Electrostatics and
Gravitation

ELECTROSTATICS

"Electrostatic" pertains to electric charges at rest or to fields or phenomena produced by stationary

Introduction

charge(s).

Electric Charge
Charge of a material body or particle is the property (acquired or natural) due to which it produces and
experiences electrical and magnetic effects. Some of naturally occurring charged particles are electrons,
protons, a-particles etc.
Charge is a derived physical quantity and is measured in Coulomb in S.I. unit. In practice we use
mC(10-3C), uC (10-6C), nC(10-°C) etc.

C.G.S. unit of charge = electrostatic unit = esu.

1 coulomb = 3 x 109 esu of charge

Dimensional formula of charge = [MOLOT[1]

Properties of Charge

(i) Charge is a scalar quantity: It adds algebraically and represents excess or deficiency of electrons.

(ii) Charge is of two types: (i) Positive charge and (ii) Negative charge Charging a body implies
transfer of charge (electrons) from one body to another. Positively charged body means loss of
electrons i.e. deficiency of electrons. Negatively charged body means excess of electrons. This also
shows that mass of a negatively charged body > mass of a positively charged identical body.
Charges with the same electrical sign repel each other, and charges with opposite electrical sign
attract each other.

—» O O— —0O

(iii) Charge is conserved: In an isolated system, total charge (sum of positive and negative) remains
constant whatever change takes place in that system.

(iv)  Charge is quantized: Charge on any body always exists in integral multiples of a fundamental unit
of electric charge. This unit is equal to the magnitude of charge on electron
(1e = 1.6 x 10-1° coulomb). So, charge on anybody is Q = +ne, where n is an integer and e is the
charge of the electron. Millikan's oil drop experiment proved the quantization of charge or
atomicity of charge

v) Comparison of charge and mass : We are familiar with role of mass in gravitation, and we have
just studied some features of electric charge. We can compare the two as shown below
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Table - Charge v/s Mass

Charge Mass

(1) Electric charge can be positive, negative or | (1) Mass of a body is a positive quantity.
Zero.

(2) Charge carried by a body does not depend | (2) Mass of a body increases with its velocity as
upon velocity of the body. m,

m= where c is velocity of light in

J1-v?/¢c?
vacuum, m is the mass of the body moving with
velocity vand m, is rest mass of the body.

(3) Charge is quantized. (3) The quantization of mass is yet to be established.

(4) Electric charge is always conserved. (4) Mass is not conserved as it can be changed into

energy and vice-versa.

(5) Force between charges can be attractive or | (5) The gravitational force between two masses is
repulsive, accordingly as charges are unlike or always attractive.
like charges.

(vi)

(vii)

(viii)

Charge is always associated with mass, i.e., charge cannot exist without mass though mass can exist
without charge. The particle such as photon or neutrino which have no (rest) mass can never have a
charge.

Charge is relativistically invariant: This means that charge is independent of frame of reference
i.e., charge on a body does not change whatever be its speed. This property is worth mentioning as
in contrast to charge, the mass of a body depends on its speed and increases with increase in speed.
A charge atrest produces only electric field around itself, a charge having uniform motion produces
electric as well as magnetic field around itself while a charge having accelerated motion emits
electromagnetic radiations.

Charging of a Body
A body can be charged by means of (a) friction, (b) conduction, (c) induction

(@)

Charging by Friction: When a neutral body is rubbed against other neutral body then some
electrons are transferred from one body to other. The body which can hold electrons tightly, draws
some electrons and the body which can not hold electrons tightly, loses some electrons. The body
which draws electrons becomes negatively charged and the body which loses electrons becomes

positively charged.
+++++++ - -
. + + - -
+ + - -
+ + — —
+++++++
Neutral

For example: Suppose a glass rod is rubbed with a silk cloth. As the silk can hold electrons more
tightly and a glass rod can hold electrons less tightly (due to their chemical properties), some
electrons will leave the glass rod and get transferred to the silk. So, in the glass rod their will be
deficiency of electrons, therefore it will become positively charged. And in the silk, there will be
some extra electrons, so it will become negatively charged.

[2]
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Different materials have different affinities for electrons. By
rubbing a variety of materials against each other and testing
their resulting interaction with objects of known charge, the
tested materials can be ordered according to their affinity for
electrons. Such an ordering of substances is known as
atriboelectric series. One such ordering for several
materials is shown in the table at the right. Materials shown
highest on the table tend to have a greater affinity for
electrons than those below it. Subsequently, when any two
materials in the table are rubbed together, the one that is
higher can be expected to pull electrons from the material
that is lower. As such, the materials highest on the table will
have the greatest tendency to acquire the negative charge.
Those below it would become positively charged.

Triboelectric Series
Celluloid
Sulfur
Rubber
Copper, Brass
Amber
Wood
Cotton
Human Skin
Silk
Cat Fur
Wool
Glass
Rabbit Fur
Asbestos

(b) Charging by conduction (flow): There are three types of materials in nature:

(i) Conductor: Conductors are the material in which the outer most electrons are very loosely
bound, so they are free to move (flow). So, in a conductor, there are large number of free
electrons.

Ex. Metals like Cu, Ag, Fe, Al

(ii) Insulator or Dielectric or Non-conductor: Non-conductors are the materials in which
outer most electrons are very tightly bound, so that they cannot move (flow). Hence in a
non-conductor there are no free electrons. Ex. plastic, rubber, wood etc.

(iii) Semi-conductor: Semiconductors are the materials which have free electrons but very less
in number.

Now lets see how the charging is done by conduction. In this method, we take a charged conductor

‘A’ and an uncharged conductor 'B’. When both are connected, some charge will flow from the

charged body to the uncharged body. If both the conductors are identical & kept at large distance

and connected to each other, then charge will be divided equally in both the conductors otherwise
they will flow till their electric potential becomes same. Its detailed study will be done in last
section of this chapter.
Switch
_
A B
A B
Charged Uncharged
body body
A B
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A body

Charging by Induction: To understand this, let's have
introduction to induction.

We have studied that there are lot of free electrons in the
conductors. When a charged particle +Q is brought near a
neutral conductor, due to attraction of +Q charge, many
electrons (-ve charges) come closer and accumulate on the
closer surface.

On the other hand, a positive charge (deficiency of
electrons) appears on the other surface. The flow of charge
continues till the resultant force on free electrons of the
conductor becomes zero. This phenomena is called
induction and charges produced are called induced charges.

can be charged by induction in the following two ways :

Method I:

Step1:

Step 2:

Step 3:

Step 4:

Take an isolated neutral conductor.

Induced Charges

Charged
particle

conductor

Bring a charged rod near it. Due to the charged rod, charges will induce on the conductor.

++++++
+ +++++

Connect another neutral conductor with it. Due to attraction of the rod, some free electrons will
move from the right conductor to the left conductor and due to deficiency of electrons positive
charges will appear on right conductor. On the left conductor, there will be excess of electrons
due to transfer from right conductor.

electrons
transfer

++++++
+ +++++

Now disconnect the connecting wire and remove the rod.

The first conductor will be negatively charged and the second conductor will be positively
charged.

[4]
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Method II:

Step 1: Take an isolated neutral conductor.

Step 2 : Bring a charged rod near it. Due to the charged rod, charges will induce on the conductor.

++++++
++++++

Step 3: Connect the conductor to the earth (this process is called grounding or earthing). Due to
attraction of the rod, some free electrons will move from earth to the conductor, so in the
conductor there will be excess of electrons due to transfer from the earth, so net charge on
conductor will be negative.

IS electrons
+ + + +
transfer

Step 4: Now disconnect the connecting wire. Conductor becomes negatively charged.

+ +
+ +

Illustration 1:
If a charged body is placed near a neutral conductor, will it attract the conductor or repel it?
Solution:

If a charged body (+ve) is placed left side near a
neutral conductor, (-ve) charge will induce at left

surface and (+ve) charge will induce at right
Repulsion

surface. Due to positively charged body -ve force

induced charge will feel attraction and the +ve _
Attraction

induced charge will feel repulsion. But as the -ve
force

induced charge is nearer, so the attractive force
will be greater than the repulsive force.

So, the net force on the conductor due to positively charged body will be attractive. Similarly, we can prove
for negatively charged body also.

From the above example we can conclude that. "A charged body can attract a neutral body."

If there is attraction between two bodies then one of them may be neutral. But if there is repulsion between
two bodies, both must be charged (similarly charged). So "repulsion is the sure test of electrification".
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Illustration 2:

Five styrofoam balls 4, B, C, D and E are used in an experiment. Several experiments are performed on the
balls and the following observations are made :

(i) Ball Arepels C and attracts B.
(ii) Ball D attracts B and has no effect on E.
(iii) A negatively charged rod attracts both A and E.

For your information, an electrically neutral styrofoam ball is very sensitive to charge induction and gets
attracted considerably, if placed nearby a charged body. What are the charges, if any, on each ball ?

A B c D E

(A) + - + 0 +
(B) + - + + 0
(9 + - + 0 0
(D) - + - - 0
Ans. (C)

Solution:

From (i), as 4 repels C, so both A and C must be charged similarly. Either both are +ve or both are -ve.
As A also attract B, so charge on B should be opposite of A or B may be uncharged conductor.

From (ii) as D has no effect on E, so both D and E should be uncharged and as B attracts uncharged D,
so Bmust be charged and D must be an uncharged conductor.

From (iii), a —vely charged rod attracts the charged ball 4, so A must be +ve and from exp. (i) € must also
be +ve and B must be -ve.

Illustration 3:
Charge conservation is always valid. Is it also true for mass?
Solution:

No, mass conservation is not always. In some nuclear reactions, some mass is lost and it is converted into
energy.

Illustration 4:

If a glass rod is rubbed with silk, it acquires a positive charge because:

(A) protons are added to it (B) protons are removed from it
(C) electrons are added to it (D) electrons are removed from it.
Ans. (D)

Coulomb’s Law (Inverse Square Law) and coulombic force:
On the basis of experiments Coulomb established the following law known as Coulomb's law:

The magnitude of electrostatic force between two-point charges is directly proportional to the product of
charges and inversely proportional to the square of the distance between them.
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i.e.

=

1
F o< q1q2 and Foc—
r
k
Foc _%‘212 = F= _q12q2
r r

Important points regarding Coulomb's law:

()

(ii)

(iii)

(iv)

)

(vi)

(vii)

(viii)

point charges: By the word “point charges” in Coulomb’s law we mean, the bodies having very
small size in compare to distance between them.

The constant of proportionality k in SI units in vacuum is expressed as and in any other

4me,

1
medium expressed as yr If charges are dipped in an infinitely extended medium then
e

4,49,
4nge, 1’

r

electrostatic force on one charge is where ¢ and ¢ are called permittivity of vacuum

and absolute permittivity of the medium respectively. The ratio €/g,= ¢, is called relative
permittivity of the medium, which is a dimensionless quantity.

The value of relative permittivity €, is constant for a medium and can have values between
1 to . For vacuum, by definition it is equal to 1. For air it is nearly equal to 1 and may be taken to

be equal to 1 for calculations. For metals, the value of & is c and for water is 81. The material in

which more charge can induce &, will be higher.

The value of =9 x 10° Nm2 C-2 and g = 8.855 x 10-12 (2/Nmz2,

4me,

Dimensional formula of € is [M-1 L3 T* A2]

The force acting on one point charge due to the other point charge is always along the line joining
these two charges. It is equal in magnitude and opposite in direction on two charges, irrespective
of the medium in which they lie.

The force is conservative in nature i.e., work done by electrostatic force in moving a point charge
along a closed loop of any shape is zero.

Since the force is a central force, in the absence of any other external force, angular momentum of
one particle w.r.t. the other particle (in two particle system) is conserved.

In vector form formula can be given as below.

. 1 1 o
F= qiq32 . Cliqzz A
dnee, || dnege, |r|

(q1 and g2 are to be substituted with sign)

Here, r is position vector of the test charge (on which force is to be calculated) with respect to the
source charge (due to which force is to be calculated).
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Illustration S:

Find out the electrostatic force between two-point charges placed in air (each of +1 () if they are separated
by 1m.

Solution:

_kq,q, 9x10°x1x1

Fe=—1 =910 N

r

Note:

From the above result, we can say that 1 C charge is too large to realize. In nature, charge is usually of the
order of uC.

Illustration 6:

A particle of mass m carrying charge g is revolving around a fixed charge -q:in a circular path of radius r.
Calculate the period of revolution and its speed also.

Solution:
1 a9, _ ., _4cmr
4rg, 1’ T?
2 2 mr
T2 = (4me,Iro(4n"mr) T= dnr TE,
a4,9, 4,4,
and also we can say that
2
4,49, = myv - V= 4,4,
dme,r r 4me mr

Illustration 7:

A point charge q4 = + 100 uCis placed at point A4 (1, 0, 2) m and another point charge qz = +200uC is placed
at point B (4, 4, 2) m. Find :

)] Magnitude of electrostatic interaction force acting between them

(i) Find F ", (force on A due to B) and I:"B (force on B due to A4) in vector form

Solution:

F
(i) qz= +200:V

" B(442)

q1=+100uC .-~

-
R

ﬁ'u, 0,2)

Value of F': ‘F‘ =

F

kq,q; (9x10°) (100x10°°) (200 x10°°) =7
—A%8 = =

) 72N
r (\/(4—1)2 + (4-0) + (2—2)2)
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(i)  ForceonB, F,= %l (9X109)(100X1076)(200”0763) (4-1) +(4-0)]+(2-2)k |
7l (J(4—1)2+(4—0)2+(2—2)2)

3’,‘ 4":
:7.2(—1+—]jN
5 5

- 3: 4+
Similarly, F, = 7.2N(—§1 _EJJN

Action (FA) and Reaction (I:"B) are equal but in opposite direction.

Principle of Superposition S
The electrostatic force is a two body interaction i.e., electrical force o
between two point charges is independent of presence or absence of

other charges and so the principle of superposition is valid i.e., force on qz e >

charged particle due to number of point charges is the resultant of q
forces due to individual point charges. Therefore, force on a point test 43 F,
charge due to many charges is given by. q4

ﬁ:ﬁ1+ﬁ2+ﬁ3+

Illustration 8:

Equal charges Q are placed at the four corners 4, B, C, D of a square of length a. The magnitude of the force
on the charge at B will be

3Q° 4Q° 1+242 2 1 0?
w) >L, (B) 2 (©) ] ERE A L
4ne,a 4re,a 2 4re,a 2 4nea
Ans. (C)
Solution:
After following the guidelines mentioned above F
C
FD
B =F+F,=FI+F. +F, @ e | G
2 2 A<?\_:__“_“:/ H FA
Since F,=F, :kizand F,= kQ AN B
a (av2)’ o
2@ k@ k(5 1) @ (14242 D&
“d 28 A& 2) 4mga’| 2 +Q

Illustration 9:

Two equal charges are separated by a distance d. A third charge placed on a perpendicular bisector at x
distance, will experience maximum coulomb force when

(B)x=g © x=—L D) x=—1_

22 23

(A) x=%

Ans. (C)

www.allen.in [9]
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Solution:
Suppose third charge is similar to Q and it is q
So net force on it F,,,; = 2F cosé

Fy + 4F

Q@----=menbomneee 0Q
B d d ¢
— —————
2 2
Where F = Qq and cos0= X
TE, [ , dzj , 2
X +Z X 4+
. 1 Qq X _ 2Qqx
net 4‘7580 , dz dz 1/2 2 3/2
— PG - 4re, PG -
4 4 4
d 2
For Fpe: to be maximum —2-=0 i. { Qqx 77 |=0
X dx ( dZJ
2
dre,| X" +—
4
5 \-3/2 5 \-5/2
or x2+d— —3x% x4+ — =0 ie x=ii
4 22

Illustration 10:
ABC is a right angle triangle in which AB =3 cm, BC =4 cm and ZABC =§ . The three charges +15, +12 and

- 20 e.s.u. are placed respectively on 4, B and C. The force acting on B is

(A) 125 dynes (B) 35 dynes (C) 25 dynes (D) Zero
Ans. (C)
Solution: y Q+15 osu
Netforceon B, F,, =, /Fj +F} i \\
15%12 |
F, = 5X2 =20 dyne 3cm i .
(3) i \\s\\‘
12x20 B! F, . C
F, = (4)2 =15 dyne +12 esu dem T -20esu
F . =25dyne F,

[10] www.allen.in
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Illustration 11:

Three equal point charges of charge +g each are moving along a circle of radius R and a point charge -2q is
also placed at the centre of circle (as shown in figure). If charges are revolving with constant and same
speed in the circle then calculate speed of charges

<

Solution:

-
Se—————

+q
2
F> - 2F; cos 30°= my
R
k 2 2 2
N q (2q) 2(kq’) . a0= MV

R*  (3RY

Illustration 12:

Two equally charged identical small metallic spheres A and B repel each other with a force 2 x 10-5 N when
placed in air (neglect gravitational attraction). Another identical uncharged sphere C is touched to B and
then placed at the mid point of line joining A and B. What is the net electrostatic force on C?

Solution:

Let, initially the charge on each sphere be g and separation between their centres be r. Then according to
given problem:

L 9xa_,, 10sn

F= >
dme, 1

www.allen.in [11]
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When sphere C touches B, the charge of B i.e. ¢ will distribute
equally on B and C as sphere are identical

S
4z =4; >
So sphere C will experience a force
1 q(qa/2)

=— D472} _yFalong AB due to charge on A.
“4ne, (r/2) 8 8

nd, Ry @/2@/2) _

4me, (r/ 2)2

along BA due to charge on B.
So, the net force F¢on C due to charges on 4 and B,

Fc=Fea-Fes=2F-F=2 x 10-5 N along AB.

Illustration 13:

Five point charges, each of value g are placed on five vertices of a regular hexagon of side L. What is the

magnitude of the force on a point charge of value - g coulomb placed at the centre of the hexagon?

Solution:
Method-I:
If there had been a sixth charge +q at the remaining vertex of
hexagon, force due to all the six charges on —-q at O would have
been zero (as the forces due to individual charges will balance

each other), i.e, FTQ =0

Now if f is the force due to sixth charge and F due to remaining

4#»
E D
AT

five charges. Y
From F +f =0 ie. F=-f A B
1 gxq 1 ¢°
or, IFl=I1= 11
ne, L 4rne, L
- - 1 q2
Fo.= Fpp = i, 7 along OD
Method-II: L
In the diagram, we can see that force due to charge A and D are E D
opposite to each other J {d“"“'}a\
F, or ¥ F, oc =0 (1) /Ié \\O/{ “\\
Similarly B +F < i Féde 3y
imilar F_. +F = (i A / \\\ III
31 OB ) OEA ) ) ) \\\ // —q \ III
So Fop +Fop + Fpe +Fppy +Fop =Fy, ‘vﬁ,_______g_\ /
- . 1 4 A B
Using (i) and (ii) F,, =F,, = - along OD.
e, L
[12] www.allen.in
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Electrostatic Equilibrium

The point where the resultant force on a charged particle becomes zero is called equilibrium position.

Stable Equilibrium:

A charge is initially in equilibrium position and is displaced by a small distance. If the charge tries to return
back to the same equilibrium position then this equilibrium is called position of stable equilibrium.

Unstable Equilibrium:

If charge is displaced by a small distance from its equilibrium position and the charge has no tendency to
return to the same equilibrium position. Instead it goes away from the equilibrium position.

Neutral Equilibrium:

If charge is displaced by a small distance and it is still in equilibrium condition then it is called neutral
equilibrium.

Illustration 14:

Two equal positive point charges 'Q’ are fixed at points B(a, 0) and A(-a, 0). Another test charge qo is also
placed at 0(0, 0). Show that the equilibrium at '0’is

(i) Stable for displacement along X-axis. (ii) Unstable for displacement along Y-axis.

Solution:

()

®o--- C--e——
A 0, B X
(-a,0) | (a,0)
|
!
Initially F,,+F,, =0 = |F,,|=|F,,|= %

When charge is slightly shifted towards + x axis by a small distance Ax, then.

i
Q F,' q F, Q
o ----- , -- 90—
A O — B X
I Ax
|Fpp | <|Fyl

Therefore, the particle will move towards origin (its original position). Hence, the equilibrium is stable.

www.allen.in [13]
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(ii) When charge is shifted along y axis:

2F cos O
F \\ } /, F
S 1 -
S i -
x\\\ 6 : e /,/

. SsLe” .
Fsin0 <« L »Fsin 0
id 1 S
o0 qoi T
’/ 1 \\

Q .~ | ~.Q
L A T >

A

After resolving components, net force will be along y axis So, the particle will not return to its
original position & it is unstable equilibrium. Finally, the charge will move to infinity.

Illustration 15:

Two-point charges of charge g1 and g (both of same sign) and each of mass m are placed such that
gravitational attraction between them balances the electrostatic repulsion. Are they in stable equilibrium?
If not, then what is the nature of equilibrium?

Solution:

kq,q, _ Gm’
2

r r

In given example:

We can see that irrespective of distance between them charges will remain in equilibrium. If now distance
is increased or decreased then there is no effect in their equilibrium. Therefore, it is a neutral equilibrium.

Illustration 16:
A particle of mass m and charge q is located midway between two fixed charged particles each having a

charge g and a distance 2/ apart. Prove that the motion of the particle will be SHM if it is displaced slightly

along the line connecting them and released. Also find its time period.

Solution:

Let the charge q at the mid-point is displaced slightly to the left. The force on the displaced charge g due to
charge g at 4,

_ L4
= ——
4me, ([ +X) B q A
The force on the displaced charge g due to charge at B, a """"" j‘"'x"" """""""" (']
2 |1_.|
= ! q le 4 >le ? N|
4ne, ((-x) b 1 1
Net restoring force on the displaced charge q. ” 2¢ .
1 : 1 ’
F=F,-ForF= . _
4ng, ({—x) 4ng, ({+x)
2 2
or F= g : 2 ! 7|~ 1 24€X2 2
dre, | ([—x)" ({+X) 4me, ({7 —x")
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Since (7 >>x,

2
p= 1
ng,l
2
= F=4 X3
ng,l

Hence, we see that F oc x and it is opposite to the direction of displacement. Therefore, the motion is SHM.

2
T=2mn E, (here k= 1 )
k 0

mme,(°
2

q

T=2n

Illustration 17:

Find out mass of the charge Q, so that it remains in equilibrium for the given configuration.

