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CHAPTER

(a) Magnetic Flux and Applications

(b) Faraday’s Laws of EMI, Lenz's Law and
Applications

(c) Motional EMF and Applications

(d) AC Generator

(e) Induced Electric Field and
Applications

(f) Eddy Currents

Electromagnetic
Induction

Learning Objectives
After reading this chapter, you will be able to understand concepts and problems based on:

(g) Inductor, Self-Inductance and Applications
(h) Growth and Decay of Current in Series

LR Circuits

(i) Energy Stored in Inductor as

Magnetic Field

(j) Mutual Inductance and Applications
(k) Inductors in Series and Parallel
(I) Oscillations in an LC Circuit

Al this is followed by a variety of Exercise Sets (fully solved) which contain questions as per the
latest JEE pattern. At the end of Exercise Sets, a collection of problems asked previously in JEE (Main

and Advanced) are also given.

INTRODUCTION TO ELECTROMAGNETIC INDUCTION AND FARADAY'’S LAWS

INTRODUCTION

Till now, we have studied that the electric fields and
magnetic fields have been produced by stationary
charges and moving charges (currents), respectively.
Imposing an electric field on a conductor givesrise toa
current which in turn generates a magnetic field. One
could then think whether or not an electric field could
be produced by a magnetic field. In 1831, Michael
Faraday discovered that, by varying magnetic field
with time, an electric field could be generated. The

phenomenon is known as electromagnetic induc-
tion. The term electromagnetic induction constitutes
two phenomenon.

Phenomenon I: Involving the current induced in a
conductor that moves relative to the field lines.

Phenomenon II: Involving the generation of an elec-
tric field associated with a time varying magnetic
field.
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FARADAY'S EXPERIMENTS

Faraday observed for the set up shown that no cur-
rent is registered in the galvanometer when bar mag-
net is stationary with respect to the loop.

However, a current is induced in the loop when
a relative motion exists between the bar magnet and
the loop. In particular, the galvanometer deflects in
one direction as the magnet approaches the loop, and
the opposite direction as it moves away.

Galvanometer
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At Rest
Galvanometer
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Galvanometer
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Moving away from Coil

Faraday’s experiment demonstrates that an electric
current is induced in the loop by changing the mag-
netic field. The coil behaves as if it were connected
to an emf source. Experimentally it is found that the
induced emf depends on the rate of change of mag-
netic flux through the coil. So, let us first understand
the concept of magnetic flux which is very similar to
the concept of electric flux (discussed earlier).

MAGNETIC FLUX

Consider a uniform magnetic field passing through a
surface S, as shown in Figure. Then magnetic flux is
defined in a manner similar to the one used to define
electric flux.
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Let the area vector be A= A1, where A is the area
of the surface and 7 its unit normal. If 6 be the angle
between B and 71, then the magnetic flux through
the surface is given by

¢p =B-A=BAcosb

If the magnetic field is parallel to the plane, as in
Figure, then 6=90° and the flux through the plane
is zero. If the field is perpendicular to the plane, as in
Figure, then 6=0 and the flux through the plane is
BA (the maximum value).

T 5 -

4’ rB

L 7 L.
(@ (b)

(@) The flux through the plane is zero when the magnetic field is
parallel to the plane surface.

(b) The flux through the plane is maximum when the magnetic
field is perpendicular to the plane.

The unit of magnetic flux is Tm?, which is defined

as a weber (Wb),so 1Wb=1Tm?. The flux is maxi-
mum, when 6=0° ie, ¢, =BA and the flux is

minimum when 6=180° ie., ¢ . =-BA.
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For an arbitrarily shaped surface consider an infini-
tesimal element of area dA on it, as shown in Figure.

dA

A B

If the magnetic field at this element is B, the infinitesi-
mal magnetic flux through the element is dg, =B- dA,
where dA is a vector that is outward normal to the
surface and has a magnitude equal to the area dA.
Therefore, the total magnetic flux ¢y through the sur-
face is

¢B=jB-dA

ILLUSTRATION 1

Arectangular loop of width 2 and length b islocated
near a long wire carrying a current I. The distance
between the wire and the closest side of the loop
is c. The wire is parallel to the long side of the loop.
Find the total magnetic flux through the loop due to
the current in the wire. Suppose we move the loop in
Figure very far away from the wire. What happens to
the magnetic flux?
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SOLUTION
We know that the magnitude of the magnetic field
created by the wire at a distance x from the wire is

g bl
2rx
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The factor — indicates that the field varies over the
X

loop, and Figure shows that the field is directed into
the page at the location of the loop. Since B is parallel
to dA at any point within the loop, the magnetic flux
through an area element dA is

Oy =JBdAcos(0°)= J.(#—‘)I)dA { B =”—UI}

2mx 2nr

Consider an infinitesimal strip of length b, width
dx ata distance x from the wire then the area of the
strip is dA=bdx . If d¢y is the flux associated with
the strip due to the field of wire, then

40, = BdA
a+c e
%5 2t J x 2 08
Uolb (a+c) Uolb ( a)
= | = 1 1+-1 ...(1
¢B 7 Oge c 211_ Oge c ( )

The flux should become smaller as the loop moves
into weaker and weaker fields.
As the loop moves far away, the value of ¢ is
much larger than that of a, so that ? —0. So, the
c
natural logarithm in equation (1) approaches zero
value, because

10g8(1+§J—>loge (1+0) =1log,(1)=0

and we find that ¢; —= 0, as expected.
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ILLUSTRATION 2

In a region of space varies, the magnetic field var-
ies with radial distance r as B=(Byr)k where r is

the perpendicular distance of a point (x, y, z) from
z-axis. Calculate the magnetic flux associated with a
circle of radius a, centred at origin and lying in x-y
plane.

SOLUTION

Since the magnetic field varies with radial distance
r, so we divide the circular area into small concentric
rings. Consider one such ring of radius r thickness
dr . Area of this infinitesimal ring is

dA = 2xrdr

ar

Magnetic flux d¢ associated with this infinitesimal
ring is
do = BdA = (Byr)(2mrdr) = 2By dr

So, total flux associated with the loop is

y 3
0= quﬁ - anDJerr - @
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ILLUSTRATION 3

A very long, cylindrical wire of radius R carries a
current I, uniformly distributed across the cross sec-
tion of the wire. Calculate the magnetic flux through a
rectangle that has one side of length L running down
the centre of the wire and another side of length R,
as shown in Figure.

SOLUTION

Let us find the magnetic field at a distance r from the
centre of the wire and divide the rectangle into nar-
row infinitesimal strips of width dr. The magnetic
flux through each infinitesimal strip will then be inte-
grated to get the total flux.

The field B is normal to the area of the strip Ldr, so
angle between B and dA is 0°. Hence,

dop = B-dA = (;’i)(Ldr)cos(Oﬂ

nR?
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ILLUSTRATION 4

The magnetic field in a region of space varies with x
as B=(o+fx)k where a is a constant. Calculate the

magnetic flux associated with a surface lying in x-y
plane and bound by the lines x=0, y=0and x =4,

y=b.
SOLUTION

We observe that the magnetic field varies over the
surface in magnitude. So, let us first divide the area
into infinitesimal elements. Consider a shaded strip
so chosen that the field does not vary over the strip.
The magnetic flux associated with the infinitesimal
strip is
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do=B-dA = o+ Px ) bdx

0= J.dq‘)z J(a+ﬁx)bdx

1’12
> g=abi+ b

0= %b(Za+ﬁa)

GAUSS'S LAW IN MAGNETISM

Since we know that the electric flux through a closed
surface surrounding a net charge is proportional to
that charge (Gauss's Law). In other words, the num-
ber of electric field lines leaving the surface depends
only on the net charge within it. This property is
based on the fact that electric field lines originate and
terminate on electric charges.

The situation is quite different for magnetic
fields, which are continuous and form closed loops.
In other words, magnetic field lines do not begin
or end at any point, as illustrated in Figure, which
shows the magnetic field lines of a bar magnet.

The magnetic field lines of a bar magnet from closed loops. Note
that the net magnetic flux through a closed surface surrounding
one of the poles (or any other closed surface) is zero. (The dotted
line represents the intersection of the surface with the page).
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Note that for any closed surface, such as the one out-
lined by the dotted line in Figure, the number of lines
entering the surface equals the number leaving the
surface and thus, the net magnetic flux is zero. In con-
trast, for a closed surface surrounding one charge of
an electric dipole, the net electric flux is not zero.

The electric field lines surrounding an electric dipole begin on the
positive charge and terminate on the negative charge. The electric
flux through a closed surface surrounding one of the charges is
not zero.

Gauss’s Law in magnetism states that the net mag-
netic flux through any closed surface is always zero,

ie.,
qSB.dA 0

This statement is based on the experimental fact,
mentioned at the beginning of the previous chapter,
that isolated magnetic poles (monopoles) have never
been detected and perhaps do not exist.

{Gauss’s Law in Magnetism)}

FARADAY'’S LAWS OF ELECTRO-MAGNETIC
INDUCTION

On the basis of experimental observations Faraday
summarised the phenomenon of electromagnetic
induction by giving following laws.

(@) Whenever magnetic flux linked with a closed coil
changes, an induced emf (or induced current) is
set up in the coil.

(b) This induced emf (or induced current) lasts as
long as the change in magnetic flux continues.

(c) The magnitude of induced emf is proportional to
the rate of change of magnetic flux linked with
the circuit. If ¢ is magnetic flux linked with the
circuit at any instant ¢, then induced emf
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a9y
fou (1)
(d) The nature of induced emf (or induced current,
if circuit is closed) is such that it opposes the
change in flux that produces it. This law is also
called Lenz’s Law. So, according to Lenz's Law
“the induced current always produces a mag-
netic field which tends to oppose the change
in magnetic flux that produces the induced
current”.
In view of Lenz's Law, equation (1) takes the
form

_ B

dt
where the ‘negative’ sign indicates the opposing
nature of induced emf

&=

Conventionally, the change in flux is given with one
turn and if the coil contains N turns, then

_ %9
6= th

Now, since we know that ¢ = BAcos8, so we have

§=—%(BAC089)

dB dA d
5——(ACOSB)(EJ—(BCOSB)(EJ—(AB)E(COSB)

where all of B, A and 6 are assumed to be varying
with time.

= &= —A(i—f)cos@—B(i—f)cosBJr(BAsinﬂ)fi—?

Thus, we see that an emf may be induced in the fol-
lowing ways, by varying the

(a) magnitude of B with time (illustrated in Figure)

|
©®B : ®B <B

Inducing emf by changing the magnetic field strength

(b) magnitude of A, ie., the area enclosed by the
loop with time (illustrated in Figure)

®B I, @B

Area A" < A
Area=A

Inducing emf by changing the area of the loop

(c) angle between B and the area vector A with
time (illustrated in Figure)

<
@B ®B

— —

B B

Inducing emf by varying the angle between BandA

LENZ'S LAW: REVISITED

According to Lenz’s Law, the nature of induced emf
(or direction of induced current, if circuit is closed) is
such that it opposes the change in flux that produces
it. So, according to Lenz’s Law “the induced current
always produces a magnetic field which tends to
oppose the change in magnetic flux that produces the
induced current”.

Mathematically, we have

__ 9y
6= dt

where the ‘negative’ sign indicates the opposing
nature of induced emf

Conventionally, the change in flux is given with one
turn and if the coil contains N turns, then

dog
- N2
: dt
As an example, to illustrate how Lenz’s Law may be
applied, consider the situation where a bar magnet is
moving toward a conducting loop with its north pole
down, as shown in Figure.
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(a) A bar magnet moving toward current loop.

(b) Determination of the direction of induced current by
considering the magnetic force between the bar
magnet and the loop.

The direction of the induced current can be deter-
mined from the point of view of magnetic force.
Lenz’s Law states that the induced emf must be in
the direction that opposes the change. Therefore, as
the bar magnet approaches the loop, it experiences
a repulsive force due to the induced emf. Since like
poles repel, the loop must behave as if it were a bar
magnet with its north pole pointing up. Using the
right-hand thumb rule, the direction of the induced
current is counter clockwise, as seen from above.

LENZ'S LAW IN ACCORDANCE WITH LAW
OF CONSERVATION OF ENERGY

Lenz’s Law is based on Law of Conservation of
Energy and it gives the nature of induced emf or
direction of induced current in the coil.

When north pole of a magnet is moved towards
the coil, the induced current flows in a direction so as
to oppose the motion of the magnet towards the coil.
This is only possible when nearer face of the coil acts
as a magnetic north pole which makes an anticlock-
wise current to flow in the coil. Then the repulsion
between two similar poles opposes the motion of the
magnet towards the coil.

—_— ]induced .
g g

(a) ()

lrinduced

Similarly, when the magnet is moved away from the
coil, the direction of induced current is such as to
make the nearer face of the coil as a south pole which
makes a clockwise induced current to flow in the
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coil. Then the attraction between two opposite poles
opposes the motion of the magnet away from the
coil. In either case, therefore work has to be done in
moving the magnet. It is this mechanical work, which
appears as electrical energy in the coil. Hence the
production of induced emf or induced current in the
coil is in accordance with the Law of Conservation of
Energy.

ILLUSTRATION 5

An infinite straight wire carrying a current I, vary-
ing with time # as [(t)=a+Dbt, is placed to the left of
a rectangular loop of wire with width w and length
[, as shown in Figure.

[ S H— W—>

i

——— . ———

Assuming a and b tobe positive constants, calculate
the induced emf in the loop and the direction of the
induced current?

SOLUTION

For calculating the induced emf we must first calcu-
late the flux associated with the loop due to field of
current carrying wire.

The magnetic field due to a current-carrying wire at a
distance r away is

g bl
2rr

The total magnetic flux ¢ through the loop can be
obtained by summing over contributions from all dif-
ferential area elements dA = ldr . So,

05 = [ doy - [ B4

+

5

Il J‘ dr pll (5+w)
= — —:—l —_—
% 2t ) r %e| 7

]

According to Faraday’s Law, the induced emf is

do,  d poll (s+w)]
= o e—— T —— _1 —
° dt dt[ e T
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l dl
= gz_ﬂ_ﬂloge(HTw)

2n E
Given that, [=1(t)=a+bt
a_,
dt

bl s+w
- ¢=-tiog ()

The straight wire carrying a current I produces a
magnetic flux into the page through the rectangular
loop. By Lenz’s Law, the induced current in the loop
must be flowing counterclockwise in order to produce
a magnetic field out of the page to counteract the
increase in inward flux.

ILLUSTRATION 6

A square loop with length | on each side is placed
in a uniform magnetic field pointing into the page.
During a time, interval, At, the loop is pulled from
its two edges and turned into a rhombus, as shown
in Figure.

® B

Conducting loop changing area

Assuming that the total resistance of the loop is R,
find the average induced current in the loop and its
direction.
SOLUTION
Using Faraday’s Law, we have

A AA

)
At At

Since the initial and the final areas of the loop are
A;=I* and A;=I*sinf, respectively (recall that

the area of a parallelogram defined by two vectors I,
and , is A= ﬁl x1, ’ =11 sinB) , the average rate of
change of area is

A A=A P(1-sing)

— - <0
At At At

2 .
- BI*(1-sin®) 50
At

Thus, the average induced current is

I—é— BI?(1-sinf)
R AR

Since (%)<0, the magnetic flux into the page

decreases. Hence, the current flows in the clockwise
direction to compensate the loss of flux.

ILLUSTRATION 7

A conducting loop of resistance R, has its radius var-
ying with time t as r =, +at , where ¢ is a positive
constant. This loop is placed in a region of uniform

magnetic field B} such that its plane is perpendicu-
lar to the direction of magnetic field. Calculate the
induced current flowing through the loop as a func-
tion of time.

SOLUTION

Since ¢ = B.A=BAcos@

= 0= Blmr?)cos0°

=  ¢=Br(n+at)

According to Lenz's Law, we have

__ 499
6= dt

where, % =Br2(ry+at)a

E= —@=—26!;¢B(r[l +at)

dt
The induced current is given by
i ¢l
R
. 20omB(ry +ot)
Z TR

As area increases, flux also increases, so the induced
current tries to decrease the flux by setting up a mag-
netic field opposite to the applied field and hence
induced current in the loop is clockwise when seen
from above.
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ILLUSTRATION 8

A rectangular loop of dimensions / and w moves
with a constant velocity ¢ away from an infinitely
long straight wire carrying a current [ in the plane
of the loop, as shown in Figure. Let the total resist-
ance of the loop be R. What is the current in the
loop at the instant the near side is a distance / from
the wire? Can you derive the same result using

f§=('b(ﬁ><3)-df?

SOLUTION

The magnetic field at a distance x from the straight
wire is
b tul
2rx

The magnetic flux through a differential area element
dA =ldx of the loop is

.= I
dgy = B-dA = 22 14y
2mx
where we have chosen the area vector to point into
the page, so that ¢, >0 . Integrating over the entire
area of the loop, the total flux is

h+w
Og"( I )

Since, this loop is moving away from the wire so the
flux when the lower end is at a distance y from the
wire is

h+w
! j dx ol
e

2r x 2m
h

Uyl y+w
=—1
¢B o Oge{ y )
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Differentiating with respect to f, we obtain the
induced emf as

g Wl d y+w
=——2=_5= 1] g
R Tt

. d y+w y d{y+tw
1 = £

e df{oge( y H y+wdf[ y J
_ Yy wdy ( )
_y+w y2)dt y(y+w)

Since[;—z=vﬂ§ ‘u‘]ﬂ{ ]

-B(y+w)]

Using

= le

where B(y) is field at distance y and B(y+w) is

)-dl =vI[ B(y)

field at distance (y+ w), both from the wire

ol ol
B =—— and B =
So, B(y) 2y and B(y+w) 2y +0)
o =l Mol gl _ Il ow
2my 2n(y+w) 2 y(y+w)

The induced current is
LSl o
R 27R y( y+ w)

ILLUSTRATION 9

A conducting loop ABCA of resistance R islying in
a region of space having magnetic field varying with

time as B = (;+ } +k ) e shown in Figure.

The arc AB is a semicircle in y-z plane, arc BC
is again a semicircle but in x-z plane and AC is a
straight line lying in x-y plane. Calculate the flux
associated with the loop and the induced current in
the loop.



ICON

3.10 JEE Advanced Physics: Magnetic Effects of Current and Electromagnetic Induction

SOLUTION
< mats mats a4t
Area of the loop A=—i+—j+—k
4 4 2
Flux associated with the loop is
¢=B.A
2 2
= ¢= £+‘-+;232f( i ﬂﬁa—ﬁ)
o=(i+j+k) Tt
= ¢=[£+E+1Je'ﬂa2=(£+l)aze'zt
4 4 2 2 2
d¢ 2(75 1) 2t _ 2 -2t
= E=——=21"|Z+=|e" =a"(n+1)e
° dt 2 2

So, induced current is

2 2
f=£=2i(£+l)e‘2’=“_(7r+1)e‘2’
Ry Ry\2 2 R,

ILLUSTRATION 10

A conducting rod of length | moves with velocity @
parallel to a long wire carrying a steady current I.
The axis of the rod is maintained perpendicular to the
wire with the near end a distance r away, as shown
in Figure. Find the magnitude of the emf induced in
the rod.

v

1 1

- [ — | ——p]

SOLUTION

Let us find an expression for the flux through a rec-
tangular area swept out by the bar in time ¢.

ax
X ———— —

________ R

—
—
<
—— S ——

The magnetic field at a distance x from wire is

g Mol
2rx

Since ¢ = deA

e

X

where vt is the distance the bar has moved in time f.
So, we get

dpg _ Holv ( I )
<l dt 2« 08 r

ILLUSTRATION 11

The Figure shows a square loop of wire with sides of
length [=2 cm.

®B

0 i >X

A magnetic field points into the page and its magni-
tude is given by B= atzy where =4 Tm™'s 2, B is
in tesla, t is in second and y is in metre. Determine
the emf induced in the loop at t =25 s.

SOLUTION

Here we note that the field is a simultaneous function
of y and t. Let us first calculate the flux associated
with the loop. For that let us consider a rectangular
strip of length [, thickness dy at a distance y from
the x-axis.

y
A
®B
4 %dy
y
0 7 >X

Then the flux associated with this strip is
d¢ = BdA = Bldy
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= do= atzyldy

I
=NE jdqb = atzl‘[ydy
0

=>¢=2

1 12

dy = —
.[yy 2
0

Now, according to Faraday’s Laws, we have

__d¢
S
al®
= Zj——T(Zf)
= E=-alt
= 1= (4)(8x10)(25)
= [&|=80uv
ILLUSTRATION 12

In a region of space, there exists a uniform magnetic
field B=(Byt)k. A ring with square cross-section
made of a conducting material of conductivity p is
placed such that it lies in the x-y plane. The thickness
of the ring is /i and its inner and outer radii are equal
to @ and b respectively. Neglecting the inductance
of the ring, calculate the current induced in the loop.

SOLUTION

Consider a thin ring of radius r and thickness dr as
shown in Figure.

@ B = (Byfk

© L.

The resistance of this ring is R= %I

_p(27r)
© hdr

The magnitude of induced emf in this ring is
‘§|=d—¢=Ad—B=nrzBoﬂ=
dt  dt dt

R

nr’B,
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The current flowing is

dl':é:ﬂ
R p(27r)
= di—BLhrdr
2p
Bhb
= z=0J‘rdr Cross-section
2p
= z=BLh(b2 2)
4p

ILLUSTRATION 13

In a coil of resistance R, the magnetic flux due to
an external magnetic field varies with time as ¢ =
k(4 - %), where k is a positive constant. Calculate
the total heat produced in the coil till the time flux
becomes zero.

SOLUTION

EMF induced in coil is given as

g=| 2

it
Induced current in coil is given as
. & Dkt

I —_ [
R R
Flux in the coilis zero at f =2 s
S0, heat produced in coil is

=2kt

2

2
H=£[
3

e
R 3R

0

ILLUSTRATION 14

The Figure shows two parallel and co-axial loops.
The smaller loop (radius ) is above the large loop
(radius R) at a distance x> R. The magnetic field
due to current I in the larger loop is nearly constant
near the smaller loop. Suppose that x is increasing at

dx
the constant rate E =7.
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r

=

X

I

(@) Determine the magnetic flux through the smaller
loop as a function of x.

(b) Find the induced emf and the direction of
induced current in the smaller loop at the instant
when separation between them is X.

SOLUTION

(@) Since the magnetic field at the axis of the coil at a
point lying a distance x from the centre is

HoIR?
2AR2+42)"

Due to this field of the bigger loop, the flux asso-
ciated with the smaller loop is

B=

2
IR (p2)
2(R2442)"

Since x >R, so

¢0=BA=

_ prIRY
2x¢°

(b) When x increases at a constant rate, then let its
value at some later time f be X . So, we have

¢

X=x+0t
py R 1
= ¢=BA=
¢ 2x3
dg
= —_—
. dt
o gt 4 () SWIE )
2 dt 2 x* dt
3 uyIR*r*v { ax }
= = — —=
: 2 x* dt 0
_ 3 IR
2 (y+ot)

The direction of the induced current is clockwise
when seen from the bigger loop.

ILLUSTRATION 15

A long straight solenoid of cross-sectional diameter
d and with n turns per unit of its length has a round
turn of copper wire of cross-sectional area A and
density p is tightly put on its winding. Find the cur-
rent flowing in the turn if the current in the solenoid
winding is increased with a constant rate I ampere
per second.

SOLUTION
The magnetic field inside the solenoid is given as
B= uoni
The flux through its cross-section of copper winding
is given as
L d’
¢=BA=(‘UUTII)T
EMF induced in the copper wire is given as

E_d—‘p_ ﬂﬂﬁﬂ
Tl | TR

Current in the copper wire is given as

e pgnmd’l  pondAl
IC = — = =

R 4p(zr_d) 4p

A
ILLUSTRATION 16

Two fixed long straight wires carry the same cur-
rent | in opposite directions as shown in Figure.
A square loop of side b is fixed in the plane of the
wires with its length parallel to one wire at a distance
a as shown in Figure.

— h —

| — T —»

—Q —>

Calculate the induced emf in the loop if the current

in both wires is changing at the rate % What is the

direction of force on the loop if % is positive?
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SOLUTION
(@) Flux associated with the square loop due to
wire 1is
a+h
Wire1=#0—ﬂjj@=#0—mloge(ﬂ)
2 X 2n a

a

Flux associated with the square loop due to

wire 2 is
a+d+b
¢w1r€z ﬂojb J d_x=ﬂ01b10 E(ﬂ+d+b)
o x 2t a+d
a+d
— b —»
!E
2|
Wire 1-- < °f
I
d
Wire 2 - . N

Net flux associated with the square loop is

¢’= ‘pwirel _¢wire2
Uolb (a+b) Lolb (a+d+b)
== - 1
= ¢ 27 08 a 21 08 a+d

= 0=

uUIblo l(a+b)(a+d)]
2r 2| ala+d+b)

do| ub ((a+b)(u+d)) (df)

=l|l——| = — 1 ——ee —

= ¢ ‘ it 2;r{°gf a(ardrn) ) |\ar
(b) Net field through the loop is in the inward (®)

dl
direction. If o is positive, the induced current

in the loop is anticlockwise as I is increasing.
So, loop will be repelled from the wires, because
wires 1 and 2 are close to each other and current
in these two wires are in opposite direction.

ILLUSTRATION 17

A plane spiral wound tightly, having large number
of turns N, is placed in a uniform magnetic field
perpendicular to its plane. The outer radius of the
spiral’s turns is equal to a . The magnetic induction
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varies with time as B = B sin wf , where B, and w are

constants. Calculate the amplitude of emf induced in
the spiral.

SOLUTION

We consider an elemental circular strip of radius
and radial width dr in the spiral as shown in Figure.

If AN be the number of turns in this infinitesimal
spiral strip, then

dN = N dr
a
The emf induced across this elemental strip is

iz-| 0] dB

dN
dt raN) dt

= dé=nr’ dN);(Bosino)t)
= dé=nr"(dN)B,wcos(wt)

= dé= ( dr)xrBOa)cos(a)t)

= ¢= d§ J( dr)zrrzBOwcos(a)t)
’ 0

= ¢= .d§=wjrzdrf
o a !

= ¢&= ;NnB a“wcos(wt) =& cos ot

Hence the amplitude of induced emf in the spiral is

1
& = gzrf\razBocu
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Please understand that, the statement says that the
coil is placed in uniform field and at the same time
the problem says that the field is varying with time as
B=B,sinwt. This creates a lot of confusion amongst
the students. Please don't get confused and let me
take the privilege to explain this thing to you.
Actually, according to the problem the field is con-
stant in space but varying with time.

We should understand that for a conducting loop
placed in a field, the emf is induced in the loop when
the field is time varying (space variation i.e. uniform or
non-uniform in space doesn't matter) and emf will not
be induced in the loop if it is placed in constant time
independent field (uniform or non-uniform in space
doesn't matter).

ILLUSTRATION 18

A square loop ABCD of side a is moving in the xy-
plane with velocity o= f3tf .

® ® ® ®_®

B
y ® ® ® ® ®
® ® ® @ ©
. ®A® ® ®B®
y=0

z
R

D MW C

A non-uniform magnetic field B=-B, (1+o¢y2 )12
exists in the space >0, where By, and & are con-
stants. Initially, the upper wire of the loop is at y = 0.
Find the induced voltage across the resistance R as
a function of time. Neglect the magnetic force due to
the induced current.

SOLUTION
Consider an infinitesimal strip shown in Figure.
A B

ar
Ir

]
Flux associated with the strip is
do=B(ldr) =B, (1+ar?)1dr
Total flux in the loop is
y
o= '[Bo (1+0r? ) 1dr
0
3
= 0= BUI( y+ ai)
3
Induced emf is given by
2
e nlb_ _Bol(Hm]d_y
dt 3 )dt
2\dy
= E=-Bi(l+ay )E (1)
Given, v=f3t
dy
L _ Bt
= P
Y t
= de = J.ﬁt dt
0 0
_pe
= y=5
2,4
=~ E= -Bﬂl(u aﬁ; )ﬁt
2,5
= E= —Bﬂzﬁ[n “ﬁ; ]
CHARGE INDUCED IN THE CIRCUIT
. dg
S =-N—
ince & "
If R is resistance of circuit, then current induced is
_5__Ndo
"R Rt
The charge induced in time dt is given by
dg=1Idt = —ﬁd—(pdt = —ﬁdrp
R dt R

q N¢*z
= q='l.dq=—§‘[drp
0 o
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ae
N
= li=(T )
_ Net Change in flux
~ Resistance

So, we observe that the charge induced is independ-
ent of time.

ILLUSTRATION 19

A square loop of side L, resistance R, lies at a dis-
tance L from the wire carrying a current I(t) which
decreases gradually with time ¢ as

(1-at)l, for 0<t<

I(t)= . *
0 for t>—
o

(@) Inwhat direction does the induced current in the
square loop flow?

(b) What total charge passes through a given point
in the loop during the time this current flow?

je— [ —>]

f— — —

- — >

1)

SOLUTION

(a) Since we observe that I decreases with t, hence
B also decreases with time. So, the induced cur-
rent must be set up in the sense which does not
allow B to decrease (i.e. the induced current
must give an outward pointing field), so I 4uceq
must be in the counter clockwise direction.
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(b) Consider an infinitesimal strip shown in Figure.

%

Flux associated with the strip is

_KIL
2r x

do

Please note here that ¢ depends on I whichisa
function of f (but not x).

Since, I; =1,

HoloL
= log, (2
on 08 (2)

= 9

= ¢f =0
HplyL
2n

Since, the charge flown through the circuit is
given by

= |Ag|= log, (2)

1
Agl=—|A
|Aq ad

9] _ syl
R 2nR

= Ag= log, (2)
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0‘7 Test Your Concepts-|

1. In Figure, the bar magnet is being moved towards
the loop. Will V, -V, be positive, negative, or

zero? Explain

2. A current carrying straight wire passes through a
triangular coil as shown in Figure. The current in
the wire is perpendicular to paper inwards. Find
the direction of the induced current in the loop if
current in the wire is increased.

A

3. A circular loop is placed near a current carrying
conductor as shown. Find the direction of induced
current if the current in the wire is decreasing.

Motlon towards
the loop

1l
O (decreasing)

4. A metal ring is placed near a solenoid, as shown in
Figure. Find the direction of the induced current in
the ring

Based on Magnetic Flux, Faraday’s Laws and Induced EMF

(Solutions on page H.127)
(a) atthe instant the switch in the circuit contain-
ing the solenoid is thrown closed.
(b) after the switch has been closed for several
seconds, and
(c) atthe instant the switch is just opened.

. Aflat coil is oriented with the plane of its area at
right angles to a uniform magnetic field. The mag-
nitude of this field varies with time according to the
graph in Figure. Draw a graph of the emfinduced in
the coil as a function of time. Please do not forget
to plot and identify the times t,, t, and t; on your
graph.

B

:
I
I
t

>t

2 I

. Two bulbs are connected to opposite sides of a cir-
cular loop of wire, as shown in Figure. A changing
magnetic field (confined to the smaller circular area
shown in the Figure) induces an emf in the loop that
causes the two bulbs to light. Now, when the switch
is closed, the resistance-free wires connected to the
switch short out bulb 2 and it goes off. What will
happen, if the switch remain connected at points a
and b, but the switch and the wires are lifted up and
moved to the other side of the field, as in Figure.
The wire is still connected to bulb 2 as it was before,
so does it continue to stay dark?

Switch Bulb 2
/

Bulb 2

Bulb 1

Bulb 1 Switch

Figure (a) Figure (b)
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7. A coil is stationary in a region of uniform, exter-
nal, time varying magnetic field. The emf induced
in this coil as a function of time is shown in Figure.
Sketch a clear qualitative graph of the external
magnetic field as a function of time, given that it
started from zero. Include the points t,, t,, t; and t,
on your graph.

ol ¢ t t t

8. A particle having mass 2x107'"° kg and charge
30 nC starts from rest, is accelerated by a strong
electric field, and is fired from a small source inside
a region of uniform constant magnetic field 0.6 T.
The velocity of the particle is perpendicular to the
field. The circular orbit of the particle encloses a
magnetic flux of 15 uWb.

(a) Calculate the speed of the particle.
(b) Calculate the potential difference through
which the particle accelerated inside the source.
9. Three identical closed coils A, B and C are placed
with their planes parallel to one another. Coils A
and C carry equal currents as shown in Figure.
Coils B and C are fixed in position and coil A is
moved towards B with uniform motion. Is there
any induced current in B? If no, give reasons. If yes,
mark the direction of the induced current in the

diagram.
B C
10. A circular loop of wire of radius r is in a uniform
magnetic field, with the plane of the loop perpen-
dicular to the direction of the field. The magnetic

field varies with time according to B(t)=a+bt,
where a and b are constants.

/N B

A

v

Y

A4

11.

12.

13.

14.

15.

16.

17.
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(a) Calculate the magnetic flux through the loop
att=0.
(b) Calculate the emf induced in the loop.
() If the resistance per unit length of the loop is
A, what is the induced current?
(d) At what rate is energy being delivered to the
resistance of the loop?
A closed coil consists of 500 turns on a rectangular
frame of area 4 cm” and has a resistance of 50 Q.
The coil is kept with its plane perpendicular to a
uniform magnetic field of 0.2 Wbm™. Calculate
the amount of charge flowing through the coil if it
is rotated through 180°.
Awire in the form of a circular loop of radius 10 cm
lies in a plane normal to a magnetic field of 100 T.
If this wire is pulled to take a square shape in the
same plane in 0.1 s, find the average induced emf
in the loop.
In a region of space, a non-uniform magnetic field
B= (BO y’ )f is present. The field is restricted to
positive y-z plane only. A rectangular loop of sides
a and 2a is placed in y-z plane with one vertex at
origin, smaller side along y-axis and longer side
along z-axis. The loop starts moving along +y-axis
with a uniform speed v. Find the induced emf as a
function of time.
A circular coil of radius 4 cm, 30 turns and resis-
tance 1 Qs placed in a magnetic field directed per-
pendicular to the plane of the coil. The magnitude
of the magnetic field varies with time according to
the expression B=(0.01)t + (0.04)t?, where tis in
seconds and B is in tesla. Calculate the emf induced
in the coilatt=5s.
A coil consists of 200 turns of wire. Each turn is a
square of side 18 cm, and a uniform magnetic field
directed perpendicular to the plane of the coil is
turned on. If the field changes linearly from 0 to 0.5
Tin 0.8 s, what is the magnitude of the induced emf
in the coil while the field is changing?
A loop of wire enclosing an area A is placed in a
region where the magnetic field is perpendicular to
the plane of the loop. The magnitude of B varies in
time according to the expression B=B,e ™, where
B, and a are constants. Find the induced emfin the
loop as a function of time.
A piece of insulated wire is shaped into a digit 8, as
shown in Figure. The radius of the upper circle is
5 cm and that of the lower circle is 9 cm. The wire
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18.

