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CHAPTER

(a) Introduction to AC, Average Value and
RMS Value of AC

(b) AC Through Resistor, Inductor, Capacitor,
Their Combinations and Applications

(c) Resonance in LCR Circuit

Alternating Currents

Learning Objectives
After reading this chapter, you will be able to understand concepts and problems based on:

(d) Average Power Consumed in an AC Circuit
(e) Half Power Frequencies, Band Width and

Sharpness of Resonance

(f) Parallel LCR Circuit
(g) Transformer and Applications

Al this is followed by a variety of Exercise Sets (fully solved) which contain questions as per the
latest JEE pattern. At the end of Exercise Sets, a collection of problems asked previously in JEE (Main

and Advanced) are also given.

ALTERNATING CURRENT:
AN INTRODUCTION

As studied earlier, we know that a changing magnetic
flux can induce an emf and hence a current in a closed
circuit. Also, we have seen that when a coil rotates in
the presence of a magnetic field the induced emf var-
ies sinusoidally with time leading to an alternating
current (AC) and provides a source of AC power. The
symbol for an AC voltage is

—

An alternating current change in magnitude and
direction periodically and is abbreviated as AC (alter-
nating current).

The alternating em.f. E at any instant may be
expressed as

E=E,sin(ot) OR  E=E,cos(wt)

where @ is angular frequency of alternating e.m.f.
and E; is the peak value or amplitude of alternating
e.m.f.
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E=E;sin(otf) E =E; cos (o)
I=1Iysin(ot) I=1,cos (wf)
The frequency of alternating em.f.,
1
f= 21r T

where T is the time period.
Similarly, the alternating current in the circuit is given
by

I=1,sin(ot) OR
where I, is the peak value of current and other sym-
bols have the same notations.

Alternating current in circuits fed by an alter-
nating source of emf may be controlled by inductance
L, resistance R and capacitance C. Due to presence of

I=1,cos(wt)
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elements L and C, the current is not necessarily in
phase with the applied emf. Hence alternating cur-
rent, in general, may be expressed as

I[=Iysin(@t+¢)

where ¢ is the phase angle (in radian) which may be
positive, zero or negative depending on the values of
reactive components R, L and C.

An alternating current change its direction of flow
periodically. For a half cycle, it flows in one direction
and for next half cycle, it flows in opposite direction.
The following graphs can also be a good representa-
tion of alternating currents
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MEAN VALUE OF AC

Since current represents the rate of flow of charge, so
average current is defined as charge flown per unit
time interval and can be written as
Aq
Lean = Ly ={I)=—
mean av Af

where, Aq represents the charge flown in a time inter-
val At. If the current is varying, then we have

1=
dt
= dg=Idt

So, the charge flown through the circuit in a time T'is
obtained by integrating the above expression.

T
= Aq=J.Idt
0

T

Jia

A
= Imean=1av=<1>=_q=0—
T T

For an alternating current, mean value during one
complete cycle is zero as there is a reversal in the
direction of current after every half cycle. Therefore,
we shall be finding the mean value of ac for the half
cycle.

AVERAGE VALUE OR MEAN VALUE OF
ANA.C.[I.,ORE, OR(I)OR (E)]

Physically, the mean value of an ac for one half cycle
is defined as the steady current which when passes
through the circuit makes the same amount of charge
to pass through it as is done by an ac for the same
time. The average value of AC over full cycle is zero
since there are equal positive and negative half cycles.
Mathematically, if [=1I,sin(@t) or I=1I;cos(wt),
then for both the sine and cosine functions we have

S — 3
—
=
—

<I>= (IEW )fullcycle =7 —=0
dt

S e, ]

The average value of AC over half cycle (t =0to g)

of sine function is given by
T/2

[
20,

(I)=(I, )halfcyde = 19/2
J it
0

Similarly, the average values of alternating voltage
are given by

<E> = (Ea“' )full cycle =0

T

2E
(B)= (B e =5
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ROOT MEAN SQUARE OR VIRTUAL VALUE
OF A.C. (R.M.S VALUE)

Physically, the r.m.s. value of alternating current
is defined as the direct current which produces the
same heating effect in a given resistor as is produced
by an alternating current flowing through the resistor
for the same time.

Due to this reason the r.m.s. value of current is
also known as effective or apparent or virtual value
of current,

Iy

= I effective — I virtual =
2

Similarly, the rm.s. value of alternating voltage is
called the effective or virtual value of alternating
voltage (or e.m.f.). So,

E
Evirtual = Erms = Tﬂz

Mathematically, the root mean square value of AC is
defined by the expression given by

Idt

I

For I =I;sinwt or I =1, coswt, we have

SR s

JIV:Irms: <12>:

(sin%)t)z(coszwt):;

I

= I,=1_ ={{?)="L
v rms JE
Similarly, £, = E —&
yf 1% rms \/E

RMS represents the squared mean of currents for a
given time interval.

Remark(s)

(a) Alternating currents show only heating effect,
hence meters used for AC are based on heat-
ing effect and are called hot wire meters. The
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deflection in hot wire meters is proportional
to mean square value of current but the scale
is so calibrated that its reading is proportional
to the square root of deflection. Hence these
meters read directly the rm.s values. As direct
current also shows the same heating effect as
produced by r.m.s value, therefore hot wire (i.e.,
AC) meters can read both AC and DC while dc
meters based on magnetic effects of current can
only read d.c.

(b) We must remember that all labelled values or the
designated values of voltages and currents are the
virtual values.

EXAMPLE: If we are given a 50 Hz, 220 V ac then
220 V is the virtual voltage and to get the peak
value we must multiply it by /2 .

ILLUSTRATION 1

Calculate the mean and rms values (for half cycle) for
the current for which the graph here shows its varia-
tion with time?

\ Pl
N

SOLUTION

From the graph, current as function of time is

Negative sign appears as we have computed the
mean for first half cycle. If we had calculated the
mean for the second half cycle, then it would have

Iy ..
been % . Since we know that
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ILLUSTRATION 2

An AC voltage is given as e=e;sinwf+e, cos wt.
Calculate the RMS value of this voltage.

SOLUTION

The given AC voltage can be written as

e = ¢y sinwt + ¢, cos ot (1)
Let ¢ =¢;cosf .(2)
e, =¢,sinf ..(3)

Substituting these values in equation (1), we get
e=e¢, (sin ot cos b+ cos wtsinf)

= e=¢ysin(wt+6)

Squaring and adding equations (2) and (3), we get

2 2_ 2
€1 +€2 =€y
_ fZ 2
= €y = €1+€2

=

l'IIIS 1'

We can also calculate the RMS value of the given time
function of voltage by using the formula for RMS
value given by

T
lJ‘ezdt, where T = n
T 0]

0

ILLUSTRATION 3

In a wire, direct current i; and an AC current
iy =iysinwt are superposed. Find the RMS value of
current in wire.

SOLUTION
Total current in wire is given by
i=1 +iysinwt

Since i, = (i)
2 . - 2

where, I = (i; +iysinot )

= i =i’ +i3 sin® wf + 2i;i, sin ot
?)=

= \i (zl + zD sin’ ot + 211, smwt)

(
= (2)=i

+i2(sin® ot ) + 21, (sin ot )

Since we know that {sin t) = % and {sinwt)=0

= (i2>=i12+i§(%J

ILLUSTRATION 4

For a given AC flowing through a specific branch of
a circuit, the variation of current as a function of time
is given by

B ipsinffwt for 0<wt<n
for n<wt<2rx

iy sin @t
Calculate the average current per cycle for this AC.
SOLUTION

Average value of the given AC current is

[T
1 2 T
0 T
L 2
T
2 . ) T
= Ia\r=Iﬂ j(#}dt*‘jsmﬂﬁfﬂ
0 T
2
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ILLUSTRATION 5

T

i 1( sinZwt)
S Y e
T|2 20

L
2

Calculate the average value of the AC per cycle for
which the time variation of current is shown in Figure.

1
A

I f o -

SOLUTION

h Fl A
Since I,, = —C - O‘.Nn ==
Time Duration At

The charge flown Ag in one cyclei.e. fromt=0tot=T
is the area under the current-time graph. So, we have

1 (T T
aa=r [ Eler (Tt
= M 20(2)+°( 2)

3
= Ag=—[T
1=y
Ag Ag
= Iav= q_ =§ID
At T 4

ILLUSTRATION 6

If the current in an ac circuit is represented by the

equation, = SSin(S{)Ot—g), where, t is in second
and / in ampere. Calculate the

(@) peak and r.m.s. value of current.
(b) frequency of ac.
(c) average current for the half cycle.
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SOLUTION

(a) Since, for an ac input we have
[=I,sin(wtt9)
So, the peak value I, =5 A
and [ = b = o

ms \/E \/E
(b) Angular frequency @ =300 rads”
o 300

= f=—=—=4775Hz
2 2&w

© I,= (3)10 = (3)(5) =318 A

[ /4

=3.535 A

1

IMPEDANCE, REACTANCE AND
ADMITTANCE

Impedance (Z)

In alternating current circuit, the ratio of e.m.f.
applied and consequent current produced is called
the impedance and is denoted by Z i.e.,
S E_E_Fm
I I, I
Physically, impedance of ac circuit is the opposition
by the circuit to the flow of ac through it.

rms

Reactance (X)

The opposition offered by pure inductance or capaci-
tance to the flow of ac in an ac circuit is called reac-
tance and is denoted by X. In other words, when there
is no ohmic resistance in the circuit, the reactance is
equal to impedance.

The reactance due to inductance alone is called
inductive reactance and is denoted by X; while the
reactance due to capacitance alone is called the capac-
itive reactance and is denoted by X..

Z, X, and X~ all have same SI unit i.e. ohm (Q)

Admittance (Y)

The reciprocal of impedance is called the admittance
and is denoted by Yie.,

1
Y==
V4
Its SI unit is ohm™ (ie. Q"l), sometimes written as

mho.
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PHASOR DIAGRAMS AND PHASORS

The concept of phasor diagrams is introduced when
resultant of scalar quantities having a constant phase
difference (such as voltage, current) is to be found.
Actually, the concept of phasors fits well at those
places where the quantities are scalars and have a
constant phase difference between them, because
on superposition they behave like vectors e.g., ac
currents, ac voltages, amplitudes of superimposing
waves etc. So, phasor quantities are those quantities
which possess magnitude along with a phase angle.
In simple words we can say that a phasor is a rotating
vector having the following properties.

(@) Length, which corresponds to the amplitude.

(b) Angular speed, with which the vector rotates
counter clockwise.

(c) Projection, of the vector along the vertical axis
corresponds to the value of alternating current or
voltage at that time.

EXAMPLE
Alternating Current and Voltages. If an alternating voltage

is given by V = 1005in( a)t+g ) and the current given by

I=10cos( @t ), then before concluding anything, we must
first convert both to sine or to cosine. Using the property

, 3
cos(a)t)—sm( a)t+EJ. we conclude that voltage lags

behind the current by a phase angle of

73
Alternatively, it can be said that the current leads the
voltage by a phase angle of

V4
=3

Problem Solving Technique(s)

While drawing phasor diagram for a pure element (e.g.
a resistance, a capacitance or an inductance) either of
the current or voltage can be plotted along x-axis

But when phasor diagrams for a combination of
elements is drawn then the quantity which remains
constant for the combination must be plotted along
x-axis So, we observe that

(a) in series circuits current has to be plotted along
X-axis.

(b) in parallel circuits voltage has to be plotted along
x-axis and the phasor diagram is then completed
by plotting the variation of other quantity for a
particular element.

IMPEDANCES AND PHASES OF AC
CIRCUITS CONTAINING DIFFERENT
ELEMENTS

As already pointed out that in an ac circuit the cur-
rent and applied emfs are not necessarily in same
phase. The applied e.m.f. (E) and current produced
(I) may be expressed as

E=E,sinot

and I=1I;sin(ot+¢) with I, :E_ZO

where E, and I, are peak values of alternating e.m.f.
and current.