Solution:
d
h bl
q h q
f’ I
% f
= 4 Fcos®=mg q:: q,
4x __kQg _ h=mg Som= _ 4kQgh ‘

) 3/2
2

Electric Field

Electric field is the region in space in which a charge particle experiences electric force. Electrostatic field
is the region around charged particle or charged body in which if another charge is placed, it experiences
electrostatic force.

Electric field intensity E

Electric field intensity at a point is equal to the electrostatic force experienced by a unit positive point
charge both in magnitude and direction.

If a test charge qo is placed at a point in an electric field and experiences a force F due to some charges

(called source charges), the electric field intensity at that point due to source charges is given by E = £ .

4,
If the E is to be determined practically then the test charge go should be small otherwise it will affect the
charge distribution on the source which is producing the electric field and hence modify the quantity which
is measured.
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Illustration 18:
A positively charged ball hangs from a long silk thread. We wish to

measure E at a point P in the same horizontal plane as that of the

hanging charge. To do so, we put a positive test charge qo at the point q qo

and measure F/qo. Will F/qo be less than, equal to, or greater than E at QP

the point in question?

Solution:

When we try to measure the electric field at point P then after placing the test charge at P, it repels the

F
source charge (suspended charge) and the measured value of electric field Emcasurea =— will be less than
4,

the actual value E., that we wanted to measure.

Physical significance of electric field:

You may wonder why the notion of electric field has been introduced here at all. After all, for any system
of charges, the measurable quantity is the force on a charge which can be directly determined using
Coulomb’s law and the superposition principle [Eq. (1.5)]. Why then introduce this intermediate quantity
called the electric field? For electrostatics, the concept of electric field is convenient, but not necessary.
Electric field is an elegant way of characterising the electrical environment of a system of charges. Electric
field at a point in the space around a system of charges tells you the force a unit positive test charge would
experience if placed at that point (without disturbing the system). Electric field is a characteristic of the
system of charges and is independent of the test charge that you place at a point to determine the field. The
term field in physics generally refers to a quantity that is defined at every point in space and may vary from
point to point.

Electric field is a vector field, since force is a vector quantity. The true physical significance of the concept
of electric field, however, emerges only when we go beyond electrostatics and deal with time-dependent
electromagnetic phenomena. Suppose we consider the force between two distant charges qi, g2 in
accelerated motion. Now the greatest speed with which a signal or information can go from one point to
another is, the speed of light. Thus, the effect of any motion of g1 on g2 cannot arise instantaneously. There
will be some time delay between the effect (force on g2) and the cause (motion of gq1). It is precisely here
that the notion of electric field (strictly, electromagnetic field) is natural and very useful. The field picture
is this: the accelerated motion of charge g: produces electromagnetic waves, which then propagate with
the speed c, reach g, and cause a force on g.. The notion of field elegantly accounts for the time delay. Thus,
even though electric and magnetic fields can be detected only by their effects (forces) on charges, they are
regarded as physical entities, not merely mathematical constructs. They have an independent dynamic of
their own, i.e., they evolve according to laws of their own. They can also transport energy. Thus, a source
of time-dependent electromagnetic fields, turned on for a short interval of time and then switched off,
leaves behind propagating electromagnetic fields transporting energy. The concept of field was first
introduced by Faraday and is now among the central concepts in physics.

Properties of electric field intensity E

)] It is a vector quantity. Its direction is the same as the force experienced by positive charge.

(ii) Direction of electric field due to positive charge is always away from it while due to negative charge,
always towards it.

[16] www.allen.in
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(iii)  Its S.I. unit is Newton/Coulomb.

(iv) Its dimensional formula is [MLT-34-1]

(v) Electric force on a charge g placed in a region of electric field at a point where the electric field
intensity is E is given by F :qE' .
Electric force on point charge is in the same direction of electric field on positive charge and in
opposite direction on a negative charge.

(vi) It obeys the superposition principle, that is, the field intensity at a point due to a system of charges
is vector sum of the field intensities due to individual point charges.
iLe. E=E, +E,+E, + ...

(vii)  Itis produced by source charges. The electric field will be a fixed value at a point unless we change

the distribution of source charges.

Illustration 19:
Electrostatic force experienced by -3 pC charge placed at point P due to a °P
system S of fixed point charges as shown in figure is F = (Zlf +9}) uN.

)] Find out electric field intensity at point P due to S.

(i) If now, 2 uC charge is placed and -3 pC is removed at point P then

force experienced by it will be.

Solution:

(i) F=qE = (21i +9)uN =-3uC(E)

=N E=—7f—3j'ﬂ
C

(ii)  Since the source charges are not disturbed the electric field intensity at P will remain same.

F'=+2(E)=2 (-7?-3}):(-14?-6}) uN

Illustration 20:
Calculate the electric field intensity which would be just sufficient to balance the weight of a particle of
charge -10 mC and mass 10 mg. (Take g = 10 ms?)

Solution:
As force on a charge g in an electric field E is ﬁ; =qE Fe

So, according to given problem:

|F.|=IW] Ag¢a |E
Where W = weight of particle
ie., |q|E = mg w
. mg : N
ie, E= ﬁ =10 N/C, in downward direction.
q

www.allen.in [17]
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Illustration 21:
Find out electric field intensity at point A (0, 1m, 2m) due to a point charge -20uC situated at point

B(\2m, 0, 1m).
Solution:

= r = Position vector of A - Position vector of B = (—\/Z:+}+]G)

and |7 | =20 +(1Y+(1) =2

F= K0y KO,
IFPIrP
9 -6 ~ A A A
5=2x10 X(:O”O ) (Vi 4]+ k)= -22.5 %100 (-2 + ]+ ) N/C

Illustration 22:

Two point charges 2uC and - 2uC are placed at points A and B as shown in figure. Find out electric field
intensity at points C and D. [All the distances are measured in meter].

AY
(0,¥2)4 p
(—V2,0) | (V2,0) (2vZ,0) .
A B ¢
2uC —2uC

Solution:
Electric field at point C':
Electric field due to positive charge is away from it while
due to negative charge, it is towards the charge. It is clear
that Ep > Ex. Ep Ey
Ene: = (Eg - E4) towards negative X-axis
= k(2uC) _k(zuc) towards negative x-axis
(V2y 32y

= 8000 (-i) N/C
Electric field at point D.

2uc —2ucC C

Since magnitude of charges are same and also AD = BD.
SO, EA = EB

Vertical components of E‘A and E‘B cancel each other while D

horizontal components are in the same direction. 0 , 2E, cos 6
: B
2.k(2uC
So, Enet = 2E4 cos0 = % cos45° A_A16 0 B

(—V2,0) (\/E', 0)

_kx10" 9000+

NG —\/EIN/C.
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Variation of Electric Field Intensity on the line joining two point charges:

Variation of electric field for charges +q and +q separated by a distance r.

+q +q

e ———— ——————————————
) —————————————

Variation of electric field for charges +q and -q separated by a distance r.

R et ECEE e
B el i T

Variation of electric field for charges +q and +4q separated by a distance r.

+q +4q

e —— ) —————————————
e ——— ) —————————————

Illustration 23:

Two-point charges -8q and q are kept at a distance of r. Variation of electric field is as shown in figure. Find
value of ry, 1, and 3.

-8

=

N

=

[
e —————————————
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Solution:
Electric field atr, = 0
k8q _ kq

So

r
r, = ————
P21

r

r,= to the left of charge +q
o241 8
Now for r; and r3:
k
E, =—? and E,= 8kq >
X (r+x)
8kq  kq
e (r+x)2 X’

dE . . : .
Now d—”e‘ =0 to get position where E is maximum or minimum.
D'

—r

x=r, —, So r=r
3 1

and r, =§ to the left of charge +q

Variation of Electric Field Intensity on perpendicular bisector of line joining two point charges:

E.,. =2Ecos0

_ 2kq X 2kagx
X+r’ x* +R? (x2+R2)%
2kgx
Enetz—qE
(XZ+R2)2

For two-point charges (same charges) on
perpendicular bisector Electric Field Intensity is

: R
max at distance —.

2

+
o]

=

o]

+
Q0

Electric field due to uniformly charged wire:

L e

(i) Line charge of finite length: Derivation of expression for intensity of electric field at a point due

to line charge of finite size of uniform linear charge density A. The perpendicular distance of the

point from the line charge is r and lines joining ends of line charge distribution make angle 6; and

0, with the perpendicular line.

[20]
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Consider a small element dx on line charge distribution at distance x from point A (see fig.). The
charge of this element will be dq = Adx. Due to this charge (dq), the intensity of electric field at the
point Pis dE.

k(dq) k(A dx)

2

Then, dE = =
re+xt ro+x

There will be two components of this field: dEx and dE, r 6,

Kdx A o F
cos0

Ei= IdEX =IdEcosO=Ir2+X2.

Assuming, x = r tan® = dx = r sec20. do

+0;

29. . kn
so E. = J~ k szsec 26 cozse do _ KA jcose.de
%, re+r-tan” 0 ros,
ke
Ey=— [sin 61 + sin 0;] (1)
r
Similarly y-component. A
k}\. +6; .
E, = - Ism@.d@ .
762
kA
E,=— [cos0; - cosO1] (2) dx{
r

Net electric field at the point: Enet = \[EZ +E>

(ii) We can derive a result for infinitely long line charge: In above eq. (1) and (2), if we put
01 =02 =90° we can get required result.

2k,
Enet = Ex= —
r
(0¢]
T E «<—
......... - E : ;
1 r -
(00]
(iii) For Semi- infinite wire: ®
8;=90° '
and 6,=0°
K,
so, Ey=—
L S — Ex
ko, r ‘
E= —
r Ey

www.allen.in [21]
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Illustration 24:

Figure shows a long wire having uniform charge density A as shown in figure. Calculate electric field
intensity at point P.

®
A
BT
—>
r
Solution: o
01=90° '

and 0:=360°-37°

So Ex=E, =M [sinB:1+ sin6;]
r
E, =— [cos0; - cosO1]
r

Illustration 25:

Find electric field at point 4, B, C, D due to infinitely long uniformly charged wire with linear charge
density A and kept along z-axis (as shown in figure). Assume that all the parameters are in S.I. units.

-0
_ZT i
’D (3P4J_6)
A
(0,0,0) ,__._,x
- ABO0)
B (0:410) .............................. .‘
C (3,4,0
; ( )
(0]
Solution:
2k - 2k~
Ex = T(’) ; Ep = T(])
2kL ~  2kA(3i+4) 2kA(3i+4]
B = XOC= A 3i+4j ; ED=—x 3i+4j — Ey=E,
5 5 5 5 5
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Electric field due to a uniformly charged ring and arc.
Derivation of electric field intensity at the centre of a uniformly charged semi-circular ring of radius R
and linear charge density A.

The arcis the collection of large number of point charges. Consider
a part of ring as an element of length Rd0 which subtends an angle d6

at centre of ring and it lies between 0 and 6 + d6
dE =dE.i +dE, |

Ec= IdEX =0 (due to symmetry)

¢ k) % 2k,
and  E,= [dE, = [dEsin0=— [sin0.d0 = =~
g 0 R 0 R

Illustration 26:

Find out electric field intensity at the centre of uniformly charged quarter ring of radius R and linear charge
density A.

Solution:

Refer to the previous question dE =dE,i + dE, }

kA »
On solving Epe: = ?(i +J)

Derivation of electric field intensity at a point on the axis at a distance x from centre of uniformly

charged ring of radius R and total charge Q.
dq

l\%‘ dEx= dE CcoSs 9

dEy=dE sin 6

Consider an element of charge dq. Due to this element, the electric field at the point on axis, which is at a
distance x from the centre of the ring is dE.

There are two components of this electric field dE, and dE|,.

The y-component of electric field due to all the elements will be cancelled out to each other. So net electric
field intensity at the point will be only due to X-component of each element.

Enetzj.dEX = IdEcosG

Q 0
k(d k
:J. 2( q)zx 2X - = > )23/2"‘ q
cRP+x* R +x (R*+x%)%
kQx

Enet = —[Rz —|—X2]3/2
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Graph for variation of E with r.
E

Emax |7\

> T

V2

|
| =
Sl o

E will be max when d—E =0,
dx

and Emax = ZI(—Q

33 R?

. Hence the ring will act like a point charge.

thatis atx -i
ND)
k
Case (i): Ifx>>R E :—?
X

k
Case (ii) : If x << R, E:%

Illustration 27:

Positive charge Q is distributed uniformly over a circular ring of radius a. A point particle having a mass m
and a negative charge -q, is placed on its axis at a distance x from the centre. Find the force on the particle.
Assuming x << g, find the time period of oscillation of the particle if it is released from there.

(Neglect gravity)

Solution:

When the negative charge is shifted at a distance x from the centre of the ring along its axis then force
acting on the point charge due to the ring:

kQx }

(02 +X2 )3/2

E

Fr = qE (towards centre) = q{

If a>>xthen a2+ x2=q?
1 Qgx

3

FE_

= (Towards centre)
4me,

Since, restoring force Fr o X, therefore motion of charge the particle will be S.H.M.
Time period of SHM

3 3 1/2
T=2n\/%=2n I m _{ l6n’e ma }

0 ) Qq
4me,a’
Illustration 28:

Calculate electric field intensity at a point on the axis which is at distance x from the centre of half ring,

having total charge Q distributed uniformly on it. The radius of half ring is R.
Solution:

Consider an element of small angle d¢ at an angle ¢ as shown.
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Coordinates of element: (R cos ¢, R sin ¢, 0)
Coordinates of point: (0, 0, x)

Now electric field due to element:

— _ k(ARd¢)-[~Rcos ¢i — Rsin¢j + xk]

dE
(R*cos® o+ R*sin® ¢+ x*)*/?
T 2
E= [dE, = ~[<2Rcos0dp
o (R +x7)
t kAR? sin ¢pdd 2k\R? 2kQR

Ey— J.dE —_'[ (R2+X )3/2 _(R2+X2)3/2 :n(R2+X2)3/2

(R?+x*)%  (R*+x*)/?

B, = _[ dE, ]3 kARxdd kQx
0

[ a— kQ AR?
_ 2 2 2 _ 2
Enet— Ex+Ey+Ez _(R2+X2)3/2 Tcz +X

Alternate solution:

Consider an element of charge dq at an angle ¢
on circumference of half ring. Due to this
element electric field at the point on axis,

which is at a distance x from the centre of half
ring is dE. This electric field can be resolved

into three component.
/2
j dE sinOsin¢ =0
-n/2

/2

kQx
Ex= dEcosf = ———
X _T'!‘/Z [R2+X2]3/2 d|E
n/2 I | I
j dE sinBcos ¢ j sin6. cosd dEx dEy dEz

2
-n/2

R
dq = ARd¢ and sin  =——=
R* +x*
2kARsin©®
R* +x*

= Enet =+JEZ +E}

Electric field due to a uniformly charged disc.

So E& =

Now we are going to derive the expression of electric field intensity at a point P which is situated at

a distance x on the axis of uniformly charged disc of radius R and surface charge density o. Also, derive

results for:
()x>>R (ii)x<<R

www.allen.in

[25]



ALLEN JEE (Main + Advanced) : Physics

The disc can be considered to be a collection of large
number of concentric rings. Consider an element of dr
the shape of rings of radius r and of width dr. Electric X Q/\m
field due to this ringatPis | ¥ ¢ L | - - ﬁ‘—,’
b= X
re+x
Put, rZ2+x2=y?2

2rdr = 2ydy
dE = k.cZn);.dy.x — JkoTx yd3y
y y
Electric field at P due to all rings is along the axis:
JE 1 N
E=J.dE = E=2konx I —dy = 2kpnx. {——}
X y y X

2K P 1 ! } 2k {1 X }
=2Konx| +————| =2kon |1 ———
X R? +x* \/R2 +x?2

(¢}

X
1-———=| along the axis
28, { VR? + X }

Cases: (i) Ifx>>R

o X - RZ 1/2
E=—|l-———|=—|1-| 1+
2¢, R? 2¢, X
X\ —+1
X
1 2 2 2
2 [1-1+= R—Z + higher order terms] == R—z _ OTR > = ¢ >
2g, 2 x g, x° Ame,x”  4megx

i.e., behaviour of the disc is like a point charge.

(ii) Ifx<<R
c

E=— [1-0]= —
2¢, 2¢,

i.e., behaviour of the disc is like infinite sheet.

o . .
Eret = 2— towards normal direction
I3

Illustration 29:

Calculate electric field at a point on axis, which at a distance x from centre of uniformly charged disc having

surface charge density o and R which also contains a concentric hole of radius r.
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Solution:

Consider a ring of radius y (r <y < R) and width dy
concentric with disc and in the plane of the disc.
Due to this ring, the electric field at the point P

e = »
[x* +y°T o« —dE
R P
_ [fxo(@my)dy ..o _
Epet = !‘W [ . dq = ()'Zﬁydy]
Put x2+y2=t
2y.dy=dt
2nokx < dt ox 1 1
Epet= —— _[ =z =5 - away from centre
2 et 2, x/x2+r2 \/xZJrR2
Alternate method:
We can also use superposition principle to solve this problem.
(i) Assume a disc without hole of radius R having surface charge density + .
(ii) Also assume a concentric disc of radius r in the same plane of first disc having charge density - c.

Now using derived formula in last example the net electric field at the centre is :

c 7 2 oX 1 1
E,=E, +E =_— - away from centre.
28 | rP+x* YR +x°

Electric field due to uniformly charged infinite sheet

9 . .
Eret = 2— towards normal direction,
€

[

This field is applicable whenever x << R, means distance of the point of observation is very small in
compared to the size of the charge sheet.

Illustration 30:

If an isolated infinite sheet contains charge Q: on its one surface and charge Q- on its other surface then

prove that electric field intensity at a point in front of sheet will be ,where Q= Q1 + Q-.

0
Solution:
Electric field at point P:

- - - A A + A A
E=E, +E, = an+an=Q1 QZn: Y
! P 24, 24¢, 24¢, 24¢,
Q | Q
P Q, Q,
——> — + —
2Ag, 2Ag,

[This shows that the resultant field due to a sheet depends only on the total charge of the sheet and not on
the distribution of charge on individual surfaces].
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Illustration 31:

Three large conducting parallel sheets are placed at a finite distance from each other as shown in figure.
Find out electric field intensity at points 4, B, C and D.

Q -2Q 3Q
Al B| C | D y
o [ ] Y °
X
Solution:
For point A:
Q -2Q 3Q
A
Eq Esq Ex
Enet:EQ+E3Q+E_2Q = - Q ;_ 3Q ;-i- ZQ ;:—i;
24¢, 24¢, 24¢, Ag,
For point B:
Q -2Q 3Q
E.ZQ
Esx B Eql
B, =E,+E,,+E,
= BQ;+2Q;+Q;=6
24, 24e, 2A4¢,
For point C:
Q -2Q 3Q
Ezq Eq
E-ZQ‘ c
B =Eq+Ey +E 5
A ~ 20 - 20
=+ ¢ 1- 3Qi QI:__QI'
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For point D: Q -2Q 3Q
E, =E,+E,,+E
. » . Eq Esq
:+Qi+3Qi—zQi ——o> >
24e, 24g, 24g, Ezq D
_20:
Ae

Illustration 32:
Determine and draw the graph of electric field due to infinitely large non-conducting sheet of thickness ¢t

and uniform volume charge density p as a function of distance x from its symmetry plane.
t t

(a) Forx<— (b) Forx>—
2 2

Solution:

t t
(a) We can consider two sheets of thickness (E - Xj and (E + xj

t
Where the point P lies inside the sheet. 2 tX 7 %
—> —>
Now, net electric field at point P:
E=Ei1-E;= @ & E2  Ei
24g, 24, ——
P
[Q1: charge of left sheet; Q- : charge of right sheet.]
t t
Ap| —+x |—-pA| = —x
el
24¢, €
(b) For point which lies outside the sheet we can consider a complete sheet of thickness ¢
JELIN Q
24¢,
_GotA _ ot
24g, Z2g, .
—
Alternate : We can assume thick sheet to be made of large
number of uniformly charged thin sheets. Consider an E(’ |

elementary thin sheet of width dx at a distance x from
symmetry plane.

Charge in sheet = pAdx (A : assumed area of sheet)

Ad
Surface charge density, ¢ = P 1 X
o . pdx
So, electric field intensity due to elementary sheet : dE = 9e
80
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(a) When x < %

Es
X 5d t/2
o Bues | POX odx_px
2 2¢, © 28, §
6
(b) Whenx>
x> — _
2 tan 0 = p/eo
t/2
dx t
= Enet = J. p_ = p_
228 28
o0
H
Illustration 33:
N N
Thin infinite sheet of width w contains uniform
charge distribution o. Find out electric field
intensity at following points :
(a) A point which lies in the same plane at a
distance d from one of its edge. L
(b) A point which is on the symmetry plane of +
sheet at a perpendicular distance d from it. *®
Solution: .
(a) Consider a thin strip of width dx. Linear
charge density of strip: U |
A =odx
So, electric field due to this strip at point P .
X
dE=2k(5dX — |l X P dE
X
d+w O dX
Ener = —
“ '[d 2me, X
N | N
c (d + wj ‘l‘
= ln
2me, d
o0
(b) Consider a thin strip of width dx. Linear
charge density of strip: dE i dE
A = odx i
E,= IZdE cos9 '
w/2 odx d SN
or E,= 2. . Saan
IO 2n80\/d2+x2 Jd? +x* s 0 Eg ™.
od w2z dx c w L p— W
= — —— =—tanl— x dx
ne, 0 d°+Xx°  mg, 2d
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Motion of Charged particle under electric field:

—H
qo E

T

:qOE

If qo is +ve then F in the direction of E .

If qo is -ve then F in opposite to £ .

Illustration 34:
An infinitely large plate of surface charge density +c is lying in horizontal xy-plane. A particle having
charge -q, and mass m is projected from the plate with velocity u making an angle 6 with sheet. Find :

u

~ 0 +c
------------ [ F+rF++FFFF -+ -+ ¥+ + P

(i)  The time taken by the particle to return on the plate.

(ii) Maximum height achieved by the particle.

(iii) At what distance will it strike the plate (Neglect gravitational force on the particle)
Solution:

i] downward
2¢

o

Electric force acting on the particle F. = q.E : Fe = (q,) (

F c
So, acceleration of the particle:a= % = 40 Uniform

m 2em

This acceleration will act like ‘g’ (Acceleration due to gravity).
So, the particle will perform projectile motion.