19.

20.

has a uniform resistance per unit length of 3 Qm™".
A uniform magnetic field is applied perpendicu-
lar to the plane of the two circles, in the direction
shown. The magnetic field is increasing at a con-
stant rate of 2 Ts™". Find the magnitude and direc-

tion of the induced current in the wire.
R R 8 Q8

A long solenoid having 400 turns per metre car-
rying a current given by 1=(30A)(1-¢").
Inside the solenoid and coaxial with it is a coil that
has a radius of 6 cm and consists of a total of N =
250 turns of fine wire as shown. Calculate the emf
induced in the coil by the changing current?

n turns/m

\\\\\\

-==
In order to impart an angular velocity to an earth
satellite the geomagnetic field can be used. Find
the maximum possible angular velocity about its
own axis gained by the satellite if a storage bat-
tery with a capacity of Q=>5Ahr is discharged
suddenly through a coil of N = 20 turns wound
around the satellite’s surface along the circumfer-
ence of the largest circle. The satellite has a mass
of m=1000 kg and is assumed to be a thin walled
sphere. The geomagnetic field is parallel to the
winding plane and its flux density is B=05G.
(1 gauss =107 tesla).

A square frame with side a and a long straight wire
carrying a current | are located in the same plane
as shown in Figure. The frame translates to the right
with a constant velocity v. Find the emf induced in
the frame as a function of distance x.

21.

22,

23.

A plane loop shown in Figure is shaped as two
squares with sides a = 20 cm and b = 10 cm and
is introduced into a uniform magnetic field at right
angles to the loop’s plane. The magnetic induc-
tion varies with time as B=B,sin(amt),

B,=10mT and @=100s". Find the amplitude
of the current induced in the loop if its resistance

where

per unit length is 1=50 mQm™". The inductance
of the loop is to be neglected.

In Figure, a uniform magnetic field decreases at a
B . .
constant rate E =—K, where K is a positive con-

stant. A circular loop of wire of radius a containing
a resistance R and a capacitance C is placed with its
plane normal to the field.

Bin
® @ @ 6
R B\
R C
B\N® @/
® & ©® &

(a) Find the charge Q on the capacitor when it is
fully charged.

(b) Which plate is at the higher potential?

(c) Discuss the force that causes the separation of
charges.

In the circuit a capacitor having capacitance

C =20 pF initially charged to 100 V with the polar-

ity is shown. The resistor R, has resistance 10 Q.
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At time t = 0 the switch is closed. The small circuit
is not connected in any way to the large one. The
wire of the small circuit has a resistance of 1Qm"™’
and contains 25 loops. The large circuit is a rect-
angle 2 m by 4 m, while the small one has dimen-
sions a =10 cm and b = 20 cm. The distance c is
5 cm. Both circuits are held stationary. Assume that
only the wire nearest the small circuit produces an
appreciable magnetic field through it.

HO§ c =2

—C

s
S

(a) Find the current in the large circuit 200 ps
after S is closed.
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(b) Find the current in the small circuit 200 ps
after Sis closed.

(c) Find the direction of the current in the small
circuit.

(d) Justify why we can ignore the magnetic field
from all the wires of the large circuit except for
the wire closest to the small circuit.

24. A uniform field of induction B is changing in mag-

. daB ,
nitude at a constant rate T You are given a mass

m of copper which is to be drawn into a wire of
radius a and formed into a circular loop of radius r.
Show that the induced current in the loop does not
depend on the size of the wire or of the loop and is

given by = (%)j—f where ¢is the conductiv-
m

ity and d the density of copper. Assume B perpen-
dicular to loop.

J

INDUCED EMF IN CONDUCTING ROD
MOVING THROUGH A UNIFORM
MAGNETIC FIELD: MOTIONAL EMF

Let a thin conducting rod PQ of length | move in a
uniform magnetic field B directed perpendicular to
plane of paper, inwards. Let the velocity v of rod be
in the plane of paper towards right.

®© 8,8 © ©
®T® s © ®
/ E;£>V ®
l 6

®®®®®

Using Fleming's Left Hand Rule, we see that a posi-
tive charge (¢) in the rod suffers magnetic force quB
directed from Q to P along the rod while an electron
will experience a force evB directed from P to Q
along the length of the rod. Due to this force the free
electrons of rod move from P to Q, thus making end
Q negative and end P positive as shown.

B® ] P Vo>V,
I
= é:BW

—V =

.

This causes a potential difference along the ends of
rod. This potential difference developed is called
induced emf ¢ . If E is electric field developed in the
rod, then

E=¢

[
For equilibrium of charges, we must have
Electrical force = Magnetic force
= ¢eE=evB
= E=uB
So, Induced emf & =El=Blv

If the rod moves in the magnetic field as shown in
Figure, then the induced emf is given by
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Pl Vo>V,

I
v, =vcosf

v = &=Biv =Blvcost

v, =vsing

&=Blv, =Blvcosh

where v, is component of velocity perpendicular to
the length of the rod. So, we have

Vp =V =&=BulcosO

Please note that the equivalent replacement of
motional emf by a battery is shown the above figures.

Do not confuse that for the direction of induced
current shown, we have V), < VQ (as we start think-

ing that induced current will go from higher potential
to lower potential). Of course, this is true but for the
external circuit (excluding battery). So, note that for
the rod in motion (acting as the source of emf), the
induced conventional current is going from lower
potential to higher potential (inside the source).

Just think this way that in the external circuit
current goes from positive terminal to the negative
terminal and inside the battery it goes from negative
terminal to positive terminal.

(a) If 7 is a vector directed along the direction of
induced current, then a general notation for
induced emf ¢ is

§=§-(Z’xﬁ)=(\7x§)-@
So, for emf or induce_c] current to exist we must
make sure that B, ¢ and Vv must never be
coplanar.

(b) In general, the motional emf around a closed con-
ducting loop can also be written as

5=(j)(0’x§)-d??=(ﬁ§-(d?xﬁ)

Fleming’s Right Hand Rule

The direction of induced current is given by Fleming's
Right Hand Rule according to which, “Stretch the First
Finger, Middle Finger and the Thumb of Right Hand in

such a way that all three are mutually perpendicular to
each other. First Finger points in the direction of field.
Thumb points in the direction of motion of conductor,
then Middle Finger points along the direction of Induced
Conventional Current”.

Motion of
Conductor

Field T

"4

Induced
Current

MOTIONAL EMF REPRESENTED AS
AN EQUIVALENT BATTERY

When a conductor moves in a magnetic field, it can
be considered like an equivalent battery or a source
of potential difference with internal resistance equal
to the resistance of the conductor. This conductor
can act as a current source and supply current to the
circuit. Consider a conductor of length I, resistance
r moving with a velocity v in a uniform magnetic
field B.Since B, I and v are perpendicular to each
other, so this conductor can be replaced by an equiva-
lent battery of emf Blv and internal resistance r as
shown in Figure.

Q Q
B® B®
‘T‘ﬁpoz Bty
3 v = l
r
P P

To understand the above situation better, let us con-
sider two conductors PQ and RS having resistances
r, and r, respectively, to be sliding on three conduct-
ing guide rails connected to resistances R;, R, and
R, as shown in Figure.
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Applying Fleming’s Right Hand Rule, we see that the
induced current in the conductor PQ is from P to
Q, whereas the induced current in the conductor RS
is from S to R. So, the battery equivalents and the
equivalent circuit for the arrangement of conductors
is shown in Figure.

P
1
Biyv,
R
I 1
Rs3 QR
[?
2 R,
/
Blyyv, T
S

ILLUSTRATION 20

A straight segment of a rod is moving with velocity

(; —2}+J€) ms™" and magpnetic field in the region is
(45’ + 2} - k) T . Calculate the emf induced across the
ends of the rod when at an instant the end points are
located between (1,1,1) m and (3,3,3) m.
SOLUTION
Since emf induced is

B, B, B,

£=B.(Txv)=|1, 1, 1,

where, I =1, -1,
In the given case, we have

B=(4i+2j-k) T

[=1,-1 =(2i+2j+2k) m

4 2 -1
= ¢&=B.(Ix5)=2 2 2
1 -2 1

= £=4(2+44)-2(2-2)-1(-4-2)=30V

ILLUSTRATION 21

A conductor OA of length [ is placed along the
y-axis with one end at origin as shown in Figure.
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— X

o]

In this region, a non-uniform magnetic field exists
along z direction whose magnitude depends on the

2

y coordinate as B =B, [1+ };—2) T. If the conductor

OA starts translating with a velocity 7 = vof , find the
EMF induced across the ends of the conductor.

SOLUTION

Let us consider an element of width dy at a distance
y from the origin as shown in Figure.

y
A -
®B
A
Y
d
y+V0
il x
0]

The motional emf induced across the element dy is

2
d& = Byydy = BUUU(H%J@

! 2

= &y =J‘d§=J.BOUO (1+%)dy
0

I

l
=By, | [+—=
; ”U"( 3)

3
= & =BOUU(3/+§?]

4
= o= EBOUOI

ILLUSTRATION 22

A wire bent as a parabola y=kx’ is located in a

uniform magnetic field of induction B, the vector
B being perpendicular to the plane x, y. At the
moment t=0 a connector starts sliding translation
wise from the parabola apex with a constant accelera-
tion a thus formed as a function of y .
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4]

SOLUTION

Let the connector be displaced through dy as shown
in Figure.

|
| o ]

The flux associated with the closed loop is then
given by

d¢=BdA =B(2x)dy

= J=2 =0 Y]

it
y dy)
=2B.|Z| £
= [¢ k(dt

= |¢=2Bv % {'.'Z‘sz)z@}

S

8a
= |§|=By\/;

INDUCED EMF IN A LOOP BY
CHANGING ITS AREA

(@) Consider a straight conductor CD moving with
velocity v towards right on a U -shaped con-
ducting guide placed in a uniform magnetic field
B directed into the page as shown in Figure.

ee
B®
G C G c
&' ‘I
Rg [ —>v = ch — &=Blv
F D F D

As the conductor moves, the area of the loop
CDFG increases, causing a change in flux and
hence an emf is induced in the coil. Let the loop
move through dx in a time df. Since

_B_d

¢ 7 dt(BA) (in magnitude)
dA dx
=B—=BI| — v A=ld
= By [df) { 2
= &=Blv

If R is the resistance of the loop then the induced
current is [ = B?ZU . The direction of induced cur-

rent is given by Fleming’s Right Hand Rule and
it will flow anticlockwise.

If instead of resistor a capacitor is used, then charge Q
on the capacitor will be given by

Q=C&,where £=Blv

d

= ’=d—Q=i(B£CV)=(B€C)(—V)
dt dt dt

i.e., for the current to be induced in the circuit, the

conductor must move with some acceleration,

not with constant velocity.

(b) Consider the situation shown in the Figure in
which let the current flows clockwise.

Fa
@ ®P® ® |® S
® |l ® ®
@ Fled{ ® ® @ | =
® |l ® ®
8 ®0® © |8 R
F3
PQ=SR=1¢
PS=QR=8
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Further, the current in the loop will cause forces
F, F, and F; to act on the three arms PQ, PS

and QR respectively. F, and F;, being equal and
opposite, will cancel out, F, is given by

&
R

The power required to pull the loop is

B2I%v

F,=Bll=

212 2
P=F]U=BIU

The rate at which Joule’s heat is produced in the
loop is

. IZR ~ 821202

which is same as P, as expected, according to the
Law of Conservation of Energy.

ILLUSTRATION 23

Arectangular metallic loop of length [, width w and
resistance R moves with constant speed v to the
right, as in Figure.

f—— 3w ——>
® & @ ® ©

v

8 8 ® 8 8
loleieie ®:

___ | I
e @ ® ® ®

-
¥ ® ® ®@ &
0 X

The loop passes through a uniform magnetic field B
directed into the page and extending a distance 3w
along the x-axis. Defining x as the position of the
right side of the loop along the x-axis, plot as func-
tions of x

(a) the magnetic flux through the area enclosed by
the loop,

(b) the induced motional emf, and

(c) the external applied force necessary to counter
the magnetic force and keep v constant.

SOLUTION

(@) The flux through the area enclosed by the loop as
a function of x is shown in Figure.

(b)

(c)
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Before the loop enters the field, the flux is zero.
As the loop enters the field, the flux increases lin-
early with position until the left edge of the loop
is just inside the field and is given by the function
¢ =BI(vt). Finally, the flux through the loop
decreases linearly to zero as the loop leaves the
field and is given by the function ¢ =Bl(w-vt).

Before the loop enters the field, no motional emf
is induced in it because no field is present. As the
right side of the loop enters the field, the mag-
netic flux directed into the page increases. Hence,
according to Lenz’s Law, the induced current is
counterclockwise because it must produce its
own magnetic field directed out of the page.

9y

The motional emf £=-—==-Blv arises from

the magnetic force experienced by charges in the
right side of the loop. When the loop is entirely
in the field, the change in magnetic flux is zero,
and hence the motional emf vanishes. This hap-
pens because, once the left side of the loop enters
the field, the motional emf induced in it cancels
the motional emf present in the right side of the
loop. As the right side of the loop leaves the field,
the flux begins to decrease, a clockwise current

oy _

is induced, and the induced emf is Z’::E Bly.

As soon as the left side leaves the field, the emf
decreases back to zero.

I I
A T S i i ——
Blv |-+ --t
I I
I I
— - X
I I
I I
I I
L - I |
I I

The external force that must be applied to the
loop to maintain this motion is plotted in Figure.

-Biv
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FX

.

0 w 3w 4w

82 f?

Before the loop enters the field, no magnetic
force acts on it; hence, the applied force must
be zero if v is constant. When the right side of
the loop enters the field, the applied force neces-
sary to maintain constant speed must be equal in
magnitude and opposite in direction to the mag-
netic force exerted on that side. When the loop
is entirely in the field, the flux through the loop
is not changing with time. Hence, the net emf
induced in the loop is zero, and the current also
is zero. Therefore, no external force is needed to
maintain the motion. Finally, as the right side
leaves the field, the applied force must be equal
in magnitude and opposite in direction to the
magnetic force acing on the left side of the loop.
From this we conclude that power is supplied
only when the loop is either entering or leav-
ing the field. Also, we observe that the motional
emf induced in the loop can be zero even when
there is motion through the field. A motional emf
is induced only when the magnetic flux through
the loop changes with time.

ILLUSTRATION 24

A conducting rod of length [ is free to side on two
parallel conducting bars as in Figure.

® _® 8|l &
B
1@ ® ®J|® @
Sliding Rod

In addition, two resistors R; and R, are connected

across the ends of the bars. There is a uniform mag-
netic field pointing into the page. Suppose an exter-
nal agent pulls the bar to the left at a constant speed
v . Find the

(@) current through both resistors.

(b) total power delivered to the resistors.

(c) applied force required to maintain a constant
velocity of the rod.

[ ]
SOLUTION
(@) The emfinduced between the ends of the moving
rod is
gy
=—==-Blv
° dt
The currents through the resistors are
18] gy
Rl R,

Since the flux into the page for the left loop is
decreasing, I; flows clockwise to produce a mag-
netic field pointing into the page. On the other
hand, the flux into the page for the right loop is
increasing. To compensate the change, according
to Lenz's Law, I, must flow counterclockwise
to produce a magnetic field pointing out of the
page.

(b) The total power dissipated in the two resistors is

1
Pe=L|&+ L& = (I, +1,)|¢ 52(—+_]
R S
PR=lezvz[l+l]
Rl RZ

() The total current flowing through the rod is
I =1, +1,. Thus, the magnetic force acting on the

rod is
11
F, =Bl =|¢]=E8| —+—
v=B=18=2( v |
F, = B**? 1,1
Rl R2

and the direction is to the right. Thus, an exter-
nal agent must apply an equal but opposite force

E. =-F; to the left in order to maintain a con-
stant speed.

Alternatively, we note that since the power dis-
sipated in the resistors must be equal to P,,

the mechanical power supplied by the external
agent. The same result is obtained since

P, =E

ext 7 “ext U F xtU

ILLUSTRATION 25

Two long parallel conducting horizontal rails are con-
nected by a conducting wire at one end. A uniform
magnetic field B directed vertically downwards
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exists in the region of space. A light uniform ring of
diameter d (which is practically equal to separation
between the rails), resistance per unit length 4, is
placed over the rails as shown in Figure.

)
B
® d

4

_bF

Calculate force required to pull the ring with uniform
velocity.

SOLUTION

When the ring moves to the right, then due to its
motion the emf induced in each of the two semicir-
cles is

§=Bul, =Bud (1)

Due to the rightward motion of the ring, the inward
flux associated with the rails increases, due to which
an induced counter-clockwise current flows in the
ring. These two semi-circular rings behave like two
identical sources in parallel, each of emf &= Bod hav-
ing internal resistance r given by

r= ( md ) A
2
The equivalent resistance of parallel combination of

. o r
these two semi-circular rings is r,, = 7 Sowe have

P niAd
42 4

Since the rails have negligible resistance, hence the

equivalent resistance of the circuit is

O
2 4
The induced current in circuit is
_&_ Bul__4bo
"R ( md ) T
4
Current through each semi-circular ring is
s 20
2 7k

Force required to maintain the constant velocity of
ring is equal to the opposing magnetic force experi-
enced by the two semi-circular parts of the ring. So,
we have
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E, =2(Bi'd)= 23(%)01:31'.:1

4B%vd
@l

ILLUSTRATION 26

Two parallel vertical metallic rails AB and CD are
separated by 1 m. They are connected at two ends by
resistances R, and R, as shown in Figure.

R,

L W—
B D

A horizontal metallic bar of mass 0.2 kg slides with-
out friction vertically down the rails under the action
of gravity. There is a uniform horizontal magnetic
field of 0.65T perpendicular to the plane of the
rails. It is observed that when the terminal velocity
is attained, the powers dissipated in R; and R, are
076 W and 1.2 W respectively. Find the terminal
velocity of the bar L and the values of R; and R, .

SOLUTION

Let us assume the magnetic field to be perpendicu-
lar to the plane of rails and inwards ®. If v be the
terminal velocity of the rails, then potential differ-
ence across E and F would be BLv with E atlower
potential and F at higher potential. The equivalent
circuit is shown in Figure (2).

®B
R, R
A AMM C —MWW——
Iy _ A
1 I E= Bfl_v
E l F = E > ! I F
F Y Y
B AW D AW
RE Rz I
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I = R% (1)

I, = Riz ..(2)
Power dissipated in R; is 0.76 W
= &L=076W .-(3)
Similarly, {I, =1.2 W ..(4)
Now the total current in bar EF is

I=1+I, (from E to F) ...(5)

Under equilibrium condition i.e., when the terminal
velocity is attained, magnetic force (F, ) on bar EF
balances the weight (F, ) of bar EF.

AAAA

FI'I'I
E : F
I
f, |
AW
= Pm=Fg
= BIL=mg ...(6)
_mg _(02)(98) \ .o
B~ (1)(06)

Multiplying equation (5) by &, we get
&=L +¢,=(076+12) W
{from equation 3 and 4}

= E=196W
196y 196y gy
I 3.27
Further since &= BLv
& (06) 1 1

“BL e ™ Tims

Hence, terminal velocity of bar is 1 ms ™
Power in R; is 0.76 W

2
= 076= C"t—
R,
2 2
lzg_:m Q=047 O
076 076
2 2
Similarly, R, = [ = (06) Q=03Q

1.2

ILLUSTRATION 27

Aninfinitesimally small bar magnet of dipole moment
M is pointing and moving with the speed v in the

X-direction . A small closed circular conducting loop
of radius a and negligible self-inductance lies in
the y-z plane with its centre at x=0, and its axis
coinciding with the x-axis. Find the force opposing
the motion of the magnet, if the resistance of the loop
is R . Assume that the distance x of the magnet from
the centre of the loop is much greater than a .

SOLUTION
2 2
Since B = Hola 5= ‘u”(I(M )33_2
2(512 +x2) ZTC(QZ +x2)
p=to_ M [ M=1(za?)]
2T (2 4 42)

Itis given that x> a
Magnetic field at the centre of the coil due to the bar
magnet is, then

=t M
27?3(3

z k
ER— x :
[—X

Due to this, magnetic flux linked with the coil is

Ma
_&M(Mz)=‘uo2x3a

Induced emf in the coil, due to motion of the magnet

is,
e d0_ [ mMa E(L]_#Dwz(i]d_x
dt 2 Jdt\ 43 2 Ut )dt

(of coil) v (due to magnet)
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Therefore, induced current in the coil is given by
2
(283 M
R 2 Ry!
Magnetic moment of the coil due to this induced cur-
rent is

2
M= A =SB ME ()
2 Ryt

M =§,u07rMa4v
2 Ryt

Potential energy of M’ in B is given by
U=-M'"B=-M'Bcos180°

4
- u=mp=2 Mol M
2 Ryt \214?

_3pMiato 1

u

4 R x
Since F = _d_LI
dx
_ F=_d£_§y§M2a4v

dc 4 R
Positive sign of F implies that there will be a repul-
sion between the magnet and the coil.

U, 6MM’
Here we cannot apply F=—=
pply PP

directly, because

M’ is a function of x and this equation can only be
applied at places where M and M’ both are constants.

ILLUSTRATION 28

A rectangular loop with a sliding conductor of mass
m, length [ is located in a uniform magnetic field
perpendicular to the plane of loop. The magnetic
induction perpendicular to the plane of loop is
equal to B. The part ad and bc has electric resist-
ance R; and R, respectively. The conductor starts
moving with constant acceleration a, at time f=0.
Neglecting the self-inductance of the loop and resist-
ance of conductor. Find
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(a) the current through the conductor during its
motion.

(b) the polarity of abcd terminal.

(c) external force required to move the conductor
with the given acceleration.

a T b ®B
d c
SOLUTION
Bl
@ 1=5-50
R R
where =gyt and R= RiRy
R, +R,
Blayt(R, + R
= I:—ao( 1 2) (1)

RiR,

(b) Flux linked with the left loop is increasing, so the
induced current must set up a field that does not
allow the flux to increase i.e., an inward field is
set up, so the induced current goes from d to a.
Hence 2 has negative polarity.

Similarly, flux linked with the right loop is
decreasing, so the induced current must be
in clockwise sense so that outward flux does
not decrease. Hence b is also having negative

polarity.
(c) According to Newton's Second Law,
F —F3=mﬂ0 ...(2)

ext

—*3q

FB=BI'£9

> Fext

where Fj is the magnetic force acting on the con-
ductor due to the induced current I. So,
1Ry

Blagt(R, + R
FB=BH=B[M]I
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Using equation (2), we get

E.. = F; +ma,
B*%a t(R, +R
= ext — aﬂ( L 2)+ma0
RIRZ
B**(R, +R, )t
= E, =g, m+(+2)
R1R2

ILLUSTRATION 29

A bar of mass m, length | and resistance R slides
without friction in a horizontal plane, moving on par-
allel rails as shown in Figure. A battery that maintains
a constant emf E is connected between the rails, and
a constant magnetic field B is directed perpendicu-
larly to the plane of the page. Assuming the bar starts
from rest, find the velocity of the rod as a function of
time. Also find the current in the loop.

B
® ® ® ®b
®l® ® ® VT
E, — [
®T®®® l
® ® ©® ©a

SOLUTION

(@) Letattime t velocity of rod be v (towards right)
and current in the circuit is I (from b to a).
The magnetic force on it is BIl (towards right).
Writing the equation of motion of the rod, we get

m(d—v]=BH=B(EO_BIU)I
it R

v t

[
E,Bl B

0——————=0 0
mR  mR
B2
E -—t
= U=—0(1—€ mR )
Bl

B
——t
— E+E’md _ EO -Blv _ EO _Eo(l—e mR )
= R — - _ =
Bzfz]
— |

= J= —06_( mR
R

b) I

ILLUSTRATION 30

Two metal bars are fixed vertically and are connected
on the top by a capacitor C. Asliding conductor length
slides with its ends in contact with the bars. The
arrangement is placed in a uniform horizontal mag-
netic field directed normal to the plane of the Figure.
The conductor is released from rest. Find the displace-
ment x(t) of the conductor as a function of time t.

® ® ®c® ® ®

@ |1®@ ® ® ®| &

SOLUTION

The motion of the conductor in the magnetic field
induces an emf in it. As a result of this, an induced
current, say I, flows through the conductor. This
induced current will be responsible for the magnetic
force BIl which opposes the motion of conductor. At
any instant, if v is the velocity of the conductor, then
the net downward force F acting on the conductor is

F=mg-BIl (1)
The charge Q on the capacitor is given by
Q=CE=C(Blv) = (BIC)v

dQ (dv)
So, t [ =—=BIC| — (2
0, we ge m " 2)

From (1), we get

o) (8]

dv 2.2 (d'())
= me-Bic| =
= m(dt) mg C ”

_dv_ mg

g=—= = constant
dt  m+BY*C

So, we have x(t)=ut+%at2=(0)t+%at2 {~ u=0}

1 mg
_ m=_(7}2
e BARC
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ILLUSTRATION 31

Find the current through section PQ of length a in
Figure. The circuit is located in a time varying mag-
netic field B = Byt . Assume the resistance per length

of the wireis 4.

2a Q a

SOLUTION

First of all, we must understand how to get the cur-
rent direction in the left loop PRSQP and the right
loop PTUQP. Since B is increasing with t, so the
induced current in both the loops must not allow B
to increase, as a result of which the branches must
have induced current which opposes the increase in
the value of B inwards. So, an outward B must be
set up due to currents in both the loops. The direc-
tions taken satisfy the argument supplied. Now,
applying Kirchhoff’s Loop Law for loops PRSQP
and PTUQP , we get

E,-(54a)1, ~(Aa) I =0 ()
= Ez_(sﬂ«a)lz +(AQ)IPQ=D ...(2)
B,

where E; = (Ajegtjoop )E =(24?)B,,

dB
EZ = (Aright loop )E = azBD

2a P a
a B a a =
2a Q a

R A2a) I, pla LT

S A(2a) Q Aa u
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So, equations (1) and (2) are rewritten as
2a’B, - (5Aa); - (Aa)(I; -1,)=0
= 24°B,-(6Aa)];+(Aa)I, =0 ..(3)
a*By - (32a)I, +(Aa)(L, -1,)=0
= a*By+(Aa)];-(44a)], =0 ..(4)
6(4)+(3), gives
84”B, —(23Aa)I, =0
I, = %
23
Similarly, doing 4(3)+(4), we get
9a*By —(234a); =0

_ 9aB,
' 31
aB

ILLUSTRATION 32

A copper connector of mass m slides down two
smooth copper bars, set at an angle o to the hori-
zontal, due to gravity. At the top the bars are inter-
connected through a capacitor C. The separation
between the bars is equal to [ . The system is located
in a uniform magnetic field of induction B, perpen-
dicular to the plane in which the connector slides. The
resistances of the bars, the connector and the sliding
contacts, as well as the self-inductance of the loop, are
assumed to be negligible. Find the acceleration of the
connector.

m\

S S,
~ ~
A AN

Applying Newton’s Second Law to the connector, we
get

SOLUTION

mgsino —Bll = ma (D)
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The emf induced across the connector is &= Blv
Potential difference across the capacitor plates is

_h
g_c

=  4=C{=C(Blv)

The induced current in the circuit is then given by

dg (dv)
=—=BIC (2
dt dt @

Substituting (2) in (1), we get
mg sin ot — B(BICZ )l—ma

= mgsina=(m+BZI2C)a

mgsin o
m+BA*C

ILLUSTRATION 33

In the arrangement shown in the Figure there is a uni-
form magnetic field B, normal to the plane of paper.
The connector is smooth and conducting and it has
a mass m and length /. The connector is pushed
against the spring so that the spring has compression
x;. The connector is released at £ =0. Find the time
it will take to come to its original position again. The
spring is non-conducting. The resistance of the rails is
zero and neglect its self-inductance.
®B

k
C—— —
Xo \

Let at any time , the rod be at a distance x from its
original position. Then
_dx
dt

= a=

SOLUTION

a0
—~ E=Blo= Bl( dx)
dt
®B X
c— i —JWWL—l
Mean Position
At any instant, the charge on the capacitor is
Q=Cé= ch( ix J
dt
Q. [ dx ]
I= BIC
dt ( dt?
Force on the conductor due to this current is
F=BIl
= F= B(chi)z d
A M
d’x
= F=B Fc[ J ax
— B2/2C
i )
So, net force on the rod is for+—

2 2
LS zzc(d ZJ
" dt

) Ex

PR = kx

= (m+ BY*C

So, we observe that the acceleration of the rod is pro-
portional to x and is directed opposite to it towards
the mean position. Hence the motion of the rod is
simple harmonic about the mean (initial) position,
with period

X
#x
dat*

212

If ¢ is the time taken by the rod to come to its initial
position, then

T = m+B*’C

4 2 k

T=2n

t_
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ILLUSTRATION 34

Two parallel rails with negligible resistance are
10 cm apart and are connected by a 5 Q resistor. The
circuit also contains two metal rods 1 and 2 having
resistances of 10 Q and 15 Q sliding along the rails.
The rods are pulled away from the resistor at constant
speeds of 4ms™ and 2ms™, respectively. A uni-
form magnetic field of magnitude 10 mT is applied
perpendicular to the plane of the rails. Determine the
current in the 5 Q resistor.

a e Cc

RAIL
4 mg™1ws— B §5 Qo [s—s»2 ms™
b r p RAIL
SOLUTION

Let us first apply Fleming’s Right Hand Rule to find
the direction of induced current in Rod ab and Rod
cd. Let I; and I, be the induced current in rod ab
and cd respectively. Then I; is from a to b and I,
is from d to c. Also, these two moving rods will pro-
duce an induced emf E; and E, whose magnitudes
are given by

E, = Blv, (for ab)and E, = Blv, (for cd)

= E =(0.01)[%)(4)=4x10'3’ V=4mV,and

10 .
E,=(0.01)] — [(2)=2x107" V=2mV
5 B = )[mo)() y m

So, the equivalent circuit for the above arrangement
is shown below

a I e b ¢
= (- 1y) 12
10Q 50 15Q
4mV_|_ .|. 2my
b f d

If I be the current in the branch ef or the 5Q resis-
tor, then

Applying Kirchhoff’s Loop rule to the two loops
we get
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For loop, abfea

~10L, +4+5(I,-1,)=0
= 15I,-51,=4 (2
For loop, cdfec

151, -2+5(1,-1;)=0

Ix 0@+ Q, gives
6012_512 =1D
551, =10
= L= e mA
55
Similarly, 4 x @ + @ gives
601, —5I, =18
L _18 mA
55
= 1‘=12—1‘1=—ﬁ mA
55

= I= % mA from f to e (not from e to f as taken)

= I1=145pA

ILLUSTRATION 35

A wire loop ABCD is divided into two parts.
AB=AD=2m, BC=CD=BD =1m. The wire loop
is lying on X-Y plane. The resistance per unit length

of the wire is 2 Qm ™. There exists a time dependent

magnetic field B=(25t)k T. Find the current flow-
ing through each part of the loop.

B Y
A C )—x
z
D

SOLUTION

Since ‘1—3| =B=25¢
4B _ 2.5 Ts™
dt
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Area of triangle ABD is

A =1(1)( 4_1}=§ 2

4

Area of triangle BCD is

A, = ﬁ m?
4
Induced emf in ABD is
do dB| 515
=2 = A = TV
dt dt 8
Induced emf in BCD is
53
2= Y

Resistance of AB=AD=4Q
Resistance of BC=CD=BD=2Q

Applying Kirchhoff’s Loop Law to loop BADB, we
get

Applying Kirchhoff’s Loop Law to loop BDCB, we
get
5V3

= =42-2(h L) .(2)

From equations (1) and (2), we get
[,=03A and [, =028 A
So, Iy =1,,=03A,I-=1;=028Aand [;;=0.02A

ILLUSTRATION 36

A small circular coil of area A is suspended from a
point O by a string of length [ in a uniform magnetic
induction B acting the horizontal direction as shown
in Figure.

Let the coil be set into oscillations at t=0 just like
a simple pendulum by displacing it through a small
angle 6. Calculate the emf induced in the coil as a
function of time. Assume that initially the coil lies in
yz plane and it does not change its plane during the
entire course of its motion.

SOLUTION

Attime t=0 and at time t after being released from
the angular position 6, the positions of the coil are
shown in Figure.

The angular position of the coil is given by

6 =6, coswt, where o = \/%

At time t, the magnetic flux associated with the coil is
¢=BAcos6
EMF induced in the coil is

i e
=% (BAsing) ™
& i ( Sme)dt

. de d .
Since s E(BD cos wt ) = -G,wsin ot

According to the problem, 6, is small, so 6 is also

small an hence, we have sinf =60

do
=BAO— =
° dt

= &= BA(HU cos\/%t](ﬂgwsin\/%t}

BA(6, cosa)t)%(ﬂﬂ cos ot )



ICON

= §=BAw8§cos[\/%t]sin( %t}
= §=%BAw9§sin(2‘/%t]

ILLUSTRATION 37

Figure shows a wire bent into the shape of aright angle
that is fixed on a horizontal plane. A very long rod of
mass m initially starts with a velocity 7, from the apex
A of the bent wire. The resistance of the wire and the
rod is 2 Qm™. The whole arrangement is placed in a
region of uniform magnetic induction B. Find the dis-
tance travelled by the rod before it coming to rest.

