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Magnetic Effects
of Current

CHAPTER

Learning Objectives
After reading this chapter, you will be able to understand concepts and problems based on:

(a) Force on charge particle moving in (j) Magnetic pressure and magnetic field
magnetic field energy

(b) Lorentz force (k) Magnetic dipole

(c) Cyclotron (I) Gyromagnetic ratio (GMR)

(d) Path of a charged particle in combined (m) Torque on a current loop placed in uniform
effect of electric and magnetic field field

(e) Biot Savart's Law (n) Magnetic dipole moment

(f) Magnetic field due to a moving charge (o) Work done to change orientation of

(g) Application of Biot Savart’s Law and current carrying coil in magnetic field
Solenoid (p) Moving coil galvanometer

(h) Ampere’s Circuital Law (ACL) and Application (q) Magnetic force between two straight

(i) Magnetic force on a current carrying parallel current carrying wires

conductor placed in magnetic field
All this is followed by a variety of Exercise Sets (fully solved) which contain questions as per the
latest JEE pattern. At the end of Exercise Sets, a collection of problems asked previously in JEE (Main
and Advanced) are also given.

INTRODUCTION TO MAGNETIC FIELD AND MOTION OF
CHARGED PARTICLES IN MAGNETIC FIELD
INTRODUCTION ‘

We are aware of the fact that a charged object pro-
duces an electric filed E at all points in space. In a
similar manner, a bar magnet is a source of a mag-
netic field B. This can be readily demonstrated by
moving a compass near the magnet. The compass
needle always aligns itself along the direction of the

magnetic field produced by the magnet, as shown in
Figure. Magnetic field produced by
a bar magnet




ICON

1.2 JEE Advanced Physics: Magnetic Effects of Current and Electromagnetic Induction

The bar magnet consists of two poles, which are
designated as the north (N) and the south (S).
Magnetic fields are strongest at the poles. The mag-
netic field lines leave from the north pole and enter
the south pole. When holding two bar magnets close
to each other, the like poles repel each other while the
opposite or unlike poles attract.

F F

S N|— <+—|S N

F F
|8 N N S|—

Magnets attracting and repelling

Unlike electric charges which can be isolated, the
two magnetic poles always exist in a pair. Whenever
you break a bar magnet, two new bar magnets are
obtained, each with a north pole and a south pole as
shown.

s N)s N

Magnetic monopoles do not exist in isolation

In other words, “magnetic monopoles do not exist in
isolation”, although they are of theoretical interest.
How do we define the magnetic field B ?

In the case of an electric field E, we have
already seen that the field is defined as the force per
unit charge, given by
Pl

q
However, due to the absence of magnetic monopoles,
B must be defined in a different way.

FORCE ON A CHARGED PARTICLE IN
MAGNETIC FIELD AND THE DEFINITION
OF A MAGNETIC FIELD (B)

To define the magnetic field at a point, consider
a particle of charge g moving with a velocity 7.
Experimentally, we have the following observations.

(@) The magnitude of the magnetic force F, or F

m

exerted on the charged particle is proportional to
both g and .

(b) The magnitude and direction of F depends on
B and v.

(c) The magnetic force F vanishes when 7 is paral-
lel to B. However, when ¥ makes an angle 6
with B, the direction of F is normal to the plane
containing 7 as well as B and the magnitude of
F, is proportional to sin@.

(d) When the sign of the charge of the particle is
changed from positive to negative (or vice versa),
the direction of the magnetic force also reverses.

Fs
Thumb gives
direction of Fg

Curl fingers

from vV to B JFi(?HT HAND

From the above observations we conclude that this
magnetic force must be expressed vectorially as

F=g(vxB) (1)

The above expression is regarded as the working def-
inition of the magnetic field at a point in space. The
magnitude of F; is given by

F =|q|vBsin@ (2
= B= F
qusin6

If =+1 coulomb, v=1 ms™, 6=90° then
B = F(numerically )

Hence, magnetic field is numerically equal to the
force experienced by a charged particle of +1
coulomb when it enters a magnetic field with a veloc-
ity of 1 ms™ at right angles to the field.

