Wave on String and
Sound Waves

WAVE ON STRING

A wave is a disturbance which propagates in space, transport energy from one place to another without
the transport of matter.

Wave

Example - Ripples on a pond, sound we hear etc.

Classification of wave

Wave
Based on Based on Motion Based on Energy  Based on direction
medium of the particles propagation of propagation
of medium
Mechanical _, Longitudinal _, Progressive |, One dimensional
wave wave wave wave
|, Electro magnetic |, Transverse |, Stationary |, Two dimensional
wave wave wave wave
|, Three dimensional

wave
As shown in the above tree, waves can be primarily classified into four categories—

(i) Based on medium (ii) Based on the motion of particles of the medium
(iii)  Based on energy propagation (iv)  Based on direction of propagation

Now let us discuss these categories one by one.

Based on medium:
On the basis of medium, waves are of two types (a) Mechanical waves, (b) Electromagnetic waves
(a) Mechanical waves: Require material medium for their propagation.

Examples: Sound waves, waves on a string.

Properties of mechanical waves:

(i) Energy and momentum propagates by motion of particles of the medium but medium does
not propagate i.e. transfer of mass does not takes place.

(ii) Due to elasticity of the medium, particles occupy its original position.

(iii) Due to inertia, medium can transfer kinetic and potential energy.
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(b)

Examples: Radio waves, Light waves.

Properties of electromagnetic waves:

Electromagnetic waves: Material medium is not required for propagation.

(i) Periodic change takes place in electric and magnetic fields.

(ii) These waves are transverse in nature.

(iii) These waves possess momentum and travels with the speed of light.

Based on the motion of particles of medium:

Waves are of two types on the basis of motion of particles of the medium (a) Longitudinal waves,

(b) Transverse waves

Transverse waves

Longitudinal waves

Particles of the medium vibrates in a direction
perpendicular to the direction of propagation of
wave.

—_—V

R

Transverse wave on a string

Particles of a medium vibrate in the direction of
wave motion.

Particles of the medium

/
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Longitudinal wave in a fluid

It travels in the form of crests () and troughs (7).

e
N

T

It travels in the form of compression (C) and
rarefaction (R).

Maximum
pressure

density, CRC RC R
— |

pressure and density

Transverse waves can be transmitted through
solids, they can be setup on the surface of liquids.
But they can not be transmitted into liquids and
gases.

C C C
: T = |
AT A

-]

T

Transverse-wave in a rod

These waves can be transmitted through solids,
liquids and gases because for these waves
propagation, volume elasticity is necessary.

Longitudinal wave in a rod
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Transverse waves

Longitudinal waves

Medium should posses the property of rigidity

Medium should posses the property of elasticity

Transverse waves can be polarised.

Longitudinal waves can not be polarised.

Movement of string of a sitar or violin, movement of
the membrane of a Tabla or Dholak, movement of
kink on a rope, waves set-up on the surface of water.

Sound waves travel through air, Vibration of air
column in organ pipes. Vibration of air column above
the surface of water in the tube of resonance apparatus

Based on energy propagation:

Again the waves can be divided into two parts on the basis of energy propagation (a) Progressive waves

(b) Stationary waves

()

Example: Waves on liquid surface.
Properties:

(1)
(ii)
(iii)

(b)
not prapogate.
Example: Vibration of sonometer wire.

Properties:

()

Progressive waves: The wave propagates with fixed velocity in a medium.

Every particle attains the maximum displacement at one time or other.
Energy and momentum propagate in the medium from one particle to another.
Phase of motion of particles continuously change.

Stationary Waves: The particles of the medium vibrate with different amplitude but energy does

There are some particles who always remain at rest, at some points known as nodes where

as other particles attain maximum value at other points known as antinodes.

(ii)
(iii)
antinodes.
(iv)  Energy does not propagates.

Based on direction of Propagation:

All particles between two successive nodes are in the same phase.
At nodes particle velocity is zero while strain is maximum and reverse is the case for

(a) One dimensional wave: Stretched string.
(b) Two dimensional wave: Waves on liquid surface.
(© Three dimensional wave: Sound waves.

Examples based on Classification of waves

Illustration 1:

Examples of mechanical waves are -
(A) Waves in spring and water waves
(C) Sound waves and waves in a string
Ans. (D)

Solution:

All of the above needs a material medium to travel.

(B) Compression, rarefaction waves in liquid
(D) All of the above

www.allen.in
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Illustration 2:

A transverse wave travels along the Z axis. The particles of the medium must move -

(A) along the Z axis (B) along the X axis  (C) along the Yaxis (D) in the X-Y plane
Ans. (D)

Solution:

In transverse wave, particles of the medium vibrate in a direction perpendicular to the direction of wave
propagation and X-Y plane is always perpendicular to Z axis.

Illustration 3:

A progressive wave propagating in a medium carries (through the medium)

(A) Only energy (B) Only momentum

(C) Both energy and momentum (D) Neither energy nor momentum
Ans. (C)

Solution:

Progressive wave is a disturbance in the medium which carries energy and momentum.

Illustration 4:

[s an oscillation a wave? Explain.

Solution:

No an oscillation is not a wave. The term 'wave’ implies the transfer of energy through successive vibration
of the particles of the medium. So, the oscillation of a body do not constitute a wave.

Illustration 5:

Transverse waves are possible in solids but not in liquids and gases. Why?

Solution:

Transverse mechanical wave require rigidity in the medium. The medium must be elastic so as to provide
a restoring force when acted on by shearing stress. But liquids and gases flow when acted on by shearing
stress and so cannot transmit waves.

Illustration 6:

How can one distinguish experimentally between longitudinal and transverse waves?

Solution:

One can distinguish between transverse wave and longitudinal waves by conducting experiments on
polarization, since longitudinal waves cannot be polarised.

Wave Function

It is a mathematical description of the disturbance created by a wave. For a string, the wave function is
displacement, for sound waves, it is a pressure or density fluctuation where as for light waves it is electric
or magnetic field.

Now let us consider a one dimensional wave travelling along x-axis. During wave motion, a particle with
equilibrium position x is displaced some distance y in the direction perpendicular to the x-axis. In this case
y is a function of position (x) and time (t).

i.e.y = f(x t). This is called wave function
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Different physical interpretation of wave function:

(a) Wave function of a wave tells about the displacement of particle of the medium at given time.

(b) If 't' is kept fixed (t = to) in the wave equation then the resultant equation y(x, t = to) = f{x) describes
the shape of the wave at given time 'to".

() If 'x' is kept fixed (x = xo) in the wave equation then the resultant equation y(x = xo, t) = f{t) represent
equation of motion of particle present at x = xo.

Wave function when equation of shape is given: Let the wave pulse is travelling with a speed v, after a
time ¢t, the pulse reaches a distance vt along the +x-axis as shown. If equation of the shape of pulse at t=0 is
given by y=f(x), then after time ¢ this shape (graph) will be shifted towards positive x axis by amount vt. So,
the equation of shape at any time t i.e. the wave function now can be represented as y = f(x — vt).

Y 4 Y |
«— Vt —>1
»X
0
(A) Pulse attime t=0 (B) Pulse after time t

If the wave pulse is travelling along - x-axis then y = f (x + vt)
In order of a wave function to represent a wave, the quantities x, ¢ must appear in combinations

(Ax + Bt), where A and B are the constants such that velocity of the wave is given by

__B
v="7

Coefficient of t

V'= ~ Coefficient of x
Thus y=(x-vt)?/(x —vt), Ae™ B (-v0)* g, represent travelling waves while,

y = (x? — v2t?), (Wx — \/vt), A sin (4x2 - 9t2) etc. do not represent a wave.

Illustration 7:
Shape of apulseatt = 0 is givenby y = e~@-D?*3nd shape of the same pulseatt = 2 sec.isy = e~ (@-5)?*
Find wave velocity and wave function.

Solution:

_ _ -(x-1)2
At t=0,y=e «— Vt—>

At t=2sec,y = e~ (x-5)*
y — e_[(x_4)_1]2

In 2 sec pulse travels 4 unit

4 :
v =5 = 2unit y=F(x) y=f(x-vt)
In t time pulse travels 2t unit.

Atany time ¢,y = e~[(x-20-1F°
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Illustration 8:

y =f(x) at t = tp and wave is travelling in +x direction with speed v.
Solution:

Wave equation is y = f (x - v(t - to)).

Illustration 9:

y =x?att=1and wave is travelling in +x direction with speed 3 m/s.
Solution:

Replace xby x - v (t - to) wherev=3and tp=1

Wave equationis y = (x —3(t— 1))2

Illustration 10:

y=x%2+ 2xat t =0 and wave is travelling in -x direction with speed 3 m/s.
Solution:

Replace x by x + vt where v =3

Wave equation is y = (x + 3t)% + 2(x + 3t).

Illustration 11:

y=4xatt=1and wave is travelling in -x direction with speed 3 m/s.
Solution:

Replace xby x + v (¢t - to) wherev=3and tp =1

Wave equationisy = 4[x + 3(t — 1)]

Wave function when equation of motion of particle is given:

Imagine a horizontal string stretched in the x direction. Its equilibrium shape is flat and straight. Let y
measure the displacement of any particle of the string from its equilibrium position, perpendicular to the
string. If the string is plucked on the left end, a pulse will travel to the right. The vertical displacement y of
the left end of the string (x = 0) is a function of time, i.e., y (x =0, t) = f(t).

If there are no frictional losses, the pulse will travel undiminished, retaining its original shape. If the pulse
travels with a speed v, the ‘position’ of the wave pulse is x = vt. Therefore, the displacement of the particle

x
at point x at time t was originated at the left end at time ¢t - > [y (% t) is function of both x and £]. But the

x x
displacement of the left end at time t is f(¢) thus at time ¢ - > itis f(¢t- ;).

Therefore :

v (x= X\ _ X
yx )=y x=0t-3)=f(t-7)
This can also be expressed as

= %[vt—x)

= —;(x—vt)

y(x t) = g(x-vt)
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Using any fixed value of ¢ (i.e. at any instant), this shows shape of the string. If the wave is travelling in -x
direction, then wave equation is written as

X
Yo ) =f(E+7)

The quantity x - vt is called phase of the wave function. As phase of the pulse has fixed value x - vt = const.

Taking the derivative w.r.t. time

—_v
dt

where v is the phase velocity although often called wave velocity. It is the velocity at which a particular
phase of the disturbance travels through space

Illustration 12:

A transverse wave is travelling towards +x axis. At t = 0, particle of x = 0 is found at y = + 5, while moving

towards its mean position. If velocity of wave is v and particles are performing SHM with amplitude A and
angular frequency . Find equation of wave.

Solution:
Let y = Asin(wt + ¢)
At t:Oandx:O,y=+é
+g = Asin(¢)
sin¢g = %
T 51
== or —
p=gor—
As at t = 0 particle is moving towards mean position, so ¢ = 5?”

. 5
Hence,atx=0,y = Asin (a)t + ?)

For wave equation replace t by t — %

y=Asin[w(t—%)+5?n]

Travelling Sine wave in one Dimension (wave on string)

The wave equation y = f (t - %) or y = f(x - vt )is quite general. It holds for arbitrary wave shapes, and

for transverse as well as for longitudinal waves.

A complete description of the wave requires specification of f (x). The most important case, by far, in
physics and engineering is when f(x) is sinusoidal, that is, when the wave has the shape of a sine or cosine
function. This is possible when the source, that is moving the left end of the string, vibrates the left end
x=01inasimple harmonic motion. For this, the source has to continuously do work on the string and energy
is continuously supplied to the string.

Let us consider, the equation of a travelling sinusoidal wave is

y=Asin (ot * kx)

www.allen.in [7]
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The wave equation y = A sin (ot + kx) says that at x = 0 and t = 0, y = 0. This is not necessarily the case, of
source. For the same condition, y may not equal to zero. Therefore, the most general expression would
involve a phase constant ¢, which allows for other possibilities,

y=Asin (ot * kx + ¢)

A suitable choice of ¢ allows any initial condition to be met.

Analysis of sinusoidal wave y = A sin(wt - kx):
1. According to given wave function equation of motion of particle at x = xo
V(xo,t) = Asin(wt — kx)
= Asin(wt + ¢)
Which is the equation of SHM of particle present at x = x;. It can be concluded from the above
result that all the particle present on the wave perform SHM with same amplitude A and same
angular frequency o and frequency f = % Therefore, A is called amplitude of wave and fis called

frequency of wave. ¢, which is the initial phase of particle, depends on location (x) of particle.
Suppose ¢1 and ¢z are the phases of particles at distance x; and x; at any time ¢, then
b1 — 2 = k(x3 —x1)
|A¢| = k|Ax] (1)
2. Shape of the wave on string at t = t, will be given by
y = Asin(wty, — kx)
y = Asin(kx — wty + m)
y = Asin(kx + ¢) -(2)
Where ¢ = T — wt,
Below is the graph of equation 2
y

A

NN
VY,

T is the period of the function represented by equation 2, which is the minimum length after

which wave repeats itself and is called wavelength (A) of the wave and k is called wave number.
Now the equation (1) can be written as
|[Ap| _ Ax

- N -(3)

Velocity of wave:

Coefficient of t

Since velocity of wave, v = — Coelientofx”
Therefore, v = %or v=fA
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Velocity and acceleration of particle present on wave:

Velocity of particle will be given by v = ?3%1 = Aw cos(wt — kx)

2
And acceleration will be given by a = 6_2y = —Aw? sin(wt — kx)

d°t

Illustration 13:

A source of frequency 500 Hz emit waves of wavelength 0.2 m. How long does it take to travel 300 m?