® | ® ®
B
® ® ®
AK)90°
® ® ®
® & ®
t=0

SOLUTION

Let x be the distance travelled by the rod in time f,
then the resistance of the circuit is

R=(2v2x+2x) A

®

® g/B@

® ®

9 [—*V

® ®

® R\ ®

= X

®
A
®

®

t=0

The instantaneous induced emf is
E=B(2x)v

Induced current [ = E = L

/1(1+\/E)

Magnetic force on the rod is

2
F=BI(2)=—2B %%

2(1+42)

From Newton’s Second Law, we have

do 2B%vx
F=-m—=—-— .1
dt - A(1+42) "
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Eliminating ¢ from the equation (1) and then integrat-
ing, we get
0 X

S e

%

mvgl(lJr\/E)
B

ILLUSTRATION 38

The arrangement shown is placed in a vertical uni-
form magnetic field. Two metal rods of length | and
masses m; and m, are pulled apart from rest by a
constant force F. Find the current in the resistor R
as a function of time.

= x=

%A‘AV
my my T

Fe— ® |[—>F

SOLUTION

Let v; and v, be the instantaneous velocity force the
rods m; and m, respectively. The emf’s across the
rod will be

E, =Blv, and E, =Blv,
The instantaneous current is
_E+E, Bl(v+0,)
- R R
The acceleration of each rod is given by

I

dvy F-BI F B

it mom ﬁ(”ﬁvz)
22

dﬁ:i_ﬂ(vl+vz)

at  m, mR

+

e

—E E,—
Lo (D) ek
Adding the above two equations, we get

%(Ul+Uz)=(i+i][F_%(vl+vz)}

my 1y
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Using equation (1), we get

+0, = —

- S {29
dt 2 B N at
Rdl F Bl

=5 ——=——-—

Bldt u u
mm,
where, y =—— is the reduced mass of the system
my +1m,
dl —B—It
F-BII uR
F 202,/
o I=[ 1o ]
Bl

ILLUSTRATION 39

Two long parallel conducting rods with negligible
resistance are connected by capacitor C and semi-
circular conducting wire in the same plane as shown.
This system lies in a perpendicular magnetic field.
Now loop ACB is moved on rails with its displace-
ment given by x =asin(ot) from the initial position.
Find the maximum current in the capacitor.

N A

T ® ® ® ®

;—=C ®cle ©® ®

l ® @ @ ®
M B
—a —l

— | ——

SOLUTION

Let in initial position BM = AN = L . At any time area
of closed loop
A'NMB' = A
dZ
A=(L+x)d-n 5

N AN

T ® ® & ®
!

{==C ®cCl® ® ®
\

l ® ® A _®

M B B

— g —sk— X —

— | ——»

2
Flux through the loop, ¢ =BA = B( LI- % + xf)

emf induced,

2
g:‘@ =1(L1-i)+i(81x)
dt| dt 8 dt
= §=BI%=Bl%(asin(mt))=Bala)cos(a)t)
As net potential drop in the loop is zero,
_4

° C
= Q=CBalwcos(wt)
= I:dQ

== = _CBale* sin(wt)
dt
= I, =CBaio’

ILLUSTRATION 40

Acopperrod PQ of mass m slides down two smooth
copper bars which are set at an angle « to the hori-
zontal as shown in Figure.

At the top of the bars these are interconnected
through a resistance R. The separation between the
bars is equal to [. The system is located in a uniform
magnetic field of induction B directed vertically
upwards. The resistances of the bars, the rod and
the sliding contacts are considered to be negligible.
If the rod is released from rest, calculate the velocity
of rod as a function of time and its steady velocity
attained.

SOLUTION

When the rod is released from rest, then is starts
moving down the incline due to which it cuts the
magnetic flux and an emf is induced across it. The
induced current in the rod flows from Q to P as
shown in Figure.
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At any instant, the conductor velocity v is down the
incline. The magnetic field component Bsino acts
opposite to the velocity and hence will not be respon-
sible for producing the induced emf. However, the
component of magnetic field Bcosa is perpendicu-
lar to the velocity as well as the length of the conduc-
tor, so the emf induced across the conductor is

E=B,lv=(Bcosa)lv=Blvcosa

The current induced i in the loop containing the
resistance is

i Blvcos o
R
Due to this induced current in the rod, the rod experi-

ences a magnetic force F = Bil, leftwards as shown in
Figure.

1f the rod slides down the incline with an acceleration
a, then by applying Newton’s Second law, we get

mgsin o - Bilcos o = ma

= m(d—v)— sina——BZFUCOSZO{ (1)
m q R
22 2
= dv=(gsina—m)dt
mR

t

dv

v
ngsina—(8212 costa)v 4 mR
0 0

ln( mgRsin o B*I*vcos” a) i

= —_

B%*I cos® &
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( mgRsin o - B**vcos” a] (8212 cos” a)
= In == ——— |t

mgRsin o mR

_ mgRsina
B’ cos” o
When steady velocity (also called Terminal velocity)

is attained, then acceleration of the rod is zero, so
from equation (1), we get

1-¢ mR

B2 cos? (xr )

o = mgRsina
=
B cos® o
Theoretically, steady velocity is obtained after a long
time i.e. when t — .

EMF INDUCED ACROSS THE ENDS OF
A CONDUCTING ROD ROTATING IN A
UNIFORM MAGNETIC FIELD

METHOD I
Consider a conducting rod of length [ rotating about
the point O (at one end of the rod) in a uniform mag-
netic field B. To find the emf induced across the ends
of the rod, let us consider an infinitesimal element of
length dx at a distance x from O, having a velocity
v, as shown. If d€ be the induced emf across the ele-
ment, then
dé=B(dx)v, where v=xo
= dé=Boxdx
I 2 !
= €= ijxdx = B(D?
0

= lB(ul2
2

0

B

v A ®
\‘éi/f

// iy
© S ANTA

METHOD II
When the rod is rotating in the field with angular
velocity @, then the induced emf is

_B Area swept by the Rod

~ | Time to complete one Revolution
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ILLUSTRATION 41

A thin wire AC shaped as a semi-circle of diameter
d rotates with a constant angular velocity ® in auni-
form magnetic field of induction B, with @||B. The
rotation axis passes through the end A of the wire
and is perpendicular to the diameter AC. Find the

value of a line integral JE .dl along the wire from

point A to point C. Generalize the obtained result
for an arbitrary shape of wire between A and C.

SOLUTION
Since d&=(oxB)-di (1)
Also dé=-E-dI .(2)

So, from (1) and (2), we get
jE-dT =—J(ﬁxé)-di = —Jdez

d/

e v ®B

mand B inwards

But v=Ilw, where [ is the perpendicular distance of
the element from A

c d

= jE-dT = -Bwjfdl = -%dez

A 0

The above result can be generalised and extended to

awire AC of any arbitrary shape.
Since, from above we have

JE-dT=—J(ﬁxB)-df

ae
dr
/// by ® B
P v
//X
// —""-'C
, T
m(@"'” d
A

Further from our knowledge of rotational kinematics,
we know that

i=wmxl

. jé.dr=_j((@xi)xg).df=j(gx(axr)).df

Also, we know that x(bx¢)=(a-¢)b-(d-b)¢

ILLUSTRATION 42

A metal rod of mass m can rotate about a horizontal
axis O, sliding along a circular conductor of radius .
The arrangement is located in a uniform magnetic
field of induction B directed perpendicular to the
ring plane. The axis and the ring are connected to
a source of emf E to form a circuit of resistance R.
Neglecting the friction, circuit inductance, and ring
resistance, find the expression according to which the
source emf must vary to make the rod rotate with a
constant angular velocity ®.

SOLUTION

Assume the rod to rotate in the clockwise sense. Due
to rotation, the emf induced across the ends of the rod

) 1 2
is £==Bowr
: 2
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mg sin @

mg

Net Emf in the rod-ring circuit is

B =E-§
The net current induced in the rod is
R R
. I_E—%Ba)rz 0
R

Due to this induced current, the magnetic force
F, =BIr acts on the rod as shown. Simultaneously
mg also acts on the rod. Now we want the rod to
move with a constant angular velocity. Hence for this

Z Tmag = z Tgravity

= (mgsinB)%=(BIr)%

E—leﬁ
= mgsi:n((ut)=B T r

= E= L(1'3Bzﬁr)+ 2mgRsin(wt))
2rB

ILLUSTRATION 43

In a cylindrical region of radius a, magnetic field
exists along its axis but the direction of magnetic
field is opposite in the four quadrants of the region as
shown in Figure.

R
WA
® ® \B
A .4
a
® ®
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A rod AB rotates with its end A at the centre of
magnetic field and other end B slides on a smooth
wire at the periphery of the region of magnetic field.
At t=0 the rod was situated along the +x direction.
Find and plot the time dependence of the current and
thermal power in the resistance R, if the rod rotates
with a

(a) constant angular velocity @ .
(b) constant angular acceleration o .

SOLUTION

(a) When the rod rotates with constant angular
speed @

§=i%B(a)(a(u)=i%Ba2w

2

- I=§=iBaa)
R 2R
2

So,fort=0toz,ztogandsoonI=Baa)

4 2 4

2
andfort=ztoz,gtoT,etcj:_Baw
4 2 4

The I-t graph is as shown in Figure. The I-t
equation can be written as,

I= i(-l)”” Baw
2R

1A 14 /
[0'—| 1 1 ’/}
I I I |
I
IS P el BN
i i I | st
| | | | ! I
_ i i | |
[0----_ 2_ \
Ba“wm -
In=——— A
07 2R

where n=1,2,3,...and t, = e
20
Here positive current means current from left to
right through the resistance and vice-versa.
(b) When the rod rotates with constant angular

acceleration o, 0= ot

n+1 Bazat
2R

and I=(-1)

0= +ot
{ b+t
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where n=1, 2, .... is the number of quarter revo-
lution that the loop performs at the given instant.

The plot I-t is shown in Figure, where t, = \/@
a

{ nr = 10{&}
2

ILLUSTRATION 44

Arod PQR isbent such that (PQ=QR =1) as shown
in Figure.

Q @p

60°

Prow R

The arrangement rotates about its end P with angu-
lar speed @ in a region of transverse magnetic field
of strength B. Calculate the emf induced across the
rod and the potential difference between points Q
and R on the rod.

SOLUTION

The rod is equivalent to an equivalent rod joining the
ends P to R and rotating in the same sense.

Q@B

60°

/
Pro H=® ,é;

Since the point R is at a higher potential, so we get

Bol®
VR_VP:T ...(l)
Also, we note that for the rod PQ, we have
Bol*
VQ_VP:T (2)

Subtracting (1) from (2), we get
VQ - VR - O

0‘7 Test Your Concepts-Il

1. A conducting rod of length ¢ moves on two hori-
zontal, frictionless rails, as shown in Figure. If a con-

stant force of 1 N moves the bar at 2 ms™' through
a magnetic field B that is directed into the page

B® T

R§ — /

(a) whatis the current through the 8 Q resistor R?

(b) whatis the rate at which energy is delivered to
the resistor?

(c) whatis the mechanical power delivered by the

?
force F,p?

2. A conducting rectangular loop of mass M, resis-
tance R and dimensions w by / falls from rest

into a magnetic field B as shown in Figure. During
the time interval before the top edge of the loop

Based on Faraday’s Laws: Motional EMF

(Solutions on page H.132)
reaches the field, the loop approaches a terminal
speed v;. Find v...

f—— W ——»i

3. A long straight wire carrying a current | and a
m-shaped conductor with sliding connector are
located in the same plane as shown in Figure. The
connector of length ¢ and resistance R slides to
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the right with a constant velocity v. Find the cur-
rent induced in the loop as a function of separa-
tion r between the connector and the straight wire.
The resistance of the z-shaped conductor and
the self-inductance of the loop are assumed to be
negligible.

4. Arectangularloopwithasliding connector of length
7 is located in a uniform magnetic field perpendic-
ular to the loop plane. The magnetic induction is
equal to B. The connector has an electric resistance
R, the sides AB and CD have resistances R, and R,
respectively. Neglecting the self-inductance of the
loop, find the current flowing in the connector dur-
ing its motion with a constant velocity v.

A D

B C

5. A copper connector of mass m slides down two
smooth copper bars, set at an angle « to the
horizontal, due to gravity. At the top the bars are
interconnected through a resistance R. The separa-
tion between the bars is equal to /. The system is
located in a uniform magnetic field of induction B,
perpendicular to the plane in which the connec-
tor slides. The resistances of the bars, the connector
and the sliding contacts, as well as the self-induc-
tance of the loop, are assumed to be negligible.
Find the steady state velocity of the connector.

\X

R
>ﬂ’\m\ >“'\

B
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6. The two rails of a railway track, insulated from each
other and the ground, are connected to a millivolt-
meter. What is the reading of the millivoltmeter
when a train travels at a speed of 18 kmh™' along
the track given that the vertical components of
earth’s magnetic field is 0.2x10™* weber m™ and
the rails are separated by 1 m? Track is south to
north.

7. A square metal wire loop of side 10 cm and resis-
tance 1 Q is moved with a constant velocity v, in a

uniform magnetic field of induction B=2 Wbm™
as shown in the Figure. The magnetic field lines are
perpendicular to the plane of the loop (directed
into the paper). The loop is connected to a network
of resistors each of value 3 Q. The resistances of the
lead wires OS and PQ are negligible. What should
be the speed of the loop so as to have a steady cur-
rent of 1 mA in the loop? Give the direction of cur-
rent in the loop.

———————————————————

1

I

1

I

1

\ 30 30
I

' A C
1

| 3QAN30
I

1

1

1

]

___________________

8. Ametal barwith length ¢, mass m, and resistance R
is placed on frictionless metal rails that are inclined
atan angle ¢ above the horizontal. The rails have
negligible resistance. There is a uniform magnetic
field of magnitude B directed downward in Figure.
The bar is released from rest and slides down the
rails.

[

(a) Is the direction of the current induced in the
bar from a to b or from b to a?
(b) What is the terminal speed of the bar?
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(c) What is the induced current in the bar when
the terminal speed has been reached?

(d) After the terminal speed has been reached, at
what rate is electrical energy being converted
to thermal energy in the resistance of the bar?

(e) After the terminal speed has been reached, at
what rate is work being done on the bar by grav-
ity? Compare your answer to that in part (d).

9. A square loop of wire of total length 4L and resis-
tance R is moving at a constant speed v across a
uniform magnetic field confined to a square region
of area 417 (as shown). Assuming all the positive
quantities to be along either +x axis or along +y
axis, plot the graph of external force F required to
move the loop at a constant speed as a function of
coordinate x from x=-2L to x=+2L, where x is
to be measured from the centre of the magnetic
field region to the centre of the loop. Also plot the
graph of the induced current in the loop as a func-
tion of x. Take currents in the counter clockwise
sense to be positive.

.q
X ® ] @
2
®
RO R

2L -L O L 2 g

10. An electric circuit is composed of the three con-
ducting rods MO, ON and PQ, as shown in Figure.
The resistance of the rods per unit length is A . The
rod PQ slides, as shown in Figure, at a constant
velocity v, keeping its tilt angle relative to ON and
MO fixed at 45°. At each instant the circuit is closed.
The whole system is embedded in a uniform mag-
netic field B, which is directed perpendicularly into
the page.

Compute the time dependent induced electric
current.

11.In the Figure shown the four rods have 4 resis-

tance per unit length. The arrangement is kept
in a magnetic field of constant magnitude B and
directed perpendicular to the plane of the Figure
and directed inwards. Initially the sides as shown
from a square. Now each wire starts moving with
constant velocity v towards opposite wire. Find, as
a function of time, the

(a) induced emfin the circuit.
(b) induced current in the circuit with direction.
(c) force required on each wire to keep its veloc-
ity constant.
Neglect the interaction between the wires.
(d) total power required to maintain constant
velocity.
(e) thermal power developed in the circuit.

12. A rectangular coil with resistance R has N turns,

each of length / and width w as shown in Figure.
The coil moves into a uniform magnetic field B
with constant velocity v . What are the magnitude
and direction of the total magnetic force on the
coil.

Bin
Y, ® 8 ® ® ® @
f ® @ ® ® ® ®
w ® 8 ® ® ® ®
i ® 8 ® ® ® ®
e— { —> ® ® ® ® ® ®

(a) asit enters the magnetic field,
(b) as it moves within the field, and
(c) asitleaves the field?

13. A helicopter has blades of length 3 m, extending

out from a central hub and rotating at 2 revs™.
If the vertical component of the Earth’s magnetic
field is 50 uT, what is the emf induced between the
blade tip and the center hub?

14. Determine the current in the conductors of the

circuit shown in Figure, if the intensity of a homo-
geneous magnetic field is perpendicular to the
plane of the paper, inwards and changes in time
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according to the law B = kt. The resistance of unit
length of the conductorsis 4.

P Q T
a2 | ®
a
a
S R u

15. An infinite wire carries a current I. An S-shaped

conducting rod of two semicircles each of radius r
is placed as shown. The centre of the conductor is
at a distance d from the wire. If the rod translates
parallel to the wire with a velocity v, calculate the
emf induced across the ends PQ of the rod.

®B
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16. A bar of mass m is pulled horizontally across par-

allel rails by a massless string that passes over an
ideal pulley and is attached to a suspended object
of mass M as shown in Figure. The uniform mag-
netic field has a magnitude B and the distance
between the rails is /. The rails are connected at
one end by a load resistor R. Derive an expression
that gives the horizontal speed of the bar as a func-
tion of time, assuming that the suspended object is
released with the bar at rest at t =0. Assume no fric-
tion between rails and bar. Also find the terminal
velocity obtained by the bar.

R
M ® l g
J/
PRODUCTION OF INDUCED EMF BY
ROTATING THE COIL IN A MAGNETIC
FIELD: AN AC GENERATOR N S

One of the most important applications of Faraday’s
Law of induction is to generators and motors.
A generator converts mechanical energy into electric
energy, while a motor converts electric energy into
mechanical energy.

External
circuit

External
rotator

A\

Figure is a simple illustration of a generator.
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]
T
att=0 at any instant t aH:Z att=T atr:%— att=T
¢=NBAcos(0) ¢ =NBAcos0 ¢ =NBA cos(90°) ¢ =NBAcos(180°) ¢ = NBA cos(270°) ¢ = NBA cos(0°)
¢ =NBA # = NBA cos (of) ¢=0 o=-NBA $=0 #=-NBA

) AEDX}ED%:V—H\@%:DH‘A

Figure Showing Cross-sectional view of coil rotating clockwise in a uniform magnetic field with uniform angular velocity .

It consists of an N -turn loop rotating in a magnetic
field which is assumed to be uniform. The magnetic
flux varies with time, thereby inducing an emf. From
Figure, we see that the magnetic flux through the
loop may be written as

¢p = B-A=BAcos®=BAcos(wt)

Suppose a coil of N turns, and area A is rotated in
a uniform magnetic field B with angular velocity @ .
As the coil rotates, the flux through it changes. Due to
this change in flux an induced emf is set up in the coil.

Since, &= —‘;—‘f

At any instant, since we have

¢=NB-A=NBAcos#=NBAcos(wt)
So, g——%(NBAcos(a)t))

= &= NBAwsin(ot)
= ¢=¢§ sin(ot)
where §, =NBAw= Peak value of AC voltage
developed.
We note that the induced emf & has a sinusoidal vari-
ation, having the peak value NBA®.

This forms the basic principle of the Alternating

Current generator, which is a device converting
mechanical energy to electrical energy.

? [ )
s |
O Y

V4 2 3r 4
— ot

If we connect the generator to a circuit which has a
resistance R, then the current generated in the circuit
is given by

I:@:NBA(;JS.

in(wt)
R R
The current is an alternating current which oscillates
in sign and has an amplitude [, = BAw . The power

delivered to this circuit is

2
P 1l (NBRw)

sin® (wt)

On the other hand, the torque exerted on the loop is
7= uBsin® = uBsin(wt)

Thus, the mechanical power supplied to rotate the
loop is

P, =10 = uBwsin(wt)
Since the dipole moment for the N- turn current loop

15

N?A’B
D sin(ot)

(=NIA=

the above expression becomes

N2A’B
pm—( - wsin((ut)]Ba)sin(mt)
2
P, =(MTB‘°)sin2(wt)

As expected, the mechanical power input is equal to
the electrical power output.
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ILLUSTRATION 45

Space is divided by the line AD into two regions.
Region I is field free and the region II has a uniform
magnetic field B directed into the plane of the paper.
ACD is a semi-circular conducting loop of radius r
with centre at O, the plane of the loop being in the
plane of the paper. The loop is now made to rotate
with a constant angular velocity @ about an axis
passing through O and perpendicular to the plane
of the paper. The effective resistance of the loopis R .

(@) Obtain an expression for the magnitude of the
induced current in the loop.

(b) Show the direction of the current when the loop
is entering into the region IL.

(c) Plot a graph between the induced emf and the
time of rotation for two periods of rotation.

Region |

Region I
®

S G I I S
® e 1 3 @ @ 8 @

®
®
®
®
®p
®
®
®
®

R R R
BRI R

SOLUTION
(a) Attime f, we have 0= ot

Flux passing through coil is ¢ = BAcos(0°)

Region | Region |l
B ® @ ® ®
R @ @ ®@ ®
CV' ® ® ® @
0/ ® ® ®
® ® ® @
® ® ® ® ®
® ® ® ® ®
® @ @ ® ®
® ® ® ® ®
= (p:B(i)(mz) { Azlrzf?}
2r 2
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Magnitude of induced emf is given by

£= @ B Bor*
dt 2

So, the induced current is

& Bor’

"R 2R

(b) When the loop enters the Region I, the inward
magnetic field passing through the loop is increas-
ing. Hence, from Lenz’s Law induced current will
produce an outward magnetic field, which will
be produced by a counter clockwise current.

I

. T =« .
(¢) For half rotation ie., at t= E=—, current in
[0)]

the loop will be of constant magnitude given by

2
[= B;JI: and counter clockwise.

In the next half rotation, when loop comes out of
Region 1II, current will be clockwise, but having
the same magnitude. So, taking counter clock-
wise current as positive, [-t graph for two rota-
tions will be as shown in Figure.

I

)
erz — —
R
| I I
| I I
—— T >t
Tlo | 12l 3nlo! 4nlo
Ber?|
2R — —

ILLUSTRATION 46

A wire shaped as a semi-circle of radius a rotates
about an axis OO” with an angular velocity ® in a
uniform magnetic field of induction B. The rotation
axis is perpendicular to the field direction. The total
resistance of the circuit is equal to R . Neglecting the
magnetic field of the induced current, find the mean
amount of thermal power being generated in the loop
during a rotation period.

[}
®B
AW
R



ICON

3.44 )EE Advanced Physics: Magnetic Effects of Current and Electromagnetic Induction

SOLUTION

Since, we know that
9=B-A
ma’
= ¢=B - cos(wt)
From Faraday’s Laws, we have
d 2.
E= B Bw(%)eﬂn(a)ﬂ

The induced current I, is then given by

- & nBwa*
R
If P is the thermal power generated, then

sin(ot)

2 \2
p- §1=1["’B“’” ) sin? (ot)

R

So, the average amount of thermal power being gen-

erated is

2 2
PW=<P>=1(”B‘”“ ) (sin? (wt))

R 2
Since we know that (sinz(a)t)):%
= P =(P)=i(ﬁBwa2)Z
“ 8R
2p2 2 4
- p -TBow
8R

ILLUSTRATION 47

A toroid having a rectangular cross section a x b,
where 1 =2 e¢m, b = 3 cm and inner radius R =4 ¢m
consists of 500 turns of wire that carries a sinusoidal
current I = I, sin(@t), with [, = 50 A and a frequency
f=60Hz. A coil that consists of 20 turns of wire links
with the toroid, as shown in Figure. Determine the
emf induced in the coil as a function of time.

N =500

N =20

SOLUTION

In a toroid, all the field and hence the flux is confined to
the inside of the toroid. Field inside the toroid is given by,
_ NI
" 2mr
~ 500u,!
2y
Consider an infinitesimal area element of length a,
width dr having area dA, then dA = adr

i p i

B

B

, where I =1,sin(wt)

N =20
Magnetic flux through this element is
d¢g = BdAcos(0°) = BdA

NI, sin ( ot
= dey = (M]am
2y
= gy = _[BdA _ 200kly sin(a)t)J.a;h
2r r

Please note that I is varying with t and not with
and hence can be taken out of the integral.

I
g =m;wasm(wt)logg(HTR)

T
Since, §|=N'(%)
dt
= §=N'%
dt
§=QO(%)M10&(HTR)COS(®H
10* e
§=2—(4nx10 )(50)(377)(0.02)
s

log, (%)cos(a)t)

= £=(0.422)cos(wt) V=422cos(wt) mV
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Based on Faraday’s Laws: AC Generator

1. A steel guitar string vibrates. The component of

magnetic field, in millitesla, perpendicular to the
area of a pickup coil nearby is given by B = 50 +
4sin(1000t). The circular pickup coil has 50 turns
and radius 7 mm. Find the emf induced in the coil
as a function of time and the peak value.

. A rectangular coil of 60 turns, dimensions 10 cm
by 20 cm and total resistance 10 Q, rotates with
angular speed 30rads™ about the y-axis in a
region where a 1 T magnetic field is directed along
the x-axis. The rotation is initiated so that the plane
of the coil is perpendicular to the direction of B at
t=0. Calculate

(a) the maximum induced emf in the coil,

(b) the maximum rate of change of magnetic flux

through the coll,

(c) theinduced emf at t=—"s and
120

(d) the torque exerted by the magnetic field
on the coil at the instant when the emf is a
maximum.

. A solenoid wound with 2000 turnsm™ is sup-
plied with current that varies in time accord-
ing to |=5sin(1007t)A, where t is in seconds.

A small coaxial circular coil of 160 turns and radius

r=5cm is located inside the solenoid near its

center.

(a) Derive an expression that describes the man-
ner in which the emf in the small coil varies in
time.

(b) Atwhat average rate is energy delivered to the
small coil if the windings have a total resis-
tance of 8 (27

. A long solenoid of radius a and number of turns

per unit length n is enclosed by cylindrical shell of

radius R thickness d(d < R) and length L. A vari-

able current I=ysin(wt) flows through the coil. If

the resistivity of the material of cylindrical shell is
p, find the induced current in the shell.

5. Consider the circuit depicted in Figure. The circuit

. A coin is suspended from a thread and hung

Chapter 3: Electromagnetic Induction 3.45

(Solutions on page H.136)

L
|

|
.
—
R

Iy
a
S

-
]
Ul

e ——

P e -
v
\

is embedded in a uniform magnetic field B directed
perpendicularly into the page. The upper branch
of the circuit, MN, is rotated at a constant angu-
lar velocity w, by turning the handle shown in the
Figure. The electric resistance of the circuit is R.

My & 7\ ® ®Né
T ¥ @ @ @ & © Handle
.2 @ @ & @

® ® ® ® ® ®
l ® ® ®@® ® ®

% b .

(a) Compute the time dependent magnetic flux
through the circuit.

(b) Compute the EMF induced along the circuit.

(c) Compute the induced current in the circuit.

between the poles of a strong horseshoe magnet
as shown in Figure. The coin rotates at constant
angular speed w about a vertical axis. If 6 repre-
sents the angle between the direction of B and the
normal to the face of the coin, sketch a graph of the
torque due to induced currents as a function of 6,
for 0<f<2nm.
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7. A semi-circular conductor of radius R = 0.25 m
is rotated about the axis AC at a constant rate of
120 revmin™' (shown in Figure). A uniform mag-
netic field in all of the lower half of the Figure is
directed out of the plane of rotation and has a
magnitude of 1.3 T.

"""""""" Bout

(a) Calculate the maximum value of the emf
induced in the conductor.

(b) What is the value of the average induced emf
for each complete rotation?

(c) Howwould theanswersto (a)and (b) change if
B were allowed to extend a distance R above
the axis of rotation?

.

(d) Sketch the emfversus time when the field is as
shown in Figure and

(e) Sketch the emf versus time when the field is
extended as described in (c).

8. The rotating loop in a AC generator is a square
10 cm on a side. It is rotated at 60 Hz in a uniform
field of 800 mT. Calculate
(a) the flux through the loop as a function of time,
(b) the emfinduced in the loop,

(c) the current induced in the loop for a loop
resistance of 1 Q,

(d) the power delivered to the loop, and

(e) the torque that must be exerted to rotate
the loop.

9. A motor in normal operation carries a direct cur-
rent of 5 A when connected to a 220 V power sup-
ply. The resistance of the motor windings is 24 Q.
(@) What is the back emf generated by the motor

during normal operation?

(b) Atwhatrateis internal energy produced in the
windings?

(c) Suppose that a malfunction stops the motor
shaft from rotating. At what rate will internal
energy be produced in the windings in this
case?

J

INDUCED ELECTRIC FIELD

Since we know that the electric potential difference
between two points A and B in an electric field E
can be written as

When the electric field is conservative, as is the case
of electrostatics, the line integral of E-dl is path-

independent, which implies @E Al =0.

Faraday’s Law shows that when magnetic flux
changes with time, an induced current begins to
flow in the circuits or closed loops. What causes the
charges to move?

It is the induced emf, which is the work done
per unit charge that makes the charge to move. Since
magnetic field does no work in moving the charge, so
the work done on the mobile charges must be electric,
and the electric field in this situation cannot be con-
servative because the line integral of a conservative
electric field in a closed loop is always zero. So, we
can say that electric field associated with an induced
emf/current (developed in a closed loop) has to be
non-conservation in nature. Hence

é‘=<'f>fz,,c-df (1)

40y .(2)

From Faraday’s Law, we have &= - o

From (1) and (2), we get

qSEnc di: _%
dt
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The above expression implies that a changing mag-
netic flux will induce a non-conservative electric
field which can vary with time. It is important to
distinguish between the induced, non-conservative
electric field and the conservative electric field which
arises from electric charges.

- s d@B [dB)
So, cﬁgm-dz _ 90 _ 4B
© it it

where A is the area of the region in which magnetic
flux (or magnetic field) is changing and the nega-
tive sign takes into account the opposing nature of
the induced electric field. However, in magnitude

" ' ‘ ( )

The induced electric field E,, has following important

properties.

(a) Itis non-conservative in nature.

(b) The line integral of E,, around a closed path/loop
is non-zero.

(c) When a charge q goes once around the loop, the
total work done on the charge by this induced
electric field is equal to g times the induced emf.
Hence

W=q¢gnc -d_é=q§

where, & is the induced emf given by

dt dt

and A is the area of the region in which magnetic
field is changing.

(d) Always keep in mind that £, will exist both inside
and outside the region of changing magnetic flux.

(e) The equation (j)fnc di=¢&= —C;i: is valid only if

the path around which we integrate is stationary.

(f) Because of symmetry, the electric field F,
has the same magnitude at every point on the
circular imaginary contour (or loop) and is
tangential to it at each point.
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(g) Also note that the direction of E, is same as the
direction of induced current.

(h) E,. beinganon-conservative field, the concept of
potential has no meaning for such a field.

(i) This induced field is different from the electro-
static field produced by stationary charges (which
is conservative in nature).

(j) The relation F =gE, is still valid for this field.

(k) This field can vary with time. So, we observe that
a changing magnetic field acts as a source of an
induced electric field that cannot be produced
from any static charge distribution.

INDUCED ELECTRIC FIELD DUE A TIME
VARYING MAGNETIC FIELD CONFINED
TO A CYLINDRICAL REGION

Let's consider a uniform magnetic field which points
out of the page and is confined to a cylindrical region
of radius R as shown in Figure.

Let us assume that the magnitude of B increases
.. 4B _
with time, i.e., = > (. To calculate the induced elec-

tric field everywhere due to the changing magnetic
field we use the following thought process.

(a) Since the magnetic field is confined to a circular
region, from symmetry arguments we select the
integration path to be a circle of radius r.

(b) The magnitude of the induced field E,, at all
points on a circle is the same.

(¢) According to Lenz’s Law, the direction of induced
field E,, must be such that it would drive the

induced current to produce a magnetic field that
opposes the change in magnetic flux.
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dB
(d) For m > (), the outward magnetic flux is increas-

ing. Therefore, to counteract this change, the
induced current (or the induced field) must flow
clockwise so that it sets up an inward field which
opposes the outward growth of magnetic flux.

The direction of E,, is shown in Figure.

Magnitude of E,_

Consider the region r <R ie. inside the cylindrical
region as shown in Figure.

Inside the cylindrical region

The rate of change of magnetic flux is
dﬂ= E(E-A)=Ad—8= mfz(dB)
dtdt dt dt
Since we know that
()
dt

o=ty
dt

= E,(2nr)= —mz(d—B)
dt

= |E|=1"B
2 dt

Now, consider the region for r>R ie. outside the
cylindrical region as shown in Figure.

Outside the cylindrical region

Outside the cylindrical region, we have

E, (2nr)= —A(d—B)— —ERZ(d—B)
dt dt

2
= | =B
2r dt
So, we observe that

r(dB) for r<R
2\ dt

2
R—(d—B) for r>R
2r \ dt

Aplotof E,. as a function of r is shown in Figure.

‘Em‘:

E

nc

> r

R

Induced electric field as a function of r

FINDING DIRECTION OF INDUCED
ELECTRIC FIELD

An easy way to find the direction of induced electric
field is by making use of Right-Hand Thumb Rule. Curl
the fingers of right hand in such a way that thumb
points opposite to the direction of changing field

ie., %, then curl of the fingers gives the direction of

induced electric field.
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my

Downward field increasing

) dB T dB
time, — >0 with time, — >0
ot o
@ <0 @ <0
dt dt

my
m

Upward field decreasing with ~ Downward field decreasing

time, £ <0 with time, e <0
dt dt

ILLUSTRATION 48

A time varying magnetic field B=a+bt exists in a
cylindrical region of radius R. A rectangular con-
ducting loop ABDE of dimension Rx 2R is kept as
shown in Figure. Calculate the value of emf induced
across AE, ED and DB.

® |

®
®® .

