf induced across inductance, E = _Lﬁ E=E ;sinwt

Negative sign indicates that induced emf acts in opposite direction to that of applied emf.

Because there is no other circuit element present in the circuit other than inductance so with the help of

dl

Kirchhoff’s circuital law E+| -L— |=0 = E:Lﬂ so we get I:&sin ot -2
dt dt oL 2

E E
Maximum current, I, =—%%x1=—" hence, [= I, sin(mt —gj

oL oL

In a pure inductive circuit current always lags behind the emf by g .

E=Eosinwt

© EandlI

=l sin(wt-7 /2)

[140]
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Or alternating emfleads the a. c. by a phase angle of u

E E
Expression I, = —OL resembles the expression n =R.
®

This non-resistive opposition to the flow of A.C. in a circuit is

called the inductive reactance (X;) of the circuit.

Xi=oL=2nfL where f=frequency of A.C.

Unit of X; : ohm
(wL) = Unit of L x Unit of ® = henry x sec-!

Volt ) Volt
= ——— xsec = ———— =ohm
Ampere/sec Ampere

Inductive reactance X; o f

Y p
Eo
wt
= X
—— ot
2
......... Io
Q

E = Eosin wt
I=1Iocos wt

Higher the frequency of A.C. higher is the inductive reactance offered by an inductor in an A.C. circuit.

For d.c. circuit, f=0
Xi=oL=2nfL=0

TXL

f—>

Hence, inductor offers no opposition to the flow of d.c. whereas a resistive path to a.c.

AC circuit containing pure capacitance

A circuit containing an ideal capacitor of capacitance C connected with a source of alternating emfas shown

in fig. The alternating e.m.f. in the circuit E = Ej sin ot

C
| |
11

1~
&

E = Eysin ot

When alternating e.m.f. is applied across the capacitor a similarly varying alternating current flows in the

circuit.

The two plates of the capacitor become alternately positively and negatively charged and the magnitude

of the charge on the plates of the capacitor varies sinusoidally with time. Also, the electric field between

the plates of the capacitor varies sinusoidally with time. Let, at any instant charge on the capacitor = q.

www.allen.in
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Instantaneous potential difference across the capacitor,

=1 o E = Eosinwt
C s |-
[Sa)
= q=CE 0
= q = CEp sin ot
The instantaneous value of current 1= losin(wt+7/2)
dg d
=4 =—(CE, sinot ) =CE,0cos ot
dt dt
E, . 1 . b1 Y
= [=———=sin| ot+— | =I;sin| ot +— P
(1/0C) 2 2 ol
Eo
where Ip = oCVo Q ] I
lo S
In a pure capacitive circuit, the current always leads the & ot X
e.m.f. by a phase angle of t/2. The alternating emf'lags 0

behinds the alternating current by a phase angle of /2.

Important Points

E 1
n is the resistance R when both E and I are in phase, in present case they differ in phase by g , hence oC
®

is not the resistance of the capacitor, the capacitor offer opposition to the flow of A.C. This
non-resistive opposition to the flow of A.C. in a pure capacitive circuit is known as capacitive reactance

_1_ 1
¢ oC 2=nfc’

Unit of X¢: ohm

Capacitive reactance X is inversely proportional to frequency of A.C. X¢ decreases as the frequency

increases.

This is because with an increase in frequency, the capacitor charges and discharges rapidly following the

flow of current.

For d.c. circuit f=0

.= 1 =0, but has a very small value for a.c.
2nfC

This shows that capacitor blocks the flow of d.c. but provides an easy path for a.c.
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Individual Components (R or L or C)
Term R L C
R L C
AW /505N ||
Circuit
N
Supply Voltage V = Vosin ot V = Vosin ot V = Vosin ot
: . T . T
Current I= Iy sin ot I=Ip sin (ot - E) I= Iy sin (ot + E)
V. v V.
Peak C t [, =2 [, =2 =—20 =V woC
eak Curren 0= p 0T oL "T1/eC
v, v, v, 1
—=R —OZ(X)L:X —0_—:X
Impedance (Q2) I, 1, L I, oC ¢
VO Vrms : . fpr
Z= T = ; R = Resistance Xi=Inductive reactance | X¢=Capacitive reactance
0 rms
Phase difference zero (in same phase) +§ (Vleads I) —g (Vlags D)
\Y I
—
Phasor diagram \
—_—
| \'
R4
Xy I
1
Variation of Z with f ¢ X f Xeox =
L
f %
R does not depend on f
G,S.,Sc S.=1/X1 Sc=1/Xc
G=1/R = conductance
(mho, seiman) Inductive susceptance | Capacitive susceptance
C - blocks DC

