Rotational Motion

Rigid Body

Rigid body is defined as a system of particles in which distance between each pair of particles remains

constant (with respect to time). Remember, rigid body is a mathematical concept and any system which
satisfies the above condition is said to be rigid as long as it satisfies it.

Vi V2

System behaves as a rigid body

v \Y%

1 2

System behaves as a non-rigid body

A and B are beads which move on a circular fixed ring

( A ® ( A o2 (m1#m2)
() B ') i B
A+B is arigid body system A + B is non-rigid system

But A+B+ ring is non-rigid system

. If a system is rigid, since there is no change in the distance between any pair of particles of the
system, shape and size of system remains constant. Hence, we intuitively feel that while a stone or
cricket ball are rigid bodies, a balloon or elastic string is non-rigid.

But any of the above system is rigid as long as relative distance does not change, whether it is a
cricket ball or a balloon. But at the moment when the bat hits the cricket ball or if the balloon is
squeezed, relative distance changes and now the system behaves like a non-rigid system.

. For every pair of particles in a rigid body, there is no velocity of separation or approach
between the particles. i.e. any relative motion of a point B on a rigid body with respect to
another point 4 on the rigid body will be perpendicular to line joining A to B, hence with respect
to any particle A of a rigid body the motion of any other particle B of that rigid body is circular
motion.
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Let velocities of A and B with respect ground be 17;1 and 173 respectively in the figure below.

Va sinO1
A
Vacos61
VB sinO2 B
VB cos02

If the above body is rigid V4 cos 61 = Vi cos 0; (velocity of approach / separation is zero)
Va4 = relative velocity of B with respect to A.
Vga = V4 sin 01 + Vp sin 0 (which is perpendicular to line AB)
B will appear to move in a circle to an observer fixed at A.
. W.r.t. any point of the rigid body the angular velocity of all other points of that rigid body is same.
. Suppose 4, B, Cis a rigid system hence during any motion sides AB, BC and CA must rotate through

the same angle. Hence all the sides rotate by the same rate.

From figure (i) angular velocity of A and Bw.r.t. Cis o.

From figure (ii) angular velocity of A and C w.r.t. Bis ®.

Illustration 1:

For a rigid body system, the velocity vectors of particles 1 and 2 are represented by I71 and I72 respectively

in the given figure. Where V1=10m/sand L = 2 m.

Then find:
(a) Relation between vy, vo, 04, 02 ?
(b) Find angular velocity o of rod ?
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Solution:

(a) vicos 01 =vzcos 02

(Vl )rel_ N sin6, +v,sin0,

) o=y L

v1sin01
I (Clockwise)

L l
V2 sin02

[ Types of Motion of rigid body ]

| | l

Pure Translational Pure Rotational Combined Translational and
Motion Motion Rotational Motion

(I) Pure Translational Motion:

A body is said to be in pure translational motion, if the displacement of each particle of the system is same
during any time interval. During such a motion, all the particles have same displacement (s), velocity (V)
and acceleration (a) at an instant.

Consider a system of n particle of mass mi, mz, ms, ...... m, under going pure translation then from above

definition of translational motion

- - - - -
dy =dp = a3z =+ dy = @ (say)
and Vv, =V,=V,=...V, =V (say) TS ~
l”m mz ~-~\\‘~
From Newton's laws for a system. i m, ™,
[ ° \
I 4
Fext = mldl + mzdz + mgc_ig + .- ‘I‘ m; mg /ll
v m e
5 . m -~ 8 __~
Fexe = Ma S

Where M = Total mass of the body

ﬁ = mlﬁl + mzaz + m31_7)3 + .-
P=Mv
o 1 1
Total Kinetic Energy of body = 2 mivi2 + 2 M2V22 + v = EMVZ

Rotation about a fixed axis (Pure rotation):

Rotation of ceiling fan, opening and closing of doors and needles of a wall clock etc. come into this category.
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Ceiling Fan

Axis of rotation Axis of rotation ™|

A door rotates about a vertical line that passes through its hinges. This vertical line is the axis of rotation.
In the figure, the axis of rotation is shown by dashed line.

Axis of rotation:

An imaginary line perpendicular to plane of circular paths of d) Axis of rotation
particles of a rigid body in rotation and containing the centers i

of all these circular paths is known as axis of rotation.

It is not necessary that the axis of rotation pass through the
body. Consider system shown in the figure, where a block is
fixed on a rotating disc. The axis of rotation passes through the
center of the disc but not through the block.

Important observations :

Let us consider a rigid body of arbitrary shape rotating about a fixed axis PQ passing through the body.
Two of its particles A and B shown are moving on their circular paths.
All of its particles, not on the axis of rotation, move on circular paths
with centers on the axis or rotation. All these circular paths are in
parallel planes that are perpendicular to the axis of rotation.

All the particles of the body cover same angular displacement in the
same time interval, therefore all of them move with the same angular
velocity and angular acceleration.

Particles moving on circular paths of different radii move with different
speeds and different magnitudes of linear acceleration. Furthermore, no
two particles in the same plane perpendicular to the axis of rotation Q!
have same velocity and acceleration vectors.

Axis of rotation

Rotation about an axis in translation :
Rotation about an axis in translation includes a broad category of motions. Rolling is an example of this
kind of motion. A rod lying on table when pushed from its one end in its perpendicular direction also
executes this kind of motion.

Consider rolling of wheels of a vehicle, moving on straight level road.

Relative to a reference frame, moving with the vehicle, wheel appears rotating
about its stationary axel. The rotation of the wheel from this frame is rotation
about fixed axis. Relative to a reference frame fixed with the ground, the wheel

appears rotating about the moving axel, therefore, rolling of a wheel is

superposition of two simultaneous but distinct motions - rotation about the axel
fixed with the vehicle and translation of the axel together with the vehicle.
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Rotation about an axis in rotation :

In this kind of motion, the body rotates about an axis that also rotates about some other axis. Analysis of
rotation about rotating axes is not in our scope, therefore we will discuss it to have an elementary idea only.

- ~~

Rotation about

central axis ,
Y

As an example consider a rotating top. The top rotates about its central axis of symmetry and this axis
sweeps a cone about a vertical axis. The central axis continuously changes its orientation, therefore it is in
rotational motion. This type of rotation in which the axis of rotation also rotates and sweeps out a cone is
known as precession.

Another example of rotation about axis in rotation is a table-fan swinging while rotating. Table-fan rotates
about its horizontal shaft along which axis of rotation passes. When the rotating table-fan swings, its shaft
rotates about a vertical axis.

Kinematics of Rotational Motion:
Angular Displacement (0) :

. When a particle moves in a curved path, the angle subtended by its position vector about a fixed
point is known as angular displacement.

. Unit : radian

. Dimension : MOLOT? i.e. dimensionless.

. Small angular displacement is a vector whereas large angular displacement is a scalar.

Angular Velocity (o) :

. The angular displacement per unit time is defined as angular velocity.

A . . . . .
o= A_(: where A0 is the angular displacement during the time interval At.

. Instantaneous angular velocity, ®= LimA—e = a9
A0 At dt
Average angular velocity, © = 879 = A9
t,—t, At
. Unit: rad/s
. Dimension : [M°LOT-1], which is same as that of frequency.
. Instantaneous angular velocity is a vector quantity, whose direction is normal to the rotational
plane (or axial vector) and its direction is given by right hand screw rule.
. If  be the angular velocity, v be the linear velocity and r be the radius of path, we have the following
relation.
V=0Xr

If n be the frequency then w = 2nn, if T be the time period then w = 2n/T
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The angular velocity of a rotating rigid body can be either positive or negative, depending on
whether body is rotating in the direction of increasing 6 (anticlockwise) or of decreasing

0 (clockwise).

The magnitude of an angular velocity is called the angular speed which is also represented

by .

Angular Acceleration (o) :

The rate of change of angular velocity is defined as angular acceleration a = d—w

dt

Suppose at time ¢;, a particle has angular velocity ®, and ®, at time ¢, then average angular

. L 0,—0,
acceleration, o =

tz _tl

It is a vector quantity, whose direction is along the change in direction of angular velocity.

Unit : rad/s?
Dimension : MOLOT-2

Relation between angular acceleration a and tangential acceleration 4, , is a, =a.xr

Radial acceleration, a, =®xV. Its direction is along the radius.
+

Total acceleration d=ad, +d, = aAxr+mxyv.

Comparison of Linear Motion and Rotational Motion :

()

(ii)

(iii)

Linear Motion
If acceleration is 0, 1)
v = constant and s = vt

If acceleration a = constant, (i)
@ s
2
v-u
b a=——-
(b) .
(9 v=u+at

1
(d) s=ut+ 2 at?
(e) vZ=u2+2as
a
(f) Sath=u + E(Zn—l)
If acceleration is not constant, the above

equation will not be applicable. In this
case.

(iii)

_ ds
a V=—
(@) "

. dv d’S  _dv
b == =y
N Tl

Rotational Motion
If angular acceleration is 0,
o = constant and 0 = ot

If angular acceleration o = constant then

_ (o0, +o)
(@) 0= > t
-0,
(b) o= ,
(© ®=mo+ ot

1
(d) 0 = wot + 7 out?
(e) ®2 = o2 + 200
o
(f) enth =o + E(Zn - 1)
If angular acceleration is not constant, the

above equation will not be applicable. In this
case.

. do

a 0=—

(a) ™
- 2n >
(b) &:d_mzd_?zéd_m
dt dt do

[98]
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Illustration 2:

If angular displacement of a particle moving on a curved path be given as, 0 = 1.5¢ + 2t2, where t is in sec,,
the angular velocity at t = 2 sec., will be (in rad/sec.)
(A) 1.5 (B) 2.5 (©)9.5 (D) 8.5
Answer: (C)
Solution:
0=15t+2¢

@ =1.5+4t

dt
do
Now, E att=2sec=15+4x2

=1.5+8=9.5rad/sec.

Illustration 3:

A disc rotates with a uniform angular acceleration of 2.0 rad/s? about its axis. If the disc starts from rest,
how many revolutions will it make in the first 10 seconds?

Solution:

The angular displacement in the first 10 seconds is given by
1 1
0= mot + 7 ot? = 2 (2.0 rad/s?) (10s)%2 =100 rad.

As the wheel turns by 2x radian in each revolution, the number of revolutions in 10s is
100

n = — =
2n

16

Illustration 4:
Find w, If there is no slipping between these wheels.

Given ®1=400rpm

ri=2cm
r,=6cm
Solution:

(e.g.) Noslipping
~. g
& &

m1R1 m2R2

®1R1 = ®2R; for no slipping
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Illustration 5:
The motor of an engine is rotating about its axis with an angular velocity of 120 rev/minute. It comes to
rest in 10s, after being switched off the engine. Assuming uniform angular deceleration, find the number
of revolutions made by it before coming to rest.
Solution:
The initial angular velocity = 120 rev/minute = (4r) rad/s.
Final angular velocity = 0.
Time interval = 10 s.
Let the angular acceleration be a. Using the equation o = o + o, we obtain
o = (-4n/10) rad/s?
The angle rotated by the motor during this motion is

1 rad 1(4nrad
0 = wot + Eatz = (4457) (10s) - 2 (ES—Z) (10s)2

= 20n rad = 10 revolutions. (no. of revolution = Zzﬂ)
T

Hence the motor rotates through 10 revolutions before coming to rest.

Energy of A Rigid Body
Gravitational P.E. :
U= myghi + myghy + msghs + ...
U= (mihy + mehy + mzhz +..) g

U=m m,h, +m,h, +m,h, +... g
m, +m, +m; +..

U=mhemg  (m:=total mass)

(II) Pure Rotational Motion:

Figure shows a rigid body of arbitrary shape in rotation about a fixed axis, called the axis of rotation. Every
point of the body moves in a circle whose center lies on the axis of rotation, and every point moves through
the same angle during a particular time interval. Such a motion is called pure rotation.

We know that each particle has same angular velocity
(since the body is rigid.)

So, V1=, V2 = O, V3 = O3 ...... Vn = Oy

1 1
Total Kinetic Energy = 7 mivi? + 7 MaV22 + ...

2 [miri2 + mar? +......... ] »2

1
— Iw2, where [ = miri2 + mor;? +... (is called moment of inertia)
2 —— Axis of

o = angular speed of body. J77777777777 rotation
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Moment of Inertia:

Definition : Property of a rigid body by virtue of which it opposes change in its rotational velocity
(angular velocity) is known as M1

. This is always written with respect to an axis of rotation.
. This plays same role in rotational motion as mass plays in translational motion
. Difference between mass and MI is that mass is property of body and is independent of any

reference chosen but MI depends on the
(i) axis of rotation

(ii) shape of the body

(iii) size of the body

(iv) density of the material of the body.

1. MI of a point mass :

o 2
Iyy = mr

ris perpendicular distance from mass to axis of rotation yy'.

2. MI for point mass distribution :

y

I
I2
I3
4
I's

y

Where r;is L distance of M; from axis of rotation yy’ then I,y = miri2 + marz2 + mars? + .........

Illustration 6:

Two heavy particles having masses m: and m; are situated in a plane perpendicular to line AB at a distance

of r1 and r; respectively.

(i) What is the moment of inertia of the system about axis AB ?

(i) What is the moment of inertia of the system about an axis passing through m: and perpendicular
to the line joining m1 and m; ?

(iii)  Whatis the moment of inertia of the system about an axis passing through m; and m; ?
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Solution:

(i) Moment of inertia of particle on leftis I1 = myri2.
Moment of Inertia of particle on right is I, = mar;2.
Moment of Inertia of the system about AB is

I=1L+1 =mir? + mara?

(ii) Moment of inertia of particle on leftis [ =0
Moment of Inertia of particle on right is I = m(r: + r2)2
Moment of Inertia of the system about axis passing through m

I=h+1; =0 + my(ri +12)?

(iii) Moment of inertia of particle on leftis Iy =0
Moment of Inertia of particle on rightis I = 0
Moment of Inertia of the system about XX/,

Ixx'=11+12 =0 +0

Illustration 7:

Four particles each of mass m are kept at the four corners of a square of

edge a.

Find the moment of inertia of the system about a line perpendicular to the
plane of the square and passing through the centre of the square.
Solution:

The perpendicular distance of every particle from the given line is a/\/f.

1
The moment of inertia of one particle is, therefore, m(a/ \/5)2 = 2 maz.

1
The moment of inertia of the system is, therefore, 4 x E ma? = 2maz.

Illustration 8:

Three particles, each of mass m, are situated at the vertices of an
equilateral triangle PQR of side a as shown in figure. Calculate the moment
of inertia of the system about

(i) The line PX perpendicular to PQ in the plane of PQR.
(ii) One of the sides of the triangle PQR

(iii)  About an axis passing through the centroid and perpendicular to
plane of the triangle PQR.

[102]
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Solution:

()

Perpendicular distance of P from PX=0
Perpendicular distance of Q from PX = a
Perpendicular distance of R from PX =a/2

Thus, the moment of inertia of the particle at P = 0, of the particle at Q - ma?, and of the particle at
R =m(a/2)2 The moment of inertia of the three-particle system about PX is

5ma*
4

Note that the particles on the axis do not contribute to the moment of inertia.

0+ maz2+m(a/2)?=

(ii) Moment of inertia about the side PR = mass of particle Q x square of perpendicular distance of Q
2 2
from side PR, Ipr = m ﬁa = 3ma
2 4
a
(iii)  Distance of centroid from all the particle is ﬁ’ so moment of inertia about an axis and passing
a 2
through the centroid perpendicular plane of triangle PQR = Iz = 3m (ﬁj = ma?
Illustration 9: Y

If masses 2kg, 5kg and 1kg are keptat (0, 1, 0), (0,1, 1) and (1, 1, 1)
respectively. Then find MI of system

. (0,1,0) 4,
(a) w.r.t. x-axis 5/ (11’1’1)
(b)  w.ur.t y-axis (0,1,1) X
(© w.r.t. z-axis
Z
Solution:
Lo'=2(1)2+5 (v/2)?+ 1(\/2)? = 14 kgm?
Ly'=2(0)2+5(1)2 + 1(v/2)? = 7 kgm?
L' =2(1)2 + 5(1)2 + 1(v/2)? = 9 kgm?
So, MI of the distribution depends on axis for which MI is being written.
....... a___ "
Illustration 10: ? ’:’ D
Four point masses each of mass m kept at the four corners of a al 0(/" ia ,/"
square of side length 'a’ find the moment of inertia of system about i /"\}‘\ i‘{ f/"
axis CD. N
K
Solution:

oenl ) ) b -ome '&'
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3. For continuous mass distribution :
Ly'= j dmr® y

where ris | distance of any element from axis of rotation.