® ®

®
® ®
® |
SOLUTION

Inside the circular region containing the field, the
induced electric field is directly proportional to the
radial distance r . So, we have

Ej.nduced o<
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EMF induced across AE
Induced electric field being concentric will be per-
pendicular to any section of AE as shown in Figure.

{--0=90°}

Due to symmetry, the emf induced across each of the
sections ED, DC, CB and BA will be same.

Let the emf induced across each one of them be x .

E x D
® X
® ®
C
®
e 9
®
A X B
Rate of change of flux through ABCDE is
2 2
@:Ad_B:ﬂi(fH.bt): R
dt dt 2 dt
2
= \J;in\zdi’: R b:(f)é-dl =4x+0=4x
dt 2
2
o dye zR°b
2
nR%b
= x=
8
EMEF induced across ED is
7R*b
Vip=x= 3
EMF induced across BD is
mR* ) #R%*
V = :2 —_— |=——
B =t ( 8 ) 5

INDUCED EMF AND REFERENCE FRAME

Since we know that the induced emf &, for a moving
conductor is also given by &= Cﬁ(ﬁ xB)-di . In addi-

tion, we also know that the induced emf associated
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with a stationary conductor may be written as the
line integral of the non-conservative electric field. So,
we have

§=¢Enc'di

However, whether an object is moving or stationary
actually depends on the reference frame. As an exam-
ple, let’s examine the situation where a bar magnet
is approaching a conducting loop. An observer O in
the rest frame of the loop sees the bar magnet mov-
ing toward the loop. An electric field E,_ is induced
to drive the current around the loop, and a charge on
the loop experiences an electric force F, = gE,. . Since

the charge is at rest according to observer O, no mag-
netic force is present. On the other hand, an observer
O’ in the rest frame of the bar magnet sees the loop
moving toward the magnet. Since the conducting
loop is moving with a velocity @, a motional emf is
induced. In this frame, O” sees the charge g mov-
ing with a velocity 7, and concludes that the charge

experiences a magnetic force F; =g (5xB).

S s
g N
/I B /[W\ B
I I
N N
Enc VxB
(@) (b)

Induction observed in different reference frames.
In (a) the bar magnet is moving, while in (b) the
conducting loop is moving.

Since the event seen by the two observer is the same
except the choice of reference frames, the force act-
ing on the charge must be the same, F, = F;, which
implies
E _=7xB

In general, as a consequence of relativity, an electric
phenomenon observed in a reference frame O may
appear to be a magnetic phenomenon in a frame O’
that moves at a speed v relative to O.

ILLUSTRATION 49

For the situation shown in Figure, the magnetic
field changes with time according to the expression
B=(2-47+08) T and r=2R=5cm.

(a) Calculate the magnitude and direction of the
force exerted on an electron located at point P,
when t=2s.

(b) At what time is this force equal to zero?

SOLUTION

Since we are asked to calculate the force on an elec-
tron, so we should first calculate the induced electric
field due to the variation in B with time. For that we
know,

(J‘)E.dh‘dﬁ
dt

= E(me):A(d—B)
dt

Please note that A is the area to which the magnetic
field is confined. So, A = 7R?

= E(47rR)=JrR2(d—B)
dt

= Ezﬁ(d—B),where 6;—?=6t2—8t

_R(6(4)-8(2))= 2R
o 4

5

El_,=| — | NC!
= El (100)

So, Fli =qE|_, =8x10™*' N

{~ R=25wm}

=  F=8x10"" N, downwards perpendicular to r.
This force will become zero, when E =0, which hap-

dB
hen —=0
pens when —

=  6t2-8t=0
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(]
= 6t-8=0
= t=é S
3

ILLUSTRATION 50

Along solenoid has n turns per unit length, radius R
and carries a current I is kept in gravity free region.
From its axis, at a distance twice that of its radius, a
charge +q and mass m is placed. If the current in
solenoid is suddenly switched off, find the velocity
attained by the charge.

SOLUTION

The magnetic field inside the solenoid is along the
axis of the solenoid and is given by

Binside = Hohtl

Let the duration in which field drops to zero after
switching off the current in the solenoid be At. Due
to the switching off the current to the solenoid, an
electric field E,, is induced at a distance x=2R ie.
outside the solenoid in this time interval At. So, we
have

E_(21x)= _A(A_B)= _nRz(m)
At N

= Enc(2nx)=nR2(#O—M)
At

o =R_2[uﬂnf)= R* (uonf)
oo\ At 2(2R)\ At
R nl
= En:::E(%) (1)

Due to this induced electric field, the charge +4 expe-
riences an impulse in this duration which is given by

FAt=mov-0

= (gE, )At=mo
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Using equation (1), we get

JEC
43\ At

e UonlgR
 4m

ILLUSTRATION 51

Along solenoid of radius R has n turns of wire per
unit length and carries a time-varying current that

varies sinusoidally as I =1, cos(wt), where I is the
maximum current and @ is the angular frequency of
the alternating current source.

(@) Determine the magnitude of the induced elec-
tric field outside the solenoid at a distance r > R
from its long central axis.

(b) What is the magnitude of the induced electric
field inside the solenoid, a distance r from its axis?

T Iy cos (ot) l

SOLUTION

(a) First let us consider an external point and take
the path (contour) for our line integral to be a
circle of radius r centered on the solenoid, as
illustrated in Figure.

Path of integration

T Iy cos (of) i

By symmetry we see that the magnitude of E is
constant on this path and that E is tangent to it.
The magnetic flux through the area enclosed by

this path is BA = BrR?, so
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- o~ d dB
E.dl =-—(BaR?) = -nR* —
Cﬁ dt(” )= it

g2 4B

= @E-d?=£(2m)=—n (1)

The magnetic field inside a long solenoid is
given by B=gonl, where I =1 cos(wt). So, (1)
becomes

E(2rr) = -aR%pynl, %(coswt)

= E(27r)=aR*uynl,wsin(wt)

2
= E:[@Jsm(wt) (forr>R) ...(2)
r

Hence, the amplitude of the electric field outside

the solenoid falls off as 1 and varies sinusoidally
with time. r

(b) For an interior point (r <R), the flux through an
integration loop is given by B(xr?). Using the
same procedure as in part (a), we find that

E(Q2nr) = —zr’ Z—? = nr* pynl,osin (ot )

- =t

Tﬂwrsin(a)t) (forr<R)  ...(3)

This shows that the amplitude of the electric
field induced inside the solenoid by the changing
magnetic flux through the solenoid increases lin-
early with r and varies sinusoidally with time.

ILLUSTRATION 52

Aline charge A is wound around an insulating disc of
mass M and radius R, which is then suspended hori-
zontally as shown in Figure, so that it is free to rotate.

In the central region of radius a, there is a uniform
magnetic field B, pointing up. Now the magnetic

field is turned off, which causes the disc to rotate.
Find the angular speed @ with which the disc starts
rotating. Can you explain the rotation of the disc.

SOLUTION

When the field is switched off, the flux linked with
the central portion changes, due to which an induced
circular electric field is set up. The line charge ele-
ment will experience a torque/couple which makes
the disc to rotate.

If E be the induced electric field, then

(j.)E-dT=—d—¢=—Jm2(d—B)
dt dt

dt
2
- E=-“—(d—B) (1)
2R\ dt
If 7 is the torque on the disc due to this field, then
».( dB
7=FR=gER=2A(27R)ER = -7Aa"R n
If » be the angular speed of the disc, then
L
dt

= ert=jd£

= —Jrﬂ.azR'[dB = J‘dL

= -mAa*RAB=AL
= —ﬂ:lﬁzR(Bf—B,')=L)r—L,‘

= —JrlazR(O—BD)=I((u—0),whereI=%MR2

2rAa*RB,
o= ————"
MR

ILLUSTRATION 53

Along solenoid of cross-sectional radius @ has a thin
insulated wire ring tightly put on its winding; one-
half of the ring has the resistance n(>1) times that
of the other half. The magnetic induction produced
by the solenoid varies with time as B = bt , where b
is a constant. Find the magnitude of the electric field
strength in the ring.
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SOLUTION
The emf induced in the ring is
do 2
=|—|= b
& . na

The changing magnetic field produces an induced
emf in the ring which is equal for both halves of the
ring. So, for each half of the ring, the induced emf

S

is E Please note that the induced emf is independ-

ent of the resistance of the ring. The induced current
flowing in the ring is

£ 5

Ryt r+mr

We are given that the two halves of the ring have dif-
ferent resistances, so our intuition says that the half
ring with lesser resistance should have a higher current
and the half ring with higher resistance should have a
lower current which cannot be possible because

1=

“How will a single loop carry two different
currents?”

The answer to this puzzle is simple and logical. The
current in the loop will have one single value if we
use the concept of induced electric field. The induced
electric field is set up such that according to Lenz’s
Law, in the half ring with smaller current it will be
along the current and in the other half ring with larger
current it will oppose the current.

If E is the induced electric field in the ring, then for
the half ring with low resistance r carrying a current
i, we have

ir=§—(mz)E (1)

and for the other half of the ring with high resistance
nr, also carrying a current i, we have

i(nr)=§+(7m)£ (2

Subtracting equation (1) from (2), we get
(n-1)ir=2maE ..(3)

Adding equations (1) and (2), we get
(n+1)ir=E=na’b .4
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Dividing equations (3) by (4), we get
ro @(n_-l]
2{n+1
EDDY CURRENTS

Since we know that an emf and a current are induced
in a circuit by a changing magnetic flux. In the same
manner, circulating currents called eddy currents
are induced in bulk pieces of metal (or metal sheets
or metal plates) moving through a magnetic field.
This can easily be demonstrated by allowing a flat
copper or aluminum plate attached at the end of a
rigid bar to swing back and forth through a mag-
netic field.

Formation of eddy currents in a conducting plate moving through a
magnetic field. As the plate enters or leaves the field, the changing
magnetic flux induces an emf, which causes eddy currents in the
plate.

As the plate enters the field, the changing magnetic
flux induces an emf in the plate, which in turn causes
the free electrons in the plate to move, producing the
swirling eddy current. According to Lenz’s Law, the
direction of the eddy currents is such that they create
magnetic fields that oppose the change that causes the
currents. For this reason, the eddy currents must pro-
duce effective magnetic poles on the plate, which are
repelled by the poles of the magnet; this gives rise to
arepulsive force that opposes the motion of the plate.
(If the opposite were true, the plate would acceler-
ate and its energy would increase after each swing,
in violation of the Law of Conservation of Energy).
As indicated in figure with B directed into the page,
the induced eddy current is counterclockwise as the
swinging plate enters the field at position 1.
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As the conducting plate enters the field (position 1), the eddy
currents are counterclockwise. As the plate leaves the field
(position 2), the currents are clockwise. In either case, the force on
the plate is opposite the velocity, and eventually the plate comes
to rest.

This is because the flux due to the external magnetic
field into the page through the plate is increasing, and
hence by Lenz’s Law the induced current must pro-
vide its own magnetic field out of the page. The oppo-
site is true as the plate leaves the field at position 2,
where the current is clockwise. Because the induced
eddy current always produces a magnetic retarding
force F when the plate enters or leaves the field, the
swinging plate eventually comes to rest.

In simplified words, the induced eddy currents
generate a magnetic force that opposes the motion,
making it more difficult to move the conductor across
the magnetic field.

Magnetic force arising from the eddy current that opposes the
motion of the conducting slab.

Minimising Eddy Currents

Since the conductor has non-zero resistance R, Joule
2
heating causes a loss of power by an amount P=E.

Therefore, by increasing the value of R, power loss
can be reduced. One way to increase R is to lami-
nate the conducting slab, or construct the slab by glu-
ing together thin strips that are insulated from one

another. Another way is to make cuts in the slab,
thereby disrupting the conducting path and prevent-
ing the formation of large current loops, as shown.

N

When slots are cut in the conducting plate, the eddy currents are
reduces and the plate swings more freely through the magnetic
field.

Eddy currents are often undesirable because they
represent a transformation of mechanical energy to
internal energy. To reduce this energy loss, conduct-
ing parts are often laminated that is, they are built up
in thin layers separated by a non-conducting material
such as lacquer or a metal oxide. This layered struc-
ture increases the resistance of eddy current paths
and effectively confines the currents to individual
layers. Such a laminated structure is used in trans-
former cores and motors to minimize eddy currents
and thereby increase the efficiency of these devices.

Induction Brakes

The braking systems on many subway and rapid-
transit cars make use of electromagnetic induction
and eddy currents. An electromagnet attached to the
train is positioned near the steel rails. (An electromag-
net is essentially a solenoid with an iron core). The
braking action occurs when a large current is passed
through the electromagnet. The relative motion of the
magnet and rails induces eddy currents in the rails,
and the direction of these currents produces a drag
force on the moving train. Because the eddy currents
decrease steadily in magnitude as the train slows
down, the braking effect is quite smooth. As a safety
measure, some power tools use eddy currents to stop
rapidly spinning blades once the device is turned off.
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Based on Faraday’s Laws: Induced Electric Field

1. Alongsolenoid with n turns per meter and radius R

carries an oscillating current given by I = | sin(@t).
What is the electric field induced at a radius r(<R)
from the axis of the solenoid? What is the direction
of this electric field when the current is increasing
counter clockwise in the coil?

. A magnetic field directed into the page changes

with time according to B=(0.03t* +1.4) T, where
tis in seconds. The field has a circular cross section
of radius R = 2.5 cm. What are the magnitude and
direction of the electric field at point Pwhent=3s
and r=0.02 m?

. A betatron accelerates electrons to energies in the
MeV range by means of electromagnetic induc-
tion. Electrons in a vacuum chamber are held in
a circular orbit by a magnetic field perpendicular
to the orbital plane. The magnetic field is gradu-
ally increased to induce an electric field around
the orbit.

(a) Show that the electric field is set up in a direc-
tion so as to make the electrons speed up.

(b) Assume that the radius of the orbit remains
constant. Show that the average magnetic
field over the area enclosed by the orbit must
be twice as large as the magnetic field at the
circumference of the circle.

. The magnetic field at all points within the cylindri-

cal region whose cross-section is indicated in the

accompanying figure start increasing at a constant

rate & Ts™'. Find the magnitude of electric field as
a function of r, the distance from the geometric
centre of the region.

5. A square conducting loop, of side ¢, is placed in

. A thin non-conducting ring of mass m radius R
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(Solutions on page H.138)

a uniformly decreasing magnetic field shown.
Assuming the center of the square loop is at the
center of the magnetic field region.

® ®59 @ @

(a) Draw vectors to show the directions and rela-
tive magnitudes of the induced electric field E
at points a, band c.

(b) Prove that the component of E along the loop
has the same value at every point of the loop
and is equal to that of the ring passing through
that point.

carrying a charge q can rotate freely about its own
axis which is vertical. At the initial moment, the
ring was at rest and no magnetic field was present.
At instant t = 0, a uniform magnetic field, inwards
normal to the loop is switched on which increases
with time according to the law B=B,t. Neglecting
magnetism induced due to rotational motion of
the ring, calculate
(a) angular acceleration and angular velocity of
the ring at time t and
(b) power developed by the force acting on the
ring as a function of time.
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7.

In a long straight solenoid with cross-sectional
radius a and number of turns per unit length n, a
current varies at a constant rate of | ampere per
second. Calculate the magnitude of the induced
electric field strength as a function of the distance r
from the solenoid axis. Also plot the graph of mag-
nitude of induced field vs the distance r from the
axis of the solenoid.

A cylindrical volume of radius R has a uniform axial

magnetic field B, which is changing at the rate c;_ij :

A metal rod of length L is placed in a plane normal
to the axis of the cylinder as shown in Figure.

Show that the emf between the two ends of the
rod is

2
e:[E RZ_L_]@
2\ 4 )dt

9. A conducting loop has its semi-circular part lying

in a magnetic field B which varies with time as
B=(2t> + 3t +4) tesla . The wire is having a resis-

tance R Qm™". Calculate the current in the loop at
timet=2s.

r/2
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SELF AND MUTUAL INDUCTION

PHENOMENON OF SELF INDUCTION:
AN INTRODUCTION

Consider a circuit having a source of emf E, a resistor
R and a switch S as shown in Figure.

It is observed that, when the switch is thrown to its
closed position, the current does not immediately

. . ) E )
jump from zero to its maximum value ﬁ . Explanation

to this effect is provided by the Faraday’s Law of
Electromagnetic Induction. As the current increases
with time, the magnetic flux through the circuit loop
due to this current also increases with time. This
increasing flux creates an induced emf in the circuit. The
direction of the induced emf is such that it produces an
induced current in the loop (if the loop did not already
carry a current), which would establish a magnetic
field that opposes the change in the original magnetic
field. Thus, the direction of the induced emf is opposite
to the direction of the emf of the battery which results
in a gradual (not instantaneous) increase in the current
to its final equilibrium value. Because of the direction
of the induced emf, it is also called a back emf, similar
to that in a motor. This phenomenon is called the phe-
nomenon of self-induction because the changing flux
through the circuit and the resultant induced emf arise
from the circuit is itself. The emf, {; set up in this case
in the circuit called the self-induced emf.

As a second example, consider a coil consisting
of N turns carrying a current I in the counterclock-
wise direction, as shown in Figure.

[—»

If the current is steady, then the magnetic flux through
the coil remains constant, so that no induced emf
exists in the coil. However, suppose the current I
changes with time, then according to Faraday’s Laws
of Electromagnetic Induction, an induced emf is set
up in the coil so that it opposes the change producing
it. The induced current will flow clockwise in the coil,

dl
if = >0 ie., I increases with time and it will flow

counterclockwise in the coil, if ﬂ <0 ie., I decreases
with time. at

So, finally we observe that whenever the electric
current flowing through a circuit (or loop) changes,
the magnetic flux linked with the circuit (or loop)
also changes so as to produce an induced emf current
in the circuit (or loop). This phenomenon is called
the phenomenon of self-induction and the emf so
induced is called the back emf.

INDUCTOR AND SELF INDUCTANCE:
BASIC INTRODUCTION AND SIGNIFICANCE

If a circuit contains a coil, such as a solenoid, the self-
inductance of the coil prevents the current in the circuit
from increasing or decreasing instantaneously. A circuit
element that has a large self-inductance is called an
inductor and has the circuit symbol «~¥11N—s.

We always assume that the self-inductance of
the remainder of a circuit is negligible compared with
that of the inductor. However, keep in mind, that
even a circuit without a coil has some self-inductance
that can affect the behavior of the circuit.

Since the inductance of an inductor results in a
back emf, an inductor in a circuit opposes changes
in the current in that circuit. The inductor attempts
to keep the current the same as it was before the
change occurred. If the battery voltage in the circuit
is increased so that the current rises, the inductor
opposes this change, and the rise is not instantaneous.
If the battery voltage is decreased, the presence of the
inductor results in a slow drop in the current rather
than an immediate drop. Thus, the inductor causes
the circuit to be “sluggish” as it reacts to changes in
the voltage. An inductor has no role to play in a cir-
cuit as long as the current in the circuit stays constant.
It becomes active whenever the current linked with
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the circuit changes. The self-inductance of an induc-
tor depends on the shape, size, the number of turns
and the magnetic properties of the material enclosed
by the circuit.

SELF INDUCTANCE: DEFINITION

The phenomenon of the production of an induced
e.m.f. in the coil when the flux linked with the coil
changes is called phenomenon of self-induction.

If I is the current flowing in the circuit, then
flux linked with the circuit is observed to be propor-
tional to I.

= Pgocl
= ¢g=LI

where L is called the self-inductance or coefficient of
self-inductance or simply inductance of the coil and
its SI unit is henry (H)

= 1H=1WbA™

If I=1A,then L=¢ (numerically)
So, inductance of a coil is numerically equal to

the flux linked with the coil when the current in the
coilis T A.

| i, d (df)
Since, E= -2 __ % (11)=-1| &
ince, & o dt( ) "

E= L% {in magnitude}

If % =1As™, then L=¢ (numerically)

So, inductance of a coil is numerically equal
to the e.m.f. induced in the coil when the current in
the coil changes at the rate of 1 As™.

Physically, the inductance L is a measure of an
“Inductor’s Opposition” to the change of current. The
larger the value of L, the lower the change in the value
of current. So, L is also called “Electrical Inertia”.

(a) Here we must note that if we are asked to cal-
culate the induced e.m.f. in an inductor, then we
have

dl
1=
; dt

But when we are asked to calculate the voltage
(V) across the inductor then

dl
V=|El=L=
41 dt

(b) Consider a coil that is wound on a cylindrical

core and the current in the coil either increases
or decreases. Then an induced emf is set up in
the coil, which is in accordance with the Lenz's
Law. The polarity of this induced emf must be
such that it opposes the change in magnetic field
due to the change in current. Due to this we can
think of replacing the coil with an equivalent
self-induced emf with the polarity shown in
Figure.

B
ae—
-+
—_—
b
Figure 1(a)
-
o A% T
= -+ | _ -HLU
@ = 4 5
o = .. 27
3] i+ S8
=
E —_— I g,-g
~ b ' £
Figure 1(b)
' =
o as—— I oW
5 — ==
@ _ .t gu
] =5 29
5 -~ T
>0
Q I -3 5
T — 23
~ b i o £
Figure 1(c)

Please note that the ‘dotted battery’ repre-
sents the equivalent self-induced emf pro-
duced by the coil, hence it is shown here as
a replacement to the coil and is not the emf
across the free ends a and b of the coil.
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Finally, we have
|Equiva|ent Self Induced EMF| = L(j:)

Also note that in giving the polarity of the equiva-
lent self-induced emf, we must first see whether |

is increasing or decreasing. Let us take the case of
Figure 1(b), where [ is increasing i.e., %> 0 and B

is also increasing with t. Due to this £<0. Now
this means that the emf induced must produce an
induced current that must not allow B to increase.
So, thisinduced current, I, 4 ..q Must have a direc-
tion opposite to I (as in Figure 2(a)). Hence the
equivalent self-induced emf must have a polar-
ity as shown. A similar argument also holds good
for explaining the polarity of the equivalent self-
induced emf in Figure 1(c).

So, we can easily summarise the above dis-
cussions in the form of diagrams shown
below.

a a

innduced
= I el
b b

Figure 2(a) The polarity of |£| will not allow / to increase,
because it shall be producing an induced

I (increasing)

a)

current, /, 4.ceq that opposes /.
a a
I (decreasing) 4|jndu cod
al =
£<0 E = l 4

b b

Figure 2(b) The polarity of |¢| will not allow / to decrease,
because it shall be producing an induced
current, / that favours /.

induced’
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TECHNIQUE TO FIND THE SELF INDUCTANCE

To find the self-inductance of a given circuit, a good
approach consists of the following steps.

STEP-1: Assume that a current | flows through the
circuit (we can call the circuit an inductor).

STEP-2: Determine the magnetic field B produced
due to the flow of this current.

STEP-3: Obtain the magnetic flux ¢y = B- A.
STEP-4: With the flux known, the self-inductance is
given by

Noy
I

The above steps have been implemented to find the
self-inductance of the circuits discussed further.

L=

Self-inductance for a Circular Coil

Consider a circular coil of radius r and number of
turns N, as shown in Figure.

I

If current I passes in the coil, then magnetic field at
centre of coil

B= KNI
2r

The effective magnetic flux linked with this coil

NI
9 = NBA = N(”” )A

2r
Since, by definition
L0
I
. UN?A o N’mr?
2
2
e L = M

2
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Self-inductance for a Solenoid

Consider a solenoid with # number of turns per
metre as shown in Figure.

M= R =
[ ——
—

1 —
——
—

— /

Ntrans — [
———
——
—
! [ —
-..‘_-_._._.--'-'._""ln._-_-___

Let current I flow in the windings of solenoid, then
magnetic field inside solenoid is given by

B=pynl

The magnetic flux linked with its length [ is
¢y = NBA, where N is total number of turns in
length I of solenoid.

= gy =(nl) BA=nl(pynl) A=(uyn®Al)I
[

Since, L=
L= pyn*Al

. N
Since, n = T

U N?A
I

=  Self-inductance, L =

Self-inductance of a Toroid

Let us calculate the self-inductance of a toroid having
N turns and a rectangular cross section, with inner
radius a, outer radius b and height 7, as shown in
Figure.

—
=
—a-
_»
f—=—

j—— a —»
< b 1

According to Ampere’s Law, the magnetic field is
given by

(J‘)E'-df = CJ;BdI =B<‘ﬁd1=3(2m)=uom

HoNI
2nr

B=

(1)

where r is the distance from the central axis of the
toroid.

The magnetic flux through one turn of the
toroid is obtained by integrating over the rectangular
cross section, with dA = hdr as the differential area
element shown in Figure.

ar

f— —

b
05 =JE-dA =J(”0—M)hdr
2nr

a

W NIh ( b )
= 1 - (2
¢B ZE Oge a ( )

The total flux is N¢j , hence the self-inductance is

2
_Noy _ pNhy (b) .0)

I 2r a

Again, the self-inductance Ldepends only on the
geometrical factors.

SPECIAL CASE

Let’s consider the situation where a>>b—-a.
In this limit, the logarithmic term in the equation
above will be expanded as

10g8(9)=10g8(1+b__a):bi
a a a

and the self-inductance now becomes

- ,uUNzh(b—a)= BN*A _ pyN*A
2z a 2na l

where A=h(b—-a) is the cross-sectional area, and
[=2na

We see that the self-inductance of the toroid in this
limit has the same form as that of a solenoid.
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ILLUSTRATION 54

Consider two wires 1 and 2 carrying equal currents [
but in opposite direction as shown in Figure.

=T 0O 1
aiﬁiii@ T 0 l

If a be the radius of the wires, and w be the centre to
centre distance between them, then find the induct-
ance L of a length x of this arrangement. In doing
so, neglect magnetic flux inside the wires.

SOLUTION

Consider a section of arrangement of length x . Since
we have to find L, so we must first find the flux ¢,
associated with a wire and then we get

ngzldeA
I I

Consider a rectangular areal strip in between the
wires at a distance y from centre of the lower wire
as shown in Figure.

w-y

!

|
.
@
~
3
Ty
s/

r G

If dy be the width of the strip then dA = xdy field at
the strip due to the two wires is

B=H—OI(1+ L Jinwards
2t y (w-y)
= |d¢B=BdA=u—DI(l+ ! )xdy
2ty w-y
2t \y w-y
Ix T[J‘—[Id w=a d
= ¢B=u20_ J_y+J_y
T g y ) w-y

Chapter 3: Electromagnetic Induction 3.61
B Holx

oy =" ")

S gy= Hylx loge(wa—a)_loge(w—w+aﬂ

2 | w-a

w=-a

(1og. y]

—loge(w—y)

1
Since, log, (— =-log, m
m

wolx| w-a
- ol ()

MODIFIED KIRCHHOFF'S RULE FOR
INDUCTORS

Consider the circuit which contains a battery of negli-
gible internal resistance as shown in Figure.

I R
A a
+
+
- E § L
AN b
S

This is an RL circuit because the elements con-
nected to the battery are a resistor and an inductor.
Suppose that the switch S is open for t <0 and then
closed at t=0. The current in the circuit begins to
increase, and a back emf that opposes the increasing
current is induced in the inductor. Because the cur-

.. I .. . .
rent 1s Increasing, E 1S positive; thus, CL 1s negative.

This negative value reflects the decrease in electric
potential that occurs in going from a to b across the
inductor, as indicated by the positive and negative
signs.

With this in mind, we can apply Kirchhoft’s
Loop Rule to this circuit, traversing the circuit in the
clockwise direction

E—IR—Lﬂ=0
dt
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where IR is the voltage drop across the resistor. (We
developed Kirchhoff’s rules for circuits with steady
currents, but they can also be applied to a circuit in
which the current is changing if we imagine them to
represent the circuit at one instant of time.

The expression AV =E-IR- L% =0 has been
cast in a form that resembles Kirchhoff’s Loop Rule,
according to which, “the sum of the potential drops
around a circuit is zero”. To preserve the loop rule,
we must specify the “potential drop” across an
inductor.

0
dt”
— —
I a 1 ¥ T
[ind
+
m L = (-\ _— &l
b b
L
VoV.o=g | X
EL=Vp— V= L[df] 0

The modified rule for inductors may be obtained
as follows: The polarity of the self-induced emf is
such as to oppose the change in current, in accord
with Lenz’s Law. If the rate of change of current is
positive, as shown in Figure, the self-induced emf
&, sets up an induced current I, ; moving in the
opposite direction of the current I to oppose such
an increase. The inductor could be replaced by an
dl

dt
in Figure. On the other hand, if = <0, as shown in

emf & [=L

= +L(g) with the polarity shown

Figure, the induced current [, ; set up by the self-
induced emf & flows in the same direction as I to
oppose such a decrease.

We see that whether the rate of change of cur-

rent in increasing (% > 0) or decreasing (% < 0) ,

in both cases, the change in potential when moving
from 2 and b along the direction of the current I is

v, -V, =—L(ﬂ).
dt

a0
dl
pm <0
— =
1 ' a I

e EL =1 ;—-.-éluind

KIRCHHOFF'S LOOP RULE MODIFIED FOR
INDUCTORS
(a) If an inductor is traversed in the direction of the

dl
current, the “potential change” is —L( m ) .

(b) On the other hand, if the inductor is traversed
in the direction opposite of the current, the

“potential change” is +L ( % ] .

(c) So, for the circuit shown, when we go through an
inductor in the same direction as the assumed

di

current, we encounter a voltage drop of LE
dl

where m is to be substituted with sign. For

example, in the loop shown in Figure, Kirchhoff's
Second Law gives the equation.

di

E-IR-L—=0
dt
R L
—e— AWM ——>—o—TTTTT—e—
H L H L
—_ —_
14 drop=MR drop = LgTi{ )

Use of this modified Kirchhoff's Rule will give the
correct equations for circuit problems that contain
inductors. However, keep in mind that it is mislead-
ing at best, and at some level wrong in terms of the
physics. Again, | emphasize that Kirchhoff's Loop Rule
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was originally based on the fact that the line integral
of E around a closed loop was zero.

However, with time changing magnetic fields,
this is no longer so, and thus the sum of the “potential
drops” around the circuit, if we take that to mean the
negative of the closed loop integral of E, is no longer

zero infact it is +L(ﬂ).
dt

ILLUSTRATION 55

A square wire frame with side 2 and a straight con-
ductor carrying a constant current I, are located in
the same plane. The inductance and the resistance
of the frame are equal to L and R respectively. The
frame was turned through 180° about the axis OO’
separated from the current carrying conductor by
a distance b. Find the electric charge having flown
through the frame.

SOLUTION

Since we know that due to the change in flux a charge
flows through the circuit. Since this circuit is a com-
bination of resistor and an inductor, so we proceed as
follows.
Let us first calculate the induced emf in the circuit
without the inductor
d¢

&r = o
Now let us calculate the emf induced across the
circuit without the resistor. We get

dl
1=
If £ be the total emf induced, then
dt  dt

Chapter 3: Electromagnetic Induction 3.63

So, the induced current I, is

1=§=_l(d_¢’+Lﬂ)
R R\dt 4t

o Idt=—%(d¢+LdI)

o = fao-Lfu

1 L
= AL{:_EAqD_ﬁM

. Aq|=;(A¢+m) )

The coil is stationary before and after rotation takes
place. So,

AI=0
1
= \Aq|=i(¢f—¢f) .(2)

To calculate the ¢;, we consider a strip of length a,
thickness dx ata distance x from the wire. Then

46, = BdA = 010 (aax)

2mx

I bd I b
B _.UOOHJ. X  Uylya ( )
=\|do = —= 1 ..(3
6= o w | i) o

To calculate ¢, we again repeat the same procedure,
then

do; :BAcos(180°)=—ﬂU—%(ady)

2my
I b+ad
a
M R b
b
I,a b+a
= ¢f =—‘ug—;10g8(7) (4)

ILLUSTRATION 56

Calculate the inductance per unit length of a double
tape line if the tapes are separated by a distance
which is considerably less than their width b. The
current flows in the two sheets of the tape line in
opposite direction as shown in Figure.
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SOLUTION

The current per unit length in the width of the sheet
. [

of tape lineis A = 7

Due to this current per unit length 4 in each sheet, a
magnetic field B is produced by each sheet, so that

BO:MJ_O({)
2 2\b

The net field between the sheets due to both of the
sheets is

B =28, = ol

b

The magnetic flux associated with the region between
the two sheets of tape line of length [ is

¢=BA=(“T“I)(U:)

The self-inductance of the tape line is

_9 (M
=4 (b)(zm

The self-inductance per unit length of the line is

L_ toh
[~ b

ILLUSTRATION 57

Calculate the self-inductance per unit length of a
cable consisting of two thin walled coaxial metal-
lic cylinders if the radius of the outside cylinder is

1(n>1) times that of the inside one. The permeabil-
ity of the medium between the cylinders is assumed
to be equal to unity.

SOLUTION

A coaxial cable carries equal and opposite current in

the two cylinders. the magnetic field in the region
between the two cylinders is

po ol

2mr

fora<r<b

where, a and b are the radii of inner and outer
cylindrical shells of the cable.

The magnetic flux in an elemental section of
length I, width dr at a distance r from the axis of
cable is

d¢ = B(ldr)

Total magnetic flux associated with a cross section in
the region between the shells is

0= J-dcj) = J-Bdr

b

Il {dr
¢=“LJ_

2 J r

a

()

2r a
Upll
=—]
¢ 2r n

Self-inductance of the cable

L=¢

I
= L=‘u—ollnn
2r

Self-inductance per unit length of the cable is

L_ &

=]
l 27rnn



ICON

usttoucomapsy

Based on Faraday’s Laws: Self Induction

. The currentin a 90 mH inductor changes with time
as |=t*—6t (in Sl units). Find the magnitude of
the induced emf at

(a) t=Ts and

(b) t=4s

(c) Atwhat time is the emf zero?

. A self-induced emf in a solenoid of inductance L

changes in time as &= &,e™". Find the total charge
that passes through the solenoid, assuming the
charge is finite.