(A)70s (B)60s (C)12s (D)3s
Ans. (D)
Solution:
Velocity of the wave is v = fA =500 x 0.2 = 100 m/s.
300 _ 300 _

Time to travel 300 mist = ~ = 100° 3 sec

Illustration 14:

A sinusoidal wave travelling in the positive x direction has an amplitude of 15 cm, wavelength 40 cm and
frequency 8 Hz. The vertical displacement of the medium at t = 0 and x = 0 is also 15 c¢m, as shown.

4 y(cm)

»

40

A4

15

x > x(cm)

(a) Find the angular wave number, period, angular frequency and speed of the wave.
(b) Determine the phase constant ¢, and write a general expression for the wave function.
Solution:

k:_:_:_
(a) A 40cm 20 rad/cm

R

T

Q|-

s; o=2nf=16ms1

v=fA=320cm/s
(b) Itis giventhat A=15cmandalsoy=15cmatx=0andt=0
Using y=Asin (ot -kx+ ¢)
15=15sin¢
sing=1
s
(|)=Erad.

Therefore, the wave function is

T
y=Asin (ot - kx + E) = (15 c¢m) sin [(167ts‘1)t — (lmd).x + E]

20 cm 2

www.allen.in [9]
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Illustration 15:

A sinusoidal wave is travelling along a rope. The oscillator that generates the wave completes

60 vibrations in 30 s. Also, a given maximum travels 425 cm along the rope in 10.0 s. What is the
wavelength?
Solution:

5
=——=425
1% 0 cm/s

60
=—=2Hz
30

v
=—=21.25cm.
f

Illustration 16:

A simple harmonic progressive wave is represented by the equation y = 8 sin 27 (0.1x - 2t) where x and y
are in cm and t is in seconds. At any instant the phase difference between two particles separated by
2.0 cm in the x-direction is

(A) 18° (B) 36° (C) 54° (D) 72°

Ans. (D)

Solution:

y=8sin2m (1x_0 - Zt) given by comparing with standard equation y = A4 sin 2x (% - %)
A =10cm

2T 2T 2
So, Phase Difference = 7 x path difference = 1—0 X 2 = E X 180°=72°

Illustration 17:
A wave represented by the given equation y = 4 sin (10mx + 157t + %) where x is in meter and ¢t is in

second. The expression represents
(A) A wave travelling in the positive x-direction with a velocity of 1.5 m/sec
(B) A wave travelling in the negative x-direction with a velocity of 1.5 m/sec
(C) A wave travelling in the negative x-direction with a wavelength of 0.2 m
(D) A wave travelling in the positive x-direction with a wavelength of 0.2 m
Ans. (BC)
Solution:
By comparing with standard equation y = A sin (kx + wt + 7/3)

k=10m w =157

We know that: v = %= 1.5m/sec; A = 2% = 0.2 meter.
Illustration 18:
A transverse wave is described by the equation y = y; sin Zn(ft - %) The maximum particle velocity is

four times the wave velocity if

(A)2 =0 (B) 2 = 20 (€)=, (D) 2 = 2m,
Ans. (B)

[10] www.allen.in
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Solution:
Maximum particle velocity = 4 wave velocity

Aw=4f2

yo2rf =4f2

T

Illustration 19:
The equation of a wave travelling in a string can be written as y = 3 cos (100 ¢t - x) Its wavelength
(A) 100 cm (B)2cm (C)5cm (D) None of these
Ans. (B)
Solution:
Standard equation : y = A cos (wt — kx)

Given equation : y = 3 cos (100 it — mx)

So, k=mand Az%chm

Illustration 20:

A plane wave is represented by x = 1.2 sin (314 t + 12.56 y) where x and y are distances measured along
x and y direction in meter and t is time in seconds. This wave has

(A) A wave length of 0.25 m and travels in + ve x-direction

(B) A wavelength of 0.25 m and travels in + ve y-direction

(C) A wavelength of 0.5 m and travels in - ve y-direction

(D) A wavelength of 0.5 m and travels in - ve x-direction

Ans. (C)

Solution:

From given equation k=12.56

A= 2777 =0.5m direction is along - y axis

Illustration 21:

A transverse wave travelling along a string is described by y(x, t) = 0.00327 sin(72.1x - 2.72t), in which the
numerical constants are in SI units.

(A) What is the amplitude of this wave?

(B) What are the wavelength, period, and frequency of this wave?

(C) What is the velocity of this wave?

(D) What is the displacement y at x = 22.5 cmand t = 18.9 s?

(E) What is the transverse velocity u of this element of the string, at that place and at that time?
(F) What is the transverse acceleration ay at that position and at that time?

Solution:

(A) Ym=0.00327 =3.27 mm

www.allen.in [11]
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(B) A:%:%_oosn_sncm
T=%=%_231s
11
) v=%=§—72—00377—377cm51

(D)  y(x,t) = 0.00327sin(72.1 X 0.225 — 2.72 x 18.9)
=0.00192 = 1.92 mm

(E) u= % = —wYyyy, cos( kx — wt)
= —(2.72)(0.00327) sin( 72.1 x 0.225 — 2.72 x 18.9)
=7.20 mm/s

F q ?;; —w?yy, sin(kx — wt) = —w?

y
= —(2.72)%(0.00192) = —0.0142

= —14.2 mm/s?

The Linear Wave Equation
By using wave function y = A4 sin (ot - kx + ¢), we can describe the motion of any point on the string.
Any point on the string moves only vertically, and so its x coordinate remains constant. The transverse

velocity v, of the point and its transverse acceleration ay are

0
wel@ L= e meAcost-kird) 1)
dv dvy 9%y
o T I e T G ()

and hence v), max = ®4

ay, max = ®2A
The transverse velocity and transverse acceleration of any point on the string do not reach their maximum
value simultaneously. Infact, the transverse velocity reaches its maximum value (wA) when the

displacement is y = 0, whereas the transverse acceleration reaches its maximum magnitude (®24) when

y=z%A
d 6
Now {—y} ed
dX t=constant ax
= -kA cos (ot - kx + §) ..(3)
And 0%y k2 A si t-k 4
—_— - +
n 9x2 sin (ot - kx + ¢) 4)

[12] www.allen.in
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From (1) and (3)
Y __ 0%

at  k ox

vp = - vy x slope
i.e.if the slope at any point is negative, particle velocity is positive and vice-versa, for a wave moving along
positive x axis i.e. vy, is positive.
For example, consider two points A and B on the y-x curve for a wave, as shown. The wave is moving along
positive x-axis.
Slope at A is positive therefore at the given moment, its Y4
velocity is negative. That means itis coming downward.
Reverse is the situation for particle at point B. A

™ é

Now using equation (2) and (4)
0%y k2 0%y > X
ox2  w? 9t2 X
0%y 1 9%y
ax2 2 at?

This is known as the linear wave equation or differential equation representation of the travelling wave

model. We have developed the linear wave equation from a sinusoidal mechanical wave travelling through
a medium, but it is much more general. The linear wave equation successfully describes waves on strings,
sound waves and also electromagnetic waves.

Illustration 22:
2

——- 5 - isasolution to the linear wave equation. x and y are in cm.
(x=3t)~+1

Verify that wave function y =

Solution:

By taking partial derivatives of this function w.r.t. xand ¢
9%y  12(x-3t)%-4

9x2  [(x=3t)2+1]3

0%y  108(x—-3t)%2-36 0%y 10%x
Atz ~  [(x=30)2+1]3 © ax2 _ 9 0t2

Comparing with linear wave equation, we see that the wave function is a solution to the linear wave

and

equation if the speed at which the pulse moves is 3 cm/s. It is apparent from wave function therefore it is
a solution to the linear wave equation.

Illustration 23:

For the points marked in the graph, find the signs of v» and ap

C Vo+ve
—_—
D //\
Al/ B yi

4
4

~,
N
e
tr1
<
jmn)
v
>
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Solution:
yp Slope of y-x | vp ap= -2y
A 0 + - 0
B + - -
C + 0 -
D + - + -
E 0 - + 0
F - - + +
G - 0 0 +
H - + - +

The Speed of Transverse waves on strings
This velocity depends on two properties of the string.
(a) Elasticity (measured by tension Fin the string)

(b) Inertia (measured by mass per unit length) W’// N@i
Take a small element A/ of the string in which a wave

is moving with speed v. Suppose this element forms

an arc of radius R. A force of tension pulls this element
tangentially by which horizontal components
cancel and vertical components add to form a

restoring force i.e.
F-=FsinO+ Fsin0
At/2  F.A¢
Fr=2FsinO=2F — = ——
R R
If u is mass per unit length of string and A m is the mass of element then downward acceleration is
given by
_Fr _FAZ/R _ F

h _4dm
TAm T Am  pRWRTCH =77

2
But element is moving in a circle of radius R. So Centripetal acceleration a = 7

F

u

F
v= |-
U

2
R

Note:

If A is area of cross-section and p is density

n=pA

. F
So, velocity v = /p_A

[14] www.allen.in
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Illustration 24:
Fig. shows a string of linear mass density 1 gm/cm on
which a wave pulse is travelling. Find the time taken
by the pulse in travelling through a distance of 50 cm
on the string. Take g = 10 m/s2.
Solution:
Tension in the string

F=mg=10N
Mass per unitlength =1 g/cm = 0.1 kg/m

. _ [F_ [10_
Velocity of wave v = \/% =Jl01= 10m/s

Time taken by pulse in travelling a distance of 50 cm

Illustration 25:

VA

NONNNNNNNNNNN\N\NN\NNY

5
0 .05 seconds

A kg

The diameter of an iron wire is 1.2 mm. If the speed of transverse wave in the wire be 50 m/s then what is

the tension in the wire. The density of iron is 7.7 x 103 kg/m3.

Solution:
Diameter of wire = 1.2 mm = 1.2 x 10-3m ;
Speed of wave = 50 m/s ;

Speed of transverse wave is given by

F
V= /—
U

But pn=pA

Radius of wire = 0.6 x 10-3m
Density of wire p = 7.7 x 103 Kg/m3

F=v2pA=(50)2x7.7x103x3.14 x (0.6 x 10-3)2 =21.76 N

Illustration 26: A
Find: (a) v, when wave passes through point at distance x from B? A MMM
(b) Time taken by wave to go from B to A. M, L
(c) Ball is dropped at t = 0 from the point 4, where will they cross?
Solution:
B
/]
@) Z
E
M
AsT = X9
M
_ / 9 _ —
Vo = MJL — xg
www.allen.in [15]
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dx dx
(b) vy, =7 ; \/@=E=U

tdx t L
foﬁ:fo\/gdt ; t=2\/§

() They both take same time

thall = twave

fZ(L—d)_z\/E
g  Ng

d

w| o~

L
They cross at 3 from lower end.

Energy density in travelling wave on a string

Snapshot of a travelling wave on a string at time ¢ = 0. S 2 s

Consider a string element of mass dm.
Kinetic energy: dK = %dmuz.

Since  y(x, t) = ymsin(kx —ot),

u= % = —wYyy, cos( kx — wt).

Since dm = udx,

dK = %(,udx)(—a)ym)2 cos?(kx — wt)

Potential energy:

Potential energy is carried in the string when it is stretched. Stretching is largest when the displacement
has the largest gradient.

Hence, the potential energy is also maximum at the y = 0 position. This is different from the harmonic
oscillator, in which case energy is conserved.

Consider the extension As of a string element.

As = \[(dx)% + [y(x + dx, t) — y(x,)]2 — dx

z\/(dx)z +(%dx)2 —dx = [ /1+(g—;’)2 - 1] dx

Using approximation

As = [1 +%(a—y)2—1]dx =%(a—y)2dx

ox ox

The potential energy of the string element is given by the work done in extending the string element,

T (9y\° T
dU =dW = T4s = 7(6_2;) dx = 7k2y,f1 cos?(kx — wt)dx

Note:
dU = dKE only valid for travelling wave.