Important point :
MI of two or more than two bodies can be added or subtracted only y
when all MI are written w.r.t. same axis.

Note:
Moment of inertia of a large object can be calculated by integrating M.I. of an element of the object:

I= de where dI = moment of inertia of a small element.

element

Element chosen should be such that : either perpendicular distance of axis from each point of the
element is same or the moment of inertia of the element about the axis of rotation is known.

Illustration 11:

Calculate the moment of inertia of a ring having mass M, radius R and having uniform mass distribution
about an axis passing through the centre of ring and perpendicular to the plane of ring ?

Solution:

I=[(dm)r’
Because each element is equally distanced from the axis so r=R
= R*[dm=MR’
[=MR’
Note:

Answer will remain same even if the mass is nonuniformly distributed because always jdm =M.

Illustration 12:
Find out the moment of Inertia of figures shown each having mass M, radius R and having uniform mass
distribution about an axis passing through the centre and perpendicular to the plane ?

Solution:

MR? (infact M.I of any part of mass M of a ring of radius R about axis passing through geometrical centre
and perpendicular to the plane of the ring is = MR?).

Illustration 13:
Calculate the moment of inertia of a uniform rod of mass M and length £ about an axis 1, 2, 3 and 4.

[UnN
\S]

[Py NS 'S I ——

w
i
i
1
R R -,
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Solution:

(1) =[(dmy 4(%@} o Mr

(M M
(I2) =|(dm)r*= (—dx) X' =
J ,I/Z ( 12

(I3) = 0 (axis 3 passing through the axis of rod)
(1a) =d* [(dm) =Md’

Illustration 14:
Determine the moment of inertia of a uniform rectangular plate of mass ‘M’, side 'b"and Length I"about an
axis passing through the edge ‘b’ and in the plane of plate.

y
b
< é >

yl
Solution: (i
Each section of dm mass rod in the rectangular plate has moment of dm

2
inertia dI about an axis passing through edge 'b’; dI = %dm b
I Me? ) 7 g

So, I, =jd1=§jdm= ;

Key Point:

Moving mass parallel to AOR does not change moment of inertia.

1 2 A
i Mb i
a i Igg = !
i BB 12 i az
(eg) B------f-------- i --------------- B - i a law=—-r
EA' [, =M EA'
AA" — 12
b[ |m
= dl = dmr?
5T
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(e-g)
Uniform rod (about an axis yy’ passing through centre of rod and making an angle 6 to the rod as shown).
e yd
0

s J

[ 11 e [N | [
0y ——xdx m
di= " dx(x sin )2
y y
2

m s m/(
I=—sin’0 2 gy =
7 //J‘/ZX dx 12

sin’0

Illustration 15:
Find MOI about an axis passing through the end perpendicular to rod ?

x:%(ﬂij —

Solution:
J.dl = Ixzdm

Illustration 16:

Determine the moment of Inertia of a uniform disc having

mass M, radius R about an axis passing through centre and L\\R
perpendicular to the plane of disc ?

Solution:
[ = J‘ dl Element

ring

element ring dI =dmr®
M . L
dm= ?Zn rdr (here we have used the uniform mass distribution)
T

MR?

M
2
I:!TER2 .2nrdr)or® = I=
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Two Important Theorems on Moment of Inertia :

(i) Perpendicular Axis Theorem : 3

[Only applicable to plane laminar bodies (i.e. for

2 dimensional objects only]].

If axis 1 and 2 are in the plane of the body and perpendicular 20° ), 1

to each other.
Axis 3 is perpendicular to plane of body. Body is in 1-2 plane
Then, =L+ 1,
. The point of intersection of the three axis need not be center of mass, it can be any point in the
plane of body which lies on the body or even outside it.

Half disc of mass m and radius R about same axis as previous.

R
2M( rt 2
= dI:dmrzzlzxm’dr rt I:J.dlz—z(r—j _ MR
n&é R 4) 2

Quarter disc of mass m and radius R about same axis as above.

N (A

4\R 2
- dledmpt—| M mrdr | o _ZM(r j _MR
0

Illustration 17:

Calculate the moment of inertia of a uniform disc of mass M and radius R about a diameter.

Nar®
yD

Solution:

Let CD and AB be two mutually perpendicular diameters of the disc. Take them as X and Y-axis and the line

perpendicular to the plane of the disc through the centre as the Z-axis. The moment of inertia of the ring
1
about the Z-axis is I = EMRZ . As the disc is uniform, all of its diameters are equivalent and so I, = I, From

perpendicular axes theorem,
L=I+1,

2
Hence I =I—Z = MR
2 4
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Ex. Hollow cylinder (about yy’ axis) y'
dl = dmr? r
I= J“’” = rz'fdm = Mr?

Note :

Moment of Inertia is Independent from length of cylinder.
Ex. Ring (about a diameter)

2
I,+1,=MR

Iy
and I,=I, (bysymmetry) / \

_ MR
2

I

Ex. Rectangular plate
(about an axis | to plane and passing through
centre)
By using perpendicular axis theorem
L=L+L, e B B Rt I
Mb*  MI
I, = +
12 12

Illustration 18:

Two uniform identical rods each of mass M and length L
are joined to form a cross as shown in figure. Find the
moment of inertia of the cross about a bisector as shown
dotted in the figure.

Solution:

Consider the line perpendicular to the plane of the figure through the centre of the cross. The moment of
2 2

and hence the moment of inertia of the cross is . The moment

inertia of each rod about this line is

of inertia of the cross about the two bisector are equal by symmetry and according to the theorem of

2 2
ML =21:>I=ML .
6 12

perpendicular axes, the moment of inertia of the cross about the bisector is

Ex. Solid cylinder (about yy'axis) y
dl=dmr® :
= Mz x2nrdrhr? i
2M i
I=\|dl =—- rddr |
J R* { i
2 i
2

[108] www.allen.in



Rotational Motion Al.l.E.®

Illustration 19:

In the figure shown find the moment of inertia of square plate having mass m and sides a. About an axis
2 passing through point C (centre of mass) and in the plane of plate.

I\2
3 a
I C
4 ia
v
Solution:
Using perpendicular axis theorems, Ic =14 + [, = 2I" (4)
Using perpendicular theorems, Ic= I3+ [y = [+ [ = 2] \ (1)
2I'=21 \
I'=1
2 2 (2)
Ie=21="4 = r="4
6 12 \
Ex. Hollow sphere (about a diameter) \( 3 (%)
r=RCos0 (0)
dm= >x2n(RcosO)Rd O
R

dl=dm(Rcos0)
dl =%cos 0dOR* cos” O

MR? ™

I= J. cos® 0 do
2 -n/2
0570 = cos30+3cosH
4
MRZ n/2 /2
I= J. cos30 dO + 3 I cosO do
8 -n/2 -n/2
2 -2
- MR {— + 6} _ZyR?
8 3 3
Ex. Square plate (all axis lies in the plane of plate and passing through C.M.) moment of inertia about
each axis will be same.
2
L="9 —hL=k=I=1
2 maZ
L+1s= L=
12
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(ii) Parallel Axis Theorem (Applicable to planer as well as 3 dimensional objects):
If L4 = Moment of Inertia of the object about axis AB.
I.m = Moment of Inertia of the object about an axis passing through A
centre of mass and parallel to axis AB.
M = Total mass of object.

d = Perpendicular distance between axis AB about which d—
moment of Inertia is to be calculated and the one passing
through the centre of mass and parallel to it.

1, =1, +Md* B

Proof of Parallel-Axis Theorem :
Used to find moment of inertia about an axis which parallel to the axis passing through C.M.

y y

mi

CM.

C.M. is at origin

Ip=Icy + Md?

Iev — MI of the rigid body about an axis passing through CM

Ip — MI of the rigid body about an axis which is parallel to the above axis through CM and is at
distance d from the axis through CM

Loy :Zmi(xiz + ylz)

I, = Zm,. [(x,. —ay +(y, —b)2] z coordinates are not involved
7 so m, can be replaced by sum of mass
Xty o+ b of aI_I par_ticles pla<_:ed on
= m,| ' : z-axis with co-ordinate (x;, y;)
—2ax;, — 2by,

=2m, (X,2 +y,-2)+2mi(a2 +b2)—22am,.xi —>.2bm,y,
=1, + (az +b2)2mi -2aYmx,-2bYXmy. =1, +Md*-0-0

I, =1, +Md*
Ex. Solid sphere (about a diameter) P
dl =Edmr2
3
dm= x4m r*dr =—3r2dr r/v
—nR® ‘
2.3M ,. .., 2MF 2M _,
e i
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Illustration 20:
Find the moment of inertia of a uniform sphere of mass m and radius R about a tangent if the spheres
(i) solid (ii) hollow.
Solution:
(i) Using parallel axis theorem,
I=1,,+md’
For solid sphere,

ICMzngz,dzR

I = ZmRZ Solid sphere Hollow sphere
5

(i) Using parallel axis theorem,
I=1,,+md’
For hollow sphere
2

I, :ngZ, d=R
1= 5mR2
3
R
——
Illustration 21: —
Calculate the moment of inertia of a hollow cylinder of mass M and radius R
about a line parallel to the axis of the cylinder and on the surface of the
cylinder.
—
Solution: —
The moment of inertia of the cylinder about its axis = MR2 lo I

Using parallel axes theorem,
I=1,+MR? = MR* + MR* =2 MR’

Illustration 22:

Find out the moment of inertia of a semi circular disc about an axis passing through its centre of mass and
perpendicular to the plane?

Solution:

O j—>e
W
=I|=3

Moment of inertia of a semi circular disc about an axis passing through centre and perpendicular to plane

MR? 4R MR? 4RY
yd=——= T =] +M| —
31 2 31

www.allen.in [111]
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Using parallel axis theorem I=1,, + Md?, d is the perpendicular distance between two parallel axis
passing through centre C and COM.

/- MR* | 4R MR’

2
d=—= —=1,,+M ﬁ
2 3n 2 37
MR? 4RY
I””:{ 2 _M(ﬁﬂ

Illustration 23:

Find the moment of inertia of the two uniform joint rods having mass m each about point P as shown in

figure. Using parallel axis theorem.

Solution:
Moment of inertia of rod 1 about axis P,
m(*
3
Moment of inertia of rod 2 about axis P,

2 2
I = mt + m(\/ggj

12 2

So, moment of inertia of a system about axis P,

2 2 2
I=1 +I, =%+ﬂ+m(\/§£j

L=

Illustration 24:
A cube of mass M and sides a is shown in figure. Find MOI about axis 00’, CC’ and BB".

g ======
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Solution:

Ma*
Ly = 6
(By parallel axis theorem) o' i :
i BB'
2 ’ 2 /S ® ) [ ® cc
IBB' = Ma +M i = 2Ma """""""""" CX ——
6 2 3
0
2 2 2 i
ICC':Ma +M[g) _5Ma |
6 2 12

Illustration 25:
Find expression for moment of inertia of a uniform disc of mass m, radius r about one of its secant making
an angle 0 with one of its diameter.

Solution:

A disc, the secant OB and diameter OA are shown in the adjoining

figure. The secant OB is parallel to another diameter DE. Moment of
1
inertia of the disc about one of its diameter is Zer and hence

moment of inertia /; about the diameter DE. Perpendicular distance

between the secant OB and the parallel diameter DE is r sin 6.

Substituting above information in the theorem of parallel axes, we
have

L=1 +m(rsin 9)2

= I, =mr? (%+sin2 9)

Illustration 26:
Centroidal

Find moment of inertia about centroidal axis of a bobbin, axis
which is constructed by joining coaxially two identical discs
each of mass m and radius 2r to a cylinder of mass m and
radius r as shown in the figure.
Solution:
The bobbin is a composite body made by joining two identical discs coaxially to cylinder. The moment of
inertia I of the bobbin equals to the sum of moment of inertias of the two discs and moment of inertia of
the cylinder about their centroidal axes. Using expressions for the moment of inertia for disc and cylinder,
we have,

=21 . +1I

disk cylinder

= 1=2 1m(Zr)2 +1mr2=2mr2
2 2 2

www.allen.in [113]



ALLEN JEE (Main + Advanced) : Physics

Illustration 27:
Find moment of inertia about one of diameter of a hollow sphere of mass m, inner radius r and outer
radius R.

D)

Solution:

The hollow sphere is assumed as if a concentric smaller sphere of radius r is removed from a larger sphere
of radius R. Thus the moment of inertia of the hollow sphere about any axes can be obtained by subtracting
moment of inertia of the smaller sphere from that axis of the larger sphere. As shown in the following figure.

Y4 Iz

Let the mass of the hollow sphere is m.
Density of the material used is

y Ih
p :3—m y IZ
4n(R*-r*)
Masses mi and m; of the smaller spheres are X x
4 mR®
ml—p(g‘}tR j_R3_r3 i-I2=1

3
and m, =p(inr3j= mr

Subtracting I, from I; we have L.
I=1,-1,

- o 2mR*  2m,r* _ Zm(RS —rs)
5 5 5(R3—r3)

Illustration 28:

A uniform disc of radius R has a round disc of radius R/3 cut as shown in @

Fig. The mass of the remaining (shaded) portion of the disc equals M. 2

Find the moment of inertia of such a disc relative to the axis passing

through geometrical centre of original disc and perpendicular to the

plane of the disc.

Solution:

Let the mass per unit area of the material of disc be 6. Now the empty space can be considered as having
density -o.

Now [ =1 +I

I, =(onR*)R? /2=M.1. of complete disc about o

[114] www.allen.in



Rotational Motion Al.l.E.®

—on(R/3F(R/3) |
2

o=

[-on(R/3)2] (2R/3)?

1, =gMR2 Ans.

Key Point :
(i) Among the given parallel axis MOI will be minimum about the axis passing through COM.
(i) MOI about the parallel axis having same distance from COM will be equal.

Illustration 29:

A hole of radius R/2 is cut from a solid sphere of radius R. If the mass of the

remaining part of sphere is M, then find moment of inertia of the body about an @
axis passing through O.

Solution:
M

p= . o 3

“n|R—| =

3 2

_ 6M
PR
2 6M 4 16 MR®
IO(duetocompletesphere):g><77_c}?3>(§7TI-\)3-R2 = 35
2 6M 4nR® R* 6M 4nR° R® MR’

= — —X—— — —X— ==

1 ——X
(duetocutedpart) = 577 p3" 3 87 4 xR 3 8 4 20
_16MR* MR _57MR*

I
net 35 20 140

Illustration 30:
A triangular plate having two sides a, as shown in figure. Find MOI about AA’, BB’ and CC".

[ov]

AN
\
N
\
N
\
- -
s
[
/
,
/
/

N,
’

®

>
.
ONE:
N
.

Solution:

[os]

N,
\,
—————— -
Q
7
’

(@]
%
/
/

\\
—t
4
4

,,
Q
Nt
>I
i
jab)
w =
jab)
=

~
I
~

=
]

I
~

S
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By the perpendicular axis theorem lua’ +Ipp = I¢

2
Io= 21=2Ma
12
N _ Md’
S )
(b)
(c)

Radius of Gyration (K):

It is the radial distance from a rotational axis at which the mass of an object could be concentrated without

altering the moment of inertia of the body about that axis.

If the mass m of the body were actually concentrated at a distance k from the axis, the moment of inertia

about that axis would be mkz2.

i K has no meaning without axis of rotation
k=.,—
m K is scalar quantity

The radius of gyration has dimensions of length and is measured in
appropriate units of length such as meters.