. Theinductor shown in Figure has inductance 0.54 H
and carries a current in the direction shown that is

di
decreasing at a uniform rate . ~0.03As™".

a ‘ b
— e
L

(a) Find the self-induced emf,
(b) Which end of the inductor a or b is at a higher
potential?

. In the circuit diagram shown in Figure, R=10 Q,

L=5H,E=20V,I=2A. If%=—1A5'1.find V,, at

this instant.

R L E
a
— W ——]

. (a) Calculate the inductance of an air core sole-
noid containing 300 turns if the length of the
solenoid is 25 cm and its cross-sectional area
is 4 cm?”.

(b) Calculate the self-induced emf in the solenoid
if the current through it is decreasing at the
rate of 50 As™".

. Calculate the self-inductance of a toroid whose

inside radius is equal to b and cross-section has
the form of a small square of side a. The solenoid

. For the RL circuit shown in Figure, let the induc-

. A long solenoid of diameter 0.1 m has 2x10"

. Calculate the inductance per unit length of a dou-
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(Solutions on page H.141)
winding consists of N turns. The space inside the
solenoid is filled with uniform paramagnetic mate-
rial having relative permeability p,.

tance be 3 H, the resistance 8 Q, and the battery
emf 36 V.

» N\

(a) Calculate the potential difference across the
resistor when the currentis 2 A.

(b) Calculate the potential difference across the
inductor when the current is 2 A.

(c) Calculate the voltage across the inductor when
the currentis 4.5 A.

turns per meter. At the centre of the solenoid, a
100 turn coil of radius 0.0T m is placed with its axis
coinciding with the solenoid axis. The currentin the
solenoid is decreased at a constant rate from +2A
to —2A in 0.05 s. Find the EMF induced in the coil
(in mV). Also find the total charge flowing through
the coil (in uC) during the same time interval if the
resistance of the coil is 107> Q.

ble wire line if the radius of each wire is 1 times
less than the distance between the axes of the
wires. The field inside the wires is to be neglected,
the permeability is assumed to be equal to unity
throughout and 1> 1.
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SERIES LR CIRCUIT:
CURRENT GROWTH AND DECAY

Growth of Current

Consider a series LR circuit which contains a battery
E of negligible internal resistance, a resistor R, an
inductor L and a switch S, connected in series as
shown in Figure.

1 R a
—*
“e2
E [+
TZ L
c att<0 b

Suppose that the switch S had been open for t <0
and then closed at =0, by throwing it to position 1.
The current in the circuit begins to increase, and an
induced emf which opposes the increasing current
is induced in the inductor. Because the current is

. ..dl ..
increasing i.e., = is positive so, we have

dl
-L—<0
6= dt

This negative value reflects the decrease in electric
potential that occurs in going from a to b across the
inductor, as indicated by the positive and negative
signs in Figure.

d 1 R T g
———————a —— AN\ —>—e
2 +
+
E— gf_
C I atts0 b

Apply Kirchhoft’s loop Rule (as discussed before) to
the loop abcda , we get

dl
~L—+E-IR=0 (1
= (1)

where IR is the voltage drop across the resistor. (We
developed Kirchhoft’s Rules for circuits with steady
currents, but they can also be applied to a circuit in
which the current is changing if we imagine them to
represent the circuit at one instant of time). We must

now look for a solution to this differential equation,
which is similar to that for the RC circuit. Since,
from (1), we get

E= IR+L§

dt

= E-IR= Lﬁ
dt

dl 1

= ——==
IR L

E-
(a1
= J. jdt
E— IR L
0

1
= -—log,(E-IR)
R Og(’

()

=| = |t

o \L/ |

= log(E IR) (R)t
\TF

E-IR -7
= ——=¢
E

R
= E-IR=Ee t

o)
= I=—=\1-¢ L/)=][)\1-e L
R

where I =§, is the peak value of current in the

circuit i.e., current in the circuit when t — .

This expression shows how the inductor effects
the current. The current does not increase instantly to
its final equilibrium value when the switch is closed
but instead increases according to an exponential
function.

If we remove the inductance in the circuit, i.e.,
L—0, the exponential term becomes zero and we
see that there is no time dependence of the current
for L—0 ie., the current increases instantaneously
to its final equilibrium value in the absence of the
inductance.

The above expression can also be written as

t t
2l

where 7 is the time constant of the LR circuit, also
called as Inductive Time Constant of LR circuit.

L
T=—
R
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and I,is the maximum constant value given by

Physically, 7 is the time interval required for the

currentin the circuitto reach (1—e™!)=0.632=63.2%
of its final value/maximum value % .

The time constant is a useful parameter for com-
paring the time responses of various circuits. Figure
shows a graph of the current versus time in the RL
circuit.

A

L

E
0632 =
R

Plot of the current I versus time
t for series LR circuit.

Note that the equilibrium value of the current, which
. . E

occurs at ¢ approaches infinity, is R Thus, we see

that the current initially increases very rapidly and

then gradually approaches the equilibrium value %

as f— oo,
il E -
N
dt L

From this result, we see that the time rate of change of
. . E
the current is a maximum (equal to E) at =0 and

falls off exponentially to zero as ¢ approaches infinity
as shown in Figure.

d
dt
A

E
L

_4bt

Plot of di/dt versus time t for series LR circuit.

Chapter 3: Electromagnetic Induction 3.67

DECAY OF CURRENT

Again let us consider the LR circuit taken previously,
when the switch had been kept at position 1 for long
enough (t — o), such that the current reaches a max-

) E
imum constant value I, = R
Now let the switch S be thrown from position 1

to position 2, so that the circuit is now just described
by the right loop of the diagram shown.

(M

t>0 h

Please note that here too we have taken t>0,
because for t<0, a constant maximum current I,
flows through the circuit, which shall now decay to
attain some new value I(<I; ). So, for the decay cir-
cuit, we have
I, at t=0 and
=11(<1) at timet(>0)

Since no battery is connected to the loop ab2a, so by
applying Kirchhoff’s Loop Rule to loop ab2a, we get

dl

0= R
i

o 9o R

it

i R
N —=——Jdt

7L

!() 0

RE b
—Je L=]erT
= I=1I,e = =1

(att<0)

where 7= L and I, = E
R R
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>t
Current 7 vs time t for series LR
decay circuit.

The variation of I vs t is shown here. Please observe
that if the circuit has got no inductor L (take L —0),
then the current will immediately decay to zero
as soon as the battery is removed (or the switch is
thrown to position 2). However, the presence of an
inductor causes the current to decrease exponentially.

Rt
Also note that here %— —(%)e L «(

So, % is always negative and hence §>0

Also, note that the inductive time constant may
also be defined as the time in which the current in the
circuit decays from I, to 0.3681.

Problem Solving Technique(s)

(a) If the growth current is denoted by I, and the
decay current by [, then at the same time instants
from the start, we have

E
I+, =l ==
g 'd—0 R

(b) Theoretically the current grows from zero to |,
(or decays from I, to zero) when t — e, however
practically, it is observed that the current grows
from zero to I, (or decays from I, to zero) in five

. . 5L
time constants i.e,, as t — R

So, J(t = %)—HO , for Growth Circuit and

5L
I(t = E)_) zero, for Decay Circuit.

(c) Also, we observe that

Rt
dﬁz_dﬁz(ﬂ)ﬁ
d d L

(d) During the growth of current in the circuit, we

have

ﬂ>0 and hence £<0
dt

(e) During the decay of current in the circuit, we have

%<0 and hence £>0

(f) The magnitude of the induced emf (or the self-
induced emf) is

dl
=12

(g) & is maximum when t =0 i.e., initially and van-
ishes as t approaches infinity i.e., t — oo This sim-
ply means, that a sufficiently long time after the
switch is closed, self-induction disappears and the
inductor simply acts as a conducting wire con-
necting two parts of the circuit.

(h) Since we have

E=.'R+L—C”
dt

Multiplying both sides by I, we get

Rt

—L=|=lRe L

b=rReu A1)
dt

where, El is the rate at which battery delivers
energy to the circuit, I’R is the power dissipated

by the resistor in the form of heat and LI% is the

rate at which energy is stored in the inductor.

So, equation (1) just represents the Law of
Conservation of Energy for the LR circuit.

Please note that the energy dissipated by the
resistor as heat is not recoverable, however the
magnetic energy stored in the inductor can be
released at some later time.

(i) In some growth graphs, we may have the situa-
tions shown in a single graph for a set of L values.
Then from the graph we can conclude which
graph corresponds to which value of L, so we
observe L, > L.

without L
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(j) So, while solving problems involving series induc-
tor-resistor combination, we must keep in mind
that at

t=01=0and t 5o, ﬂ=0
dt

This happens to be a helping tool to solve equa-
tions, as used in the ILLUSTRATIONS to come.

ILLUSTRATION 58

The potential difference across a 150 mH inductor as
a function of time is shown in Figure.

V(volt)

4

5.0

4.0 AN
3.0 A1 N

20 /l N
0 )4 N

0 10 20 3.0 4.0

1Y

» t(ms)

Assume that the initial value of the current in the
inductor is zero. Calculate the current at time 2 ms
and 4 ms.

SOLUTION
The potential difference across an inductor is given
by
di
Vi =L—
bt
1

Integrating, we get

jd:‘:i:ljmt
L

= i= i(Area under V; versus t graph )

At t =2 ms, we have

%(2><10'3)(5)

i= —3=3.:>>3><10'2 A
15010~

At t =4 ms, area is just double and hence the current
is also doubled.

2[%(%10‘3)(5)]
150x107°

= i= =6.66x107 A
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ILLUSTRATION 59

Two inductors of self-inductances L; and L, and of
resistances R; and R, (not shown here) respectively,
are connected in the circuit as shown in the Figure. At
the instant t=0, key K is closed, obtain an expres-
sion for which the galvanometer will show zero
deflection at all times after the key is closed.

L'I RS
AIIIIN AMM—
ALIIIR AMN———

K

SOLUTION
Since no current flows through the branch BD , so
Vg =Vp

K v

For loop ABDA , we have
= V,-V=V,-V,
= Llcg;Hl&:chg:Hsz (D)
Similarly

Vs =Vp
= Vo-Vy=V--V,
= LRy;=LR, ..(2)

Take derivative of (2) wrt. t, we get
I, ) (dIz )
Ry| — |=Ry| —
3[ de )t

dI, R4(d12)
s Y ] .3
it R\ dt G

Substituting value of I; from (2) and i;; from (3) in
(1), we get



ICON

3.70 )EE Advanced Physics: Magnetic Effects of Current and Electromagnetic Induction

—L-L, |—==L| R, -——— ...(4
(R3 1 z]dt 2(2 R, (4)
When t=0, [, =0
Rk ..(5)
R, L

Now, when t = e ie., [, grows to a maximum con-
stant value, then

dl,
< = 0
dt
= R,= RiRy
R
o KRR ..(6)
RZ R4
From (5) and (6), we get
L_ K R
LZ RZ R4

ILLUSTRATION 60

Astraight solenoid of length [ is having a single layer
winding of copper wire whose total mass is nz. The
cross-sectional diameter of the solenoid is assumed
to be considerably less than its length. Take resistivity
of copper to be p and density is equal to d, calculate
the time constant 7 of the solenoid.

SOLUTION

Time constant of the solenoid i.e. an LR circuit is
given by

T==
R

Inductance of a solenoid is

JUONZA _ ( ﬂoNz ]m,z
! l
where, r is the radius of cross-section of the solenoid.

L= uyn*Al = ..(1)

If I, is the total length of wire that makes the sole-
noid, then we have

ly=N(2zr)
lo

= r=—
2nN

So, equation (1) can be rewritten as

N2 IV 12
L:(’””—)n(L) bb )
| 2N 4 1

The resistance of the wire is

ook ol _pk_pld

A Ay Vo omld m

o2
m
g MR

Substituting this value of Ij in equation (2), we get

[ Ho(mR
4rni\ pd

T_E_ Mot
R 4rlpd

ILLUSTRATION 61

In the circuit shown emf E, a resistance R and coil
inductances L; and L, are known. The internal
resistance of the source and the coil are negligible.
Find the steady state currents in the coils after switch
S was shorted.

Ly

SOLUTION

Since L, and L, are in parallel, so we have

dl, dl,

—=L,—==E-(I,+I,)R (1

1oy =lE=E=(li+]) )
Att=0, I, =1,=0,s0 we get from (1),

dl dl

1—1=L2—2

dt dt

= Ll = Ly,
= Ll =Ll .(2)
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ae
Also, at steady state, we have I = (42 ) A
ah _dl, _
atdr I, =[2+201-¢2)] A
= E-(L+L)R=0 I; versus time graph is as shown in Figure.
E LA
= (h+h)=7 (3) !
From (2) and (3), we get
I, = _Eh and I, = _Eh
R(L, +L,) R(L +L,)
>t

ILLUSTRATION 62

In the Figure shown if, I, = 10e % A, I,=4A and I; increases from 2 A to 4 A exponentially.

Ve =3¢V, then calculate dl;
dt

Vn'_. = V(_)d = L
(a) the current and voltage, I; and V;, across L as

function of .
a function o _— VL:(4)%(4—2€'2!)

(b) V.., V, and V, as function of t.
Show the variationof I, , V;, V.., V,, and V_; with = V=16V
fime £. V, versus time graph is as shown in Figure.
vi(v)
A
16

» 1

V, decreases exponentially from 16 V to 0.

(b) VﬂC = Va _Vc

SOLUTION
V -LR,+[,R, =V
(a) Charge stored in the capacitor at time f, a T TR T

q=CV = V-V, =V, =LR -]k,

= g= (2)(3¢72) . Substituting the values, we get,

L g6 C i v, =(10e)(2)-(4)(3)

= V,=(20e%-12) v

d
o Ie="To 100 A

dt Att=0,V, =8V .Astoe, V, =-12V
{direction of current is from b to O}

Applying junction rule at O, Therefore, V,, decreases exponentially from 8 V

to-12V
I =L+l +1c =10e7 +4-12¢7
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P .

Since, V, =V, -V,

= V. -LR +V. =V,

= V. -V,=V, =LR -V,

Substituting the values, we get,
vV, =(10e2)(2)-3¢%

= V,=172V

Thus, V,;, decreases exponentially from 17 V to 0.

V., versus t graph is shown in Figure.
VanV)
3

17

Since, V,; =V. -V,
V. —L,Ry =V, =V,
= V.-V,=V, =LR,+V,
Substituting the values, we get,
V,=(4)(3)+16e7%
= V,=(12+16e2) v

At t=0, V,;=28V and as t 5, V;=12V
i.e,V_;decreases exponentially from 28 Vto 12 V.

V.; versus t graph is shown in Figure.
VedV)
A

28

12

ILLUSTRATION 63

The switch in Figure is open for £ <0 and then closed
at time f =0 . Find the current in the inductor and the
current in the switch as functions of time thereafter.

40 80

10V

SOLUTION

For loop abefa, we have
—41—4(1—11 )+10=0
= 4L +8[=10 (1)

For loop bedeb , we have

dl
—811—(1)d—t1+4(1—11)=0

dl
= -12[, +4[=—L (2
1 m 2)

a

10V

Multiplying (2) by 2 and the subtracting from (1),
we get

dl
Al +24, =10-2—L
1 1 dt
dl
= 20I,=10-2—L
! dt
= di=5-1011
dt
boa '
= 1 =Jdi
5-101,
0 0
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= 5-10I, =5¢""

= [ =05(1-¢1) A
{current through the inductor}

The current through the switch is I, calculated from
either of the equations to be

I=2(10+41)
8
1=1.25+05,

1=125+(0.5)(0.5)(1-¢1)
[=1.25+0.25-0.25¢"1"

1=(15-025"") A
{current through the switch]

u L U

ILLUSTRATION 64

In the circuit shown, the switch S is closed at time
t=0. Find the current through capacitor and induc-
tor at any time .

R,
R,

SOLUTION

From Superposition principle, the circuit may be
assumed to be equivalent to two circuits in parallel
as shown.

Ry
Ry
C
L R,
A MWy =
I
E
R,
L R, R,
( l Yy + c
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The first is a series LR circuit. Hence current I, at any
t
time ¢ will be givenby I; =1 (1—8 L )

where [; = R£ and 7; = RL

= 1L=£(1-e'T) (1)

Let us now find the current through capacitor at
time f.

-1, R,
R, K D
Br——AW e
G—>—| F
I 4
IA y!
A I H
E

Let the currents in different branches be I, I~ and
I-I- atany time t and g be the charge stored in

the capacitor.
Applying Kirchhoff’s Loop Law to ABKDHA, we get
E-IR,—(I-I:)R,=0 ..(2)
For loop KDFGK , we have
q
——(I-1.)R, =0 ..(3
o (I-L)R, )
dq
Since, [0 = — ..(4
ince, I o 4)

From equation (2)

1 (E+IcRy
Ri+R,
Substituting this in equation (2), we get

E_(EHCRz_IC)RZ:O

C | R+R,
ER R}
12— ie| 2R,
C R +R, R, +R,
d 2
. (_q) R; -z—i— ER,
tJ\ R, +R, C R +R,
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Solving this we get

Ry+R
_ ECR, (1—e_( C}EIR: ]t )
R, +R,
R{+R
ﬂ — EE-( ClRlﬁj )t
it R,

q

ICZ

Hence currents through capacitor and inductor at
any time f are

ILLUSTRATION 65

In the circuit shown, the switch is closed at t=0.
Calculate the current drawn from the ideal battery as
a function of time.

SOLUTION

At an instant t, the circuit is shown in Figure.

A>T ——ww——B

\ G5

If i be the current through the battery, then we have
i=i +i, (1)

Applying KLL for the loop ABCDEA, we get

di
-L—L—-iR-iR+E=0 (2
ol (2)

Applying KLL for the loop FCDEF, we get

-i,R-iR+E=0
From (1), we have
= —(i—il)R—iR+E=0
= -2iR+{R+E=0
E+2iR _. E
== =2-—

R R
From (2) and (4), we get

dat

= —2L%—2iR+E—iR+E=0

= 2E-3iR= ZLQ
dt

o p-dRap
2 dt
i :
R J‘ di_ fdt
L E-2R oL
® 2
logE(E——zR)‘E t
- R _ L
3R L
2
E-—iR
2 3R
= 1 =——t
08¢ E oL
|
: 3R
= 4—%= o
E
3R
o leat)s o
E
3R
-2
= z=£[3+(1—e 2L )]
6R
3R
z=£+£(1—e 2L )
2R 6R

—Li(Zi—E)—(Zi—E)R—iR+E=O
R R
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Problem Solving Technique(s)

In these types of problems, we can first calculate the
current flowing through the inductor using the follow-
ing steps.

STEP-1

Remove the inductor, short the battery and then
calculate the equivalent resistance across the open
terminals (lets call then A and B) after removing the
inductor as shown in Figure. Let that resistance be R,

3R
and we get Ryg = r)

STEP-2
Now calculate the current (i) in the battery circuit at
the moment key is closed as shown in Figure.

A B R
— ——MW—

ik %R

. E
= ji=—
2R

STEP-3
Potential difference across the open ends A and B is
given by

E E
Vie=iR=| — |R==
a8 =1 (ZR) 2

STEP-4
So, current through the inductor is given by

_Rugt
;'—'=Vﬂ(1—e L )

L=h R
AB

_Rast

= :'L=i1=#(1—e ‘ )

e %)
= :'L=i1=§ T-e 2

STEP-5
Apply KLL on the loop EFCDE, we get
—(i-i;)R-iR+E=0
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= 2iR=E+iR
‘_E i
2R 2

3R

= :=£+£(1—e - )
2R 6R

ILLUSTRATION 66

A closed circuit consists of a source of constant EMF E
and a choke coil of inductance L connected in series.
The active resistance of the whole circuit is equal to
R . At the moment =0, the choke coil inductance
was decreased abruptly 7 times suddenly. Calculate
the current in the circuit as a function of ¢ .

SOLUTION

When the inductance was abruptly decreased 1 times

. L . .
L.e. made —, then at the same instant, current in the

circuit becomes 7 times the original value so that the
flux through the inductance remains the same.

Dear Student, please understand that during the step-
wise or sudden or abrupt change in the inductance,
the total magnetic flux i.e. the flux linkage remains
constant.

This statement can be understood based on the con-
cept that when mass of a moving body is abruptly
made half, then its speed becomes twice just because
linear momentum p = mv is conserved.

Similarly, inductance being analogous to electrical
inertia and current being analogous to speed, then
flux ¢ = LI becomes analogous to momentum and
hence abrupt change in L leads to a corresponding
change in current just to conserve the flux.

Just before changing the inductance, current in the
circuit would have been

Ij== (1)

At t=0, when the inductance is abruptly made L ,

then the current in the circuit becomes 7l .
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Atany instant, if I be the current in the circuit, then by
using KLL for the given LR circuit, we get

Integrating within appropriate limits, we get
Lo t
j A0 j dt
E-IR L
ly 0
Here while applying the limits we kept in mind that
at t =0, the current in the circuitis nl, and at time t,
the current in the circuitis I.

I t

_n,

nly

E-IR (nRJ
= In =—| =t
E-nI,R L

From the Equation (1), we get

m(ﬂ):_(ﬁ)f
E-nE L

> lne-m)
R

0

ILLUSTRATION 67

A loop is formed by two parallel conductors con-
nected by a solenoid with inductance L and a con-
ducting rod of mass m which can freely (without
friction) slide over the conductors. The conductors
are located in a horizontal plane in a uniform vertical
magnetic field B . The distance between the conduc-
torsis [ . At the moment t =0, the rod is imparted an
initial velocity v, directed to the right. Find the law

of its motion x(t) if the electric resistance of the loop
is negligible.

g — Vy-p---o-- » X
m, {

SOLUTION

Let at any instant of time, the velocity of the rod be v
towards right.

a ! d a ! d
® i
Fye— —v = L g — Bilv
A
b g c b g c

Let the current in the circuit be I . For the loop abcda

dl
Blo-L—=0
dt
L1 g
dt dt
= Ldl=Bldx
Integrating, we get
LI =BIlx
Bl
= [=— (1
"x 0
Magnetic force on the rod at this instant is,
22
Fm=BH=£x (2

L

Since, this force is in opposite direction of 7, so from
Newton's Second Law we can write,

(dzx] B2
ml — |=———x
at* L

d’x B2
= S =-—X
dr mL
d*x [ B?
= — 4| = |x=0
dr? mL

Comparing this with the standard equation of SHM

dz
—§+ »*x =0 we get,
dt



ICON

Therefore, the rod will oscillate simple harmonically

with angular frequency o = B .Attime t=0, rod

JmL

was at x=0 and it was moving towards positive
x-axis. Hence, x-t equation of the rod is,

x=Asin(ot) ...3)
METHOD I to find A
Since we haveat £ =0, v=%=vg

d
Since, d—? =v=Awcos(wt)

= Awn=y, {att=0}
A=
0]

Substituting in equation (3), we get

X = U—Usin(a)f),where (0=B—I

® JmL
METHOD II to find A
At x=A, v=0, ie, the entire kinetic energy is con-
verted into magnetic energy. So,

1LJ’2=11'1'17)[2,
2 2

Substituting value of I from equation (1), with x = 4,
we get

2
L(?A) = mvj

Jml

B
A=—vo=v—0,where 0=—F

Bl 0] JmL
ILLUSTRATION 68

In circuit shown in Figure, find the current through
battery just after closing the switch and after a long
time in steady state.

Chapter 3: Electromagnetic Induction 3.77

SOLUTION

Just after closing the switch inductor behaves like
open circuit so the circuit just after closing the switch
is shown in Figure below.

R

= \D 3R 3R

The current only flows in the left loop as shown
which is given as

. _E

5 oR
In steady state after a long time the inductor behaves
like a straight wire thus equivalent circuit in steady
state is shown in Figure below. The two resistances on
the right side can be considered in parallel and thus
across the battery equivalent resistance will be

R 3R

R+—=—
2 2

R
MW

ET \9 gR :éﬁ‘

The current flowing through battery in steady state
is given as

- E_2E
° 3R 3R
2

ILLUSTRATION 69

In the circuit shown in Figure, the switch is closed at
t=0.

L R
R

| «
E(dea) O

Find the condition for which current drawn from the
battery does not vary with time.
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SOLUTION ILLUSTRATION 70

The switch is closed at t=0. At any instant, the cur-  For the circuit shown in Figure, we are given that E =
rent drawn from the battery is i . So, we have 50V,R,=10Q,R,=20Q,R;=30Q and L =2.0 mH.

i L A Find the current through R; and R,,
I —W—
A B N R,
—AW—

S

C
2
F - c E §R2 L

i q Yi “V
/

(a) immediately after switch S is closed.
i=i +i, (b) long time after S is closed.

(c) immediately after S is reopened.

(d) long time after S is reopened.

Applying KLL to the loop ABCDEFA , we get

dip
—Lﬁ -3R+E=0 SOLUTION
i it (a) Resistance offered by inductor immediately after
;? =— switch is closed will be infinite as it behaves like
E-iR L

open circuit. Therefore, current through R; will
Integrating, we get be zero and current through R, and R, is the
r ( Rt same, given by
R L =I,= E _ 30 5,
R, +R, 10+20 3

= I =1,=167 A

Applying KLL to the loop FCDEF , we get

L, R+E=0 , o _
C (b) Long time after the switch is closed, the resis-

" tance offered by inductor is zero and in steady
) state it behaves like a short circuit.
In that case R, and R, are in parallel and the resul-

o ;-E ke tant of these two is in series with R;. So, equiva-
2R lent resistance across the battery in steady state is
= i=0+i R,R 2
b Ry = Ry + 1255 1, 00 ¢
==\1- C
= 1= R 1-e b ]+oe ™ Current through the battery is
E 2
= 1'—E+E(e'_é e_%) IZ:R =%A=1—f
R R net
. I 50
For the current i not to vary with time, we observe = L,=—A=23A
that the terms containing ¢t must cancel, so
: R This current will distribute in R, and R, ininverse
— pRC_p L ratio of resistance, so current through R, is
t Rt Lo (@ ) R,
= —=— R, =
RC L 22\ R, +R;

o e BEYERE
C 2 o\22/030+20/ 11
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(c) Immediately after switch is reopened, the current
through R; will become zero. However, current

through R, will be equal to the steady state cur-
rent through Ry, which is

<

4,

Test Your Concepts-VI
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3=

(2.5). 401
22 11

(d) Long time after S is reopened, current through

all resistors will become zero.

Based on LR Circuits

. In the circuit arrangement shown in Figure, the

switch S is closed at t = 0. Find the current in the
inductance as a function of time? Does the current
through 10 Q resistor vary with time or remains
constant.

10Q

5Q 1mH

36V

A coil of resistance 20 Q and inductance 0.5 H is

switched to dc supply of 200 V. Calculate the

(a) rate of increase of current at the instant of
closing the switch and

(b) rate of increase of current after one time
constant.

(c) steady state current in the circuit.

A coil of inductance 2 H and resistance 10 Q are in

closed series circuit with an open key and a cell of

constant 100 V with negligible resistance. At time

t=0, the key is closed. Find

(a) the time constant of the circuit.

(b) the maximum steady current in the circuit.

(€) the currentin the circuit att =1 second.

(d) the energy stored in the magnetic field linked
with the coil at the steady state.

Asolenoid of inductance L with resistance r is con-

nected in parallel to a resistance R. A battery of

emf E and of negligible internal resistance is con-

nected across the parallel combination as shown

in the Figure. At time t = 0, switch S is opened,

calculate:

(Solutions on page H.143)

Lr
dII1E

R
A

I

l I

E

(a) current through the solenoid after the switch
is opened.

(b) amount of heat generated in the solenoid.

. Two identical bulbs 1 and 2 are connected in the

circuit shown in Figure.
Bulb 1

_~Key

I}
II
Assume that the key is closed at time t = 0 and
when the bulbs start glowing with their full intensi-

ties the key is opened again. Will the bulbs die out
suddenly or slowly? Discuss in detail.

. In the given circuit, find the current through the

5 mH inductor in steady state.
5mH

pi

10mH - ppy —

5Q
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7. Inthe circuit shown, switch Sis closed at time t = 0.
Find the current through the inductor as a function

of timet.
2V 50
—|——wW—
4v 10
| ——ww.
e
S L=1mH

8. In the circuit diagram shown, initially there is no
energy in the inductor and the capacitor. The
switch is closed at t = 0. Find the current | as a func-

tion of time if R= \/E
C

—
v S
9. An active inductor with current |, is connected in

series with a resistance and a battery as shown in

Figure.

If at t = 0 the switch is closed, find the current in
inductor as a function of time.

10. In the circuit shown A and B are two cells of same
emf E but different internal resistances r, and
r,(rn>r,) respectively. Find the value of R such
that the potential difference across the termi-
nals of cell A is zero a long time after the key K is
closed.

a8
R
R L
A B AVA'A'A' _frﬂm'u\_
H R
ry ra R ||
R —WW— Il
C
/I
S

11. In the electric circuit shown in Figure, a battery of
EMF E, a resistance R and coils of inductances L,
and L, are used. The internal resistance of the bat-
tery and the coil resistances are negligible. Find the
steady state currents in the coils long time after the
switch Sw was shorted.

L

AINIEN

L,

SWI\

12. In the network shown, switch § is closed at t = 0
when a steady state current has been attained pre-
viously. Find the current in the circuit at time .

R L
—— WW—TTTTT——

1]

13. An inductor of inductance L = 400 mH and three
resistors of resistances R, =4 Q and R, =4 Q are
connected to a battery of em.f. E= 10V as shown
in the Figure. The internal resistance of the battery
is negligible. The switch S is closed at time t = 0.
What is the potential drop across L as a function of
time? After the steady state is reached, the switch
is opened. What is the direction and magnitude of
current through inductor as a function of time?

I
‘I
v
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ae
L R, 60 20V
.MAV | :
3Q
4 Y
A 2H
B A
L v
R, 40
15. A5 Hinductor is placed in series with a 10 Q resis-
—| l—’g'— tor. An emf of 5V is suddenly applied to the combi-
E nation. For the set up discussed, verify the principle
14. In the circuit shown in Figure, find the current in of conservation ofengrgy at time equal to the time
inductor as a function of time if switch is closed at constant of the circuit.
t=0.
. J
ENERGY STORED IN AN INDUCTOR/ 1 p
ENERGY IN A MAGNETIC FIELD = U= )
As discussed, the emf induced in an inductor-resistor Ve €an also find the above expression by using,
series circuit prevents a battery from establishing an B _dr B
instantaneous current in the circuit. Since we have AW =V Idt, where Vy = LE { dW=Vidt}
dl
E=IR+L(—J = dW=L(ﬁ)Idt=LIdI
dt dt

= EI=12R+LI(£)
dt

From this equation, we observe that the battery must
provide more energy to this LR circuit than it pro-
vides to a circuit without an inductor, because a part
of the total energy supplied by the battery per second
(EI) is the rate at which energy is dissipated as heat
by the resistor (I’R) and the remaining is the rate at
which energy is stored in the magnetic field associ-

ated with the inductor ( L %) )

If we denote the energy stored in the inductor at any
instant of time t by U, then we get

i
dt dt
= dU=LHI

I
= U= Jdu = LJ.IdI
0

I
= W=J.dW= LJIdI= %LIZ
0

This work done is stored in the form of energy of the
magnetic field in the inductor, denoted by U . So,

u=1LLrz
y)
= L:&
12

If I =1 ampere, then L =2U (numerically)

So, the self-inductance of a circuit is numerically
equal to twice the work done against the induced emf
in establishing a current of 1 A in the coil.

ILLUSTRATION 71

A coil of inductance 1 H and resistance 10 Q is con-
nected to a resistance less battery of emf 50 V at time
t=0. Calculate the ratio of the rate at which mag-
netic energy is stored in the coil to the rate at which
energy is supplied by the battery at f =0.1 sec.
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SOLUTION
Since, E= L£+IR
dt

= H=uﬂ+ﬁz
dt

where, EI is the rate at which energy is supplied by
the battery and LI % is the rate at which magnetic

energy is stored in the coil.
So, the desired ratio is

i(G)_Ha)

Desired Ratio = =
El E

-
Since I = \1-¢ L

Rt Rt

= %:%e L :%e L { IUR=E}

1 M
— Ratio=—e¢ L = 100D

L

.1

= Ratio=-=037

e

ILLUSTRATION 72

A resistor and an inductor are connected in series
through a battery of potential difference V as shown
in Figure.

R L
AW—— T
—
Vv S

The switch S is closed at time f=0. Plot the graph
of rate of loss of heat (P) in the resistor versus time
(t). Also calculate the magnitude of current flowing
in the circuit when the rate of increase of magnetic
energy in the inductor is maximum.

SOLUTION

The current i atany time t=1 is given by

Rt
1'=K(1—e L )
R

The magnetic energy stored in the inductor is
1. .
um:U=Eu2

Rate of change of magnetic energy is

1)

it 2 dt dt
di

Let Li—=Z

€ ldf

For the rate of increase of magnetic energy in the
inductor to be maximum i.e. for Z to be maximum,
we have

dzZ
220
dt
Rt Rt
. i(z(l_g L)(ze ]]0
dt\ R L
2 _Rt 2Rt
= V—i(e L e L ):O
LR dt
Rt 2Rt
= _Ee L _ge L :0
L L
Rt
= el =l
2

So, current in the circuit at that instant is

Rt
2V, L)zz(l_z)i
R R 2) 2R

ILLUSTRATION 73

A circuit containing a two-position switch S is shown
in Figure.
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(@) The switch S is in position 1. Find the potential
difference V, =V} and the rate of production of
joule heat in R;.

(b) If now the switch S is put in position 2 at t=0.
Find:

(i) steady currentin R, and

(ii) the time when currentin R, is half the steady
value. Also calculate the energy stored in the
inductor L at that time.

SOLUTION

(@) In steady state no current will flow through
capacitor, because a fully charged capacitor is a
dc blocking element.