[16] www.allen.in
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Proof:
A 2y (v, 1 5
du = ET (%) dx = 5 (uvy) (%) dx = E,uvpdx
1 3

dKE = E;wpdx

dE _dU  dKE _

dx dx dx Ko

dE ay\? ay\? dE _  dKE _ pdxv}
or — =ul\— =T{— Vv —_—= =

dx dt dx dx dx dx

Illustration 27:
Compare the mechanical energy (KE + PE) of elements 1, 2 and 3 as shown in figure.

y
1
2
3

Solution:

|slope|.> [slope|z = |slope|:

dU, > dUs =dU,
As dU = dKE

dKEz > dKEg = dKE1

dE2 > dE3 = dE1
Key Points for travelling wave in string only
. KE and PE of an element are always equal to each other. Mechanical energy (KE + PE) of an element

is not constant.
. At an instant when element is passing through mean position its KE and PE are maximum.
. At an instant when element is at extreme position its KE and PE are minimum.

Illustration 28:

Find energy of string of linear mass density p from x = 0 to x = A at a given instant (¢t = 0)?

1Y y=Asin (kx - ot)

www.allen.in [17]
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Solution:

dn2

JdE = [u(F) ax

E= folquwz cos?(kx — wt) dx
= nA%w? fo)l cos?(kx) dx

A (14+cos2kx
= ua?o? [ (5555 dx

sin 2kx]’1
2k 1y

= %quwz [x +

= %qua)z[/l + 0]

E= %,Lt)lAza)Z energy in one wavelength

Power Transmitted along the string by a Sine Wave

Suppose a simple harmonic progressive wave is propagating in x direction

y =Asin(ot - kx)
The string on the left of the point x exerts a force on to the right

y
of position x. This force acts along the tangent to the string at x. i Vy
Rate of change of energy of the particle = F v, cos (90 + 6)
{Here we are taking velocity component in the direction of force} Vx —
=-Fy,sin 0 0 F
This is the equation of instantaneous power transmitted to the a > X
neighbouring particles. i.e.
P=-Fy,sin@
_9y
But vy = 5%
9y
And sinO=0x=tanb=—
ox
_ 79y
Hence, P = Tax 5t
0
P = F Ak cos (ot - kx). 7t [A sin(wt - kx)]
= F [Ak cos(wt - kx)] [A © cos (ot - kx)]
242
=9 '3 Fcosz(a)t—kx)
242
<P>= Py = @ f}l F(cosz(wt—kx))
1w24’F 1 4 .,
=5 5 @AWW
<P>=2n2puvAzf
Hence Pag=2m* nvA2f
i.e Paygoc A2 f2
[18] www.allen.in
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Intensity of wave on string

Intensity of transverse wave on string

[ = Power
~ Area

Since power is variable for a point and we have taken its average value

So, Intensity at any point is also taken average.

Iy = (P) _l,uvAZa)z
~ Area 2 Area

(I) = %vazwz

Where p = Density of the material of string.

Illustration 29:
A string with linear mass density m = 5.00 x 10-2 kg/m is under a tension of 80.0 N. How much power must

be supplied to the string to generate sinusoidal waves at a frequency of 60.0 Hz and an amplitude of
6.00 cm?

Solution:

The wave speed on the string is

T _ 80.0 N

u _<5.oo><10‘2 kg/m

Because f= 60 Hz, the angular frequency o of the sinusoidal waves on the string has the value
o =2nf=2n(60.0 Hz) =377 s!

Using these values in following equation for the power, with A = 6.00 x 10-2 m, gives

1/2
) =40.0 m/s

1
P=— ZAZ
5 by
1
=7 (5.00 x 10-2 kg/m) (377s571)%2 x (6.00 x 10-2 m)2 (40.0 m/s) =512 W.

Illustration 30:

Two waves in the same medium are represented by y-t curves in the figure. Find ratio of their average
intensities?

o Wave 1

2 10 /-anve 2

Solution:

I, w3A%? f#-AF 1x25 25

I, w343 f2-A3 4x4 16

www.allen.in [19]
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Interference and the principle of superposition

When two of more than two waves pass through the same region simultaneously, we say that waves

interfere in that region.

S1 S2

In the event of interference, waves follow the principle of superposition according to which when two or
more wave pass through a point, the disturbance at this point is given by the sum of disturbances each
wave could produce in absence of other wave.
Let us consider two needles performing SHM on the surface of
water due to which ripples are generated.

y; = A; sin(wt — kry) in absence of S;

vy, = A, sin(wt — kr,) in absence of S;

In presence of both S1 and S, displacement of particle at point P is given by A
A
Y=yt ’
y = A; sin(wt — kry) + A, sin(wt — kry) a ¢
Ay

y = Asin(wt + a)|

If two sinusoidal waves of same frequency interfere with each other, then resultant wave or resultant
motion of particle will be SHM of same frequency.
Nature of interference -

y1=A4;sin (ot + ¢1)

y2=A: sin (ot + ¢2)

Ap=do— 1

A= \/Af + A% + 24,4, cos A ¢

For maximum resultant amplitude, A¢ = 2nm
A = A; + A, = Constructive interference
And if amplitude is minimum i.e.

A =|A; — A, when 4¢ = (2n + 1)m = Destructive interference

Interference on a string

Two pulses of different amplitude but same wave speed a moving towards each other as shown in figure.

As they interfere the net displacement (yne) of any point P is given by ynet = y1 + y2.

[20] www.allen.in
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—’V
4—i—> —T>
Ax Ax
I: (< >
P
A —p
RV I [ i A1+A2
_f Yityz |y, le
t= e v Final shape
A x
—>
Velocity analysis in interference
We know that, y =y1 +y»
Now differentiating w.r.t. time
dy 0y1 0y
ot ot Jt
|vresultant = v+ 172|
dy AP
Here we can not applya =-v, Ix in resultant wave.
Let us consider two pulse of same magnitude moving towards each other with same wave speed.
4 — >V
LA
t=0 ! x
LA
v
“— vV
!
— v

£ T T ,/-\F inal shape
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Potential energy of any string element is given by

av=17(%)’

Due to interference of pulses, string will be straight t = %

0
At =L
2v ox
So, dU = 0 for any string element

All the energy is in the form of K.E.

Illustration 31:

Shape of string at t = 0 is shown in fig. Draw the shape of the string at t = 3 sec and t = 2.5 sec.

4

Elcm

t=0___+

—— 1 cm/sec

«—1 cm/sec‘

1cm

Solution:

><¢ >

1 cm 2 cm

4
Y
A

1cmi 1cm

3 cm

Net displacement of any point on string is given by

Yy=y1tY:
t=3sec
t=2.5sec

<+<—— Resultant wave

Resultant wave

[22]
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Illustration 32:
Shape of string at t = 0 is shown in fig. Draw the shape of the string at t = 3 sec and t = 2.5 sec.

—>1 cm/sec

4

1cm

lcm 1cm

v —r—>
t:0 v 1 ?

lcmilecm  2cm | 1 cm
| v
< 6 cm >
3 cm «—— 1cm/sec
Solution:
Resultant wave
t=3sec —
_ Resultant wave
t=2.5 sec —

Reflection & transmission of wave on composite string:
Consider a wave travelling in a string of linear mass density p; as shown in the figure. At x = 0, string
is joint with another string of different material of linear mass density L.
Hi Lt
Incident x=0

Let us assume equation of incident wave, reflected wave and transmitted wave as given by

yi=4;sin(ot - kix) - Incident wave
yr=Arsin(ot - kx) - Reflected wave
Ve =A; sin(ot - kx) - Transmitted wave

www.allen.in [23]
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At interface (x = 0), the wave should be continuous so

Yityr=Yt
A; sin(wt)+ A- sin(wt) = A; sin(wt)

A+ A=A, (1)
Now conserving rate of flow energy

Pi=P+P;

1 2 2 _ 1 2 2, 1 2 2

> Tu A w™ = > TpAyw™ + > TuAiw

(Ai + Ar)\/l_'li(Ai - Ar) = \/.u—tAtAt

m
A —A, = \/%At -(2)

Adding (1) and (2)
24; = (F%JE) A
_ (A _ (AR,
A = <\/lTi+\/l‘_t)Ai and |4, _(\/lTi+\/li_t)Al

In terms of wave velocity.
_ th _ vt—vi)
At = <Vt+vl') Ai and AT‘ = (—vt+vl‘ Ai

Illustration 33:

. , . . . Hi
If 64% energy is reflected back on reflection from heavier string. Find —L2

Kt
g Wi Lt E
Solution:

1y 2.2 _ 6% 1 2 2
> T,ul.(Ar) w" = 100 X > T,ul.(Ai) W
Ar=-(0.84)
(because wave gets inverted after reflection from heavy string)
=l
~04, = () ,
C VR

Reflection of wave on string
(1) Reflection from fixed or rigid end: At this end, particle of the string always has zero displacement
due to rigid wall attached to it, therefor following points can be concluded.

(@ After reflection from fixed end, shape of the wave/pulse gets inverted as shown in the figure
D —
—  —
Incident pulse Intermediate shape of string Reflected pulse
(b) There is a phase difference of T between incident wave and reflected wave at point of reflection.

[24] www.allen.in
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Reflection from free end: To understand the free end, we can imagine a massless rind attached to

this end and can move freely on a vertical pole as shown in the figure. At this end, particle oscillate
with double amplitude, therefore following point can be concluded.
(a)

After reflection from free end, shape of the pulse remain same as shown in the figure.
—_— —

Incident pulse Intermediate state Reflected pulse
(b)

There is no phase difference between incident and reflected wave at the point of reflection.
Example for free end :

A wave pulse is moving towards right with wave speed 1 cm/sec. Let us consider an imaginary wave
moving towards left with same speed.

1 cm/sec 1 cm/sec
- WG -
t=0 1L . (Imaginary)
—>
2 cm
i
Resultant wave——/ i,
t=3sec
1 cm/sec
T
Resultant wave
t=2.5 sec AN

Example for fixed end :

A wave pulse is moving towards right with wave speed 1 cm/sec. Let us consider an imaginary wave

moving towards left with same speed. The imaginary wave is inverted because there is a phase difference
of m between incident wave and reflected wave at point of reflection.

www.allen.in
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—>1 cm/sec

3 cm

«<—1 cm/sec

t=3sec \

t=2.5 sec

Illustration 34:

A pulse travelling with speed v =1 cm/sec in a string is shown at ¢t = 0, moving towards fixed end. Draw the

pulse after it completely gets reflected from fixed end.

—1 cm/sec

/ \ Fixed

Solution:

Let us consider an imaginary inverted pulse moving towards left with same speed.

Shape of pulse before reflection from fixed end

—>1 cm/sec

_____//////\\\ Fixed

«<—1 cm/sec

[26]
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Shape of pulse after reflection from fixed end

«<—1 cm/sec

Illustration 35:

A small pulse travelling with speed v in a string is shown at t = 0, moving towards free end. Which of these

is not CORRECTLY matched?

Free end

Free end L

0 f = % ®) g—/\—%>
w =% @© g—/\—+
(i) =% ® W

(A) (1) (B) (ii) (C) (iii) (D) None of these
Ans. (B)

Illustration 36:

Consider a incident wave y = A sin(kx — wt). It gets reflected at x = 0 which is fixed end

(a) Find equation of reflected wave?

(b) If loss of energy is 19%), find equation of reflected wave.

Solution:

(a) If we put x=0 in the wave equation we will get the equation of motion of particlei.e.,, y = A sin(—wt)

Or y = Asin(wt + m)

www.allen.in
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Therefor equation of the motion of particle present on reflected wave at x = 0 is
Also y = Asin(wt + 7 + m) we will get the equation of reflected wave if we put t + % in place of t,
therefore equation of reflected wave will be given by
y = Asin(wt + kx + 2m)
(b) In this case, amplitude become 0.9A.
So, equation of reflected wave will be given by

y = 0.94 sin(wt + kx + 2m)

Standing Waves

Suppose two sine waves of equal amplitude and frequency propagate on a long string in opposite

directions. The equations of the two waves are given by
y1 =Asin (ot - kx)
and  y;=Asin (ot +kx+¢)
These waves interfere to produce standing waves. To understand these waves, let us discuss the special
case when ¢ = 0.
The resultant displacements of the particles of the string are given by the principle of superposition as
Yy=yi+)2
= A [sin (ot - kx) + sin(ot + kx)]
= 2A sin wt cos kx

or, Y = (24 cos kx) sin ot

This is the required result and from this we can say that:

1. As this equation satisfies the wave equation,

it represents a wave. However, as it is not of the form f (ax £ bt), the wave is not travelling and so
is called standing or stationary wave.
2. The amplitude of the wave As; = 24 cos kx is not constant but varies periodically with position

(and not with time as in beats).

3. The points for which amplitude is minimum are called nodes and for these
coskx=0
m 3m 5T
ie., kx=—,—,—
2 2 2
_ A 34 524 2
ie, X= [ask—T]

i.e., in a stationary wave, nodes are equally spaced.