. . 2 .2 2 .2 2 . 2 -

0 T=2usm9 _ 2usin6 (ii) poYsin 0 _u'sin"0 (iii) Rl sin20 _ u”sin26
g eff qo 9 deﬁc 2 qa o geff qo o
2g,m 2g,m 2e,m
Illustration 35:
_ _ _ R Sheet

A block having mass m and charge Q is resting on a 4
frictionless plane at a distance d from fixed large L (o)
non-condl-lctlr-lg infinite sheet of uniform charge density —c |—m—| QE
as shown in Figure. 7777 TITITI777
Assuming that collision of the block with the sheet is < d >

perfectly elastic, find the time period of oscillatory motion mg
of the block. Is it SHM?
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Solution:

The situation is shown in Figure. Electric force produced by sheet will accelerate the block towards the
sheet producing an acceleration. Acceleration will be uniform because electric field E due to the sheet is
uniform.
a=— = —,where E=c/2g
m m

As initially the block is at rest and acceleration is constant, from second equation of motion, time taken by
the block to reach the wall

1
d= - at?

2
. /Zd 2md 4mde,
l.e., t=,— = =
a QE Qo

As collision with the wall is perfectly elastic, the block will rebound with same speed and as now its motion

is opposite to the acceleration, it will come to rest after traveling same distance d in same time t.
After stopping, it will again be accelerated towards the wall and so the block will execute oscillatory motion
with 'span' d and time period.

T=2t=2 2md
QE
=9 4mde,
Qo

However, as the restoring force F = QF is constant and not proportional to displacement x, the motion is
not simple harmonic.

Electric field lines or electric lines of force:

The line of force in an electric field is an imaginary line, the tangent to which at any point on it represents
the direction of electric field at the given point and strength of field is proportional to the field lines density
(number of field lines per unit cross-sectional area).

Properties:

(i) Line of force originates out from a positive charge and terminates on a negative charge. If there is
only one positive charge, then lines start from positive charge and terminates at o. If there is only
one negative charge, then lines start from o and terminates at negative charge.

ELOF of Isolated positive charge ELOF of Isolated negative charge
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(ii)

(iii)

(iv)

v)
(vi)
(vii)

ELOF due to equal positive ELOF due to two equal
and negative charges positive charges

Two lines of force never intersect each other because there cannot be two directions of E at a

7< Impossible

Electric lines of force produced by static charges do not form closed loop.

single Point

If lines of force make a closed loop, then work done to move a +q charge along the loop will be
non-zero. So, it will not be conservative field. So, these type of lines of force are not possible in

D

The Number of lines per unit area (line density) represents the magnitude of electric field.

electrostatics.

If lines are dense = E will be more

If Lines are rare = Ewill be less

If E =0, no line of force will be found there

Number of lines originating (terminating) at a charge is proportional to the magnitude of charge
Electric lines of force end or start perpendicularly on the surface of a conductor.

Electric lines of force never enter into conductors.
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Illustration 36:

If a charge is released in electric field, will it follow lines of force?

Solution:

Case I : If lines of force are parallel (in uniform electric field) :

In this type of field, if a charge is released, force on it will be q,E and its direction will be along. So
the charge will move in a straight line, along the lines of force.
Case II: If lines of force are curved (in non-uniform electric field) :

The charge will not follow lines of force.

Illustration 37:

A charge + Qs fixed at a distance d in front of an infinite metal plate. Draw the lines of force indicating the
directions clearly.

Solution:

There will be induced charge on two surfaces of conducting plate, so ELOF will start from +Q charge and
terminate at conductor and then will again start from other surface of conductor.

Electric Flux

Consider some surface in an electric field E . Let us select a small area element dS on this surface. The

electric flux of the field over the area element is given by d¢ = EdS
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Direction of dS is normal to the surface. It is along n
or d$ = EdS cos ©

do = E
or ¢ = (E cos 0) dS ods -
or dd=E,dS
where E, is the component of electric field in the direction of ds.

The electric flux over the whole area is given by ¢ = L EdS = L E dS.
If the electric field is uniform over that area then ¢ = E-S.
Special Cases:

Case I: If the electric field is normal to the surface, then angle of electric field E with normal will be zero.
S

So ¢=EScos0° or ¢=ES

Case II: If electric field is parallel of the surface (grazing), then angle made by E with normal = 90°.

So ¢=EScos90°=0

Physical Meaning:

The electric flux through a surface inside an electric field represents the total number of electric
lines of force crossing the surface. It is a property of electric field.

Unit:

(i) The SI unit of electric flux is Nm2 C-1 (Gauss) or J m C-1.

(ii) Electric flux is a scalar quantity. It can be positive, negative or zero.

Illustration 38:
.03 . 4 .
The electric field in a region is given by E :gEoi +EE0j with Eo = 2.0 x 103 N/C. Find the flux of this field

through a rectangular surface of area 0.2m? parallel to the Y-Z plane.
Solution:

= < 3.+ 4+ A N-m’
op= E-S = (EEOH—EE()]). (0.21)_ 240—
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Illustration 39:
A point charge Q is placed at the corner of a square of side a, then find the flux through the square.

Q

Solution:
The electric field due to @ at any point of the square will be along the plane of square and the electric field
lines are perpendicular to square ; so ¢ = 0. In other words we can say that no line is crossing the square
so, flux = 0.

Illustration 40:
Find the electric flux due to a point charge 'Q' through the circular region of radius R if the charge is placed
on the axis of ring at a distance x.

Solution:
We can divide the circular region into small rings.

—_—

+
A0 0
—

Let's take a ring of radius r and width dr. Flux through this small element d¢ = E ds cos 6

i kQ X Q b's
nee= | Edscos@= —=— 2urdr) | ——==| = —|1-——=
e I r‘L (x*+r%) ( ) [ x2+r2J 28| NX*+R
Case III: Curved surface in uniform electric field.
(i) Suppose a circular surface of radius R is placed in a uniform electric field as shown.

Flux passing through the surface ¢ = E (nR?)
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(i) Now suppose, a hemispherical surface, is placed in the electric field. Flux through
hemispherical surface:

ds

o =] Eds cos 0
o =E]dscos0
where, | ds cos 6 is projection of the spherical surface Area on base.

and J.ds cosO = R*

So, ¢ = E(nR?) = same answer as in previous case

So, we can conclude that.

Note:

If the number of electric field lines passing through two surfaces are same, then flux passing
through these surfaces will also be same, irrespective of the shape of surface.

¢1=¢2 = ¢3 = E(nR?)

Case IV: Flux through a closed surface :

Suppose there is a spherical surface and a charge 'q' is —>dS -

placed at centre. X4

Flux through the spherical surface ?'

) =J. E.ds= I Eds (as E isalong ds (normal)) ) i
1 ‘

) ¢ I ds where, j ds = 4nR*

) 4rne, R?

¢=[ - 3](475132):» <|>=82

4me, R

o
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Now if the charge Q is enclosed by any other closed surface, still same no of lines of force will pass
through the surface.

So, here also flux will be ¢ = g That's what Gauss Theorem is.
€

o

Gauss's Law in Electrostatics or Gauss's theorem

This law was stated by a mathematician Karl F Gauss. This law gives the relation between the electric field
at a point on a closed surface and the net charge enclosed by that surface. This surface is called Gaussian
surface. It is a closed hypothetical surface. Its validity is shown by experiments. It is used to determine the
electric field due to some symmetric charge distributions.

Statement and Details:
Gauss's law is stated as given below:
The surface integral of the electric field intensity over any closed hypothetical surface (called Gaussian

1
surface) in free space is equal to — times the total charge enclosed within the surface. Here, &, is the
80

permittivity of free space.

If S is the Gaussian surface and Zqi is the total charge enclosed by the Gaussian surface, then according
i=1

to Gauss's law,

n

o= fE-ds=— g

80 i=1

The circle on the sign of integration indicates that the integration is to be carried out over the closed surface.

Note:
(i) Flux through Gaussian surface is independent of its shape.
(i) Flux through Gaussian surface depends only on total charge present inside Gaussian surface.

(iii)  Flux through Gaussian surface is independent of position of charges inside Gaussian surface.
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(iv) Electric field intensity at the Gaussian surface is due to all the charges present inside as well as

outside the Gaussian surface.

(v) In a closed surface incoming flux is taken negative, while outgoing flux is taken positive, because n

is taken positive in outward direction.

(vi) In a Gaussian surface, ¢ = 0 does not imply E = 0 at every point of the surface but E = 0 at every

point implies ¢ = 0.

Illustration 41:

Find out flux through the given Gaussian surface.

oqs=2uC

e qs=3uC

Gaussian surface

Solution:

Q, _ 2uC-3uC+4uC _ 3x10°
&

o= Nmz/C
€

0 0 €

Flux through open surfaces using Gauss’s Theorem:

Illustration 42:

A point charge +q is placed at the centre of curvature of a

hemisphere. Find flux through the hemispherical surface.
Solution:

Lets put an upper half hemisphere. Now, flux passing

through the entire sphere = 1
80
As the charge g is symmetrical to the upper half and lower

half hemispheres, so half-half flux will emit from both the

surfaces. «

Flux emitting from lower half surface = Zi
€9

Flux emitting from upper half surface = 4
80

www.allen.in
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Illustration 43:

A charge Q is placed at a distance a/2 above the centre of a horizontal, square surface of edge a as shown
in figure. Find the flux of the electric field through the square surface.

a

Solution:

We can consider imaginary faces of cube such that the charge lies at the centre

of the cube. Due to symmetry, we can say that flux through the given area (which Q
[ ]
is one face of cube), ¢ = Q
€y

Illustration 44:
Find flux through the hemispherical surface.

Solution:
)] Flux through the hemispherical surface due to
+q = 4 (we have seen in previous examples)
80
(ii) Flux through the hemispherical surface due to +qo is 0,
because due to +qq, field lines entering the surface

= field lines coming out of the surface.

Illustration 45:

Flux (in S.I. units) coming out and entering a closed surface is shown in the figure. Find charge enclosed by
the closed surface.

30

I

I

10 «— — 20

I

15
Solution:
Net flux through the closed surface

=+20+30+10-15=45Nm?/c
From Gauss's theorem : {net = Jin or 45 = G qin = (45)¢&o
€9 €y
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Finding electric field from Gauss’s Theorem:

. - o> q
From Gauss's theorem, we can say IE.ds = Qpee = —+

€y

Finding E due to a spherical shell:
Electric field outside the Sphere: 4
Since, electric field due to a shell will be radially outwards.
So, lets choose a spherical Gaussian surface Applying Gauss’s
theorem for this spherical Gaussian surface,

J.E(ZS' =¢net= in = i <
€ €

o o

As E is normal to the surface

IE.L75=IEdscosO° =E jds

(because value of E is constant at the surface)
= E (4nr?)

(- Ids total area of the spherical surface = 4 nr?)

—~  E@mn)=ln

€9

q
4me r?

Eout =

Electric field inside the sphere:

IEC;;:(I)net: q_m =0
€

IECZ? =J.EdscosO° :EIds =E (4nr?)

= E(4nr2)=0
E,‘ =0

Illustration 46:

Figure shows a uniformly charged sphere of radius R and total charge Q.

A point charge q is situated outside the sphere at a distance r from centre Q

of sphere. Find out the following :

(i) Force acting on the point charge g due to the sphere. oq
(ii) Force acting on the sphere due to the point charge.

Solution:

= kQ .
)] Electric field at the position of point charge E = r—er

=~ kqQ . Y
So, iner = |F|= qZQ
r
(ii) Since we know that every action has equal and opposite reaction so
5 _kaQ
sphere — rz
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Illustration 47:

Figure shows a uniformly charged thin sphere of total charge Q and

radius R. A point charge q is also situated at the centre of the sphere. °B

Find out the following:

(i) Force on charge q.

(ii) Electric field intensity at A.

(iii)  Electric field intensity at B.

Solution:

(i) Electric field at the centre of the uniformly charged hollow sphere = 0
So force on charge g =0

(i) Electric field at A

Lk
E, =E 1,

+E =0+

Sphere q r2

E due to sphere = 0, because point lies inside the charged hollow sphere.

e : = 5 _kQ . kq . k(Q+q) .
(iii)  Electricfield E, atpointB=E,,  +E = r—z.r+r—2.r = r—z.r

;r=CB

Note:

Here, we can also assume that the total charge of sphere is concentrated at the centre, for calculation of
electric field at B.

Illustration 48: Q2
Two concentric uniformly charged spherical shells of radius R: and Q

R> (R2> R1) have total charges Q1 and Q. respectively. Derive an expression

of electric field as a function of r for following positions. @
() r<mk R;
(i) Risr<R;

(iii) r=R.

Solution:
(i) For r < Ry, therefore, point lies inside both the spheres
Enet = Enner + Eouter =0 + 0
(i) For R1 <r < Ry, point lies outside inner sphere but inside outer sphere:

Enet = Einner + Eouter

kQ, . kQ, .
—21r+0= —zlr

(ili) Forr=R;

Point lies outside inner as well as outer sphere.
kQ, . kQ,. k(Q,+
KOy, kO ;_ K(Q.+0.)

= —x1_*2Jp
r r?

ThEI'EfOI'e, Enet = Einner + Eouter =
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Illustration 49: +Q,R

A spherical shell having charge +Q (uniformly distributed)

and a point charge + qo are placed as shown. Find the force r *qo
between shell and the point charge (r>>R). ~ \ o | 7 ;

Solution:
Force on the point charge + qo due to the shell

= qoE = (qo) (k—th szqof

re r

where 7, is unit vector along OP.

From action - reaction principle, force on the shell due to the point charge will also be :

k A
Fshen = fzq (1)

Conclusion : To find the force on a hollow sphere due to outside charges, we can replace the sphere by a
point charge kept at centre.

Illustration 50:

Find force acting between two shells of radius R; and R; which have uniformly distributed charges Q: and Q-
respectively and distance between their centers is r.

+Q1,R1 +Q2,R2

Solution:

The shells can be replaced by point charges kept at centre, so force between them

+Q1,R4 +Q2 Rz
‘ r ‘
r
D o———
F +Q1 +Q2 F
F — leZQZ
r
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Electric field due to uniformly charged solid sphere:

For a solid sphere having uniformly distributed charge Q and radius R.

Electric field outside the sphere:

Direction of electric field is radially outwards, so we will choose a spherical Gaussian surface Applying
Gauss's theorem

IE(ZS‘ :(I)net:ql:2
€, &

o

J.Ecis =IEdscosO° =Ejds

= E (4nr?) < >
E (4nrz) = Q
80
Q
or Eout =
" 4me 1 |

Electric field inside a solid sphere :

For this choose a spherical Gaussian surface inside the solid sphere Applying Gauss's theorem for this
surface

- - q %TER?) Qrs
Eds = net = Zin = =
-[ s = bne €, € e R’

o

As IECZS‘ =IEdscosO° =E_[ds = E (4nr?)

Qr
=  E(4mrt)=
(nrt) = =

o

Q = Total charges

Fe Qr < contained by
- 4me R® solid sphere
" R = Radius of sphere
E,‘ = R—? r

— v

and E= ?E)—r (p = Volume charge density)
80

Illustration 51:

A solid non conducting sphere of radius R and uniform volume charge density p has its centre at origin.
Find out electric field intensity in vector form at following positions :

@  (R/2,0,0) (if) (%,%,o} (i) (R R 0)
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Solution:

(i) At (R/2, 0, 0): Distance of point from centre = \/(R/Z)Z +0?+0* = R/2 <R, so point lies inside the

sphere, so E= or =L[5;}
g, 3g,| 2

ii At i,i, 0 | distance of point from centre = (R/x/i)z +(R/\/§)2 +0%* = R = R, so point lies at
'\ P

the surface of sphere, therefore

—i+
R3

4 s
kgan{R?ij}
V2 2

_ P P R ;}
3¢, [V2 V2
(iii)  The point is outside the sphere

.~ kO .
So, E=—3Qr
r

kéTER?)p

= —[ f/fRf [Rf + R}]

Ri +R}]

P
o |

Illustration 52:

A Uniformly charged solid non-conducting sphere of uniform volume charge density p and radius R is
having a concentric spherical cavity of radius r. Find out electric field intensity at following points, as
shown in the figure :

)] Point A

(ii) Point B v .

(iii)  PointC w ¢

(iv) Centre of the sphere

Solution:

Method-I:

)] For point A : We can consider the solid part of sphere to be made of large number of spherical shells

which have uniformly distributed charge on its surface. Now, since point A lies inside all spherical
shells so electric field intensity due to all shells will be zero.

E, =0
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(i) For point B : All the spherical shells for which point B lies inside will make electric field zero at
point B. So electric field will be due to charge present from radius r to OB.

- k%n(OB?’ -r’)p

_— 3 — 3 —_—
So, E, " o= 198"l
OB 3e, OB
(iii)  For point C, similarly we can say that for all the shell points C lies outside the shell
. k 4 R3 _ 3 . R3 _ 3 .
so, B =tBMR-Tge_ 2 KT G
[0C] 3g, [OC]

Method-II :
We can consider that the spherical cavity is filled with charge density p and also -p, thereby making net
charge density zero after combining. We can consider two concentric solid spheres: One of radius R and
charge density p and other of radius r and charge density —p. Applying superposition principle :
0 ;Azgp”z:p@u—p@)]:o

3g, 3g,

4 P
_. k| =nr(- -p
N _ p(0B) [3 ( p)L
(i) E,=E +E = + 3 OB
3g, (OB) + N
3 . 3
O SN T 7 B Yl o
3e, 3¢,(0B) 3¢, OB

k(;}n#pj k(:nr3(—p)j
(i) E =E+E, =—>—20C+—="—20C ="

S R3 _r3 pgt
oc® oc? 3g,(0C) [ loc

(iv) Eiin+ Efp=0+0=0

Illustration 53:

In above question, if cavity is not concentric and centered at point P then repeat all the steps.
Solution:

Again assume p and -p in the cavity, (similar to the previous example) :

E - +5 =PloAl  (-p)PA

FP 3g, 3e,
L 10A-Pd1=- [0P)
3e, 3e,
Note:

Here, we can see that the electric field intensity at point A is independent of position of point A
inside the cavity. Also, the electric field is along the line joining the centres of the sphere and the
spherical cavity.
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i) E =E +E <POB) , Him(p)] oy
B p -p 3¢, [PB]3

Giy B = B +E = BoRel e KEmrCell e
" foct [PCT

() B <E + B =0+ BT CPN 55
o [POT

Illustration 54:

A non-conducting solid sphere has volume charge density that varies as p = po r, where po is a constant

and r is distance from centre. Find out electric field intensities at following positions.

(i)r<R (ii)r>R

Solution:

Method I :

(i) For r<R:
The sphere can be considered to be made of large number of spherical shells. Each shell has uniform
charge density on its surface. So the previous results of the spherical shell can be used. Consider a
shell of radius x and thickness dx as an element. Charge on shell dg = (4nx2dx)pox.

P

Sk

dx

kd
Electric field intensity at point P due to shell, dE = Zq
X

Since all the shell will have electric field in same direction
R r R
E=[dE =[dE +[dE
0 0 r
Due to shells which lie between region r < x < R, electric field at point P will be zero.

|E| J-kdq 0= J-k47cx dxp,x

4nkp0
4-80

R

!

s t k.4nx? dxp p P
ii For oX 0
(i) I 48 r?
Method II:
(i) The sphere can be considered to be made of large number of spherical shells. Each shell has uniform

charge density on its surface. So, the previous results of the spherical shell can be used. we can say
that all the shells for which point lies inside will make electric field zero at that point,

2
) k[ (4mxdx)p,x .
So E =0 =20 7
(< r 4g,
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(ii) Similarly, for r > R, all the shells will contribute in electric field. Therefore :
R
kj(4nx2dx)pox .
E‘ - 0 - 0 -
(r<k) r? 4g,r’ "

Electric field due to infinite line charge (having uniformly distributed charge of charge

density A) :

Electric field due to infinitely wire is radial so we will

choose cylindrical Gaussian surface as shown is figure:

(I)net
01=0 ¢2=0 P3#0
- - q,
= |E.ds= 2
d3 I s ‘.
IEd _ M
8O
Al
Elds = —
J. 80
E(2nrt) = —
80
po h 2
2me r r

. feo
| i i cylindrical
E E | gaussian
E : ! surface
: P ‘
‘i S
| —
i i i surface (3)
L I
‘ surface (2)
(o/e]
(0/e]

-
.

Electric field due to infinitely long charged :‘:\ ®/r»}§ 4
tube (having uniform surface charge i P i /(G-S-)
density o and radius R): I - ‘./
: + * Rt :
(i)  Eoutside the tube : Lets choose a cylindrical i P i
Gaussian surface of length ¢ : i + + 4 i ¢
q,, _ o2mR( E + o+ E
(I)netz - = i i
& & ] + + 4+ i
2R i + + 4+ i
c2nR(l T N i
= Eou x 2mrl = [tog ! SNy
t - - CD _______ ,
g SR E
reg, o
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(ii) E inside the tube:
Lets choose a cylindrical Gaussian surface
inside the tube.

d)net: in = 0, So En=0
€

o

Ein=0

oo
E due to infinitely long solid cylinder of radius R i
(having uniformly distributed charge in volume = = __--- L—
Y = N
(volume charge density p)): b —] it
(i) E at outside point: E E
Lets choose a cylindrical Gaussian surface. i i y
Applying Gauss's theorem : i i
2 ! !
Ex 2nrt = dn - PXTRY i i
& g, i |
Er —————— D BN i |
pRZ N i :_ _________ .,
Eout = :
2re, i
(0]
(ii) E at inside point:
Lets choose a cylindrical Gaussian surface inside o
the solid cylinder. Applying Gauss's theorem i
Ex2nr = o =D
80
_ pxmrl
8O
r !
= Ein= pr
2g,
A E —
C l_:_, )
Enoxr i Eout & T o
r=R T
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Electrostatic/Electric potential energy:

Since Electrostatic force is a conservative force therefore whenever system will be choose such that
electrostatic force behave as internal force. We can find an expression of change in potential energy
associated with electrostatic forces by following the definition of change in potential energy, which is
“Change in potential energy is equal to the negative of work done by internal conservative forces i.e.,

AU = _VVint, cons.

Electrostatic potential energy of system of two point charges:

Consider two point charges as shown in the figure. Initial distance between them is r; and final distance is ry.

q1 qz
@ e °
I
q1 qz
e e L LR e -
I'f

To calculate change in potential energy between these two situation, we have to calculate work by
electrostatic force in doing so.