Behaviour of device

L passes DC easily
(because X;, = 0) while

(because X¢ =) while

provides an easy path

SameinA Cand D C gives a high impedance
in D.C. and A.C for the A.C. of high
for the A.C. of high
1
frequency (X o< f) frequency {XC oc 7}
Ohm's law Vr=1IR Vi, =IX, Ve=IXc

www.allen.in
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Illustration 53:
In given circuit applied voltage V = 50 sin 100xt volt and ammeter reading is 24 then calculate value of L.
L

00
o
S
v

Solution:
Vims = Irms XL

Reading of ammeter = Irns

X, = Vims = Ys = 50\/5 =25Q
Irms \/Elrms \/EXZ
X, 25 1
- = —= = = —
® 1007 4n

Illustration 54:

A 50 W, 100 Vlamp is to be connected to an AC main of 200 V, 50 Hz. What capacitance is essential to be
put in series with the lamp ?

Solution:
2 § vV 100 1
Resistance of the lamp R v :w =200 Q and the maximum current [ = —=——=—
P 50 R 200 2
When the lamp is put in series with a capacitance and run at 200 V AC, from V= 1Z
Z :K :@:4009 Now as in case of C-R circuit Z = |R*+ 1 >
11 (0C)
2
1
= R+ —~=(400" = %=16x104—(200)2 =12x10* = — =12x10?
(oC) (wC) oC
= L F = 100 uWF =9.2uF

C= =
100nx\/ﬁx102 TC\/E

Resistance and Inductance in Series (R-L Circuit)

A circuit containing a series combination of a resistance R and an inductance L, connected with a source of
alternating e.m.f. E as shown in figure.

R L
©
E = E¢sinwt
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Phasor Diagram for L-R Circuit

Let in a L-R series circuit, applied alternating emf is E = Ej sin wt. As R and L are joined in series, hence
current flowing through both will be same at each instant. Let I be the current in the circuit at any instant
and V; and Vi the potential differences across L and R respectively at that instant.

Then V,=I1X, and Viz=IR

Now, Vr is in phase with the current while V; leads the current by . IR

So Vr and V; are mutually perpendicular (Note : E# Vg + V) D ! R
The vector OP represents Vg (which is in phase with I), i
while 0Q represents V; (which leads I by 90°). Vi E E

The resultant of Vz and V; = the magnitude of vector OR E =/V7 +V E
Thus  E?=Vi?+ Vi2=1?(R?+ X.?) ® A ~—X

E
JR +X?

The phasor diagram shown in fig. also shows that in L-R circuit the

= I=

applied emf E leads the current I or conversely the current I lags behind

Vv 1IX, X ol
the em.f E. by a phase angle ¢ tanp=—-=—L="L "
f E.byap gle ¢ tan¢ RETE

R
= ¢p=tan’ (co_Lj
R

Inductive Impedance Z;:
L. Here VR* +o’I’ represents the effective
VR + I

opposition offered by L-R circuit to the flow of a.c. through it. It is known as impedance of L-R circuit and

In L-R circuit the maximum value of current I, =

is represented by Z;. Z, :\/R2 +o’L =\/R2 +(2nfL)* . The reciprocal of impedance is called admittance

"z, R+l

Resistance and Capacitor in Series (R-C Circuit)

A circuit containing a series combination of a resistance R and a capacitor C, connected with a source of
e.m.f. of peak value Ep as shown in fig.

C R
————AMN\—
S
E = Eosinwt
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Phasor Diagram for R-C Circuit
Current through both the resistance and capacitor will be same at every instant and the instantaneous
potential differences across € and R are

Ve=1I1Xc and Vg = IR

where X¢ = capacitive reactance and I = instantaneous current.

Vr
0 F:.: X

S :

Ve I/g%
Lo

<

Q | '

E (applied emf)

Now, Vi is in phase with I, while V¢ lags behind I by 90°.
The phasor diagram is shown in fig.

The vector OP represents Vi (which is in phase with I) and the vector OQ represents V¢ (which lags

behind I by g).

The vector OS represents the resultant of Vz and V¢ = the applied e.m.f E.