[28] www.allen.in
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4. The points for which amplitude is maximum are called antinodes and for these,
coskx=%1
ie., kx=0,m, 2m, 37, ......
A 21 34
ie., x=0,—,—,—, ... [as k= 2—”]
2" 2" 2 A

i.e, like nodes, antinodes are also equally spaced with spacing (A/2) and Amax = * 2A. Furthermore,
nodes and antinodes are alternate with spacing (A/4).

5. The nodes divide the medium into segments (or loops). All the particles in a segment vibrate in
same phase, but in opposite phase with the particles in the adjacent segment. Twice in one period

all the particles pass through their mean position simultaneously with maximum velocity (4;®),
the direction of motion being reversed after each half cycle.

Node
|

t=0

t=T/8
t=T/4

N N t=3T/8

\ y t=T/2

N N t=5T/8

t=3T/4

e e t=7T/8

t=T

Antinode

6. Standing waves can be transverse or longitudinal, e.g., in strings (under tension) if reflected wave
exists, the waves are transverse-stationary, while in organ pipes waves are longitudinal-stationary.

www.allen.in [29]



ALLEN

JEE (Main + Advanced) : Physics

7. As in stationary waves nodes are permanently at rest, so no energy can be transmitted across them,
i.e., energy of one region (segment) is confined in that region. However, this energy oscillates
between elastic potential energy and kinetic energy of the particles of the medium. When all the
particles are at their extreme positions KE is minimum while elastic PE is maximum (as shown in
figure A), and when all the particles (simultaneously) pass through their mean position KE will be
maximum while elastic PE minimum (Figure B). The total energy confined in a segment (elastic
PE + KE), always remains the same.

T

- ~s.
S

-

y N

e

——
~
SS

Elastic PE =max =E
Kinetic energy = min = 0

(4)

Illustration 37:

Elastic PE=min=0
Kinetic energy = max = E

(B)

Two waves travelling in opposite directions produce a standing wave. The individual wave functions are

y1=(4 cm) sin (3x - 2t)
V2= (4 cm) sin (3x + 2t)
where x and y are in centimeter.

(a)

(b) Find the position of the no
Solution:
(a)

des and antinodes.

given by equation, with A =4 cm and k= 3 rad/cm;

Find the maximum displacement of a particle of the medium at x = 2.3 cm.

When the two waves interfere, the result is a standing wave whose mathematical representation is

y=(2Asin kx) cos ot =[(8 cm) sin3 x] cos 2 ¢t

Thus, the maximum displacement of a particle at the position x = 2.3 cm is

Ymax = [(8 cm) sin 3X]x=23m= (8 m) sin (6.9 rad) = 4.6 cm

[30]
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(b) Because k = 2n/A = 3 rad/cm, we see that A = 2n/3cm. Therefore, the antinodes are located at
s
x=n(g)cm (n=1,3,5,...)
and the nodes are located at

x:n(%)cm n=1,23,..)

Illustration 38:
Two travelling waves of equal amplitudes and equal frequencies move in opposite direction along a string.
They interfere to produce a standing wave having the equation.

y =4 cos kx sin ot
in which A = 1.0 mm, k= 1.57 cm-! and ® = 78.5 s-1. (a) Find the velocity and amplitude of the component
travelling waves. (b) Find the node closest to the origin in the region x > 0. (c) Find the antinode closest to
the origin in the region x > 0. (d) Find the amplitude of the particle at x = 2.33 cm.
Solution:

(a) The standing wave is formed by the superposition of the waves
A A
yi=7 sin (ot - kx) and y;= B sin (ot + kx).

The wave speed of either of the waves is

v=—=—"——"""—=50 cm/s; Amplitude = 0.5 mm.

(b) For a node, cos kx = 0.
The smallest positive x satisfying this relation is given by
kx=m/2 or, X=——=—""—""=1cm
2k 2x1.57cm~1
(© For an antinode, |cos kx| = 1.

The smallest positive x satisfying this relation is given by

T
kx=m or, X=—=2cm
k
(d) The amplitude of vibration of the particle at x is given by | 4 cos kx |. For the given point,
T

7
kx=(1.57 cm1) (2.33 cm) = PR + P

V3
Thus, the amplitude will be (1 mm) | cos (n + 7/6) | = Py mm = 0.86 mm.

Vibration of string:

(a) Fixed at both ends : Suppose a string of length L is kept fixed at the ends x = 0 and x = L.
In such a system suppose we send a continuous sinusoidal wave of a certain frequency, say, toward
the right. When the wave reaches the right end. It gets reflected and begins to travel back. The
left-going wave then overlaps the wave, which is still travelling to the right. When the left-going
wave reaches the left end, it gets reflected again and the newly reflected wave begins to travel to
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the right. overlapping the left-going wave. This process will continue and, therefore, very soon we
have many overlapping waves, which interfere with one another. In such a system, at any point x
and at any time ¢, there are always two waves, one moving to the left and another to the right. We,
therefore, have

yi(x t) = A sin (kx - ot) (wave travelling in the positive direction of x-axis)

and  y2(x, t) = Asin (kx + ot) (wave travelling in the negative direction of x-axis).

The principle of superposition gives, for the combined wave
V(X t)=yi(x t) +y2(x t)
= A sin (kx - ot) + A sin (kx + ot)
= (24 sin kx) cos ot

It is seen that the points of maximum or minimum amplitude stay at one position.

Nodes: The amplitude is zero for values of kx that give sin kx = 0 i.e. for,
kx=nm, forn=0,1,2,3, ...
Substituting k = 2n/A in this equation, we get

x:n%, forn=0,1,2,3, ...

A
The positions of zero amplitude are called the nodes. Note that a distance of > or half a wavelength

separates two consecutive nodes.

Antinodes : The amplitude has a maximum value of 24, which occurs for the values of kx that give
|sin kx| = 1. Those values are

kx=(n+1/2)nforn=0,1,2,3, ..
Substituting k = 27/A in this equation, we get.

x=(n+1/2)2forn=0,1,23,..

as the positions of maximum amplitude. These are called the antinodes. The antinodes are separated by
/2 and are located half way between pairs of nodes.

For a stretched string of length L, fixed at both ends, one end is chosen as position x = 0, and the other end is
x = L. In order that this end is a node;

A
L=n5,forn= 12,3, ..
This condition shows that standing waves on a string of length L have restricted wavelength given by
2L
r=—,forn=1,2,3, ...
n
The frequencies corresponding to these wavelengths follow from Eq. as
v
=n—, f = 1, 2, 3, .....
f=n oL orn

where v is the speed of travelling waves on the string. The set of frequencies given by equation are called
the natural frequencies or modes of oscillation of the system. This equation tells us that the natural
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v
frequencies of a string are integral multiples of the lowest frequency f, = BT% which corresponds to n = 1.

The oscillation mode with that lowest frequency is called the fundamental mode or the first harmonic. The
second harmonic or first overtone is the oscillation mode with n = 2. The third harmonic and second
overtone corresponds to n = 3 and so on. The frequencies associated with these modes are often labeled as
f1, fo, f3 and so on. The collection of all possible modes is called the harmonic series and n is called the
harmonic number.

Some of the harmonic of a stretched string fixed at both the ends are shown in figure.

(@)
|]<>[| Fundamental or

A first harmonic
f0= V/ZL
(b)
|]<><>[| Second harmonic
A N A or first overtone

f1:2f0: 2V/2L

()
|]<><><>[| Third harmonic

A N A N A or 2nd overtone
fz=3fo= 3V/2L

(d)
”OOOQ] Fourth harmonic

A N A N A N A or 3rd pvertone
f3=4fo= 4V/2L

Illustration 39:
A middle C string on a piano has a fundamental frequency of 262 Hz, and the A note has fundamental
frequency of 440 Hz. (a) Calculate the frequencies of the next two harmonics of the C string. (b) If the strings
for the A and C notes are assumed to have the same mass per unit length and the same length, determine
the ratio of tensions in the two strings.
Solution:
(a) Because fi = 262 Hz for the C string, we can use Equation to find the frequencies f; and f3
f2=2fi=524 Hz
f3=3f1=786 Hz

(b) Using Equation for the two strings vibrating at their fundamental frequencies gives

_ 1Ty
fia= o w
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T¢

1
flc—i m

fia _ [Ty
fic Tc

Ta (flA)Z ) (440 Hz

= 7¢ \Ffic) T\262Hz

)2: 2.82

Illustration 40:

A wire having a linear mass density 10-3 kg/m is stretched between two rigid supports with a tension of
90 N. The wire resonates at a frequency of 350 Hz. The next higher frequency at which the same wire
resonates is 420 Hz. Find the length of the wire.

Solution:

Suppose the wire vibrates at 350 Hz in its nth harmonic and at 420 Hz in its (n + 1)th harmonic.

n |F .
350 = Z\/; (i)

(n+1) |F (i)
2L IS
420 n+1
This gives——=—— or n=5
350
Putting the value in (i),

and 420 =

5 90

350=—
2¢4) 1073

5

= 350=—x300
24

1500 15

A=——=—m=21m
700 7

Illustration 41:

Given % = 4 and ‘O’ is node.
2

H1
¢ H2
Find {)—2 such that when the strings resonate there is 2nd g:‘}—é

1 6o 0
harmonic in string-1 and 3rd harmonic in string-2.

Solution:
Tension and fsame in both string

2 T 3 T
200\ U1 2024 U2
2 _3 |l
{1 242

—= =3

[34] www.allen.in



Wave on String and Sound Waves ALLEN’

(b) Fixed at one end : Standing waves can be produced on a string which is fixed at one end and whose
other end is free to move in a transverse direction. Such a free end can be nearly achieved by
connecting the string to a very light thread.

If the vibrations are produced by a source of “correct” frequency, standing waves are produced.
If the end x = 0 is fixed and x = L is free, the equation is again given by

y = 24 sin kx cos ot
with the boundary condition that x = L is an antinode. The boundary condition that x = 0 is a node
is automatically satisfied by the above equation. For x = L to be an antinode,

sinkL=+1
1 2mL 1
or, kL = (n + 7)“ or, 1 (n + i) T
1

2Lf 1 n+ 1) v n+5 =

- = +— = PO R B Y 7
or y Ty or / 2)2L 2L /H
These are the normal frequencies of vibration. The fundamental frequency is obtained when
n=0,i.e,

fo=v/4L (a) D< Fundamental

N

The overtone frequencies are

fi= 4L 3o (b) N N overtone

A A
5v
=—=5f (©) D<><>< Second
4L N N overtone
A A A

We see that all the harmonic of the fundamental are not the allowed frequencies for the standing
waves. Only the odd harmonics are the overtones. Figure shows shapes of the string for some of
the normal modes.

Laws of transverse vibrations of a string - sonometer wire

1 fi Ly .
(a) Law of length fx 7 SO =T if T and p are constant
f2 L
. f1 Ty
(b) Law of tension fox AT so ]T = |7 L and p are constant
2 2
(© Law of mass fx L SO Lk S e ; Tand L are constant
E T f M1

Energy density of string carrying standing wave: we have already evaluated the expressions of potential
energy and kinetic energy of a differential element present on string in case of travelling wave, which can
be used here also but function representing displacement of particle y = f(x, t) will change. Let us consider
a standing wave y = A sin(kx) sin(wt) to calculate energy density.

Then, Z_Jt] = Aw sin(kx) cos(wt) (1)
Z—i} = Ak cos(kx) sin(a)t) ..(2)
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ady 10y
Since in case of standing wave x *+ — > therefore in this case kinetic and potential energy of an
x v

element are not equal.
Kinetic energy of an element for the above assumed wave is
dK = 1u(dx) (0_y)2 = 1/,cAza)z sin?(kx) cos?(wt) (dx)
2 at 2
Where p is linear mass density of string.
Potential energy of the element will be given by
du = %T(dx) (g—g{})z = %TAZk2 cos?(kx) sin?(wt) (dx)
Therefor total energy density of element will be given by

dE dK+dU 1 (6y)2+1T(6y)2
dx  dx dx_ZM at 2 dx

= %,LLAZwZ sin?(kx) cos?(wt) + %TAZk2 cos?(kx) sin?(wt) ..(3)

Few important points regarding energy of standing wave in strings:

6]
(D Since % (slope) at antinode is always zero, therefor potential energy of an element at this point is

always zero.

6]
(2) Since a_Jt} (velocity) of element at node is always zero therefor kinetic energy of an element at node

is always zero.
(3) If we integrate the total mechanical energy from equation (3) for one loop, we will find that this
energy is coming independent of time and is equal to

E= %;MAZa)Z

Therefor energy of a loop remains conserved in standing wave.

Power analysis in standing wave on string:
We have already derived the expression of power in case of travelling wave which can be used here also.