To calculate work done by electrostatic force, consider that q; is fixed and q; is at r distance from q: during
the process & further moves distance dr as shown in figure.

fix dr
@ e -—
q1 r qz

Then, work done by electrostatic force in this process is

aw =~ 9% 4,
4ne, r

I
AU=U, -, =—[dw =-—— [ D% gy
dmey ;T
or U _y- L 2% 1 aq

FoYT
4ne, r, 4me, 1,

Therefore, electric potential energy of two point charges can be defined as

vl 9%
4ne, r

+U,

0
where r is the distance between the charges & Uy is a constant. It is customary to choose Uy = 0

Ut 4%

4me, r

Few important points regarding above expression of potential energy:

(i) The choice Up = 0 is equivalent to saying that the potential energy of two charged particle is zero
only when they are infinitely far apart. This makes sense because two charged particles cease
interacting only when they are infinitely far apart.
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(i) we derived the equation for two like charges, but it is equally valid for two opposite charges. The
potential energy of two like charges is positive and of two opposite charges is negative.

(iii)  Because the electric field outside a sphere of charge is the same as that of a point charge at the
centre, therefore the above equation is also the electric potential energy of two charged spheres.

Distance ris the distance between their centres.

Electric potential energy of system having more than two charges

For a system having more then two charged particle, potential energy (electric) is equal to then algebraic

summation of potential energy of each pair of charge present in the system.

Therefore, U:lzn: iiﬂ, i#]

279 Sé4ne, r

Few points regarding above expression:

)] In this expression, electrostatic potential energy of system is taken as zero, when distance between
each two pair of charge of system is zero.

(ii) For the proof of above expression, superposition of electric force is used (try to prove above
expression by yourself).

(iii)  Value of charges (gi and g;) should be kept with sign.

Illustration 55:

A particle of mass 40 mg and carrying a charge 5 x 10-9 C is moving directly towards a fixed positive point
charge of magnitude 10-8 C. When it is at a distance of 10 cm from the fixed point charge it has speed of
50 cm/s. At what distance from the fixed point charge will the particle come momentarily to rest? Is the
acceleration constant during the motion?

Solution:

If the particle comes to rest momentarily at a distance r from the fixed charge, then from conservation of
energy, we have?

1

2w + Q_ 1t &

4rne, a 4me, r

1 1 1
Substituting the given data, we get: 2 x 40 x 10-6 x 2 x 2 =9 x109x5x10-9x10-8 [1—10}
r
1 -6
or, 1 10-= 5x10 8:100
r 9x5x10° 9
1 190 9
= -=— = r=——m
r 190
or, ie., r=4.7x10-2m.
As here, F = 1 Q_g
dne, 1
1
So acc.= —oc —
m r

i.e., Acceleration is not constant during the motion.
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Illustration 56:

A proton moves from a large distance with a speed u m/s directly towards a free proton originally at rest.

Find the distance of closest approach for the two protons in terms of mass of proton m and its charge e.
Solution:

As here the particle at rest is free to move, when one particle approaches the other, due to electrostatic
repulsion other will also start moving and so the velocity of first particle will decrease while of other will
increase and at closest approach, both will move with same velocity. So, if vis the common velocity of each
particle at closest approach, then by 'conservation of momentum' of the two proton system.

mu=mv+ mv

) 1
ie. v= —u
2
And by conservation of energy,
1 1 1 z
—mu?= - mv:i+ —mv?+ LIS
2 2 2 dne, r
2 2
= “muz-m| 2| = 1 & [asv= =]
2 dne, r
eZ eZ
= —mu? = = r= >
4 e r Tme,u
Illustration 57: Q
Figure shows an arrangement of three point charges. The total +q e ® +(q
potential energy of this arrangement is zero. Calculate the ratio 'y e or N
Solution:
Uys= L [—qQ L (+a)(+q) +Q(—q)}: 0
4re, r 2r r

— |

—Q+%—Q=O or 2Q= or

RIS
Q|

Illustration 58:

Two point charges, each of mass m and charge q are released when they are at a distance r from each other.
What is the speed of each charged particle when they are at a distance 2r?

Solution:

According to momentum conservation, both the charge particles will move with same speed. Now applying

energy conservation:

2 2
O+0+ki :21 mv2+ki V V
r 2 2r «—e —>
k 2
f— V= q 2r
2rm
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Illustration 59:
Two charged particles each having equal charges 2 x 10-5 C are brought from infinity to within a separation
of 10 cm. Calculate the increase in potential energy during the process and the work required for this
purpose.
Solution:

AU=Ur-U; =Ur-0=Uf
We have to simply calculate the electrostatic potential energy of the given system of charges
_kq,q,  9x10°x2x10°x2x107°x100
or 10

Work required = 36 J = equal to change in potential energy of system

AU = Uy

J=36]

Illustration 60:

Three equal charges q each are placed at the corners of an equilateral triangle of side a.

)] Find out potential energy of charge system.

(ii) Calculate work required to decrease the side of triangle to a/2.

(iii)  If the charges are released from the shown position and each of them has same mass m then find
the speed of each particle when they lie on triangle of side 2a.

Solution:
2 2 2 2
(i) U=U12+U13+U23=ki+ki+ki=ﬂ
a a a a

2 2 2
(ii) Work required to decrease the sides, W= Us- U; = 31\’/q2 _3kq = 3kq Joules
a a a

(iii)  Work done by electrostatic forces = Change is kinetic energy of particles.

2 2 1 2
Ui—Uf:Kf—I(ijﬁ—ﬁ:3(—mvz)—03 v= kq”
a 2a 2 am

Illustration 61:

Fouridentical point charges q each are placed at four corners of a square of side a. Find out potential energy
of the charge system.

q q
4? """"" *3
T S 42

q q

Solution:
U=Upz+ Uiz + Ura + Uz + Uza + U3y
_kq* k¢ kq*  kq*  kq* k¢’ _ {llkq2 Jrquz}_ quz{ 1 }

= —+ + — + — + —— + ——= 24+—
a a~/2 a a a~/2 a a a\/i a \/E
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Illustration 62:

Six equal point charges g each are placed at six corners of a hexagon of side a. Find out potential energy of
charge system.

q q
. __________ q
/ \
/ \
/ N\

/ \
¢ »
q ' / q
\ /

\ /

\ /

\ /

\ /

\b .‘I
q q
D ———

d

Solution:
U +U,+U,+U,+U,+U,

Unet = 2

Due to symmetry
Ui=U;=Uz=Us=Us=Us

2
So Uper= 30U, = 5K4 [2+i+ﬂ

a | B

Self and interaction electrostatic potential energy:

Self-energy is the total electric potential energy developed due to interaction of all the charges of the same
system with each other.

Interaction energy of one system with other system is energy developed due to interaction of charge
particles of one system with charge particles of other system.

For example consider two system A and

B as shown in figure. Vs \
! q 1 I"-:.—_.‘A_r_ —
Self energy of system ] i T Iy, e
1 H Vo Sl e laeem s ~
! 1 1 r Ss< Rt N
1 13 S <o T m——— S
__1 4% P B e
4ng, T, IERETY | il S ]
o 12 TN, 34T
N -~
1 I =" =TT Ssa L e
Self energy of system \ b el T
‘\\ q '.a_f_’—'—lr”‘ 24
B= —1 —q3q4 \‘\2 /’I
4dne, 1,
System A=qi1+ Q2 System B = g3+ qa

Interaction energy of system A with
system B

1 99, 1 a9, 1 %% 1 %49
4ne, r,; 4me, r, 4mng, r,, 4mng, r,

Note:

Here we are ignoring self energy of point charges, which are not defined.

[54] www.allen.in



®
Electrostatics and Gravitation Al-l.E.

The Electrostatic Potential

The potential energy per unit charge U/qo is independent of the value of go and has a value at every point
in an electric field. This quantity U/qo is called the electric potential (or simply the potential) V. Thus, the
electric potential at any point in an electric field is:

U

g0

Since potential energy is a scalar quantity so the electric potential also is a scalar quantity. If the test charge
is moved between two positions 4 and B in an electric filed, the charge-field system experiences a change
in potential energy. Potential is defined as the change in potential energy of the system when a test charge
is moved between the points divided by the test charge qo.

av=2Y_ _["Edi

qO A

Other physical interpretation of electric potential:
In electrostatic field, the electric potential (due to some source charges) at a point P is defined as the work
done by external agent in taking a unit point positive charge from a reference point (generally taken at
infinity) to that point P without changing its kinetic energy.

Mathematical representation:

If (Wx - p)ext is the work required in moving a point charge g from infinity to a point P, the electric potential
of the point P is

V= (Wooﬁp )ext _ (_VVEI': )oo~>p
p
q q
AK=0
Note:
(i) (W. 5 p)ex can also be called as the work done by external agent against the electric force on a unit

positive charge due to the source charge.
(i) Write both W and q with proper sign.

Properties :
(i) Potential is a scalar quantity, its value may be positive, negative or zero.
joule
(i) S.I. Unit of potential is volt = ) and its dimensional formula is [M1L2T-3]-1].
coulomb

(iii)  Electric potential at a point is also equal to the negative of the work done by the electric field in
taking the point charge from reference point (i.e. infinity) to that point.

(iv) Electric potential due to a positive charge is always positive and due to negative charge it is always
negative except at infinity. (Taking V.. = 0).

(v) Potential decreases in the direction of electric field.

(vi) V=Vi+V2+ Vs+...

Potential due to a point charge:
Derivation of expression for potential due to point charge @, at a point which is at a distance r from the point

charge.
0

Q r P
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From definition of potential

[(quB)-ar
Vzvvext(oo%p): i(qo yr :_jg.dr

qo qO
T k
= V= —J.l;—zQ(—dr)c05180‘—’ = TQ

0

Illustration 63:
Two-point charges 2uC and - 4uC are situated at points (-2m, O0m) and (2 m, 0 m) respectively. Find out

potential at point C(4m, 0 m) and D(0 m, J5 m).

eD
A § B C
@ e e °
qi=2pC {1  gz=—4pC
(-2,0) { (2,0
Solution:
Potential at point C
k(2uC) k(-4ncC ° - ° -
Vo=V 4V = (2p )+ (—4p ):9><10 x2x10™° 9x10°x4x10 = 15000 V.
W 6 2 6
k(2uC k(—4pC k(2uC) k(—4nC
Similarly, Vo = , +V, =—ei) CC) _K@ne) M40 goo0v,

NG GE A 3

Illustration 64:
When charge 10 u(C is shifted from infinity to a point in an electric field, it is found that work done by
electrostatic forces is -10 . If the charge is doubled and taken again from infinity to the same point
without accelerating it, then find the amount of work done by electric field and against electric field.
Solution:

(Wext)oo > p= (=Wetec) o > p = (Wetec)p > = 10 WJ
because AKE =0

|14
pz( ex[)oc—>p =10“] =1V

10uC  10pC
So, if now the charge is doubled and taken from infinity then
- (M/ext )oc~> p
20ucC

or (Wext)oc —SP= 20 “]
= (Welec) wop=-20 H]
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Illustration 65:

A charge 3uC is released from rest from a point P where electric potential is 20 V. What will be its kinetic
energy when it reaches infinity?

Solution:
Wetee = AK = Ky 0
(Wetec)p >0 =qVp =60 WJ
So, Ki=60

Illustration 66:
1uC charge is shifted from A to B and it is found that work done by an external force is 40/ in doing so
against electrostatic forces, then find potential difference V4 - V5.
Solution:
(Wag)ext = q(Vi = Va)
= 40 W =1uC (Vs - Va)
= Va-Vg=-40V

Relation Between Electric Field and Potential:
(D In an electric field rate of change of potential with distance is known as potential gradient.

(2) Potential gradient is a vector quantity and it’s direction is opposite to that of electric field.

(3) Potential gradient relates with component of electric field according to the following relation
dv volt
E, =——_This relation gives another unit of electric field is .
dr meter
(4) In the above relation negative sign indicates that in the direction of electric field potential
decreases.

%4
(5) Negative of the slope of the V-r graph denotes intensity of electric field i.e. tan0=—=-E
r

(6) In space around a charge distribution we can also write E :Exf +E y}'+EZI€

ov ov
where E, =——, E =_6_V and E, =——
x 7 oy 0z
(7) Potential difference between any two points in an electric field can be determined by knowing the

boundary conditions

av =—J‘:2 E.dr= —J.:Z E.drcos©

Illustration 67:

Find expression of electric field, if expression of electric potential depends on x, y and z as

v
Vza—gx2y3z
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Solution:
ov 2V
oV 3V, ,
Ey——az—a—?’o VA
E :_a_V:_ﬁ 2. 3

v . . .
So, E= —a—g[2xy32i +3x%y*z j+x*y° k}

Potential difference in a uniform electric field:
Vs-Vi=- E-AB
= Vg-Va =-|E| |AB| cos 0

=-|E|d
=-Ed
where d = effective distance between A and B along electric field.
AV
or we can also say that E = ——
Ad

Special Cases:
Case-1.Line AB is parallel to electric field.
d

Ae Be E

Ve-Vi=-Ed

Case-2.Line AB is perpendicular to electric field.

>

o--f----1---9
o,
M

o9)

Ve-Va=0 =

Note:

In the direction of electric field potential always decreases.

-““UZJ
A
il

[58]
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Illustration 68:

A uniform electric field is present in the positive x-direction. If the intensity of the field is 5N/C then find

the potential difference (Vs -V4) between two points A (0m, 2 m) and B (5 m, 3 m).

Solution:

Ve-Va=-E.AB =- (51 ).(51 + ) = -25V.
AV

The electric field intensity in uniform electric field, E = _E

Where AV = Potential difference between two points.

Ad = Effective distance between the two points.

(Projection of the displacement along the direction of electric field.)

Illustration 69:

Find out following:

(i) Va- Vs (ii) Ve- V¢ (iii) Ve-Va (iv) Vo-V¢
(V) Va-Vp (vi) Arrange the order of potential for points 4, B, C and D.
D
|_i Uniform electric
C field E=20 N/C
>
2cm . ’
A B
—>
2cm -
Solution:
() |AV,|=Ed =20x2x102=0.4 so, Va-Vp=04V
because in the direction of electric field potential always decreases.
(i)  |AV,|=Ed =20x2x10-2=0.4 so,  Ve-Vc=04V
(iii)  |AV,,|=Ed =20x4x10-2=0.8 so, Ve-Va=-08V
because in the direction of electric field potential always decreases.
(iv)  |AV,|=Ed =20x0=0 so,  Vp-Vc=0
because the effective distance between D and C is zero.
(v)  |AV,|=Ed =20x4x10-2=0.8 so, Va-Vp=08V
because in the direction of electric field potential always decreases.
(vi) The order of potential is : V4 > Vg > V¢ = Vp.
www.allen.in [59]
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Potential due to continuous charges:

Finding potential due to continuous charges

} !

If formula of E is tough, then we take If formula of E is easy then, we use
a small element and integrate V= - I Edr
V= Id %4 (i.e. for sphere, plate, infinite wire etc.)

Illustration 70:

A rod of length ¢ is uniformly charged with charge g. Calculate potential at point P.

.9

++++++++++|- -------- <P
r

Solution:

Take a small element of length dx, at a distance x from point P.

Potential due to this small element, dV = k(dq)
X tq
X =r+l d
Total potential = V= J. kdq d
I X + + + + ++++|— -------- P
Where dq = %dx dx X
q
X =r+/ k(dxj k f-{-
= V= J ¢ =—qloge (_rj
xX=r X ( r
Potential due to a ring:
(i) Potential at the centre of uniformly charged ring: g R
Potential due to the small element dg dq
k
dv= X4
R

kd
Net potential : V= J.?q
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(ii) For non-uniformly charged ring potential at the center is

T+

_ka
R

where g = total charge on the ring.

4

(iii) Potential due to half ring at center is:
----------- -,.-----------

R R

R

+q

(iv) Potential at the axis of a ring: Now we calculate potential at a point on the axis which is at a
distance x from centre of uniformly charged (total charge Q) ring of radius R.

Consider an element of charge dq on the ring. Potential at point P due to charge dq will be
k(dq)

JR* +x°

Net potential at point P due to all such element will be :

ko

VR* + X

dVv =

V:de:
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Illustration 71:

Figure shows two rings having charges Q and - \/gQ. Find Potential difference between A and B
i.e. (VA - VB).
—/5Q, 2R

09 @--mmmmmmm-

Solution:
ke, k5Q) HA5Q) | k@
R J@R) +(R) 2R (R) +(R)

From above, we can easily find V4 - V3.

Illustration 72:

A point charge qo is placed at the centre of uniformly charged ring of total charge @ and radius R. If the
point charge is slightly displaced with negligible force along axis of the ring then find out its speed when it
reaches a large distance.

Solution:

Only electric force is acting on qo

1
Welec = AK = E sz - 0

Ki
= Now (Welec)c—>oo= qo Ve= qo ?Q

By energy conservation
Kq,Q 1

— = —my2

R 2
’ZK
- V: iQ
mR

Potential due to uniformly charged disc:

A disc of radius 'R" has surface charge density (charge/area) = . We have to find potential at its axis, at
point 'P' which is at a distance x from the centre.

For this, we can divide the disc into thin rings and let’s consider a thin ring of radius r and thickness dr.
Suppose charge on the small ring element = dq. Potential due to this ring at point 'P’is:

Kdq

Jrt o+ x°

dv=
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So, net potential : V= j Kdq
’ ' Jrf+x°
Here, o =Charge/area= dq s\ Vr? 4+ x?
darea) [ g/ U/ IR T
o ; o
So, dq=cxd(area) = ¢ (an dr) X P

Here, d (area) = Area of the small ring element

= (Length of ring) x (Width of the ring) = (2nr) . (dr)

Ve J-Kcs andr
NI

To integrate it, let, r2 + x2 = y2

So,

2r dr = 2y dy. Substituting we will get :

Vo YRS 1 o(2m)ydy
e 4me, y
= V=[P
2g,
= V=2£(\/R2+x2—x)
80

If a test charge qo is placed at point P, then potential energy of this charge go due to the disc = U = qoV

= U:q{%(\/m—x)}

Graphof Vv/sx:
V= %(\/m -x)
0
at x=0,V =§ to check whether V will increase with x or decrease, lets multiply and divide by
0
conjugate.

(YR +x) "

V= i( R* +x* —x)
28, (\/ +Xx +x) Vo = oR
max — o _
2¢g,
- Ve oR® 1
28, (\/R2+x2+x) =0 > X

Now, we can say that as x T = V{ so curve will be
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Potential Due to Uniformly Charged Spherical shell:

Derivation of expression for potential due to uniformly charged hollow sphere of radius R and total
charge Q, at a point which is at a distance r from centre for the following situation

(i) r>R (i) r<R

Assume a ring of width Rd0 at angle 0 from X axis (as shown in figure). Potential due to the ring at the
point P will be

dv= K(dq) dq
\/(r —Rcos0)* +(Rsin0) /
de/ ,
Where dq = 27R sinf (Rd0)c where Q = 4nR?c o

.
°

sin0.d0

KQ j‘~
_2 ~ 2 - 2 < >
0 \/(r Rcos0)” +(Rsin0) r-R cos 0

Then, net potential VV = jdV =

oy B
~—]

K
Solving this equation, we find V= i (forr>R)
r

K
and V= ?Q for (r<R)

Alternate Method : As the formula of E is easy, we use V=- I E-dr

r —

(i) At outside point (r=R) : Vou =- J. (K—ZQ]dr
—> © r

KQ KQ

= Vo= —= -
r  (Distance from centre)

For outside point, the hollow sphere acts like a point charge.

(ii) Potential at the centre of the sphere (r=0): :Q
X+ +
As all the charges are at a distance R from the centre, X L
% X
SO V. = @ + X
y centre R + +
X +
_ KQ x %
(Radius of the sphere) ety

(iii) Potential at inside point (r < R) : Suppose we want to find potential at point P, inside the sphere.

Potential difference between Point Pand O :

P +Q R
Ve-Vo =-[E,-dF Where, Ein=0 0 e e B
0 % X
Ki + x
So Ve -V =0 :>VP=V0=—Q + +
x +
K0 K0 X %
- I/in = —= - L + X X
R (Radius of the sphere) +
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Potential Due to Uniformly Charged Solid Sphere :

Derivation of expression for potential due to uniformly charged solid sphere of radius R and total charge Q
(distributed in volume), at a point which is at a distance r from centre for the following situations.

)] r>R

(i) r<R

Consider an elementary shell of radius x and width dx

tK-4nx*dxp _KQ dx
Ve [————=—

r r

(i) For r >R:

(ii) For r<R:

J-K -Anx’dxp J-K4nx dxp

0 X

_ K
g (BR2-1r)= | p= 4Q
ZR xR
3
From definition of potential
(0 Forr >R: V= —J'KQA ar=X¢
r
. tKQ “ KQr
(ii) Forr SR:V=£r—2.dr—_1[ —dr
KQ K Ki K
:?Q—% [r2 - R?] :% [2R2 - r2 + R?] :% (BR2-r?)

Illustration 73:

Two concentric spherical shells of radius R1 and R, (R: > R1) are having uniformly distributed charges
Q1 and @, respectively. Find out potential

(i) atpointA4

(ii) atsurface of smaller shell (i.e. at point B)
(iii) at surface of larger shell (i.e. at point C)
(iv)atr<m;

(v) atRi<r<R;

(vi) atr>R;
Solution:

Using the results of hollow sphere

K K K K K K
(D) Va= @, X (ii) V= @, K% (i) Ve= @ K%
Rl RZ Rl RZ 2 RZ
KQ, K K K K K
(iv) Forr<Ry, V= i+& (v) ForRi<r<R,V=—L+ Q (vi) Forr>R;,V= @ +&
R, R, r R, r r
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Illustration 74:

Two hollow concentric non-conducting spheres of radius the a and b (a > b) contain charges Q. and Qs
respectively. Prove that potential difference between the two spheres is independent of charge on outer
sphere. If outer sphere is given an extra charge, is there any change in potential difference?

Solution:
K K
Vinnersphere = Qb + &
a
K K
Vouter sphere = & + &
a
K K
Vinner sphere — Vouter sphere = Qb _ &
b a
1 1
AV=KQy | ===
b a

Which is independent of charge on outer sphere. If outer sphere is given any extra charge, then there will
be no change in potential difference.