Hence Vg2 + V(2= E? = E=\Vi+V}
E

JR + X

The term /(R*+X?) represents the effective resistance of the R-C circuit and called the capacitive

= E*=1*(R?+Xc%) = 1=

impedance Z¢ of the circuit.

2
Hence, in C-R circuit, Z, = JRZ +X§ = |R? J{LCJ
\/ ®

Capacitive Impedance Z¢ :

In R-C circuit the term /R’ +X§ effective opposition offered by R-C circuit to the flow of a.c. through it.
It is known as impedance of R-C circuit and is represented by Z.

The phasor diagram also shows that in R-C circuit the applied e.m.f. lags behind the current /

(or the current I leads the emf E) by a phase angle ¢ given by

Vo X _1/oC__1 X 1

tan(l):—C ——, tan (I):
g R oCR

R
= dp=tan’ L
oCR

Ac
R ®oCR
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Combination of Components (R-L or R-C or L-()
Term R-L R-C L-C
R L R C L C
Circuit ’ ’_‘
© © S
lissameinR&L IissameinR&C IissameinL & C
VL
I 1
Phasor diagram Vcl

V2=V +V}

V= VL - Vc (VL>V5)
V=Vc-V, (Vc>VL)

Phase difference
between Vand I

Vleads (¢ =0 to g)

Vlags I(¢ = - g to0)

Vlags I(¢ =- g,

ich >XL)
Vleads I (¢ ==, if X,>X()

2)

2 2 2 2 = —
= Z= R +(X Z= X, -X,
Variation of Z Z= R +(X,) +HXe)
asf1,z7% asf1,Z 4 asf7, Zfirst { then®
Z
Z
with f R
f
f
Atvery low f Z~R((X.—0) Z~Xc Z~Xc
Atvery high f Z~X, Z~R(Xc—0) Z~X
Illustration 55: 30 O 40 O

Calculate the impedance of the circuit shown in the figure.

Solution:

Z= R +(X.)
= /(30 +(40Y
= 4/2500 =50 Q

@
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Illustration 56:

If X, =50 QQ and X¢ = 40 Q) Calculate effective value of current in given circuit.
X=50 Q Xc=40 Q

[ ]

V=40sin1007m volt

Solution:
Z=X,-X=10Q
0= ﬁ = 40 =4A

Z 10
o Im= =224
2

Illustration 57:
In given circuit calculate, voltage across inductor.

Vr=60 Vi=?
ANN—T050000 —
r S
V= 100v2sinwt volt
Solution:
Vi=V:+V} o VE=VE-vE

Vi=V? -V} = (100} —(60) = /6400 =80 V

Illustration 58:

When 10V, dc is applied across a coil current through itis 2.5 A.if 10V, 50 Hz A.C. is applied current reduces
to 2 A. Calculate reactance of the coil.
Solution:

For10VD.C. - V=1IR

Resistance of coil, R = 21—(; =4Q . For10 VA.C.: V=1Z

50
2

Z=1/R2+XL2 =5
= R*+X; =25
X] =52-42
= XL=3Q

U
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Illustration 59:

When an alternating voltage of 220V is applied across a device X, a current of 0.5 A flows through the circuit

and is in phase with the applied voltage. When the same voltage is applied across another device Y, the
same current again flows through the circuit but it leads the applied voltage by ©/2 radians.
(a) Name the devices X and Y.

(b) Calculate the current flowing in the circuit when same voltage is applied across the series
combination of X and Y.

Solution:

(a) Xis resistor and Y'is a capacitor

(b) Since the current in the two devices is the same (0.54 at 220 volt)
When R and C are in series across the same voltage then

%4
R:XC: % :44‘OQ :> IrmS: L = 220 = 220 =0-35A

VR +X; i (440 +(440Y’ 44042

Inductance, Capacitance and Resistance in series (I-C-R series circuit)
A circuit containing a series combination of an resistance R, a coil of inductance L and a capacitor of
capacitance C, connected with a source of alternating e.m.f. of peak value of Ey, as shown in fig.

L C R
—TIU0—| —AAAA——

A.C. Source
©
E = Eg sinwt

Phasor Diagram for Series L-C-R Circuit

Let in series LCR circuit applied alternating emf'is E = Ey sin ot. As L, C and R are joined in series, therefore,
current at any instant through the three elements has the same amplitude and phase.