A.C. THROUGH A PURE RESISTOR

Consider a circuit, fed by an alternating e.m.f.
E=E,sin(®t), containing pure resistance R, then
current is given by

E E;sin(wt
IZ_ZM: o sin(@t), where IUZEU

R R
R
*\' VAY
&)
o/
E = Esin (of)
Eand !
A
Egl - -
Io

Phasor Diagram
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Comparing this with standard equation E = E sin (f),
we observe that Impedance of circuit, Z = R and phase
lead of current over em.f.,, ¢=01.e. current and em.f.
both are in the same phase, the phasor diagram for
which is also shown.

Graph of R vs @is also shown here.

R

[

ACTHROUGH A PURE INDUCTOR

Let an alternating em.f. E = E; sin (a#) be applied
across a pure inductance L, then at any instant we
have

L%—Eosin(a)t)

or dIzE?Osin(a)t)dt

Eand]
A
L
AR
»
)
\ZJ
E = E;sin (o)
E= Eosin (@) 1= I sin (ﬂ)f* %]
E
/2
I
Phasor Diagram
Integrating, we get

E, . E
I=J—°s1n(a)t)dt= -2 cos(ot)
L wL

E
= Iz-isin(f-wt)
oL 2

E, . ( J'I)
= [=—-sin| ot-—
wL 2
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- Izlosin(a)t—g)

where [, =LE—2)=§—D
L

where X, = Inductive Reactance = La
In a purely inductive circuit the current lags

behind the applied voltage by % or the voltage leads

the current by a phase angle of % )

Also, we note that since

X, =Lo=2rfL
Graph of X; vs @ is shown in figure.
X
Slope =L =tana
cx »
0 L)

Problem Solving Technique(s)

(a) Foradcf=0
= X, =0
i.e. an inductor offers zero resistance path to the
flow of dc.

(b) If an oscillating voltage of a given amplitude V,,
is applied across an inductor the resulting current
will have a smaller amplitude I for larger value of
. Since, X, is proportional to frequency, a high
frequency voltage applied to the inductor gives
only a small current while a lower frequency volt-
age of the same amplitude gives rise to a larger
current. Inductors are used in some circuit appli-
cations, such as power supplies and radio inter-
ference filters to block high frequencies while
permitting lower frequencies to pass through.
A circuit device that uses an inductor for this pur-
pose is called a Low Pass Filter.

ACTHROUGH A PURE CAPACITOR

Let a circuit contain pure capacitance and the applied
alternating e.m.f. be E = E;sin(at).
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The current in circuit is given by
dg d
dt dt
= I=wCE;coswt

1=1=2ce)= (CEysinat)

= o sin(EJraJt):E—gsin[coHE)
VeoC 2 Xc 2

= Izlosin(a)Hg)

EE, K
VoC  Xc

where [; =

1 .
where X = o = Capacitance Reactance
w

-—- O

()
pY

E = E;sin (o)

E=Eysin(af) I=1I,sin (a)t— g)

I
/2

E
Phasor Diagram

In a purely capacitive circuit the current leads the
applied e.m.f. by a phase angle g or the voltage lags
behind the current by a phase angle of g .

Also, we note that since

_t_ 1
Co 2zfC

C

Graph of X vs @ is shown in figure.

Xe
A

Problem Solving Technique(s)

(a) Foradccircuit f=0
= X
i.e. a capacitor offers an infinite resistance path to
the flow of dc i.e. it bypasses all the dc compo-
nents of supply and hence is called a dc blocking
element.

(b) The capacitive reactance of a capacitor is inversely
proportional both to the capacitance C and to
angular frequency @. The greater the capaci-
tance and the higher the frequency, the smaller
is the capacitive reactance X . Capacitors tend
to pass high frequency current and to block low
frequency current, just the opposite of inductors.
A device that passes signals of high frequency is
called a High Pass Filter.

ACTHROUGH A NON-IDEAL INDUCTOR
OR SERIES LR CIRCUIT

Consider a circuit containing resistance R and induct-
ance L in series.

R L ELJY 77777777777

/O
e > VR
|
Egp E P |
< |
I

@‘ 0 ___:ER .
E=Epsinot Phasor Diagram

Let I be the current flowing in the circuit and
E¢ (=IR) the potential difference across resistance and
E, (= IX,) the potential difference across inductance.
The current I and the potential difference Ej
are always in phase, but the potential difference E;

. T
across inductance leads the current I by an angle o

Therefore, resultant voltage is given by

E= (B3 +E2) = IR +(IX, )
= ?z VR? + [20?

So, impedance of RL circuit,

E
z=E_ I” =VR* + 0’

LI,
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From phasor diagram we observe that net voltage E
leads the current by ¢ . Further,

E, IR R

ILLUSTRATION 7

An 220 V AC voltage at a frequency of 40 cycles/s
is applied to a circuit containing a pure inductance
of 0.01H and a pure resistance of 6 Q in series.
Calculate

(@) The current supplied by source

(b) The potential difference across the resistance

(c) The potential difference across the inductance

(d) The time lag between maxima of current and
voltage in circuit

SOLUTION

The impedance of RL series circuit is given as
Z=VR*+0’L’
= Z=R+(2fL) = (R?+42° 1

= Z=1(6)+4(3.14)(40) (0.01)?
L 7<650

(@) Current supplied by ac source is
E 220

ms = ——-=——=33.84 mA
Z 6.5

(b) The potential difference across the resistance is
Ex=1,R=3383x6=20298 V

(c) Potential difference across inductance is
E =1_X =I_(Lo)

rms

= E, =33.83x(2x3.14x40x0.01)

= E =9683V
(d) Phase angle between current and voltage is

— tan-! L_a’)
¢ =tan (R

2><3.14x40><0.01)
6

= ¢= tan'l(

= ¢=tan" (0.419)=2273°
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= ¢=2273x T radian = 0.4 radian
180

Since ¢ =wt, so the time lag corresponding to
the above phase angle is given by

ILLUSTRATION 8

A resistance and inductance are connected in series
across a voltage, V =283sin(314t). The current is

found to be [ = 4sin(314t—£). Find the values of
the inductance and resistance.

SOLUTION

Inseries LR circuit, the current lags the voltage by an
angle, ¢ given by

0= tan'l(£)= tan'l(L—w)
R R

Since ¢ = %
= X, =Lo=R [ =314 rads}
= 3l4L=R (1)

Further, since V, = I,|Z|

= 283=4R?+X]

2
= RY*+(wL) =(223] =5005.56

= 2R?=5005.56
= R=50Q

{~ oL=R}

and from equation (1), we get L=0.16 H

ILLUSTRATION 9

An electric lamp which runs at 40 V and consumes
10 A current is connected to 100 V, 50 Hz AC main
supply. Calculate the inductance of the required
choke for lamp to glow at full brightness.

SOLUTION
Resistance of the lamp is given as

R=Y_-2_4q
I 10
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Current in the circuit is

L E
JR? + (L)
o1 100

0=
J(4)7 +(2x314x50x L)?
Solving, we get

L=0.029H

ILLUSTRATION 10

When 100 V dcis applied across a solenoid, a steady
current of 1A flows in it. When 100 V ac is applied
across the same solenoid, current drops to 0.5 A. If

5043

T
resistance and inductance of the solenoid.

Hz, find the

the frequency of ac source is

SOLUTION

Steady current through solenoid with dc source is
given by

L,R LR
LA LN
14 Lmst ¥ lims
In ()
N ~
100V 100V
_E_100_
R R
= R=100Q

When ac is applied, the current through the solenoid
is given by

;= Eme 100
JR2+ X

rms = 05
V4
= JR*+X7 =200

= X2 =40000-10000 = 30000
= X, =1003 Q

Inductive reactance is given by

X, =Lo

L X 1003 w1

© 2 15043 3

ILLUSTRATION 11

A 130§2'V, 50 Hz ac source is applied across a

series LR circuit having L= % mH and R=12 Q.

Calculate the impedance of the circuit and the phase
difference between voltage and current in the circuit.

SOLUTION
For a series LR circuit, impedance is given by
Z =R+ X2
Inductive reactance X is given by
X, =Lo=2rfL
= X = 2(§)(50)(Ex10'3 ) Q
7 11
= X, =5000x10" Q=50

= Z=y(12)+(5) =169 =13 Q

Since we know that in a series LR circuit, the voltage
leads the current by a phase angle of

¢): tan_l(ﬁ)z tan_l(L_w)
R R
= ¢;=tan'l(%)

ACTHROUGH A NON-IDEAL CAPACITOR
OR SERIES CR CIRCUIT

Let a circuit contain resistance R and capacitance C
in series.

R L S IR |
> [— rb\f E
Eg E %Q‘x i
%, |

S y JEn ;
E=Eysinmt Phasor Diagram

Let I be the current flowing in the circuit, E, (= I;) the
potential difference across resistance and E- (= IX,)
the potential difference across capacitance.

The potential difference E; and current I are
in same phase and the potential difference E lags

behind the current I (and hence E) by phase angle g
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The resultant e.m.f is given by

E=\ER+E: = J(R) +(IX. )

= Impedance,Z=E=E_V= IR? + 1
Iy Cro?

The current leads the applied e.m.f by phase angle ¢
given by

Ee X _Xc
E,. IR R

X
or ¢= tan'l(f)= tan'l(%)
w

ILLUSTRATION 12

tan¢ =

A 100 uF capacitor in series with a 40 Q resistor is
connected to a 110 V, 60 Hz supply. Calculate the
maximum current in the circuit. Also find the time lag
between current maxima and voltage maxima.

SOLUTION

The peak current in a series RC circuit is given by

Given that E,, =110 V, so peak voltage is given by
E,=+2E,  =1414x110=1555V
155.5

P
376.8x107

= [)=324A

= [)=

In RC circuit, the voltage lags behind the current by
phase angle ¢, where

tan¢=&= ! = !

R RCo (3768%107)(40)
= tan¢=0.6635

= ¢=tan"' (0.6635)=33.56°
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The time lag is given by ¢ = wt

= I= ® , where ¢ = 33.56 X —— radian and
(0] 180

®=2rf=376.8 rads™
= t=155x10"s

ILLUSTRATION 13

In a circuit, a resistance of 40 Q and capacitor of

. 1250 o
capacitance or UF are connected in series across
n

a 500V, 120 Hz ac source. Find the effective current
in circuit and phase difference between current and
voltage source.

SOLUTION

Impedance Z of the series RC circuit is given by
Z=R*+X2

1. .
where X = o is the capacitive reactance.
(0]

= XC=L= 1
Co 2xfC
. _ 9rx10°
€ 27(120)(1250)
6
5 x =2 50
10

Circuit impedance is given by
7 =(40)* +(30)* =50 Q
Current in the circuit is
b S0
zZ 50

Phase difference between current and voltage source
is given by

0= tan'l(£)=tan'l(@)
R 40

= ¢=tan'l(%):37°

Since in RC circuit, the current leads voltage, so in
this case, current leads voltage by a phase angle
of 37°.
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ILLUSTRATION 14

An ac source of angular frequency @ is fed across
resistor R and a capacitor C in series. The current
registered is i. If now the frequency of the source is

o Y
changed to 3 but maintaining the same voltage, the

current in the circuit is found to be halved. Calculate
the ratio of reactance to resistance at the original
frequency.

SOLUTION

At angular frequency @, the current in RC circuit is
given as

I = E—ml (1)
IR? +
w*C?

. w .
When frequency is changed to 3 the current is

halved so we have

Irms — Erms
7=
RE+—
(0)/"3) C
I E
= T;S = ”“59 ..(2)
/ 2
R+ o
From equations (1) and (2), we get
1 B 2
2 1 » 9
JR +—0J2C2 R +C2a)2
5
2 _
= 3R = 2
= 3R*=5X¢
o Xe_ 3
R 5

ACTHROUGH A SERIES LC CIRCUIT

Let a circuit contain inductance L and capacitance C
In series.