Also, no current flows through it initially. So,
applying Kirchhoff’s Second Law in Loop 1,
we get

= 2I,-4I,=-12
= I,-2,=-6 (1)

Applying Kirchhoft’s Second Law in Loop 2,
we get

= 4[,-2[,=-9 ..(2)
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Solving equations (1) and (2), we get
L,=25Aand I, =-1A

Now, V, +3-2I, =V,

= V,-Vy=21,-3=2(-1)-3=-5V

= Py =(-L) R =(-1-25)(2)=245W

(b) In position 2, the circuit is shown in Figure

230

10 mH

Steady current in R, is

= ——=06A
3+2
Time when current in R, is half the steady
value is

log, (2)

L
tl/Z = ;—=TL (10g€2)= ﬁloge (2)

(10><10‘3)

by, = Tloge (2)=1.386x107 s

Energy stored in inductor at that time i.e. when
I

[=2=03Ais
2

u=1rr- l(l()xl(}'?’ J(03) =45x107]
27 2

ILLUSTRATION 74

An inductance L and a resistance R are connected
in series with a battery of emf E . Find the maximum
rate at which the energy is stored in the magnetic
field.

SOLUTION
Energy stored in the magnetic field is

u=1u2
2

-7
Since [=I,\1-¢ ©
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{igloe ]
= U=ELI§ 1-e L

The rate at which the energy is stored is

Rt Rt
Pzd—u=L12(l—e_L )(-e'L ) R
a0

ey
= P=IRleLl-¢ L

For the maximum rate at which the energy is stored,
we have

dP

Z -0

dt

So, put (2) in (1), we get P, as

1 1) 3R E?
P =1‘2R(———)=0—=—
max =0 0 4) 4 4R

Magnetic Energy Density (u_ )

Let us now calculate the magnetic energy density or
simply the energy density of a magnetic field. For the
sake of convenience, consider a solenoid of length /,
area A, having n number of turns per unit length
and self-inductance L. Then, we have

L= pgn*Al (1)
If B is the magnetic field associated with the sole-
noid, then

B= pgnl ..(2)

Since, we know that the energy associated with the
magnetic field is given by

U=11r
2

2
= U= %(yonzAl)[i)

* B=unl
o { ot }
2
= Uz(B—JAl
21,

where Al = Volume of the solenoid.
Now, by definition, the magnetic energy density is
defined as

Energy Associated with the

- Magnetic Field
"7 Volume of the Solenoid
u B?
= U,=—=—
Al 2u,

Although this expression has been derived by con-
sidering the special case of a solenoid, however it is
valid for any region of space where the magnetic field
exists. Also, we observe that the above formula for
magnetic energy density (u,, ) matches with that of

electric energy density given by u; = %SOEZ . In both

the cases, the energy density is proportional to the
square of the field.

ILLUSTRATION 75

Calculate the magnetic field energy associated with
a cubical region (of edge a) that lies above a large
current carrying sheet which carries a uniform linear
current density A Am™".

SOLUTION

Magnetic field B due to a large current sheet in its
surrounding is shown in Figure.

gt
2

a

X X X X X

AAmM™

1
Since B= 3 Iy2 , so the magnetic field energy density

due to the field associated with the sheet in the region
of space is given by
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So, magnetic field energy associated with this cubical

region is

U=uV

m Y cube —

S 1 3.0
=—a" A
8#0

ILLUSTRATION 76

Along cylinder of radius a carrying a uniform sur-
face charge rotates about its axis with an angular
velocity @. Find the magnetic field energy per unit
length of the cylinder inside of it if the linear charge
density equals A and consider permeability of the
medium is equal to unity.

SOLUTION
Current due to rotation of the cylinder of length [ is
given as
o (Ao
2t 2rm

From Ampere’s Circuital law, the magnetic induction
inside the cylinder is

p=tol
!
The magnetic field energy density inside the cylinder
is given as
BZ
U, =—
2ug

Energy per unit length of the cylinder is

u,V. 2
% _ m ¥ cylinder _ 1 B_ (Eﬂzf)
1 I 1 24,

2
= L (,uﬂlla)) (za’1)
I\ 2u0 \ 2a

2. 272
- ﬁzyolwa
! 87
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ILLUSTRATION 77

Calculate the total magnetic field energy stored per
unit length inside a long cylindrical wire of radius R
and carrying a current I .

SOLUTION

Let us consider an elemental shell of radius x and
wall width dx inside the cylinder as shown in
Figure.

R
I Y 7
I Ix X + dx {(
/ \

<

The magnetic field inside the wire at a distance x
from axis is calculated using Ampere’s Circuital Law,
according to which we get

B(2nx)=y0 (Ienc)=1u01’

I
= B(2nx)=ﬂ0(ﬁ)(irx2)

B= (_yﬂfz )x
2nR

The volume of the elemental shell of length | is
dV = (2zxdx)]

magnetic field energy stored in elemental cylindrical
sheet is

2 2

du = (B ]dV:i(”“—b;) (2lxdz)
24y 241\ 27R

fol’l

=y dx
T

= dU=

Total field energy inside the cylinder is

u=Jau= ’”‘”iJ
4R

u ( 1ol )R‘* 1ol
= — = —_— —
I \4zR*) 4 167
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0‘7 Test Your Concepts-VII

1. What inductance would be needed to store 1 kWh
of energy in a coil carrying a current of 200 A?
2. Assume that the magnitude of the magnetic field

2
outside a sphere of radius R is B= BD( R) , where
r

B, is a constant. Determine the total energy stored
in the magnetic field outside the sphere.

3. A wire of non-magnetic material, with radius R,
carries current uniformly distributed over its cross
section. The total current carried by the wire is I.
Find the magnetic energy per unit length from the
surface of wire to twice its radius.

4. On a clear day at a certain location, a 100 Vm™
vertical electric field exists near the Earth’s surface.
At the same place, the Earth’s magnetic field has
a magnitude of 50 uT. Compute the energy densi-
ties of the two fields. For what ratio of E to B can
the energy density be equal. Can you recognise this
ratio?

5. Along coaxial cable consists of two concentric cyl-
inders of radii a and b. The central conductor of
the cable carries a steady current i and the outer
conductor provides the return path of the current.

N

Based on Magnetic Energy and Magnetic Energy Density

(Solutions on page H.148)
Calculate the energy stored in the magnetic field of
length | of such a cable

6. The current (in ampere) in an inductor is given by
I=5+16t, where tis in seconds. The self-induced
emfinitis 10 mV. Find
(a) the self-inductance, and
(b) the energy stored in the inductor and the

power supplied toitatt=1.
7. An inductor having inductance L and a capaci-
tor having capacitance C are connected in series.
The current in the circuit increases linearly in time
as described by | = kt, where k is a constant. The
capacitor is initially uncharged. Determine
(a) thevoltage across the inductor as a function of
time,

(b) the voltage across the capacitor as a function
of time, and

(c) thetime when the energy stored in the capaci-
tor first exceeds that in the inductor.

8. Asolenoid has an inductance of 10 H and a resis-
tance of 2 Q. It is connected to a 10 V battery. How
long will it take for the magnetic energy to reach
one fourth of its maximum value?

J

MUTUAL INDUCTANCE

Itis generally observed that the magnetic flux through
the area enclosed by a circuit varies with time because
of time varying currents in the neighbouring circuits.
This phenomenon in which emf is produced due to
the interaction of the two circuits is called the phe-
nomenon of Mutual Induction.

Consider two coils, P (Primary) and 5
(Secondary) placed close to each other such that if a
current passes in coil P, the coil S is in the magnetic
field of coil P and vice-versa.

P S

“K ©

1

i

When the key K is closed then the current flowing
through a coil (P) changes, the magnetic flux linked
with the neighbouring coil (Q) also changes. As a
result of this an induced e.m.f. and hence an induced
current is set up in coil Q.

This phenomenon of production of e.m.f. in a
coil when the current in neighbouring coil changes
is called mutual induction. The circuit in which the
current changes is called the primary circuit, while
the neighbouring circuit in which e.m.f. is induced is
called the secondary circuit.

Definition |

If I, is current flowing through primary coil then at
any instant, the total flux linked with secondary coil
is given by
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L] ]
¢’2, total D':Il
=  Nyp, <]
= N2¢2 = MII (1)
= M — N2¢2

L

where M is called the coefficient of mutual induction
or mutual inductance of the coils.
If [, =1 A, then M =N,¢, (numerically)

So, M is numerically equal to the total flux
associated with the secondary coil, when the cur-
rent in the primary is 1 A.

Definition 2

Also induced e.m.f. in secondary coil,

d d
52:_5(¢2,t0tal):_ 2%
d dl,
=——(ML)=-M— (2
= § dt( 1) I (2)
dI,

If —1=1As", then M=¢, (numerically)

dt

So, M is numerically equal to the e.m.f.
induced in the secondary coil, when the rate of
change of current in the primary coil is 1 As™

(a) Like self-inductance, the unit of mutual induc-
tance is henry (H). The direction of induced e.m.f.
or induced current arising due to a change in
magnetic flux in all cases is given by Lenz's Law.

(b) Mutual inductance depends on the geometry of
both the circuits, their orientations with respect
to each other, their closeness and the number
of turns. As the circuit separation increases the
flux linking the circuits decreases and hence the
mutual inductance also decreases.

(c) To understand the concept of mutual induc-
tance, we can understand that the induced emf
will develop in coil 2, due to the change in its flux
because of the coil 1. So, we get

_ d‘Pz) d [ Myl
%= Nz( a ) dt( N, ]
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Since ¢, = 121
N
dl
= '§2=‘M12(d;)

where M,, is the inductance of coil 2 due to
change of current in coil 1.

The induced emf will develop in coil 1, due to the
change in its flux because of the coil 2 is

. d¢1] o d [ Myl
6= N‘(dt th( 1)

|
Similarly, ¢, = N”
h

= A= 2‘((1)

where M,, is the inductance of the coil T due to
the change of current in coil 2.
From Reciprocity Theorem, we have

M, =My =M (say)

So, (3) and (4), can be rewritten as

)8

CALCULATION OF MUTUAL INDUCTANCE

To calculate the mutual inductance of two circuits,
simply follow the steps given.

STEP-1: Take any one circuit as the primary (the first
one) and the other as secondary (the second one), for
the sake of convenience.

STEP-2: Let a current I; flow in the primary circuit.
STEP-3: Calculate the strength of magnetic field (B)
produced by the current in the primary at the location
of the secondary coil.

STEP-4: Now calculate 9, o = Ny0, =N, (B-4, )
STEP-5: Get M by using

¢’2, total _ N2¢2 _ NZ(E'AZ)
L L L

M=

Let us apply these steps to calculate the mutual
inductance for the following systems.
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MUTUAL INDUCTANCE FOR
ATWO COIL SYSTEM

Consider two co-axial coils having number of turns
N; and N, and radii R, and R, respectively. If I, is
current in outer coil, then magnetic field at its centre,

_ KN I

B
TS

The flux linked with inner-coil

¢, = N,Bi A,
UyN1 I
0, 2[ 2R, J 2

9 _ HNiN Ay _ HoNiN, (”Rg)
I, 2R 2R,

ILLUSTRATION 78

= M=

Two thin concentric wires shaped as circle with radii
a and b lie in the same plane as shown in Figure.

(5

Assuming that 2« b, calculate their mutual induct-
ance and the magnetic flux through the surface
enclosed by the outside wire, when the inside wire
carries a current I .

SOLUTION

If outer coil carries a current I, then the magnetic
flux at the location of inner coil 1 due to current in
outer coil 2 is

b1 = = ByA, =(i—‘f)(m2)

The mutual induction coefficient between the two
coils is

M _ 9 _ ﬂﬂﬂ-ﬂz
I 2b
MUTUAL INDUCTANCE FOR A

SOLENOID-COIL SYSTEM

Let n, be number of turns per metre length of a long
solenoid S, . Leta coil S; of n; turns per unit length
and of area A is placed within it. If I; is current in
solenoid, then magnetic field within it,

By = pym I

(

Since no magnetic field exists inside the annular
region (region between S; and S, ), so magnetic flux
linked with coil,

= M= ?_2 = ﬂﬂnlnzAl
1

Please note that M is independent of the area/radius
of the surrounding coil S,, because the field in the
region between S, and S, (also called as the annular
region) is zero.

MUTUAL INDUCTANCE OF TWO CLOSE COILS
AND COEFFICIENT OF COUPLING

If two coils of self-inductances L, and L, are placed
near each other, then mutual inductance
M=K JLiL,

where K is a constant, called coefficient of coupling,
having values between zero and 1.

If flux linkage between coils is 100% then K =1, so we
have

M=JLL,
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ILLUSTRATION 79

Two co-axial loops of radii R and r(R>r) are
placed such that separation between their centres is x.
Calculate the mutual inductance of the arrangement.

SOLUTION

Let us imagine a current i to flow through the loop

of radius R . The field produced at the centre of the

smaller loop lying at the axis of the bigger loop is
S

axis — 32"

2(R*+4?)
Since R>>r,so we can assume that this field is acting
uniformly on the entire area of the smaller loop.

Since ¢ =B-A=BAcos0°=BA

= ¢= ﬂ ar’
2(R2442)"°
Since M—Q
1
R22
= M=%
2(R2+42)

ILLUSTRATION 80

A toroidal coil S; has a rectangular cross-section and
contains N loops as shown in Figure.
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Its inner and outer radii are a and b, respectively. The
height of the toroid is I . A thin conducting ring S, of
resistance R, encircles the toroid. The coil S; carries
a time-dependent current [=I,e* (where I, and
o are constants). Calculate the mutual inductance
between the ring and the coil and the induced time-
dependent current i in the ring,

SOLUTION

For calculating the mutual inductance, let us assume
that a current i is passed through the toroid. By
Ampere’s Circuital Law (ACL), the magnetic field at
a radial distance r from the centre of toroid is

Uy Ni

2nr

B=

Since magnetic field outside the toroid is zero, so the flux
associated with the ring equals the flux associated with the
toroid.

Now to calculate the flux associated with the ring, let
us consider the cross-section of toroid. The flux asso-
ciated with the shaded strip is

Cross-section

of toroid
0 h
Conducting R;
d¢ = BdA
= do=PN )
2mr
. b .
b= uONIhJ'dr _ Uy Nih ]n(bJ
2 r 2r a
Since M = 9
i
Mo LN KNI ( b )
2r a

Applying Faraday’s Laws of EMI, we get

};___
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E 2n a
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. & _ uNhlyoe h(b)

R 27R 1
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ILLUSTRATION 81

There are two stationary loops with mutual induct-
ance M . The current in one of the loops starts vary-
ing as I, =at, where « is a positive constant and
t is any time instant starting from t=0. Calculate
the time dependence I, (t) of the current in the other
loop which has self-inductance L and resistance R .

SOLUTION

The induced EMF in the second loop when the cur-
rent changes in the first loop is

dl d
=M—=M—(at)=Ma
%2 dt dt
= §2=MO!

For the second loop, on applying KLL we get
dl
LLR+L—% = Mu
z dt

dl

= L=2=Ma-IR
dt 2
dl, dt
= ———=—
Mo-LR L
J’z t
dl, J‘dt
= — ==
Ma-I,R JL
0 0

I t

t

1

0

(Ma—IZR) Rt

= In| 222 |=-

Ma L
Ma-LR -~

— L
= —_—=¢
Mo

0

Rt

= Ma-I,R=Mae *

_E)
= IszMa(l—e k

_Ma(, 7]

INDUCTANCES IN SERIES AND PARALLEL

Series

Consider a number of inductors L;, L,, L;, .......
connected in series. Assuming no interaction between
them through mutual inductance, then we have

L

'series

=L +L,+Ly+......

This can easily be shown by taking the following
series inductor circuit and its equivalent circuit.

I I L
a b C d a d

series Ji

At any instant, assume that the current in the induc-
tor circuit be I. Then

dl

Vo-Vi=L| (1)

V,-V.=L, % ()

V.-V, =L, % .3
Now, for the equivalent circuit we have

V.-V, =Lseﬂes(g) ..(4)

From (1), (2), (3) and (4), we get
Va _Vd =(Va _Vb )+(Vb _1/6 )+(I/C _Vd)

dl dl dl dl
L. —|=L| = |+L,| = |+L,| =
= senes(dt) Ll(df)_l— Z(dt)+ S(dtJ

series

SPECIAL CASE

If two coils of self-inductances L; and L,, having
mutual inductance M are connected in series and
placed close to each other, then the net inductance
is given by

Legries =Ls =L, +L, £2M

series

Parallel

Consider a number of inductors L;, L,, Ly, .........
connected in parallel. Assuming no interaction
between them through mutual inductance, then we
have
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L]
1 T 1 1 1
=—=—+—+—+....
Lparallel LP JL1 LZ L3
]1 L1
I I Ly I Lpara\lel
> > ij [ iﬁ \ = .—,—fﬁ‘ﬂh’ﬁ\—.
a b a b
L

This can be shown by taking the following parallel
inductor circuit and its equivalent circuit.

Since the inductors are connected in parallel, so we
have

I=1+1,+1;
il _dl dl dly
at dt dt dt

Since, V, -V, =L (f{i) and

(4 4(4)
Ve %_h(ﬁ =Ly )7

V,-V,) (V,-V,) (V,-V,) (V,-V,
- (a b)=(a b)+(a b)+(a b)

Lparallel L] LZ LS
1 1 1 1 1
= =—=—+—+—+..
Lparallel LP L1 LZ LS
SPECIAL CASE

If two coils of self-inductances L, and L,, having
mutual inductance M are connected in parallel and
placed close to each other, then the net inductance
is given by

LL, - M

L=l =l
P — “parallel L1+L2 +IM

ILLUSTRATION 82

Two inductors having self-inductances L; and L,
are connected in parallel as shown in Figure (a). The
mutual inductance between the two inductors is M.
Determine the equivalent self-inductance L, for the
system as shown in Figure (b).
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SOLUTION
I = Il + 12

The voltage across the pair is

AV=_L16221_

For the equivalent combination, we have

AV =

dl
AV =-[,—2-

-L

€q

dt

dl
dt

From (2), we get

it

wit

dt

_AV Ml
T

L1

Substituting in (3), we get

AV =-L, di M(ﬂ Mdi)

dl, M(AV) M dl

dt

L, L dt

dt L, L, dt
dl
= (M*-LL, )d—f= AV (L, -M)
Now, from (3), we get
dl, AV Mdl,
—_—t = 2
dt L, L, dt
Substituting in (2), we get
(M2 -LL, )ﬁ; AV(L, - M)
However, we have
I=1,+1,
a_d d,
dt dt  dt
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AV _AV(L,-M) AV(L-M)

Ly M -LL, M-LL,

{ -L Q:AV} =

4 dr

Ly M -LL
_ LL,-M’
U L+L,-2M

0\7 Test Your Concepts-VIll

Based on Faraday’s Laws: Mutual Induction

1. A coil has 600 turns which produces 5x 107 Wb

per turn of flux when 3 A flows in the wire. This
produced 6x10™ Wb per turn in 1000 turns sec-
ondary coil. When a switch is opened the current
drops to zero in 0.2 5. Find

(a) mutual inductance

(b) theinduced emf in the secondary

(c) the self-inductance of the primary coil

. Calculate the mutual inductance between two coils

when a current of 4 A changes to 12 Ain 0.5 s and
induces an emf of 50 mV in the secondary. Also cal-
culate the induced emf in the secondary if current
in the primary changes from 3 Ato 9 Ain 0.02s.

. A circular coil P of 100 turns and radius 2 cm is

placed concentrically at the centre of another
circular coil Q of 1000 turns and radius 20 c¢m.
Calculate the mutual inductance of the coils. When
the current in the coil Q decreases from5Ato 3 A
in 0.04 s, then calculate the emf induced in coil P,
rate of change of flux through the coil P at this
instant and the charge passing through coil P if its
resistance is 8 Q2.

. A large coil of radius R, and having N, turns is
coaxial with a small coil of radius R, and having N,
turns. The centres of the coils are separated by a
distance x that is much larger than R, and R,. What
is the mutual inductance of the coils?

. A straight solenoid has 50 turns per cm in primary
and 200 turns in the secondary. The area of cross
section of the solenoid is 4 cm’. Calculate the
mutual inductance.

. Find the mutual inductance of two thin coaxial

loops of the same radius a if their centres are sepa-
rated by a distance [, with [ > a.

. An air core solenoid 0.5 m in length contains 1000
turns and has a cross sectional area of T cm”.

(Solutions on page H.150)

(a) Ignoring end effects, find the self-inductance.

(b) A secondary winding wrapped around the
center of the solenoid has 100 turns. What is
the mutual inductance?

(c) The secondary winding carries a constant cur-
rent of T A, and the solenoid is connected to a
load of T k€. The constant current is suddenly
stopped. How much charge flows through the
load resistor?

8. Acoil of 100 turns and 1 cm radius is kept coaxially

within a long solenoid of 8 turns per cm and 5 cm
radius. Find the mutual inductance.

9. A very small circular loop of radius a is initially

coplanar and concentric with a much larger circu-

lar loop of radius b(>>a). A constant current [ is

passed in the large loop which is kept fixed in space

and the small loop is rotated with angular veloc-

ity @ about a diameter. The resistance of the small

loop is R and the inductance is negligible.

(a) Find the currentin the small loop as a function
of time.

(b) Calculate how much torque must be exerted
on the small loop to rotate it.

(c) Calculate the induced emf in the large loop
due to current [found in part (a)] in smaller
loop as a function of time.

10. Figure shows a rectangular coil near a long

wire. Calculate the mutual inductance of the
combination.

«cre® p Oy ©
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11. An inductor of inductance L is cut in three equal
parts and two of these parts are interconnected
first in series and then in parallel. Assuming that
the mutual inductance between the parts is negli-
gible, calculate the inductance of the combination
in both the cases.

12.Figure shows a long wire and a triangular
coil. Calculate the mutual inductance of the
combination.

\.
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OSCILLATIONS IN AN LC CIRCUIT

Introduction and Circuit

When a capacitor is connected to an inductor, as
shown in Figure 1, then the combination is called an
LC circuit.

L

|
‘gjllo

AN
S

Figure 1 A simple LC circuit. The capacitor has an initial

charge Q, and the switch is open for t < 0 and
then closed at t = 0.

If the capacitor is initially charged and the switch is
then closed, we find that both the current in the cir-
cuit and the charge on the capacitor oscillate between
maximum positive and negative values, if the resist-
ance of the circuit is zero, i.e., no energy is dissipated
as heat.

Assumptions

(@) In the following analysis, we neglect the resis-
tance in the circuit.

(b) We also assume an idealized situation in which
energy is not radiated away from the circuit.

(c) Assume that the capacitor has an initial charge
Qp (the maximum charge) and that the switch
is open for t <0 and then closed at t=0. Let us
discuss what happens from an energy viewpoint.

With these idealizations of zero resistance and no
radiation losses, the oscillations in the circuit persist
indefinitely.

Explanation Based on Energy Viewpoint

When the capacitor is fully charged, the entire energy
in the circuit is stored in the electric field of the capac-

2
itor and is U= (j—é At this time, the current in the

circuit is zero, and therefore no energy is stored in the
inductor. After the switch is closed, the rate at which
charges leave or enter the capacitor plates (which
is also the rate at which the charge on the capaci-
tor changes) is equal to the current in the circuit. As
the capacitor begins to discharge after the switch is
closed, the energy stored in its electric field decreases.
The discharge of the capacitor represents a current in
the circuit, and hence some energy is now stored in
the magnetic field of the inductor. Thus, energy is
transferred from the electric field of the capacitor to
the magnetic field of the inductor. When the capaci-
tor is fully discharged, it stores no energy. At this
moment, the current reaches its maximum value and
now the entire energy is stored in the inductor. The
current continues in the same direction, decreasing in
magnitude, with the capacitor eventually becoming
fully charged again but with the polarity of its plates
now opposite to the initial polarity. This is followed
by another discharge until the circuit returns to its
original state of maximum charge Q, and the plate
polarity shown in Figure 1. The energy continues to
oscillate between inductor and capacitor.

The total energy in the LC circuit at some instant
after closing the switch is

2
U=Uc+U; = 1Q—Jrlﬂ2 = constant (1)
2C 2

Since, U remains constant, so we get

du

—=0
dt
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2
= d—u—i[lQ—+1LﬂJ=Qd—Q+L1ﬂ=o ..(2)

dt dt\2C 2 Cdt  dt
Q. dQ
=4+ L—==0 ...(3
C d¥ ®)
dQ il d*Q
Where1=—EandE=—F

Notice the sign convention we have adopted
here. The negative sign implies that the current [ is
equal to the rate of decrease of charge in the capaci-
tor plate immediately after the switch has been
closed. The same equation can be obtained by apply-
ing the modified Kirchhoff’s Loop Rule, to the circuit.
So, we get

dl

Q_,dI_
Lo =0 (4

dQ

Since I =-—,so we get

The general solution to equation (3) is
Q(t)=Qy cos(myt +6) ...(5)

where Q; is the amplitude of the charge and 6 is the
phase. The angular frequency a, is given by

wy = % ...(6)
The corresponding current in the inductor is

I(t)= _ii_? = 0yQ, sin(w,t +6)
= [(t)=1I;sin(wyt+6) .(7)
where Iy = ,Q, .--(8)

From the initial conditions, we have
Q(t=0)=Q, and I(t=0)=0.

So, the phase 6 is givenby 6 =0. Thus, the solutions
for the charge and the current in our LC circuit are

Q(t)=Qy cos(myt) ...(9)
{Think smartly that at t=0, we have Q=0Q,, so Q
must be a function of cosine with zero initial phase}

r(t):‘;—?:fﬂsin(%t) ..(10)

The time dependence of Q(f) and I(t) are depicted
in Figure 2.

NAA

Figure 2 Charge and current in the LC circuit
as a function of time.

From equations (9) and (10) (AND USING (8)), we see
that at any instant of time, the electric energy and the
magnetic energies are given by

2
U5=Q‘ (t)
2C
2
Uy =(§—é)cosz(a)0t) -.(11)
1
1. ... L .,
= Uz =-LI*(t)=—=sin"(wt)
2 2
Since I, = ®,Q,, so we have
L 2
= UB:(%TQO)siﬁ(th) ..(12)

. 1
Since we know that @, = —

JLC
1 Q.
Ug = ELIZ :(%)smz(mot)
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The total energy is given by

Q% :
= U=Ug+U =(%)cosz (a)ﬂt)+(%)sm2 (@yt)

2
= U= & = constant ..(13)
2C

The electric and magnetic energy oscillations are
illustrated in Figure 3.

u

!

o

A‘ i

_ .

—>

=
S o

.-+
H—I\J|

3T oT
2

o
LA T
h-{

Figure 3 Plots of U, versus t and U, versus t for a
resistanceless, non-radiating LC circuit.
The sum of the two curves is a constant and
equal to the total energy stored in the circuit.

Mechanical Analogue of LC Oscillations

The mechanical analogue of the LC oscillations is the
mass-spring system, shown in Figure 4.

£

L ST m

x=0
Figure 4 Mass spring oscillations
Consider a mass m moving with a speed v attached
to a spring having a spring constant k. Let the mass

m be displaced from its equilibrium position by x,
then the total energy of this mechanical system is
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U=K+U, :1mvz+lkx2
) 2

where K and U,, are the kinetic, energy of the mass

and the elastic potential energy of the spring, respec-
tively. In the absence of friction, the total energy U is
conserved and we get

au —i(lmvz+lkx2J

o de\2 2
= d—u=£(lmvz)+i(lkx2)
At dt\ 2 dat\ 2
d—u=mv@+kxd—x:0
dt dt dt
d dv  d*
Using v=d—1( and ??:ﬁ,the above equation may
be rewritten as
2
md—;[Jrkx:O
dt

The general solution for the displacement is

X(f)=Acos(a)ut+6) where @, =\/E
m

is the angular frequency and A is the amplitude
of the oscillations. Thus, at any instant in time, the
energy of the system is

U=%mA2co§ sin® (w0t+6)+%kA2 cos” (@t +0)

= U= %kAz(sinz(wUH@Hcosz (ayt+6))

ol

In this table, we have illustrated the energy oscilla-
tions in the LC Circuit and the mass-spring system
(harmonic oscillator). Please note that U is the elec-
trical energy stored in the capacitor, Uy is the mag-

= U=tk=lm G A
2 2

netic energy stored in the inductor. Also, U, is the

elastic potential energy of the spring and K is the
kinetic energy of the mass attached to the spring.
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ae
Mass Spring System LC Circuit Energy
I=0
v=0
£ C
m +Qp Ue Up
: ++++++++
i i - U, K
Mean Position; ix=A t=0 l E L ¥
Initially, spring stretched, has
maximum elastic potential energy
S
Initially capacitor full charged
Vo I=1
-— -
W\ m c‘ U Us
! U K
Mean Position | x =0 t=% Q=0 L *
Kinetic energy of the block
is maximum, Us,= 0 B
Current grows to maximum in L
=0
v=0
C| _
m OQ UE UB
! i AhAA A = U K
X=-A | {Mean Position t=1 T T T T T E gf- P
! ! +H++ 4+
Kinetic energy of the block is +Qg
Zero, USp is maximum
Capacitor becomes full charged,
with polarity reversed
Vo I=1Iy
B — <
B
m C UE UB
” 3 Usp K
x=0 | Mean Position t==T Q=0 L
Kinetic energy of the block
is maximum, Us,=0
Current grows to maximum in L
I=0
v=0
Cl +Q
m 0 UE UB
; ; ++++++++q U K
Mean Positon}  ix=A t=T |||} E L *

Kinetic energy of the block is
Zero, Uspis maximum

Finally, capacitor returns to
its original state
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Analogies between Electrical and Mechanical Systems.

One Dimensional Mechanical Electric Circuit Analogy
System
Position Charge Qex
Velocity Current Ioo,
Force Potential difference AV E
X
Viscous damping coefficient Resistance Reb
(k = spring constant) Capacitance
Co—
Mass Inductance Lem
Velocity = time derivative of Current = time derivative of dQ dx
position charge I= FTACI
Acceleration = second time Rate of change of current = il dQ do. d’x
derivative of position second time derivative of —=— e a=—=—
charge dt  dt dt dt
Kinetic energy of moving object | Energy in inductor
u, S LD
2 2
Potential energy stored in a Energy in capacitor 102 1
spring Uc =EE<—> l.IzEkx2
Rate of energy loss due to Rate of energy loss due to 2 2
o . 'R bo
friction resistance
Damped object on a spring RLC circuit 2 2
Ld—g+Rd—Q+9:UH md—§+bd—x+kx:0
dt at C dt dt

ILLUSTRATION 83 SOLUTION

A capacitor of capacitance 25 uF is charged to 300 V. (a) The frequency of oscillation of the circuit is given
It is then connected across a 10 mH inductor. The by
resistance in the circuit is negligible.

1
(a) Find the frequency of oscillation of the circuit. f= 21JLC
(b) Find the potentiafl difference across capacitor and Substituting the given values, we get
magnitude of circuit current 1.2 ms after the
inductor and capacitor are connected. - !
(c) Find the magnetic energy and electric energy at 231:\/ (10 x107° )( 25%x107° )

t=0and t=12ms. = f=3183Hz
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(b) Charge across the capacitor at time t is

q=qycos(wt)

= == = —q,wsin(wt)

where g, =CV, =(25x10)(300)=7.5x10" C

Now, charge in the capacitor after t=1.2x107 s
is,

g=(7.5x107)cos((27 x318.3)(1.2x107)) C
= g=-553x10" C

Potential Difference, across capacitor is,

gl _553x107
C  25x10°
The magnitude of current in the circuit at

£=12x107 s is,

=2212V

1| = gywsin(ot)
= [11=(75x1072)(27)(318.3)

sin((27x3183)(1.2x10°)) A
= |I|=10.13 A
(c) At t=0 the current in the circuit is zero. Hence,

U; =0. So, charge in the capacitor is maximum.

12
= UC=EqEU

2
1 (75%107)
= Up=-X—"+
2" (25x107%)

= Totalenergy E=U; +U=1.125]

=1.125]

At t=1.2 ms, we have

u, = ;uz = ;(10><10'~°")(1o.13)2

= U, =0513]
= U.=E-U, =1.125-0513=0.612]

Else, U can also be calculated as,

2
147 1 _(553%107)

U =-—==X
¢ (25%107¢)

=0.612]
2C 2

ILLUSTRATION 84

An inductor of inductance 2 mH is connected across
a charged capacitor of capacitance 5uF and the
resulting LC circuit is set oscillating at its natural
frequency. Let Q denote the instantaneous charge
on the capacitor and I the current in the circuit. It is
found that the maximum value of Q is 200 uC.

(a) When Q=100 uC, what is the value of %

?

(b) When Q=200 uC, what is the value of I?
(¢) Find the maximum value of I

(d) When I is equal to one-half its maximum value,
what is the value of |Q|?

SOLUTION

This problem is dealing with LC oscillations. The
charge stored in the capacitor oscillates simple har-
monically as,

Q=Q,sin(wtt¢)

where Q, is the maximum value of charge given by

Q, =200 uC=2x10"*C

L=2mH
PR
|
C=5uF
1 1
0=—== =10* s~
JIC  (2x10° H)(5x10° F)
Letat t=0, Q=0Q, then,
Q(t)=Q,cos(mt) (1)
dQ .
= I(t)=E=—Q00Jsm(an) and (2
dfd—it):—gﬂmz cos(wt) ..(3)
(a) Q=100uC=%

1
At cos(wt) = 5 from equation (3), we get
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‘ 2x10 ¢)(10* s'l)z(l)
2
= ‘— =10* As™'
dt

(b) Q=200 uC=Q, when
cos(wt)= 0, 2.
At this time I(t) = -Q,wsin(wt)
= I(t)=0
() I(t)=-Q,wsin(wt)

The maximum value of I is Qym

1,ie., ot=

{sin0°=sin27=0}

= I =Qw=(2x10"C)(10*s")=2A

(d) From energy conservation,

1L1;ax :LI%EQ—
2 27 2¢C

= Q=yLC(P, -1*)

I
For, I = '“2“ =1A, we get

Q=1(2x10%)(5x107° )(22 - 12)
= Q=+3x10"*C
= Q=1732x10"C
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ILLUSTRATION 85

A 1.5 uF capacitor is charged to 20 V. The charg-
ing battery is then disconnected and a 15 mH coil is
connected in series with the capacitance so that LC
oscillations occur. Write the equation for variation
of charge on capacitor and current in the inductor
assuming that the inductor is connected to the capaci-
torat =0

SOLUTION
Given that Q,,,, =Q, =CV, =30 uC
Att=0,Q=0Q,

1
= =0, cos wf where ®=—
Q QO \/’E
1

1 _
= 0= = rads ™

J15x10 x15%10°  15%107°
Also, I= —ﬂfi—? =Qywsin wt = I, sin wt
30%107°
where, [j=Qyw=———-=02A
0 == 15 107

= I1=(02A)sinot

@ Test Your Concepts-IX

1. The switch in figure is connected to point a for a
long time. After the switch is thrown to point b,
what are
(a) the frequency of oscillation of the LC circuit,
(b) the maximum charge that appears on the

capacitor,
(€) the maximum current in the inductor, and
(d) the total energy the circuit possesses at
t=3s?
100 5 p O1H
S

LT

1uF

Based on LC Oscillations

(Solutions on page H.153)

2. An LC circuit consists of a 20 mH inductor and a
0.5 uF capacitor. If the maximum instantaneous
current is 0.1 A, what is the greatest potential dif-
ference across the capacitor?