Ex.: If m;=m,=m,=m then, M=mn

=~ (n = total number of particles)

axis

[116]
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Illustration 31:

Find the radius of gyration of a solid uniform sphere of radius R about its tangent.

Solution:

2
Izng2+mR2=§mR2:mK2

Moment of Inertia

of Some Regular Bodies :

Shape of the body

Position of

the axis of rotation

Figure

Moment
of Inertia

U]

Radius of
gyration

(K)

(1) Circular Ring

()

About an axis
perpendicular
to the plane
and passes
through the
centre

A

‘Y

MR?

(b)

About the
diametric axis

~ MR?

Dk

(c)

About an axis
tangential to
the rim and
perpendicular
to the plane of
the ring

2MR’

(d)

About an axis
tangential to
the rim and
lying in the
plane of ring

=~ MR?

(2) Circular Disc

—

M = Mass
R = Radius

()

About an axis
passing
through the
centre and
perpendicular
to the plane

~MR?

www.allen.in
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Position of Moment Radius of
Shape of the body . . Figure of Inertia gyration
the axis of rotation
(1 (K)
Xl
About a MR? R
()| .. o -
diametric axis 4 2
¥
About an axis
tangential to
the rim and 5
@ ~MR’ B
lying in the 4 2
plane of the
disc
About an axis
tangential to
the rim and 3
(d) ~MR? 3R
perpendicular 2 2
to the plane of
disc
(3) Annular disc About an axis
<« -@m passing
v through the y —
2 2 R +R
M = Mass (a) | centre ar.ld ?[Rl +R2] L 5 E
R = Internal Radius perpendicular
Rz = Outer Radius to the plane of
disc
About a M 2, p2
(b) Crer] | MR
diametric axis 4 2
(4) Solid Sphere
M = Mass About its
R = Radius diametric axis 5
(a) | which passes EMRZ %R
through its
centre of mass
[118] www.allen.in
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Shape of the body

Position of

the axis of rotation

Moment
of Inertia

U]

Radius of
gyration

(K)

(b)

Abouta
tangent to the

Sphere

~ MR?

(b)

About a
tangent to the

surface

)ébIE Tennis Ba®

~ MR*?

(

(6) Thin Rod

)

Thickness is
negligible
w.r.t. length

(a)

About an axis
passing
through centre
of mass and
perpendicular

to its length

*————————— - L «-=-->

MI?
12

&‘h
N

(b)

About an axis
passing
through one
end and
perpendicular
to length of the

rod

¢ ——————= - L «--->»

-

(7) Hollow Cylinder

M = Mass
R = Radius
L = Length

()

About its
geometrical
axis which is
parallel to its

Length

MR*

WWW.

allen.in
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Shape of the body

the axis of rotation

Position of

Figure

Moment
of Inertia

U]

Radius of
gyration

(K)

(b)

About an axis
which is
perpendicular
to its length
and passes

through its

centre of mass.

MR* ML
+
2 12

R® I
+_
2 12

(c)

About an axis
perpendicular
to its length
and passing
through one
end of the
Cylinder.

MR* MI*
+
2 3

R* I?
_+_
2 3

(8) Solid Cylinder

M = Mass
R = Radius
L = Length

(a)

About its
geometrical
axis, which is
parallel to its

length.

&=

(b)

About an axis
tangential to
the cylindrical
surface and
parallel to its
geometrical

axis.

=~ MR?

(c)

About an axis
passing
through the
centre of mass
and
perpendicular

to its length.

“-->)

MI? MR?
+
12 4

I} R?
—+
12 4

[120]
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Shape of the body

Position of
the axis of rotation

Figure

Moment
of Inertia

U]

Radius of
gyration

(K)

(9) Rectangular
Plate

L)

M = Mass
a = Length
b = Breadth

About an axis
passing
through centre
(a) | of mass and
perpendicular
to side b in its
plane.

Mb*
12

About an axis
passing
through centre
(b) | of mass and
perpendicular
to side a in its
plane.

Mad?
12

About an axis
passing
through centre
of mass and
perpendicular
to its plane.

(c)

M((12+b2)

12

(10) Triangular
Lamina

Mass =M

About an axis
passing
through centre
of mass and
perpendicular
to its plane.

Mad*
12

(11) Triangular
Prism

each side of
base = a

About an axis
passing
through centre
of mass and
perpendicular
to its plane.

Ma*
12

&‘Q
Do

(12) Cube

Side a

About an axis
passes through
centre of mass
and
perpendicular
to face.

)
€

=

www.allen.in
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Moment of inertia is not a vector quantity as direction CW or ACW is not to be specified and also
not a scalar as it has different values in different directions (i.e. about different axes). It is a tensor
quantity.

If a wheel is made by two different materials then for larger moment of inertia, higher density
material should be at outer side.

Radius of gyration depends on:

(i) Axis of rotation (ii) Distribution of mass of the body

Radius of gyration does not depend on:

(i) Mass of the body (ii) Angular quantities (angular displacement, angular velocity etc.)
For Symmetrical separation radius of gyration remains unchanged.

S

2 M

- =

= Kremains unchanged

For Symmetrical attachment radius of gyration remains unchanged.

21

= Kremains unchanged
For Unsymmetrical separation radius of gyration will be changed.

I- Al
M-m

| M
- R
=\
I-Al
= K=,/—— = Kchanged
M—-m

Here Al = M. . of detached mass w.r.t. same axis.

For Unsymmetrical attachment radius of gyration will be changed.

m Sl+mr’
i M _©O M

f1+ 2
= K= mr = K changed
M+m
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Torque

Torque represents the capability of a force to produce change in the rotational motion of the body.

Line of action
of force

Torque about a point :
Torque of force F about a pointZ = # X F
Where F = force applied
P = point of application of force
Q = Point about which we want to calculate the torque.

7 = position vector of the point of application of force w.r.t. the point about which we want to
determine the torque.

|| =rFsin@=r F=rF,

Where 0 = angle between the direction of force and the position vector of P with respect to Q.
ri =rsin 0 = perpendicular distance of line of action of force from point Q, it is also called force arm.
FL = Fsin 0 = component of F perpendicular to #

SI unit of torque is Nm.

Torque is a vector quantity and it’s direction is determined using right hand thumb rule and it is always
perpendicular to the plane of rotation of the body.

Illustration 32:

A particle of mass m is released in vertical plane from a point P at x = xo on the x-axis it falls vertically along
the y-axis. Find the torque t acting on the particle at a time ¢t about origin ?

Solution:

Torque is produced by the force of gravity.
7=-rFsin0k

or t=r F=xmg

Illustration 33:

A particle having mass m is projected with a velocity vo from a Ve l 7 Vocost
point P on a horizontal ground making an angle 6 with horizontal. mg

Find out the magnitude of torque about the point of projection 0

acting on the particle when it is at its maximum height ? P - ,Q
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Solution:
R Z5i
t=rFsin 6 = —mg = m
2 29
my,’ sin 20
-t

Illustration 34:
Find the torque about point O and A due to given force F.

™ F =5v3i+5
wy,
4
r() i a)
'¢ > X
0 A
Solution:
Torque about point O,

T=7xF# =1+ F =5/30 +5f

T=({+f)x (5/31+5)) = 5(1 —V3)k
Torque about point 4,

=7, xF# =} F =5/31+5]

7 = jx (5v/30 + 5§) = 5(—=V3)k

Illustration 35:
Find out torque about point 4, O and B due to given force F = 10i.

Y (3,5)

(0,5) »F =101
A

Solution:
Torque about point 4,
2, =7, X F,#, =31, F =107
T, =31x10i =0
Torque about point B,
Ty = 7y X F, 73 = 5j,F = 101
7p = 5j x 101 = -50k
Torque about point O,
Ty =7y X F, 7y = 31+ 5j,F = 10¢
7o = (3i +5§) x 10i = -5 0k
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Torque about an axis :

The torque of a force F about an axis AB is defined as the component

— > F

of torque of F about any point O on the axis AB, along the axis AB. r
In the given figure torque of F about 0is7g = # X F
The torque of F about AB, 45 is component of 7, along line AB. B
There are four cases of torque of a force about an axis.:
Casel : Force is parallel to the axis of rotation F Il AB

AB is the axis of rotation about which torque is required

# x F is perpendicular to F, but F || AB, hence # X F is perpendicular toAB.

The component of 7 X F along AB is, therefore, zero.

A F
Casell : The line of force intersects the axis of rotation
- - P

(F intersect AB) F intersects AB along 7, then Fand 2

rare along the same line. The torque about O is 04

#xF=0.

Hence component this torque along line AB is also
Zero.

Case Il : I_T) perpendicular to ABbutE and AB do not intersect.
In three dimensions, two lines can be perpendicular
without intersecting each other.

Two nonparallel and nonintersecting lines are called
skew lines.

Figure shows the plane through the point of
application of force P that is perpendicular to the axis
of rotation AB. Suppose the plane intersects the axis at
the point 0. The force F is in this plane (since F is
perpendicular to AB). Taking the origin at O,

Torque=# X F = OP x F.
Thus, torque = rF sin 6 = F(0S)

where OS is the perpendicular from O to the line of action of the force F. The line OS is also
perpendicular to the axis of rotation. It is thus the length of the common perpendicular to the
force and the axis of rotation.

The direction of T = 0P X F is along the axis AB because AB 1 OPand 4B L F. The torque
about AB is therefore equal to the magnitude of 7 that is F.(0S).
Thus, the torque of F about AB = magnitude of the force F x length of the common

perpendicular to the force and the axis. The common perpendicular OS is called the lever arm
or moment arm of this torque.
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CaselV: F and AB are skew but not perpendicular.

Here we resolve F into two components, one is parallel to axis and other is perpendicular to
axis. Torque of the parallel partis zero and that of the perpendicular part can be found, by using
the result of case (III).

Illustration 36:
A bob of mass m is suspended at point O by string of length /. Bob is
moving in a horizontal circle find out: (i) Torque of gravity and tension

about point 0 and O, (ii) Net torque about axis 00".
Solution:

(i) Torque about point O
Torque of tension (T), tr = 0 (tension is passing through point 0)
Torque of gravity, tmg=mg¥f sin6
Torque about point O’

Torque of gravity, tmg = mgr, r=4£ sin 0
Tmg = mg¥ sin O (along positivej)

Torque of tension, tr= Trsin (90 + 0) (T cos 6 = mg)

tr=Trcos 6
mg
Tr= E (¢ sin ©) cos 6 = mg/ sin® (along negativej)

(i) Torque about axis 00’
Torque of gravity about axis, 00" tmg= 0 (Force mg parallel to axis 00")
Torque of tension about axis, 00'tr=0 (Force T is passing through the axis 00")

Net torque about axis 00', The:=0

Force Couple

A pair of forces each of same magnitude and acting in opposite direction is called a force couple. Torque
due to couple = Magnitude of one force x perpendicular distance between their lines of action.

Magnitude of torque =t = F (2d)

[126] www.allen.in



Rotational Motion Al.l.E.®

. A couple does not exert a net force on an object even though it exerts a torque.

. Net torque due to a force couple is same about any point.

Torque about A = x1F + x2F = F(x1 + x2) = Fd
Torque about B = y1F - y»F = F(y1 -y2) = Fd
. If net force acting on a system is zero, torque is same about any point.
. A consequence is that, if Fre: = 0 and 1,e: = 0 about one point, then 1, = 0 about any point.

Point of Application of Force :

Point of Application of force is the point at which, if net force is assumed to be acting, then it will produce
same translational as well as rotational effect, as was produced earlier.

We can also define point of application of force as a point about which torque of all the forces is zero.

F+F+

Consider three forces Fl) + Fz) + E) acting on a body if D is point of application of force then torque of
Fl) + Fz) + 73) acting at a point D about O is same as the original torque about O.

[7r X Fy + 75 X F + 73 X F3] = 7 x (F{ + F + F3)

Illustration 37:
Determine the point of application of force, when forces of 20 N and 30 N are acting on the rod as shown
in figure.

30N

www.allen.in [127]
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Solution:

Net force acting on the rod, Fne: = 10N

Net torque acting on the rod about point C

7= (20 x 0) + (30 x 20) = 600 clockwise

Let the point of application be at a distance x from point C

“«— X —»
C
10N
600=10x
= x=60cm
70 cm from A is point of Application of force.
Note :
(i) Point of application of gravitational force is known as the centre of gravity.
(i) Centre of gravity coincides with the centre of mass if value of force is assumed to be constant.
(iii)  Concept of point of application of force is imaginary, as in some cases it can lie outside the body.
Equilibrium
A system is in mechanical equilibrium if it is in translational Y4 F
as well as rotational equilibrium. /
For this : m =0 7
Tret = 0 (about every point) 7,
if Fyer = 0 then 7, is same about every point —
Hence necessary and sufficient condition for equilibrium is Fs X
ﬁnet =0,
= R AR 4R 4R +F=0
F. F3

Thet = 0 about any one point, which we can choose as

per our convenience.

(Thet Will automatically be zero about every point)

The equilibrium of a body is called stable if the body tries to regain its equilibrium position after
being slightly displaced and released. It is called unstable if it gets further displaced after being
slightly displaced and released. If it can stay in equilibrium even after being slightly displaced and

released, it is said to be in neutral equilibrium.

Unstable Stable Neutral
equilibrium equilibrium equilibrium

[128]
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Illustration 38:
Two small kids weighing 10 kg and 15 kg are trying to balance a seesaw of total length 5.0 m, with the
fulcrum at the centre. If one of the kids is sitting at an end, where should the other sit ?

Solution:

It is clear that the 10 kg kid should sit at the end and the 15 kg kid should sit closer to the centre. Suppose
his distance from the centre is x. As the kids are in equilibrium, the normal force between a kid and the
seesaw equals the weight of that kid. Considering the rotational equilibrium of the seesaw, the torque of
the forces acting on it should add to zero. The forces are :

(a) (15 kg) g downward by the 15 kg kid,

(b)  (10kg) g downward by the 10 kg kid, 2 6:0
(© Weight of the seesaw and 10K @ A 0
(d) The normal force by the fulcrum. 5 "77%77?7717{g

Taking torques about the fulcrum, 2.5m X
(15kg)gx=(10kg)g (2.5 m) or x=17m

Illustration 39:

A uniform ladder of mass m = 10 kg leans against a smooth vertical wall making an angle 6 = 53° with it.
The other ends rests on a rough horizontal floor. Find the normal force and the friction force that the floor
exerts on the ladder.

A

4

Solution:
The forces acting on the ladder are shown in figure. They are:
(a) Its weight W,
(b) Normal force Ni by the vertical wall,
(© Normal force N, by the floor and
(d) Frictional force fby the floor.
Taking horizontal and vertical components,

Ni=f ()
and N;=mg ..(ii)
Taking torque about B,

N1(AO) = mg(CB)
or N1(AB) cosb =mg % sin®

3w
or Nl—:—i
5 25
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or Ni= % w ..(iii)

The normal force by the floor is N, = W= (10 kg) (9.8 m/s%2) =98 N.

The frictional force is f= Ny = % W=65N.

Illustration 40:

The ladder shown in figure has negligible mass and rests on a frictionless
floor. A crossbar connects the two legs of the ladder at the centre as
shown. The angle between the two legs is 60°. The fat person sitting on

the ladder has a mass of 80 kg. Find the constant forces exerted by the
floor on each leg and the tension in the crossbar.
Solution:
The forces acting on different parts are shown in figure. Consider the vertical equilibrium of “the ladder
plus the person” system. The forces acting on this system are its weight (80 kg)g and the contact force
N + N = 2N due to the floor. Thus
2N=(80kg)g =
or N = (40 kg) (9.8 m/s%) =392 N.
Next consider the equilibrium of the left leg of the ladder.
Taking torques of the forces acting on it about the upper end,
N (Z2m) tan 30°=T(1 m)
2

NG}

or T=N i:(3921\/)x

3

=450 N

Illustration 41:
A uniform rod of length /, mass m is hung from two strings of equal length from a ceiling as shown in figure.

Determine the tensions in the strings ?