The SI unit of magnetic field is the tesla (T).

ltesla=1T=1 newton
meter
[ coulomb )
second
= ltesla=1 =1 N

Cms™ Am
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Another commonly used non-SI unit for B is the
gauss (G), where 1T=10"" G. Instruments used
to measure magnetic field are sometimes called as
Gaussmeters.

The magnetic force has several important properties:

(@) Only a moving charge experiences a magnetic
force. There is no magnetic force on a charge at
rest (0=0) in a magnetic field.

(b) There is no force on a charge moving parallel
(6=0°) or antiparallel (§=180°) to a magnetic

field.
B
/h
+
F-0

There is no force on the charge
moving parallel to B

(c) When there is a force, the force is perpendicular

toboth 7 and B.
L” N
0 v Plane of
+

vand B

The magnetic force is perpendicular
to v and B. Its magnitude is qvBsind

(d) The force on a negative charge is in the direction
opposite to TxB. i
(e) For a charge moving perpendicular to B
(6=90°), the magnitude of the magnetic force

is maximum given by F, .. =|g|vB.
? —
B
90° v

The magnetic force is maximum when
the charge moves perpendicular to B.

DIRECTION OF F (THE MAGNETIC FORCE)

The direction of the magnetic force F, can be found
by using either of the two methods
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(a) Fleming's Left Hand Rule
(b) Right Hand Thumb Rule (also used to find the
direction of cross product of two vectors)

Fleming’s Left Hand Rule

Stretch the first finger, the middle finger, and the
thumb of left hand in such a way that they are mutu-
ally perpendicular to each other.

Force

Magnetic field

Motion of
Positive Charge

First finger points in the direction of Field, middle
finger points in the direction of motion of positive
charge (or the velocity of positive charge) then thumb
gives the direction of force experienced by the posi-
tive charge.

v
B ©—v B (JL
F=0 F pointing into page
F B <f—» v
B (I)—» v v

Magnetic Forces on a Moving Charge

Right Hand Thumb Rule

To use this method for finding the direction of
magnetic force (F) simply follow the steps given.

STEP-1:
Place o (of the positive charge) and B tail to tail.

STEP-2:
Curl fingers of right hand from 7 toB (in the &-B
plane), as shown.
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STEP-3:

The magnetic force (F) acts along the line normal
to the 7-B plane i.e., when we curl the fingers of the
right hand from  to B in the 3-B plane, then direc-
tion of thumb gives the direction of the magnetic
force as shown in Figure.

F=gqvx

@

©)
g+

B
=)
v

b
_*Force acts along
“  thisline.

STEP-4:

If the charge is negative, then the direction of the
magnetic force is opposite to that given by the Right-
Hand Rule. So, just find the direction of force as if
charge were positive and then just reverse it.

ILLUSTRATION 1

A 64uC charge

] :(41' +2j) ms~! enters a region where there is a

travelling  with  velocity

magnetic field B=(-5i+3]) T. Find the magnetic
force on the charge.

SOLUTION

A charge q moving with velocity 7 entering a mag-

netic field B is shown in Figure.

Because both @ and B lie in the xy -plane, we feel that
F should be along the z-axis. We use the determinant

method to compute the cross product indicated by
equation.

ik
F=q(5xB)=|4 2 0
-5 3 0

=  F=(64x10"°)(12+10)k
= F=141x10"kN

Problem Solving Technique(s)

(a) Since F = q(ﬁ xB), so from the property of cross
product of two vectors we conclude that F is per-
pendicularto v as well as B.
= FL1v and FLB
= F-v=0 and F-B=0
If d isthe acceleration of the particle then d-v =0
and d-B=0.

(b) From above property we can also conclude that F
is always normal to the plane containing v and B.