Y
Vi1 Q

0 -— X
VrP

VC" S

However, voltage across each element bears a different phase relationship with the current.
Let at any instant of time ¢ the current in the circuit is I.
Let at this time ¢ the potential differences across L, C, and R
Vi=1X, Vc=1Xcand Vr= IR
Now, Vi is in phase with current I but V; leads I by 90°.
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While V¢ lags behind I by 90°.

S/
The vector OP represents Vz (which is in phase with [) the vector OQ v.lQ
represent I/, (which leads I by 90°) and the vector OS represents V¢ ' T K
(which lags behind I by 90°) V; and V¢ are opposite to each other. ﬁ“ _____________ ; _____ |
If V> V¢ (as shown in figure) then their resultant will be (V; - V¢) = S i
K AN i
which is represented by OT. I & ]
Finally, the vector OK represents the resultant of Iz and (V. - V¢), ng) i
that is, the resultant of all the three = applied e.m.f. 0 Vi 1: X
V A
Thus E=\V?+(V,-V.) ¢
=I«/R2+(XL—XC)2 Y
= I= E XL [Q
JRE+(X, - X, ) 1rT ___________________ K
Impedance Z=R*+(X,-X,)’ = i
; I
1 — |
= |R*+| oL—— !
J ( mcj ok R ¢
y P
The phasor diagram also shown that in LCR circuit the applied e.m.f. Xc
X -X
leads the current I by a phase angle ¢ tan ¢ = — = ¢
Series LCR and Parallel LCR Combination
Series L-C-R Circuit Parallel L-C-R Circuit
1. Circuit diagram VsameforR L&C
R R
7500
Sy
~
\ 4 Q
N
V same for R,L and C
2. Phasor diagram
\'%% Ic
1 Vo
[
Vr I A
Ve
If Vi, > V¢ then if Ic> I, then
(i) VL'VCI I (i) | L ‘ \
Vr I
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Series L-C-R Circuit Parallel L-C-R Circuit
If Vc> V,, then if I, > I then

(") Vc-VL’ VR I (“) IL-IC IR \%

Vz\]VRz"'(VL_Vc)Z I= \j1;22+UL_Ic)2
(iii) Impedance Z =/R* +(X, — X, )’ (iii) Admittance Y = \[G* +(S, - S, )

X, —X, _V-V tang = S, =S¢ _ L1
R v, G I,

tan¢ =

Admittance triangle

\/

Impedance triangle

iv Z iv
(iv) X=X1-Xc (iv) Si-Sc
a
Golden Key Points
Series Parallel
@) if Xi > Xc then V leads I, ¢ (positive) circuit @) if S; > S¢ (X< Xc) then V leads I,¢ (positive)
nature inductive circuit nature inductive
(b) if Xc > X, then V lags ¢ (negative) circuit (b) if S¢> Si (Xc< X;) then Vlags I, ¢ (negative)
nature capacitive circuit nature capacitive
. In A.C. circuit voltage for L or C may be greater than source voltage or current but it happens only

when circuit contains L and C both and on R it is never greater than source voltage or current.

. In parallel A.C. circuit phase difference between I, and I¢ is .

Illustration 60:
Find out reading of AC ammeter and also calculate the potential difference across, resistance and capacitor.

10Q 200 | 100
A
E S

E =100 sin100 7 t volt

Solution:
V. 100 10
Z=(R+(X,-X. P =102Q = [,=2=—"=""4
e " Z 102 2

Ammeter reads RMS value, so its reading = % =54

So, Vr=5x10=50V and Ve=5x10=50V
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Illustration 61:
In LCR circuit with an AC source R=300Q, C=20 uF,L=1.0 H, E-mns =50V and f=50/7 Hz. Find RMS current

in the circuit.

Solution:
_ErmS —_ Erms _ 50
rms Z 2 2
\/R2+[Q)L—1i| 300 + 27t><5—0><1— 1 =5
oC T 2010 x2mx >
T
- 50 _ 50 1o,
2007 4] 100 10° 2 1004/9+16 10
+ _——
(300) 5
Resonance

A circuitis said to be resonant when the natural frequency of circuit is equal to frequency of the applied voltage.
For resonance both L and € must be present in circuit.