Solution:
Ta+ Tp= mg (1)
Net torque about point 4 is zero
3¢ 1
So, Tegx — =mg — (il
BX T =mg 5 (ii)

From equation (i) and (ii),
Ta=mg/3, Te=2mg/3
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Illustration 42:

A right angle triangular plate of mass m is hinged from a corner and hangs from other corner with help of

string from a ceiling and is in equilibrium. Find tension in string.

Ly
<«a/3»«—2a/3—>
Hinged
a centroid
Solution:
>F=0
: N i
— T+N-= Hinged : ‘[LLU
mg /34 2a/3—] T
21,=0 A
2mga a ;
= Nxa= centroid
r-m9 e
3
Toppling

In many situations an external force is applied to a body to cause it to slide along a surface. In certain cases,

the body may tip over before sliding starts. This is known as toppling.
() There is no horizontal force so pressure at bottom is uniform and normal is collinear with mg.

a

mg
T N
(2) If a force is applied at COM, pressure is not uniform, normal reaction shifts right so that torque of
N can counter balance torque of friction.
a
b I — F
mg
fie N |D

Rough surface I
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3

(4)

If F is continuously increased N keeps shifting towards right until it reaches the right most point D.
Here we have assumed that the surface is sufficiently rough so that there is no sliding as F is
increase to Fmax. If force is increased any further, then torque of N can not counter balance torque

of friction f; and body will topple. The value of force now is the maximum value for which toppling

will not occur Fax. a
Finax :fr
N=mg b I ——— Fmax
Torque about COM g
fi.b/2=N.a/2 fre N‘}D
= fr=Na/b=mg a/b, Fuuxx=mg a/b Rough surface

If surface is not sufficiently rough and the body starts sliding before F is increased to
Fmax = (mg a/b) then body will slide before toppling. Once body starts sliding friction becomes

constant and hence no toppling. This is the case if

Fmax >ﬁimiting

= mg a/b > umg
b ——> F < Fmax
u<a/b I

Condition for toppling when p > a/b in this case body >

will topple if F > mg a/b but, if u < a/b, body will not Rough surface
topple at any value of F applied on COM.

Golden Key Points

For shown situation (A) and (B), more chances

of toppling is in (A) then (B). In case of toppling, >F

normal reaction must passes through end

points.

If block kept on smooth horizontal surface and a
force Fis applied at centre of mass in horizontal
direction, for any value of force F, block can't

topple.

Illustration 43:
There is block of mass M with sides a and b. A force F is applied to the right upper corner of the block. Find

the minimum value of F to topple the block about an edge.

[132]
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Solution: AN
In case of toppling — )
7 F
Taking torque about O
b
F(b)=Myg (%j a/2

M, 0

= Frin = ﬂ
2b Mg

Illustration 44:

A uniform cylinder of height h and radius ris placed with its circular face on a rough inclined plane and the
inclination of the plane to the horizontal is gradually increased. If p is the coefficient of friction, then under
what conditions the cylinder will:

(a) slide before toppling (b) topple before sliding

Solution:

ANNNN
(a) The cylinder will slide if mg sin 0 > umg cos 6 = tan 6 > p -(1)
2
The cylinder will topple if (mgsin®) g > (mg cos O)r = tan 0 > Tr ..(ii)

2
Thus, the condition of sliding is tan 6>p and condition of toppling is tan 6 > Tr
. J—— o 2r
Hence, the cylinder will slide before toppling if p < n

2
(b) The cylinder will topple before sliding if p > 7"

Illustration 45:

Find minimum value of 7 so that truck can avoid the dead end, without toppling the block kept on it.

«— v
Sufficiently hI
rough T
surface

0

Power breaks
/
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Solution:
maESmgé :>a£ég b
2 2 h
Final velocity of truck is zero. So that h . ma
0=v2- 2(%9 )/ )
f; N
h v* mg T

Rotation About a Fixed Axis

Consider a rigid body rotating about a fixed axis AB (figure). Consider a particle P of mass m rotating in a
circle of radius r.

2
The radial acceleration of the particle = v _ ©’r.

r
(Where v is speed of particle, ® is angular speed of body and r is
distance of particle from axis of rotation)

Thus, the radial force on it = mo?r

d|v
The tangential acceleration of the particle = v

Thus, the tangential force on it = mM = mrd—(D =mro
dt dt

The torque of mw?r about AB is zero as it intersects the axis and that of mra is mr2a as the force and the

axis are skew and perpendicular. Thus, the torque of the resultant force acting on P is mr2o.. Summing over

all the particles, the total torque of all the forces acting on all the particles of the body is

Ttotal = sz r}Za =la (l)
i
where I=Zmi r
i

The quantity I is called the moment of inertia of the body about the axis of rotation. Note that m; is the mass
of the ith particle and r; is its perpendicular distance from the axis.
If Ininge = moment of inertia about the axis of rotation (since this axis passes through the hinge, hence the
name given as Ilxinge
Toxt = Resultant external torque acting on the body about axis of rotation
o = Angular acceleration of the body.
’Fext hinge = Lninge a

®

1
Rotational Kinetic Energy = E.I o

=

P = MﬁCM

1

. i Fixed axis of Rotation
5

Fexternal = MaCM

Net external force acting on the body has two components tangential and centripetal.
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= Fc=mac
=m—=mor,,

rcm
= Fi=ma;=mo.rey
. Total momentum of body is given by

P = MV, (where M = Total mass of body)

. P = MV

. If body is rotating about an axis passing through centre of mass, then net force on the body is zero.
In this situation it is possible that angular velocity of body is variable.

. If body is rotating about an axis which is not passing through centre of mass, then net force on the
body is not equal to zero in this situation it is possible that angular velocity of body is constant.

Illustration 46:

(a) A rod of Mass ‘m’ and length 7’ is hinged at one end, placed horizontal as shown in figure. Find
angular acceleration just after releasing the rod and also find tangential acceleration of 4, B.

(b) Arod of Mass ‘m’and length ‘I’ hinged at one end, as shown in figure. Find angular acceleration just
after releasing the rod.

¢/2cos30

Solution:

(a) )

o

34—-.

TH/O + ng/O = I(X,

f 2
0+ mg =ﬂxa

2 3
o3 )
20

B

L e—to |
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ol 3g 1 3g
A:—:—)(—__
4 21 4 8
_o _3g 1 _3g

P2 202 4

(b) TH/0 + Tmg/o = It

mg/( m(?

0+ cos 30°=

X

3439

40

o=

Illustration 47:

Find angular acceleration of the given bodies just after releasing them.

(D Disc (M, R) b@

a
(2) Square plate (M, a) X
(0]
(3) Disc (M, R)
o
L 3L
< Z > < T >
(4) Rod (M, L) | ®
o

Solution:
(In all the cases taking clockwise direction as positive)

(1) TH/O + ng/O = I(X,

0+ng=§mR2><oc

2 »Q
29 _q
3R

[136] www.allen.in




Rotational Motion

ALLEN’

(2)

(3)

(4)

Angular acceleration of inertial pulley :

TH/0 + Tmg/o = 0L

g7 on( ) )

39

2\/5(1 -

TH/0 + Tmg/o = 0L

a

5
0+mgR = ZmRza

uto
5R

TH/0 + Tmg/0 = [0

2 2
0+m_gl,:[ML +M(£j joc
4 12 4

mglL 7ML’
—_— X Ol
4 48
12g

7L

y M

v
A

®

@)

=

Rough pulley (M = Mass, R = Radius, I = Moment of Inertia.)

(eg)

TzR - T1R = IOL

Two block of masses 2 Kg and 3 Kg are hanging through of pulley of mass M, radius R, moment of

inertia I as shown in the given figure. Find acceleration of block and angular acceleration of pulley.

(Assume there is no slipping between pulley and string).

;\J)'

www.allen.in
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Solution:
T2 \Kj)
T2 T
aT T1
Ja

T, -2g =2a
3g-Ti=3a
TiR - T2R = Ia
aR=a

Illustration 48:

(1)
(2)
.(3)
(4

T2

!

T1

A block of mass 2m is connected with a block of mass m via a pulley of mass M, radius R, which is connected

across an inclined as shown in the figure. Find acceleration of blocks ?

(Assume there is no slipping between pulley and string).

Solution:

Fix

T1 - mg sin 30°=ma

2mg - T, =2ma
TlR-TzR = I(X
a=Ra

Disc M, R

[138]
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Illustration 49:

A wheel of radius r and moment of inertia I about its axis

is fixed at the top of an inclined plane of inclination 0 as
shown in figure. A string is wrapped round the wheel and
its free end supports a block of mass M which can slide on
the plane. Initially, the wheel is rotating at a speed ® in a
direction such that the block slides up the plane. How far

will the block move before stopping ?

Solution:

Suppose the deceleration of the block is a.

The linear deceleration of the rim of the wheel is also a.

The angular deceleration of the wheel is a = a/r.

If the tension in the string is T, the equations of motion are as follows:
Mgsin®-T=Ma and Tr=Ia=1Ia/r

Eliminating T from these equations,

Mg sin9—I%=Ma
r

Mgr®sin@

[+ Mr?
The initial velocity of the block up the incline is v = or. Thus, the distance moved by the block before
stopping is

Giving, a =

o’r’(I+Mr®) _ (1+Mr*)o’
2Mgr’sin®  2Mgsin®

V2
X= —
2a

Application of work energy theorem in pure rotation :

1
KE of Rigid Body performing pure rotation about AOR = EIAOR(DZ

Illustration 50:
A rod of mass m, length L is hinged at one and

|
released from horizontal position in a vertical 1 mg L/2

plane. Find its angular velocity when it

5
aQ

becomes vertical ? --
Solution:
Wy + Wy = KEf- KE;
L 1
mg—+0==Ixw -0
2 2

mI?

We know [ =

2
mgl_mL” o - /3_9
2 6 L
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Illustration 51:
In the given figure two blocks of masses m1 and m, (m2 > m1) are connected k )

via pulley. The system is released from rest, after m; have fallen a height h

find velocity of blocks and angular velocity of the disc (The disc has mass M
and radius R).

Solution:

(Three as a system)

Wy + Wr=KE;- KE; “ﬁ“

(-migh + magh) +0 = %I(o2+%m1v2+%m2v2—0 K )
1.V 1 1

mz —migh= ~I—+=myVv’ +-my*

( 2 1)g 2 RZ 2 1 2 2 VT |

v 3 v

I
(mz - mi)gh = (ml +m, +?j >

Illustration 52:
A uniform circular disc has radius R and mass m. A particle also of mass m is fixed at a point A on the edge
of the disc as shown in figure. The disc can rotate freely about a fixed horizontal chord PQ that is at a
distance R/4 from the centre C of the disc. The line AC is perpendicular to PQ. Initially the disc is held
vertical with the point A4 at its highest position. It is then allowed to fall so that it starts rotating about PQ.
Find the linear speed of the particle when it reaches its lowest position.

A

R/4
P Q
Solution:

mR®> mR* 5mR®
IPQ = + =
4 16 16

Applying energy conservation

5R R |1 5mR* 1 25R*| ,
mg—+mg— =|=X +—m ©
2 2 |2 16 2 16

_ |48g
15R
V= S—Rxm
4
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Calculation of Hinge Force

Parallel i.e. along the rod
L F,
2
zFalung = m(aCM )n =mo E H
Flow: o > E—> o — (acy)n—> Fj

Perpendicular to rod me
L
D F =m(a,,), =mo—

Flow: t=lao—>oa—>a:—> F.

FHzJﬁlszFf

Illustration 53:

A uniform rod of mass m and length / can rotate in vertical plane about a smooth horizontal axis hinged at

point H.
& f .
H A
(i) Find angular acceleration o of the rod just after it is released from initial horizontal position from
rest?
(ii) Calculate the acceleration (tangential and radial) of point A at this moment.
(iii)  Calculate net hinge force acting at this moment.
Solution:
(1) w=Ina
mgﬁzm—fzxa = oc=3—g H@;_ E :
2 3 20 o= | A
mg
. 39 ,_ 39
(ii) awm = al= e (= -

aas=w?r=0 (=0 justafter release)
(iii)  Suppose hinge exerts normal reaction in component form as shown
In vertical direction Fex: = macu
| Nl
N

2

39
- mg-Ni=m. =2
g - N1 1
1
= Gm=—a =N =9
2 4

In horizontal direction

Fex=macu = N2=0  (acmin horizontal = 0 as o = 0 just after release).
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Illustration 54:

A uniform rod of mass m and length ¢ can rotate in vertical plane about a

smooth horizontal axis hinged at point H. Find angular acceleration o of
the rod just after it is released from initial position making an angle of 37°
with horizontal from rest? Find force exerted by the hinge just after the rod
is released from rest.

Solution:

Torque about hinge =ty = la

[ 2
mg cos 37°—=%0L /
2 3

a=6g /50 mgsin37
( o mgsin37°
a=q L=39 370 BT
2 5
mg cos 37° - N1 =ma; N2
N, = "9
5

Angular velocity of rod is zero. so N> = mg sin 37°=3mg/5

2 2
5 7 mg 3mg mg~10
N = N12+N22 :\/(?j +(Tj = gT

Illustration 55:

Solve previous eg. when rod is making an angle 6 with horizontal.

Solution:

mg cos 0 x— =m—€2xoc
2 3 N

3

o= gcoso
20

Energy conservation

ﬁ 2
mgzsin 0 =%% w?

o= ’Sgsme
4

L 3gsin6x£ _ 3gsin6

2 0 2 2

ar = 2
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3
a=o L= gcosO
2 4
345si
Ni-mgsin®=m g521n6
N, = 5mgsin6
2
mgcos 0 -Nz=m 39cosd
_ mgcos0
Ty
N= \/N?+N:

Illustration 56:

A rod of mass m and length / is hinged at it's upper end. It can rotate in vertical plane. It is given angular

velocity o so that it can complete vertical circle. Find (a) angular velocity of rod (b) Tension at centre of

rod at initial moment.

Solution:
(@) Wy+ Wy=Kr-K;

2
-mgl +0 = 0_%mL o’

o[BS
b4

(b) T at mid point of rod ?

T-mg=m'ow?R

,_m
m=—

2
_m,_még 3L

2 2L 4
T:9mg+mg

4 2
T_llmg

4

-

g
1
o

e
=
=

ﬂjml
i

‘‘‘‘‘
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Angular Momentum (Z)
Angular momentum of a particle about a point.

L=#xP = L=rpsinf

Z|=rl><P or |Z|=PL><r

Where P = Momentum of particle
7 = Position vector of particle with respect to point O about which angular momentum is to be

calculated.
0 = Angle between vectors 7 and P \ A Pcos®
ri. = Perpendicular distance of line of motion of particle '\'9 B
from point O. hY
2 Psin @

P, = Component of momentum perpendicular to 7.

ST unit of angular momentum is kgm?/sec. 0

Illustration 57:
A particle of mass 'm'is projected on horizontal ground with an initial velocity of u making an angle 6 with

horizontal. Find out the angular momentum of particle about the point of projection when
(i) it just starts its motion (ii) it is at highest point of path (iii) it just strikes the ground

2 3.2 2 o
sin“ 6 sin26
Answer: (i) O; (ii) mu cos 0 u2— ; (iii) mu sin © 4 smey
g
Solution :
(i) Angular momentum about point O is zero.
(i) Angular momentum about point A. }
L=#xp
P u A ==>U cos 0
L=Hxmucos9 Hi
u®sin® 0 0 i
L=mucos® ———— ) R B
2g H
usin 6

(iii)  Angular momentum about point B.
L=Rxmusin0
u’sin20

g

=musin 0

Illustration 58:
A particle of mass m is moving along line y = v/3x + 10 with velocity v. Find its angular momentum about origin.

mv
10
60°
7 l———i
10/v/3
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Solution:
g- 10, V3 _¢
B2
L=5mv

Angular momentum of a rigid body rotating about fixed axis :
Angular momentum of a rigid body about the fixed axis AB is
Lap=Li1+ Lo+ L3+ ... + Ly

L1=m1r1mr1, L2= my rmr; ,L3=m3 rsmrs, L,,=m,,r,,cor,,

LAB=m1 ri®ri+ ma ro®rz + ms r3®rs ... + my, rh®ry
n=n n=n
_ 2 2 _
LAB— Zmn (rn) X zmn (rn) _IH
n=1 n=1
LAB=IH(D
Ly=Iyo > Axis of rotation

Ly = Angular momentum of object about axis of rotation.
Iy = Moment of Inertia of rigid body about axis of rotation.
o = Angular velocity of the object.