(c) Since F=q(VxEB), sowe observe that apart from
other factors F depends upon sign of g also.
Mathematically

parallel to V xB, if g is positive,
F =| antiparallel to v x B if q is negative or
parallel to Bxv, if q is negative

(d) Since we have noted that F is perpendicular to
v aswell as B, so the displacement of a charged
particle in a field will always be perpendicular to
the force. Due to this, we have

dW=F di=q(VxB)-di
= dW=q(VxB)-(vdt)=0

This makes us conclude that the magnetic force
does no work to displace a particle in a mag-
netic field (both varying and static) Further since,
according to Work - Energy Theorem, we have
Work Done = Change in KE

= 0=AK

= K,f = Kf

= |\_":final | :|ﬁinitial | (in magnitUde On|Y)
=

VIV VS = UL U U
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i.e., @ magnetic force is just capable of changing
the direction of velocity of the charged particle
without changing its magnitude.

Hence, keep in mind that a magnetic force is
incapable of speeding up or slowing down a
charge particle. However, it can just change the
direction of the velocity of the particle (without
any change in its magnitude).

(e) F=qvBsiné has a maximum value qvB when
0=90° ie, whenever a charged particle enters
atright angles to the field, then it will experience a
maximum magnetic force. So, when, 6= z

Frax =qvB 2

(f) By convention, the magnetic field perpendicular
to and directed out of the page (i.e., a field that
has its tips of arrows coming towards you) is rep-
resented by © and the magnetic field perpen-
dicular to and directed inside the page (i.e., a field
that has its tips of arrows directed away from you)
is represented by ®, as shown.

B out of the page B into the page

R
IR

R
RO

ILLUSTRATION 2

A charged particle moving in a magnetic field

~

B= (i - ]) T has an acceleration of (2f+ a}) ms2 at
an instant. Calculate the value of « .

SOLUTION

¢ 4 40 U U

— =l
r X
~L

+

8,

|

—_—

Il

=
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ILLUSTRATION 3

Aparticle having charge =10 pC moves in uniform
magnetic field with velocity v; =10° ms™ at angle
45° with x-axis in the x-y plane and experiences a
force F; =5v2 mN along the negative z-axis . When
the same particle moves with velocity v, =10° ms™
along the z-axis it experiences a force F, in y direc-
tion. Find the magnitude and direction of the mag-
netic field. Also find the magnitude of the force F,.

SOLUTION
Since we know that F = q(z‘;xﬁ)

For the first case, we get

(592 %102 )i=(10)| XX |(i 4+ 3 )x(B.i+B. +B.k
] x y} z

oK)

10 ; } ;
= —(5\/§><10_3);2=$1 10
B, B, B,

= —(5J2x10°)k="|B,i~B,j+(B,-B, k|

==

= B,=0and B,-B,=-10"T (1)

For the second case, we have

A

Bj=(10")(10°)kx(B,i +B,])

i
= FEj=10/0
B

X

ik
0 1/=10B,j-10B,i .2)
B, 0

From (2), we get

B, =0
= B, =10°Tand F,=10B, =102 N
= B=(10°T)i and F,=102N

ILLUSTRATION 4

A particle of charge >0 is moving at speed v in
the +z -direction through a region of uniform mag-
netic field B. The magnetic force on the particle is

F=F,(31+4]), where F, is a positive constant.
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(@) Calculate the components B, , B,, and B_, or at
least as many as possible from the information

given.
6F,

(b) If |B|= — calculate the left-out component(s)
of B ,if ;ny.

SOLUTION

(@ d=vk and F=F, (3§+4;)
Let B=B,i+B,j+B.k

Since, F=¢(9xB)

S
= F=q/0 0 v
B, B, B,
= F=q—;(—UBy)—}(—UBX)+}E(0—O):|

Since, F=F, (3 +4])

= F (3?+4})= —(quy )f+(qux)]

F 4F,
= B, =—3—0 and B, =—2
qv qo
However, nothing can be said about B, with the
information provided
=1 6F
(b) [B[==2
qu
2
o B24+B4Bl=ol
g v
2 2 2
3
- qv qo

F
= B, = i\/ﬁ(o]
qU

A group of particles is travelling in a magnetic field
of unknown magnitude and direction. It is observed
that a proton moving at 1.5 kms™" in the +x direc-
tion experiences a force of 2.25x107° N in the +y
direction, and an electron moving at 4.75kms™ in
the —z direction experiences a force of 8.5x107° N .
Calculate the magnitude and direction of the mag-
netic field.