Potential difference due to infinitely long wire:

Derivation of expression for potential difference between two

------ 8

points, which have perpendicular distance r, and rz from
infinitely long line charge of uniform linear charge density A.

From definition of potential difference : by oA

—TI'p—

Vap=Vp-V4 = —TE% =—T&P-E‘

< r >
- B B

ra

Vas = —2K) 0n (r—Bj o

Iy

Potential difference due to infinitely long thin sheet:

Derivation of expression for potential difference between two

---Q

points, having separation d in the direction perpendicularly to a
very large uniformly charged thin sheet of uniform surface charge

density o. A
[ ]
Let the points A and B have perpendicular distance r4 and rp

—TIN—
respectively then from definition of potential difference. —d—

ry . Iy G . < I's > o
Vap=Vp=Va= —[E-dr =- Sidr
r, r 80

Ny S .
AB — 28 B A) — 28

o [
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Equipotential Surface:

Definition:

If potential of a surface (imaginary or physically existing) is same throughout, then such surface is known
as an equipotential surface.

Properties of equipotential surfaces:

(i) When a charge is shifted from one point to another point on an equipotential surface, then work
done against electrostatic forces is zero.

(ii) Electric field is always perpendicular to equipotential surfaces.
(iii) Two equipotential surfaces do not cross each other.
Equipotential surfaces for different type of charged bodies:

(i) Point charge: Equipotential surfaces are concentric and spherical as shown in figure. In figure, we
can see that sphere of radius R; has potential V; throughout its surface and similarly for other
concentric sphere potential is same.

(ii) Line charge : Equipotential surfaces have curved surfaces as that of coaxial cylinders of different
radii.

V3

Vi

(iii) Uniformly charged large conducting / non conducting sheets:
Equipotential surfaces are parallel planes.
Vi V. Vs

+++++++++

Note:

In uniform electric field equi-potential surfaces are always parallel planes.
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Illustration 75:
Some equipotential surfaces are shown in figure. What can you say about the magnitude and the direction
of the electric field ?

y(cm) N

QQ Q
Q >
/10 /20/30 / x(cm)

y@

Solution:

Here, we can say that the electric field will be perpendicular to equipotential surfaces.
AV

Also, |E|=
Ad

Where, AV = potential difference between two equipotential surfaces.
Ad = perpendicular distance between two equipotential surfaces.
60

(10sin37°)x 1072

Now there are two perpendicular directions: either

direction 1 or direction 2 as shown in figure, but since we M

know that in the direction of electric field, electric potential ‘ / /

decreases, so the correct direction is direction 2.

So |E| = =1000 V/m

Direction 2

Hence E = 1000 V/m, making an angle 127° with the x-axis. Direction 1

Illustration 76:
Figure shows some equipotential surfaces produce by some charges. At which point, the value of electric

—
-
o
<

E is larger where equipotential surfaces are closer. ELOF are L to equipotential surfaces. In the figure,
we can see that for point B, they are closer so E at point B is maximum.

field is greatest?

(50 V)
30V)

we 20V)

Solution:
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Derivation of self-energy for continuous charge system:
(i) Self Energy (P.E.) of a uniformly Charged spherical shell:

For this, lets use method 1 : Take an uncharged shell. Now bring charges one by one from infinity
to the surface for the shell. The work required in this process will be stored as potential Energy.

/—\
<~ C(Charges
‘/\

Uncharged shell

Suppose, we have given charge g to the sphere and now we are giving extra charge dq to it. Work
required to bring dq charge from infinity to the shell is

+ T a

k k
aw=(dq) (V;-V) = dw=(dq)(§-0)=§dq
kQ®

=0
K
= Total work required to give charge Q is W= j ?q dq = SR

q=o

This work will be stored in the form of P.E. (self energy)

2
So, P.E. of a charged spherical shell : U = I;%

(ii) Self energy of uniformly charged solid sphere :
In this case we have to assemble a solid
charged sphere. So, we bring the charges ..
one-by-one from infinity to the sphere so that v/ 2
the size of the sphere increases.

p
Suppose we have given charge g to the i
sphere, and its radius becomes x’. Now we i

are giving extra charge dq to it, which will ¢ . 24
increase its radius by ‘dx. ==

SelLonsmT

Work required to bring charge dq from
infinity to the sphere

k kqd
=dq (Vs- Vi) = (dq) [f—oj:%
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Total work required to give charge Q to the sphere

kqd 4
4 q,whereq= p(—nx3j
X 3

- |

R p[gnﬁ]p(élnxzdx)
and dg=p(4mdx) = W= [k

X=0

X

2
Solving, well get: W = %k% = Userr (for a solid sphere)

Illustration 77:

A spherical shell of radius R with uniform charge q is expanded to a radius 2R. Find the work performed by
the electric forces and external agent against electric forces in this process.

Solution:
2 2 2
We=Up-Up= —1— - L= 1
léne,R 8megy R 1l6ne, R
2 2 2
Wetee = Ui - Uf= 1 1 = 1

8nc,R  16me, R 16me,R

Illustration 78:

Two non-conducting hollow uniformly charged spheres of radii R1 and R, with charge Q1 and Q:
respectively are placed at a distance r. Find out total energy of the system.

Ql Qz

Solution:

Q¢ ., 9 Q9

8ng,R  8mg,R, 4mgr

Utotal = Uselr + Ulnteraction =

Illustration 79:

Two concentric spherical shells of radius R: and R, (R2 > R1) are

having uniformly distributed charges Q1 and Q respectively. Find out %
total energy of the system. Q2

Solution:

o , @& Q0

Utotal = Useir1 + Uselr2 + Unnteraction =
8me,R, 8meg,R, 4melR,
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Energy density:
Energy density is defined as energy stored in unit volume in any electric field. Its mathematical formula is
given as following :

1
Energy density = 7 eE?

where E = electric field intensity at that point

€ = gogr = electric permittivity of medium

Illustration 80:

Find out energy stored in an imaginary cubical volume of side a in front of a infinitely large
non-conducting sheet of uniform charge density c.

Solution:

Energy stored :

1
U= J.EEOEZdV; where dV is small volume

1 .
U=k jdv

E is constant

2 2
c o’a®

- - 3 =
=—g,—.0=
2 " 4g 8¢,

Illustration 81:
Find out energy stored in the electric field of uniformly charged thin spherical shell of total charge @ and
radius R.
Solution:
We know that electric field inside the shell is zero, so the energy is stored only outside the shell, which can
be calculated by using energy density formula.
X—0 1 2

Uself— jx:R ESOE dV
Consider an elementary shell of thickness dx and radius x (x > R).
Volume of the shell = (4nx2dx) = dV

— * 1 KQ ’ _ 1 212 @© 1
U= -[R ESO|:7:| .4‘7'CX2dX— 280KQ 4n IRFdX <«

4, @ (lj Q@ _KQ’
2 (4ng,)* \R

Illustration 82:

Find out energy stored inside a solid non-conducting sphere of total charge Q and radius R. Assume charge

is uniformly distributed in its volume.
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Solution:
We can consider solid sphere to be made of large number of concentric spherical shells. Also, electric field
intensity at the location of any particular shell is constant.

R1 )
Uinside = jo ESOE dv

Consider an elementary shell of thickness dx and radius x.
Volume of the shell = (4nx2dx)

2
R1 KOx 1 K20%4rn cr q
=]y | e o S5 [ CH*

_4ng, Q° R (S (&

2R (4ne,)* 5 40meg,R  10R

Electric Dipole

If two point charges, equal in magnitude ‘q’ and opposite in sign separated by a distance ‘a’ such that the
distance of field point r >> a, the system is called a dipole. The electric dipole moment is defined as a vector
quantity having magnitude p = (q x a) and direction from negative charge to positive charge.

Note:
In chemistry, the direction of dipole moment is assumed to be from positive to negative charge.
The C.G.S unit of electric dipole moment is debye which is defined as the dipole moment of two equal and
opposite point charges each having charge 10-1¢ Franklin and separation of 1 4, i.e.,
1 debye (D) =10-10x 10-8 = 10-18 Fr x cm

or 1D=10-18x x102m=3.3x1030Cxm

x10°

S.I. Unit is coulomb x metre =C. m

Electric Field Intensity Due to Dipole:
(i) At the axial point:

@,

— r
_)
P
. Kq Kq - Kq(2ra)
E= 5= > (along the P) = 3 > P
r—— r+— rf——
( 2) ( 2) ( 4}
. Kq2ra p
Ifr>>athen, E = 1 mP=2K
r4 re

As the direction of electric field at axial position is along the dipole moment (P )

- 2K P
SO, Eaxial = 3
r
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(ii)

(iii)

Electric field at perpendicular Bisector (Equatorial Position) E
Enet=2 E cos 0 (along - P)
a 2E cosO o
— _ kq 2 (_ ) i \‘\‘
net 2 2 a 2 E i ‘\‘
2 g r2 +| — I,I i \“
[ r +(2] ] [2) I,l i \\‘
S
Kqa 5 A
= 2 3/2 (_P) III i ‘\‘
. ( a j j ! | )
( 2)) @ -
_—
. KP - g
Ifr>>athen E = —(-P) P
r

As the direction of E at equatorial position is opposite of P so we can write in vector form:

> KP
Eeqt:__3
r

Electric field at general point (r, 6):

O —_)

) a

For this, let’s resolve the dipole momentl—; into

components. £
One component is along radial line (= P cos0) ’
and other component is 1, to the radial line

(=Psin0)

From the given figure

2 . 2
Enetzmz\/(ZKPgosej +[KPs3m6j

r r

0
= g\/1+3c0529 A

KPsin© .
. i_ B _ tan® Psin©
- E. 2KPcosf T2
r3

KP a4 tan0
Enet = 3 1 +3COSZ 0 and tan (I) = a;
r
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Illustration 83:

The electric field due to a short dipole at a distance r, on the axial line, from its mid point is

the same as that of electric field at a distance r’, on the equatorial line, from its mid-point. Determine the

. T
ratio —.
r
Solution:
1 2 1 2 1 r? r
—l:= % or - =— or —5 =2 or — =213
dme, r°  A4me, r r-.r r r

Illustration 84:

Two charges, each of 5 pC but opposite in sign, are placed 4 cm apart. Calculate the electric field intensity
of a point that is at a distance 4 cm from the mid point on the axial line of the dipole.

Solution:

We cannot use formula of short dipole here because distance of the point is comparable to the distance
between the two point charges.

4cm

5uC ) -5uC "
— | e o

4cm
q=5%x10°6C, a=4x%x102m,r=4x102m
K(5pC)  K(5pC) 144
(2cm)’ (6 cm)’ 144x10°°

NC-1=108NC1

Ees=E.+E_=

Illustration 85:

Two charges +10uC are placed 5 x 10-3 m apart as shown in figure. Determine the electric field at a
point Q which is 0.15 m away from O, on the equatorial line.

Solution:
3
In the given problem, r >>a i ¢
1 |
E= 2 i
dme, T t 0.15m
—6 —3 i
or E=9x10°x 10x10™° x5%x10 NC-1 |
0.15x0.15x0.15 i
= 1.33 x105 NC-1 — 1 .
-10uc 9 s10pc
Electric Potential due to a small dipole:
(i) Potential at axial position:
- K
VR C B () Ve qa
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K
Ifr>>athen V= Za ; Where, qa =p
r

KP

** Vaxial = 2
r

[T
-

-
-~
-

(ii) Potential at equatorial position:
V — Kq K(_q) — 0 !

s

-
s

-
-~
-

_
3
)
+
TN
N |
~—
S
-
3
S
+
TN
N Q
~—
S
[ ettt
-

£
Il
(=)

1

1

1

i

1

<5}

i

1

1

1

1

(ili) Potential at general point (r, 0) : Lets resolve the dipole moment P into components : P cos0
along radial line and P sin® L, to the radial line.

For the P cos® component, the point 4 is an axial point, - K(P cos 9)
_ K(Pcos) rs
So, potential at A due to P cos0 = ———— A
r V=0
And for P sin® component, the point 4 is an equatorial
point, r
So potential at A due to Psinf =0
K(Pcos6
r
K (P. rj
V= — 7
r3

Illustration 86:

)] Find potential at point A and B due to the small charge -
system fixed near origin. (Distance between the charges
is negligible).

(ii) Find work done to bring a test charge go from point 4 to
point B, slowly. All parameters are in S.I. units.

Solution:

(i) Dipole moment of the system is

P =(qa)i +(qa) j
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Potential at point A due to the dipole

v, = i P _ Kl(qa)i +(qa)j]-(4 +3)) _ (7)k(qa)

r’ 5 125
K| (qa)i iH3i-4f) _
= Vp= [ (aa)i +(a)j }(31~4]) _ —k(a)
(5) 125
(ii) Wag=Up-Us=qo (Ve- Vi) = q{_ Kl(gg) _[K(;I;)SU)H
_ -Kqq,a
= Wi = TTE (8)

Dipole in uniform electric field:
(i) Dipole is placed along electric field :

qE qE

v VL v vV v v

E

In this case, Fnet = 0, Tne: = 0, s0 it is an equilibrium state. And it is a stable equilibrium position.

(ii) If the dipole is placed at angle 6 from E :
In this case, Fre: = 0 but
Net torque, T = (qE sin 0) (a)
Here gqa=P
= 7= PE sinf

In vector form: T=PxE

q E cosO

Illustration 87:
A dipole is formed by two point charge -q and +q, each of mass m, and both the point charges are connected
by a rod of length ¢ and mass m. This dipole is placed in uniform electric field E . If the dipole is disturbed

by a small angle 6 from stable equilibrium position, prove that its motion will be almost SHM. Also find its
time period.
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Solution:
If the dipole is disturbed by 6 angle, 1. = —-PE sinf® (Here -ve sign indicates that direction of torque is
opposite to 0)
If 6 is very small, sin6 = 6
Tnet = — (PE)O
Tnet < (-0) so motion will be almost SHM and C = PE (where, P = g/)

71’71()2 7m/l >
= 20E - Y™\ 120E
q q
qE @
m/l
T=n |2
3qE

Interaction Energy of a Dipole in Electric Field:
Figure shows a dipole placed at an angle 6 with the direction of electric field. In this situation we consider
that the two charges of dipoles are located on two equipotential surfaces having potentials V/; and V, which can
be related as

V, -V, =Edcos©

Vi V>

A

The interaction energy of the dipole with electric field can be given as
U=-qV,+qV,

= U=q(,-V)

= U=—qEdcos0

= U=-pEcosb

In vector notations we can write interaction energy of dipole in electric field from above equation as

U=-pEcosB
)] At 0 = 0, there is minimum of P.E. so itis a stable equilibrium position.
(i) At 6 = 180°, there is maxima of P.E. so it is a position of unstable equilibrium.
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Illustration 88:

Two point masses of mass m and equal and opposite charge of magnitude g are attached on the corners of

a non-conducting uniform rod of mass m and the system is released from rest in uniform electric field E as

shown in figure from 6 = 53°

(i) Find angular acceleration of the rod just after releasing.

(ii) What will be angular velocity of the rod when it passes through stable equilibrium.

(iii)  Find work required to rotate the system by 180°.
Solution:
(i) Tnet = PE Sin 53°=1a

4
(a0) E | 2
_ 5 _ 48qE
T me? A% ¢\ 35mfl
—+m| = | +m| =
12 2 2
(ii) From energy conservation : K; + U; = Kr + Uy

1
0+ (- PEcos 53°) = EI(DZ + (-PE cos 0°)

m(* oY A/ e
wherel=—— +m|—| +m|=| =
12 2

2 12
2
lo? = P (1-3/5) = _ PE

7m(?
X X
12

48qE
or o= ,/—
35m/
(i)  Wee= U~ Ui
Wext = (-PE cos(180° + 53°)) - (-PE cos 53°)

3 3
or Wew=(ql)E (g) +(qt )E(g)

6
= Wexe = (E)QﬁE

N~ DN

coz—z lE
c q

[78]
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Dipole in non-uniform electric field:
If the dipole is placed along E , (shown in figure)

- E(x)

-_ dx

— » gE(x) < @: :@—> (9Q)E (x+dx)

|

E (%) E (x# dx)

Then, Net force on the dipole : Fre: = gE(x + dx) — qE(x)
E(x+dx)-E(x)

Fret = q dx

(dx);
Here q(dx)=P

Free=P| —
dx

Illustration 89:

A short dipole is placed on the axis of a uniformly charged

ring (total charge -Q, radius R) at a distance R from

7

centre of ring as shown in figure. Find the Force on the

dipole due to the ring.
Solution:

Z)
F=P| —
dx

_p 4 Kx ). R
F—de ((R2+x2)3/2]' (atx= JE)

Solving we get,
F=0

Illustration 90:

A short dipole of dipole moment P is placed near a point charge Q as shown in figure. Find force on the
dipole due to the point charge

------------------------ )9

Solution:
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Force on the point charge due to the dipole F = (Q) Edipole
2KP
F=(Q) [

r3

j (towards right)

From action reaction concept, force on the dipole due to point charge will be equal to the force on charge
due to dipole
_ 2KPQ

r3

F

(towards left)

is force on dipole due to point Charge.

Illustration 91:

A short dipole of dipole moment P is placed near a point charge Q as shown in figure. Find force on the
dipole due to the point charge.

Solution:
Force on the point charge due to dipole F = (Q) (Eaipole) F @

F=(Q) (If—Pj (V) T

So, force on the dipole due to the point charge will also be l
F=Q Edipole a

KP
F= (r_3Qj (T) (but in opposite direction) as shown.

Illustration 92:

Find force on short dipole P; due to short dipole P; if they are placed at a distance r a part as shown in

figure.
D >
B —— ittt e e e e e e e e
P: P,
Solution:
Force on P, due to P;
2KP,
E= s 1
—_— —
P1 PZ
D e e E e R >
dE
Fp=(P) | —~
2= (P2) [ dr j
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(s (2)

6KPP,

r4

or F;=-
Here - sign indicates that this force will be attractive (opposite to r).

Illustration 93:

Find force on short dipole P, due to short dipole P; if they are placed a distance r apart as shown in figure:

DR—  — >
| —
Solution:
Free=q2 E(x+dx) - q2 E (%) q2E(x)
Fret=q2 (E(X+d;)3_E(X)jdx Py [---mmmmmmmeeee- ———1—3—2———
or Fret = (P2) ( j q2E(x+dx)

(Usually this formula is valid when the dipole is placed along E . However, in this case also, we are getting
the same formula)

oo 5[]

3KP,P.
4

= Fret = 2 (in magnitude) and (direction upwards)
Table: Dipole-dipole interaction
Relative position of dipole Force Potential energy
3
u > G >
1 6p p 1 2p,p
- —> 1 2 12
— attractive _—
P1 bz 4me, ( ) 4ne, 1’
< r >
e *a ¢ 1 3 1
p1pz biD;
repulsive .
pi D 4rg, 1’ (rep ) 4ne, 1’
-4 0 90
< r >
D +q
- + 1 3
BN \g—,\g Plpz (perpendicular to r)
pi N 4me, r* 0
D2
@-q
= r &
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Conductor and its properties:

A conductor is a material in which the electrons at the outer periphery of an atom have no great affinity for
any particular individual atom. They are not bound or tied to individual atoms. These so-called conduction
electrons are essentially free to move readily and quickly in response to electric fields.

We described how a piece of paper can be polarized by nearby charges. The polarization is the paper’s
response to an externally applied electric field. The separation of charge in the paper produces an electric
field of its own. The net electric field at any point-whether inside or outside the paper is the sum of the
applied fields and the field due to the separated charges in the paper.

How much charge separation occurs depends on both the strength of the applied field and properties of
the atoms and molecules that make up the paper. Some materials are more easily polarized than others.
The most easily polarized materials are conductors because they contain highly mobile charges that can
move freely through the entire volume of the material.

In this article we restrict our attention to a conductor in which the mobile charges are at rest in equilibrium,
a situation called electrostatic equilibrium.

1. When excess charge is placed on a solid conductor G . face A
and is at rest, it resides entirely on the surface, notin alllssmn S(l;r ace Conductor
the interior of the material. (By excess we mean Inside conductor (shownin

charges other that the ions and free electrons that (shown in cross section) cross section)

make up the neutral conductor.) In an electrostatic ’
situation the electric field E at every point in the

interior of a conducting material is zero. If E were not
zero, the excess charges would move. Suppose we
construct a Gaussian surface inside the conductor,

such as surface A in Figure. Because E =0 everywhere

on this surface, Gauss’s law requires that the net '
charge inside the surface is zero.

Now imagine the surface encloses a region so small
region that we may consider it as a point P. Then the
charge at that point must be zero. We can do this anywhere inside the conductor, so there can be
no excess charge at any point within a solid conductor any excess charge must reside on the
conductor’s surface.

Charge on surface
of conductor

2. E = 0 inside a conductor : Because if there were any field, those
free charges would move, and it wouldn’t be electrostatics any -

more. When you put a conductor into an external electric field £ o

Due to force of electric field, field will drive any free positive
charges to the right, and negative ones to the left. Note that only
the negative charges-electrons move but when they shift the
right side is left with a net positive charge. When they come to
the edge of the material, the charges pile up: plus on the right -—
side, minus on the left. E;
Now, these induced charges produce a field of their own, 51, -
which is in the opposite direction to EO. [t means that the field of -
the induced charges tends to cancel off the original field. Charge -
will continue to flow until this cancellation is complete, and the -
resultant field inside the conductor is precisely zero. Outside the -
conductor the field is not zero, for here EO and El do not cancel.
The whole process is practically instantaneous, it takes place E >
. . 0
with speed of light.

[
+ F + + + o+ o+ o+ o+ + o+ o+
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3.

Surface of a conductor (in static equilibrium) is always an equipotential surface irrespective of the

charge on the surface or of nearby charges.

A conductor is an equipotential. If a and b are any two points within (or at the surface of) a given

conductor.
v,-V, :—J'bE.dE =0 and hence V, =V,

Concept: When a solid conductor in equilibrium carries a net charge, the charge resides on the
conductor’s outer surface, the electric field just outside the conductor is perpendicular to the

surface and the field inside is zero.
Consider two points a and b on the surface of a charged conductor. Along a surface path connecting

these points, E is always perpendicular to the displacement d(. Therefore E.d(=0. Thus, we

conclude that the potential difference between a and b is necessarily zero.
b -~ -
V,~V,=—[ Edi=0

The surface of any charged conductor in electrostatic equilibrium is an equipotential surface.
Because the electric field is zero inside the conductor, the electric potential is constant everywhere

inside the conductor and equal to its value at the surface.

a

conductor

Because of the constant value of the potential, no work is required to move a test charge from the

interior of a charged conductor to its surface.