(~)

Y
E=Eysinwt
Let I be the current flowing in circuit, L = IX, the
potential difference across inductance L and E- = IX-

the potential difference across capacitance C.
The potential difference E- lags behind the cur-

rent by angle g and the potential difference E - leads
the current by angle % :
So, resultant applied em.f, E=E- ~E; = IX. ~IX;

E
h

4

So, impedance of circuit is
E 1
Z=-=X.-X, =| —-0L
oot ( oC )

The leading of current over applied e.m.f is ig

Incase X=X, then Z=0

@, C
1
= 0= E

where @ is the resonant angular frequency.

o 1
=  Frequency fy=—=

2n Zn\/ﬁ

This frequency is called the resonant frequency.
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ae
ACTHROUGH A SERIES LCR CIRCUIT 1 .
= ——= (OU
Let a circuit contain a resistance R, inductance L and woC
capacitance C in series. 1
O =
" Le
R L C
@, 1
= =—=
fo 2 27JLC
S lem Solving Techni
E~E,shol . Problem Solving Technique(s)
At resonance
Let I be the current flowing in circuit E;, E; and E- (@) X, =X¢
the respective potential differences across resistance 1
(b) &y =——

R, inductance L and capacitance C. The potential dif-

Jie

ference Ej is in phase with current I. The potential (c) Eand | both are in the same phase.

difference E - lags behind the current by angle % .The (d) Impedance is minimum and Z;, =R

. . T
potential difference V, leads the current by angle > (e) Current in the circuit is maximum and |, = %
as shown in the phasor diagram.
So, Resultant e.m.f is (f) Resistance is the only active element in the LCR
5 series circuit.
E=\E;+(E -E¢) (g) Power factor (cos¢) is maximum i.e. Power fac-
tor =1
= E= J( IR) +(IX, - IXc )° (h) The variation of current with the frequency of the
applied voltage is shown in the figure.
5 z=fobl fRe(x-x 7
11, L=4c

The phase lead of e.m.f over current is

E, -E- IX;-IX, X, -X
tang = LE C_ LIR c_ LR c
R

= ¢=tan” ( M) If the applied voltage consists of a number of fre-
- R quency components, the current will be large for
the component having frequency f,. This reso-
nant behaviour of the LCR circuit is used in radio
tuning.
The tuning circuit of a radio receiver contains an
LCR circuit, usually having a variable capacitor
(also called Variac). It is varied till the resonant
frequency of the circuit is equal to the particular
frequency from some radio station. Then the cur-
rent corresponding to this signal is maximum and
the receiver responds to it.

(@ If X >X; ie. wy> o the value of ¢ is negative
ie., current leads the applied e.m.f by a phase
angle ¢.

(b) If X <X, ie. 0y <o the value of ¢ is positive
ie., current lags behind the applied em.f by a
phase angle ¢.

(0) If X. =X, ie. ®)=w the valueof ¢ iszeroie.,
current and e.m.f are in same phase. This is called
the case of resonance and resonant frequency is
given by condition X = X;
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(i)

()

In L-C-R, circuit whenever voltage across various
elements is asked, find rm.s. values unless stated
in the question for the peak or instantaneous
value.
The rm.s. values are, V=l R V, =1 .
Ve =lmsXc
The peak values can be obtained by multiplying
the rm.s. values by V2 . The instantaneous values
across different elements is rarely asked.
Response curves of series circuit: The impe-
dence of an LCR circuit depends on the fre-
quency. The dependence is shown in figure. The
frequency is taken on logarithmic scale because
of its wide range. From the figure we can see that
at resonance.

X, Xe R Z 1

A

X, and

/ Resonance Iogc;
X -Xe

(i) X, =Xcor (u:L

Jic
(i) Z=2,,=R and
(iii) is maximum.
Here by Z we mean the modulus of Z and I
means |

rms*

(k) Acceptor Circuit

If the frequency of the ac supply can be varied
(e.g.. in radio or television signal) then in series

LCR circuit, at a frequency f = maximum

1
2mLC
current flows in the circuit and have a maximum
PD. across its inductance (or capacitance). This
is the method by which a radio or television set
is tuned at a particular frequency. The circuit is
known as acceptor circuit.

ILLUSTRATION 15

A series LCR circuit containing a resistance of 120 Q

has angular frequency 4x10° rads™. At resonance
the voltages across resistance and inductance are 60 V
and 40 V respectively. Find the values of L and C. At
what angular frequency the current in the circuit lags

the voltage by % .

SOLUTION

Atresonance, X; - X =0
S Z=R=120Q  {v Z2=(X,-Xc )} +R?}

(Vi

Lo W) 60 1

rms R - E = E
(VL )rms = IrmsXL = Irms (LO))

V,
= Lz(IL)”“S = 40 1 =2x10* H
ms @ (4x105)(—)
2
= L=02mH
The resonant frequency is given by,
o = 1
"I
- e
;L

Substituting the values, we have

1 1

C= 2 = 6
(4x107) (2x10*) 32x10

= C= 3%)(10'6 =3125x10"® F=31.25nF

For the current to lag behind the voltage by T we
have 4
o) OL- €1
tan( —) = oC
4 R

Substituting the values of L, C, R and tan(g), we
get '
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se
1
(D120)=020-— L
(10_ )
32
0

= 0 -6x10°w-16x10" =

- 6X10°£\36x10" +64x10"
2

6x10° +10x10°
= 2

= =8x10° rads™’

= ©=8x10° rads™

ILLUSTRATION 16

A 200 km long telegraph line wire has a capacitance
of 0.014 uFkm™. If it carries an alternating current of
50 kHz , what should be the value of an inductance
required to be connected in series so that impedance
is minimum.

SOLUTION
The total capacitance of telegraph line wire is
C=0.014x200=28 uF=2.8x10"° F

For minimum impedance, we have X; = X

= La)=i
Cw
1 1 1
= L=—== 2~ 2.2
oC (2zf)C 4n°f°C
= L: 1 H

1x(314) x(50x10° )’ x(2.8x10°° )
= L=36x10"°=3.6uH

An AC source with V,, =205V and f=50Hz is
connected between points a and d having a resistance
of R=40 Q,inductance of L =185 mH and a capaci-
tance of C=65 uF as shown in figure. Calculate the
maximum voltages between points (a) 2 and b, (b) b
and ¢, (c) c and d, and (d) b and d. A power supply
with AV, =120V is connected between points a
and d in figure. At what frequency will it deliver a
power of 250 W ?

a b c
—AMWN
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SOLUTION
Let us first calculate X; and X.. Since
X, =Lo=2m)(50)(185x 107 =58 Q
1 1

Xo=— = =49 Q
“"Co (21)(50)(65x10°)

Since R, L and Care connected in series, so we have

7= R +(X - X )

= Z=+1600+81=41Q

VL
4

/e
2
A
VC
AV
Now [, =—2% =@=5A
Z 41

Vis ). = LR = (5)(40) =200 V = (V)

max

max

(

(Vbc )max - ImaxXL =(5)(58)=290 V= (VL)
(Vi) = I X = (5)(49) =245V = (V)
(

(d) Vbd )max :(VL )max _(VC )max :(be )max _(Vfd )max
= (Vbd )max = 4:5 V

Also note that, for this arrangement we have

Vo= \/( V,-Vo ) 4(Ve)h =205V

ILLUSTRATION 18

A resistance R and inductance L and a capacitor C
are all connected in series with an AC supply. The
resistance is of 16 Q and for a given frequency, the
inductive reactance is 24 Q and the capacitive reac-
tance is 12 Q. If the current in the circuitis 5 A, cal-
culate the

(a) potential difference across R, L and C.

(b) impedance of the circuit.

(0) acsupply voltage.

(d) phase angle between current and voltage.
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SOLUTION
(a) Potential difference across resistance is
Ex =IR=5x16=80V
Potential difference across inductor is
E, =IX; =5x24=120V
Potential difference across capacitor is
E-=IX;=5x12=60V

(b) The impedance of circuit is

2
Z:JRH(LQ—L)
Co

o Z=\(16) +(24-12 =20 Q
(c) The AC supply voltage is
E=17=5x20=100V
(d) Phase angle between current and voltage is given

as
0= tan™" (LL —Xc ) =tan” (724_12)
R 16

= ¢=tan"'(0.75)=37°

ILLUSTRATION 19

A series circuit consists of a resistance of 15Q, an
inductance of 0.08 H and a capacitor of capaci-
tance 30 uF . The applied voltage has a frequency of
500 rads™ . Find whether the current leads or lags
the applied voltage and also the angle of lead or lag.

SOLUTION
The inductive reactance of the circuit is
X; =Lo=500x0.08 =40 Q
The capacitive reactance of the circuit is

MR
Ca (30x107°)(500)

Since X > X, so the circuit is capacitive in nature
and hence the current leads the voltage by a phase
angle ¢ given by

=66.7 Q

Xc-X,  667-40
R 15

=  $=60.65°

tan¢ = =178

Hence current leads voltage by a phase angle of
60.65° .

ILLUSTRATION 20

An inductor coil, a capacitor and an AC source of
24V are connected in series. When the frequency of
the source is varied, a maximum current of 6 A flows
through the circuit. If the inductor coil is connected to
a battery of emf 12V and internal resistance 4 Q,
what will be steady state current through battery.

SOLUTION

Let R be the resistance of the inductor coil, then at
resonance, current in the circuit is maximum.
E, E, 24

Z-6A
R R

= Imax = 7

= R=4Q

min

When connected across a DC source, the steady cur-
rent in circuit is
E 12 12

=—=——="=15A
R+r 4+R 8

IMPEDANCE: REVISITED

We have already seen that the inductive reactance

X;(=wL) and capacitance reactance X (= CL)
w

play the role of an effective resistance in the purely
inductive and capacitive circuits, respectively. In
the series RLC circuit, the effective resistance is the
impedance Z, given by

Z=\/R2+(XL—XC)2

The relationship between Z, X; and X is best repre-
sented by the diagram shown.

X =Xc

R

The SI unit of impedance is ohm (Q). In terms of Z,
the current may be rewritten as

I(t)=%sin(a)t—¢)
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Notice that the impedance Z also depends on the
angular frequency @, as do X; and X.. Using

tanql):(LRXC) and Z* :RZJr(XL -Xc )2,we can

Table 1 Simple-circuit limits of the series RLC circuit
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easily get the limits for simple circuit (with only one
element) as provided in the table.

X -X

Simple Circuit R|L|C| X=0L |Xc= Cl ¢ =tan™ (%) Z=R*+(X,-Xc )
@
Pure resistance R |0 | e 0 0 0 R
Pure inductance 0 | L | o X 0 r X
2

Pure capacitance 010 C 0 X- o Xc

2

Problem Solving Technique(s)
(a) Please note that
V

Vo o Vim

lzI" ™ 1z|"

(b) The complex impedance for an inductor is
X, = j(Lw), where j=+-1

(c) The complex impedance of a capacitor is

,where j=+-1

IU_

1 J

o Co

~ Co
Please note that here we are using the complex
number symbol as j=+/-1, because i can be
J .
Z="J

J
(d) If we have any complex number written as

. 1
misled to be current. Also note that —=

z=x+jy,where j=+-1
Then the real part of this number is x and the
imaginary part is y. The magnitude of the number

is
|z|=yx* +y?
(e) When any complex number is multiplied by

j:J—_1, then that number is rotated counter
clockwise through an angle of 90°.

QUALITY FACTOR OR Q-FACTOR

The Q-factor of an LCR series circuit is defined as
the ratio of the voltage across inductor or capacitor at
resonance to the voltage across the resistor. So,

The amplitude of the current as a function of @in the
driven RLC circuit.

L oK
IR IR
= Q:w_DL 1

R RCw
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Since o, =

1
JLC

= Q=%\/%

Note that, we get the same result from both equali-
ties. Quality factor is an indicator of the sharpness of
the current peak. Higher the value of the quality fac-
tor Q, sharper is the current peak.