There are two types of resonance : (i) Series Resonance (ii) Parallel Resonance

Series Resonance

(a) At Resonance
(1) XL = XC (ll) VL = VC
(iii) f =0 (Vand I in same phase) (iv) Zmin =R (impedance minimum)

(V) Imax = % (current maximum)

(b) Resonance frequency

1 1
XL =Xc :>(DrL=— > 0. = = O =
o,C

1
— = —
"LC "L J: 2n/LC

(c) Variation of Z with f

(i) Iff<fr thenX,<Xc circuit nature is capacitive, ¢ (negative)
(ii) Atf=f thenX,=Xc circuit nature is Resistive, ¢ = zero
(iii) Iff>f- thenX,>X; circuit nature is inductive, ¢ (positive)

Variation of I with fas fincrease, Z first decreases then increases.
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(d) As fincrease, I first increase then decreases

) AR E———
At resonance impedance of the series resonant circuit " i
is minimum so it is called 'acceptor circuit' as it most Imax | [ ] i____ I K
readily accepts that current out of many currents V2 i i i "R
whose frequency is equal to its natural frequency. In II ;«A:f —»é
radio or TV tuning we receive the desired station by i E !

fi 2 f3 f—

making the frequency of the circuit equal to that of the

desired station.

Half power frequencies

The frequencies at which, power become half of its maximum value called half power frequencies

Band width=Af=f,-f
Quality factor Q: Q-factor of AC circuit basically gives an idea about stored energy & lost energy.

maximum energy stored per cycle

Q=2n"
maximum energy loss per cycle

)] It represents the sharpness of resonance.

(i) It is unit less and dimension less quantity.

X X
R R R R\C Af bandwidth
Magnification

Atresonance V. or V¢=QE (where E = supplied voltage)

So, at resonance, Magnification factor = Q-factor

Sharpness
Sharpness oc Quality factor «c Magnification factor

R decrease = Q@ increases = Sharpness increases

IA

)
o 4
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Parallel Resonance

(a) At resonance e
(1) S.=S¢ (i) L=1Ic A
(ii)o=0 (iv) Zmax = R (impedance maximum) L R
%4 .
(V) Imin = = (current minimum) %

(b) Resonant frequency f; =

(c) Variation of Z with fas fincreases, z first increases then decreases
If f<f then S, > S, f(positive), circuit nature is inductive
If f> f; then S¢ > Sy, f (negative), circuit nature is capacitive.

(d) Variation of I with fas fincreases, I first decreases then increases

Note:

: 1 _F
For this circuit f, = 1 i—R—Z =72 = L = For resonance —>—
2nVLC L RC LC L

Illustration 62:
For what frequency the voltage across the resistance R will be maximum.

1 1
—uF —H
R =

ANN—]

S|

)

Solution:

It happens at resonance

po 1 1
2LE on [t x10 <t
s T
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Illustration 63: 40mH R=220(2

A capacitor, a resistor and a 40 mH inductor are connected in rm—!—{
series to an AC source of frequency 60Hz, calculate the capacitance
q y p @ @ v

of the capacitor, if the current is in phase with the voltage. Also

3
300V 300V XV

calculate the value of X and I. I

Solution: @
At resonance, 110V,60Hz
1 1 1 1
(DLZ—,C:TZ 2 2 =176].,I.F
oC oL 4n°f°L 47c2><(60) x40x107
V=Vg = X=110V and I=K=£=0.5A
R 220

Illustration 64:

A coil, a capacitor and an A.C. source of rms voltage 24 V are connected in series. By varying the frequency
of the source, a maximum rms current 6 A is observed. If this coil is connected to a battery of emf 12 V, and
internal resistance 4, then calculate the current through the coil.

Solution:
. . |4 . _ 24
Atresonance, current is maximum. [ = z = Resistance of coil R= 7 = ? =4Q
When coil is connected to battery, suppose I current flow through it then
- E 12 5y
R+r 4+4

Illustration 65:

Radio receiver receives a message at 300m band, If the available inductance is 1 mH, then calculate
required capacitance

Solution:

Radio receives EM waves (Velocity of EM waves ¢ =3 x 108 m/s)

3x10°
c=f=f= =106 Hz
=1 300
Now f= L —1><106:>C—;—25pF
2nLC 4n*Lx10"

Illustration 66:
In a L-C circuit parallel combination of inductance of 0.01 H and a capacitor of 1 puF is connected to a
variable frequency alternating current source as shown in figure. Draw a rough sketch of the current
variation as the frequency is changed from 1kHz to 3kHz.

C
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Solution:
L and C are connected in parallel to the AC source,

4
1 ! =£=1.6kHZ

2nLC  2730.01x10° 2
In case of parallel resonance, current in L-C circuit at resonance is
zero, so the I-f curve will be as shown in figure.