3. In the arrangement shown, the switch is in posi-
tion A for a long time. At time t =0, it is switched
to position B. Find the maximum charge which will
accumulate on capacitor.
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. An LC circuit having a capacitor with initial charge
of 200 pC is shown in Figure. If at t = 0, the switch
is closed, calculate the first instant when energy
stored in inductor becomes one third that of
capacitor.

0.2 mH
TN

\S

-Q1+Q
I
2 uF

. An LCcircuit consists of an inductor with L=90 mH

and a capacitor of C=400 puF . The initial charge on

the capacitor is 5 UC, and the initial current in the

inductor is zero.

(a) What is the maximum voltage across the
capacitor?

(b) What is the maximum current in the inductor?

(c) What is the maximum energy stored in the
inductor?

(d) When the current in the inductor has half its
maximum value, what is the charge on the
capacitor and what is the energy stored in the
inductor?

. Inan oscillating circuit shown in figure, the capaci-

tors were charged to a voltage of 200 V and then

the switch S was closed. Find

C2=2].LF
|l
I

L=05mH

||
02! 3uF
(a) the normal oscillation frequency.
(b) the peak value of the current flowing through
the coil
. Acapacitorinaseries LC circuit has an initial charge
Q and is being discharged. Find, in terms of L and
C, the flux through each of the N turns in the coil,

Q

when the charge on the capacitor is = .

. In the circuit shown in figure charge on capacitor
is Q =100 puC. If switch is closed at t = 0 calculate
the current in circuit when charge on capacitor

reduces to 50 uC. Also find the maximum current
in circuit.

6 mH
SR

\S

+Q||—O
I
5uF

. Initially, the capacitor in a series LC circuit is

charged. A switch is closed at t = 0, allowing the
capacitor to discharge, and at time t the energy
stored in the capacitor is one fourth of its initial
value. Assuming C to be known, determine L.

10. In the LC circuit shown, C=1 uF. With C charged to

100V, switch S is suddenly closed at time t=0. The
circuit then oscillates at 10° cycles per second.

(a) Calculate @ and T
(b) Express g as a function of time
(c) Calculate L. Assume 72 =10

(d) Calculate the average current during the first
quarter cycle.

11. In the circuit shown in Figure, if S is closed at t =0,

calculate the charge on capacitor as a function of
time assuming that the inductor is active with initial
current [y in it.

12. Two identical capacitors each having capacitance

C are taken. The first capacitor is charged using a
battery of potential difference V and the second
capacitor is charged using the battery of poten-
tial difference 2V. Now the capacitors are con-
nected to an inductor of inductance L as shown
in Figure.
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Calculate the time period of oscillation of the
arrangement and the maximum current in the
circuit

13. Initially the capacitor is charged to a potential of 5V
and then connected to position 1 with the shown
polarity for 1s. After 1 s it is connected across the
inductor at position 2.

(a) Find the potential across the capacitor after 1 s of
its connection to position 1.

(b) Find the maximum current flowing in the LC circuit
when capacitor is connected across the inductor.
Also find the frequency of LC oscillations.

100Q 1 2
MWW

I
1S
+ 0
- T + o
E=10V 10 mF I
r r

14. In an oscillating LC circuit in which C =4.00 uF, the
maximum potential difference across the capacitor
during the oscillations is 1.50 V and the maximum
current through the inductor is 50.0 mA.
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(a) What is the inductance L?

(b) What is the frequency of the oscillations?

(c) How much time does the charge on the
capacitor take to rise from zero to its maxi-
mum value?

15. Two capacitors of capacitances 2C and C are con-
nected in series through an inductor of induc-
tance L. Initially capacitors have charge such that

Vg =V, =4V,, V- -V, =V, and the initial current
in the circuit is zero. Calculate the
AI IB CI I.D

Il 1]
2C C

AN
L

(a) maximum current that flows in the circuit.

(b) potential difference across each capacitor at
that instant.

(c) equation of current flowing towards left in the
inductor.
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SOLVED PROBLEMS

A conducting rod of length I, mass m is set in rota-
tion with an angular velocity @, such that it rotates
on a rough horizontal plane of coefficient of friction
i . A uniform magnetic field of strength B is directed
into the horizontal plane along the axis of rotation
of the rod. The periphery of the conducting rod is
in contact with a circular conducting path, having a
resistance R. If the bar is free to rotate about the ver-
tical axis passing through the centre of the circular
conducting path, then find the variation of @ with ¢.

SOLUTION

Let us first visualise the arrangement discussed, in
the form of a Figure.

Conducting
! periphery/path

AV
R

Consider an infinitesimal element of the rod having
length dx at a distance x from the centre O of the
conducting path. The total force on this element must
be the sum of the magnetic force and the frictional
force. So,

dF = dF,, +df
- M
where df = frictional force = y(dm)g = ,u(fdx) g

and dF,, =magnetic force =i(dx)B, where i is the

induced current in the rod given by,
¢ _Blo

R~ 2R

m

2
—~ 4F =[Blw](dx)B
R

212
- ar, =219

R
= dF=dF, +df

212

M

o g Blo, Mg

2R I

2,2
= dF=[B l w+—uMg)dx
2R !

The torque applied by the force dF about the axis of
rotation is

dt = xdF
272
= dT:(B : w+—‘UMngdx
2R l

So, the total torque is given by

t
272
f:JdT:(Bl_w_}_#_Adg)-"xdx
2R l
0

252 Mo )12
. ,z(fi’f_w+#_g)f_ )
2R 1 )2
_ do
If the angular retardation is o we have a= TS
If I be the moment of inertia of the rod, then equa-
tion (1), becomes

2,2 M 2
Ia=(B : a)+_u gJI_

2R 1 )2
2 272 2 2
. w_wz[mm%)f_ {;ﬂ}
34 2R 1 )2 3
¢ 3 0
= J © =—|dt
(lezw yMg) 2MJ
) +— 0
2R I
2R Blo uMe) 3
= loge( + g] =—-—t
B’ 2R 1), M
B0 uMg
R B
= log,| 7 =3 —= |t
(M%) 4MR
2R I
272 242 _ ﬁ
. BIaJJr,uMg:(BIw0+,uMg)€3(4MRJf
2R 1 2R I

“Mg(l—e_s{f:;]tﬂ (2)

!

272 B’
., R [(B I mo)e—S(m]r

w=——
B’ 2R
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CHECK POINT

Att=0, we must get = @, which is true when we put
t=0in equation (2).

A pair of parallel horizontal conducting rails of negli-
gible resistance is shorted at one end of it and is fixed
on the table as shown in Figure.

TB

Non-conducting
thread

R

\E)
A constant magnetic field B exists perpendicular
to the table. The distance between the rails is /. An
inductor of negligible resistance and mass m can
slide on the rails smoothly. The inductor is connected
to the mass m by a light inextensible string passing
over a light frictionless pulley as shown. Calculate
velocity of the rod as a function of displacement form
initial position. Also find the x; when terminal veloc-
ity is attained.

SOLUTION

For mass m and the rod

mg-T=ma

T-F,=ma
S ——— (1)
mg—F, =2ma

Let at any instant inductor is moving with velocity
v, then

dl
E-L—=0
dt
_ Blvdt=dI
L
XB[ 1
J—dx=JdI
L
0 0
= B—lx=I
L
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Now E, = Bl = 3212%
Substituting in (1)
212

=2ma = 2m0@
L dx

mg —

0 0
B*i%x? v’
= mgx-———=2m—
2L 2
B1%x*
= U=,/gx-
2mL

A metallic rod of mass m and resistance R is slid-
ing over two conducting frictionless rails as shown

in Figure.
B

b c
l T

a
- y , v

An infinitely long wire carries a current I . The dis-
tance of the rails from the wire are b and a respectively.

(a) Find the value of current in the circuit, if the rod
slides with constant velocity .

(b) Find the value of F, if the rod slides with con-
stant velocity ;.

(¢) Find the value of c.

SOLUTION
(a) Magnetic flux linked with the infinitesimal area

element shown in Figure is

Holy
do=—">(xd
0= oy (5]

So, net flux is
b

Hol Holy
—Mhdo= | 200 gy = £070
‘ (j) d .[Zerx ST I

=
T

b
a

b

a

dg| Ul
=——=— l
5 ‘ dt 7 L4 Oge
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Induced emf developed due to motion of the
conductor has an opposite sense to the emf of the
cell. So, we get

- Exd L sl ]
R R 2r a
® —F
E, 1l
1= }dy
[
y
. |
Iy
(b) F=Udﬁ =UIdT><B

b

b
= P:lJ(E_Mlog€ —
R 2r a

a

o F= Holy [E— Holyvg log,
2nR 2r

o3
)

b

a

(c) T=Udi'

b
= T:Jy(MJ(E_HUIOUU logg(g)) d_y
2nR 2 a y

a

_ Fols (E— Ho%olo log, ED(b—a)
2nR 2n a

=JdeF

=T

Now 7 =F, x¢

= 1=F¢

m

= Mol |:E— Uyl loge(k)](b—ﬂ)
2nR 2 a

[t (0] (1)
2nR 2 a a

b-a b-a
logf(é) log, b-log, a

a

= =

In the arrangement shown, the connector of mass 1,
length [ and resistance R can smoothly slide along
the two fixed parallel rails and the switch is closed at
time t=0. The capacitor is initially uncharged and a

uniform magnetic field B exists in the region directed
into the plane of the paper. Find the

(a) charge on the capacitor after a long time.
(b) speed of the connector after a long time.

- c
|

SOLUTION
(@) Applying KVL to the loop abcda , we get

I _IR-Bl+E=0 (1)
C
o TR _p_pp
c

dg q E B
7+7=i_7q
it RC R mR

q
dq J‘
= = |dt
J B2 1 ]
0 + 0

E_[BF T
R TR TRC
a ﬁ I b
—
R
E—
Biv
i
d c
(5
~ 1 R mR  RC 4

212
R(ag]
mR RC
B 1
i
o g= (1—3(’”R+RC]) e
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When t =, we get 4=0Q,
CE
= QD:QIH&:(BZIZCJ
1+

m

(b) Let at any moment the speed of the connector be
dq

v, current in the circuitis [ = E and charge on

the capacitor is g . Then

F=md—U=BH
dt

dv dq)

F=m—=B| — |l
R (dt
, BI

Integrating we get U=(E)q

From Equation (1), we get
BICE
(m+CB*2)

Ut oo =

Two infinitely long solenoids (seen in cross section)
pass through a circuit as shown in Figure.

le— 0.5 m —»te— 0.5m —»i

The magnitude of B inside each is the same and is
increasing at the rate of 100 Ts™'. What is the current
in each resistor?

SOLUTION
For the left loop, the emf induced is

Ao (dB) ,\dB
=7=A — | = e
2 dat O\ gt (M)m

= §=r(01)(100)=7V

Since the field is increasing inwards, so the induced
current must set up a field which will not allow this
increase. Hence induced current in the left loop is I;
counter clockwise (to establish an outward field)
Similarly, for the right loop, we have

d¢‘B (dBJ 2
=—=A — | = ]_ ]_ =225 V
& R T x(0.15)"(100) T
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This induced emf produces an induced current, say
I, clockwise to oppose the change in B here.

l«— 0.5 m —>le— 0.5 m—>

ry=01m | rp=015m T
®®
g ®e
6Q e 250 05m =
®0e
®®
out l
Ei=nV £,=225nV
a [y ¢ | e
I '
I I
6Q 3Q 5Q
L=(l1+1)
b d f

For loop abdca , we have

—61;-3(L+1;)+m=0
= 9,+3L=n (D)
For loop cdfec , we have

3(L+1,)+5I,-225n=0

31, +81, =2.251 .2)
Solving (1) and (2), we get

I, =62 mA

I, =860 mA

I, =922 mA

Arod of length [ is held parallel to and a distance L
above a long wire carrying I and resting on the floor
(shown in Figure).

|
l

1

The rod is released and it remains parallel to the cur-
rent carrying wire as it falls. Assume that the rod
falls under gravity ¢, derive an equation for the emf
induced in it. Express your result as a function of the
time ¢ after the wire is dropped. What is the induced
emf at half the time that the rod takes to hit the wire?



ICON

3.106 JEE Advanced Physics: Magnetic Effects of Current and Electromagnetic Induction

Find the instant and position when the induced emf
is maximum. Also find the maximum induced emf.
Neglect the interaction of induced current in the rod
and current in the wire.

SOLUTION
Since, £=Blv
where B:H—OI, v=gt and y:L—lgtz
2my 2
Holl 8t
|1,
7 g
The rod hits the wire in time T (say), then
1
L=—¢T
28
r- |2
g
gL 122 _ L
2 2\g¢ 29
L gL
g_ﬁhﬂ 28 |_wll N2

“or |1 (| 2 ( L)
L-—g| = _E
2 (2g)

(s [§ 2wl [¢
2r 3\V2L 3r V2L
¢ will be MAXIMUM, when

< _o
dt

i( 1 t
= E[ 1 2]:0 Tg:ﬂZEg{ 1 2]
L——ot L——of
28 28

i} (L-ggf)-f(gnzo

1 ZT
L-of
( 28

H=

ae
= I= i_T
33 3
= y:L—lg 2L =E,fromthewire
2°\3¢) 3
g%
: =,uOH 3¢
MAX = L—l 2L
2g 3g
2Lg
Iy s
= gMA)(:%T
3
13
= gMAX:% %

Two parallel long smooth conducting rails separated
by a distance | are connected by a movable conduct-
ing connector of mass m . Terminals of the rails are
connected by the resistor R and the capacitor C as

shown in Figure.
® ® ® ® _©® © @
®| ® T@ @ || ® |®
g Se /o gl @ -
® ® ® ® || & | @
® ® ® ® ©® ® ©

A uniform magnetic field B perpendicular to the
plane of the rails is switched on. The connector is
dragged by a constant force F. Find the speed of
the connector as a function of time if the force F is
applied at t = 0. Also find the terminal velocity of the
connector.

SOLUTION

Due to the external force F the connector begins to
accelerate such that an emf is induced in the connec-
tor due to which an induced current flow through it.
If the induced current is I (downwards), then due to
this current a magnetic force BIl (acting opposite to
F) acts on the connector. Let at some instant ¢, the
connector has a velocity v . Then the current passing
through the resistor is
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L]
® ® ® ® ® ® @
| @ |@ ® [[®8 ® |®
( ——® =
Q‘?é@ ® ¢ |le 8 ®
| @ |® ®[[& @ |®
® & ® ©® ® ® ©
R> C=— J‘va:@
/. TI
Ip
& Bl
p=2=— (1)
R R

Since the source of emf (which is the moving connec-
tor) is connected in parallel to both R and C, hence
the potential across both is Blv. So, at that instant if
Q be the charge on the capacitor, then

Q=C¢=C(Blv)
dQ (dv)
l.=—==BIC| — (2
©dr dt @
Total induced current is then given by
[=I+I;
_Blv dv

Letusnow draw a free body diagram of the connector.

a+—

F= > Bl

Then, from Newton’s Second Law, we get

F—=BIll=ma
of B0 i)y )
R dt dat
212
o B (e m)® (4
dt
dv dt
= =
(3212) (B*2C+m)
F— ? U
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v t
0F —[—)v 0
R
SO Y [
B U Ry (BC+m)
B*I*v
TR B
= IOgE == 77 t
F R(BY*C+m)
B2
. 1:_@ - Pe_[R(BZIZCHr:)}
R
BE
= v= %(1—6_[ R(BZIZCHH)] )
If v; is the terminal velocity, then at v =0y, i—f =0.
Then from (4), we get
IR
TR
PROBLEM 8

A rod of length 24 is free to rotate in a vertical plane,
about a horizontal axis-O passing through its midpoint.
A long straight, horizontal wire is in the same plane
and is carrying a constant current I as shown in Figure.

i [0}

¢ 2a >
At initial moment of time, the rod is horizontal and
starts to rotate with constant angular velocity @,
calculate emf induced in the rod as a function of time.
SOLUTION

At any instant of time, angular displacement of the
rod is

>

If—xsine = (—xsin(@{)

.
A _xsiné
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Consider an element of length dx at a distance x
from O.If d¢ be the emf induced due to motion of
this element, then

dé=B(dx)v
= dé=B(xw)dx

where, B= ﬂ(;)
r\I-xsin(wt)

Mol x
= o= (I xsm((ut)]d

[ yUIa)j
Voa =V, =V, =1d q
0A=" AJ.‘S [xsma)t)x
" (M)
v, = Hlo | i I ta
04~ " rsin(wt) sin(@t)
S ] l,V =V.-V,= d
mmularly, Vg = Vo —Vp 7 l+xsin(wt)x
0
[ I+asin(ot)
Holw lloge 1
= V= a-
OB = orsin(ot)| sin(wt)
So, Vg = Vop = Voa
[ g (f-ﬂsm(wf)
U0 ‘\I+asin(wt)
Vin = 20+
= Va 2rsin(@t)| ! sin(ot)

Please note that the function V5 is discontinuous at
ot =nn

A conducting light string S is wound on the rim of
a metal ring of radius r and mass m . The free end
of the string is fixed to the ceiling. A vertical infinite
smooth conducting plane P is always tangent to the
ring as shown in Figure.

R 2 2 2 2K 8 @ &
® ® ® ® ® ® 7 ®
@ ® ® ® ® ® ® ®

A uniform magnetic field B is applied perpendicu-
lar to the plane of the ring. The ring is always inside
the magnetic field. The plane and the string are con-
nected by a resistance R . When the ring is released,
calculate the

(a) current in the resistance R as a function of time.
(b) terminal velocity of the ring.

SOLUTION
Letattime t velocity of ring be v (downwards). Then

&=Blv=Bu(2r)=2Bor

The above result can also be obtained, if we observe
the two batteries of emf Bv(2r), connected in paral-
lel. So, the induced current i is given by

& 2Bor

i=2=
R R

i2

Now, mg—F,, —T =ma, where
) 2.2
Pm=2[(i)(2r)3]=2ir3=43 i~
2 R

4B T
mR  m

(1)

= a=g-

Also, if I be the moment of inertia of the ring, then
T Tr T

og=-—=—=— 2

I mr* mr @

= l’,];:]f(;{:1 (3)
m

From equations (1), (2) and (3), we get
2.2
g=8 2B ()
2 mR

dt
.[g 282 .[

2
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28?2
R - t
m‘g > (1—8 mR )
4B°r
At, v=1v,, we have a = (. So, from equation (4), we get

= U=

B mgR
4B%r?

Ur =
PROBLEM 10

A wire ACBOA shaped as a semi-circle ACB with
the bounding diameter BOA (OA=0B=a), has a
total resistance R. It is placed in the same plane as
infinitely long wire XY as shown in Figure.

I 4
c

0

Bl

Yq—a+i

A total charge Q flows through XY such that the
current decreases linearly from an initial value I, to
zero in time T, find the

(a) currentin XY as a function of time.

(b) magnetic flux through ACBOA when current in
XYisI.

(¢) induced currentin ACBOA as a function of time.

(d) heat generated in ACBOA intime T.

(e) force acting on AOB as a function of time and its
direction.

SOLUTION

(a) Variation of I with time is shown in the graph.

A
Iy
T » |
Total | (Areaofthe) ([T _
charge | ~{ triangle )"\ 2 =(Q)
T
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I
Since, =1, -t
T

= 1=?(1-%) (1)

(b) ¢=j§-dﬁ,where
dA = 24a® - xPdx

= ¢=J Hol (2\/ dx)
2r(a+x)

0

polt

= -2
= 2 (z-2)
(c) Induced emf is given by
6——@— poa(=2) dl
Codt 2 dt
poa(m— )(2@) { dl 2(_3f 1}
= 6= 2 T? dt T2 om (1)
toa(m—2) Q

So, the induced current is I, = =
R T

T
(d H= JIfRdt
0

= H=[RT
a ﬂo (n- 2 )2 Q
RT
(e) Force on the straight part is given by F = BI, (2a)

= H=

= P=“—0Hl(2a),where I=£(1—i)
2ma T

T
o p:n_oﬁ(l_i)#oa(ﬂ-ﬂ%
2ma T T TRT?
L p- G2ty
RT T
The force is directed towards the wire as the cur-
rents are parallel.

PROBLEM 11

A uniform but variable magnetic field of induction
B=a+pt fills a cylindrical region of radius R.
A conducting rod PQ of length 2R is pivoted at P

situated at a horizontal distance v/3R from the centre
of the magnetic field as shown in Figure.




ICON

3.110 JEE Advanced Physics: Magnetic Effects of Current and Electromagnetic Induction

Qi x

At t=0, the rod starts rotating clockwise with con-
stant angular velocity ® . Find the emf induced in the
rod at the instant when end Q of the rod enters the
magnetic field.

SOLUTION

Before we start the problem, we must note that the
emf is induced in the rod due to the

(a) motion of the rod in magnetic field (&) and
(b) changing magnetic field (&, )

EMF produced due to motion of the rod in field
Just when the end Q enters the field, from simple
geometry, we observe that AOSQ is equilateral. So,

QS=PS=R
2R
= §= J Box dx {Q at higher potential}
R
3R’
where, B=a+ﬁ(£) .(2)
3w

EMF produced due to the changing magnetic field
Before calculating the induced emf, we must under-
stand that a portion of rod is inside the field and a
portion is outside it. At the same time we must not
forget that the induced field has variable value from
end Q of the rod till theend B.

Magnitude of electric field at the position of the small
element in the magnetic field, E is given by

If the element lies outside the magnetic field, then we
have

B,
E'(2rnr)=—\(nR
(27r) dt(ﬂ.’ )
_BR?
2r

Induced emf due to the inner portion in changing
magnetic field

So, emf induced in the portion of wire inside the
field is

= F

M
'ginside = J| dg'mside | = JEinside ’ dy
Q

At the element, a distance » from O, E is L to r

and has a value E; 4, = %

R

2
= inside — j %dy cos®
R

2



e
In triangle OAN rcos@=0A = @
R
r 2
= &g @ J‘dy =\/§ﬁR
4 4
R
2

Induced emf due to outer portion in the changing

magnetic field

Again, emf induced in the portion of wire outside the

field is
P
goutside = J.dénutside | = J.Eoutside dg
M
P
2
= goutside = J. ﬁi dy cosf
r
M
(2
oo |[PR[NBRY, o
outside J. 2 2 Y
M
ﬁ
2
_3bR*| [ d
= outside = T r_p_
R
2

=

outside =
4

Since J de 5 =1tan'1(£)
ac+x- a a

ICON

Chapter 3: Electromagnetic Induction 3.111

3R
J3bR? af oy o)[?

= outside =~ 7 —_ \ tan A
2 K

..(3) -
= 'goutside = 2 (tan_l\/_ tan”

LS (E_E)
outside — 3 6

ThR?
= outside — T

3

Hence total emf developed is
&= Smotional em * Schanging 3
= &=Gnotionalemt = (Ginsideportion * Soutside portion )changing B
= §=& +(Gnside + Soutide )
3BwR* N J3pBR? N BR>

JER} = 5= FEERET
2r 2 2
= &= SBR ﬁR (@Jr )whereB=a+n—ﬁ
2 4 3 3w

PROBLEM 12

A simple pendulum consists of a small conducting
ball of mass m and a light conducting rod of length
['. The pendulum oscillates with angular amplitude
6, in a vertical plane about a horizontal axis passing
through O such that the ball remains always just in
contact with a metallic strips AD bent into a circular
arc of radius [ as shown in Figure. A uniform mag-
netic field of induction B normal to plane of oscilla-
tion exists in the space. At time f =0 when the ball is
at its lowest position and moving towards right, the
switch S is closed. Neglecting self-inductance of the
circuit calculate external torque 7 required to keep
the pendulum oscillating as before. Assume that 6,
is small.
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SOLUTION

At time ¢, the angular position of the rod is given by

. [ 27
9—908111(,[)! (D)

where T = 2:'r\/z
g
o

A~

=1-=10

\ -
\\\/'Fm
\1
\
A

‘D
Pl Q\ _
\ho tﬂzt q+

'y

Since w=fi—t:, so differentiating equation (1) w.rt.,

time, we get

i (zmaoJ (zm)
0=—=|—— [cos| —
it \ T T

The potential difference between the ends of the rod
at this instant is,

1
Vo-Vo =V :EBOJIZ

I*B
= V-V =(E9?r )cos(%)

From right hand rule we can see that V, >V, . This

is also the potential difference across the capacitor. If
q is the charge stored in the capacitor at this instant,

then
I*CB
‘?=CV=(E60 € )cos(%)
T T

As the rod move towards D, its @ decreases (due to
Lenz’s Law). Hence, q will decrease. Thus, current in
the circuit is anticlockwise, which is given by

2n 12
I=_@=(2Bn Golc]sm(%)
dt T? T

In the rod it points from O to Q.
Magnetic force on the rod due to this induced current

I1is,
2 213
E, =BH=(—2” 90? : C}sin(%)
T T

This force acts on the rod in the direction shown in
Figure at the centre of the rod and perpendicular to
it. Hence anticlockwise torque generated due to this
force about point O is,
2, plih
Bl
=(R ) =0 [ 22

2 T
To keep the rod rotating as before and external clock-
wise torque of equal value has to be applied. So, we
have

m*6,BY'C (m)
=———sin| —

Telockwise = T 2

PROBLEM 13

A uniform wire of resistance x; per unit length is

bent into a semicircle of radius t =0 . The wire rotates
with angular velocity @ in a vertical plane about an

axis passing through % A uniform magnetic field

dg

m exists in space in a direction perpendicular to

paper inwards.

AY
AY
N
N
—————————— .

A (0] D

(a) Calculate potential difference between points I
and ¢ . Which point is at higher potential?

(b) If points t=T and AB are connected by a con-
ducting wire of zero resistance find the potential
difference between 2x; and R.

SOLUTION
(a) Effect length of wire between A and C is

I, = 2asin(9)
2

Therefore, the motional emf (or potential differ-
ence) between points C and A is,

VCA = VC _VA = ;B(Dllz

= Vey :QaZBwsinz(g] (1)

From right hand rule we observe that V- >V,
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Similarly effective length of wire between C and
D is length of straight wire CD is,

l, = 2asin(£—g): ZRCOS(Q]
2 2 2

Therefore, the motional emf (or potential differ-
ence) between points C and D is,

Vep =Ve -V, = %Bw@
= Vep= ZaZBa)cosz(g) .(2)

with V- >V,

From (1) and (2), we have

= V,-V, =2azBa)lcosz(9)—sin2(9H
2 2
Since, cos’ (9)—51'112 (g) =cos6
2 2

= V, -V, =2a"Bocos8

So, we observe A to be at higher potential.

When A and D are connected from a wire, to
make a complete circuit, then current starts flow-
ing in the circuit and the potential difference
between C and A will now have a value other

than 2a*Bwsin’ ( g)

c
X
A 7 D

Resistance between A and C is
1 = (length of arc AC) A =abA
and between C and D is
1, = (length of arc CD) A =(7-6)aA
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Now, the equivalent circuit can be drawn as
shown in Figure

where, E, = 2a’Bwsin’ (g)

and E, = 2azBa)cosz(g) with E, > E,
The current in the circuit is,

_E,-E, 2a’Bwcos® 2aBwcosh
n+n AT

I

Arma

and potential difference between points C and
A is,
Vég=E +In

6

= V= 2aszsin2(E)+(M)/l(a9)

A

= Vi, =2azBa)[sin2(9)+gcosﬂ]
2) &

PROBLEM 14

A battery of emf E, negligible internal resistance is
connected in an LR circuit as shown in Figure.

L R

1
|I
E

The inductor has a piece of soft iron inside it. When
steady state is reached the piece of soft iron is
abruptly pulled out suddenly so that the inductance
of the inductor decreases to 3¢ with a with battery
remaining connected. Calculate:

(a) current as a function of time assuming C at the
instant when piece is pulled.

(b) the work done to pull out the piece.

(c) thermal power generated in the circuit as a func-
tion of time.

(d) power supplied by the battery as a function of
time.

SOLUTION

Whenever the inductance of an inductor is abruptly
changed, the flux passing through it remains constant.
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ae
¢ = constant 2 2
0 = W—l(nL)(i) —l(L)(E)
= LI = constant {L = —} 2 nR/) 2 AR
I 2
(@) Attime t=0, steady state current in the circuit - W= 1 L(E) (l _1]
2 \R) \n
is I =§. Suddenly L reduces to nL(n<1), so )
1 (E 1-n
current in the circuit at time +=0 will increase = W= EL (E) (T)
I
to L= i Let I be the current at time £, then ~ (c) Thermal power generated in the circuit as a func-
- nR . tion of time is,
applying Kirchhoff’s Loop Rule we get, 5
p=I"R
nL R
where | the current calculated in part (a)
; (d) Power supplied by the battery (as a function of
time) is,
= } } -+ P2 = EI
E
E_ nL( I ) “IR=0 Problem Solving Technique(s)
We also observe that at t = 0, current in the circuit is
= A i.dt il and current in the circuit in steady state will again
E-IR =nL n :
I i 1 t be I,. So, it will decrease exponentially from < to I,
n
,[ E-IR EJ. From the m graph the equation can be formed with-
fo/n 0 out doing any calculation.
Solving this equation, we get I
A
I=1, -(10 -I—O)e‘”ft
n

Here I, =§ and 7, =1—L

. I

From the -+ equation, we get I=-" at t=0
n

andI:IO as t—oeo I Ji

The I-t graph is as shown in Figure.

(b) Work done to pull out the piece,

_ L R
qu}r—ui;faLfI}r—ELiIi
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PROBLEM 15

A wire loop enclosing a semicircle of radius R is
located on the boundary of a uniform magnetic field
B . At the moment f=0, the loop is set into rotation
with a constant angular acceleration o about an axis
O coinciding with a line of vector B on the bound-
ary. Find the emf induced in the loop as a function of
time. Draw the approximate plot of this function. The
arrow in the Figure shows the emf direction taken to
be positive.

®B

®®®W®

® ] ® & &
® 1 ® @

SOLUTION

Using the equation of rotational kinematics, we get

1 )
9=Eat2, where time taken to rotate through an

angle 0 is t = 2
6

Also, we observe that, for 6=0 to n, 27 to 37,
4r to 5m etc., then the flux associated with the loop
increases, hence, current in the loop is anticlockwise,
or induced emf is negative.

And for, @=r to 27, 37 to 4xm, 57 to 61 etc., the
flux associated with the loop decreases, hence, cur-
rent in the loop is clockwise, or emf is positive.

® ®
4

®

® & & @
® & ® @

So, let the
2
time taken to rotate through an angle 7 be t; = il
a

4
time taken to rotate through an angle 27 be ¢, = =
o

time taken to rotate through an angle nm be

[
o
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Then for 0 to t, emf is negative

t, to t, emfis positive

t, to t; emfis again negative
and so on.

. . 1
Now, at time £, angle traversed is, 6 = > ot?

Area of the loop inside the field is A = ;RQG

= A= leatz
4

So, flux associated with the loop is
¢=BA= %BRzatz

= 1BRZo:t

_|d¢
5_‘ 2

dt
Eoct
ie, &-t graph is a straight line passing through

origin. -t equation with sign can be written as,
E=(-1)" (%BRzafJ

Here n=1, 2, 3... is the number of half revolutions
that the loop performs at the given moment ¢ .

PROBLEM 16

A conducting circular loop of radius a and resist-
ance per unit length 4 is moving with a constant
velocity v,, parallel to an infinite conducting wire
carrying current i,. A conducting rod of length 2a
is approaching the centre of the loop with a constant

velocity %0 along the direction of the current. At the

instant £ =0, the rod comes in contact with the loop
at A and starts sliding on the loop with the constant
velocity. Neglect the resistance of the rod and the
self-inductance of the circuit. As the rod slides on the
loop, find the
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a8
(@) current through the rod when it is at a distance of 9\ i
a = md=(—0)ﬁloge(3), with end P at
(—) from the point A of the loop. 2)2n
- higher potential.

(b) force required to maintain the velocity of the rod ,

at that instant.
io P Q

Since the effective length of both the arcs PAQ
and PBQ is PQ, so

I,
§PAQ = ‘§PBQ = ‘ulo : log, (3)

T
SOLUTION R
_ 1
L Epnq
(@) At the given instant, we have
2 1 Iy
Ac=(5J,oc=(5) and cosf =" =~ i Foo
2 2 a 2 P > |‘ 1‘ Q
T
= 0= g |,'2
£rsa R,

= &g =20 og, (3)

with point P at higher potential
Resistance of arc PAQ is

| R, =u)z(a9)=zaag

Si the velocity of rod i
ince the velocity of rod is Resistance of arc PBQ is

v,
Vg = (+ ?UJ , along the direction of current, so

T

R2=(11)a(27r—29)=4alg

the emf induced across the ends P and Q is
Equivalent circuit at the given instant is shown in

a3 .
"J§+T Figure.
{:timd = J. Bvrod dx ! Viog ® Bl(inwards)
a 3—? fOJ P Q
—x —»i |
3.3 .
7 X + dx—» |
HolgUp |
R A ol
2 |

2
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Current through the rod PQ is

= (11 + i’.z ) _ ( gPAQR_ ‘grod J+( éPBQR_ gmd J

= 1= (&pag ~Eud ){R%JFRLJ

. i=vﬂuoz{,logg(3)“1+1)3}
dr 2 4)aArn

. 9yl
= 1= 10 e (3)
16aAr’ 5
(b) Force on the rod
3aJ§
2
Eoq = I Bidx
a3
2
= ’Frod = Ml e (3)
2r

PROBLEM 17

A thin wire ring of radius a and resistance r is
located inside a long solenoid so that their axes coin-
cide. The length of the solenoid is equal to [ its cross-
section radius to b. At a certain moment, the sole-
noid was connected to a source of constant voltage
V. The total resistance of the circuit is equal to R.
Assuming the inductance of the ring to be negligible,
find the maximum value of the radial force acting per
unit length of the ring.