P=-T (g—;’) (%) (4

If the equation of standing wave is y = 4 sin(kx) sin(ot)
Then P = —TA?kw cos(kx) sin(wt) sin(kx) cos(wt)

=— % TA?kw sin(2kx) sin(2wt)

From the above equation, we can find value of power transmission at any point.

Few important points regarding power transmission in standing wave on string:

3}
(D Since value of % (slope) at antinode is always zero, therefore according to equation (4), power

transmission through antinode is always zero.

0
(2) Since value Ofa_jt/ (velocity) of element at node is always zero, therefor according to equation (4),

power transmission through node is always zero.
(3) On combining above two points it can be concluded that energy stored in one loop or even in half
loop remain conserved.
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SOUND WAVES

Sound is a mechanical longitudinal wave that is created by a vibrating source such as a guitar string, the

human vocal cords, the prongs of a tuning fork or the diaphragm of a loudspeaker. Being a mechanical
wave, sound needs a medium having properties of inertia and elasticity for its propagation. Sound waves
propagate in any medium through a series of periodic compressions and rarefactions of pressure, which is
produced by the vibrating source.

Consider a tuning fork producing sound waves

When Prong B moves outward towards right it A B Normal
compresses the air in front of it, causing the pressure to {liier g1 1100 atmospheric
. . . . . Hiloiiiiiiiiiiio pressure
rise slightly. The region of increased pressure is called a e P
. . Compression
compression pulse and it travels away from the prong pulse

with the speed of sound.

After producing the compression pulse, the prong B
reverses its motion and moves inward. This drags away
some air from the region in front of it, causing the
pressure to dip slightly below the normal pressure. This
region of decreased pressure is called a rarefaction
pulse. Following immediately behind the compression Rarefaction
pulse, the rarefaction pulse also travels away from the pulse
prong with the speed of sound.

Compression pulse

If the prongs vibrate in SHM, the pressure variations in the layer close to the prong also varies simple
harmonically.

Q.1  Which of the following is the longitudinal wave?

(A) Sound waves (B) Waves on plucked string
(C) Water waves (D) Light waves
Ans. (A)
Q.2  Which of following can not travel through vacuum?
(A) Electromagnetic wave (B) Sound wave
(C) Light wave (D) X-ray
Ans. (B)
Q.3  Alongitudinal wave consists of:
(A) rarefactions and compressions (B) only compressions
(C) only rarefactions (D) crest and trough
Ans. (A)

Displacement Wave and Pressure Wave in One Dimension (Plane Wave)

A longitudinal wave in a fluid (liquid or gas) can be described either in terms of the longitudinal
displacement suffered by the particles of the medium or in terms of the excess pressure generated due to
the compression or rarefaction. Let us see how the two representations are related to each other.

S S+As
[ | ]
N A N A AN
T S A O A A R V. §
[ O A N A v
X X+AX
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Consider a wave going in the x-direction in a fluid. Suppose that at a time ¢, the particle at the undisturbed
position x suffers a displacements in the x-direction. The wave can then be described by the equation.
s=sgsino(t- x/v) (1)
Consider the element of the material which is contained within x and x + Ax (as shown in figure) in the
undisturbed state. Considering a cross-sectional area 4, the volume of the element in the undisturbed state
is AAx and its mass is p AAx. As the wave passes, the ends at x and x + Ax are displaced by amounts s and
s+ As according to equation (i) above. The increase in volume of this element at time t is
AV:AM:A%.AX = Aso(-m/v) cos(t - x/v)Ax
Where As has been obtained by differentiating equation (i) with respect to x. The element is, therefore,
under a volume strain.
AV —Asyocoso(t—x/v)Ax
Tz VAAx

The corresponding stress i.e., the excess pressure developed in the element at x at time ¢ is,

i)

Where B is the bulk modulus of the material. Thus,

— coso(t—x/v)
v

P:BSO—mcosco(t—x/v) ..(ii)
v

The pressure amplitude Py and the displacement amplitude so are related as

B
P, =225, =Bks,
1%

0

Where k is the wave number. Also, we see from (i) and (ii) that the pressure wave differs in phase by ©t/2 from
the displacement wave. The pressure maxima occur where the displacement is zero and displacement maxima
occur where the pressure is at its normal level.

The fact that, displacement is zero where the pressure-change is maximum and vice versa, puts the two
descriptions on different footings. The human ear or an electronic detector responds to the change in
pressure and not to the displacement in a straight forward way. Suppose two audio speakers are driven by
the same amplifier and are placed facing each other. A detector is placed midway between them.

)

The displacement of the air particles near the detector will be zero as the two sources drive these particles
in opposite directions. However, both send compression waves and rarefaction waves together. As a result,
pressure increases at the detector simultaneously due to both the sources. Accordingly, the pressure
amplitude will be doubled, although the displacement remains zero here. A detector detects maximum
intensity in such a condition. Thus, the description in terms of pressure wave is more appropriate than the
description in terms of the displacement wave as far as sound properties are concerned.
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Illustration 42:
Find the following for given wave equation.
P =0.02sin (3000t -9 x) [all quantities are in S.I. units.]
(A) Frequency (B) Wavelength (C) Speed of sound wave
(D) If the equilibrium pressure of air is in 105 Pa then find maximum and minimum pressure.
Solution:
Comparing with the standard form of a travelling wave
P=Pysin[o (t-x/V)]

We see that @ = 3000 s-1.

o 3000
/= 2n ) 2n
Also, from the same comparison, ®w/v =9.0 m-1.

® 3000 s 1000

90 m’ 90m 3

Hz

or, V=

/s

The wavelength is A = Y. M:Z_nm
f 3000/2x Hz 9

The pressure amplitude is Py = 0.02 N/mz2. Hence, the maximum and minimum pressures at a point in the
wave motion will be (1.0 x 105 + 0.02) N/m?

Illustration 43:

A sound wave of wavelength 40 cm travels in air. If the difference between the maximum and minimum
pressures at a given pointis 2.0 x 10-3 N/mz, find the amplitude of vibration of the particles of the medium.
The bulk modulus of air is 1.4 x 105> N/mz2

Solution:

2.0x10°N /m?

The pressure amplitude is Py = =103 N/m2

The displacement amplitude s is given by Py = B k so

or o= b PA _ 10°N/m*x(40x107°m) _ 100 5 _ 2
’ 0= - - - - T
Bk 2=nB 2xmtx14x10*N / m? 7m

Illustration 44:
A sound wave is travelling and its equation is given by s = sy cos (kx - ot)

(i) Draw P — x graphatt =0 (ii) Draw P — t graphatx = 0
Solution:

os .

AP=-B (—) = Bs,ksin (kx — wt)

Oox

(i) Att =0, P = Bksosin(kx)
p
Bkso f---

AN
VRN
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(ii) At x =0, P= Bk sosin(-ot)

(VAN
N VARV

Illustration 45:

A sound wave is travelling towards right and snapshot at ¢ = 0 is as shown in figure. Draw its P — x graph
att =20

Solution:
S = So sin(kx)

Replace x by x-vt p
S =So sin k(x - vt)

S=Sosin(l;>;—03t) [/\ /\ ;
AP:‘B@ \

AP =—BkS, cos(kx —ot)

Speed of longitudinal (Sound) waves

k+in

In a solid medium v=

where k = Bulk modulus; n = Modulus of rigidity; p = Density.
p

When the solid is in the form of long bar v=\/Z where Y = Young's modulus of material of rod.
p

Velocity of sound waves in a fluid medium (liquid or gas) is given by

B
v=|—
p
where, p = density of the medium and B = Bulk modulus of the medium given by,
B=-V d_P
dv

Newton’s formula : Newton assumed propagation of sound through a gaseous medium to be an
isothermal process.

PV = constant

dP _—P

av v

[40] www.allen.in
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and hence B = P using equation B=-V 3—5

and thus velocity of sound in a gas,

V= B =, /E where M = molar mass
p M

the density of air at 0° and pressure 76 cm of Hg column is p = 1.293 kg/m3. This temperature and pressure
is called standard temperature and pressure at STP. Speed of sound in air is 280 m/s. This value is less than
measured speed of sound in air 332 m/s then Laplace suggested the correction.

Laplace’s correction : Later Laplace established that propagation of sound in a gas is not an isothermal

but an adiabatic process and hence PV" = constant.

aF__ 2

av_ v
where, B = - Vd—P =yP

dv

and hence speed of sound in a gas,
= 1P _ [1RT
p M

Factors affecting speed of sound in atmosphere.

(a) Effect of temperature: as temperature (T) increases velocity (v) increases.

voerT

For small change in temperature above room temperature v increases linearly by 0.6 m/s for every

1°Crise in temp.

V= ﬁle/Z
\IM

Av=(0.6) AT

(b) Effect of pressure: The speed of sound in a gas is given by v = P =, /%
\/ p

So at constant temperature, if P changes then p also changes in such a way that P/p remains
constant. Hence pressure does not have any effect on velocity of sound as long as temperature is
constant.

(c) Effect of humidity: With increase in humidity density decreases. This is because the molar mass

of water vapour is less than the molar mass of air.
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(d)

Effect of wind velocity: Because wind drifts the medium (air) A
along its direction of motion therefore the velocity of sound in Wind (w)
n w
a particular direction is the algebraic sum of the velocity of
sound and the component of wind velocity in that direction. 0 W cos 0
Sé# > L

Resultant velocity of sound along SL = v + w cos®.
Sound (v)

Some points regarding velocity of sounds:

(1)

(2)

(3)

(4)

As solids are most elastic while gases least i.e. Eg > E; > E;. So, the velocity of sound is maximum

in solids and minimum in gases
Vsteel > Vwater > Vair
5000 m/s>1500m/s>330m/s
As for sound vy,ater > Vajr While for light v, < v,.
Water is rarer than air for sound and denser for light.

The concept of rarer and denser media for a wave is through the velocity of propagation (and not

density). Lesser the velocity, denser is said to be the medium and vice-versa.
Sound of any frequency or wavelength travels through a given medium with the same velocity.

For a given medium velocity remains constant. All other factors like phase, loudness pitch, quality
etc. have practically no effect on sound velocity.

Relation between velocity of sound and root mean square velocity.

[RT [3RT
Vsound = [—— and Vims = «|——
M M

So, —ms = = or Vsound = [Y /3]1/2 Vrms-
vsound y

There is no atmosphere on moon, therefore propagation of sound is not possible there. To do
conversation on moon, the astronaut uses an instrument which can transmit and detect

electromagnetic waves.

Illustration 46:

Find the speed of sound in H; at temperature 7, if the speed of sound in 0, is 450 m/s at this temperature.

Solution:

YRT
M

Since temperature, T is constant,

Vy,=4x450=1800m/s

[42]
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Illustration 47:

If the density of oxygen is 16 times that of hydrogen, what will be the ratio of their corresponding velocities
of sound waves

(A)1:4 B)4:1 (A16:1 (D)1:16

Ans. (A)

Solution:

(A) v= E:v&: Pry, _ {i:l
P vy P, 16 4

Illustration 48:

At which temperature the speed of sound in hydrogen will be same as that of speed of sound in oxygen at
100°C

(A) -148°C (B) - 212.5°C (C)-317.5°C (D) - 249.7°C

Ans. (D)

Solution:

Speed of sound in gases is v = YRT

Asvandy are same for both gases in this example
TocM
T

H,

TOZ MOZ

T,
M zi =T,
(273+100) 32 ™

=23.2K =-249.7°C

Illustration 49:
A gas mixture has 24% of Argon, 32% of oxygen, and 44% of CO. by mass. Find the velocity of sound in the
gas mixture at 27 °C. Given R = 8.4 in S.I. units.

Molecular weight of Ar =40, 0, =32, C02 =44 and v,, =5/3, v, =7/5, V¢, =4/3

Solution:
Y= M, 100 100

m, m, m, - 24+£+ﬂ_2.6

T T o B —
M, M M, 40 32 44
Foi = nfi+nmfo+nfy 0.6x3+1x5+1x6 _ 12.8
n,+n,+n, 2.6 2.6
12.8 )
,Y = fmix+2_ 2.6 i _ 18
" fmix g 128
2.6

V_Jy,m.XRT_ 18x8.4x300 \/18><8.4><300><2.6

= -3
M, 12.8X12L2X10_3 12.8x100x10

~303.5m/s
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Intensity of Sound Waves:

Like any other progressive wave, sound waves also carry energy from one point of space to the other. This
energy can be used to do work, for example, forcing the eardrums to vibrate or in the extreme case of a
sonic boom created by a supersonic jet, can even cause glass panes of windows to crack.

The amount of energy carried per unit time by a wave is called its power and power per unit area held
perpendicular to the direction of energy flow is called intensity.