Illustration 59:

A uniform circular ring of mass 400 g and radius 10 cm is rotated about one of its diameter at an angular
speed of 20 rad/s. Find the kinetic energy of the ring and its angular momentum about the axis of rotation.
Solution:

The moment of inertia of the circular ring about its diameter is

1:% Mr2 = % (0.400 kg) (0.10 m)2= 2 x 10-3 kg-m?

1
The kinetic energy is K = Elcoz = %(2 x 10-3 kg - m?) (400 rad?/s?) = 0.4 ] and the angular momentum

about the axis of rotation is
L=1Io= (2 x10-3 kg-m?) (20 rad/s) = 0.04 kg-m?/s = 0.04 J-s

Illustration 60:

A disc of mass m and radius R is rotating about axis passing through
centre with angular velocity o. Two particles of same mass m are
attached diametrically opposite at it's circumference, then calculate

angular momentum of the system ?
Solution:
Lsys = Lgisr + gml + {)mz

2
L :[m;? wj+m(a)R)R+m(0)R)R =ng2(D

'sys
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Note:

Al

net

:Z—L is valid only in inertial frame.
t

Angular momentum of an inverted conical pendulum :

Angular momentum about O,

7=1{sinfi+LcosOk
U = (Lsin @) wj
L = # x mi=ml®sin? 0 wk — mt>wsin O cos O 1

Particle

Massless
¢ rod

—

\%

Velocity
vector
= inward

Concept : Angular momentum vector Lis perpendicular to position vector 7 as well as momentum vector p.

The magnitude of L is constant but its direction is continuously varying. As the particle swings, L vector

sweeps out a cone. The z-component of L is constant but the horizontal component travels around the

circle with the particle.

Relation between torque and angular momentum :

L=#xP
dL d < F) dr xﬁ+*xdﬁ
—_— = —\7Tr = —_— r R
dt dt dt dt
dz — = N - . — — — >
qp oV XPHTXE S since, (VxP=0),(FxF="1,)
. dL
T =
ext dt
7o = dLaxis
axis dt

Illustration 61:

A Disc of mass m and radius R is free to rotate about it's axis passing
through the centre and perpendicular to the plane of disc. If a force F is

F=2t
applied in tangential direction as shown in figure then calculate angular
. . (Tangential)
velocity at time t.
[146] www.allen.in
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Solution:
dL
Thet = 5
dt
2,00 =R XF =RF
%_d_Z_d(Ico)_Id_oo
dt dt dt

= RF:Id—CO
dt

= Rj:th - j:’{Mfz )doa

=X J'tthtzﬁjmdm:H:@
0 2 Jo 2

2t

= O=—-
MR

Conservation of angular momentum :

If external torque about an axis is zero then angular momentum of the system about that axis will remain

conserved. So, if Taxis = 0 = Laxis = constant.

Two Bodies Rotatory System :

Figure shows an insect at the rim of a disc that can turn about a frictionless axis. Initially the system is at

rest. The insect crawls along the edge of the disc ; due to the friction force between disc and insect, the

torque of friction rotates the system (disc + insect).

Since the net torque of the paired internal forces about the axis of rotation 00’ is zero, therefore applying

conservation of angular momentum about 00".
Zinsect + Zdisc =0

or |Zinsect| = |Zdisc|
Lot = Lo (A)

Differentiating the above with respect to time, we get
Lot = hao

Integrating equation (A), we get

do do
I —L =L —2 ; L0:=10
J‘ldt Izdt 1Y1 292

Illustration 62:

A disc of mass M and radius r is rotating about its axis
with angular velocity . Now if a mass m falls vertically
on its rim and sticks to it. Then find final angular velocity
of the combined system.

)
Xi“’I

www.allen.in
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Solution:
Applying angular momentum conversion,
Loy = Lo o

R2 2
M—o = (MR +mR2Jco'
2 2

| - M O)
@ =\ M+2m

Illustration 63:

In previous question if instead of particle a disc of mass M/2, and radius R, is kept on the first one, with
axis coinciding, find final angular velocity of the system.

Y mm————

Solution:
X X
0 |,
O D
X X

Angular momentum conservation
MR* [MRZ M R?

2
+ =
2 2 2 2

o >0'= —
J :

Illustration 64:
A star in form of sphere of (M, R) is rotating about its axis with angular velocity wo. If due to internal forces
its radius becomes half uniformly. Find its new average angular velocity o ?
Solution:
(TNet) =0
Li=Ls
lioi = Iroy

2
2 2 (R
= MR*w, =—M(—j X,
5 5 \2
O, =40,
Illustration 65:
A man of mass 100 kg stands at the rim of a turn-table of radius 2m, moment of inertia 4000 kg-m? mounted

on a vertical frictionless shaft at its centre. The whole system is initially at rest. The man walks along the
outer edge of the turn-table with a velocity of 1 m/s relative to the earth. Calculate following -

(a) With what angular velocity and in what direction does the turn-table rotate?
(b) Through what angle will it have rotated when the man reaches his initial position on the turn-table?
(© Through what angle will it have rotated when the man reaches his initial position relative to earth?
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Solution:
Let the man be moving anti-clockwise.

(a) By conservation of angular momentum on the man-table system,

Zl:Zf or 0+ 0 = Ihon + Lo

m(’om

0= - where o, = LA lrad/s
r 2

t

1/2 L rad/s
4000 20

Thus the table rotates clockwise (opposite to man) with angular velocity 0.05 rad/s.

=-100 (2)2 x

(b) If the man complete one revolution relative to the table, then
Ome=2n; 2n=0,-0;
27 = Omt — ¢t (where tis the time taken)
- 27 21

" (o,-®,) 05+005
Angular displacement of table is

27
0.55

The table rotates through 2rn/11 radians clockwise.

9t= ot = - 0.05 x

2
=_r radian
11

(© If the man completes one revolution relative to the earth,
then 0On=2n
27

Time = 2% = 2%
) 0.5

m

During this time, angular displacement of the table,

. 2
0: = o (time) = - 0.05 x %

0, =- r radian
5

0: = 36° in clockwise direction

Illustration 66: dyo
Mass of rod is M. The rod is rotating with angular velocity ® when both 0 E(r)l (?)1 0

rings of mass m are situated on axis. Find e
(i) Angular velocity of rod when rings has reached the ends

(i) Velocity of rings when they leave the rod

Solution:

Angular momentum of the system should remain constant

MI? MI? ml? ml?
x0 +0xw+0xw = + + X M,
2 12 4 4

www.allen.in
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M
o = 12(D _ Mo
(M m) T (M+6m)
12 2
Conserving energy
2 2
%A;HZ' xm2+0+0=1%m12+(1mvzjx2

2 2 2
MEo 1o M| —ompe
12 (M+6m)
_ ML’ | (M+6m—M)(M+6m+M)
T 24m (M +6m)’

) MLzmzllzm(MJer)] Mo (M +3m)

24m | (M +6m)’ 2(M+6m)’
_ ML &*(M+3m)
~ 2(M+6m)’
\'A e
Viz+V3z2 =V N -
T D= ) —— Vi
2
L) Ay
Vii= VZ——((D4) ¢ .

Illustration 67:

In the following figure string is pulled such that radius becomes half then calculate the value of v ?

g

be

Solution:

Tr/0 + (Tmg + tn) 0= 0
0+0=0

= L conservation about O
Li=Ls
Wr on particle = Kr- K;
=%m@%f—%m%

3
Wr on particle = Emvg =W,
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Illustration 68:

Two identical discs each of mass M(= 4m) and radius R are
rotating in opposite sense with equal angular speed mo about
vertical axis passing through their centres, (as shown in
figure). A person of mass m sitting on circumference of disc A
jumps with a tangential relative velocity u (after jumping)
w.r.t one rotating disc (4) and lands on other disc (B) also
tangential. Now the second disc (B) comes to a stop. Find the
relative velocity u.

R

(A) u= (”; (B) u = woR
30,R

(C) u= ";0 (D) u = 2R

Ans. (C)

Solution:

(a) For Disc A
Vman/disc= U = Viman — Vdisc
if = vaise = @R (After jump)
U = Vman — ®R
Vman = U + ®R -(A)
Applying angular momentum conservation:
(Linitial) = (Lfinal)

2 2
20y =
®, +mR*w, =

o+mv, xR ..(i)

(b) FordiscB
Applying conservation of angular momentum:
Linitial = Linal

(Icmo ) -mv, R=0
MR?

w,=mv, R

4mR*
u — mvmanR
2
= V. ..=20,R -..(ii)

m

On Solving (i) and (ii)

v
" Q
After jump ®
-

o
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Illustration 69:
A rod AB of length I and mass m;is hinged at end A. A particle of
mass mj sticks after collision to the end B then find :-

(a) Final angular velocity

(b) The impulse of force due to hinge during collision
() The impulse on particle

Solution:

(a) =0

See L about hinge is conserved
Initially, Ly = myu

2
Finally, Ly = (mzl +m, IZJQ)
3
2 2
Now, mlugZLM]m
3
3mu

w= ——————
(m,+3m,)(
(b) Change in linear momentum
=Fy At

FuAt = - [(m2 Vem + miol) - myu |

=- {mzzool +m, ml—mlu}

Illustration 70:

ma I
034 J
Iu
mi
le ! )l
[ ms >
J
Iu
mi
le ! )
[« ms 1
© Q)]
034 mi
0
: I {
034 J
| 0
FuAt

A rod of mass M and length I is hinged at point O and a particle of same

mass travelling along the end of rod with velocity uo sticks to it. Find:

(a) Angular velocity of the combined system after collision.
(b) Impulse on the particle.

(© Impulse of Hinge force.
Solution:
(@) (tvet)o on rod + particle = 0

Li=Ly 0 ®

2
MuoL + 0= M(wL)L+ M3L ©
3u, oL
= 0=—- M

4L
(b) I=P;—P, =MoL — Mu,
(© (Rod + particle) as system
- - - MCOL
Iy = (Pf)sysl - (Pi)sys_ = [McoL+T}—[Muo +0]

Mu. ~
= M%uo—kM%uo—Muo = %i

‘>+Ve M, L

uo

[152]
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Illustration 71:
A rod of mass M and length 1 is hinged at point O
and a particle of same mass travelling along the
midpoint of rod with velocity uo sticks to it. Find
angular velocity of the combined system after
collision.
Solution:

(TNet)O =0

Li=Ls

Mu L 2 3
0 +O:O+ML o = o=

Illustration 72:

M,uo ‘ ‘

A thin rod of mass m and length / is hinged to a ceiling and it is free to rotate in a

vertical plane. A particle of mass m, moving with speed v strikes it as shown in the
figure and gets stick with the rod. The value of v, for which the rod becomes
horizontal after collision is

168
(A) The value of v, for which rod becomes horizontal after collision is 5 gl

53
(B) The value of v, for which rod becomes horizontal after collision is 3 gl

(C) Angular momentum of (rod + particle) system will remain constant about hinge just before and after
collision

(D) Angular momentum of (rod + particle) system will remain same about centre of mass just before and
after collision

Answer : (AC)

Solution:
m!f_ mﬁ+m£0) LALL LR )
25 3 V sin 60 v
l/2
7 3
%:EECOS(D:;% (1) -------- g--o
b g 60°
o 60 V V cos 60°
—(—mﬁzjmz =2mg— /
2012 m |_|m,?
24 g "
— o= 222 (11
7 0 (i)

From equation (i) and (ii)

168
v="— 4
9 g

www.allen.in
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Illustration 73:

A uniform rod of mass M and length / is suspended from a fixed support and 0}°

can rotate freely in the vertical plane. A small ball of mass m moving
horizontally with velocity v, strikes elastically the lower end of the rod as

shown in the figure. Find the angular velocity of the rod and velocity of the ball v
immediately after the impact.

Solution:

The rod is hinged and the ball is free to move. External forces acting on the rod ball system are their weights
and reaction from the hinge. Weight of the ball as well as the rod are finite and contribute negligible
impulse during the impact, but impulse of reaction of the hinge during impact is considerable and cannot
be neglected. Obviously linear momentum of the system is not conserved. The angular impulse of the
reaction of hinge about the hinge is zero. Therefore angular momentum of the system about the hinge is

conserved.

Let velocity of the ball after the impact becomes v’ and angular velocity 0 m'(ﬁ y 0
of the rod becomes '. ]
We denote angular momentum of the ball and the rod about the hinge =

before the impact by Lg and L1 and after the impact by Lg, and Lg.

Applying conservation of angular momentum about the hinge, we have v ] ﬂo i

zBl + ZRI = ZBZ + ZRZ—) mvof + 0 = mU/B'F + IO('U/
1
Substituting g M#? for I,, we have
3mvy + Ml =3my, (1)

The velocity of the lower end of the rod before the impact was zero and immediately after the impact it

becomes /o' towards right. Employing these facts we can express the coefficient of restitution according

to equation

!

Von

[
_VPn
e=

s (o' —vy=ev, -(2)
pn . "Qn

From equation (1) and (2), we have
(3m—eM)yv,
3m+M
3(1+e)mv,
(3m+M)¢L

Velocity of the ball immediately after the impact, v, =

Angular velocity of the rod immediately after the impact, ' =

Angular impulse :

J= I%dt (Unit - Nsm)

-

Jnet = Lf —L;

J=#xI
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Illustration 74:

A thin uniform rod of mass m and length / is free to rotate about its upper end. When it is at rest, it receives

an impulse J at its lowest point, normal to its length. Immediately after impact

(A) the angular momentum of the rod is J/.

el T
3 [ ]
(B) the angular velocity of the rod is _]E m
m
L
— 3]
(C) the kinetic energy of the rod is o
m
] h A
L

3
(D) the linear velocity of the midpoint of the rod is 2—]

m

Answer : (ABCD)

Solution:

By impulse momentum theorem,

V4
1 1( me? L3
2 2m ]

_ml*

Jo=

_3/
ml

0N=w

2\ 3 J\ml

Linear velocity of midpoints = m(%) _3J

Combined Translational and Rotational Motion of a Rigid Body :

The general motion of a rigid body can be thought of as a sum of two independent motions.
A translation of some point of the body plus a rotation about this point. A most convenient choice of the

point is the centre of mass of the body as it greatly simplifies the calculations.

Consider a fan inside a train, and an observer A4 on the platform.

If the fan is switched off while the train moves, the motion of fan is pure translation at each point
on the fan undergoes same translation in any time interval.

If fan is switched on while the train is at rest the motion of fan is pure rotation about its axis ; as
each point on the axis is at rest, while other points revolve about it with equal angular velocity.

If the fan is switched on while the train is moving, the motion of fan to the observer on the platform
is neither pure translation nor pure rotation. This motion is an example of general motion of a rigid
body.

Now if there is an observer B inside the train, the motion of fan will appear to him as pure rotation.
Hence we can see that the general motion of fan w.r.t. observer A can be resolved into pure rotation
of fan as observed by observer B plus pure translation of observer B (w.r.t. observer A)

Such a resolution of general motion of a rigid body into pure rotation and pure translation is not
restricted to just the fan inside the train, but is possible for motion of any rigid system.
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Kinematics of general motion of a rigid body :

For a rigid body as earlier stated value of angular displacement (6), angular velocity (®), angular
acceleration (o) is same for all points on the rigid body about any other point on the rigid body.

Hence if we know velocity of any one point (say A) on the rigid body and angular velocity of any point on
the rigid body about any other point on the rigid body (say w), velocity of each point on the rigid body can
be calculated.

Since distance AB is fixed ‘713,4 LAB /“A w 4

V
We know that @ = —Z4L
Ta

Vbar = Vpa = orpa

In vector form I7A

Now from relative velocity : VB 4= VB — I7A
I_/)B=I7A+[73A=>‘7)B =I7A+5><77’BA ngldbOdy

S

Similarly, Vo =c0r(—;) ; Vo = ( ]) [for any rigid system]

Illustration 75:
Consider the general motion of a wheel (radius r)
which can be view on pure translation of its

~>

center O (with the velocity v) and pure rotation
about O (with angular velocity ®). Find out

- - - - - - - -
V40,VBo»Vco,Vpo and vy, Vg, U, Up.