ILLUSTRATION 21

Prove that in a series LCR circuit, the frequencies at

which the current amplitude falls to % of the cur-

rent at resonance are separated by an interval equal

R
to —.
2rL

SOLUTION

At resonance, we have

f = 1
0 2n\/ﬁ
v
= J[.=-0 asZ=R
o= {asz=R}
According to the problem, we have I = I—O
J2
Iy
VU
' / \
V[]
PR
ot t f g
1V, W

EE_JR%(@-&T

2
= 2R2=R2+(a>L-iJ
wC

If f, and f, are two corresponding frequencies, then
1

T ()
2xf2L—ﬁ=—R )

Dividing (1) by f,, (2) by f; and solving, we get

_R
2rL

(fi-1f2)

AVERAGE POWER CONSUMED IN
AN AC CIRCUIT

The power is defined as the rate at which work is
being done in the circuit.

In an ac circuit, the current and e.m.f are not necessar-
ily in the same phase. Consider

E=Eysin(wt+¢) and I =1, sin(wt)
If AW is the work done in time dt, then
dW = Eldt
= dW=Ej,sin(ot+¢)sin(ot)dt
Elyr, . .
= dW=T[Zsm(a)Hqtr)sm(a)t)]dt
From Trigonometry
2sin AsinB = cos(A-B)-cos(A+B)
Eyl
dW=%[cos(qu)—a)t)—cos(ZwHq))]dt

So, work done in one complete cycle is

T T
W= J.dW = % chos¢dt—jcos(2wt+¢)dt
0 0

Since, | cos(2wt+¢)dt =0

O —

= W=(Eﬂ—;‘]cos¢)i”—0

= P,

=——C0s¢

_W _El
T 2
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_hl o[ Lo
= D= 5 coscﬁ—(\/a)[ﬁ)cosgb W

B o I
RN

of various cases already discussed we know that

Since, E; = and from phasor diagrams

Resistance (R)
oS = ————
Impedance (Z)
cos ¢ is called the Power Factor (PF) of an AC circuit.

So, we must keep in mind that power factor
R
PF=cos¢=—
¢ Z
So, equation (1) can be re-written as
E
P, =E,ly cos¢, where I, = 7"’

= P, =(IVZ)IV(§)=I§R

This result is completely justified as we are aware that
there is no power consumption across an ideal inductor
and an ideal capacitor because in both, the power factor is
zero. Hence the power is consumed only across the resistor
in the circuit.

Ey 2 Ey
Also P,, = —cos¢=1,Zcos¢ wl=—
Z I,

CASE-1:
If R=0, cos¢=0 and P,, =0 i.e., in resistance less
circuit the power consumed is zero. Such a circuit is

called the wattless circuit and the current flowing is
called the wattless current.

CASE-2:

If R=7 (in purely resistive circuit and LCR circuit at
resonance), the power factor cos¢=R/Z=1 and the
power loss is maximum. Therefore, the use of resist-
ance is avoided in AC circuits.

HALF POWER FREQUENCIES (HPF), BAND
WIDTH AND SHARPNESS OF RESONANCE

Since the average power is given by

P, =(P)=E_I_ cos¢p=E,l,cos¢p  ..(1)
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This average power consumed in the circuit var-
ies with the frequency, because the impedance Z
depends upon the frequency.

We want to find the frequencies where the
power is half the maximum power. These frequencies
are called the Half Power Frequencies.

Equation (1) can be re-written as

(P)=(%J(%]cos¢=%cos¢ )

E
Further we know that I, = io and cos¢ = ;

So, from equation (2), we get
(p):E_O(E_O)(E):(‘%_R)L
2\ZN\Z 2 )72

2
where, 7% = R? +(Lw—i)
Co

EXR

i (10- )

We can clearly see from equation (3), that the average
power is dependent on the frequency fed across the
circuit.

From equation (3), we also conclude that

= (P)=

..0)

@ (P)=0, when w—0or when = ie. (P)
is zero for extremely small and extremely large
frequencies.

(b) {P) is maximum at resonance i.e. when

1

LCOG =-—
Ca,

1 .
where, @y = —= is the resonant frequency.

JLC

This maximum value of average power i.e. (P)may is
given by

B

(P>max = 7R (4)

The variation of average power with frequency is
shown in Figure.
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p L
Fy X
v
Pmax ﬁo
Fnax Vo
2 V2R
- > (1)
ol o o o ol o o o

The frequencies at which the average power consumed in
the circuit is half of the maximum average power (i.e. the
power at resonance) are called Half Power Frequencies
(HPF). So, at half power frequencies we have
{Phmax

2
Using equations (3) and (4), we get

]

2{R2+(Lw—i)2} 202K
Co

(P)=

From this equation, we conclude that

EITHER, Lo - i =+R ...(5)
Co

OR, La)—i=—R ...(6)
Co
To calculate these frequencies, we proceed using
equations (5) and (6). From equation (5), we have
1

Lo-—=4R
Co

Multiplying both sides by % , we get

» 1 Ro

O -—=—
IC L
Rearranging this equation, we get
» Ro 1

S~ o)

L LC

Solving this quadratic equation, we get

1| R /RZ 4
O=——t,|5+—
20L V1?2 LC

Rejecting the negative value of frequency @, we get

1| R [R? 4
O==| —+,|=5+—
20L V1?2 LC

R |R* 1

= 0=—+,/—+t— (7
2L V4> LC @
Now from equation (6), we have
Lo- L =-R
Co
I
L LC
Solving this quadratic equation, we get
1| R [R* 4
O==|-——+,5+—
20 L N2 LC
R R 1
e | — .8
2L V41* IC @

From equations (7) and (8), we observe that one fre-
quency is higher and the other frequency is lower
that the resonant frequency. So, they are denoted by

R |R?
wLower=wL=wl=_Z+ E+E and

R |R* 1
Ohtigher = Wpy = 0y =7+ E+E

The circuit is capacitive in nature for @ < @, and induc-
tive in nature for @ > @y For oy, the circuit is capacitive
in nature and for @y, the circuit is inductive in nature.
Also, we see that

2
— =
c

which simply makes us conclude that

0 0y =

W <0y <0y

and @, is the geometric mean of @; and @y .
The difference of these two frequencies is called the
band-width given by

R
AO)=O)H—(DL=E
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The quality factor Q is defined as the ratio of the reso-
nant frequency @, to the band width Aw, so we have

_ Resonant Frequency _ @y
~ BandWidth Ao
IWIC 1 [L

="k “rVC

The larger the value of Q, the smaller is the value of
bandwidth and sharper is the resonance. If sharpness
of the circuit is small, then its selectivity is also less. If
quality factor is large, then R is small, C is small and
Lis large, so the circuit is more selective.

ADC of 2A and an AC of peak value 2A flow
through a resistance of 2Q and 1Q respectively.
Calculate the ratio of heat produced in the two resist-
ances in the same time interval.

SOLUTION

In time t heat produced by a DC current i, is given
by

H, =i\ Rt

= H,=(2)(2)t=8t
RMS value of AC is given by

b _2_p
s = === 7 2A
V2 2

Heat produced by the rms current in time t is given by

H,=i Rt

~ 'rms

2
= Hy=(2) (Dt=2
H
_1=§=4
H, 2
ILLUSTRATION 23

A 22 H, 220Q coil is applied across a 220V,
n

50 Hz ac. Calculate wattless current in the circuit.

SOLUTION

For a series LR circuit, impedance is given by

Z=R*+X}
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Inductive reactance is given by
X; =L

= X ~27(50)x 22
m

= X, =200
Since, X, =R=220Q

A Xy 1
= ¢=tan (?)ﬂan (1)=45°

Circuit in the circuit is
Erne 220

1
[ o= - A
J2207 (2207 2

rms Z
Wattless current in an ac circuit is given by

Ly, =I,sing=1_ cos¢

11 1
Iy =—=-—==-=05A
WL \/5\/5 2

A series LCR circuit has L=10mH, R=3Q and
C=1uF connected in series to an ac source of
E=15cos(mt) volt. Calculate the current ampli-
tude and the average power dissipated per cycle at
a frequency which is 10% lower than the resonant
frequency.

=

SOLUTION
At resonance, the frequency of circuit is
1

w, =
0 \/E

1

\/(10x10‘3)(1x10‘6)

A frequency which is 10% less than the resonant fre-
quency will be

=10* rads™!

= W, =

®=10*-10* x% =9x10° rads™

At this frequency, the inductive reactance is
X, =Lw=9x10°x(10x10?)=90 Q
and the capacitive reactance is
1 1

— = 11110
Co (1x10°*)(9x10*)

Xc
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Since, Z =[R2 +(X, - X¢

o Z=y3+(90-1111)* =2132Q

Current amplitude is

I, =E_U=i=0.704A
Z 2132

Average power consumed in the circuit is

I’R
P, =Eyl, cosg=I;R = 07

2
P=%=O.744W

ILLUSTRATION 25

In an AC circuit, the voltage applied is E = 5sin( ot)
and a current I = 3cos(@t) flows in circuit. Calculate
the average power dissipated in the circuit.

SOLUTION
Given that

E=5sin(ot) and
I:3cos(wt):3sin((ut+gJ

From above we conclude that, the phase difference

.
between voltage and current is 5 the current leads

voltage by q)=g and hence the circuit is purely

capacitive in nature. Since, P,, =E; I;; cos¢
n
= P,=E/l, COS(EJ =0
So, the average power dissipated in circuit will be

Zero.

CHOKE COIL

Choke coil is a coil having high inductance and neg-
ligible resistance. It is used to control current in AC
circuit and is used in fluorescent tubes. The power
loss in a circuit containing choke coil is least.

PARALLEL RESONANT CIRCUIT:
REJECTOR CIRCUIT

A parallel resonant circuit consists of an inductance
L and a capacitance C in parallel as shown in figure.

L
I
c
||
[
C
E
(~)
Z
I

The condition of resonance is again that the current
and applied e.m.f must be in same phase.

ie. I.=I
Vv v
= —=—
Xc X
= XL=XC
1

= W, =

R

The frequency of parallel resonant circuit at reso-
nance is

angular frequency @, =

ﬁ|_l
(@]

and linear frequency f, =

1
27\ LC
At resonance the current in the circuit is minimum
and impedance is infinite.

R L
| 1
I
C
(~)
\Z
E = Eysinot

If inductance has also a resistance R as shown.
The condition of resonant angular frequency is,

ool L E
""NIc 2
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So, resonant frequency

o, 11 R

A (T

The impedance at resonance,

Rropl’ L

R RC

In parallel resonant circuit, the impedance is maxi-
mum (or admittance is minimum) and the current is

z

iy 1 R
minimum, when @ =,|—-—
LC L
If R=0,then f,= L and Z -
S N/T§

REJECTOR CIRCUIT

2
We observe that at @, = l—R—Z, the admittance in
\iC I

the circuit is the minimum or the impedance is maxi-
mum or the current is the minimum. Thus, the parallel
circuit does not allow this particular frequency from
the source to pass in the circuit and due to this reason,
the circuit with such frequency (f, or @) is called a
REJECTOR CIRCUIT.

ILLUSTRATION 26

An AC source is connected to two circuits as shown
in figure. Obtain the current through resistance R at
resonance in both the circuits.

L
L ¢ R R
—wi— ——W—
C
Lo 7
(a) (b)
SOLUTION

The first circuit is a series LCR circuit. The impedance
for this circuit is

2
zz\/R%(Lco—i)
Co

At resonance, we have
1
Lo=—
Co
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= Z=R
The current in the circuit at resonance is given as
Vv Vv
I = —_= =
Z R

In the second circuit, the inductor and the capacitor
are connected in parallel and hence the potential dif-
ference across each will be the same.

At resonance, we have
XL = XC
= Lo= L
Cw

So, the current in both inductor and capacitor will be
equal in magnitude. Also, we know that the phase
difference between currents through the inductor L
and the capacitor C will be 180° or the currents in
them will be out of phase. So, we conclude that the
two currents will be equal in magnitude but 180° out
of phase and hence the current through the resistor R
will be zero in this circuit.