SOLUTION
Let B=B,i+B,j+B.k
Since the proton moving along +x direction experi-

ences a force in the +y direction and also we know
that this force must be perpendicular to 7 as well as

B . Hence, for the proton the magnetic force given by

A

= Fo

sl

J
= +e 0
B,

Uy
B;r

S5

z

—

= F=+e:f(0—0)—}(vaZ —O)HG(UIBy —D)}

-

= F=+eo,(-B,j+B,k) (1)
Since F=225x107 N along +y direction
= F=(225%x10™)jN ()
On equating (1) and (2), we observe that

B, =0 and -ev,B, =2.25x107"°

C225x10°7"°
1.6x107 x1.5%10°

Further, for the electron we have 7= —vzlz and

=0.938 T=938 mT

=

Z

|F | =85x107° N ie., here we have just been pro-
vided with F without direction ie., only with
magnitude.

Since ?=q(r‘;x1§)

i ]k
= F=-[0 0 -v,
B, 0 B,

A A

= F=-¢[i(0-0)-7(0+v,B,)+k(0-0)]
= F=+e(v,B,)] where v, = 475x10° kms™!
Since |F|=85x107* N

= ev,|B,|=85x107°

85x107'
1.6x107 )(4.75x10%)
= B,=tl12T

= B=(+1121+0938k) T

=112T

=

‘Bx|=(

= |Bl=(+1.122+(0938) =146 T
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Direction of B

Let B make an angle 6 with +x -axis, then

tan 6 = B_z _ -0.938
B, +1.12
= 0=H40°

ie, B is in the xz plane and makes an angle of
40° with +x -axis either in anticlockwise sense or in
clockwise sense.

ILLUSTRATION 6

A particle of mass 0.195 g carries a charge of
-25x107° C. The particle is given an initial hori-
zontal velocity that is due north and has magnitude
4x10* ms™ . Calculate the magnitude and direction
of the minimum magnetic field that keeps the particle
moving in the earth’s gravitational field in the same
horizontal, northward direction?

SOLUTION

For the net force to be zero, the magnetic force (Fm )
must balance the weight (W) of the particle
Now, for equilibrium we have

P’ﬂ :W
= ‘q|vBsin9=W
W mg

= = =
qvsiné  |g|vsin®
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Since, we are asked to calculate the minimum B, so
we must have sinf=MAX=1, ie, 6=90° ie,
7 L B. Hence

-3
p _mg _ (0195x10°)098) _ oo

™ glo (25%107)(4x10*)

N

: b
— -
W=mg® B S
®F,

|

Since the velocity of the particle is due North and the

weight of the particle W (= mg ) is acting towards the
centre of the earth, which happens to be a direction
denoted by ® shown in figure. Now for the negative
charge that moves due North, the magnetic force that
balances W must be acting in the outward direction
©, just opposite to W so as to balance it. Please note
that the direction of the force on negative charge will
be opposite to that obtained by Fleming's Left Hand
Rule (specified for positive charge). So, be careful
while finding the direction of E, . Hence to conclude

m:*

we get to have B acting towards the East.

0‘/ Test Your Concepts-|

1. Can you find the dimensional formula for the

ratio E,where E denotes the electric field and B

denotes the magnetic field?

2. If F denotes the magnetic force acting on a charge
q entering a field B with a velocity v, then find

(a) v-(vxB)
(b) B-(vxB)
(c) ix(7xB)
3. A charged particle is projected in a magnetic field
B=(3i+2j-10k)x107 T. The acceleration of

Based on Force and Fleming's Left Hand Rule

(Solutions on page H.3)

the particle is found to be, d = (xf +4] +212) ms 2.
Find the value of x.