For a sound wave travelling along positive x-axis described by the equation.
s=5psin (ot - kx + ¢)

p = po cos (ot - kx + ¢)
0s

— = mSo cos (ot — kx +
™ 0 cos ( )

Instantaneous power P = F.v = pA %

P = pg cos (ot - kx + ¢). Awso cos (ot - kx + ¢)

Paverage =<P>

po Awso <cos? (ot - kx + ¢p)>

_ PywS,A
2
We know that
B
v= [—
p
= B =py2

Hence po = Bkso= pv? ksg

1 2A 2.2
Paverage = E(DPOA( By j _ Pf_ pAvars,

pv’k ) 2pv 2
2
Maximum power = Prax = ;V = pVA Vlz,, max pAVOJZSg
A 2.2
Total energy transfer = Py x t = pave S, 4

. . Average power
Average intensity = gep

Area
So the average intensity at position x is given by
_Lo'sB_piy
2 v 2B

<[>

Substituting B = pv?, intensity can also be expressed as

2

<[>=—>

2pv
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Note:

° If the source is a point source then

1 1
Ioc—2 and spoc —
r r

- s=Zsin (ot - kr+ ¢)
r

° If a sound source is a line source then
1 1 a
loc — and spc — = s=— sin (ot -kr+ ¢)
: N N
. Os \( Os
° In general Intensity (I)=-B| — || —
: v -5 ) %)

Illustration 50:

The pressure amplitude in a sound wave from a radio receiver is 2 x 10-3 N/m? and the intensity at
a point is 10-6 W/mz2. If by turning the “Volume” knob the pressure amplitude is increased to
3 x 10-3 N/mz2, evaluate the intensity.

Solution:

The intensity is proportional to the square of the pressure amplitude.

2
Thus’ I_ = (h]
I Py

' 2 2
I'= (ﬂj I= (%j x 10-6 W/m2?=2.25 x 10-6 W/m?
by

Illustration 51:
A circular plate of area 0.4 cm? is kept at distance of 2m from source of power © W. Find the amount of
energy received by plate in 5 secs.
Solution:
The energy emitted by the speaker in one second is & J. Let us consider a sphere of radius 2.0 m centered
at the speaker. The energy =« J falls normally on the total surface of this sphere in one second. The energy
falling on the area 0.4 cm? of the plate in one second

-4

= % xm=25x10-"¢]
4mtx2

The energy falling on the microphone in 5.0 sec.is 2.5 x 10-6 ] x 5 =12.5 pJ.

Illustration 52:
Find the displacement amplitude of particles of air of density 1.2 kg/m3, if intensity, frequency and speed
of sound are 8 x 10-6 W/m?, 5000 Hz and 330 m/s respectively.
Solution:
The relation between the intensity of sound and the displacement amplitude is
P 2
= %
2pv
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Po = 2pvI

Py JvaI v I 1

So= — = > X— = |—
Bk pv 2nf 2pv nf

So = 6.4 nm

Pitch and Frequency

Frequency is an objective property measured in units of Hz and which can be assigned a unique value.
However, a person’s perception of frequency is subjective. The brain interprets frequency primarily in
terms of a subjective quality called Pitch. A pure note of high frequency is interpreted as high-pitched
sound and a pure note of low frequency as low-pitched sound.

Pitch of a sound is that sensation by which we differentiate a buffalo voice, a male voice and a female voice.
Buffalo voice is of low pitch, a male voice has higher pitch and a female voice has much higher pitch. This
sensation primarily depends on the dominant frequency present in the sound. Higher the frequency, higher
will be the pitch and vice versa. The dominant frequency of a buffalo voice is smaller than that of a male
voice which in turn is smaller than that of a female voice.

Loudness and Intensity
Audible intensity range for humans
The ability of human to perceive intensity at different frequency is different. The perception of intensity is

maximum at 1000 Hz and perception of intensity decreases as the frequency decreases or increases from
1000 Hz.

. For a 1000 Hz tone, the smallest sound intensity that a human ear can detect is 10-12 W/m?2. On the
other hand, continuous exposure to intensities above 1W/m?2 can result in permanent hearing loss.

. The overall perception of intensity of sound to human ear is called loudness.

. Human ear do not perceives loudness on a linear intensity scale rather it perceives loudness on

logarithmic intensity scale.
For example:
If intensity is increased 10 times human ear does not perceive 10 times increase in loudness. It roughly
perceived that loudness is doubled where intensity increased by 10 times. Hence it is prudent to define a
logarithmic scale for intensity.

Decibel scale:

The logarithmic scale which is used for comparing two sound intensity is called decibel scale.

I
The intensity level  described in terms of decibels is defined as § = 10 log [I_J dB

0
Here Iy is the threshold intensity of hearing for human ear
ie. ly=10-12W/mz2

. In terms of decibel threshold of human hearing is 1 dB.
. Note that intensity level 3 is a dimensionless quantity and is not same as intensity expressed in
W/mz
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Quality and Waveform:
A sound generated by a source may contain a number P

of frequency components in it. Different frequency
components have different amplitudes and

superposition of them results in the actual waveform. t
The appearance of sound depends on this waveform \/ \/ \/
apart from the dominant frequency and intensity.
Figure shows waveforms for a tuning fork, a clarinet P
and a cornet playing the same note (fundamental
frequency = 440 Hz) with equal loudness.

We differentiate between the sound from a tabla and t
that from a mridang by saying that they have different
quality. A musical sound has certain well-defined
frequencies which have considerable amplitude.
These frequencies are generally harmonics of a
fundamental frequency. Such a sound is particularly
pleasant to the ear. On the other hand, a noise has ‘ t
frequencies that do not bear well-defined relationship
among themselves.

Illustration 53:

If the intensity is increased by a factor of 20, by how many decibels is the intensity level increased.
Solution:

Let the initial intensity be I and the intensity level be 1 and when the intensity is increased by
20 times, the intensity level increases to 32.

Then Pi1=10log(I/ o)

and B2=101log (201 / Iv)

Thus, PBz-P1=101log(20//1)=10log20=13dB

Illustration 54:

How many times the pressure amplitude is increased, if sound level is increased by 40 dB.
Solution:

The sound level in dB is

I
B =10 10g10 —]
IO

If B1 and B are the sound levels and I; and I are the intensities in the two cases,

I I I
B2-P1=10 logw [I_Zj_loglo (1_1):|
0 0

40=10 10g10 (;—ZJ

1

L 2106

1

As the intensity is proportional to the square of the pressure amplitude,

]
we have % - \E - 10000 =100.
01 1
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Illustration 55:

Density and bulk modulus of medium is given p = 1kg/m3 and B = 4 x 10* N/mz2 If loudness at a point is

20dB. Find po at that point?

Solution:

20 =10 log1o (LJ
IO

I

102210—712

1=107"

as  (=xP

JBp
2

10_10=1X pO

2 \J1x4x10*

1071 zp_g
4x10°
p, =2x107"

Interference of Sound Waves:

The combination of separate waves in the same region of space to produce a resultant wave is called
Interference. To analyse such wave combination, we make use of superposition principle.

Superposition principle: If two or more travelling waves are moving through a medium, the resultant
value of the wave function at any point is the algebraic sum of the values of the wave functions of the

individual waves.

Suppose the two sources are vibrating. Also, let Py; and Py, be the S1
amplitudes of the waves from S; and S, respectively. Let us examine the X1
resultant change in pressure at a point O. The pressure changes at P due 0
to the two waves are described by
If P1= Py sin (ot - kx1 + 01) Sz X2
and Pz =Py, sin (ot - kx2 + 03)
Resultant excess pressure at point O is
P=P1+P,
= P = Py sin (ot - kx + 0)
where, Po =|P2 + P2 +2P,, P, cosA¢ and Ap = | k (x1 - x2) + (02 - 01) | (1)
(i) For constructive interference
Ad =2nm = Po=Po1+ Pp2
(ii) For destructive interference
Adp=(2n+1)n = Po=]|Po1-Poz |
[48] www.allen.in
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If A¢ is only due to path difference, then Ap = 2775 Ax, and
Condition for constructive interference : Ax = n, n=0,+1,+2
Condition for destructive interference : Ax = (2n + 1) %, n=0+1+2

from equation (1)
Po2 = R)21 +P022 +2F, F, cosAd

Since intensity I «c (Pressure amplitude)?,

For resultant intensity, [I =1, + 1, +2,/1,1, cos Ap

If L=5L=1I
=21, (1+ cosAd)

I=41,cos’ (%ﬂ

Hence in this case,

For constructive interference : Ap=0, 271 4n.. and  Inax=4lo

And for destructive interference: A¢=m, 3m... and Imin=0

Coherence : Two sources are said to be coherent if the phase difference between them does not change

with time. In this case their resultant intensity at any point in space remains constant with time. Two

independent sources of sound are generally incoherent in nature, i.e. phase difference between them

changes with time and hence the resultant intensity due to them at any point in space changes with time.

Reflection of Sound Waves:

The two conditions under which reflection of sound takes place are :

()

(b)

()

Note:

Discontinuity in the medium i.e, wave is continuous at the boundary. When a sound wave is
reflected from a rigid boundary, the particles are not able to vibrate at the boundary. So, a reflected
wave is generated. This wave interferes with the incident wave so that net displacement is zero
giving rise to maximum variation in pressure. Hence phase of reflected wave remains same i.e, a
compression pulse is reflected as compression pulse and vice versa.

Low pressure region: When the sound wave travels in open tube, it gets reflected from the open
end by which force is exerted on the particles due to outside air. This force is of small magnitude
and so the particles vibrate with increased amplitude. So, pressure remains at average value by
which the phase change of p occurs. Hence compression pulse is reflected as rarefaction pulse and
vice versa.

Echo is an example of reflection of sound from a distant object. If there is a sound reflector at a
distance d from the source then time taken to hear the echo is 2d/v. Where d is distance of object
to source.

Multiple or successive echoes will be produced where there are two or more reflectors.
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Illustration 56:

When two waves with same frequency and constant phase difference interfere-

(A) there is a gain of energy

(B) there is a loss of energy

(C) the energy is redistributed and the distribution changes with time.

(D) the energy is redistributed and the distribution remains constant with time.

Ans. (D)

Solution:

The phenomenon of interference is in accordance with law of conservation of energy i.e. energy can neither
be created nor be destroyed, only transformation of one form to other takes place. So, energy is
redistributed and the distribution remain constant with time.

Illustration 57:

If the ratio of the amplitude of two interfering beams be 2 : 3, the ratio of the minimum and maximum
intensities of sound would be-

(A)4:9 (B) 2:43 (C)1:5 (D)1:25
Ans. (D)
Solution:

s 2

s, 3

Let s1=2x and sz = 3x
L [5.—5, 2_ 2x-3x 2_i
I... S +s, 2x+3x 25

Illustration 58:
Two waves of same frequency but of amplitudes a and 2a respectively superimpose over each other. The

amplitude at a point where the phase difference is 37“ will be-

(A) 9a (B) <34 (C)a (D) V5a
Ans. (D)
Solution:

3n

Here si1=a,s2=2a and A¢ = >

3
S0 = \/Sél +55,+ 280,55, COSAQ = \/az +(2a)* +2><a><2c1><cos77c
= \/ga

Illustration 59:

A man standing between two cliffs hears the first echo of a sound after 2 sec and second echo 3 sec. after
the initial sound. If the speed of sound be 330 m/s the distance between two cliffs should be -

(A) 1650 m (B)990 m (€)825m (D) 660 m

Ans. (C)
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Solution:
Let a man M be at a distance x from c; cliff and y from c; cliff. So, time interval between original sound and

echoes from c; and c¢; will be

2 2
t1 = —Xal’ldt2= —y

\% \%

Distance between two cliffs

2(x+
ti+tz = —(X y)
v
t, +t 330x(2+3
(x+y)= d 12 ) 30 )=825m
Illustration 60:
. . «—10cm—
Figure shows a tube having sound source at one end and ? 5
observer at other end. Source produces frequencies upto 10cm
10000 Hz. Speed of sound is 400 m/s. Find the frequencies at 1 ' ﬂ
b:
which person hears maximum intensity. =%

Solution:

The sound wave bifurcates at the junction of the straight and the rectangular parts. The wave through the
straight part travels a distance x; = 10 cm and the wave through the rectangular part travels a distance
x2 =3 x10 cm = 30 cm before they meet again and travel to the receiver. The path difference between the

two waves received is, therefore.

Ax=Xx2-x1=30cm-10cm=20cm

The wavelength of either wave is A :% = 4—f0 . For constructive interference, Ax = nA, where n is an integer.
Ax=n. 400 = f= 400n
Ax
4
— =200 o000n

Thus, the frequencies within the specified range which cause maximum of intensity are 2000 Hz and
8000Hz.

Illustration 61:

A source emitting sound of frequency 165 Hz is placed in front of a wall at a distance of 2 m from it.
A detector is also placed in front of the wall at the same distance from it. Find the distance between the
source and the detector for which the detector detects phase difference of 2n between the direct and
reflected wave. Speed of sound in air = 330 m/s.