THE LCR PARALLEL CIRCUIT

In this case the voltage E across each element is the
same. The currents are related as

I=\I3+(Ic-1,)

I
i ©
YR fc (Io-1) ======># |

l i
|
E® R L c e (R
Ip
Y
Iy
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. 1
So, we observe that at resonance, i.e. when Lo = C_
0]

then the current in circuit is minimum.

Problem Solving Technique(s)

In this chapter, we have seen how phasors provide
a powerful tool for analysing the AC circuits. Below
are some important techniques that help in problem
solving.

(a) Keep in mind the phase relationships for simple

circuits.
(i) For a resistor, the voltage and the phase are
always in phase.
(i) For an inductor, the current lags the voltage
by 90°.
(iii) For a capacitor, the current leads to voltage
by 90°.

(b) When circuit elements are connected in series,

the instantaneous current is the same for all ele-
ments, and the instantaneous voltages across the
elements are out of phase.
On the other hand, when circuit elements are
connected in parallel, the instantaneous voltage is
the same for all elements, and the instantaneous
currents across the elements are out of phase.

(c) For series connection, draw a phasor diagram for
the voltages. The amplitudes of the voltage drop
across all the circuit elements involved should be
represented with phasors. In figure the phasor
diagram for a series RLC circuit is shown for both
the inductive case X, > X and the capacitive
case X, <Xc.

From figure (a), we see that V| >V, in the induc-
tive case and V leads | by a phase ¢. On the
other hand, in the capacitive case shown in figure

(b), Ve >V, and T leads V by a phase ¢.

— — |
vt v
S f{, VH
Vv, + VC 0 T
> VL + l-_/.c;
Iy VH _________
Vel Vel
1
i I
FIGURE (a) FIGURE (b)

Phasor diagram for the series RLC circuit for
(a) X, > Xpand (b) X, < Xz

(d) When V, =V, or ¢=0, the circuit is at reso-
nance. The corresponding resonant frequency is

1 : :
0, =——, and the power delivered to the resis-

JLc
tor is a maximum.

(e) For parallel connection, draw a phasor diagram
for the currents. The amplitudes of the currents
across all the circuit elements involved should
be represented with phasors. In figure the pha-
sor diagram for a parallel RLC circuit is shown for
both the inductive case X, > X and the capaci-
tive case X, <X.

Ie Ie

I +1;

<l

Ity acd K=
A
ol
07 =
+
=
:E"l%
A

" FIGURE (a) FIGURE (b)

Phasor diagram for the paralled RLC circuit for
(a) XL > XC and (b) XL < XC.

From figure (a), we see that [, > I in the inductive
case and V leads [ by a phase ¢. On the other
hand, in the capacitive case shown in figure (b),
lc>1, and I leads V by a phase ¢.

ILLUSTRATION 27

For the circuit shown in figure, find the instantane-
ous current through each element. Also find the total
instantaneous current through the source, and find
expressions for phase angle of this current and the
impedance of the circuit.

V= Vysin (o) & R =-—cC L
SOLUTION
The three current equations are,
dl av. 1
V=IR, V=L—% and —=—=1 (1
s it~ At C°© W
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The steady state solutions of equation (1) are,
Y . .
Iy = Esm(wt) =(Iy ) sin(ot)
Vi V
I, =——2cos(wt) = ——Lcos(wt)
oL X
Yo
and I =V,oCcos(wt)= X—cos(a)t)
c

= Ic=(Iy), cos(at)

where, XL =Lw and XC = i
Co

For the total current we have,
I=Ix+1; +1;-

1=V, {%sin(wtﬂ(xi—i)cos(a)t)} ..(2)

C L

V
Let —>=1,cos¢ and V 1t =[ysin¢
R X, Xc

then equation (2), becomes

I=1Isin(wt+¢)

1% 1 (1 1YV
Where10=70=V0\/F+(X——X—)
L Ac

SKIN EFFECT

A direct current flows uniformly throughout the
cross-section of the conductor. An alternating current,
on the other hand, flows mainly along the surface of
the conductor. This effect is known as skin effect.
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The reason is that when alternating current flows
through a conductor, the flux changes in the inner part
of the conductor are higher. Therefore, the inductance
of the inner part is higher than that of the outer part.
Higher the frequency of alternating current, more is
the skin effect. The depth upto which ac current flows
through a wire is called skin depth (§).

WATTLESS CURRENT (1, sin )
Since P,, =E, (I, cos¢)

&Y
©

W

1ysing

i.e. the component I, cos¢ contributes to the power
whereas [, sing does not contribute to the power
and hence is called the Wattless current.

ILLUSTRATION 28

An LCR series circuit with 100 Q resistance is con-
nected to an ac source of 200 V and angular frequency
300 rads . When only the capacitance is removed,
the current lags behind the voltage by 60°. When
only the inductance is removed, the current leads the
voltage by 60°. Calculate the current and the power
dissipated in the LCR circuit.

SOLUTION

When capacitance is removed,

XL
tang=—
¢ R

=  tan60°= A
R
= X, =+3R (1)
. . Xe
When inductance is removed, tan¢ = z

= tan60°= X—C
R

=  X.=3R ()
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From equations (1) and (2) we get

XL = XC
So, the LCR circuit is in resonance and hence
Z=R
Vims _ 200
= [ rms ==
Z 100
= <P> rms rms COS¢

At resonance current and voltage are in phase ie.,
6=0°

= {(P)=(200)(2)(1)=400 W

ILLUSTRATION 29

A 750 Hz, 20 V source is connected to a resistance of
100 Q, an inductance of 180 mH and a capacitance
of 10 uF all in series. Calculate the time in which the
resistance having a thermal capacity 2] °C'l, will
get heated by 10 °C.

SOLUTION
The impedance of the circuit,

Z= R +(X,-X )

- z\j (Znﬂ—n—fc]z

Now, X; =271 fL=2x3.14x750x0.18 = 848 Q

Xe=t - L _lag
2nfC 2x3.14x750%10
= Z=+(100) +(848—21) =+/(100)* +(827)°
= Z-830Q

In case of an ac,

(P)=V_ ] COSO

o 1= () ) (B)- (Y

20 )
= <p)=(—) x100 = 0.058 Js~*
833

Now, (P)xt=(mc)AT
where, ¢ =heat capacity of wire = 2J(°C)™"
(mc)AT 2x10

t= = =345
(P)  0.058

ILLUSTRATION 30

A resistor R, inductor L, and capacitor C are con-
nected in series to an AC source of rms voltage V
and variable frequency. Find the energy that is deliv-
ered to the circuit during one period if the operating
frequency is twice the resonance frequency.

SOLUTION

Since, at resonance, the angular frequency @, is
given by

1
Wy = ——
TS
2
Now, when o =2, =ﬁ,then
L—L(D—r Eand
1 _JIC 1 [
“Co 20 2VC

Since by definition, we have
7%= (X, -Xc ) +R?
= Z'=R +2.25(é)

Further, we know that

2 2 2
()2
Z zN\z) 7z
VIR

L
R2+2.25[—)
C

So, energy delivered to the circuit in one cycle is

2
- P(Zn) ( ?rRCV }\/ﬁ
@ RC+225L) 2

_ 4nRCVZIC
4R’C+9L

= P=
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usttouconaps

Based on AC

1. Show that average heat produced during a cycle of
ac is same as produced by dc with =1

2. Calculate the reading which will be given by a hot-
wirevoltmeterifitisconnectedacrosstheterminalsof
agenerator whose voltage waveformis represented
by V =200sin(@t)+100sin(3mt )+ 50sin(5wt) .

3. The current flowing through a resistor R varies as
i=kt , where k is constant. Calculate the rms cur-
rent for first 2 seconds.

4. Calculate the RMS value of the voltage (for a cycle)
whose time variation is shown in Figure.

Ey
3
‘ \ >t

o T T 3T 2T
2 2

5. An AC voltage is given by V=V;+V,cosot.
Calculate the rms value for one cycle.

6. A 100 Q resistance is connected in series with
a 4 H inductor. The voltage across the resistor is,

V, = (2 V)sin((10% rads™)t)

(a) Find the expression of circuit current

(b) Find the inductive reactance

(c) Derive an expression for the voltage across the
inductor.

7. A 200V, 50 Hz AC is connected to a circuit of
resistance 1Q and inductance 0.01 H. What is the
phase difference between the current and the emf
in the circuit? Also find the virtual current in the
circuit.

8. Asinusoidal voltage of frequency 60 Hz and peak
value 150 V is applied to a series LR circuit, where
R=20Q and L=40 mH. Calculate the values of
(@ T,w, X, Zand ¢

(b) currentamplitude, (V) _ and (V)

ma max

9. A choke coil is needed to operate an arc lamp at
160 V (rm.s.) and 50 Hz. The lamp has an effective
resistance of 5€Q when running at 10 A (rm.s.).
Calculate the inductance of the choke coil. If the

(Solutions on page H.227)
same arc lamp is to be operated on 160 V (dc),
what additional resistance is required? Compare
the power loses in both cases.

10. A 300 Q resistor is connected in series with a 0.8 H
inductor. The voltage across the resistor as a func-
tion of time is

Vo =(25 V)cos[(950 rads™ )t]

(a) Derive an expression for the circuit current.

(b) Determine the inductive reactance of the
inductor.

(c) Derive an expression for the voltage V, across
the inductor.

11. A 300 Q resistor,a 250 mH inductor,and a 8 uF
capacitor are in series with an ac source with
voltage amplitude 120 V and angular frequency
400 rads ™.

(a) What is the current amplitude?

(b) What is the phase angle of the source voltage
with respect to the current? Does the source
voltage lag or lead the current?

(c) What are the voltage amplitudes across the
resistor, inductor, and capacitor?

12.(a) What is the reactance of a 2 H inductor at a

frequency of 50 Hz?

(b) What is the inductance of an inductor whose
reactance is 2 Q at 50 Hz?

(c) What is the reactance of a 2 UF capacitor at a
frequency of 50 Hz?

(d) What is the capacitance of a capacitor whose
reactanceis 2 Q at 50 Hz?

13. An ac circuit consists of a 220 Q resistance and
a 0.7H choke. Find the power absorbed from
220V and 50 Hz source connected in this circuit
if the resistance and choke are joined in
(a) series
(b) parallel

14.In an LR series circuit, a sinusoidal voltage
V =V,sin(wt) isapplied. It is given that L =35 mH,

R=11Q, V. =220V, L =501z and 7=2.
2n 7

Find the amplitude of current in the steady state
and obtain the phase difference between the
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current and the voltage. Also plot the variation of
current for one cycle on the given graph.

%

V =V, sin (wt)

»t
T/4 T2\ 3T1/2 [2T

15.1n an RLC series circuit that includes a source of
alternating current operating at fixed frequency and
voltage, the resistance R is equal to the inductive
reactance. If the plate separation of the capacitor is
reduced to half of its original value, the current in
the circuit doubles. Find the initial capacitive reac-

tance in terms of R.

16. A voltage V =100sin(wt) (in SI units) is applied

across a series combination of a 2 H inductor, a

10 uF capacitor,and a 10 Q resistor.

(a) Determine the angular frequency @, at
which the power delivered to the resistor is a
maximum.

(b) Calculate the power delivered at that
frequency.

(c) Determine the two angular frequencies
and @, at which the power is half the maxi-
mum value.

N

17. Voltage and current for a circuit with two elements
in series are expressed as follows:

v(r)=1705in[ 6280t+§) volt

I(t)= 8.55in( 6280t + %) ampere

(a) Determine the frequency in Hz.
(b) Determine the power factor stating its nature.
(c) What are the values of the elements?

18. A capacitor of capacitance 250 pF is connected
in parallel with a choke coil having inductance of
16x107 H and resistance 20 Q. Calculate the
(a) resonance frequency and
(b) circuitimpedance at resonance

19. Aradar transmitter contains an LC circuit oscillating
at 1000 MHz.

(a) What capacitance will resonate with a one-turn
loop of inductance 400 pH at this frequency?

(b) If the capacitor has square parallel plates sep-
arated by T mm of air, what should the edge
length of the plates be?