So, resonance frequency, f =

1.6 kHz f

Power in AC Circuit

The average power dissipation in LCR ac circuit:

Let V=V, sin ot and I = Ip sin (ot - ¢)

Instantaneous power, P = (V sin wt) (Io sin(wt - ¢)) = Volo sin ot (sin ot cos ¢ — sin ¢ cos wt)

T
Average power <P> = %J(VOIO sin® wt cos p—V, I, sin ot cos ot sin ¢p)dt
0

T T
=V,I, lJ‘sin2 ot cosddt —lJ-sin otcosotsinddt =V, {1 cos¢p—0xsin ¢}
Ty T 2
V1
= <P >:%OS¢:VMIW coso
Instantaneous Average power/actual power/Virtual power/ apparent Peak power
power dissipated power/power loss Power/rms  Power
P= VI P: Vrms Irms COS d) P = Vrms Irms P = VO IO
. Irms cosd is known as active part of current or wattfull current or workfull current. It is in phase

with voltage.

. Irms sing is known as inactive part of current or wattless current or workless current. It is in
quadrature (90°) with voltage.

Power Factor:

Average power P=E___cos ¢ =rms powerxcos¢ = P, xcosd

rms-rms

A
Power factor (cos ¢) = verage power

and cos¢ = R
rms power Z

Power factor: (i) isleadingif/leads V
(ii) is lagging if I lags V

Golden Key points:
® Pav < Prs.
. Power factor varies from 0 to 1
. Pure/Ideal ) %4 Power factor = cos¢  Average power
R 0 V, I same Phase 1 (maximum) Vems. Irms
L +g Vleads I 0 0
C —g Vlags I 0 0
Choke coil +g Vleads I 0 0
. At resonance power factor is maximum (¢ = 0 so cosd = 1) and Pav = Vims Irms
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Illustration 67:

1
A voltage of 10 Vand frequency 103 Hz is applied to — pF capacitor in series with a resistor of 500Q. Find
n

the power factor of the circuit and the power dissipated.

Solution:
XC=2 1 == 1 = =500Q
TfC 10t 0
T
Z=[R*+ x2 = /(500" +(500)° =500420
R 500 1
Power factor cosp=—=———+=—,
¢ Z 50042 2
v, (10 1 _1

X——=
50042 2 10

Power dissipated = Vims Irms COSO = 7cos o=

Illustration 68:

If V=100 sin 100t volt and / = 100 sin (100t + g) mA for an A.C. circuit then find out

(a) phase difference between Vand I (b) total impedance, reactance, resistance
(c) power factor and power dissipated (d) components contains by circuits
Solution:

(a) Phase difference ¢ = —g (Ileads V)

(b) Total impedance Z = ﬁ = &73
I 100x10

0

=1kQ

Now resistance R=Zcos60°=1000x % =500Q2

J3 500

Reactance X=Zsin60°=1000x —=—=Q

2 3
mx
Z

(© ¢=-60° = Power factor = cos¢ = cos (-60°) = 0.5 (leading)
100 0.1 1

Power dissipated P=V_ I cos¢=—=x—=x—=2.5W
N2 202
(d) Circuit must contains R as ¢¢§ and as ¢ is negative

So, C must be there, (L may exist but X¢ > X;).

Illustration 69:
If power factor of a R-L series circuit is % when applied voltage is V=100 sin 1007t volt and resistance of

circuit is 200Q then calculate the inductance of the circuit.
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Solution:

cos¢=§:>%=§:>Z=ZR:> R*+X?=2R= X, =/3R

_\BR_\3x200_248

olL= «/§R =1L
[0 100% T

Illustration 70:
A circuit consisting of an inductance and a resistance joined to a 200 volt supply (A.C.). It draws a current
of 10 ampere. If the power used in the circuit is 1500 watt. Calculate the wattless current.
Solution:
Apparent power = 200 x 10 = 2000 W
True power 1500 3
Apparent power_ 2000 4

Power factor cos¢=

:10J7A

2
Wattless current = Ims sing = 10 , |1 _[%j 7

Illustration 71:
A coil has a power factor of 0.866 at 60 Hz. What will be power factor at 180 Hz.
Solution:
Given that cos ¢ = 0.866, ® = 2nf= 21 x 60 = 120n rad/s,
®’ =2nf =2nx 180 =360n rad/s
Now, cos¢=R/Z = R=Zcos$p=0.866Z