4. A particle with mass 1.81x107 kg and a charge
of 1.22x107® C has, at a given instant, a velocity
v=(3x10* ms™")j. What are the magnitude and
direction of the particle’s acceleration produced by
auniformmagneticfield B=(1.63T)i + (098 T) j?

5. A particle with charge —5.6 nC is moving in a uni-
form magnetic field B = —(1.25 T)k. The magnetic
force on the particle is measured to be

F=—(34x107 N)i+(74x107 N)j
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(a) Calculate all the components of the velocity
of the particle that you can calculate from this
information.

(b) Are there components of the velocity that are
not determined by the measurement of the
force? Explain.

(c) Calculate the scalar product v-F . What is the

angle between v and F?

. To hit a target from several meters away with a
charged coin having a mass of 5 g and a charge
of +2500 uC, a coin is given an initial velocity
of 128 ms™'. A downward, uniform electric field
with field strength 27.5 NC™" exists throughout the
region. Assuming that you aim directly at the target
and fire the coin horizontally, what magnitude and
direction of uniform magnetic field are needed in
the region for the coin to hit the target?

. Acharged particle of charge TmC and mass 2 g is
moving with a speed of 5ms™" in a uniform mag-
netic field of 0.5 T. Calculate the maximum accel-
eration of the charged particle.

. Whena proton hatsavelocityﬁ=(2f+3j’)><106 ms'

it experiences a force F=-(1.28x10"k)N.
When its velocity is along the z-axis, it experiences
a force along the x-axis. What is the magnetic field?
. When a particle of charge g>0 moves with a
velocity of v; at 45° from the +x -axis in the xy-

plane, a uniform magnetic field exerts a force ,E]
along the —z -axis. When the same particle moves
with a velocity v, with the same magnitude as v,
but along the +z -axis, a force F, of magnitude F,
is exerted on it along the +x -axis.

(@) What are the magnitude (in terms of g, v, and
F, ) and direction of the magnetic field?

(b) What is the magnitude of F; in terms of F, ?

10. A charged particle of specific charge (i.e. charge unit

mass) 0.2 Ckg™' hasvelocity(Zf—3j) ms™' atan

instant in a uniform magnetic field (5?+2j’) T.

Calculate the acceleration of the particle at this
instant.

11. A proton moving in a uniform magnetic field with

a velocity v;=10% ms™ experiences a force
F,=1.2x107"°k N. A second proton moving in the
same field with a velocity v, =2x10° j ms™ expe-
riences a i‘orceJE2 =-416x107"°k N. Calculate the
magnetic field B ? Give your answer as a mag-

nitude and an angle measured CCW from the
+X -axis.

12. A particle with charge 9.45x107° C is moving in

a region where there is a uniform magnetic field of
045T inthe +x -direction. At a particular instant
of time the velocity of the particle has components

v, =-168x10" ms™,
v, =-311x10* ms™' and

v, =5.85x10" ms™

What are the components of the force on the
particle at this time?

13. Asmall ball having mass m , charge q is suspended

from a rigid support by means of a light inexten-
sible string of length . It is made to revolve on a
horizontal circular path in a uniform magnetic field
B directed vertically upwards. If the time period of
revolution of the ball is T, and the thread is always
tight, then calculate the radius of circular path on
which the ball moves.

J
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PATH OF A CHARGED PARTICLE IN
UNIFORM MAGNETIC FIELD

When a charged particle moves in a magnetic
field, it is acted upon by a magnetic force given by

|Fl= quBsinf and the motion is determined by
Newton's Laws.

The path of a charged particle in uniform mag-
netic field depends on the angle 6 (the angle between
% and B). Based on the different values of 8, follow-
ing three cases are possible.