The potential everywhere inside the conductor, including the surface, has the same value, which

may or may not be zero, depending on where the zero of potential is defined.

Consider the conductor shown if figure with surface S, and consider two points on the surface, a
and b. We can use equation along any path leading from a to b to obtain AV =V, —V_, including the
path shown through the conductor.

For the path chosen, which is fully in the conductor. E is zero everywhere along the path. Therefore,

AV =0—V, =V_. Since this is true for all points a and b on the surface, the surface must be an

equipotential. (Indeed, the whole conductor is an equipotential by the same argument.)
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4.

Since the electric field E is always perpendicular _ o
to an equipotential surface. When all charges are An Impossible electric field
at rest, the electric field just outside a conductor

. If the electric field just outside a conductor
must be perpendicular to the surface at every

had a tangential component E;;, a charge

point. We know that E = 0 everywhere inside the could move in a loop with net work done.

conductor, otherwise, charges would move. At
any point just inside the surface the component i
‘\

of E tangent to the surface is zero. The tangential

component of E is also zero just outside the
surface a charge could move around a
rectangular path partly inside and partly outside
and return to its starting point with a net amount
of work having been done on it. This would
violate the conservative nature of electrostatic

Conductor
fields, so the tangential component of E just
outside the surface must be zero at every point on

the surface. Thus E perpendicular to the surface
at each point, proving our statement.

In an electrostatic situation if a conductor contains a cavity and if no charge is present inside the
cavity, then there can be no net charge anywhere on the surface of the cavity. Every point in the
cavity is at the same potential. In figure the conducting surface A of the cavity is an equipotential
surface. Suppose point P in the cavity is at a different potential, then we can construct a different
equipotential surface B including point P.

Now consider a Gaussian surface, shown in figure Cross section of equipotential

between the two equipotential surfaces. The field surface through P

at every point between the equipotential is from
A toward B, or from B toward A, depending on
which equipotential surface is at higher potential.
In either case the flux through this Gaussian
surface is certainly not zero. Then in accordance
with Gauss’s law the charge enclosed by the
Gaussian surface cannot be zero. This contradicts
our initial assumption that there is no charge in
the cavity. So, the potential at P must be same as
that the cavity wall.

The entire region of the cavity must therefore be
at the same potential. But for this to be true, the
electric field inside the cavity must be zero
everywhere.

Gaussian surface
(in cross section)

Surface
of cavity

Conductor

Suppose we place a small body with a charge q inside a cavity within a conductor. Consider a
Gaussian surface in the material of conductor the conductor is uncharged and is insulated from the

charge q. Again E =0 everywhere on surface 4, so according to Gauss’s law the total charge inside
this surface must be zero. Therefore, there must be a charge -q distributed on the surface of the
cavity. This charge appears due to induction of charge inside cavity. The total charge on the
conductor must remain zero, so a charge +q must appear either on its outer surface or inside the
material. But in an electrostatic situation there can’t be any excess charge within the material of a
conductor. So, we conclude that the charge +q must appear on the outer surface. By the same
reasoning, if the conductor originally had a charge q., then the total charge on the outer surface
must be q. +q after the charge q is inserted into the cavity.

[84]
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Charge q creates an
electric field that

/ moves the free
+ electron towards

inner surface

Electrostatics and Gravitation

E; is field of
induced

charge E field
of g such that

An isolated charge q placed inside

qo+q

Gaussia

n
Induced char‘;ge due

to electric field of q

L=mee
-

For E to be zero at all points on the
Gaussian surface, the surface of the cavity
Concept: In an electrostatic situation, the

Conductor

electric field inside a conductor is zero. This

means that the interior of a conductor is an
Gaussian surface

example of an equipotential volume.
The same is true if the conductor is hollow and
there are no charge inside the hollow. To show
this, imagine a Gaussian surface within the

conductor surrounding the cavity, as shown in
Cavity

Gaussian surface surrounding
a hollow part in a conductor

figure.

Since the static electric field is zero within the
conductor, the left-hand side of Gauss’s law is

zero, implying there is zero.
Total charge within the Gaussian surface. We
imagine some positive charge to be on one side
of the inside surface of the hollow conductor
and some negative charge on the other, as
shown in figure. So, the total charge is zero,
consistent with the prediction of Gauss’s law. If
such charge separation exists on the inside
surface of the cavity, there will be electric field

lines within the hollow from the positive to the
Electric field lines from a

positive to a negative charge

negative charges.
If we use equation dV =—E.dr and integrate
the electric field along one of these field lines
from a positive charge to a negative charge, the
result will not be zero since d7 is parallel to E
over the whole path. This implies that there is a

potential difference.

[85]
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Concept: The charge on a conductor flows to the surface, because of their mutual repulsion, the
charges naturally spread out as much as possible, but this is true regardless of the size or shape of
the conductor. The charge on a conductor will seek the configuration that minimizes its potential
energy. The electrostatic energy of a solid object (with specified shape and total charge) is a

minimum when that charge is spread over the surface.

2
](q—j if the charge is uniformly distributed over the

8me

For instance, the energy of a sphere is (
0

surface, but it is greater,
207e

2
j(%), if the charge is uniformly distributed throughout the

0

volume.

Concept: The electric field due to charges on the outer
surface of conductor is zero for all the points inside the C
conductor separately.

Consider a charged conductor having charge +q1 and Q is B
kept inside the cavity. Lets call charge Q inside cavity as
A, the induced charge -Q on the surface of the cavity as B

and the charge on the surface of the conductor

Q+qi1asC.

Now field inside the conductor is, E,,, and E,,E, and E,

are fields due to charge 4, B and C inside the conductor. and E,, =E, +E, +E. =0

Now the electric field due to charges on the outer surface of conductor is zero for all the points

inside the conductor separately and the E 5 +E , Is zero separately.

Concept: Consider a solid metal conducting sphere of
radius R and total positive charge Q as shown in figure. (a)
The electric field outside the sphere is KQ /r*and points i

radially outward. Because the field outside of a

spherically symmetric charge distribution is identical to \Vi E KQ
that of a point charge, we expect the potential to also be KQ E T
that of a point charge, KQ/r. At the surface of the (b) R : /
conducting sphere in figure the potential must be KQ /7. 1 -
Because the entire sphere must be at the same potential, —E ; KQ
the potential at any point within the sphere must also be 7z
KQ /R. figure (b) is a plot of the electric potential as a (c)
function of r, and figure (c) shows how the electric field — r
varies with r. R
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Finding field due to a conductor
Suppose we have a conductor and at any ‘A’, local surface charge density = c. We have to find electric field
just outside the conductor surface.

For this, let’s consider a small cylindrical
Gaussian surface, which is partly inside and
partly outside the conductor surface, as
shown in figure. It has a small cross section
area ds and negligible height.

Applying Gauss's theorem for this surface :

Cylindrical

So, Eds = G—ds gaussian
€, surface
= E= 9 q
£ o din_ods
. . . . net — € - €
Electric field just outside the surface of l \0‘ 0
conductor: Flux through /
Flux through Flux through
o surface (1)
k= € ¢$1=Eds surface (2) surface (3)
0 — - =0
. . (because E is - $2=0 ¢3. .
(direction will be normal to the surface) (E is normal (as E inside
normal to th d o
= O 4 to curved e conductor=0)
In vector form: E=—n the surface of _ ;
€, conductor) Gaussian surface)

(Here, n = unit vector normal to the
conductor surface)

Electrostatic pressure at the surface of the conductor:
Suppose a conductor is given some charge. Due to repulsion, all the
charges will reach the surface of the conductor. But the charges will
still repel each other. So, an outward force will be felt by each
charge due to others. Due to this force, there will be some pressure
at the surface, which is called electrostatic pressure.
To find the electrostatic pressure, let's take a small surface element
having Area 'ds’.
Force on this element due to the remaining charges :

electric field at charge of

dF = | that place due to the small

remainig charges ) | element
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Let electric field at that point due to the remaining charges = E;
and charge of the small element = dq = ods dF=E (dq)
= dF=(E) (dq) = (Er) (ods) ds
So, pressure on this small element

dF (E, )(ods)
B ds B ds
= P=(E) (o) (1)

Now to find pressure, we have to find E: (electric field at that position due to the remaining charges)

P

Suppose, Electric field due to the small element near the surface = E;

Electric field due to the remaining part near the surface = E; Es
At a point just outside the surface, electric field due to the small / /‘ '
element (E;) will be normally out wards, and electric field due to the S
remaining part (E;) will also be normally out wards.
So Net electric field just outside the surface = E; + E- and we have proved that

c
electric field just outside the conductor surface = —
€

[

- &+a=§ -(2)

Now, lets see the electric field just inside the metal surface. Here, electric field due to the remaining charges (E,)
will be in the same direction (normally outward), but the electric field due to the small element will be in
opposite direction (normally inward)

So net electric field just inside the metal surface = E, - Es; and we know that electric field inside a
conductor =0

SO, Er - Egz 0 = Er = Es (3)

From eqn. (2) and eqn. (3), we can say that : ds

ZEr = E = Er: i fj
€ 2¢,

(]

Now, we can easily find the pressure from equation (1)
2

o o
P=(E)(c)= — (0)= —
() (0) = 5. (0)= 5
G2
So, electrostatic pressure at the surface of the conductor P = 2—
€

o

where, o =local surface charge density.

Illustration 94:

Prove that if an isolated (isolated means no charges are near the sheet) large conducting sheet is given a
charge then the charge distributes equally on its two surfaces.

Solution:

Let there is x charge on left side of sheet and Q - x charge on right side of sheet.
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Since, point P lies inside the conductor, so Ep= 0

X Q-x

or - =0 -
24e, 24, X[ Qx
2x 0 Q-x P X
- =
24e,  24g, 2Ag, 2Ag,
= Xx= Q and Q-x= q
2 2 |

So, charge is equally distributed on both sides.

Illustration 95:

If an isolated infinite sheet contains charge Q: on its one surface and charge Q: on its other surface, then

prove that electric field intensity at a point in front of sheet will be % ,where Q=Q1+ Q:
80

Solution:
Electric field at point P:

Q o, 0 . _0+0. 0@

E=E

o +E, = n+ n = n Q, | Q,
! * 24 24¢ 24¢ 24¢ P
0 0 0 0 Q4 Q,
[This shows that the resultant field due to a sheet depends 2Agq  2Ag
only on the total charge of the sheet and not on the
distribution of charge on individual surfaces].
Illustration 96: Q -2Q 3Q

Three large conducting sheets placed parallel to each other at finite
distance contain charges @, -2Q and 3Q respectively. Find electric field at

points 4, B, C and D. oAl oB |[eC | eD

Solution:
i) Eq= Eg+ E_3+ E3¢. Here Ep means electric field due to ‘Q".
- 2
Es= (@-20+30) _ ¢ = 2 , towards left
24¢, 24e,  Ag,
(i) E=2TRH3A_,
24¢,
-20Q)- - - 2
(i)  Ec= (@-20)-(30Q) A , towards right = 20 towards left
24¢, 24g,  Ag, Ag,
(@-20+3Q) _ 20

= Q , towards right

-
T 24,  Ae,

Illustration 97:

Two conducting plates A and B are placed parallel to each other. A is given a charge Q1 and B a charge Q.
Prove that the charges on the inner facing surfaces are of equal magnitude and opposite sign.
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Solution:

Consider a Gaussian surface as shown in figure. Two faces of this closed surface lie completely inside the

conductor where the electric field is zero. The flux through these faces is, therefore, zero. The other parts

of the closed surface which are outside the conductor are parallel to the electric field and hence the flux on

these parts is also zero. The total flux of the electric field through the closed surface is, therefore zero. From

Gauss’s law, the total charge inside this closed surface should be zero. The charge on the inner surface of A

should be equal and opposite to that on the inner surface of B.

The distribution should be like the one shown in figure. To find the value of g, consider the field at a

point P inside the plate A. Suppose, the surface area of the plate (one side) is A. Using the equation,

E =6 / (2g0), the electric field at P.

Q1 —-q
Due to the charge Q1 - g = downward
gei-q=- i, ( ) E=0
Qll etttk 1A
Due to the charge + g = 1 (upward), E i l E
0 i i
Q,l teme— : 1B
Due to the charge - q = (downward), E=0
24¢,
Q;—q P
Q,+q ' ——A
and due to the charge Q> + g = 24 (upward). +q
80
—q
The net electric field at P due to all the four charged : 0+ q ' B
2

surfaces is (in the downward direction)

Q-a__q9 _qa _@+q

E,=
24e, 24e, 2A4e, 2Ag,
As the point P is inside the conductor, this field should be zero. Hence,
Qi-q-q+q-Q:-q=0  or ‘F%

This result is a special case of the following result. When charged conducting plates are placed parallel to

each other, the two outermost surfaces get equal charges and the facing surfaces get equal and opposite

charges.

Illustration 98:

Two large parallel conducting sheets (placed at finite distance) are given charges Q and 2Q respectively.

Find out charges appearing on all the surfaces.

Q 2Q

T e
O e

[90]
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Solution:

x| |Qx y| [2Qy

Q

T e

Let there is x amount of charge on left side of first plate. So, on its right side charge will be Q-x. Similarly,
for second plate there is y charge on left side and 2Q - y charge is on right side,

E, = 0 (By property of conductor)

_ x_fex, y 20-y|_,
2A¢, 24e, 24e, 24,

We can also say that charge on left side of P = charge on right side of P
x=Q-x+y+20Q0-y

3 - — —
X= 70, Q-x= TQ
Similarly, for pointQ: x+Q-x+y=2Q-y +3Q( |—Q Q +3Q
= y=0/2,20-y=30/2 2|z 2| 2
So, final charge distribution of plates is | ] | ]

Illustration 99:

Figure shows three large metallic plates with charges - @, 3Q and Q respectively. Determine the final
charges on all the surfaces.

Q 3Q Q

Solution:

We assume that charge on surface 2 is x. Following conservation of charge, we see that surfaces 1 has
charge (- Q - x). The electric field inside the metal plate is zero. So, field at P is zero.

Resultant field at P

EP=0 3Q Q
- -Q-x _ x+30+0Q 1—2 344 56
24, 24,
-Q-x| [x
or -Q-x=x+40
[
-5
Y P
2 || | |
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Note:

We see that charges on the facing surfaces of the plates [ ] [ ] [ ]

are of equal magnitude and opposite sign. This can be 3Q| |-5Q 5Q| | +Q -Q| [+3Q
in general proved by Gauss theorem also. Remember 2|2 2| 2 2|2

this, it is important result. Thus the final charge
distribution on all the surfaces is as shown in figure :

Illustration 100:

An isolated conducting sheet of area A and carrying a Q
charge Q is placed in a uniform electric field E, such
that electric field is perpendicular to sheet and covers > E
all the sheet. Find out charges appearing on its two — ! 5
surfaces.
Solution:
Let there is x charge on left side of plate and Q - x charge _
on right side of plate
X Q-x
Er=0 «
Q-x . \
* . > +E
X +E= Q-x or X Q -E 2Ag P 2A¢,
24¢, 24¢, Ae, 24,
X=Q—EA80 and Q—x=Q+EAs0 L |
2 2
Some other important results for a closed conductor:
(i) If a charge q is kept in the cavity then -q will be induced on the inner surface and +q will be induced
on the outer surface of the conductor (it can be proved using Gauss theorem)

+q

(ii) If a charge q is kept inside the cavity of a conductor and conductor is given a charge Q then -q
charge will be induced on inner surface and total charge on the outer surface will be g + Q.
(it can be proved using Gauss theorem)

+q+Q
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(iii) Resultant field, due to g (which is inside the cavity) and induced charge on S1, at any point outside
S1 (like B, C) is zero. Resultant field due to g + Q on Sz and any other charge outside S, at any point
inside of surface S (like 4, B) is zero

Sz
B

(iv) Resultant field in a charge free cavity in a closed conductor is zero. There can be charges outside
the conductor and on the surface also. Then also, this result is true. No charge will be induced on
the inner most surface of the conductor.

) Charge distribution for different types of cavities in conductors

S2 S,

(A) (B)

Charge is at the common centre

: Charge is not at the common centre
(S1, Sz —>spherical)

(S1, S2 —>spherical)

Sz Sz
€ (D)
charge is at the centre of S, charge is not at the centre of S;
(Sz — spherical) (Sz — spherical)
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Sz
SZ
(E) (®) @
0
charge is at the centre of charge not at thf‘ centre
S1 (Spherical) of S1 (Spherical)

S

2

(G) (H)

charge is at the geometrical centre charge is not at the

geometrical centre

Using the result that E__ in the conducting material should be zero and using result (iii) we can show that

Case A B C D E F G H
S1 Uniform | Nonuniform | Nonuniform | Nonuniform Uniform Nonuniform Uniform Nonuniform
S2 Uniform Uniform Uniform Uniform Nonuniform | Nonuniform | Nonuniform | Nonuniform
Note:

In all cases, charge on inner surface S1 = -q and on outer surface S, = q. The distribution of charge on 'Sy’
will not change even if some charges are kept outside the conductor (i.e. outside the surface S,). But the
charge distribution on ‘S;” may change if some charges(s) is/are kept outside the conductor

Illustration 101:

An uncharged conductor of inner radius R; and outer radius R contains a point charge g at the centre as
shown in figure.

Sz

Siq oC

)] Find E and V at points A, B and C
(ii) If a point charge Q is kept outside the sphere at a distance 7’ (>>R:) from centre, then find out
resultant force on charge Q and charge q.

[94] www.allen.in



®
Electrostatics and Gravitation Al-l.E-

Solution:
)] At point A : +q
_Kq Kq K(=9)

" 0A R, R

= Kq —
E,=—-0A
A 0A3

Va

Note:

Electric field at ‘A’ due to -q of S1and +q of S, is zero individually because they are uniformly
distributed

kg, K(-q)  Kq _Kq

Atpoint B : Vg = =
OB OB R, R,

JEB=O

, Kq . _ Kq -
At point C: Ve=—,E. =—50C
P ““oc’ "¢ oc?
(ii) Force on point charge Q :

Note: Here, force on ‘Q’ will be only due to ‘q’ of Sz [see result (iii)]

- KqQ .
F, = sz r (r = distance of ‘Q’ from centre ‘0’

Force on point charge g:

F, =0 (using result (iii) & charge on S uniform)

Illustration 102:
An uncharged conductor of inner radius Ry and outer radius R; B
contains a point charge q placed at point P (not at the centre) as
shown in figure. Find out the following :

R1 oP

i) Ve (i) Va s, C a
(iii) Vs (iv) Ea S, De
(v) Es (vi) Force on charge Q, if it is placed at B.
Solution:

Kq K(- K
(1) VC=—q+—( CI) +—q

cp R, R,

Note:

K(-q)

—-q on S; is non-uniformly distributed. Still it produces potential R—at ‘C’ because C’ is at
1

distance ‘Ri’ from each point of ‘Sy".

Kq
3 —.C
(ii) =g

2
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(iii)
(iv)
(v)

(vi)
(vi)

Kq

Vp=—

" cB

E4= 0 (pointis inside metallic conductor)
Kq @

EB: W CB
K A

Fo= L? CB
CB

Sharing of charges : Two conducting hollow spherical shells of radii R1 and R; having charges
Q1 and @, respectively and separated by large distance & are joined by a conducting wire

q1 qz

Let final charges on spheres are g1 and gz respectively. Potential on both spherical shell becomes
equal after joining. Therefore,

Ko, _Ke, _ a4 _R

1 .
= = — (1)
Rl Rz qz Rz
and, qi1+q2=01+Q: (i)
+Q,)R +Q,)R
From (i) and (ii) : q1 = (@ +QIR, ; = (@ +Q)R,
R +R, R +R,
R 2 R
Ratio of charges : % 614nR12 =
1 R, c,4nR;, R,
. . o, R,
Ratio of surface charge densities : —=—*
(52 Rl
R
Ratio of final charges : Aot
. kR
. . . o, _R,
Ratio of final surface charge densities: — = 2
G, K

Illustration 103:

The two conducting spherical shells are joined by a conducting wire which is cut after some time when
charge stops flowing. Find out the charge on each sphere after that.

-3Q

\/

[96]
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Solution:

After cutting the wire, the potential of both the shells is equal
Kx N K(-2Q-x) _ k(x—-2Q)

Thus, potential of inner shell, V;, =

2R 2R
Kx K(-2Q- -K
and potential of outer shell, V.= N (20-x) = Y
2R 2R R

Illustration 104:

Find charge on each spherical shell after joining the inner most shell and outer most shell by a conducting

wire. Also find charges on each surface.

5Q
3
'

Solution: 6Q -x
Let the charge on the innermost sphere be x. 3
Finally, potential of shell 1 = Potential of shell 3

Kx K(-2Q) K(6Q-x) Kx K(-2Q) K(6Q-x)

— + + =—+ +

R 2R 3R 3R 3R 3R W

3x-3Q+6Q -x = 4Q >

2x=Q

x=2

2
Charge on innermost shell = %
11

and  Charge on outermost shell = TQ

Charge on middle shell =-2Q

Final charge distribution is as shown in figure.
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Illustration 105:

Two conducting hollow spherical shells of radii Rand 2R carry charges - Q and 3Q respectively. How much

charge will flow into the earth if inner shell is grounded?

Solution:

When inner shell is grounded to the Earth then the potential of inner shell will become zero because
potential of the Earth is taken to be zero.

Kx | K3Q
R 2R
-30Q : .
or xX= N (the charge that has appeared on inner shells after grounding)
-3 -
TQ -(-Q) = 7Q [hence, charge flown into the Earth = %]

Illustration 106:

An isolated conducting sphere of charge Q and radius R is connected to a similar uncharged sphere (kept
at a large distance) by using a high resistance wire. After a long time, what is the amount of heat loss?
Solution:

When two conducting spheres of equal radii are connected, charge is equally distributed on them (Result VI).
So, we can say that heat loss of system :

AH = U; - Ur
(@ ) (¢/4,@/4)_ _¢@
8me,R 8ne, R 8me,R 16me,R
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GRAVITATION

The Discovery of the Law of Gravitation

The way the law of universal gravitation was discovered is often considered the paradigm of modern
scientific technique. The major steps involved were

. The hypothesis about planetary motion given by Nicolaus Copernicus (1473-1543).

. The careful experimental measurements of the positions of the planets and the Sun by Tycho Brahe
(1546-1601).