Solution:
Vao = (& X Typ)
Bro = (0(=F) x 04)
Va0 = (w(—l?) X r(—j))
Vo = —wri

Similarly,
Ugo = wr(—)

Veo=@ X 7o = w(—=k)x1j

V)CO = (A)Ti
Voo = w(—k) x (1)
I7130 = wrj

176 =I70+I7€0 =Vi+ wrl
Similarly, V, = l70 + l_/:w =Vi—wri

Vg =V, +Vgo = Vi—wrf

Vp = I70 +I7D0 =Vi+ wri
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Illustration 76:

A wheel of radius R is performing CRTM if Vew= V1 and angular velocity  as shown in figure then calculate

the velocity of point P..

Solution:

Up = (wrsin® + v)i + wR cos 6 (—1)

Illustration 77:

/\m

orsindi + R cos 9(—})

~>

A rectangular block of length ¢ in CRTM whose velocity of COM is Vi and angular velocity is ® as shown in

figure, then calculate velocity of 1 and 2 in (a and b)

¢ 1 ®
5 W
v
2 1
e
2
(a) (b)
Solution:
0 1 w_L < 1 > V
_ 2
2 (U
(@ = ® + —
E 2 2 ,w_L >
z 2
. ( ijf . [ LJA
Vy=|\v———o1|i ; V,=|V+—|i
2
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v v v
b ——o—o—>
(b) 2 1
2
- O i 2
1= _(_] ) +vi
ool 2
V, = _(] ) TV
2
Acceleration analysis :
/\ a1 o
at=0ory/1 ai
= a
al
CRTM = Rotational Translation

Illustration 78:

Adiscis performing CRTM whose acceleration of COM is af and angular acceleration is o as shown in figure.

Calculate d; d,, ds, d, and ds.

Solution:

CRTM

Rotational

Translation

[158]
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o’R oR | a
a, i -jli
a, ] i
a, i il
il - i
& | 2R | L

= dy = w?R(—1) + aR(—)) + ai

Rolling Motion

When a body perform translatory motion as well as rotatory motion then it is known as rolling. The velocity
of centre of mass represents linear motion while angular velocity represents rotatory motion.

Total energy in rolling = Translatory kinetic energy + Rotatory kinetic energy.

Rolling without slipping (Pure rolling)

-==* Veu
. If the velocity of point of contact with respect to the surface is zero then it is known as pure rolling.
Contact point Pure rolling

. If a body is performing rolling then the velocity of any point of the body with respect to the surface
is given by % = oy + @ X R

Pure Rotation

Vem

wR «
V4 = vem + OR = Vem + Ven = 2vem
. oR . Vey 3
VB = Vem + — = Vem - = - Vcm
2 2 2
Ve = vem + 0 = Vem
oR Veu 3
VD = Vem = - = Vew ==, = Vem
4 4 4
VE = Vem — OR = Vem = Vem =
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Pure Translation

Pure rotational
A Vcm

A wR
Vem wR
Vem
F =+ F .
f wR
B wR B

Rolling without slipping
A Vem t wR =2v

= wR

Vv,
"UCM

Pure Translatory motion + Pure Rotatory Motion = Rolling motion
Top
=» 2Vem
1 s/
s/
v
4
v4
v4
VM centre of mass
Surface

For pure rolling above body

Va=2Veu
V=2 Veu

Vie=2 Veu

V=0

Velocity at a point on rim of sphere

At point p’, Vper = VU2 + R2w? + 2vRw cos

For pure rolling, v = Ro

= Jvz +v2 4+ 2v2cos O = V2v2 + 2v2cos O

= \/sz(l +cos0) =2vcos (gj (since (1+ cos0)=2cos” (QD

Ve = 2VCOS—

[160]
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Illustration 79:
Adiscis placed between two rods as shown in figure. Find out vo and mo in terms of v. If no slipping any where.

3vo 4—'— I

Solution:
Taking upper rod and disc into picture. If rolling vi = v»
3vo 4—|— o2 I

Vo — @R = -3v -(1)

Taking lower rod and disc into picture. If rolling vs = v4 Vo-aR
Vo + @R = 5v -(2)

Adding equation (1) and (2) Vo+awoR
ZVO = ZV ’4 I 5V
Vo=V

Vo + @R =5v

v+ moR =5v

4v
»"R

Illustration 80:
A disc of radius R is in pure rolling with acceleration of COM is a and angular acceleration is o as shown in

figure. Find relation between all three variables. a,a; and a.

/\0—
o— a
1
o —+—a:
2
Solution:
~ _aQa
a-oaR=a1
| o2 4 a
a-oR=a

[161]
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Illustration 81:

The disc of radius r is confined to roll without slipping at A and B. If the plates have the velocities shown in
below figure, then which option is / are correct.

(A) linear velocity vo = v A

(B) angular velocity of disc is z—v
r

(C) angular velocity of disc is Cid
r

(D) None of these B
Answer: (AC)
Solution:
VA= @or - Vo=V
®or - Vo=V (1) woR Vo

Ve=wo '+ V=3V ..(ii)

>

From equation (i) and (ii)
2mor =4V
= ol = 2v B
2v

(00:_
r

woR
0 Vo

|_,3v

From equation (i)

Vo=V

Kinetic Energy of Rigid Body Performing CRTM
— A ®

vcm

1
KE = Loy +2 Mvy,

CRTM = Rotational KE -|— Translational KE

1 1
KE = > 1, 0" + > MVZ,
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Proof:

1 Lo 1 ~ . . -
KE = Ezmi (Vi 'Vz') = Ezmi (Vi/CM '+VCM)'(V1/CM '+VCM)
1 - . . 1 _ . 1
:Ezmi (VIZ/CM '+2Vi/c1vl “Veu +V§M) :EICMCOZ + Zmivi/CM Veu +§MV§M

0 because momentum w.r.t. COM is zero.

Rolling Kinetic Energy :

Rolling Kinetic Energy, Rolling body
1 1 1 1 g
E=-m*+=Io* = —mv*+-mK* V—Z
2 2 2 2 R Veu
Rolling Kinetic Energy,
1 K*
E=—mv'|1+—
2 R
2 2
FEtransiation © Erotation : ETota = 1 : % H 1+%
2
KZ E trans — i Etrans — 1 Erotation %
BOdy ﬁ E rotation K_Z E total 14+ K_Z E = KZ
R2 RZ total 14 F
1 1
Rin 1 1 _ Z
& 2 2
2 1
Disc 1 2 — _
2 3 3
2 5 5 2
Solid sphere - — - Z
5 2 7 7
2 3 3 2
Spherical shell — — - Z
3 2 5 5
1 2 1
Solid cylinder — 2 — —
2 3 3
) 1 1
Hollow cylinder 1 1 > 5

Illustration 82:
A uniform sphere of mass 200 g rolls without slipping on a plane surface so that its centre moves at a speed

of 2.00 cm/s. Find its kinetic energy.
Solution:
As the sphere rolls without slipping on the plane surface, its angular speed about the centre is

o=-2" The kinetic energy is
r

1 . 1 12 .., 1.,
=K=-1 o +—Mv_,=——Mr-o"+—My
2MT 2w 275 2
levz +1MV2 :lMV2 =l(0 200kg)(0 02m/s)2=5 6><1075]
5 cm 2 cm 10 cm 10 " " *
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Dynamics of general motion of a rigid body :

This motion can be viewed as translation of centre of mass and rotation about an axis passing through
centre of mass

If Icv = Moment of inertia about this axis passing through COM
7., = Net torque about this axis passing through COM
d.m = Acceleration of COM
I7CM = Velocity of COM
ﬁext = Net external force acting on the system.
ﬁsystem = Linear momentum of system.
ZCM = Angular momentum about centre of mass.
Teym = Position vector of COM w.r.t. point A.

Then (i) Tem = Iemd (ii) ﬁext = My
(iil)  Psystem = MUcp (vi) TotalK.E = Mv?, +Elcm0‘)2
v) Lew = Ieyw®

(vi)  Angular momentum about point A = L of C.M. about 4
Ly = Icy@ + Fom X Mo
dLy d S 5 5 do
. a3t C dt I 0+ 7., X Mvcm) + 1y PTS Notice that torque equation can be applied to a rigid
body in a general motion only and only about an axis through centre of mass.

Illustration 83: B

A constant force F acts tangentially at the highest point of a uniform “\r F
disc of mass m kept on a rough horizontal surface as shown in figure. C

If the disc rolls without slipping, calculate the acceleration of the f
centre (C) and point 4 and B of the disc. Z g
Solution:

The situation is shown in figure. As the force F rotates the disc, the point of contact has a tendency to slip
towards left so that the static friction on the disc will act towards right. Let r be the radius of the disc and
a be the linear acceleration of the centre of the disc. The angular acceleration about the centre of the disc
is o = a/r, as there is no slipping.

For the linear motion of the centre,

F+f=ma (1)
and for the rotational motion about the centre,
1
Fr-fr=Ila-= (—erJ[gj or F—lema (i)
2 r 2
From (i) and (ii),
2F = §moz or a= £
2 3m

Acceleration of point 4 is zero.
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Acceleration of point Bis - ag=ac+ ar

a
ap=a+—xr=2a
T

2a=2 £ = 8—F Ans.
3m 3m

Rolling motion on an inclined plane:

Illustration 84:

A circular rigid body of mass m, radius R and radius of gyration (k) rolls without slipping on an inclined
plane of a inclination 6. Find the linear acceleration of the rigid body and force of friction on it. What must
be the minimum value of coefficient of friction so that rigid body may roll without sliding?

Solution:

If a is the acceleration of the centre of mass of the rigid body and f'the force of friction between sphere and
the plane, the equation of translatory and rotatory motion of the rigid body will be.

mg sin 0 - f=ma (Translatory motion)
fR=1a (Rotatory motion)

I o=a/R
f== /
I=mk*, due to pure rolling a = aR

f
mgsine—l—azmaR }
R mg cos 0 )
mg mg sin 0

. Ia

mgsin®=moR +—
R
2 2 0

: mk-o mk*a a

mgsinO=mo R+ =ma+—;—|a=—
R R R
: mk*a
mgsin@=ma + e
: R*+K°
gsinf=a e
. gsin®  gsin0®
RP+K* |’ K
2 1+7
R R

la
/=%

e mk’a _mg k* sin®
R? R*+k*
f<uN

2

7 a<p mgcos9
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2 k gsin
— < pgcosO
2 ( i 2) ug
tan0 tan©

Note:
From above example if rigid bodies are solid cylinder, hollow cylinder, solid sphere and hollow sphere.
(D Increasing order of acceleration.
Usolid sphere = Usolid cylinder = Ahollow sphere = Ghollow cylinder
(2) Increasing order of required friction force for pure rolling.

ﬁ]ollow cylinder >ﬁmllow sphere >fsolid cylinder™ fsolid sphere

(3) Increasing order of required minimum friction coefficient for pure rolling.

Uhollow cylinder = Hhollow sphere = MUsolid cylinder > MUsolid sphere

Rolling Motion on an inclined plane :
(i) Velocity at bottom of inclined plane

Applying Conservation of energy

m

1 1
mgh = Emvz + E[032 K Rolling body

V

CM

1, 1 LV Heich
mgh= —mv’+=mK*| — eight
TE 2 T2 [RZ h 3
K2 Inclined plane
mgh= —mv*| 1+— (1) 3
h=ssin0 -(2)

From (1) and (2)

\% . =
Rolling K 2

2

When body slide LS =0
RZ

Velocity when body slides |V, :\/Zgh :\/ngsine = Vs>WR

(ii) Acceleration of body

v’ =u’ +2as (v u=0)

v =2as
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2gssin0 i
TP W
1+F 1+?

2
When body slides % =0

Acceleration when body slides, m , ds > dg

(iii) Time taken by the rolling body to reach the bottom

2s h
—_—, S=—-

a sin©

2S K? 2h K? 1 [2h(, K?
tp = - 1+—2 =)= 1+—2 = | 1+—2
gsin® R gsin“0 R sinf\ g R

2

When body slides, LS =0
RZ

S=lalf2 = t=
2

Time of descend when body slides,

~

[2s [2n 1 [on
5 \gsind \ gsin’® sin®\ g

So, tr> ts

Note:
If different body are rolled down on an inclined plane then body which has
KZ
1) —  Least, will reach first
R
Rolling body
KZ
(i) —  Maximum, will reach last v
R
KZ
(iii) ra Equal, will reach together
(iv)  Change in kinetic energy due to rolling, v> > v4

(v) Rolling vs Sliding

V. . ag K*
VR = SKZ ) aR Kz ) tR = ts 1+r_2
1+— I+
r r
Ve < Vs agr < as tr>ts
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Work-Energy Theorem Practice [Applications]

Key point :

For a body performing rolling motion over a fixed surface, work done by friction force on the body will be
zero as velocity of point of application of friction is always zero.

Illustration 85:

A disc of mass M and radius R starts to rotate on an inclined
plane of inclination angle 37° with horizontal when it has
fallen down 15 m. then calculate velocity of COM in the
following cases ;

(a) If incline plane is rough. (b) Ifincline plane is smooth.

Solution:
(a) Wg + Wy + VVf: KEf— KE;
2
Mg9+0+0=(%MR m2+%Mv§MJ—(0+0)
1 [V 1 (3
9Mg==M| - 42 J: —M| ZV?
g 2 ( 2 CcM 2 2 cm
2
\%
60 =M
g 2
Vey =129
(b)

W, + Wy = KE; - KE;

Mg9+0+0=(0+%Mv§M)—(O+O)

VeM = ~/18g

Illustration 86: y rel. from rest

In previous illustration at any instant disc is at 8 m. height 4m
from the ground, if half of the inclined plane is rough and rest )
are smooth. Then calculate final velocity and angular velocity 4m

of disc when it reaches at point C. l

Solution:
W-E from A to B
Wy + Wy + Wr= KEf- KE;

2
Mg4+0+0=(%MR w§+%Mv;j—(0+O)
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1
(O PR
3v
8 — B
g 2
L 160,
3
I )
3
)
= v,=4,[|=
? 3

From B to C '©'doesn't change :

Wp = Wc=Vpr= 4r\/§

And then W-E from B to C and get,
ve= ,/ﬂ and g = 0¢ = 4r\/§
3 3

Note:

Consider a rigid body performing CRTM. For analysing its motion we apply two equation :
(1) Zﬁ;xt =Ma,

2 i.=ld
Second equation is for a rigid body and valid in inertial frame. To apply second equation about
non-inertial point, pseudo force is applied at COM of body and 7 of pseudo force is also taken into account.

Most suitable point to apply second equation is about COM of the body because 1 of pseudo force about
COM is "zero".

Illustration 87:
/—\a
A rigid body of mass m and radius r rolls without slipping on a rough N

X

0 a=oR
shown in figure. Find the value of x so that static friction is zero. e /
Solution: rough surface
Torque about centre of mass,

Fx = Icma. -(1)
F=ma -(2)
From equation (1) and (2)

v i

surface. A force is acting on a rigid body at x distance from the centre as

max = Iogn o (a=aR) ; x=—2
m
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Note:

For pure rolling if any friction is required then friction force will be static friction. It may be zero, backward

direction or forward direction depending on value of x. If F below the point P then friction force will act in

backward direction or above the point P friction force will act in forward direction. This point P is called

point of percussion.

Illustration 88:

A horizontal force F acts on the sphere at its centre as shown. Coefficient
of friction between ground and sphere is u. What is maximum value of F,
for which there is no slipping ?

Solution:

For linear motion, F- f= Ma

and for rotational motion, t=/«a

=

So

Note:

2 a

‘R= —MR2- —
) 5 R
f=—=Ma

5
F-f= —f orF=

2f
f <uMg
FS%uMg

Friction in rolling.