CASE-1: When 6 is 0° or 180° (= 7 radian)

Since |F | =quBsin®, so when 6 is either 0° or 180°
i.e. the charged particle enters the field with a veloc-
ity either parallel to it (6=0°) or anti parallel to the
field (6=180°), then we have |F|=0. Hence, path
of the charged particle is a straight line (undeviated)
when it enters parallel or antiparallel to the magnetic
field.

»B B
> or e —
9IQ—=-----------m mmmmmeeeoees —q
v 4
> _—
(0=09) F-0 (0=1809  F_j

CASE-2: When the charged particle moves perpen-
dicular to the field, i.e., 6=90° or g radian

Consider a positive point charge g of mass m at
point O, moving with a velocity 7 in a uniform
magnetic field B directed into the plane of the page
as shown in Figure.

®®®®V®®

®mg>

S DY
® Fe ®fF ®
v H/
® ® ® ®/®

E
® ®4® ®

—_ + —

®B® ®0 V @ ®

The vectors § and B are perpendicular to each
other initially as well as at later instants of time.

The magnetic force F=¢q(3xB) will have a magni-

tude F=quBsin90°=quB and a direction as shown
in the figure. We observe that the force is always

Chapter 1: Magnetic Effects of Current 1.9

perpendicular to @ and hence cannot change the
magnitude of the velocity, but can change its direc-
tion only.

To understand this concept differently, we know
that the magnetic force has got no component parallel
to the motion of the particle (it always possesses com-
ponent perpendicular to the particle’s motion) and
hence cannot do any work on the particle. This is true
even if the magnetic field is non-uniform. So, always
keep in mind that the motion of a charged particle
under the action of a magnetic field alone is always a
motion with constant speed.

So, we see that in the situation shown, the mag-
nitudes of both F and & are constant. At points
P and S, the directions of force and velocity have
changed as shown, but their magnitudes are still the
same. The particle therefore moves under the influ-
ence of a constant-magnitude force which is always at
right angles to the velocity of the particle and we see
that the particle’s path is a circle of radius R, traced
out with constant spee;:i v . The centripetal accelera-

tion of the particle is % and the only force acting on

the particle is the magnetic force, so from Newton's
Second Law, we get
2

mo
F=|g|vB=—
|q]vB=—
R= ‘m—; (radius of a circular orbitin a
q
magnetic field)

Since p=mv=momentum of the particle, so we can

also write R= o = r,

48 4B
If the charge g is negative, the particle traces the
circle in clockwise sense.
The angular speed @ of the particle can be found by
using v=Ra. S0, we get

I
R mov m

The number of revolutions per unit time is f = 2— .
fia

This frequency f is independent of the radius R of

the path. It is called the cyclotron frequency.
If the charged particle has a kinetic energy K, then

we have
2

P

K=lmv2 =—
2 2m
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= p=+2mK

mv p 2mK
R: = =

9B |q|B [qB

=

Also, there is a possibility that a charged particle
is first accelerated through a potential V to gain a
velocity v.

Then, %m02=|qV

2|g|V
L oo AV
m
L potm_m Z‘Q‘V_l ZmV_\/2|¢]’|mV
q[B |gBN m B\ [q]  [q]B

So, finally, we observe that the radius of the particle
moving in a circle is given by

poMv_ p _2mK _\2[gmV 1 [amy
4]

lalB lals lels gl B
where
p= momentum of the particle =mv

1
K = kinetic energy of the particle = Emv2

V = electrostatic potential through which the charge
is accelerated to gain a speed v.

If T be the period of revolution of the particle, then
we have

L 2R
v
ZE(mv) 2mm 1
= T=—- — |=—=—
vl|qB) [a[B f
_2xm_l
q|B f

So, we observe that T (the period of revolution), f (the
frequency of revolution) and @ (the angular frequency
or the angular velocity) are the independent of v.

So, if two identical charge particles are given dif-
ferent speeds from a same point in the same direction,
then they will return to the initial point simultaneously.