. Analysis of the data and the formulation of empirical laws by Johannes Kepler (1571-1630).
. The development of a general theory by Isaac Newton (1642-1727).

Universal Law of Gravitation: Newton's Law

According to this law "Each particle attracts every other particle. The force of attraction between them is
directly proportional to the product of their masses and inversely proportional to square of the distance

between them".
mm, mm, m; m;
2 | ]

Foc or F=G

r r

where G = 6.67 x 10-11 Nm? kg-2 is the universal gravitational constant.

Dimensional Formula of G :

L2 077 | U5 Y ey

G= >
mn, [m?]
Vector Form of Newton's Law of Gravitation N
A mi F21

- N Y a —

Let r;, = Displacement vector from m; to m, A o
ri2 NS

., = Displ t vector fi t Tiz_*mg

r,, = Displacement vector from m, to m, [

F,, = Gravitational force exerted on m, by m, s

~ 0 > X

F,, = Gravitational force exerted on m; by m,

Z
= Gmm,,  Gmm, .
=T I T3 I
21 3]

Negative sign shows that :

(i) The direction of F,, is opposite to that 7,

(ii) The gravitational force is attractive in nature
- = Gmm, . = Gmm, .. = =
Similarly, Fyy=———7—n, or Fy=——7-—=n, = F,=-F,

I £V

The gravitational force between two bodies are equal in magnitude and opposite in direction.
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Important characteristics of gravitational force:

(i) Gravitational force between two bodies form an action and reaction pair i.e. the forces are equal in
magnitude but opposite in direction.

(ii) Gravitational force is a central force i.e. it acts along the line joining the centers of the two
interacting bodies.

(iii)  Gravitational force between two bodies is independent of the nature of the medium, in which they
lie.

(iv) Gravitational force between two bodies does not depend upon the presence of other bodies.

(v) Gravitational force is negligible in case of light bodies but becomes appreciable in case of massive
bodies like stars and planets.

(vi)  Gravitational force is long range-force i.e., gravitational force between two bodies is effective even
if their separation is very large.

For Illustration gravitational force between the Sun and the Earth is of the order of 10 N although

distance between them is 1.5 x 107 km.

Illustration 107:

Two particles of masses 1 kg and 2 kg are placed at a separation of 50 cm. Assuming that the only forces
acting on the particles are their mutual gravitation, find the initial acceleration of heavier particle.

Solution:
G . -11
Force exerted by one particle on another, F= m12m2 8 67X(1005)2 1x2 _53.1010N
r :
F 53x107"

Acceleration of heavier particle = — =2.65x10""ms™

m,

This Illustration shows that gravitation is very weak but only this force keep bind our solar system and
also this universe, all galaxies and other interstellar system.

Illustration 108:

Two stationary particles of masses M1 and M are at a distance 'd’ apart. A third particle lying on the line joining
the particles, experiences no resultant gravitational forces. What is the distance of this particle from M.

Solution:
The force on m towards M1 is Fi = Glem
d M1 m M2
o—0———— @
GM “--T-->
The force on m towards M; is F; = T zrg‘z v .
-r

According to question, net force on m is zero i.e. F1 = F,
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GM,m  GM,m (d —rjz M,
= - _
r2 (d _ r)Z

Principle of superposition

e M
The force exerted by a particle on other particle remains unaffected F1 1
by the presence of other nearby particles in space. Total force acting m F2 ¢ mz
on a particle is the vector sum of all the forces acted upon by the
individual masses when they are taken alone. Fs o m3

F=

’Tu

+Fy+

“1'11

Illustration 109:

Three particles, each of mass m, are situated at the vertices of an equilateral triangle of side 'a’. The only
forces acting on the particles are their mutual gravitational forces. It is desired that each particle moves in
a circle while maintaining their original separation ‘a’ Determine the initial velocity that should be given
to each particle and time period of circular motion.

Solution:

The resultant force on particle at A due to other two particles is

Gm* 2
F, =y[F% +F% +2F,,F, . cos60° =3 ;’21 (i) { F,,=F, = Gaiz }

Radius of the circle r =§x asin60° = 4

N

If each particle is given a tangential velocity v,

so that F acts as the centripetal force,

2 2
Now m_v:\/§m_v -..(ii)
r
2
From (i) and (ii) \/—mv Gm \/_ = V=1’G—m

Time period, Tzﬂ 21taJ «f
1% 3Gm
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Illustration 110:

Find gravitational force exerted by point mass ‘m’ on uniform rod (mass ‘M’ and length ‘/’).

" / Rod (M,()

0 — 0
< V4 - a » M
dM
— e X >
Solution:
G.dM.m

dF = force on element in horizontal direction = )2
X+a

where dM = %dx.

F_de_jG.Mmdx_G.Mmf dx _G.Mm[_ 1 +1}_ GMm
2 (x+a) 0 y(x+a) 4 (¢+a) a| (¢+a)a

Gravitational Field

The space surrounding the body within which its gravitational force of attraction is experienced by other
bodies is called gravitational field. Gravitational field is very similar to electric field in electrostatics where
charge 'q’ is replaced by mass 'm’ and electric constant 'K’ is replaced by gravitational constant 'G". The
intensity of gravitational field at a point is defined as the force experienced by a unit mass placed at that

point.
F
m

E-=
The unit of the intensity of gravitational field is N kg-1.

Intensity of Gravitational Field due to Point Mass

The force due to mass m on test mass mq placed at point P is given by :

GM
F=""T0
r
m 78 P
F @®-————m- - -e
Hence E=— = E=G—1:[ < >
my r r
In vector form, E = —%r‘
r

-2
Dimensional formula of intensity of gravitational field = F_ w77 =[Mm°

m [M] L ]

Illustration 111:

Find the distance of a point from the Earth’s centre where the resultant gravitational field due to the Earth
and the moon is zero. The mass of the Earth is 6.0 x 102* kg and that of the moon is 7.4 x 1022 kg. The

distance between the Earth and the moon is 4.0 x 105 km.

[102]
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Solution:

The point must be on the line joining the centres of the Earth and the moon and in between them. If the
distance of the point from the Earth is x, the distance from the moon is (4.0 x 105 km - x). The magnitude
of the gravitational field due to the Earth is

_GM, Gx6x10**kg

x* x*

E,

and magnitude of the gravitational field due to the moon is

GM Gx7.4x10%kg
E,= =

(4.0x10°km-x)" (4.0x10°km—x)’

These fields are in opposite directions. For the resultant field to be zero E; = E,.

6x10**kg  7.4x10%°kg

2

X (4.0x10°km—x)°

X 6x10*
Or, 5 = 22 :9
40x10°km-x \7.4x10

or, x=3.6 x105 km.

or,

Illustration 112:

Calculate gravitational field intensity due to a uniform ring of mass M and radius R at a distance x on the
axis from center of ring.

Solution:
Consider any particle of mass dm. Gravitational field at point P due to dm
_ Gdm

rZ

dE along PA

Component along PO is dE cos 0 = Gd_zm cos6
r

Net gravitational field at point P is

Gdm GcosO
E= cosO= dm
M s -2
o GMx towards the center of ring
(R2 +x° )3/2

Illustration 113:

Calculate gravitational field intensity at a distance x on the axis from centre of a uniform disc of mass M
and radius R.
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Solution:
Consider a elemental ring of radius r and thickness dr on surface of disc as shown in figure.

Gravitational field due to elemental ring

G(dM)x
dE=————"
( 2 2)3/2 .
X +r Disc (M, R)
Here dM:lz.andr:%rdr
TR R
dE = G.2Mxrdr'32
R (32 +r2)”

R
Ee (ZGIZIX) rdr
oL RTJ(

Illustration 114:

For a given uniform spherical shell of mass M and radius R, find gravitational field at a distance r from
centre in following two cases:

(@AJr=R (b)r<R
Solution:
dE = Gdi\/l .COSOL r>R Ring of radius = R sin 0
¥
dM = > x2nRsinORd6
4nR

dM:%sinedG

dE - GMsmeczosade
20
Now (¢2=Rz+r2-2rRcos® -(1)
R2=102+r2-2/0rcosa .(ii)
0> +r*—R*
coso=———
20r
R*+r*—r*
cosf=——
2rR

Differentiating (1)

20d/¢=2rRsind do
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GM (dl 0*+r*—R* GM r’ —R?
E=—-" i = dE=——|1+——— |d¢
20 Rr 20r 4Rr ¥4

— _ GM | (rk 2 p2)(rRdl GM
E—IdE—4Rr2 “HRdu(r -R*)[ E—z} = E="3.r>R

If point is inside the shell limit changes to [(R-r) to R + 1]
E=0whenr<R

Illustration 115:

Find the relation between the gravitational field on the surface of two planets A and B of masses my, mg and
radius R4 and Rp respectively if

(i) they have equal mass (ii) they have equal (uniform) density
Solution:

Let E4 and E5 be the gravitational field intensities on the surface of planets A and B.

4 3
G-7mR,p
Gm 3 A4 AGn
then, E,=—H4= = R
R R? g Pata
GM
Similarly, E, = p 20, PRy
R, 3
B
E, R E, R
(i) For my=m,,—4=-2L (i) For p, =py,—A=—4
EB Rfl EB B

Gravitational Potential

The gravitational potential at a point in the gravitational field of a body is defined as the amount of work
done by an external agent in bringing a body of unit mass from infinity to that point, slowly (no change in
kinetic energy). Gravitational potential is very similar to electric potential in electrostatics.

r

M dr

Gravitational Potential Due to a Point Mass

Let the unit mass be displaced through a distance dr towards mass M, then work done is given by

aw =F dr="2 g
r

Total work done in displacing the particle from infinity to point P is

tGM ,  —GM
W =[dw=[~Fdr=
or r
Thus, gravitational potential, |V __M :
r
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The unit of gravitational potential is J kg-1. Dimensional Formula of gravitational potential

_ Work _ [M2T2] _[morr2]
Mass [M]
m
Illustration 116: t 1 e Y
/2
Find out potential at P and Q due to the two point mass system. Find out ! é \\\\\\
work done by external agent in bringing unit mass from P to Q. Also find T /,x" P
work done by gravitational force. 1t/2 //’{f
Solution: v 2e
: : s ap g GM
(i) Vp1 = potential at P due to mass ‘m’at 1’= v
Gm
et
2G
Vo= Vo + Vi = -0
0
(i) v, __Gm =V, __Gm
l]2 ]2
G G 4G
VQ=VQ1+VQ2:— m— m:— m
]2 /2 l
Force at point Q=0
2GM
(iii)  work done by external agent= (V- Vp) x 1 = —

(iv)  work done by gravitational force = Vp - V= #

Illustration 117:

Find potential at a point P’ at a distance %’ on the axis away from centre of a uniform ring of mass M and
radius R.

Solution:

Ring can be considered to be made of large number of point
masses (m1, My .......... etc)
Gm, Gm,

V., =— —
’ \/Rerx2 \/R2+x2

. , G.M
Potential at centre of ring = _T
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Relation between Gravitational Field and Potential

The work done by an external agent to move unit mass from a point to another point in the direction of the
field E, slowly through an infinitesimal distance dr = Force by external agent x Distance moved = - Edr.
Thus dV=-Edr

= E:—d—v
dr

Therefore, gravitational field at any point is equal to the negative gradient at that point.

Illustration 118:

The gravitational field in a region is given by E =20(f +})N / kg . Find the gravitational potential at the
origin (0, 0) (inJ/kg)

(A) Zero (B) 2042 (9; —202 (D) can not be defined

Ans. (A)
Solution:

V=—IE.dr=UEX.dx+J.Ey.dyJ=20x+20y
Atorigin V'=0.

Illustration 119:

In above problem, find the gravitational potential at a point whose co-ordinates are (5, 4) : (in J/kg)
(A)-180 (B) 180 (©)-90 (D) zero

Ans. (B)

Solution:

V=20x5+20x4=180]/kg

Illustration 120:

In the above problem, find the work done in shifting a particle of mass 1 kg from origin (0, 0) to a point
(5,4): (In))
(A) - 180 (B) 180 (€)-90 (D) zero
Ans. (B)
Solution:
W=m(V; -V)=1(180-0)=180]

Illustration 121:
Find gravitational field at a point (x, y, z).

v =2x2%+ 3y% + zx,

Solution:
E=-1v
—ov
Ex=—=-4x-z ; E,=-6y ; E.=-x
ox

Field=E = - [(4x +2) i + 6y} + xk]
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Analogy between Electrostatics and Gravitation

(1) Point Charge

() £=X2
r
m v=X
r

(2) Uniform charged ring

kQx

v

on axis

. r
Eis max. whenx= —

2
kQ

k .
(b) V= _kQ on axis, — at center
r+x* r

(3) Uniform linear charge

A kA
S N
Tk
g — (cosB — cosa)
r

(4) Infinite Linear charge

o0
I2
I1
A B
o0
(@) E= 2K\
r

(b) Ve-Va=-2KrIn 2
n

Point Mass

Ring of uniform mass distribution

GMx

g= m on axis

. r
g is max. whenx= —

N

M .
V¢ = ————=on axis,
r? + x* r

at center

Uniform linear mass

GA
— (cosB + a)
r

GA
. — (sina — sin f8)
r

Infinite linear mass

0
2
Il
A B
0
2G\
g: —_—
r
n
VB—VA= 267\.11’1 -
n

[108]
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(5) Infinite Sheet of charge
g= O
2¢,

=2nKo

Infinite Sheet of mass

g = %X‘l-TCG:ZTCGG

(o = Mass per unit area)

. Notice gravitational force is always attractive and hence gravitational potential is always -ve
(for a repulsive force potential is positive). This can be explained from the sign of We in
moving the test charge from oo to the point under consideration.

. Since g points from B towards A potential increases as we move from A to B. Just like electric
potential, gravitational potential also increases opposite to field direction.

(6) Uniformly charged hollow sphere
Charge Q, radius R
distance of field point from center r
Case L.

=)
v
~

Case II.

0
_ke
R
(7) Electrostatics self energy of uniformly
charged thin spherical shell.
2
U= kQ
2R

(8) Uniformly charged solid sphere
mass M, radius R

Hollow sphere of uniform mass
Mass M, radius R
distance of field point from center r

Gravitational self energy of uniform
thin spherical shell.

GM?
2R

Uniformly solid sphere
mass M, radius R

E:k—Q,r>R =ﬂ,r>R
2 2
r
%,r<R i—ﬂjr,r<R
V=k—Q,r>R Va=—G—M,r>R
r r
kQ 2 2 _GM 2 2
E(3R -r*),r<R o (3R*-r*),r<R
www.allen.in [109]
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Electrostatics self energy of uniformly
charged solid sphere.
2
y=3K
5 R

Illustration 122:

A uniform solid sphere of density p and radius R has a
radius r inside it as shown. Find gravitation field at

Gravitational self energy of uniform
solid sphere.

36w
5 R

spherical cavity of

(@) o b C (c) P (prove that field inside cavity is uniform)
k(;}nr% j 4nGpOC 4
A TC p —_
Ans. (a) —————~<C0 b) ——— c) —nGpOC
(a) (00T (b) 3 ()3 p
Solution:

g = Gravitational field at any point inside sphere

Let the sphere with cavity is formed by superimposing it with a small sphere of density (-p) as shown

. | )

Resultant field g=g, +g,
= (gnGp)ﬁ + (gnGij—Oz

=§RGP@ 0,0,=0C |

It is independent of position of point inside cavity.

Illustration 123:

(a) Find where is gravitational field intensity is zero.

(b) Find gravitational potential at P.

[110]
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Solution:
GM G(1leM
o ot
X (D-x)
4=D_X = X:B
X
_—GM (-G(16M) __ZSGM
(b) Vp = 2 + @ - D
5 5

Illustration 124:

GFlatP=7?
p
g P
------ -°
Solution:
4 R3 = M
P§7T =
R
----- -
() -
P3™\2
E, GM GM

= +
(2R’ (3R/2)

Illustration 125:

A particle is released at a distance x from centre of Earth as shown in figure. Show that it performs SHM
and find T.

Solution:
F=mx GFI

-------
o -~
o° .
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Illustration 126:

A particle is released in a tunnel across Earth as shown in figure. Show that
it performs SHM and find T.

Solution:

M
F :(G ;r sin@)m:ma
R

X

(GMSJ
a= R3 X
%,_J

(as x =rsinB)

Gravitational Potential Energy

Gravitational potential energy of two mass system is equal to the work done by an

external agent in assembling them, while their initial separation was infinity.

Consider a body of mass m placed at a distance r from another body of mass M. The
GMm

r2

gravitational force of attraction between them is given by, F =

Now, Let the body of mass m is displaced from point. C to B through a distance 'dr’
towards the mass M, then work done by internal conservative force (gravitational)
is given by,

GMm

dW=Fdr= >
r

dar = deszI:4—2mdr

B GMm
r

Gravitational potential energy, |U =

Illustration 127:

Mass M, is fixed and mass, m is released from rest at infinity, M
find its velocity, when separation between them is 'r'.
Solution:
W, + lem = KEf _UKEi
0 0
Ui - U= KEf- 0
_GM,m _(_ GMlmj:lmvz o

00 r

2

GMm 1
=—mv
r 2

(ZGM1
V=
r

N

m released from rest

[112]
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Illustration 128:

Particle is projected vertically with speed po, particle reaches maximum
height of 3R, find po (where R is radius of Earth)

Solution:

Lo

Height is always measured from surface.

W, =KE, —KE,
U
0

Ui—Uf=0—KEi

GM,m ( GMemj 1,

— —| — =——m 0
R 4R 2

GM,m N GM,m 1

m
R 4R 2o
1, 3GM,m
'Ll =

2 "% 4R
~ ,3GMe
Uy 2R

Illustration 129:

Distance between centres of two stars is 10 a. The masses of these stars are M and 16 M and their radii are
a and 2a respectively. A body is fired straight from the surface of the larger star towards the smaller star.
What should be its minimum initial speed to reach the surface of the smaller star?

Solution:

Let P be the point on the line joining the centres of the two planets and the net field at it is zero

Then, G_I;/I_il\/lzzo = (10a-r)2=1617r? ,
r (10a-r) i
=N 10a - r=4r = r=2a MQ EP V(. oM
Potential at point P, a i 2a
—-GM G.16M -GM 2GM -5GM < ; >
Vp= - = - = < 10a

r (10a—r)* 2a a 2a

Now if the particle projected from the larger planet has enough energy to cross this point, it will reach the

smaller planet.

For this, the K.E. imparted to the body must be just enough to raise its total mechanical energy to a value

which is equal to P.E. at point P.
1, G(16M)m—-GMm _

i.e., —mv mvV,
2a 8a
or v? 8GM GM _ 5GMm
2 a 8a 2a
, 45GM
or ve=
4q

3 fSGM
or Viin = 54— —
2\ a
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Gravitational Self-Energy
The gravitational self-energy of a body (or a system of particles) is defined as the work done by an external
agent in assembling the body (or system of particles) from infinitesimal elements (or particles) that are
initially an infinite distance apart.

Gravitational Self Energy of a System of n Particles

Potential energy of n particles at an average distance r' due to their mutual gravitational attraction is equal
to the sum of the potential energy of all pairs of particle, i.e.,

U= G Z mm

r:

all pairs ij
Jj#i

This expression can be written as

If consider a system of 'n’ particles, each of same mass 'm’ and separated from each other by the same
average distance 7', then self energy

o3l

i=1 j=1
J#i

2

Thus, on the right hand side ‘i’ comes 'n’ times while ’j’ comes (n - 1) times. Thus U, = —%Gn(n—l)m— .
r

Gravitational Self Energy of a Uniform Sphere (Star)

(4nr3pj(4nr2drp) M

3 where p=-—~<— 2 =——G 4np) Ydr

r
e Y
R

4 r 3 (4n 4 V1
U, =- G(4np)j dr——56(4rcp) = =26l SR o
0

Uy pore =G

sphere

_36Mm°
star 5 R

Acceleration Due to Gravity

It is the acceleration, a freely falling body near the Earth’s surface acquires due to the Earth’s gravitational
pull. The property by virtue of which a body experiences or exerts a gravitational pull on another body is
called gravitational mass mg, and the property by virtue of which a body opposes any change in its state

of rest or uniform motion is called its inertial mass mj, thus if E is the gravitational field intensity due to

the Earth at a point P, and g is acceleration due to gravity at the same point, then m;g = mgE.
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Now the value of inertial and gravitational mass happen to be exactly same to a m
great degree of accuracy for all bodies. Hence, g = E
mg
The gravitational field intensity on the surface of Earth is therefore numerically
<+«—Re

equal to the acceleration due to gravity (g), there. Thus, we get,
where, M. = Mass of Earth Earth
R. = Radius of Earth

Note:

Here the distribution of mass in the Earth is taken to be spherical and symmetrical so that its entire mass
can be assumed to be concentrated at its center for the purpose of calculation of g.

Variation of Acceleration Due to Gravity
(a) Effect of Altitude:

GM,

Acceleration due to gravity on the surface of the Earth is given by, g=—=*.

e

Now, consider the body at a height 'h’ above the surface of the Earth, then the acceleration due to
gravity at height 'h’is given by

-2

GM h 2h P

gh:—ezzg[1+—] :g(l——] when h <<R. h
(Re+h) Re R

e

The decrease in the value of ‘g’ with height h=g - g» = 2}‘?’;}1 .

e

Then percentage decrease in the value of 'g' = 979 100= Z—hx 100% .

g R,

(b)  Effect of Depth:

N . . . . GM
The gravitational pull on the surface is equal to its weighti.e. mg = —<

G xgnRj’pm

mg = or gzgnGRep (i)

RZ
When the body is taken to a depth d, the mass of the sphere of radius (R. — d) will only be effective
for the gravitational pull and the outward shall will have no resultant effect on the mass. If the

acceleration due to gravity on the surface of the solid sphere is g4, then
4 "
gdZERG(Re—d)p ..(ii)

By dividing equation (ii) by equation (i)

d
= gd=g£1—R—j

e

www.allen.in [115]
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()

(d)

Important Points:

R
(i) Atthe center of the Earth, d = Re, SO gcentre = g( _R_j =0.

(ii) Percentage decrease in the value of ‘g’ with the depth = (M}loo =Ri>< 100.
g

e

Effect of the Surface of Earth
The equatorial radius is about 21 km longer than its polar radius.

We know, g= lezle . Hence gpole > gequator- The weight of the body increases as the body taken from

e

the equator to the pole.