(c) What is the common reactance of the loop
and capacitor at resonance? Take 7° =10,

20. Two LC circuits have same resonant frequency f;.
When connected in series (assume all the elements
to be in series), find the new resonant frequency.

J

TRANSFORMER

A transformer is a device for converting high volt-
age at low current to low voltage at high current and
vice-versa.

It consists of two coils wound on a soft iron core.
The primary coil is connected to an a.c. source. The
secondary coil is connected to the load which may be
a resistor or any other electrical device.

Laminated Iron Core

Construction

Figure shows an idealized transformer. The key com-
ponents of the transformer are two coils or windings,
electrically insulated from each other but wound on
the same core.

Source of

alternating

current Iron core

Secondary
winding



ICON

The core is typically made of a material, such as iron,
with a very large relative permeability K,,,. This keeps
the magnetic field lines due to a current in one wind-
ing almost completely within the core. Hence almost
all of these field lines pass through the other wind-
ing, maximizing the mutual inductance of the two
windings. The winding to which power is supplied
is called the primary; the winding from which power
is delivered is called the secondary. The circuit sym-
bol for a transformer with an iron core, such as those
used in power distribution systems, is shown here

&

There are two types of transformers.

Types

Step Up Transformer

It converts low voltage at high current into high volt-
age at low current.

Step Down Transformer

It converts high voltage at low current into low volt-
age at high current.

The principle of transformer is based on mutual
induction and a transformer always works on AC.
The input is applied across primary terminals and
output across secondary terminals. If the resistance of
primary coil is zero then voltage across the primary is
equal to the applied voltage.

P S

=0

Input @ Odtput

P— Primary Coil
S— Secondary Coil

The ratio of number of turns in secondary and pri-
mary is called the turn ratio. So,

Turn Ratio N = Ns
Np
If Ep and Eg are alternating voltages, Ip and Ig the
alternating currents, ¢, and ¢ be the magnetic flux
across primary and secondary terminals respectively,
then
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For an Ideal Transformer (Efficiency = 1) we have
_ Output Power &

-1= -
1 Input Power &1,
I
L kb
& I
Also, we observe that
b _9s _Ng
& ¢ Np
So, for an Ideal Transformer
& 6 N lo "
& o Np I

Since 5515 = gplp
The value of the load resistance (across which

output is to be taken), determines the value of current
in the secondary coil. So,

S
[ === (2
TR 2)
Also, the current in the primary is
S
I,=-=L ..(3)
P R,
From (2) and (3), we get
I _o R
IS ;5 Req

From (1), we get
Ny _Np( R,
NP NS Rc—zq
2

From this analysis, we observe that a transformer may
be used to match resistances between the primary cir-
cuit and the load. In this way, maximum power trans-
fer can be achieved between a given power source
and the load resistance. In other words, we can say
that a transformer ‘transforms’ not only voltages and
currents, but resistances as well.

For a non-ideal transformer (with efficiency n<1)

I
we have n=§5—5
plp
&,k
& s
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So, we get
& Np ¢ I

In actual transformers, there is some power loss. The
main sources of power loss are:

(@) I’R loss due to Joule heat in copper windings.

(b) Heating produced due to Eddy currents in the
iron core. This is reduced by using laminated
core.

(c) Hysteresis loss due to repeated magnetisation of
the iron core.

(d) Loss due to flux leakage.

When all the losses are minimized, the efficiency of
the transformer becomes very high (90-99%).

LONG DISTANCE TRANSMISSION OF
ELECTRIC POWER

One of the great advantages of AC over DC for elec-
tric power distribution is that it is much easier to
step voltage levels up and down with AC than with
DC. For long-distance power transmission it is desir-
able to use as high a voltage and as small a current

as possible; this reduces I’R losses in the transmis-
sion lines, and smaller wires can be used, saving on
material costs. To minimize the I*R loss during long
distance transmission of electric power, the voltage is
first stepped up to a high value using a transformer.

‘—C
% Output
‘—O

-—
Step-down Transformer

Transmission line

Generator() | ‘

Step-up Transformer

Since P=VI 1is constant, as V is increased I
decreases and hence I’R loss becomes small. By
increasing V to a very high value, this power loss
can be made negligible.

INDUCTION COIL

Induction coil is based on mutual induction and is
used to produce a larger e.m.f. from a source of low
e.m.f.

It has two coils, Primary and Secondary. When
current in primary coil changes, the magnetic flux
linked with the secondary also changes thus setting
up an induced e.m.f. in the secondary. During self-
induction of primary the rate of growth of current
is slow but when the circuit breaks rate of change

of current

%‘ in the secondary is very large and so

induced e.m.f. in the secondary is also very large.

Induction coil can be used to produce an e.m.f.
of the order of 50,000 V from a 12 V battery. Induction
coil is often used to operate a discharge tube.

ILLUSTRATION 31

In the transformer shown in figure, the load resistor
is 50 Q. The turns ratio N;:N, is 10:2 and the
source voltage is 200 V (r.m.s.). If a voltmeter across
the load measures 25 V (rm.s.), what is the source
resistance Rq ?

Rs poTTTTET TS |

P‘A'\A' : I
I I

I I

Vs ® LN ‘ ’ Ny | R,

I 1

I I

I I

SOLUTION

The r.m.s. voltage across the primary of the trans-
former is given by

N
V,=V, =(N—1)V2
2

So, the source voltage, if current in the primary is I, is

V.=LR+Vp

NZ

The current in the secondary coil is I,, then
N, \( V.
I, = & I, = U2 | 22
N, Ny AR,

= Vs = & ﬁ R<+ & VZ

NiAR ) (N,
L ove(R)R)N
Ny AR, ) N,
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R =NIRL[V -Vz(ﬁ)]
NZVZ NZ

Since %=%, V,=200V, R, =509, V, =25V, s0

2

(7 )3 - (3)

= R, =(10)(200-125)
= R =750Q

ILLUSTRATION 32

An ideal transformer has 50 turns in its primary
winding and 25 turns in its secondary winding. If
the current in the secondary winding in 4 A, calcu-
late the current in primary winding ifa 200 V ACis
applied across it.

SOLUTION

Since the ratio of turns in primary to secondary wind-
ing is 2:1, so it is a step-down transformer for which,
we have

s _ N

& Ny

- §5=[%)§p

r

£ =2 0=100v
50

For an ideal transformer, the power equation is
gsis = ‘I::pip

_100x4
200

2A

&g
= =22
p

&

ILLUSTRATION 33

An ideal power transformer is used to step up an
alternating voltage of 220 V to 4.4 kV for transmit-
ting 0.6 kW of power. If the primary coil has 1000
turns, calculate the number of turns in the secondary
coil and the current rating of the secondary coil.
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SOLUTION

Since, we know that

i
)

N, = %1000 = 20000 turns

Power supplied at the primary coil is
Pp=i,&,=6.6x10° W
. 66x10°
1. =
P 220
For an ideal transformer we use

z‘i_&_ 1000 \_ 1
20

i, N, (20,000

=30 A

. ip
= 1,=—=15A
20

ILLUSTRATION 34

A transformer has secondary turns to primary turns
ratio of 4. If a 200 V AC is applied across its primary
and it carries a current of 1 A, then calculate the cur-
rent in circuit connected to secondary coil if trans-
former is 80% efficient.

SOLUTION

Power supplied at primary coil is
P =¢&i; =(200)(1) =200 W

Voltage across secondary coil is

N
& =(F2]§1 =200x4 =800V

1

Power available at the secondary coil is
P = (Q)ZOO W=160 W
100

= P=&i,=160W

i =10 _00a
27800
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ILLUSTRATION 35

In a step-down transformer having primary to sec-
ondary turn ratio 20:1, the input voltage applied is
250 V and output current is 8 A . Assuming 100%
efficiency, calculate the voltage across secondary coil,
current in primary coil and power output.

SOLUTION

Since we know that

g _Ns
& Np

1

N_i=2_0,gp=z5ov and ig =8 A

= &= 2%(250)= 125V

For 100% efficiency, we have

b _Ns
I.S NP
= Tp_(&]ls
Np
= ip=—><8=0.4A

Power output of transformer is
Poutput = §515

= I =125x8=100 W

output

A 2000 V-200V, 20 kVA transformer has 66 turns
in the secondary. Calculate the primary and second-
ary full-load current when power losses in the trans-
former are ignored.

SOLUTION

Primary and secondary coil voltage are

£,=2000V and & =200 V

Power of the transformer at primary coil is 20 kVA,
so we have

Py =&ip =20x10° W
. 20x10°
ip=
2000
Since power losses in the transformer are ignored,

so power of the transformer at secondary coil is also
20 kVA and hence we have

PS = ésis =20X103 W

=10 A

;_20x10°
ST 200

ILLUSTRATION 37

A transformer is used to light a 140 W, 24 V lamp
from 240 V ac mains. If the current in the mains cable
is 0.7 A, calculate the efficiency of transformer.

=100 A

SOLUTION

After reading the problem, we can understand that
the input voltage is 240 V and the output voltage is,
hence we have

£, =240V and & =24V

Resistance of lamp is

2 2
R VE_(4) 1w

P40 35
So, current in the secondary coil is
R 144 6

Power supplied at the input coil i.e. the primary coil is
Power output at the secondary coil is

PS =€5i5 =24><365=140W

So, efficiency of the transformer is

n =515 2 100% = 48 4 100%
Epip 168

= 1=83.33%
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0‘7 Test Your Concepts-II

Based on Transformer

. Atransformer has 200 turns in primary coil and 600
turns in secondary coil. If a 220V DC is applied
across primary coil, what will be the voltage across
secondary coil.

. The secondary voltage of an ignition transformer
in a furnace is 10 kV. When the primary oper-
ates at rms voltage of 120 V, the primary imped-
ance is 24 Q and the transformer is 90% efficient.
Calculate the

(a) turns ratio.

(b) currentin the secondary.

(c) impedance in the secondary.

. In a transformer there are 10000 turns in primary
coil and 25000 turns in secondary coil. An AC of
voltage E=50sin(100xt) is applied across the

4. A transmission line that has a resistance per unit

Chapter 4: Alternating Currents 4.33

(Solutions on page H.231)
primary coil, calculate the peak voltage output
across secondary coil in ideal conditions.

length of 5x107™ Qm™ s to be used to transmit

5MW over 600 km. The output voltage of the

generator is 4.5 kV .

(a) What is the line loss if a transformer is used to
step up the voltage to 500 kV ?

(b) What fraction of the input power is lost to the
line under these circumstances?

(c) What difficulties will be encountered in
attempting to transmit the 5 MW at the gen-
erator voltage of 4.5 kV ?

/




ICON

4.34 JEE Advanced Physics: Magnetic Effects of Current and Electromagnetic Induction

SOLVED PROBLEMS

A series LCR circuit with inductance 0.12 H, capaci-
tance 480 nF and resistance 23 Q is connected to a
230 V variable frequency ac supply.

(@) Calculate the ac source frequency for which cur-
rent in the circuit is maximum. Calculate the
maximum current amplitude.

(b) Calculate the source frequency for which aver-
age power consumed by the circuit is maximum.
Calculate the value of maximum power.

(c) For which angular frequencies of the source,
the power transferred to the circuit is half of the
power at resonant frequency?

(d) Calculate the Q factor of the circuit.

SOLUTION

(@) The current in the circuit is I and is given by
E

Je (1025
R*+| Lo-—
Cw

Current in circuit is maximum at resonance i.e.
when X; =X..If @, be the resonant angular
frequency, then we have

1 1
o, = =
PV Jl012)(a80x107)

= o, =4167 rads™

The resonant frequency f;, is

I=

4167
=2 Y ashy
2r 2x3.14
The maximum current amplitude at resonance is
given
- VB, _N2X230_
R R 23

(b) The average power consumed by the circuit is
P = Ermslrms COS¢
At resonance, power factor is maximum, so

cosg=1
2
= Pmax = ErmsIrms = Erms
R
(230)°

=2300 W

max

(c) The half power frequencies are the frequencies at
which the power in the circuit is half the maxi-
mum power. These are given by

R 2
w;,p=w0i—=4l67i( 3 J
2L 2x0.12

= @y, =4263 rads™ and 4071 rads™

(d) The quality factor of the circuit is given as

Lo, _(0.12)(4167)

= = 2174
Q R 23

A box contains an inductor, capacitor and a resistor.
When 250 V DC voltage is applied to the terminals
of the box, a current of 1 A flows in the circuit. When
a 250V, 2250 rads™ AC source is applied across
the box, a current of 1.25 A flows through it. It is
observed that the current rises with frequency and
becomes maximum at 4500 rads~ . Calculate the val-
ues of inductance, capacitance and the resistance in
the box. Also draw the circuit diagram.