Solution:

The situation is shown in figure. Suppose the detector is placed at a distance of x meter from the source.
The direct wave received from the source travels a distance of x meter.
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The wave reaching the detector after reflection from the wall has travelled a distance of
X 2
(=2,[2 J{Ej meter

The path difference between the two waves is
Ax=4¥-x

Ax=)\ for Ap =2xn

The wavelength is A = v 330 m/s _ 2m

—3
=t
c
N
o
<
—
R}
N
]
N
+
7 N\
N | <
[ 3]
|
>
1l
)

x=3
Thus, the detector should be placed at a distance of 3 m from the source. Note that there is no abrupt phase
change.

Illustration 62:
4m

S1and S are two coherent sources of sound of frequency 110Hz each. They S1 p
have no initial phase difference. The intensity at a point P due to Siis Ip and 90°

due to Szis 41. If the velocity of sound is 330 m/s then the resultant intensity am

atPis

(A) I (B) 91,

(C) 31 (D) 81, 52

Ans. (C)

Solution:

The wavelength of sound source = % = 3 metre.

The phase difference between interfering waves at P is

=Ap= 2n (S2P - S1P)
A
27 27
=— (5-4)= =—
3 ( ) 3

Resultant intensity at P = Io + 41o + 2\/E 41, cos%T =31
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Interference in time : Beats

When two sound waves of same amplitude
travelling in same direction with different frequency
superimpose, then intensity varies periodically with
time. This effect is called Beats.

Consider two sound waves of frequency fi and f>

propagating in the same direction so we have
y1=Asin (2 fi t - kx)
y2=Asin (2n fot - kx) where f1 - fo = Af

By principle of superposition

Resultant i .
pressure b P b
(x=0) | '

Yy=yit)y2
= A [sin(2r fi t - kx) + sin (27 f2 t - kx)]
= A [sin{27 (f2 +Af)t - kx} + sin (27 f2 t - kx)]

But sinC+sinD=Zsin(C;D) cos(C;D)

y=[2Acos (Afn t)] sin [2r ft +Tt A ft - kX]
Af

Thus, frequency of variation of amplitude = -

Intensity

£~ £l

2

We can explain the formation of beats graphically also. 1st figure shows the variation of pressure as a
function of time atx = 0. At £ = 0, two waves produce a change in pressure by which phase difference grows.
At time t; the two pressure changes becomes out of phase and the resultant becomes zero. At time ¢, the
phase difference increases and hence the formation of beats occur.

frequency of variation of intensity

Af= |f1 —f2| = Beat frequency

Beat Time Period:

Time interval between two successive maxima or minima is called Beat time period (7).

Beat Frequency:
Number of beats per second is called Beat frequency. If frequency of parent waves are f; and f;, then Beat
frequency = |f1 —f2|
: . 1
Beats time period =——
-1l
Note:
e The frequen(:y|f1 —f2| should not be very large otherwise beats are not audible. It should be less than

16 Hertz.
¢ Determination of unknown frequency with the help of beats.
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(a) If tuning fork of unknown frequency (f2) oscillates with tuning fork of known frequency (f1)
producing fbeats then f,=fitf
(b) If wax is applied to arm of tuning fork of unknown frequency. Then its frequency decreases.
Hence it oscillate with tuning fork of unknown frequency if
(i) Beatfrequency increases thenfo=fi - f (ii) Beat frequency decreases then fo, = f1 + f
(© If arm of tuning fork of unknown frequency is filed then its frequency increases. Hence it
oscillates with tuning fork of known frequency if
(i) Beatfrequency increases then fo=fi + f (ii) Beat frequency decreases then fo,=f1 - f
(d) If n tuning fork are arranged in series that each tuning fork produces N beats with the previous

one and frequency of last tuning fork is P times of first tuning fork then frequency of first tuning
fork.

Illustration 63:
The phenomenon of beats can take place-

(A) for longitudinal waves only (B) for transverse waves only
(C) for both longitudinal and transverse waves (D) for sound waves only
Ans. (C)

Solution:

Beats is the phenomenon of periodic variation of intensity of sound. When two waves of different
frequencies interfere it occurs for both longitudinal and transverse waves.

Illustration 64:

The speed of sound in a gas in which two waves of wavelength 1m and 1.01m produces 10 beats in
3 seconds is-

(A)330m/s (B)33.6 m/s (C)336.7m/s (D) 3367 m/s

Ans. (C)

Solution:

If v is the speed of sound in the gas and f; and f; be the frequencies of the two waves. Then

1% 1% 1% 1%
S A1 /. A, 101
10
Number of beats per second fi - f> = ?
v v 10 10 1.01
- ff=——— ="~ = y=—"x—""-=336.7m/s
Sz 1 T3 3 .01 /

Illustration 65:

16 tuning forks are arranged in the order of increasing frequency. Any two successive forks give 8 beats
per second when sounded together. If the last fork give the octave of the first, then the frequency of the
first fork will be -

(A) 120 (B) 60 (©)40 (D) 240

Ans. (A)
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Solution:
If frequency of first tuning fork is f then second will be ( f+ 8) and third will be ( f+ 16)........ and 16th will be
=f+(16-1)8
=f+120
But according to the question
f+120=2f
f=120

Illustration 66:

A tuning fork when vibrating along with a sonometer produces 6 beats per sec. When the length of wire is
either 20 cm or 21 c¢m find the frequency of the tuning fork.

(A) 240 Hz (B) 246 Hz (C) 242 Hz (D) 248 Hz
Ans. (B)
Solution:

Let frequency of fork be f. It produces 6 beats per sec which implies that frequency of sonometer will be
either ( f+ 6) or ( f- 6). With increase in length frequency decreases so for 20 cm frequency will be ( f+ 6)
and for 21 cm frequency will be ( f- 6)

But v =constant
fiti=f?
(f+6)x20=(f-6)x21
f=246 Hz

Illustration 67:

Two strings X and Y of a sitar produces a beat of frequency 4Hz. When the tension of string Y is slightly
increased, the beat frequency is found to be 2Hz. If the frequency of X is 300Hz, then the original frequency
of Ywas.

(A) 296 Hz (B) 298 Hz (C) 302 Hz (D) 304 Hz.
Ans. (A)
Solution:
If-300|=4 = f=296 or 304
when tension in string Y increases slightly then its frequency also increases
As beat frequency decreases
= £<300 = f=296 Hz.

Illustration 68:

A string 25 cm long fixed at both ends and having a mass of 2.5 g is under tension. A pipe closed from one
end is 40 cm long. When the string is set vibrating in its first overtone and the air in the pipe in its
fundamental frequency, 8 beats per second are heard. It is observed that decreasing the tension in the
string decreases the beat frequency. If the speed of sound in air is 320 m/s. Find tension in the string.
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Solution:
u = 25 =0.1g/cm=102Kg/m « 2oem. >
25 PN
A, =25cm=0.25m \/
R Y
Ao\ p

string in 1st overtone

1%
- ﬁ) = }\l— A

p
By decreasing the tension, beat frequency is decreased 40 cm
o fs> f

1 f T 320
= s—fp=8 = - =8
f=Jo 0.25 V10?* 1.6 v

- T=27.04 N pipe in fundamental mode

Illustration 69:
The wavelength of two sound waves are 49cm and 50cm respectively. If the room temperature is

30 °C then the number of beats produced by them is approximately (velocity of sound in air at
0°C =332 m/s).

(A)6 (B)10 (©) 14 (D) 18
Ans. (C)
Solution:
v=332 [3%3
273
1 1
= Beat frequency =fi-fo=v | — ——
A A,

=332 P8 (1 _11),100=14
273 |49 50

Longitudinal Standing Waves:
Two longitudinal waves of same frequency and amplitude travelling in opposite directions interfere to
produce a standing wave.
If the two interfering waves are given by
Py =Py sin (ot - kx)
and  P;=Pjsin (ot + kx + ¢)
then the equation of the resultant standing wave would be given by

¢ ¢

P=Pi+ P,;=2P;cos (kx + E) sin (ot + E)

¢

= P =P'ysin (ot + E)
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This is equation of SHM in which the amplitude P’y depends on position as
P’y =2Pg cos (kx + g)

Points where pressure remains permanently at its average value; i.e. pressure amplitude is zero is called a
pressure node, and the condition for a pressure node would be given by

Py=0
. [
ie cos(kx + 5 )=0
. ) T
ie. kx+E:2nniE, n=0,1,2..

Similarly points where pressure amplitude is maximum is called a pressure antinode and condition for a
pressure antinode would be given by
Po=%2P

ie. cos(kx +%) =+1

or (kx+%)=nn, n=0,1, 2.

If the sound waves were represented in terms of displacement waves, then the equation of standing wave
corresponding to the above pressure equation would be

¢

s=5" cos(wt + E) where s% = 2so sin (kx +

¢
5)

This can be easily observed to be an equation of SHM. It represents the medium particles moving simple
harmonically about their mean position at x.

Note:

A pressure node in a standing wave would correspond to a displacement antinode. Similarly, a pressure
anti-node would correspond to a displacement node.

Vibration of Air Columns:

Standing waves can be set up in air-columns trapped inside cylindrical tubes if frequency of the tuning fork
sounding the air column matches one of the natural frequency of air columns. In such a case the sound of
the tuning fork becomes markedly louder, and we say there is resonance between the tuning fork and
air-column. To determine the natural frequency of the air-column, notice that there is a displacement node
(pressure antinode) at each closed end of the tube as air molecules there are not free to move, and a
displacement antinode (pressure-node) at each open end of the air-column.

In reality antinodes do not occurs exactly at the open end but a little distance outside. However, if diameter
of tube is small compared to its length, this end correction can be neglected.

Closed Organ Pipe
In the diagram, A, = Pressure antinode, 4; = displacement antinode, N, = pressure node, N; = displacement
node.
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Fundamental mode:

=

Ap Np

The smallest frequency (largest wavelength) that satisfies the boundary condition for resonance
(i.e. displacement node at left end and antinode at right end is Ao = 4#, where £ = length of closed pipe the
corresponding frequency.

A

-0
4
fo=

=l =>ho=4f
Y = Y is called the fundamental frequency.
A, 4l

First Overtone : Here there is one node and one antinode apart from the nodes and antinodes at the ends.

%:f :k:%

; g y

AP NP AP NP NS As NS As

LAy
3 3
and corresponding frequency,
1%
= —= 3
h . fo

This frequency is 3 times the fundamental frequency and hence is called the 3rd harmonic.

nth overtone:

In general, the nth overtone will have n nodes and n antinodes between the two ends. The corresponding
wavelength is

A
2n+1) = =¢
(2n+1) ]
4/ Ao
p=——— = and 2=(2n+1
2n+1 2n+1 fn=( Vo

This corresponds to the (2n + 1)* harmonic. Clearly only odd harmonic are allowed in a closed pipe.

S
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The smallest frequency (largest wave length) that satisfies the boundary condition for resonance
(i.e. displacement antinodes at both ends) is,

Ao =27
corresponding frequency, is called the fundamental frequency
v
=5

1st Overtone : Here there is one displacement antinode between the two antinodes at the ends.

L

A= % = A = h
2 2
and, corresponding frequency
fi= XL = 2f;

1
This frequency is 2 times the fundamental frequency and is called the 2nd harmonic.
nth overtone : The nth overtone has n displacement antinodes between the two antinode at the ends.

A
n+1) —=¢
(n+1) 3

200 2,

n_n+1 _n+1

and fi=(n+1)f
This correspond to (n + 1)th harmonic. Clearly both even and odd harmonics are allowed in an open pipe.

End correction:
As mentioned earlier the displacement antinode at an open end of an organ pipe lies slightly outside the
open end. The distance of the antinode from the open end is called end correction and its value is given by
e=06r.

Np Ap Np

e=0.6r
where r = radius of the organ pipe.
Effective length of closed organ pipeis#' =¥ +e
and effective length of open organ pipeis #' = + 2e
with end correction, the fundamental frequency of a closed pipe (f;) and an open organ pipe (f;) will be
given by

fc=

v and fo:;
40406 r) 200+1.2 1)
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Illustration 70:

Fundamental frequency of an organ pipe filled with N>is 1000 Hz. Find the fundamental frequency if N> is
replaced by H».
Solution:

Suppose the speed of sound in hydrogen is vyand that in nitrogen is vy. The fundamental frequency of an
organ pipe is proportional to the speed of sound in the gas contained in it. If the fundamental frequency
with hydrogen in the tube is f, we have

M
S =Y = [N (Since both N, and H; are diatomic, y is same for both)

1000 Hz v, M,
or, S fﬁ —  f=1000~/14 Hz
W E

Illustration 71:

A tube open at only one end is cut into two tubes of non-equal lengths. The piece open at both ends has
fundamental frequency of 450 Hz and other has fundamental frequency of 675 Hz. What is the 1st overtone
frequency of the original tube.