Equitorial
Polar Pole

Rad%%dlus
\/ Equator
Effect of Rotation of the Earth

The Earth rotates around its axis with angular velocity o. Consider a particle of mass m at latitude 6.

The angular velocity of the particle is also .

N
i ® =Recos O
(:3/’r

P(m) M®?r=mao?Recos0

Equatorial plane
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According to parallelogram law of vector addition, the resultant force acting on mass m along PQ is
F =[(mg)? + (mw? R, cos 0)2 + {Zmg x m»? R. cos 0} cos (180 - 6)]1/2
= [(mg)? + (mw? R. cos 0)2 - (2m2 gw? R, cos 0) cos 0]1/2

2
R0’ R0’
:mg{1+(iJ cosze—Zicoszel
g g

R 2
At pole 0 =90° = gpole = g, At equator 6 = 0 = Gequator = g{l _e_(o} .

Hence Gpole > Jequator

R 2
If the body is taken from pole to the equator, then g’ :g[l _ O } .
g

R o’
mg ~mg| 1= mR,»° R o
Hence % change in weight = 9 /100=""%2 4 100="%_x100
myg mg g
Key Points:
1. Apparent weight is equal to normal reaction is equal to reading of weighing machine is equal to

m X Japparent-
[Apparent weight = Normal reaction = Reading of weighing machine = m x gapparant]
2. Motion of an object is referred as free fall if its acceleration is same as acceleration due to gravity.

Illustration 130:

At some planet, gqpp at equator is equal to half of g.pp at poles.
Find o in terms of g and R.

Solution:

1 2_1 2p_ 9 g
=— = —-Ro'==g = R== = o=,
9. zgp g—ho 29 ® 2 IR

Weightlessness

2

~ M .
State of the free fall (a = —G—rj is called state of weightlessness. If a body is in a satellite (which does not
r

produce its own gravity) orbiting the Earth at a height h above its surface then
mGM mg

(R+h)? (thz
R

True weight = mg;, = ; Apparent weight = m(gn — a)

2

vo _GM _ GM _
=———=g, ; Apparentweight=m(gyr-gs) =0

ro? Rehp PP & (gn-gn)

Note:

The condition of weightlessness can be overcome by creating artificial gravity by rotating the satellite in
addition to its revolution.
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Illustration 131:

Find ratio of gravitational field on the surface of two planets which are of uniform mass density and have
radius Ry and R; if

(a) they are of same mass (b) they are of same density.
R} R

Ans. (a) J1="2 b =21

9: R; 9. R
Solution:

4 3
em G3™RP _[4nGRj
TRTTR 3 )

Escape Speed

The minimum speed required to send a body out of the gravity field of a planet (send it to r — ).

Escape Speed at Earth's Surface

Suppose a particle of mass m is on Earth's surface. We project it with a velocity V from the Earth's surface,
so that it just reaches r — o (at r — oo, its velocity become zero). Applying energy conservation between
initial position (when the particle was at Earth's surface) and find positions (when the particle just reaches

tor — )
Ki+ Ui= K+ Ur tr—);o
v
2 GM, -
—myv° +my| ——= |=0+m, _(r—>oo)
2GM,
= v=
R

. 2
Escape speed from Earth is surface v, = €

If we put the values of G, Me, R then we get V.= 11.2 km/s.

Escape Speed Depends on:
(i) Mass (M.) and size (R) of the planet.
(ii) Position from where the particle is projected.

Escape speed does not depend on:

(i) Mass of the body which is projected (mo)

(ii) Angle of projection.

If a body is thrown from Earth's surface with escape speed, it goes out of Earth's gravitational field and
never returns to the Earth's surface. But it starts revolving around the sun.
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Illustration 132: Me,R
A very small groove is made in the Earth, and a particle of mass mo
is placed at R/2 distance from the centre. Find the escape speed of

R/2
the particle from that place. |</_.|
Solution: o (Mo

MeR
||R/2 N atr > oo,v—>0

Suppose we project the particle with speed v, so that it just reaches at (r — o).
Applying energy conservation K; + U; = K¢+ Uy

2
GM
1mov2 +my| ——— (?»R2 —(Bj ] =040
2 2R 2
11GM, .
v= =v, at that position.
4R

Illustration 133:

Find radius of such planet on which the man escapes through jumping. The capacity of jumping of person

on Earth is 1.5 m. Density of planet is same as that of Earth.
Solution:

GMym _, = Lo

R 2 R

For a planet: 1mv2 -
2 p p

On Earth —» 1mv2 =m GI\ZE h
2 R

GMpm:GMg.m'h - ﬂ:MEZh

R, R: R, R

3
4/3anp=4/3nRgph ~ R

2
R, R;

Density (p) is same =

» =+ Rgh

Kepler’s Law for Planetary Motion

Suppose a planet is revolving around the sun, or a satellite is revolving around the Earth, then the planetary
motion can be studied with help of Kepler’s three laws.

Kepler’s Law of Orbit

Each planet moves around the Sun in a circular path or elliptical path with the Sun at its focus. (In fact
circular path is a subset of elliptical path)
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Law of Areal Velocity
To understand this law, lets understand the angular momentum conservation for the planet.
If a planet moves in an elliptical orbit, the gravitation force acting on it always passes through the centre
of the sun. So, torque of this gravitation force about the centre of the Sun will be zero. Hence, we can say
that angular momentum of the planet about the centre of the Sun will remain conserved (constant)
T about the Sun=10
dL
o
Now we can easily study the Kepler's law of aerial velocity.

0 = Lpianet / Sun = constant = mvr sin 0 = constant

If a planet moves around the sun, the radius vector (#) also rotates and sweeps area as shown in figure.
Now let's find rate of area swept by the radius vector (7).

Sun Area swept by
radius vector

Suppose a planet is revolving around the Sun and at any instant its velocity is v, and angle between radius
vector (7) and velocity (¥). In dt time, it moves by a distance vdt, during this dt time, area swept by the
radius vector will be OAB which can be assumed to be a triangle

dA =1/2 (Base) (Perpendicular height)
dA=1/2(r) (vdt sin 0)
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So, rate of area sweptd—A = 1vr sin©®
dt 2

We can write ZII_A _1myrsin@

2 m

Where mvr sin 6 = Angular momentum of the planet about the sun, which remains conserved (constant)
d_A _ Lplanet/sun
dt 2m

So, rate of area swept by the radius vector is constant.

=constant

Illustration 134:

2 2
Suppose a planet is revolving around the Sun in an elliptical path given by X—2 + % =1.Find time period of
a

revolution. Angular momentum of the planet about the Sun is L.

Solution:

A L
Rate of area swept d— =— = constant
dt 2m

A=mnab t=T
L
~  da=Loa. [ aa= [ ~  qab=ltr = p-?Zmmab
2m o t:02m 2m L

Kepler’s Law of Time Period

2
myv” _ GMgm,

r f'z

Suppose a planet is revolving around the Sun in circular orbit then

2
Time period of revolutionis T = T onr YR
14

2
R

For all the planet of a Sun, T? oc 1
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Illustration 135:

The Earth and Jupiter are two planets of the sun. The orbital radius of the Earth is 107 m and that of Jupiter is
4 x 107 m. If the time period of revolution of Earth is T = 365 days, find time period of revolution of the Jupiter.

re=107m

Te= 365 days

Solution:
For both the planets
TZ oc 13

2 3
( T]upiter J _ ( r]upiter J
TEarth rEar‘th

3
Tupier | =(4x107j
365 days 10’

’[‘jupiter = 8 X 365 days

Graphof Tvsr:
A T
Tocr3/2
> T
Graph oflog Tv/slogR:
47* 47
T? = R*= 2log T=1Io +3log R
[GMS J g 7 ( GMS J 7
1, (4n®) 3
logT ==lo +—logR
8 2 g(GMs 2 8
A log T
3
lope ==
Ape 2
2
C =110g An
2 GM,
»log R
. If planets are moving in elliptical orbit, then T2 «c a3 where a = semi major axis of the elliptical path.
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Circular Motion of a Satellite Around a Planet
Suppose at satellite of mass my is at a distance r from a planet.
If the satellite does not revolve, then due to the gravitational
attraction, it may collide to the planet.

To avoid the collision, the satellite revolve around the planet,
for circular motion of satellite.

2
GM, m, _myv

I"Z r

()

=

Planet

= v=, f% this velocity is called orbital velocity (vg)
r

GM,
Vo = -

Total Energy of the Satellite Moving in Circular Orbit

(i) KE = %mov2 and from equation (i)

2
myv” _ GM,m,
2

r r
GM m
= myt=—=L
r
1 GM
=  KE=—my’="—¢"0
2 2r

e

M
(ii) Potential energy U = _GM,m,

GM -GM
Total energy = KE + PE =( zemo j+( T j
r r

_ GM,m,
2r
Total energy is negative. It shows that the satellite is still bounded with the planet.

TE =

Essential Condition's for Satellite Motion
o Centre of satellite's orbit coincide with centre of Earth.

. Plane of orbit of satellite is passing through centre of Earth.
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Geo-Stationary Satellite
We know that the Earth rotates about its axis with angular velocity ®garm and time period Tgartn = 24 hours.

Suppose a satellite is set in an orbit which is in the plane of the equator, whose ® is equal to ®garth, (or its T

is equal to Trarth = 24 hours) and direction is also same as that of Earth. Then as seen from Earth, it will

appear to be stationary. This type of satellite is called geo- stationary satellite. For a geo-stationary satellite,
Wesatellite = WEarth

= Tsateltite = Tearth = 24 hr.

So, time period of a geo-stationery satellite must be

24 hours. To achieve T = 24 hour, the orbital radius

geo-stationary satellite:

Tzz(g;[z Jr3

Putting the values, we get orbital radius of geo stationary
satellite r = 6.6 R. (here R. = radius of the Earth)

height from the surface h = 5.6 R..

Special Points about Geo-Stationary Satellite

o All three essential conditions for satellite motion
should be followed.

. [t rotates in equatorial plane.
. Its height from Earth surface is 36000 km. (~6R,)

-~

- -

. [ts angular velocity and time period should be same as
that of Earth.
. [ts rotating direction should be same as that of Earth

(West to East).

. Its orbit is called parking orbit and its orbital velocity is 3.1 km./sec.
. . . . . oo g R,
. Maximum latitude at which message can be received by geostationary satellite is 6 =cos ok
., +
. : L » 2mhR’
. The area of Earth's surface covered by geostationary satellite is S =QR; = R ih
L+
. The area of Earth's surface escaped by geostationary satellite is
. The area of Earth's surface escaped by geostationary satellite is
R
c0s0, =——
R+h

4mR* —21R*(1—cos0,)=2nr* + 27r® cos(90°—0)

=2nR*(1+sin0)
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Polar Satellite (Sun-Synchronous Satellite)

Itis that satellite which revolves in polar orbit around Earth. A polar Polar orbit

Equatorial

orbit is that orbit whose angle of inclination with equatorial plane plane

of Earth is 90° and a satellite in polar orbit will pass over both the Equator,
north and south geographic poles once per orbit. Polar satellites are
Sun-synchronous satellites. Every location on Earth lies within the

observation of polar satellite twice each day. The polar satellites are Equatorial

used for getting the cloud images, atmospheric data, ozone layer in orbit
the atmosphere and to detect the ozone hole over Antarctica.
Only the equatorial orbits are stable for a satellite. For any satellite to orbit around in a stable orbit, it must

move in such an orbit so that the centre of Earth lies at the centre of the orbit.

Binding Energy
Total mechanical energy (potential + kinetic) of a closed system is negative. The modulus of this total
mechanical energy is known as the binding energy of the system. This is the energy due to which system is

closed or different parts of the system are bound to each other.

Binding Energy of Satellite (System):

B.E. = - T.E.
2
BE. = 1mvngM—m: L >
2 2r 2mr

Hence BE =KE. =-TE. = %

Work Done in Changing the Orbit of Satellite:

, SOW=E2—E1=

W = Change in mechanical energy of system but E = — GMm GMm ( 11 J

2r I

Illustration 136:

A satellite moves eastwards very near to the surface of the Earth in equatorial plane with speed (vo).
Another satellite moves at the same height with the same speed in the equatorial plane but westwards.
If R = radius of the Earth and o be its angular speed of the Earth about its own axis. Then find the
approximate difference in the two time period as observed on the Earth.

Solution:
2nR
Twest = T
v, +Ro
2nR
and Teast = T
Vo —Ro

2
= AT = Teast = Twest = 2R 2 ZRO; 5 :LTC(D}; 5
vy —R°o vy —R°o
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Illustration 137:

Find Wex: to change orbital radius of satellite from r1 to r».

Solution:

Wexe + W = KEf - KE;

Wext + Ui - Uf= KEf— KE,

Wexe = (I(f"' Uf) - (I(l + Ux) = TEf— TE;
~GM M _[—GMPMSJ

2r

ext =

2r,
Illustration 138:

A satellite of mass m, initially at rest on the Earth, is launched into a circular orbit at a height equal to the
radius of the Earth. The minimum energy required is

NG

A) ngR (B) - ng € - ng (D) — ng

Ans. (D)
Solution:

From law of energy conservation

U+K =U,+K,
—GMm Ki_—GMm 1 Voz
R 2R 2
Ki_GMm 1 [{ j
2R
36Mm_§
" 4R 4

Illustration 139:

An artificial satellite (mass m) of a planet (mass M) revolves in a circular orbit whose radius is n times the
radius R of the planet. In the process of motion, the satellite experiences a slight resistance due to cosmic
dust. Assuming the force of resistance on satellite to depend on velocity as F = av2 where 'a’is a constant,
calculate how long the satellite will stay in the space before it falls onto the planet's surface.

Solution:

/GM
Air resistance F = - av?, where orbital velocityv= ,|—
r

r = The distance of the satellite from planet's centre = F = - GMa
r
32,
’ GM
The work done by the resistance force dW = Fdx = Fvdt = GMa |GM dt = ( 3)/2 dt (i)
r r
M
The loss of energy of the satellite =dE - aE = d | _GMm _ GMm =dE= GMm dr ..(ii)
dr dr 2r 2r* 2r?
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GM 3/2
Since, dE =-dW (work energy theorem) —GZMT dr= ( 3/)2 adt
r r
O jﬂ myR(Jn-1) (V1) "
2a+/GM nR\/; a\GM a\/gR

Illustration 140:

Two satellites S; and S> revolve round a planet in coplanar circular orbits in the same sense. Their periods
of revolution are 1 h and 8h respectively. The radius of the orbit of S; is 104 km. When S; is closest to Sy, find:
(a) the speed of S> relative to S1 and

(b) the angular speed of S; as observed by an astronaut in Si.

Solution:

Let the mass of the planet be M, that of S; be m; and S; be my. Let the radius of the orbit of S; be
Ri(= 10% km) and of S, be R>.

Let vi and v, be the linear speeds of S1 and S, with respect to the planet. Figure shows the situation.

As the square of the time period is proportional to the cube of the radius.

3 2 2
Bl 2(8_}’} 64
R, T; 1h Vi

or, Ry=4R; =4 x 104 m. S
Now the time period of S1is 1 h. So,
2nR, _1h
Vi
_2mR,

or, v, = hI =2nx10*km/h

2R
Similarly, v, = % =nx10*km/h

(a) At the closest separation, they are moving in the same direction. Hence the speed of S, with respect
to S1is |v2 - vi| = x 104 km/h.
(b) As seen from S, the satellite S is at a distance R, — R1 = 3 x 104 km at the closest separation. Also,

is moving at © x 10* km/h in a direction perpendicular to the line joining them. Thus, the angular
speed of S as observed by S is

4
(0=TEX104km/h=£rad/h.
3x10"km/h 3

Illustration 141:

A space-ship is launched into a circular orbit close to the Earth's surface. What additional speed should
now be imparted to the spaceship so that orbit to overcome the gravitational pull of the Earth.
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Solution:

Let AK be the additional kinetic energy imparted to the spaceship to overcome the gravitation pull then by
energy conservation

_GMm o Ak=0+0
=N Ak = GMm
2R
Total kinetic energy = GMm AK= GMm , GMm _ GMm

2R 2R R

Then, 1mv§ =GM_m
2 R
2GM
= Vo=, |—
R
GM
But, wvi=,—
R

e Lo _ /ZGM fGM _ ~ fﬂ
So, Additional velocity = v, — v1= T - ? = (\/E 1) 2

Illustration 142:

For a particle projected in a transverse direction from a height h above Earth’s surface, find the minimum
initial velocity so that it just grazes the surface of Earth path of this particle would be an ellipse with center
of Earth as the farther focus, point of projection as the apogee and a diametrically opposite point on Earth’s
surface as perigee.

A M
Orbit of the body
Just grazing earth’s surface
B VB

Solution:
Suppose velocity of projection at point A4 is v4 and at point B, the velocity of the particle is vs.
2
GM
mvy _ emz and :
s (R+h) I'p R

Where r4 and rp are radius of curvature of the orbit at points A and B of the ellipse,

2
GM
then applying Newton'’s 2nd law at point A and B, we get, Mmv _a.m

But r4 = rg = r(say).
Now applying conservation of energy at points 4 and B
+-—mv) m

R+h 2 R 2

= GMem(l— ! jzl(mvé—mvi)z erMem iz—;z
R (R+h)) 2 2 R* (R+h)
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e 2R(R+h) _2Rr

or,
2R+h R+r
GM
vie "M _ogm, R
(R+h) r(r+R)

where r = Distance of point of projection from Earth’s centre = R + h.

Conditions for Different Trajectory
For a body being projected tangentially from above Earth’s surface, say at a distance r from Earth’s center,
the trajectory would depend on the velocity of projection v.

\%
h T[/Z
r
Velocity Orbit
1. Velocity, v < @( 2R j Body returns to Earth
r \r+R
/GM GM( 2R
2. — >v> —[ ) Body acquires an elliptical orbit with Earth as the
r r \r+R
far-focus w.r.t. the point of projection.
3. Velocity is equal to the critical velocity Circular orbit with radius r
of the orbit, v = /GM“’
r
4. Velocity is between the critical and escape =~ Body acquires an elliptical orbit with Earth as
velocity of the orbit the near focus w.r.t. the point of projection.
2GM, >v> /GM" ieTE<O
r r
’ZGM : : , .
5. V= Vese = ¢ i.eTE=0 Body just escapes Earth'’s gravity, along a
r
parabolic path.
2GM, . ) -
6. V> Vese = ¢ ieTE>0 Body escape Earth’s gravity along a
r
hyperbolic path.
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Double (Binary) Star System

If two stars of comparable mass revolve about their common centre of mass under the influence of mutual
gravitational force then this system is called binary star system.

For centre of mass to remain at rest both the stars should rotate with same '»'.
Let distance of centre of mass for my is r1 and m; is r2. Then

miri = mpars (l)
ri+r=r (11)
From (i) and (ii)
m,r
r=—%—
m, +m,
m,r
L U
m, +m,
T:=T = MW1=M2 ...(iii)
Gm;m 2 .
— 2 =F=mon (iv)
r
Gm,m, 2
r—zzmzu)zrz (V)

Gm,(m +m,)
2—_®2
r’mr

Gim +m,)

=0
3

Angular momentum of system

L = mvir: + mavar;

L= MJ(D@

m; +m,
[ = por?
mm, .
where p=——=— is the reduced mass of system.
m; +m,
A pair of stars rotating about their COM (centre of mass) R -
GM(2
F= —ng m)
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Star-1 Star-2 Ratio
1 3 mv12 3 mv12 Vi _Z
' 2d /3 d/3 v, 1
M,m mv? M,m mv;
d> 2d/3 d> d/3
Gm Gm
v, =2,|— v, =,|—
3d 3d
T.
2 Tl ZZ—TCE T2 :2—7[g _1:1
v, 3 v, 3 T, 1
KE. 2
3 KE, =1mvf KE, =1mv§ L_—
2 KE, 1
L 2
4 L =mv, ﬁ L, =2mvy, a_z
3 L, 1

Illustration 143:

In a double star, two stars (one of mass m and the other of 2m) distant d apart rotate about their common
centre of mass. Deduce an expression of the period of revolution. Show that the ratio of their angular
momentum about the centre of mass is the same as the ratio of their kinetic energies.

Solution:

The centre of mass C will be at distances d/3 and 2d/3 from the masses 2m and m respectively. Both the
stars rotate round C in their respective orbits with the same angular velocity . The gravitational force
acting on each star due to the other supplies the necessary centripetal force.

G(2m)m

The gravitational force on either star is 7 . If we consider the rotation of the smaller star, the

2

} i.e. same

centripetal force (mr®?) is {m(%j mz} and for bigger star [Zmdm

G(2m)m (Zdj 2 (Bij
— 7 =m S o or o=

dZ d3

Therefore, the period of revolution is given by

3
T:z_n:ZT[ ( d j
o 3Gm

The ratio of the angular momentum is

(o), g _(Zm)(g)z _1

(I(D)small Ismall ( Zd jz 2
m

1

(210)2) Ly, 1
Since o is same for both. The ratio of their kinetic energies is big _ b8 _~ which is the same as

(1 Iw? ] Lman
2 small
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Gravitational Pressure
Illustration 144:

A uniform sphere has a mass M and radius R. Find the pressure p inside the sphere, caused by gravitational

compression, as a function of the distance r from its centre. Evaluate p at the centre of the Earth, assuming

it to be a uniform sphere.

Ans. p= % (1 -r2/R?) GM%/nR*. About 1.8 x 108 atmospheres.

Solution:

Consider an element of a cylinder extending from centre to surface.

x4nr’pdr

d " GM
p:j%:—i R3r

_ 4nGp? [RZ _rz] _ 2nGp° [Rz _rz]
-3 2 3

Illustration 145:

A spherical body of radius R consists of a fluid of constant density and is in equilibrium under its own
gravity. If P(r) is the pressure at r(r < R), then the correct option(s) is(are) :-

P(r=3R/4)_63

() Plr=0)=0 (&) P(r=2R/3) 80

© P(r=3R/5) 16 ) P(r=R/2)_20

P(r=2R/5) 21 P(r=R/3) 27
Ans. (BC)
Solution:
dF=[P- (P +dP)]A

________
R ~o

Gm -~ ~
= —dm=—(dP)A ’/ \\\
r‘z l/' /10*0, \‘\
3 ! ;
e M sartarp \ }
- feflEm
0 w r’(4nr?) “dr yd
N e
p=GBM(y ]
2R R
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