But Z:J}R2 +(oL) > oL=vZ -R* =,|7*~(0.866Z)" =0.5Z
052 _05Z
o 120n

When the frequency is changed to "= 2 x 180 = 3 x 1207 = 300 rad/s,
then inductive reactance ® L=3 ©wL=3x05Z=15Z

New impedance, Z' = /[R'+(co'L)2} = J(08662°)+(1.52) =Z\/[(0.0866)2 +(15)']

=1.732Z
R 0.0866Z
New power factor =—=—+——=0.
Z' 17327

Choke Coil

In a direct current circuit, current is reduced with the help of a resistance. Hence there is a loss of electrical
energy I2 R per sec in the form of heat in the resistance. But in an AC circuit the current can be reduced by
choke coil which involves very small amount of loss of energy. Choke coil is a copper coil wound over a soft
iron laminated core. This coil is put in series with the circuit in which currentis to be reduced. It also known
as ballast.

Circuit with a choke coil is a series L-R circuit. If resistance of choke coil = r (very small)
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The current in the circuit 1 =§ with Z = (R+r)2 +((,0L)2 so due to tube light rod
large inductance L of the coil, the current in the circuit is decreased Q starter !
appreciably. However, due to small resistance of the coil r.
The power loss in the choke P, =V I cos¢—0 —Q— l@—
choke coil
cosdp= r_ 4 ~ 0
Z r*+e'I? oL

Illustration 72:

A choke coil and a resistance are connected in series in an a.c circuit and a potential of 130 volt is applied
to the circuit. If the potential across the resistance is 50 V. What would be the potential difference across
the choke coil.

Solution:

V=2 V2 =V, =" V2 = [(130) —(50)' =120V

Illustration 73:

An electric lamp which runs at 80V DC consumes 10 A current. The lamp is connected to 100 V- 50 Hz ac
source compute the inductance of the choke required.

Solution:

==-80Q
10

Let z be the impedance which would maintain a current of 10 A through the Lamp when it is run on

V100
100 Volt ac. then. 7= —=—-==100 butZ= R*+(wL)’

=  (wl)2=22-Rz=(10)2-(8)2=36
6

6
= olL=6 =L=—= =0.02H
o 2nx50

V 80
Resistance of lamp R= 7

Illustration 74:

Calculate the resistance or inductance required to operate a lamp (60V, 10W) from a source of
(100 V, 50 Hz).

Solution:
(a) Maximum voltage across lamp = 60V R
VLamp + VR =100 VR =40V
Watt 10 1
Now current through Lamp is = TYarlage = @
voltage 60 6 100V 50Hz

1
But Ve = IR :40:g(R):>R:240Q
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(b) Now in this case (Viamp)? + (V)2 = (V)2
(60)2+ (VL)2=(100)2=V,=80V o L

1
AlSO, VL = IXL = g XL

So, X,=80x6=480Q=L(2nf)=>L=15H ©

A capacitor of suitable capacitance replace a choke coil in an AC 100V, 50Hz
circuit, the average power consumed in a capacitor is also zero.

Hence, like a choke coil, a capacitor can reduce current in AC

circuit without power dissipation.

Cost of capacitor is much more than the cost of inductance of same reactance that's why choke coil
is used.

Illustration 75:
A choke coil of resistance R and inductance L is connected in series with a capacitor € and complete
combination is connected to a.c. voltage, Circuit resonates when angular frequency of supply is ® = .

(a) Find out relation between o, L and C.
(b) What is phase difference between V and I at resonance, is it changes when resistance of choke coil
is zero.
Solution:
(@) At resonance condition X}, = Xc = woL = 1 =0, = 1
o,C NJLC
R R .
(b) " cosd= 7R 1 .. No, itis always zero.

Damped Harmonic Oscillator
In the previous section we have considered several examples of oscillatory systems. In each case the
amplitude of the oscillation does not depend on time and the system, once set to oscillate, will continue to
do so forever. Physical systems are never as ideal as that. Even in the most controlled case there will be
dissipative elements.

In each of these cases the amplitudes of the oscillation will gradually decrease and the motion will be
'damped'.

Most of the time we are interested in the motion of an object

through air or other viscous fluids. The motion of the object is then subject to a resistive force called
aerodynamic or viscous drag. Experimentally the resistive force is found to be proportional to the velocity
of the body for low relative speed with respect to the medium.