Solution:

1

450=_Y . 675=
2

1 2
Length of original tube = (£1 + ¢2)
Its fundamental frequency,
V V

ﬁ:—:
4L +0) 4 v, v
900 675x4

(2700x900)
=————=168.75
4(2700+900)

[st overtone frequency = 3f; = 506.25

Illustration 72:

The range of audible frequency for humans is 20 Hz to 20,000 Hz. If speed of sound in air is 336 m/s. What
can be the maximum and minimum length of a musical instrument, based on resonance pipe.

Solution:

For an open pipe, f= ZV_K n

= =" n
2f
lo =&=8.4mm
2%x20,000
‘gmax = L Nmax = L Nmax = 8.4 x Nmax
mein ZXZO
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Similarly for a closed pipe,

e:% (2n +1)

v 336

’gmin: (2]’1 + 1)min: —_— = 4‘.2 mm
a 4x%20000
Lonax = —2 (2n + Vmax= v (2n+1)
max max 2%20 max

=84 x (2n + 1)max

Clearly there is no upper limit on the length of such a musical instrument.

Illustration 73:
A closed organ pipe has length ‘¢ “. The air in it is vibrating in 3rd overtone with maximum amplitude ‘A".
Find the amplitude at a distance of £ /7 from closed end of the pipe.

Solution:

The figure shows variation of displacement of
particles in a closed organ pipe for 3rd overtone. Q’.
e A AN

7A
For third overtonef =— or A
4 7 |<€/—7’|

=

>

(
7
Hence the amplitude at P at a distance 7 from closed end is ‘A’ because there is an antinode at that point.

Illustration 74:

When a closed pipe is suddenly opened then the second overtone of closed pipe and first overtone of open
pipe differ by 100 Hz. The fundamental frequency of closed pipe will be -

(A) 200 Hz (B) 100 Hz (C) 300 Hz (D) 400 Hz
Ans. (B)
Solution:

5v

Second overtone of closed pipe = L

: . v
First overtone of open pipe = 7

5v v

But 2-Y_100
4L L
Y —100
4L
£=100 Hz
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Apparatus for determining speed of sound

Quinck’s tube:

It consists of two U shaped metal tubes. Sound waves with the help of tuning fork are produced at A which
travel through B & C and comes out at D where a sensitive flame is present. Now the two waves coming
through different paths interfere and flame flares up. But if they are not in phase, destructive interference
occurs and flame remains undisturbed.

Scale

AN / T
G
D/ [% N

Sensitive flame

Suppose destructive interference occurs at D for some position of C. If now tube C is moved so that
interference condition is disturbed and again by moving a distance x, destructive interference occurs so
that 2x = A similarly if the distance moved between successive constructive and destructive interference is

ythen 2y :% Now by having value of x or y, speed of sound is given by

v=fA

Kundt’s Tube:

It is a tube used to determine speed of sound in different gases. It consists of a glass tube in which a small
quantity of lycopodium powder is spread. The tube is rotated so that powder starts slipping. Now rod CD
is rubbed at end D so that stationary waves form. The disc C vibrates so that air column also vibrates with
the frequency of the rod. The piston P is adjusted so that frequency of air column become same as that of
rod. So, resonance occurs and column is thrown into stationary waves. The powder sets into oscillations at
antinodes while heaps of powder are formed at nodes.

Forrod 7, A

2

and  v.=fA-=f(2¢))

N

r
T FF T YA FFFrF, F

a

For air £, = k_
2

P,
o
Y

4
v

ha =24, 47 Ay
and  vo=fhe=£(2¢0) ?“ 2
v, [,
SO —_ =
va Ea
Er
V. =v_ -—
r a g
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Resonance Tube:

It is a closed organ pipe having air column of variable length. If the frequency of a tuning fork is same as
the frequency of vibration of air column in the tube then intensity of sound becomes maximum. This is said
to be the condition of resonance. The frequency is given by

f:(2n+1)v f:(2n+1)v
40 4f

Here frequency is constant and length is variable. When water level in resonance tube is lowered, it gives
resonance with same frequency at different length.

On neglecting the end correction, if £ is the minimum length of pipe for resonance, then other length for
resonance are 3¢, 5¢, 74, ..........

If we include the end correction, if £ is minimum length of pipe for resonance and x is end correction. Then

other lengths of pipe for resonance are
L1+ x):(£2+X): (€3 + X))o =1:3:5..

Doppler’s Effect

When there is relative motion between the source of a sound/light wave & an observer along the line
joining them, the actual frequency observed is different from the frequency of the source. This
phenomenon is called Doppler’s Effect. If the observer and source are moving towards each other, the
observed frequency is greater than the frequency of the source. If the observer and source move away from
each other, the observed frequency is less than the frequency of source.

(v = velocity of sound w.r.t. ground, ¢ = velocity of sound with respect to medium, v,,, = velocity of medium,
v, = velocity of observer, v, = velocity of source.)

(a) Sound source is moving and observer is stationary :

If the source emitting a sound of frequency fis travelling with velocity v, along the line joining the

source and observer,

observed frequency, ' = f{ v J
v—v

N

and Apparent wavelength A’ = A (V Vs J
14

. In the above expression, the positive direction is taken along the velocity of sound, i.e. from source
to observer. Hence vsis positive if source is moving towards the observer, and negative if source is
moving away from the observer.

www.allen.in [63]



ALLEN JEE (Main + Advanced) : Physics

(b)

()

Sound source is stationary and observer is moving with velocity v, along the line joining
them:

The source (atrest) is emitting a sound of frequency ‘f” travelling with velocity v so that wavelength
isA=v/f, i.e. there is no change in wavelength. However since the observer is moving with a velocity

Vv, along the line joining the source and observer, the observed frequency is

f’=f(v+V0J
v

In the above expression, the positive direction is taken along the velocity of sound, i.e. from source

to observer. Hence v, is positive if observer is moving towards the source, and negative if observer
is moving away from the source.

The source and observer both are moving with velocities v and v, along the line joining
them :

+
The observed frequency, f'=f(v %o J
V-V,

v—v
and Apparent wavelength A= 7{ 5 J
v+v,

In the above expression also, the positive direction is taken along the velocity of sound, i.e. from
source to observer. Hence v, is positive if observer is moving towards the source, and negative if
observer is moving away from the source.

Hence viis positive if source is moving towards the observer, and negative if source is moving away
from the observer.

In all of the above expression, v stands for velocity of sound with respect to ground.

If velocity of sound with respect to medium is ¢ and the medium is moving in the direction of sound
from source to observer with speed v, v = ¢ + vi» and if the medium is moving opposite to the

direction of sound from observer to source with speed v, v=c-vn

Illustration 75:

A wall is moving with velocity u and a source of sound moves with velocity u/2 in the same direction as

shown in figure. Assuming that the sound travels with velocity 10u. The ratio of incident sound wavelength

on the wall to the reflected sound wavelength by the wall, is equal to (assume observer for reflected sound

is atrest):
—
——y/2
(A)9:11 (B)11:19 (C)4:5 (D)5:4
Ans. (A)

[64]
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Solution:

Frequency received by the wall

10u—u 9u
fl_lOu—u/Zf_9.5uf
:9.5u

= M

Frequency reflected by the wall
u 10u  Yu

10
= = X
f2 10u+uf1 11u 9.5uf
— }\‘Zzllu—xg'szh: 9.5 x9:i
9f A, 11x9.5 11

Illustration 76:
A whistle of frequency 540 Hz is moving in a circle of radius 2 ft at a constant angular speed of
15 rad/s. What are the lowest and highest frequencies heard by a listener standing at rest, a long distance
away from the centre of the circle? (velocity of sound in air is 1100 ft/sec.)
Solution:
The whistle is moving along a circular path with constant angular velocity ®. The linear velocity of the
whistle is given by

A

vs = ®R where, R is radius of the circle.
At points A and B, the velocity v, of whistle is parallel to line OP; i.e., with respect to observer at P, whistle
has maximum velocity vs away from P at point 4, and towards P at point B. (Since distance OP is large
compared to radius R, whistle may be assumed to be moving along line OP).

Observer, therefore, listens maximum frequency when source is at B moving towards observer:

fmaxzf[ 4 ]
V-V,

where, v is speed of sound in air. Similarly, observer listens minimum frequency when source is at 4,

moving away from observer:

fmm=f[ Y ]
v+,

For f=540 Hz, v;=2 ft x 15 rad/s = 30 ft/s, and v=1100 ft/s,
We get (approx.)

fmax=555 Hz
and  fmin=525Hz
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Illustration 77:
A train approaching a hill at a speed of 40 km/hr sounds a whistle of frequency 600 Hz when it is at a

distance of 1 km from a hill. A wind with a speed of 40 km/hr is blowing in the direction of motion of the
train. Find,

(A) the frequency of the whistle as heard by an observer on the hill.

(B) the distance from the hill at which the echo from the hill is heard by the driver and its frequency.
(Velocity of sound in air = 1200 km/hr.)

Solution:

A train is moving towards a hill with speed vs with respect to the ground. The speed of sound in air, i.e.
the speed of sound with respect to medium (air) is ¢, while air itself is blowing towards hill with velocity
vm (as observed from ground). For an observer standing on the ground, which is the inertial frame, the
speed of sound towards hill is given by
V=C+Vn
(A) The observer on the hill is stationary while source is approaching him. Hence, frequency of whistle
heard by him is

f’=f[ ‘ ]
V-V,

for f=600 Hz, vy =40 km/hr,and V= (1200 + 40) km/hr, we get

£7=600 (ﬂj - 620 Hz.
1240-40
(B) The train sounds the whistle when it is at distance x from the hill. Sound moving with velocity v

with respect to ground, takes time ¢t to reach the hill, such that,

t=X-_X (D)

v c+v,

After reflection from hill, sound waves move backwards, towards the train. The sound is now
moving opposite to the wind direction. Hence, its velocity with respect to the ground is

V'=C-Vn
Suppose when this reflected sound (or echo) reaches the train, it is at distance x’ from hill. The time
taken by echo to travel distance x’ is given by

, X' x'
t = —=
vV c-vV

m

..(ii)

Thus, total time (¢t + t") elapses between sounding the whistle and echo reaching back. In the same
time, the train moves a distance (x - x') with constant speed v, as observed from ground. That is,

x-x=(t+t) vs

Substituting from (i) and (ii), for t and t', we find

v v

X-x=—_x+—_X
c+v, c-v,

or CHVin Vs o Vit CVy
c+v, c-v,
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Forx=1km, c=1200 km/hr, v; = 40 km/hr, and v, = 40 km/hr, we get
1200+40-40 40+1200-40 |
- x]l=—" X

1200+40 1200-40
or, X' =m =0.935 km
1240

Thus, the echo is heard when train is 935 m from the hill.

Now, for the observer moving along with train, echo is a sound produced by a stationary source,

i.e,, the hill. Hence as observed from ground, source is stationary and observer is moving towards

source with speed 40 km/hr. Hence v, = —-40 km/hr. On the other hand, reflected sound travels

opposite to wind velocity. That is, velocity of echo with respect to ground is v'. Further, the source

(hill) is emitting sound of frequency f” which is the frequency observed by the hill.

Thus, frequency of echo as heard by observer on train, is given by

(1160 —(—40))
1160

v+,
—F x 620 =641 Hz

- f,( ] e

v
Illustration 78:
A train producing frequency of 640 Hz is moving towards point C with speed 72 km/hr. A person is sitting

1732 m from point C as shown. Find the frequency heard by person when sound generated at B reaches to
the person, if speed of sound is 330 m/s.

o] 1000m C

1732 m

A(person)

Solution:
The observer A is at rest with respect to the air and the source is travelling at a velocity of 72 km/h
i.e, 20 m/s.
As it is clear from the figure, the person receives the sound of the whistle in a direction BA making an

angle 0 with the track where tan 0 = % = \/5, i.e. 0 = 60°. The component of the velocity of the source

(i-e., of the train) along this direction is 20 cos 6 = 10 m/s. As the source is approaching the person with
this component, the frequency heard by the observer is
, v 330

u'= L= x 640 Hz = 660 Hz.
v—ucos0 330-10
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Illustration 79:

In the figure shown a source of sound of frequency 510 Hz moves with constant velocity vs = 20 m/s in the
direction shown. The wind is blowing at a constant velocity v, = 20 m/s towards an observer who is at rest
at point B. The frequency detected by the observer corresponding to the sound emitted by the source at
initial position 4, will be (speed of sound relative to air = 330 m/s)

Ay

Vs
307
—Vu
® » X
A B
(A) 485 Hz (B) 500 Hz (C) 512 Hz (D) 525 Hz
Ans. (D)
Solution:
Apparent frequency
Fref (u+v,) __ 510 (330+20)  _ ;04 350 _coc gy,
(u+v, —v,cos60°) 330+20-20 cos60° 340
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