SOLUTION

Let L be the inductance, C be the capacitance and
R be the resistance in the circuit. When a dc voltage
is applied to the circuit containing L, C and R, then
the capacitor acts as a dc blocking element and if all
L, C and R are in series then no current should flow
in the circuit.

However, we observe a current to flow through
the circuit which makes us conclude that the resistor
R must have been in parallel to the series combina-
tion of L and C as shown in figure.

L C

So, for the dc source, we have

Fae _ 20 _ oo
I, 1

R=

C
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The impedance Z of the circuit at 2250 rads™ is

i, 1
z |R? ( 1 )2
Lo-—
Ca
Circuit impedance can also be directly given as
7= Z _ B0 200 Q
i 125
11 1
(2007 R’ ( 1 )2
Lo-—
Co
1 1 1 9
= 2 2 2" 16
( 1 ) (200)° (250)" (10)
Lo-—
Co
1 1000
= Lo-—=——+
Co 3
= 2250L—L=@ (1)
2250C 3
At resonance, the frequency is @, = 4500 rads ™'
= o= €
LC

=  4500x4500= L
LC

= 2250L=L .(2)
9000C
Substituting equation (2) in equation (1), we get
1 1 1000

9000C 2250C 3
= C=10°F=1uF

From equation (2), we get

2250L = ——
9000x 10~
1

L= —=0.
22509000 %10

05 H

An LCR circuit is fed with an ac voltage given by
V =200sin(100f+30°) volt as shown in Figure.
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300 TmF o5H

i\
fy
V = 200 sin (100t + 30°)
Find the current in the circuit, voltage across resis-
tor, capacitor and inductor as a function of time. Also,
calculate the average power consumed in the circuit.
SOLUTION
From the voltage equation given in the problem, we
conclude that @ =100 rads™ and V, =200 V.
The inductive reactance is
X I = (OL = 50 Q
The capacitive reactance is
1 1
= —_—= —_3 = ]_0
oC  100x10

The impedance of the circuit is

Xc

Z= R +(X - X )

= Z=v(30)7+(50-10) =50 Q
Maximum current flowing through the circuit is
o2,
Z 50
From the calculations done, we see that X; > X,
therefore the circuit is inductive in nature and hence

voltage leads the current by a phase difference ¢
where,
R 30 3
Cosp=—=_——=—
Z 50 5
= ¢=53°
So, we conclude that current in the circuit lags behind
the voltage by a phase angle of ¢=53°.
The current function is given by

I = 4sin(100f + 30° - 53°)
= I=4sin(100f-23°)

For Resistor
Maximum value of potential drop across the resistor

ie. (Vg),,, is given by
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(Vi ),y = IoR=4x%30=120 volt
Since, Vi and I are in same phase, so we have
Vi =120sin (100t -23°)

For Capacitor
Maximum value of potential drop across the capaci-

torie. (V)  isgivenby

ma:
(VC )max = IOXC = 4)(10 = 40 VO]’E

Since voltage across the capacitor lags behind the
current by a phase angle of 90°, so we have

V- = 40sin (100¢ - 23°-90°)
= V. =40sin(100¢-113°)

For Inductor
Maximum value of potential drop across the inductor
ie (V) _ isgivenby

(VL )max - IDXL - 4:X50 = 200 VOlt,

Since voltage across the inductor leads the current by
a phase angle of 90°, so we have
Therefore,

V, =200sin (100t - 23°+90°)
= V. =200sin (100t -67°)

Please note that at any instant in the circuit, we
have

V=Vp+V, +V

Average power is consumed in an AC circuit only
across a resistance and this power is given by

2
COS¢ = IrzmsR = ﬁ

(P)=V_I ;

rms-rms

2 2
L p=RW (30)

=240 W

An AC circuit draws a power of 550 W when con-
nected across a 220 V, 50 Hz ac source. If the power
factor of the circuit is 0.8 and the current lags the volt-
age. For making the power factor of the circuit to be
the maximum, calculate the capacitance required to
be connected in series with it.

SOLUTION

Since the current lags behind the voltage, so the cir-
cuit must be having a resistance and an inductance.
Since the average power consumed by the circuit is

Pav = ErmsIrms COS(D

EZ)
= P=| " |cos
(52

B2
= 7 — —ms COS(P
P
2
,(2207x08
550
Power factor of circuit is given to be 0.8, so we have
R
cosg=—
¢ Z
= R=Zcos¢

= R=704x08=56.32Q
Also, the initial circuit impedance is
72 =R*+(oL)

= Lo=vZ:-R

o Lo=y(704) —(5632)? = 4224 Q

Now, when the capacitor is connected in the circuit
for making the power factor to be maximum i.e.
cos¢ =1, then the circuit obeys the condition of reso-

nanceie. X, =X;

= La):L
Cw
1 1
= (= =
o(lw) 2nf(Lo)
= C= !
(2x3.14x50)(42.24)

= C=75x10"° F=75 uF

A series circuit consists of a resistance, inductance
and capacitance. The applied voltage and the current
at any instant are given by

E =141.4cos(3000f —10°)

and I=>5cos(3000f-55°)

The inductance is 0.01 H. Calculate the values of the
resistance and capacitance.
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SOLUTION

The phase difference between current and voltage is
given as

¢=-10°-(-55°) = 45°
This makes us conclude that the voltage is leading the
current by a phase angle of ¢ = 45°

For a series LCR circuit, we have

Lo - 1
tang = Co
Lo - L
= tand5°=—CO
1
= Lo-—=R (1)
Cw

The impedance Z of the circuit is given by

Z=E_0=%=28,28 Q

I, 5

Also, we know that

2
Z=\/R2+(a)L—1)
wC

=  Z=vR>+R*=1414R
= 1.414R=2828Q

= R=20Q .(2)
From equation (1), we get

L(Jo—L =20

Co
= (0.01)(3000)—L =20
3000C
1

= ——=30-20=10

3000C
= (= N 33.33x10° F

(3000)(10)

= (C=33.33uF

Two resistors, a capacitor and an inductor are joined
to form a circuit shown in Figure.
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, R ¢
A 11
VWV ‘ I
Iy
A IITIN AW
L R,
I A
hy

V = 200 sin (100t + 30°)

An ac source voltage given by V =200 sin(100¢ + 30°)
is applied to the circuit. If R;=30Q, R,=40Q,

L=04H and C:%mF,thenﬁnd I, I, 1,, volt-

age across resistor R;, voltage across resistor R,,
voltage across inductor and voltage across capacitor
as function of time. Also, calculate the average power
consumed in the circuit.

SOLUTION

In this problem, let us consider the circuit contain-
ing inductor and resistor R, (thinking that R, and
C being absent) and then reconsider the same circuit
but now containing R, and capacitor (thinking L
and R, to be absent) as shown in Figures 4.1 and 4.2.

b H2 [l
Ll W\‘\‘ 1 |
L
—— TN —W—
L R,
o\ )
hy Z

V = 200 sin (100t + 30°) V = 200 sin (100t + 30°)

Figure 4.1 Figure 4.2

Then by Principle of Superposition as already dis-
cussed in Current Electricity, we know that

I=1+],
Let us now calculate I; (i.e. current in the circuit

when R, and C are absent).
From the voltage equation given in the problem, we

conclude that @ =100 rads™ and V, =200 V.

FOR CIRCUIT IN FIGURE 4.1
Inductive reactance of this circuit is

X =wL=100x0.4=40 Q

Since R; =30 Q, so the impedance for this circuit is

Z, = (R¥+ X% =+(30)° +(40)° =50 Q
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Maximum value of current in this first circuit is
Vo 200
(e =77 = 75 =44
1
Since, this first circuit only contains L and R;, so
in this inductive natured circuit, the current will lag
behind the voltage by an angle ¢, given by

cos¢y = ;—j = % = %
= ¢ =53
So, for the applied voltage
V =200sin(100¢+30°) volt

the current in this circuit should lag behind the
applied voltage by 53° and hence is given by

= I, =4sin(100¢+30°-53°)
= I, =4sin(100t-23°)
Maximum value of potential drop across the resistor
ie (Vg )max is given by
(Vs ) = (1) R = (DE0)= 120V

However, current in the resistor is in phase with the
voltage, so we have

Vi, =120sin(100f -23°)
Maximum value of potential drop across the inductor
ie (V). isgivenby

(Vo). =(L) X, =(4)(40)=160V

However, voltage in an inductor leads the current by
90°, so we have

=V, =160sin(100t -23°+90°)

=V, =160sin (100t +67°)

In this circuit, power will be consumed only across
R,. If (P} is the average power consumed in this
circuit, then we have

I’R

(P)=V,,I cos,¢=1§imR=T

Tms-rms

2R, (4)7(30)
=13~

= (p) =240 W

FOR CIRCUIT IN FIGURE 4.2

Now, let us calculate I, (i.e. current in the circuit
when R; and L are absent).

Capacitive reactance of the circuit is

oC 100><5><10'3

Since R, =40 Q, so the impedance of this second cir-
cuit is

Z, =[R2+ X2 =(40)* +(30) =50 ©
Maximum value of current in this second circuit is

Vo 200
I =L gA
(2 )y Z, 50

Since, this second circuit only contains R, and C,
so in this capacitive natured circuit, current leads the
voltage by a phase angle ¢, given by

R
cos ¢, = 2= ﬁ = E
Z, 50 5
= $,=37
So, for the applied voltage

V =200sin (100f +30°) volt

the current in this circuit should lead the applied
voltage by 37° and hence is given by

= I, =4sin(100t+30°+37°)
= I, =4sin(100t +67°)

Maximum value of potential drop across the resistor
Ry is (Vg,) , where
max

(VRZ )max :(12 )max RZ = (4)(40) = 160V

Since, current in the resistor is in phase with the volt-
age, so we get

Vi, = 160sin (100t +67°)
Maximum value of potential drop across the capaci-
torie. (Vi) __ isgivenby

(Ve )y = (1), Xc = (4)(30) =120 V

Since, voltage in a capacitor lags behind the current
by 90°, so we have
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V. =120sin(100¢ + 67°—90°)
= V. =120sin(100¢t-23°)

In this circuit, power will be consumed only across
R,.If (P,) is the average power consumed in this
circuit, then we have

I’R
<P) = VrmsIrms COS¢ = IrzmsR = 07

2R, (4)*(4

Total average power consumed in the circuit is

(P)=(P,)+(P,)=240+320=560 W

=320 W

The current [ is given by
I = I]_ +12
=  I=4sin(100f-23°)+4sin(100¢+67°)

The current amplitude can be found by drawing the
phasor shown in Figure.

(Ia)max =4A

V, =200V

v Imax= 4—J§A

2l fmmm s Horizontal

/ or 0° Line
(I1 )max =4A

Resultant of 4 A and 4 A at 90° is 42 A at 45°
from both currents or at 22° with the horizontal i.e.
the 100¢ line.

I = 4+/2 sin (100f +22°)

Abox P and a coil Q are connected in series with
a 100 V ac source of variable frequency. The box P
contains a 32 €2, 1 uF capacitor and the coil Q is a
68 Q, 49 mH inductor. The frequency is adjusted
so that the maximum current flows both through
P and Q. Calculate the impedance of P and Q at
this frequency. Also find the voltage across P and Q
respectively.

Chapter 4: Alternating Currents 4.39

SOLUTION

The situation described in the problem is shown in
Figure.