SOLUTION
The inductance L of the solenoid is
L= pgn®Al = ugn® (7b? )1 (1)

The current through the solenoid varies with time as

Rt
I=K(1—e L )
R
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Magnetic field inside the solenoid is
B=uynl

So, magnetic flux associated with the ring is
0= B(fm2 )

= (p:(,uommz)l

Rt
- _ tonVma* 1 e_r)
R
EMF induced in the ring is given as
do
=2
2 M
S g VR

The current induced (i) in the ring is given by
2 R
jo oo FVEa
r rL,

If dF, be the radial force acting on a section of length
dl of the ring, then we have

dF, = Bi(dl)
So, radial force per unit length of the ring is
dr,
= —r = B
fl‘ dl I
Rt
onVma® ——)
= = ponl| ————e¢ L
Jr = o { rL ‘
2.2 2 Rt Rt
= =(7‘uﬂn ™ Ve_T J(z(l—e_L)J
rL R

2.2 2,2 Rt _Rt

Il R
rRL

Substituting the value of L from equation (1) in equa-

tion (2), we get

2:,2 Rt Rt
_HOHV e_f(l—e_f)

= R
From equation (3), we see that at t=0, f, =0 and
also when t — e, then also F, =0.

.0)

So, at some intermediate time, the value of radial
force per unit length should be maximum i.e.

dfr
2
dt
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S L=t
2
Hence, maximum value of F, is given by
m 272
" 4RIp?

PROBLEM 18

A conducting U-frame ABCD (having an induct-
ance L )and a conducting rod PQ (capable of sliding
on the U-frame) of resistance R, start moving with
velocities v and 2v respectively, parallel to a long
wire carrying current I as shown in Figure.

110

When the distance AP=1 at t=0, determine the
current through the inductor just before the rod PQ
losses contact with the U-frame. Assume that no
inductor and resistor other than L and R are present.

SOLUTION
Since PQ and BC both cut the field lines, so motional

emf will be induced across both of them.
2a

- §=J.d§=jv(%)dx

a

o = H Ozigv log, (2) with B at higher potential
21,1
Eng = “20;0 log, (2) with P at higher potential
L
— X + dx—bi

The relative velocity of the rod PQ w.r.t., U frame

Upe) =20-0=0

!

So, the time taken by the to loose the contact is t = —
v

From equivalent electrical network, as shown, we

have then net emf in the closed loop QPBC

Holyv
= - = 1 2
&=28pg —Sac o og, (2)

A Ds
Spq i

P—]—w—Ia
gBC

B—{—mn—c

Growth of current in the LR circuit is given by

I=1, (1-3'“,“){%)(1_6—%)

At t=t

;

PROBLEM 19

A coil of inductance L connects the upper ends of
two vertical copper bars separated by a distance .
A horizontal conducting connector of mass m starts
falling with zero initial velocity along the bars with-
out losing contact with them. The whole system is
located in a uniform magnetic field B perpendicular
to the plane of the bars. Find the law of motion x(t)
of the connector.

, we have

)(1 _oRiLe)

= |

x=0 t=0,v=0
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SOLUTION

Let the connector be released from rest at t =0 from
the position x=0. At time £, let the connector be at
position x and having a velocity v (downwards).
Equivalent circuit diagram of the arrangement is
shown below. For the loop abcda , we have

S T
dt

=  Ldl=Bldx

Integrating, we get LI = Blx

Bl
= I=| — |x (1
(7) »
L
ae—I I N——sb
®B
x=0 t=0,v=0
XI lmg
Fm
-
JE€===5-==ft==-====3t-t
Imn

Net force on the connector at this instant is,

’Fnet = mg_’Fm
212
where F, =BIl = [ T )x {downwards}
272
= Fnet=mg—%x -(2)

Since F,,, || 3, so we get
(dv) (B%Q)
mg=
dt mL

T

ar UL
Differentiating this equation w.r.t. time we get,

o _(VP)ir_(0F)

dt* mL ) dt mL

d*v )

= —=-07 ...(3
. (3)
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2
v Bl
= —2+a)zv=0,where O=——
dt JmL
)
IA
I
d X
Biv

From equation (3) we can conclude that, v oscil-
lates simple harmonically with angular frequency
BI
0=—.
VmL
Further, at t=0, v=0 and after sometime it is posi-
tive. So, we can write,

v =1, sin(wt) ..(4)

At t=0, we have %=g

= Uow = g
8
= ==
Ty »
gy/mL
= ..(5
= T Bl )
Substituting the value of v, from (5) in equation (4),
we get
JmL Bl
v=0,sin(@t) where 7, =5 and w=——
0 0 M
= d_}t: =1, sin(wt)

U
O S 2

t
dx =jvo sin(wt ) dt
0

t
0
= x=-(-cos(at))
0] 0
= x=2(1-cosat)
)

PROBLEM 20

A long insulating cylinder of radius R and length
I carries a uniformly distributed surface charge g .
A string is wound around the cylinder from which
a block of mass m hangs. The mass is free to move
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downwards and can rotate the cylinder. Neglecting
the moment of inertia of the cylinder, calculate the
acceleration of the block. What will be the accelera-
tion, when m — 0 and when 4 —07?

SOLUTION

If there were no charge on the cylinder, tension must
have been zero, because moment of inertia of the
cylinder is zero, so no torque is required for its rota-
tion. In this case acceleration of the block would had
been ¢ downwards. But due to rotating charge on
the cylinder a magnetic field will appear. Further due
to angular acceleration of the cylinder this magnetic
field will be changing. The change in magnetic field
(and hence, the magnetic flux) produces an electric
field. So, the cylinder will experience a torque due
to electric force on the charge over it. Hence, tension
in the string will not be zero, or acceleration of block
will be less than g .
I T

a

l
L,g

Let a be the acceleration of the block downwards
and T the tension in the string.
The equation of motion of the block is,

mg—T =ma (1)
If the system is released from rest, the velocity of
block at time ¢ is

v=at

If o is the angular velocity of cylinder at this instant,
then

—

a

R

=

SRS

If f is the frequency, then f = Zﬂ = %
T 2

The charge g on the surface of the cylinder spins
with it so that the effective current over the surface
of the cylinder is,

qat

q
I:—: =
T i 2nR

The cylinder can now be treated as a solenoid with
one turn, carrying a current . The number of turns
per unit length is,

n=-

!

The magnetic field on the axis of the cylinder (or the
equivalent solenoid) is

Hogat
B=unl=
Mo =Rl
dB _ lyqa
dt  2zRI

This change in magnetic field induces an electric field
E at the surface of the cylinder. The magnitude of
this electric field is found by using

gl
dt
= E(2nR)=nR2(d—B)
dt

p_RdB_poge
2 .dt 4nl

This electric field interacts with the charge on the sur-
face of the cylinder and causes a torque, whose mag-
nitude is given by

_ Hoq’Ra

4rl
From Lenz’s Law direction of this torque is to oppose
the motion of the cylinder. Further, moment of inertia
of the cylinder is zero. Hence, net torque on the cylin-
der should be zero.
So, torque due to tension should balance this torque, or

7=FR=(qE)R

2
TR = Hof Ra
4rl
o T= #uqza

4rl
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Substituting in equation (1), we get

2
Mo a
mg = ma
R S
(H#nq )

4rml

From this expression we can see that, a=0 if m=0
and a=g if g=0.

PROBLEM 21

A metal disc of radius R =25 cm rotates with a con-
stant angular velocity @ =130 rads™ about its axis.
Find the potential difference between the centre and
rim of the disc if the external magnetic field is

(a) absent.
(b) uniform and has a value B=5mT directed per-
pendicular to the disc.

SOLUTION

(a) Consider an electron inside the disc at a distance
r from the axis. For the electron to move along
a circle, there should be a force pulling it to the
axis. According to Newton’s Second Law,

F=mro*
where m = mass of electron = 9.1x 10" kg

This force is generated by a radial electric field
caused by the redistribution of the electrons in
the disc and in such a way that the force acting

on the electron is,
F = ¢E = mrop* {e=1.6><10'19 C}

2
mro
= E=

e

Since, dV = —Edr , so we get

2
dV = —%rdr

> (1)

Vi >V,, Le,, potential at centre is more than the
potential at edge.

Chapter 3: Electromagnetic Induction 3.121

Substituting the values in equation (1) we get

(9.1x107)(130)* (0.25)*
(2)(1.6x107™)

= V,-V,=3x10"7V

= VI—V2=3 nV

(b) A disc may be assumed to be made up of a large
number of thin conducting rods, all rotating
with same angular velocity @ about the centre of
disc O. Thus,

1
‘ Vcentre - Vedge | = EB sz

B® ® o
® ® =
(o)
® ®
(@) (b)

If the disc is rotating anticlockwise, V... >V,

7 ¥ centre

>V

centre

dge
and if it is rotating clockwise Vedge
152
‘ Vcentre - Vedge | = EB Ro
Substituting the values, we have

v

=

v, dge|=1><5><10'3><0.25><0.25><130
2

centre

= |Vientre = Veage | 2002V

entre

= ‘Vcentre - Vedge | =20 mV

PROBLEM 22

Ametal rod OA and mass m and length r kept rotating
with a constant angular speed @ in a vertical plane
about 1 horizontal axis at the end O. The free end
A is arranged to slide without friction along a fixed
conducting circular ring in the same plane as that of
rotation. A uniform and constant magnetic induc-
tion B is applied perpendicular and into the plane
of rotation as shown in Figure. An inductor L and an
external resistance R are connected through a switch
S between the point O and a point C on the ring to
form an electrical circuit. Neglect the resistance of the
ring and the rod. Initially, the switch is open.
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(@)

(b)

What is the induced emf across the terminals of
the switch?

The switch S is closed at time t=0. Obtain an
expression for the current as a function of time.
In the steady state, obtain the time dependence
of the torque required to maintain the constant
angular speed. Given that the rod OA was along
the positive x-axis at t=0.

SOLUTION

(@)

(b)

Consider a small element of length dx of the rod
OA situated at a distance x from O Speed of
element, v = xw

Therefore, induced emf developed across this
element in uniform magnetic field B

dé=(B)(xw)dx {+ £=Biv}
Hence, total induced emf across OA , is

2

&= J. dé= JBa)xdx _ Bor
x=0 0

Baor?

A constant emf or potential difference &=

is induced across O and A, with A at lower
potential and O at higher potential and the
equivalent circuit is redrawn in Figure

®B
A

Switch S is closed at time t = 0 Therefore, it is
case of growth of current in a series LR circuit.
Current, I, at any time ¢ is given by

ae
I=I0(1—e'”” ),where I, _&_Bor
2R
L
and 7, = —
TR
2 N
Iszr 1—e(L)!
2R

«—]
]
At constant angular speed, net torque is 7=0

Bor?

The steady state current willbe I =1, =

0

From right hand rule we can see that this current
would be inwards (from circumference to centre)
and corresponding magnetic force F, will be in
the direction opposite to motion of the conductor
and its magnitude is given by

2,3
£, =Bir= >
2R

Torque of this force about centre O is

The torque due to the magnetic force about O is

2 4
. =Fm(1)=B wr
m 2 4R

F (clockwise)
Similarly, torque due to weight (mg) about cen-
tre O is

Tyg = Mgry = (mg)(%cos@)

_ mgr

= Ty = Tcos(cot) {clockwise)
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Therefore, net torque at any time ¢ (after steady
state condition is achieved) about centre O will be

Tt =Tp +7T

net " mg

B*or* mgr
et =T+ TCOS(CU”

Hence, the external torque applied to maintain a
constant angular speed is

= {clockwise}

B*ar* mgr
., =2 T os(ot)
4R 2

{but in anticlockwise direction}

4 3r
We must note that for 5 < < EX torque due to

weight will be anticlockwise, the sign of which

is automatically adjusted because for g <f< 3;

cos @ is negative.

PROBLEM 23

A pair of parallel horizontal conducting rails of negli-
gible resistance shorted at one end is fixed on a table.
The distance between the rails is L. A conducting
massless rod of resistance R can slide on the rails
without any friction. The rod is tied to a massless
string which passes over a pulley fixed to the edge of
the table. Amass m tied to the other end of the string
hangs vertically. A constant magnetic field B exists
perpendicular to the table. If the system is released
from rest. Calculate

Chapter 3: Electromagnetic Induction 3.123

(a) the terminal velocity achieved by the rod and

(b) the acceleration of the mass at the instant when
the velocity of the rod is half the terminal
velocity.

SOLUTION

(@) Let v be the velocity of the wire (as well as block)
at any instant of time ¢ . So, motional emf is given
by

E=BLv
Induced current I is given by

.8 _Blv

R R
Due to this induced current, a magnetic force
(opposing the motion of rod) acts on it. This mag-

netic force, F,, is given by

272
P —pBiL=D L0
R
Net force on the system at this moment is
272
Foot =mg-F, = mg—B Lo
B’Lv
= ma=mg-
R
B’
= a=¢- (1
S (1)

Rod will acquire its terminal value, v=v; when
F, becomes zero or acceleration (a) of the par-
ticle becomes zero.
B* v,

mR

= 0=g¢-

mgR

v mgR
(b) When v= ?T = P

Then from equation (1), acceleration of the block

1S
meR \ BI?
H:g—( %2)(—J=g—§
2B )\ mR 2

$
2

= a=
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PROBLEM 24

Two long parallel horizontal rails, a distance d apart
and each having a resistance per unit length 1, are
joined at one end by a resistance R . A perfectly con-
ducting rod MN of mass m is free to slide along the
rails without friction as shown in Figure.

8 8 o0 o @
® ® 8@ ® 88
® ® 8/|® ® ® |8
R3s & 8|80 ®d8
e & ole o ole
® © 8|l ® ®|®
® ® 8y® ® ® 8

There is a uniform magnetic field of induction B nor-
mal to the plane of the paper and directed into the
paper. A variable force F is applied to the rod MN
such that, as the rod moves, a constant current flows
through R.

(a) Find the velocity of the rod and the applied force
F as functions of the distance x of the rod from R.

(b) What fraction of the work done per second by F
is converted into heat?

SOLUTION

(@) Let at any time f, the rod MN be at a distance
x from the resistance R. Velocity of rod at that
instant is

dx
Tt
Motional emf &= Bvd (1)
Total resistance R, of the circuit at this instant
is given by
R =R+2Ax

ne

So, the induced current I is

I= £ __Bud {anticlockwise}
R R+2Ax

_I(R+2Ax)
Bd
Instantaneous acceleration of the rod, is

(Y L) [ £
“at \Bd Nar) \Bd St
2A1°

= a=17(R+22x) (2)

At this moment two forces are acting on the rod,
applied force F (towards right) and magnetic
force F, = Bld (towards left). So

m

E,=F-F,
= ma:F—BId
2
— F=Bld+ zmﬂ L (R+22x)
®8 M
i
RS F, Fd

— X —»

(b) Work done by F per unit time is given by

I)] = F’U et M .. .(3)
Bd
and heat generated in circuit per unit time is
P, =I"R_, =I*(R+2x) . (4)

So, if the fraction of work converted into heat is
denoted by f, then we have

f:i:@
P F

Substituting value of F we get

f- 1
(. 2mIA(R+2Ax)
1+—B3d3
IMPORTANT OBSERVATION
(a) The remaining part of work done goes as the
change in kinetic energy of rod per time i.e.,

A d(1 .\ (dv)
= E( —mv )—mv(a)—(mv)(a)

Substituting the values

dK 2m2d3
dt
From equations (3), (4) and (5) we can see that
P =P +Z—f
(b) Also, if the Question would have said “net variable
force F", instead of “variable force F”, then there
would be no need to take F,, as it has already
been included in F (the net variable force)

—(R+2Ax)’ (5)
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PROBLEM 25

A magnetic field B = ( 0 )k is acting into the paper
a

in the +z direction. By and a are positive constants.
A square loop EFGH of side a, mass m and resist-
ance R in x-y plane starts falling under the influ-
ence of gravity. Note the directions of x and y in the
Figure. Find

(@) the induced current in the loop and indicate its
direction.

(b) the total Lorentz force acting on the loop and
indicates its direction.

(c) an expression for the speed of the loop v(f) and
its terminal velocity.

0 "X
® ® ® lg
£ F
® ® ®
| ® | ®
H G
8 ® ®
A
y

SOLUTION

When the side EF is ata distance y from the x- axis,

magnetic flux passing through the loop is

y+a

¢=jd¢= j Bny(ﬂdy)

y

B 2 B
> g=2|(va) -y |= (o 4 2)
2 2
® z-direction
& o]0 e
@ 4@, 0 | ® . gy
® ® ® ® a
® ® Q| @
® (& ® T ®
187"% © ®
y
(a) Induced emfis
do 2
=|-— a”+2a

(b)
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- ent

= &=Byaw where v= d—z = speed of loop

So, the induced current I is given by I= % = %

DIRECTION

|B| o y ie., as the loop comes down, the inward,

®, magnetic field passing through the loop
increases, therefore the induced current must pro-
duce an outward, magnetic field i.e., the induced
current in the loop will be counter clockwise.

As seen earlier, the induced current passing
through the loop (when its speed is v) is

- Byav
R
+ X
y ®B
E—tF
H G
"
y

Now, magnetic force on EH and FG are equal
in magnitude and in opposite directions, hence
they cancel each other and produce no force on
the loop. Since, F =BII, so

Fp= (B['Ty J( [;;w )(a ) (downwards)

2
= Fy= Byaoy , downwards

Byly+
and Fg, :[ U(}; a)](B‘EU)(a) (upwards)

2

= Fy :[%)(ym),upwams

So, net Lorentz force acting on the loop is
Bla*v

’F=’FGH_FEF =

R

(upwards)
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(c) Net force on the loop will be
F = weight - Lorentz force (dlownwards)

v

Vr= g'/K """""""""

2 2 /[
= - 1 logt,(g—BO—av) =t
(B&az) mR
mR 0
Bla*v
- 22
= log, mR (Bﬂa }t
g mR
2 2
. B?,azv_ e_[%”)_;)t
8 R &
Bjaj )
R -] 2050
= p= m2 §(1—8 ( mR]
Bja

i.e., speed of the loop is increasing exponentially
with time ¢. Its terminal velocity, when t = <, is

R
UT={%J when t — e

Ba

PROBLEM 26

A thermocole vessel contains 0.5 kg of distilled
water at 30 °C. A metal coil of area 5x107° m?,
number of turns 100, mass 0.06 kg and resistance

1.6 Q is lying horizontally at the bottom of the

vessel. A uniform time varying magnetic field is set-
up to pass vertically through the coil at time £=0.
The field is first increased from 0 to 0.8 T at a con-
stant rate between 0 and 0.2 s and then decreased
to zero at the same rate between 0.2 s and 0.4 s. The
cycle is repeated 12000 times. Make sketches of the
current through the coil and the power dissipated in
the coil as a function of time for the first two cycles.
Clearly indicate the magnitudes of the quantities on
the axes. Assume that no heat is lost to the vessel or
the surroundings. Determine the final temperature of
the water under thermal equilibrium. Specific heat of
metal =500 ]l(g'll('1 and the specific heat of water

= 4200 Jkg 'K ™. Neglect the inductance of coil.

SOLUTION

Magnetic field (B) varies with time (t) as shown in
Figure.

B
3
0.8F---
J s g
0 02 04 06 08
dB| 08
So, [22]=22 241
0 dt‘ 02 °°

Induced emf in the coil due to change in magnetic
flux passing through it is

|40 a8

|t dt

where, A =area of coil = 5x10™ m” and N = Number
of turns = 100
Substituting the values, we get

£=(100)(5x107)(4) V=2V

So, the induced current passing through the coil of
resistance R=1.6 Q is given by
I= é = 2 =125 A
R 16
Note that from 0 to 0.2s and from 04 s to 0.6 s,
the magnetic field passing through the coil increases,
while during the time 0.2s to 0.4 s and from 0.6 s
to 0.8s magnetic field passing through the coil
decreases. Therefore, direction of current through
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the coil in these two-time intervals will be opposite

to each other. The variation of current (I) with time

(t) is shown in graph plotted.

IA)
A

+1.260---

102 fo4 lo6 08 1©

-1.25

Power dissipated in the coil is
P=I"R=(125)(1.6) W=25W

Since, power is independent of the direction of cur-
rent through the coil. Therefore, power (P) versus
time (t) graph for first two cycles will be as shown.

P(watt)
A

25

5 0'. . > 1(s)
Total heat obtained in 12,000 cycles will be
H =Pt =(2.5)(12000)(0.4)=12000 |

This heat is utilized in raising the temperature of the
coil and the water.
Let T be the final temperature. Then

H=m,S, (T-30)+m.S.(T-30)
where m,, = mass of water = 0.5 kg
Sy =specific heat of water = 4200 Jkg™" K™
m, = mass of coil =0.06 kg
and S, = specific heat of coil =500 Jkg™ K™
Substituting the values, we get
12000 = (0.5)(4200)(T - 30) + (0.06)(500)(T - 30)
= T=356°C

PROBLEM 27

An inductor of inductance L =400 mH and resistors
of resistances R; =2 Q and R, =2 Q are connected
to a battery of emf E=12 V as shown in Figure.
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The internal resistance of the battery is negligible.
The switch S is closed at time =0

(a) What is the potential drop across L as a function
of time?

(b) After the steady state is reached, the switch is
opened. What is the direction and the magnitude
of current through R; as a function of time?

SOLUTION
a , b i‘z c
J_ L+ |1
E L
Ry
R,
f e d

(a) Forloop abefa, we get
E-I,R, =0

5 L=26A
2
For loop bedeb , we get

dl
E—Ld—:—IZR2=O
dI,

dt

1 dl
~(12-LR, )= —
= L( 2R ) dt

I t

J dl, dt

= =|—
0

= 12=L-2+LR,

0
1 E
R 0

= log, (—12 _1;21{2 ) =_ %

t

Rt
= 12-L,R, =12 L

Ryt

n( M

= IZZR—(I—B L)
2
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o
= 1, =6(1—e 400><10‘3)

= L=6(1-¢%)

So, potential difference across L at time t is

dl
Vi =|L—|=L(30e™ ) = (30)(04)e™
= V, =12V

We could have obtained the result for I,, by using the
superposition principle,

9]

(7 + L)

R,

a b
E
R4
f e
a b
roo
E E L
+
Ry
f e _=__@
12=10(1—el]

(b) The steady state currentin L or R, is
I=6A

Q.

t=t
Now, as soon as the switch is opened, current in
Ry is reduced to zero immediately. But in L and
R, it decreases exponentially, the new time con-
stant of the circuit being

PO S L ]
Ri+R, (2+2)

So, current through R, at any time ¢ is
If — Iﬂe_f‘ki — 63_”0'1
= I'=6e" A

Direction of current in R; is as shown in Figure
i.e., clockwise.

PROBLEM 28

A circuit containing capacitors C; and C,, is in the

steady state with key K; closed and K, opened as
shown in Figure.

L=02mH

At the instant =0, K; is opened and K, is closed.
Calculate the angular frequency of oscillations of LC
circuit. Find the first instant {, when energy in the
inductor becomes one third that in the capacitor. Also
calculate the charge on plates of the capacitor at that
instant.

SOLUTION

With key K; closed, C; and C, are in series with
the battery. In steady state, we have charges on the
capacitors given by

9o = CegV = 1x20=20 uC

With K; opened and K, closed, charge on C, will
remain the same, whereas charge on C; will oscillate
in the LC; circuit with frequency given by

1

Jic.
1

= 0=
\/0.2><10'3 x2x107°

=  @=5x10* rads™’

Since at t =0, charge is maximum i.e. g,. Therefore,
current will be zero at t=0.

When energy in the inductor is one third that of
capacitor, then
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2
1a_ 1(11)
2 3\2C

= 1=

S
J3LC 43
In LC oscillations, current in circuit at any instant is

I—(D\ﬂ
3

="

NG

= 4=

Since at f =0, charge is maximum i.e. q,, so we have

q = g, cos ot
3
= —\/_% =, cos wt
2
= of=—
T T
f— =
60  6x5x10*

= t=105x10"s

At this instant, charge on capacitor plates is

B, B
2

K %20 =103 uC

PROBLEM 29

Ametal bar AB can slide on two parallel thick metal-
lic rails separated by a distance [ . A resistance R and
an inductance L are connected to the rails as shown
in Figure.

A
Iy
/
L l
B
Xg |

Along straight wire, carrying a constant current I is
placed in the plane of the rails and perpendicular to
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them as shown. The bar AB is held at rest at a distance
x, from the long wire. At £=0, it made to slide on
the rails away from the wire. Answer the following
questions.

(a) Find arelation among I, % and %, where [ is
the current in the circuit and ¢ is the flux of the
magnetic field due to the long wire through the
circuit.

(b) It is observed that at time t=T, the metal bar
AB is at a distance of 2x, from the long wire
and the resistance R carries a current I; . Obtain
an expression for the net charge that has flown
through resistance R from t=0to t=T.

(c) The bar is suddenly stopped at time T . The cur-
rent through resistance R is found to be I—l at
time 2T . Find the value of % in terms of the

other given quantities.

SOLUTION

(@) Applying Kirchhoff’s Second Law, we get
dl

IR-L—=0
§- dt
d¢ —IR- Lﬁ 0
dt dt
d(p IR+Lﬁ (1)
dt dt
dl d¢v
This is the desired relation between I, = and o
I ©®B
R
____é
L
Equivalent Circuit
(b) Equation (1) can be written as
d¢ = IRdf + Ldl
Integrating we get,
A¢=RAq+L
Ap L
ﬁ A = —_——— “es 2
1= ®
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X

I Il
Here, Ap= 9 —¢, = Jg—;?(’ldx:u;—;loge(Z)

2x

So, from equation (2), the charge that flows
through the resistance up to time =T, when
currentis [, ,is

Ag= l[#ﬂ_jrﬂlloge(z)_ul]

R| 2=
(c) Thisis the case of current decay inan LR circuit.
= [=]en ..(3)

I
where, I:Z], ly=1; , A=(2T-T)=T and

L
TL = E
Substituting these values in equation (3), we get

L T

LR log, (4)

PROBLEM 30

Two infinitely long parallel wires carrying currents

[=1,sin(@t) in opposite directions are placed a dis-
tance 3a apart. A square loop of side a of negligible
resistance with a capacitor of capacitance C is placed
in the plane of wires as shown. Find the maximum
current in the square loop. Also sketch the graph
showing the variation of charge on the upper plate of
the capacitor as a function of time for one complete
cycle taking anticlockwise direction for the current in
the loop as positive.

v/ Iy

l—— d —» f— 8 —»]
< 3a

A

SOLUTION

(@) For an infinitesimal strip of thickness dx at a dis-
tance x from left wire, net magnetic field (due to
both wires) is

B:ﬂ_(]{_l_-u_ﬂ I =‘u_ﬂl(l+ 1 )

2rx 2m3a-x 2m\x 3a-x

(b)

ax

—— X ——> —

—— Qy ——=]

+ 3a »

Magnetic flux in this strip,

d¢=BdA=#—ﬁ(l+ ! )adx
2r\x 3a-x

2a 2a

So,totalﬂuX(p:J.d(b:mJ(IJr ! )dx

2n x 3a-x

= 9= pgaloge(2)(
T

Iysin(wt)) (1)

Magnitude of induced emf,

dp| woalywlog, (2)
§= —E =

= £=¢ cos(ot)

cos(ot)

INO)! 2
where, & = Haalyolog, (2)
n

Charge stored in the capacitor,

Q=C&=C& cos(wt) .(2)
And current in the loop,

I:Z—?:Cmc‘,‘osin(a)t) ..(3)

Hoalyw*Clog, (2)
T

= JImax = COJ&U =

Since, magnetic flux passing through the square
loop

¢ o< sin wt {r of (1)}

i.e., magnetic field passing through the loop is
increasing at t=0. Hence, the induced current
will produce ® magnetic field (from Lenz's
Law). Or the current in the circuit at t =0 will be
clockwise (or negative as per the given conven-
tion). Therefore, charge on upper plate could be
written as,
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Q= +Q, cos(wt) {~ of (2)}

Clywlog, (2
Where, Q) =C¢) = HoiClyolog. (2)

The corresponding Q- graphis shownin Figure.

II|+
I
O
—

PROBLEM 31

A non-conducting ring of mass m and radius R has
a charge Q uniformly distributed over its circumfer-
ence. The ring is placed on a rough horizontal surface
such that plane of the ring is parallel to the surface.
A vertical magnetic field B=Byt* tesla is switched
on. After 2 second from switching on the magnetic
field the ring is just about to rotate about vertical axis
through its centre.

(a) Find friction coefficient i between the ring and
the surface.

(b) If magnetic field is switched off after 4 second,
then find the angle rotated by the ring before
coming to stop after switching off the magnetic
field.

SOLUTION

(@) Magnitude of induced electric field due to change
in magnetic flux is given by
i E.dl = d_¢’ - Ad_B
dt dt
= El=71R’(2Byt) { i—f = 280r}
= E(27R)=27R*Byt
= E=BRt
Hence F =QE = B,QRt

This force is tangential to ring. The ring starts
rotating when torque of this force is greater than
the torque due to maximum friction

(b)
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(fmﬂx =lumg) SO' TF 21:)‘([11&1)(

Taking the limiting case. 7, =7

= FR=(umg)R
= F=umg
= ByQRt = umg
It is given that ring starts rotating after 2 second.
: 2ByRQ
So, putting t =2 second, we get y=———
mg
After 2 second, we have

TF > rfmax
Therefore, net torque is

T=1p-17; =B,QR* - umgR

Substituting u =

2B,0R
o , we get
m

T=B,QR*(t-2)

O
= Ia-I( dt)-BOQR (t-2)

d
- mRz(d—f)=BOQR2(t-2)

0} 4
B,Q
= |do=""=|(t-2)dt
= a):ZBOQ (1)
m

Now magnetic field is switched off i.e., only
retarding torque is present due to the friction. So,
angular retardation will be

C Thow  UmMgR g
o=——= =9
I mR* R

Since o” = ;) — 206

- 032 o)

_2B;Q°R
pni’g

= 0

2B,RQ

Substituting y =

ByQ

m

, we get

0=
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PROBLEM 32

A conducting rod AC of mass 1, resistance r free
to rotate in a horizontal plane about one end A over
a semi-circular conducting ring of radius a is joined
with an external resistance R as shown in Figure.

C

The rod is given an initial angular velocity @ . A uni-
form magnetic field of magnitude B exists perpen-
dicular to the plane of semi-circular loop. Find the
current in the circuit at angle 6. Neglect effect of
gravity on the rod.

SOLUTION

Let at a time f, angular velocity of rod be ®. Then
induced emf in the circuit is

- Bwa?
2
and therefore, the induced current in the circuit is
& Boa®

i= s 2 T {radially outwards}

Magnetic force on element dx, at a distance x from
A is
F = (Bidx)
Torque on this element about A is given by
dt = Fx = Bixdx
So, total torque on the rod is
x=a
T= J dt
x=0
B Bia?
T2
Now angular retardation is

= T lanticlockwise}

o=
I

2
ma

where, I:IA:?

do  iBa*
= -0—=

& Z[m_az]
3

do 3Bi 3B Bod’

= ——=——=——
0 2m 2m2(R+r)
3 B
= do=--
4m(R+r)
¢ 3 B*?
= Jda)=—
4m(R+r)
ap 0
BEPIEN
O 4m(R+r)
. . Bwd®
Since, i=
2(R+7)
i Ba® (a) 3 Bzazﬂ)
2R+ " 4m(R+r)

PROBLEM 33

Initially the 900 uF capacitor is charged to 100 V and
the 100 uF capacitor is uncharged shown in Figure.

S; Sp
e e
100 pF == 10H  ==900pF

Then the switch S, is closed for a time t, , after which
it is opened and at the same instant switch 5, is
closed for a time #, and then opened. It is now found
that the 100 uF capacitor is charged to 300 V. Find
the minimum possible values of the time intervals t,
and f,.

SOLUTION

Let the energy stored in the 900 uF and the 100 uF
capacitor be U; and U, respectively. Then

u, =%(900)(10'6 )(100)* =45]

u, = %(100)(10‘6 )(300)* =45]
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That is the entire energy of 900 uF capacitor has been
transferred to the 100 uF capacitor.

First electrical energy of the 900 yF capacitor is con-
verted into magnetic energy in the inductor and then
this energy is converted into electrical energy once
again using S, and S; appropriately. Ina LC cir-
cuit the transfer of electrical energy into magnetic

. T
energy and vice-versa takes place in a time 1 where

T =27LC is the time period of the electrical oscil-
lations. Thus

T, =27y10x900x10™° = 0.6 s and
T, =27710x100%x10° =02 s
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Therefore, switch S, is first closed for time t, =%=

0.15 s, during which time the 900 uF capacitor gets
fully discharged and the current in the inductor
is fully established. Next, the switch S, is opened
and simultaneously switch S, is closed for time

t, =%:0.05 s during which the current in the

inductor disappears and the 100 uF capacitor gets
fully charged. After this time, the switch S, is also
opened. The 100 uF capacitor is now charged to
300 V. So, we have

tl = 0.15 S al’ld .tz = 005 S

= t#=150ms and t, =50 ms