()

(i)

NVo

Smooth surface

No friction and pure rolling.

v=0mR

No

Smooth surface

No friction and pure rolling (If the body is not perfectly rigid, then there is a small friction acting in

this case which is called rolling friction)

[170]
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(iii)

(iv)

v)

(vi)

(vii)

v>o®R or v<oR

NVo

\%

Smooth surface

No friction force but not pure rolling.

v> oR
\T

v
v > oR

fi <
Rough surface

There is relative motion at point of contact, so kinetic friction, fi = uN will act in backward direction.
This kinetic friction decrease v and increase o, so after some time v = @R and pure rolling will

resume like in case (ii).

V<R

NVo
\'"4
v > mR
fi

Rough surface ‘

There is Relative Motion at point of contact so Kinetic Friction, fi = uN will act in forward direction.
This kinetic friction increase v and decrease ®, so after some time v = ®R and pure rolling will

resume like in case (ii).

v=oR (initial)

\mV

»F

Smooth surface

No friction and no pure rolling.
v=oR (initial)

o

»>F

rough surface

Static friction whose value can lie between zero and psN will act in backward direction. If coefficient
of friction is sufficiently high, then f; compensates for increasing v due to F by increasing o and

body may continue in pure rolling with increases v as well as .
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Illustration 89:

A disc of mass M and radius R is in CRTM on plank of mass M; whose
angular acceleration o and velocity of COM is a., then calculate
dcm, o of disc and acceleration of mass M.

Solution:
F-f=Macu (1)
fR= Mfz ol (2)
acv-oR=a -(3)
f=Ma «(4)

By solving equation 1, 2, 3 and 4

azi(ﬁ_ij
3R\ M M,

2F f . f

; =

acm P
3M  3M, M

Illustration 90:

A body of radius R and mass m is placed on
horizontal rough surface with linear velocity vy,
after some time it comes in the condition of pure
rolling then determine :

» Vo

)] Time t at which body starts pure rolling.
(i) Linear velocity of body at time ¢.

(iii)  Work done by frictional force in this time t.
Solution:

For translatory motion, v=u + at

initial velocity, u = vo

Let after time ¢ pure rolling starts and at this time ¢ final velocity = v and
Acceleration = a

From FBD :

FBD

f=pN l
mg

Normal Reaction, N = mg

Friction force, f=uN=pumg = ma=pmg [ f=ma]

Retardation, a=pg
v=vo-at (-ve sign for retardation)

v=vo-pgt (i)

[172]
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For rotatory motion o = o + a t (Initial angular velocity mo = 0)

o=at .(ii)

t=la
=~  g=t-JR _HmoR

I mK mK
=  a= Pﬁ—f ..(iii)
(i) From equation (ii) and equation (iii)
R ,
= P;‘?z t . (iv)

For pure rolling, v = R

= 0=— (v
- v
From equation (iv) and (v)
v ugR
= _zt
R K
2
or v= “‘iﬁ t ..(vi)
Substitute v from equation (vi) into equation (i)
R’t
M‘i(z =V, _Mgt
v

= t=—r—"—=
RZ
Mg{l"'l(z}

(ii) Putting the value of t in equation (i)

Yy
V=V~ g 2
R
Hg{l“‘l(z}
R? 2
R R
) VO _Vo|:1+K2i| VO |:1+2—]}
o 2 2 =V
R 0 R?
1+72 1+F |:1+2:|
2
VvV, +V, \%
b 0 ™Vo 7,2V v, v,

RZ 2 2N\ 2
K R’ K? R’

Velocity of body when pure rolling starts,

V= K2
-
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(iii)  Work done in sliding by frictional force :
Work done = Initial kinetic energy - Final kinetic energy
Work done by friction

Mv? Mv?
wo=tmp -t M M

2 2 2 2
[1+I;2] 2(1+£2J

A cylinder is given angular velocity o and kept on a horizontal rough surface the initial velocity is zero.
Find out distance travelled by the cylinder before it performs pure rolling and work done by friction force.
Solution:

Illustration 91:

t=la = fxR=Ia

2
uMg R = MR o
2
2pg
o= — (1
R (1)

Initial velocity u = 0
vi=uy? + 2as
vZ=2as -(2)
fx=Ma
uMg = Ma
a=ug -(3)
W= - ot

From equation (1)

60=600—2Lgt
R

v=u+at
From equation (3) % m%
2v >
O =0~ fi >
R « S >
®=wo-20
0]
0= —
3

From equation (2)

2
(m;RJ =(2as)=2pgs

2p2
_®,'R

18yg
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Work done by the friction force

2p2
R
W= (~fi RA® + fiAs) = — umg R A® + 2= DTt
18pg
2 2 2 2
AO =y xt- latz = mg X [woRj_lxzug((DoRJ =[(DOR]_(DOR =2(1)0R
2 3ug) 2 R \3ng 3ug) g g
2 22 2p2 2p2 _ 2p2 2p2
VVf=—p,mg><R2(DOR+umg><(DOR __2mwyR +mcoOR _ —3may,R __moyR
9 18ng 9 18 18 6

Alternative Solution
Using work energy theorem,
W, +W,+W, =AK

W1 (oRY 1mR (o) | [1mR ] (-moiR’
fe 12 3 2 2 3 2 2 0 6

Illustration 92:

A hollow sphere is projected horizontally along a rough surface with speed v and angular velocity mo find

out the ratio. So that the sphere stops moving after some time.

0o, —
a=0
G O
fi
—_—V

—> woR

Solution:
Torque about lowest point of sphere.
fixR=1Ia

umg x R = %mRza

o= 32% (Angular acceleration in opposite direction of angular velocity.)

® = o — ot (Final angular velocity @ = 0)

3
o = Lgxt
2R
t:coOXZR
3ng

Acceleration 'a = pg’
vi=v-at (Final velocity v¢= 0)
V=g x t ; t= L
Kg

To stop the sphere, time at which v and o are zero, should be same.
v  2m,R v 2R
= =—

g 3ug @, 3

www.allen.in
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Illustration 93: Sufficiently

A cylinder is lying on a rough plank which is kept on a smooth Rough (a+oR)
surface. Force F is applied on the plank. Find time taken by the —
cylinder to fall off the plank. T
(Friction is sufficient for pure rolling.)

Solution: smooth

Friction on the plate is backward or on cylinder friction is
forward, so cylinder move forward.

%~
J O
f
Because of pure rolling static friction f.
mR®

R==

2
a:_f
mR f

o

f:ma m ——bF
F—f=mb o
F=m(a+Db)

aR
a=—
2
At contact point
b=a+oR

_3aR
2
b=3a
F=4ma
F
a=—
4dm

_3F
4dm

w.r.t. plate distance is covered = / b —@—a
and acceleration w.r.t. plate is (b - a)
So, ! =%(a—b)t2

Y4 =l><2at2:>t=\/z=2 fﬂl
2 a F

[176] www.allen.in
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Illustration 94: LU
A hollow cylinder of mass m is suspended through two light strings T4 T4
wrapped around it as shown in figure. Calculate (a) the tension T in the O )) ))) O

|

string and (b) the speed of the cylinder as it falls through a distance /.
Mg
Solution:

The portion of the strings between the ceiling and the cylinder is at rest. Hence the points of the cylinder
where the strings leave it are at rest. The cylinder is thus rolling without slipping on the strings. Suppose
the centre of the cylinder falls with an acceleration a. The angular acceleration of the cylinder about its axis
is o = a/R, as the cylinder does not slip over the strings.
The equation of motion for the centre of mass of the cylinder is

Mg -2T = Ma (1)
and for the motion about the centre of mass, it is

2 Tr=(Mr2a)=Mra or 2T = Ma
From (i) and (ii),

M,
a= g and T= =9
2 4
As the centre of the cylinder starts moving from rest, the velocity after it has fallen through a distance 7 is

given by

VZ:Z[QJZ or v:\/g_ﬁ

Illustration 95:
A hollow sphere of mass M and radius R as shown in figure slips on a \
rough horizontal plane. At some instant it has linear velocity vy and

angular velocity about the centre ;_;2 as shown in figure. Calculate the

linear velocity after the sphere starts pure rolling.

Solution:
Velocity of the centre = v and the angular velocity about the centre = ;—;’2 . Thus vo > woR. The sphere slips

forward and thus the friction by the plane on the sphere will act backward. As the friction is kinetic, its

value is uN = uMg and the sphere will be decelerated by a.» = f/M. Hence,
f :
vit)=vo-—1t -1
(©=v-4 (i

This friction will also have a torque I' = fR about the centre. This torque is clockwise and in the direction of .

Hence the angular acceleration about the centre will be

w=f_ R 2:3f
(2/3)MR* ~ 2MR
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and the clockwise angular velocity at time t will be
3 3,
2MR 2R 2MR

Pure rolling starts when

o(t) =,

3

St ..(ii)

v(t)=Ro(t) i.e., v(t) :V?O n

On solving (i) and (ii)

v(t) = ("—20 +31L6’j

Thus, the sphere rolls with linear velocity 4vo/5 in the forward direction.

Illustration 96:

A thin light cord is wound around a uniform cylinder placed on a rough F
horizontal ground. When free end of the cord is pulled by a constant force F the
cylinder rolls. Denote sradius of the cylinder by r and obtain expression for work

done by each of the forces acting on the cylinder when center of the cylinder

shifts by distance x.

Solution:

Forces acting on the cylinder are its weight I, the normal reaction from the ground N, the tension T in the
cord and the force of static friction f;. The tension in the cord equals to the applied force F. These forces are
shown in the adjacent figure.

In rolling point of contact P is at instantaneous rest, the center C

moves with velocity v, = wr and the top point moves with ?— AF
velocity vy, = 2v, = 2wr both parallel to the surface on which X > e
body rolls. Since the cord is inextensible displacement of the top p
point equals to the displacement of the free end of the cord. These TR
facts suggest that during displacement x of the center, the free N N

end of the cord shift through a distance 2x.

Work done by the weight of the cylinder :
W, = 0, The weight is assumed to act on the center of gravity which coincides with the mass center in

uniform gravitational field near the ground. The displacement x of the mass center and weight both are
perpendicular to each other so the work done by gravity is zero.

Work done by the normal reaction on the cylinder :

Wy = 0, The normal reaction acts on the particle of the body which is in contact with the ground. The
particles making contact continuously change and remain at instantaneous rest during contact. Therefore,
normal reaction does no work.

Work done by the force of static friction :

Wes = 0, The force of static friction f; acts on the particle of the body which is in contact with the ground.
The particles making contact continuously change and remain at instantaneous rest during contact.
Therefore, force of static friction f; does no work.
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Work done by the tension in the cord :
vadt

W, =W, , the particle of the wheel on which the tension in the cord acts is at the top point.
Though this particle is also continuously changing but it is not at instantaneous rest and has velocity va.
So, in every infinitesimally small time interval displacement of this particle is v,dt = 2v.dt, thus work
done dWr by the tension during a time interval dt

dWr = TQRuedt) = 2F (vedt)
When the center shifts by a distance x the work done by the tension becomes,

Wr = Wp = 2Fx

Angular momentum of Rigid Body Performing CRTM

Vem
?CM/O Lsysjo = Iemw + m(Tepjo X Vem)
4
ll
,l
O.
o — =
4
II/
—— I'
— Il
'I
¢
- Rotational as Rigid body Translation as
Rotational . .
pure rotation about CM a particle

Illustration 97:
A solid sphere rolls without slipping on a rough surface and the centre of mass has constant speed v,.
If mass of the sphere is M and its radius is R, then find the angular momentum of the sphere about the point
of contact.
Solution:

Lp=Lem + 7 XPem = Iem@ + R X My,

Since sphere is in pure rolling motion hence vo

m:%:[ =(§MR2 %)(-1@)+MVOR(—I€)=EMVOR(—IG)

'p
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Illustration 98:

A rod of length L and mass M hinged at point O is rotating about O with angular velocity o. Find angular
momentum of system with respect to O.

0
(O]
wlL
2
Solution:
(@] o ol
[O)]
r
wlL wlL
2 + CM 2
Ly =MLy ML (ML ML) ML
¥s/0 12 2 2 12 4 - A0R

Example:
(A) Sphere (m, R)

A solid sphere (M, R) is doing CRTM with velocity of COM vy and angular velocity 2—1‘;0 . Find angular

momentum with respect to point P.

Ve 3

(B) If a rod (M, L) is doing CRTM and angular velocity and velocity of centre of rod is ® and vn
respectively then find L about A, Band C ?

A

B vem

C ) wve

Solution:
2, 2v
(A) Lsys/P :gMR X?O—MVOR
4v MR Mv.R Mv.R
_ V05 —~Mv,R =- ‘;0 = Y (clockwise)
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MI? Mo
B =——w+0=
(B) /B 12 12
Mr* MLy,
AT
ML ML
9/ T 1o 03—7 Veu

Illustration 99:

If arod (M, L) is doing CRTM and angular velocity and velocity of centre of rod is ® and v., respectively
then find L of the system about 4, B and C.

(Assuming anticlockwise direction to be positive)

A

Ma
M, ¢ 2
" B veum
CleIMc >+ve
Solution:

MI? ML L

s/ A :(EO‘)+7VCMJ+M(VCM +(,\)E)L

MI? L

oL\L oL
Lsys/B :(E(D]_M(VCM —7JE+M(VCM +7j 2

L oL
MVCM Ej _M(VCM —7)14

ML
Lsys/C = (Em_

Illustration 100:

A hollow sphere of radius R and mass m is fully filled with non viscous liquid of mass m. It is rolled down a

horizontal plane such that its centre of mass moves with a velocity v. If it purely rolls

(A) Kinetic energy of the sphere is gmv2
S . 4
(B) Kinetic energy of the sphere is Emv2
(C) Angular momentum of the sphere about a fixed point on ground is gva

(D) Angular momentum of the sphere about a fixed point on ground is 1?4 mvR

Answer: (C)

www.allen.in
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Illustration 101:

Four different situations of a moving disc are shown in column I and predictions about its final motion and
forces acting on it are given in column - IL

Column- I Column- II
Vy
ﬁ v
(A) (P) Finally disc will roll along the initial direction of velocity (v)

2v
SR

(B) M (Q) Finally, disc will roll in direction opposite to the initial direction of velocity (v)

2v¥
R“g‘;%‘““’ (R) Finally, disc stops
4v ¥
R M (S) Initially friction force acts in the direction opposite to that of initial velocity
(T) None of these
Answer: (A-S,P), (B-P), (C-S,R), (D-S,Q)
Solution:
Final direction of pure rolling will be in direction of initial angular momentum about point of contact
L=mvemR + Iem ®

MR? (_) 3mvR

For (A) : mvR - , hence in clockwise direction.

2
For (B) : mvR+ mR

( j 2mvR, hence in clockwise direction.

(2o
=

%) = -mRyv, hence in anticlockwise direction.

For (D) : mvR -

Direction of friction force :

For (A) : Velocity of point of contact o—V/2>—> v = Friction will be opposite to velocity

For (B) : Velocity of point of contact 2ve————v = Friction will be in the direction of velocity

For (C) : Velocity of point of contact — 2 = Friction will be opposite to the velocity
For (D) : Velocity of point of contact — 4y = Friction will be opposite to the velocity
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Illustration 102:

A uniform rod AB of mass M and length ¢ is kept at rest on a smooth horizontal plane. Y5 NA

A particle P of mass m, moving perpendicular to the rod with velocity v, strikes the rod

at one of its ends as shown in the figure. Derive suitable expressions for the coefficient

of restitution, velocity of mass center of the rod and angular velocity of the rod

immediately after the impact. Assume e is the coefficient of restitution.

Solution:

Both the bodies can move freely in the horizontal plane, therefore no horizontal external force acts on the
particle-rod system. The linear momentum as well as angular momentum about any axis normal to the
plane is conserved.