I - rms

rms Z \/ ) 1 2
R°+| Lo—-—
( Cw)

where R=R;, + R, =100 Q

The maximum current flows through P and Q when
the circuit is in resonance i.e. when X; = X-

= La):L
Cw
S o=t
LC
1
JLC
5
= 0= ! =£1‘ads'1

W(a9x102)(10) 7
The current flowing in the circuit is

o Eme _ 200 _100 .
" Rp+R, 32468 100

The impedance of P is

2
Zp=\Ra+X% = Rf+(ci)

7 1YV
= ZP:J(32)2+(FX1O—'6)
= Z,=y(32) +(70)

= Z,=1024+4900 = /5924 =77 Q
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The impedance of Q is

Zo =R} +Fe?

2
10°
_ 3
= ZQ—\/(E»S) (49x10 7)

V9524 =98 Q

= Zy= +(70)" =
Voltage across P is

Vp =IinsZp =1x76 =76 V
Voltage across Q is given as

rms

A 10 Q resistor is joined in series with a 0.5 H induc-
tor. What capacitance should be connected in series
with the combination to obtain the maximum cur-
rent? Find the maximum current. Assuming that
the current is being supplied by a 200 V, 50 Hz ac
source, calculate the potential difference across the
resistor, inductor and capacitor.

SOLUTION

The current in the circuit is maximum at resonance
i.e. when

La)=L
Cw
- oL
oL
1 1
= C= 2, 2
(2nf)"L (2x3.14x50)" x0.5

= (C=2024x10°F

At resonance, impedance is minimum, circuit is resis-
tive in nature and current is maximum, so

Zyin=R=100
5 L= o=D_ypa
R 10

Potential difference across resistance
Eg =IR=20x10=200 V
Potential difference across inductor

E =I(Lw)=I(27fL)

= E, =20[27(50)(0.5)]=3142V
Potential difference across capacitor

EC=IXC=CL=ILQ)=3142V
w

A 20V, 5W lamp is applied across a 200 V, 50 Hz
AC source.

(@) Calculate the capacitance to be connected in
series with the lamp to run the lamp at its peak
brightness.

(b) Calculate the inductance to be connected in
series with the lamp to run the lamp at its peak
brightness.

(c) How much additional resistance can be con-
nected in series with the lamp (as a replacement
to inductor or a capacitor) so that the lamp can
run on its peak brightness?

(d) Which of the above arrangements will be more
economical and why?

SOLUTION

The current required by the lamp (a resistor) to run at
its peak brightness is

P 5

rms =—=025A
E.. 20
The resistance of the lamp is
Rbms _ 20 o0
.. 025

(@) When a capacitor C is connected in series with
the lamp, then its impedance is

2
Z= R%(iJ
Cao

The current through the circuit is
= =0.25A
Z 1\
R*+ ( — )
Co
= =0.25
(80)° 4 ————
\j 4r* (50)° C?

= C=40x10°F=40puF
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(b) When an inductance L is connected in series with
the lamp, then the impedance is

Z=vR*+*0’
The current through the circuit is
po=Em_ 20 o554
Z R+’
= 200 =0.25
(80 + 472 (50)° 12
= L=253H

() When an additional resistance r replaces the
inductor or capacitor and it is connected in series
with the lamp of resistance, then the current
through the lamp resistor circuit is

Lo = & =025A
R+7r

200
=
80+r
= r=720Q

(d) It will be more economical to use inductor or
capacitor in series with the lamp to run it, because
the reactive components of circuit (i.e. inductor or
capacitor) do not consume any powet, whereas
there would be dissipation of power when resis-
tance is inserted in series with the lamp.

PROBLEM 10

An ac source E=10cos(1007t) is applied across the
circuit shown in Figure.

=025

R=80Q Xo=80Q
I‘ Y
)

o
E

Calculate the circuit impedance. When the potential
difference across the points A and B ie. V,p is half
of the voltage of source, then calculate V5.

SOLUTION

Circuit impedance is given as

= Z=\/R2+(XL—XC y = \(8)* +(6)*
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= 7Z=10Q

Since X; <X, so current will lead the voltage by a
phase angle

1( 6
= tan 1(—)=37°
¢ 8
So, at any instant, current in the circuit is given by
I=1,cos(100xt +37°)

E
where, [ = ?0= 1A

= I=cos(1007t+37°) (1)

Since between the points A and B, only capacitor
and inductor are connected and X->X;, so Vyp
must lag behind the current by 90° which is possible
only when we have potential difference across points
is given as

V5 = 6c0s (1007t —53°) (2

Please note that from equations (1) and (2), we see
that | is leading V,; by a phase angle of 90°.
Now, according to the problem, we have

1
VAB = EE
=  6cos(100zt—53°) = 5cos 1007t ..(3)

= 6[%0:)3(IODm)Jr%sin(lOOnt)] =5cos(1007t)
= Z:Sin(lOOJIt) = ;cos(IOOth)

7
= tan(1007t) = —

24

Since we know that, 1+tan® 6 = sec® 6=

cos®

24
= cos(1007t) ==
25

From equation (3), we get

24
V45 =5c0s(1007t) = 5(—) \Y
25
= VAB =% V
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L]
!
1)°(107) (63)° (1
In the given arrangement the square loop of area = E= (017(107) (63) (20)(50)
10 em*® rotates with an angular velocity @ about its 2[(63x0.1— 1 ) +(10)2]
diagonal. The loop is connected to a inductance of 3x0.01
L=100mH. I and a capacitance of 10 mF in series. -5
E=8.12x1
The lead wires have a net resistance of 10 Q. Given - 8.12x107]
that B=0.1T and w =63 rads™, find the (c) Since the current is in phase with the voltage
o which happens only at resonance, so we have
’ . XL = XC
® ® ©.,7%®
- = Lo, = !
s h = —
® ;8;/ ® ® L Cw{]
@/ /® ® ® — o= 1
// _|_C 0 Jﬁ
(a) rms current in the circuit. 1 -1
= 0y=————==3l6rad
(b) energy dissipated in 50 sec. 0 J0.1)(0.01) racs

(c) if the current is in phase with voltage, what
should be the frequency of rotation of the coil.

SOLUTION A circuit with R=70 Q in series with a parallel com-
Since, ¢ = BAcos(ot) bination of L=15H and C=30 uF is driven by a
230 V ac supply of angular frequency 300 rads™.

—~  f=- ¢ _ BAwsin (wt) Calculate the impedance of the circuit. Find the RMS
dt value of current. Calculate the current amplitude in

the L and C arms of the circuit. How will the circuit

(a) The current in the circuit is
1
behave when w=—7?

V. & BAw
e =25 where V. = "= —— Jic
z V2 2
BAw SOLUTION
 Vims _ 2 The situation described in the problem is shown in
= JIrms - 7 - 1 2 FingI'E.
J(aﬂu—) +R? L=15H
oC
R
(0.1)(107° )(63)/y2 700 c
= 1Y —3|0 F
(63><0.1—) +(10) g
63x0.01
= I =4x10" A O

230V, 300 rads™

(b) The energy dissipated in time interval ¢ is In the given circuit, the inductor and capacitor are

E=P t=V It cosd connected in parallel. Let Z" be their complex ac
impedance. Then
B*A’” |(R
= = 1 1 1
-t ( 27 (Z)(SO) = =~ +——, where

77, 7
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L]
7, =j(Lw) and Z N
- " "Co jCw
1 1 1 1 .
= —=—t—=——+joC
7 jloe 1 oL
joC
2
= %:1 ?LC {...j2=_1}
Lo
= = ]LCD
1-@’LC

The total complex ac impedance of the circuit is given
by

Z,u=Z=R+Z’
oL

> Z=R+—12>
1-w°LC

2
= |Z|=\/R2+( oL )
1-w’LC

Substituting these values and solving, we get

|Z]=163.3 Q

Ems 230V
= lLy=—"=

- =22 _141A
Z 1633Q

Let I; and I~ be the rms values of current in L and

C respectively.

Z 4
IL =( < )Irms and IC =( L )Irms
VAR YA Z+Z;

: 1 ,
where, Z; = jLo and Z. = —=-jCw

jCw

2
= IL=(#2)Irmsr IC=( ZD LC JIrms
I-0’LC ' LC-1
Substituting the values and solving, we get
I, =0462 A and [ =187 A

So, the corresponding current amplitudes are

(IL), =V2x0462=1414x0.462 = 0.653 A

and (Ic), =+2x187=1414x187=264 A

When o= 1 ,then ®*LC =1 and hence

JLC
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JoL
1-0’LC

So, the current flowing in the circuit is zero.

PROBLEM 13

Abox contains an inductor of inductance L, a capaci-
tor of capacitance C and a resistor of resistance R.
When a 250 V dc is applied to the terminals of the
box, a current of 1 A flows in the circuit. When a
250V, 2250 rads™! ac source is connected, a cur-
rent of 1.25 A flows. It is observed that the cur-
rent rises with frequency and becomes maximum at
4500 rads . Find the values of L, C and R. Also
draw the circuit diagram.

/. =R+

— o0

SOLUTION

Since, the capacitor is a dc blocking element, but still
the current in the circuit for a dc source is not zero so,
all the elements must not be series. Further in case of
ac, current rises with frequency and has a maximum
value at 4500 rads™, L and C should be in series.
The circuit diagram should therefore, be as shown in
Figure.

R R Ip
M > A =
i L C Y 4 L C
| |
LI 1 dILLEN | I—-—!
I Y 4 cy

- | ~
250V 250V, 2250 rads '
CASE I: When dc is applied ~ CASE Il: When ac is applied

CASE-1:
When dc is applied, we have
R=V P 50
I 1
CASE-2:

When AC is applied, then for @ =2250 rads™, let the
applied voltage be V =V, sin(wt). Then,

V
I, = —sin(ot)
kTR

Since V.. =250 volt, so V, = 2502 volt
Ip = zigf sin(wt) = v2sin(@t)
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y
0 sin(mtif)
Xe ~ X, 2

= IL:(X VDX
c~ AL

and IL:IC:

Jcos(wt)

where, the sign '~’
between X; and X,

indicates positive difference

So, the total current through the circuit at any instant
is

V V
[=Ig+1; = 2sin(ot)+ —2—cos(ot)
R X~ X,
= I=I;sin(ot+¢)
where =V{,\/i2+;2
R* (Xe~X,)
= JIrms=vrms inr%
R™ (Xc~X)
Given that, V., =250 volt, I, =125 A
1 1 125V
= —2+ 7=
R -x 20
. 1 _(1.25)2 ( 1 JZ
(Xc ~ X, )2 250 250
= XC~XL=@Q
3
= i-umL:@g (1)
Current in the circuit will be maximum at
Xf_.:XC
= La)ﬂ:L
Cw,
= W, = !
NTs
1 1
= LC=—2= ) (2)
@y (4500)

Solving equations (1) and (2) with @ = 2250 rads™,
weget C=10" F=14F and L=0.049 H

= C=1uF, L=49mH and R=250 Q

PROBLEM 14

A solenoid with inductance L=7 mH and active
resistance R =44 Q is first connected to a source of
direct voltage V,, and then to a source of sinusoidal
voltage with effective value V =V;. At what fre-
quency of the oscillator will the power consumed by
the solenoid be n=>5.0 times less than in the former
case?

SOLUTION

For the case of direct current flowing through the cir-
cuit, we have

_V

"R

When connected across an ac source of effective volt-
age V, (ie. V., =V,), the impedance of this series
LR circuit is

Z= R+ X2 =R? + 0?2

Pdc

Vv V
= Irms _ _ms _ 0
Z  JR*+0’1?
VIR
= Pac = jrrzmsR =0
R* + o’

According to problem, the power consumed by the
solenoid is 77=5.0 times less than the power con-
sumed when solenoid is connected across dc power.
So, we have

Py =nP,., where n=5
14 VIR
= i:n 0 L 2
e((%))
R
= 1+((O—LJZ—
R n

= %a/nz—l
= a)=%m2—1
= 27rf=%\/n2—1

:>fi

= n*-1=2kHz
2nL