A laboratory model for a damped spring-mass system is shown in figure. Where a
vertical spring has at its end a mass m which is connected to massless piston which
moves through a liquid. For low speeds it is reasonable to write the frictional force as

. k
Fff =—av (o inkg/s)
where a is a positive constant known as damping constant. The equation of motion
of a harmonic oscillator becomes D m
d*x dx
m=——-=—kx—o—
dt dt
which can be rewritten as NNURRY AT
R o
dZX dx \x\:l t\.\.
_2 + ZY —+ Q)(Z)X = 0 ::::\x\x\x\x\x\x\x&
d t d t Y
i A iy
where 2y =a/m>0and w;, as before is equal to k/m.y is known as damping coefficient SEEESUEE U
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Damped Oscillations

If the dissipative forces are small, i.e. if y* </, the dominant

force acting on the mass is the conservative restoring force. L

The system therefore shows oscillations, even though the l 7 \o-o e

amplitudes of oscillation continuously decrease with time. alll \ £ 0

we get x=Ae™" sin(Qt+¢) m.""‘ 7
where the new angular frequency of oscillation Q is given by op T\ T 3_T\ZZ| _________ t
D =w} -y ? \/2“ T1<§
i.e the frequency shift to a lower value due to damping. The /’/

amplitude of oscillation is no longer constant but decreases !

with time in an exponential fashion. The variation of x with time

is shown in figure.

It may be seen that sin (Qt + ¢) is a periodic function with period 27/€Q2. when this is multiplied with
e"*the zeroes of the product would still be at the same place where sin (Qt + ¢) becomes zero. The maxima
however does not fall midway between the two minima because of the exponential e-'t but occurs at a
slightly earlier time.

Power Loss in a Damped Oscillation-Q-factor:

Because of the work done against the nonconservative forces, the energy stored in an oscillator
continuously decreases. The fraction of energy lost in a period with respect to its average value for that
period is a measure of the quality of the oscillator. The less the value of this fraction is, the more is the
ability of the oscillator to sustain periodic motion. Quantitatively, the quality of an oscillator is measured
through a Q-factor defined as

0=2nx Average energy stored in one period

average loss of energy in that period

If the damping is light i.e. y << w0, The instantaneous energy of the oscillator is
E(t)= Lo e lioc - lmAZ(o(z)e’zyt
2 2 2
where we have replaced k by mmo2. At t= 0 the energy of the oscillator is Eo = mA2 we?2/2 so that
E(t)=Ee™
dE 2
P(t)=—=-2yEe™" =2yE(t)
dt
Energy lost in one period can be approximately written as

<p(t)>ZETC:2~/<E(L“)>ZETC

where the angular bracket < ..... > denotes the time average value during a period at time t. The quality or
Q-factor for an oscillator is
< E(t) > Q  w

2n =
2n 2y

27
2y<E —
y<E(t)> o

It may be noted that Q is a dimensionless quantity, greater than unity by our assumption that. y <<,
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Time to reach extreme:

The natural logarithm of two successive maxima is called logarithmic decrement and is denoted by A. From
Equation it follows that

Overdamped Motion:

In equation if y > @y we do not get oscillatory solution.

Critical Damping (y = ®o):
The solution for the displacement is therefore
x=(A+Bt)e™

x':—%(lﬂ(t)e‘”

It may be seen that once again there are no oscillation. As t — o, x — 0
so that the particle takes an infinite time before reaching the A
equilibrium position. The difference with the overdamped case is that

the approach to the equilibrium is faster. The variation of displacement
with time is shown in figure (curve B.)

Forced Oscillations and Resonance

The oscillations in a system can be indefinitely maintained by supplying energy continuously. In
mechanical system this can be done by subjecting it to an external force which itself has harmonic time
dependence.

An interesting phenomenon occurs if the frequency of the external source is equal or nearly equal to the
natural frequency of the system. The amplitude of oscillations is found to increase many folds in such cases.
This is called resonance.

Forced Damped Oscillations:

In the presence of resistive forces proportional to velocity, equation becomes

d’x _ dx , F
—— +2y—+wx=—cosot
dt dt m
Let us therefore try a solution of the type
x =A cos ot + B sin ot + Ce™t
The steady - state displacement is then given by

x=Ccos (ot +J)

with C=5 12
m (mé—wz) +40°y°
2
and tand = > oy >
O -
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