Let the velocity of the particle, angular velocity of the rod and velocity of the mass 0 A
center of the rod immediately after the impact are v’» towards right, ®' in v
clockwise sense and v'c towards right as shown in the adjacent figure. Using e
relative motion equation, we can express the velocity of the end A of the rod. B

VA= +;0e (1)
We denote linear momentum of the particle and rod before the impact by pp, and p;; and immediately

after the impact by pp, and p¢, respectively.
Applying conservation of linear momentum, we have

Ppz + Bcz = Pp1 + Be1 = mv'p+Mv'c =my, -(2)
The above equation shows that the mass center of the rod will move towards the right. If we write angular
momentum of the rod about a stationary point 0, which is in line with the velocity v'c, the first term
involving moment of momentum of rod vanishes and only angular momentum due to its centroidal rotation
remains in the expression.
We denote angular momentum of the particle and the rod about the point O before the impact by Lp: and
Lg1 and after the impact by Lpz and Lgz.

' ® Ve

Before the impact Immediately after
the impact

Applying conservation of angular momentum about the hinge, we have
Lpy +Lgz = Lpy + Lp1
1 / / 1
= EmvPB+ICa) = Emvoe
TR S
Substituting E M¢e” for I, we have

6mv p + Mfw = 6muv, -(3)
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The velocity of the end A of the rod before the impact was zero and immediately after the impact it becomes
v’y towards right. Employing these facts we can express the coefficient of restitution as

! !

Vp—V ’ ’
e=u—)v14_vp=evo
UP—UA
Substituting v's form equation (1), we have
Zvlc - Zv,P = 2Zev, -(4)

Equation (2), (3) and (4) involves three unknowns v'¢, ®" and v'p, which can be obtained by solving these
equations.

4m—-eM
Velocity of the ball immediately after the impact, v, = (ﬁj v,

Iim+M

Idm+M

M}v_o

: . . . , m(l +e)
Velocity of mass center of rod immediately after the impact, v, =< ——=>¢v,

Angular velocity of the rod immediately after the impact, ®' =
4m+M | (

Illustration 103:
A particle of mass M strikes at one end of a stationary rod of mass M, length /. After collision particle sticks

to the rod. Then find @ and v.» of rod just after collision.

M, ¢
()

H

o V0, wlL

VCM + —

2
Solution:

AS Fext = O
Pi = Pf

L
M(0)+M,v, =Mv,, +M, [VCM + "’7)

Illustration 104:

An impulse [ acts on the lower half of the rod of mass M and length 7 at a "
distance d from the centre as shown in the figure. C
Find vcn and o of the rod just after the impulse. .i
Solution:

I=Pr-P;

I= MVCM -0

(tnedc =0 M! .

(Le= (Le R P S

0+0=MEC g dI

2 ST C
2
MV,,d= Mf’zL
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Illustration 105:

An impulse I acts on solid sphere of mass M and radius R at §

distance from centre O. Find vey and o of sphere after impulse
about O and P.

Solution: smooth
I=Pr-P;
I=Mvey
Vo= I ——o
[0/ M _________________

(t)o = (Lo - (L)o

Vem
1§=(§MR203+0)—(0+0)

51 ) +ve
O=—
4AMR

For check take about P’

(L)r= (Lor

0+0=§MR20)—M§VCM

Smooth

oro=’ypr 2L MR T _IR_IR
5 4MR 2 M 2 2

0=0

Illustration 106:

Solid sphere (M, R) is doing rolling motion with velocity vo and angular velocity wo collides elastically with
the smooth wall. Find ¥, of ball just after collision and after long time.

Smooth
Elastic
Rough collision
Solution:
Just after collision, vem = vo
After long time, After long time Final 2
2 2 Z
Mv,R—=Mv,R =MvR+~=MoR* 7
5 5 7
3 7 Z
Vv, v 2
20 _ 1Y 2
5 5 Z
Z
. 3v,
7 Rolling
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Illustration 107:
A bicycle is in motion. The force of friction exerted by the ground on its wheel is such that it acts:
(A) in backward direction on front wheel and in forward direction on rear wheel when it is accelerating

(B) in forward direction on front wheel and in backward direction on rear wheel when brakes are
applied on rear wheel only.

(C) in backward direction on front wheel and in forward direction on rear wheel when brakes are
applied on rear wheel only.

(D) in backward direction on both the wheels when brakes are applied on front wheel.
Answer: (AB)
Solution:

Acceleration Acceleration

2..0.0 Q.

Instantaneous Axis of Rotation (IAR) :

It is a mathematical line about that a body in combined translation and rotation can be conceived in pure
rotation at an instant. It continuously changes its location. This axis is always perpendicular to the plane
used to represent the motion and the intersection of the axis with this plane defines the location of
instantaneous centre of zero velocity (IC).

Location of the Instantaneous Centre of Rotation :

If the location of the IC is unknown, it may be determined by using the fact that the relative position vector
extending from the IC to a point is always perpendicular to the velocity of the point. Following three
possibilities exist.

(i) Given the velocity of a point (normally the centre of mass) on the body and the angular
velocity of the body.

If v and ® are known, the IC is located along the line drawn

- 1%
perpendicular to v at P, such that the distance from Pto ICis, r =—.
®

Note that IC lie on that side of P which causes rotation about the IC,

- -
which is consistent with the direction of motion caused by w and v.

(ii) Given the lines of action of two non-parallel velocities
Consider the body shown in figure where the line of action of the

velocities v, and vy are known. Draw perpendiculars at 4 and B to
these lines of action. The point of intersection of these

perpendiculars as shown locates the IC at the instant considered.
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(iii)

Given the magnitude and direction of two parallel velocities
When the velocities of points A and B are parallel and have known magnitudes v, and vs then the
location of the IC is determined by proportional triangles as shown in figure.

In both the cases, ra= Va and rg= Vs
® ®

In fig. (a) ratre=d

and in fig. (b) rg-ra=d

As a special case, if the body is translating, va = vz and the IC would be located at infinity, in which
case ® = 0.

Illustration 108:

A 100 cm rod is moving on a horizontal surface. At an instant, y
when itis parallel to the x-axis its ends 4 and B have velocities L . 30cm/ ,S_I
30 cm/s and 20 cm/s as shown in the figure.
AC DB
(a) Find its angular velocity and velocity of its center.
(b) Locate its instantaneous axis of rotation. l_zlocm /s
Solution:
(@) Velocity vector of point B 4B
¥y = By + @ X AB /"/ 30 cm/s
= w = 0.5rad/s /,/'
Velocity vector of the center C of the rod. AT » :,{/-:(1, """""""" B
Bo = ¥4+ & X AC 20em/s| '
= §=—20j+ 0.5k x 50i = 5.0f cm/s AT
(b) Here velocity vectors of the particles A and B are antiparallel, therefore the instantaneous axis of
rotation passes through intersection of the common perpendicular to their velocity vectors and a
line joining tips of the velocity vectors. The required geometrical construction is shown in the
following figure.
Since triangles AA’P and BB’P are similar and AB = 100 cm, we have AP = 40 cm.
The instantaneous axis of rotation passes through the point P, which is 40 cm from A.
Analytical Approach:

The instantaneous center of rotation is at instantaneous rest.

Dp=D, +BXAP = 0=-20j+0.5k x (AP)] = AP = 40cm
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Illustration 109:
Can you suggest a quick way to find angular velocity of a rod, if velocities of two of its points are known?
Solution:

When distance between two points and their
velocity components perpendicular to the line

joining them are known.

Angular velocity of the rod,

o Bal _ 195 = Bl
AB AB

Illustration 110:
A 50 cm long rod AB is in combined translation and rotation
motion on a table. At an instant velocity component of point A AG S VBx

perpendicular to the rod is 10 cm/s, velocity component of point B lVAy
parallel to the rod is 6.0 cm/s and angular velocity of the rod is

0.4 rad/s in anticlockwise sense as shown in the given figure.

(a) Find velocity vectors of point A and B.

(b) Locate the instantaneous axis of rotation.

Solution:

Let x-y plane of a coordinate system coincides with the table top and the rod is parallel to the x-axis at the
instant considered. The rod is shown in this coordinate frame in the following figure.

y
-
VBy

B VBx

(a) Since distance between any two points remains unchanged, the velocity components of any two
points parallel to the line joining them must be equal. Therefore, we have
Vax = Vgy = 6.0cm/s (1)
Velocities of points A and B must satisfy following equation
by = Uy + & x AB
= 6.0 + vg,j = 6.0{ — 10f + 0.4k X 501
Equating y-components of both the sides, we have
vgy = 10 cm/s -(2)
From equation (1), (2) and the given information, we can express the velocity
vectors of the points A and B.
U4 = 6.0i — 10j cm/s, and Vg = 6.0i + 10f cm/s
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(b) The instantaneous axis of rotation is at instantaneous rest. Let the end A of the rod is at the origin

and coordinates of the point P in the x-y plane through which the IAR passes is (x, y).
Up =Uy+ @ X AP

=  0=6.00—10f + 0.4k x (xI + y})

Equating coefficients of x and y-components of both the sides, we have

x=25cmand y=15cm

Therefore, coordinates of the point P through which IAR passes the x-y plane are (25, 15).

Velocity relations by Use of IAR :

In rolling without slipping on stationary surface the point of
contact is at instantaneous rest, therefore the IAR and the IAR

passes through it. We will see how velocity of the center C, the
top point A and an arbitrarily chosen point B can be calculated
by assuming the body in state of pure rotation about the IAR.

Velocity of center C

B = @ X PC = wRi

Velocity of the top point A
D, = & X PA = 20wRi
Velocity of the point B

Bg = & X PB = (vc + wrsin0)i + wrcos@j

Illustration 111:

A cylinder of radius 5 m rolls on a horizontal surface. Velocity of its center is 25 m/s. Find its angular
velocity and velocity of the point A.

Solution:

In rolling the angular velocity @ and velocity of the center of a round
section body satisfy condition,

Ve =@ X7p = 250=wkx5] = &=—5k rad/s

Angular velocity vector points in the negative z-axis so the cylinder

rotates in clockwise sense.

Velocity of the point A can be calculated by either analytical method,
superposition method or by using method of IAR.

Analytical Method :
By =P+ @B X CA

= U, = 25+ (—5k) x (=5cos37°f + 5sin3 7°%)
U4 = (401 + 20))m/s
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Superposition Method :

In rolling v.=v4 = wR =25m/s. The superposition
i.e. vector addition of the terms of equation ¥4, = v, + U, are
shown in the following figure. Resolving v, = wR = 25m/s

into its Cartesian components and adding to v, we obtain
ﬁA = ﬁc + 13AC

= U4 = 251+ 151 + 20 = (401 + 20j)m/s

Use of IAR

The contact point P is the IAR in rolling. The cylinder is in pure
rotation about the IAR at the instant under consideration, so

from the relative motion equation, we have
Uy = @ X Typ

= ¥, =& x (PC + CA) = (-5k) x {(5)) + (=41 + 3))}
Uy = (401 + 20j)m/s

Acceleration relations by use of IAR :

Acceleration relations can also be obtained by assuming the body
in pure rotation about the IAR. Here we will use relative motion
equation. Always keep in mind that the acceleration of the IAR is
not zero, it has value ®2R and points towards the center of the
body. Now we will see how acceleration of the center C, the top

point A and an arbitrarily chosen point B can be calculated by

assuming the body in state of pure rotation about the IAR.
Acceleration of center C,
dc = dp +d X PC — w?PC

C_ic = aRi — (JJZRf

e e b

Acceleration of the top point A

&
(@)

&A=&p+&xﬁ—w2ﬁf

pu)

G4 = 2aRi — 202R}

Acceleration of the point B
C_iB :ap"‘(}XP—B)—O)Zﬁ
dg = {a(R + rsinf) + w?}i

+{ar cos @ — w?rsin }i

1,7

&

\! P
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Illustration 112:

A body of round section of radius 10 cm starts rolling on a horizontal A y
. . . . a
stationary surface with uniform angular acceleration 2 rad/sz o) | X
C L]
(a) Find initial acceleration of the center C and top point A.
p

(b) Find expression for acceleration of the top point A as function of time.

Solution:

Initially when the body starts, it has no angular velocity; therefore, d, = dp + @ X PA

The angular acceleration vector is @ = —2k rad/s2.
(a) Acceleration of the center C is obtained by using condition for rolling without slipping.
dc=d%xPC = d,=—2kx10j=20icm/s?

Acceleration of the point A can be obtained either by analytical method, superposition method or
by use of IAR. These methods for calculation of acceleration of the top point are already described;
therefore, we use the result.

d, = 2aRi = d, = 40icm/s?
(b) Initially at the instant ¢ = 0, when the body starts, its angular velocity is zero. Later, it acquires

angular velocity @, therefore acceleration of any point on the body, other than its center, has an
additional component of acceleration.

Angular velocity acquired by the body at time t is
® =, +dt

= Substituting w, = 0

We have & = —2tk

Analytical Method :

Using the relative motion equation for the pair of points C and 4, we have
dy =dc+&xa—w2ﬂ

= ds = aRi+ (—ak) X Rj — w?Rj = 2aRi — w?Rj

Substituting the known values
@ = —2krad/s?, @ = —2tk rad/sand R= 10 cm

We have d, = 40i — 40t%j cm/s

Superposition Method :

We superimpose translation motion of the center and rotation
motion about the center. In fact it is vector addition of terms of
above equation used in analytical method.

From the above figure, we have

dy = (ac + aR)l — w?Rj
Substituting known values

@ = —2krad/s?, @ = —2tk rad/s and R=10cm,
We have d, = 40i — 40t?j cm/s?
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Use of IAR :

The point of contact P is the IAR, because the body is rolling without slipping. We use relative motion

equation for pairs of points P and A.

4y = dp +d x PA— w?PA
= dy = w?Rj + 2aRi — 2w?Rj = 2aRil — w?Rj
Substituting known values

a =2rad/s?, w = 2trad/sand R = 10cm,
We have, d, = 40f — 40t%jcm/s?

(eg.) A sphere is rolling with v velocity and angular velocity .

M-1 M-2
w = v About O About O (ICOR)
——_""R or+v=2v 2R
or
= v
of \/EU \ m\/ER
P or O v of O V

(a) Which all points have speed v and locus ?

V

Points — o points
Locus — arc

(b) Which all points have speed 2v ?
Ans. Top most

(© Which points have horizontal velocity ?

(d) Which points have vertical velocity?
Ans. No point

(e) Range of speed ?
Ans. [0-2v]
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Locate (ICOR) :
(eg) Rod (M, £) having velocity v and angular velocity . Locate ICOR.

_617

w = 7 d v-aod
v = (0]
v-od=0
_v vt ¢t
® 6v 6

ICOR is é from center.

(eg) Rod (M, /) gets an impulse I at x distance from centre of the rod.

(O]

:—x—»I

e —_

Locate ICOR
Just after I
I=Mv-0
v [ —
M
ML

= Ix= o+0-(0-0
T (0-0) (”«I\V
| Ix12 \

0= 2
ML
od-v=0 od -v
v IxMI? I
:> d:—:—:
o MxIx12 12x

Illustration 113: A
A rod of length [ is lying on a smooth wall with one end on wall
and other on horizontal surface as shown in the figure.

At the instant shown find: V2¥60° 4
(a) vz (b)
(c) ICOR location (d) vem of rod 30° , ,
Solution: vi=10m/s
(a)
é\ﬁ\?/

Q’L‘,f
v1sin30°

vz cos 60°=v;cos 30°
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=10x£

2
, =103
_(vq), _v;sin30°—(-v,sin60°) 5+15 20
R L l l

N S

<

(b)

ICOR is g distance from centre.

¥4 10x2 20
d) 2=y, = oe-—=f=2
2 14 14
ol 20 /
v, =—=—x—=10m/s
M2 2 /
Alternate method:
y/\
r ——1+
= 2]
o dt v v NG
V., =4[+ = 2 g 272
=y Ty I = i+
= 5/ —53]
V(;leom/s X

Illustration 114:
A disc of radius R = 2m moves as shown in the figure, with translation

velocity of 6 vy of its centre of mass and an angular velocity of 2—}‘:’0 The \, ad)
distance (in m) of instantaneous axis of rotation from its centre of mass is oo
(A)3 (B) 4 @5 (D)6
Answer: (D)
Solution:
Instantaneous axis of rotation lies above the centre of mass where v - @wr =0
= r= K 6V =3R

[0) 2V0

R
=2x3=6m
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