Also, the kinetic energy of the particle is given by
gBR )2 _'B’R

2 2m

K = =mo* =1m(
m

CHARGED PARTICLE ENTERING INTO
MAGNETIC FIELD REGION FROM OUTSIDE

When a charged particle enters a region of uniform
magnetic field, such that the particle moves in a
circular arc, but cannot complete a full circle.

CASE-1: For a positively charged particle

Time for which the charged particle stays inside the
field is given by

¢ = wt, where ¢=m+20

B
= t:E,where w:q—
0]

m

o e[ gt
qB 9B

CASE-2: For a negatively charged particle
®B
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Time for which the charged particle stays inside the
field is given by

0= ot, where ¢=m-26

= tzﬂ,wherewzﬁ
® m

= t:[ﬂ}p:im(”_zm
qB qB

Problem Solving Technique(s)
(a) The above results can also be expressed in terms of

the specific charge (i) sometimes denoted by
m
2 B
2o weget Rel, T= 22 gmgB, f= 22
oB oB 2

(b) As discussed, T, f and @ are independent of
the velocity v, however R (radius of curvature) is
directly proportional to v. So, for two identical
charged particles (having same g and m) entering
at right angles to the field B with different speeds
v, and v,, where v, >v;, we get

h=T, fi=f, and o =w,
However, R, >R, (as shown)
@ ® ® ® ® ® ® ®

® ® ® ©® ©® & % ©®
vy v L)
TN I / \\I
s N / \
/ A\ 'f \
® Q' +—%® 8 @ +--B--%8
R, R,

(c) For a particle moving with velocity at right angles
to the field, the plane of the circle is normal to
the magnetic field. If the magnetic field is along
z-direction, the circular path is in x-y plane. In
other words, the plane of the circle is actually
the plane that contains both F and i which of
course happens to be normal to B
Also note that F acts towards the centre of the
circle.

(d) The speed of the particle does not change in
magnetic field (as discussed already).

Hence, if v, be the speed of the particle, then
velocity of particle at any instant of time will be
given by

Chapter 1: Magnetic Effects of Current 1.11

V=v,i+v,j where vi+vi =v]

If U be the initial velocity of the particle, then

u=u,i+u,j

However, |V|=li]=v,
= U U=V, HV =V

This strategy will help us solve problems easily.

CASE-3: When the charged particle moves with
velocity not perpendicular to the field i.e. 6 # 0°,
90°,180°

If the direction of the initial velocity of the charged
particle is not perpendicular to the field, then the
velocity can be resolved into two components, one
along B and other perpendicular to B. Now since
the magnetic force has got no component parallel to
the field (remember that F L B) so the component of
velocity parallel to the field remains constant.

Y o

v, =vsing

Y

am L @ O B

v =v cosf

v

—pP—

If v, be the component of velocity parallel to the field
and v, be the component of velocity perpendicular
to the field. Since B cannot influence the component
of velocity parallel to it, so we have

0, =vcost = constant
Also, we have

v, =vsin@
This component of velocity (v, ) perpendicular

to field gives a circular path and the component of
velocity (v, ) parallel to the field (g, ) gives a straight

line path. The resultant path is a helical path called
helix as shown in Figure.
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The radius of this helical path is,
_mv, _musing

SRTIERTT:

Time period and frequency do not depend on veloc-
ity and so they are given by,

_ 2mm and f = |q B

|q‘B 2mm

Pitch (p) of the helical path is defined as the horizon-
tal forward distance travelled by the particle in one
complete cycle as shown in Figure.

080

f—

pitch
So, mathematically pitch is given by
p=yT

= p=(vcosh) 2mm
/B

2mmuvcosf

|q|B

Problem Solving Technique(s)

(a) The plane of the circle of the helix is normal to the
magnetic field.

(b) The axis of the helix is parallel to magnetic field.

(c) The particle while moving in helical path in mag-
netic field touches the line passing through the
starting point parallel to the magnetic field after
every pitch.
For example, a charged particle is projected from
origin in a magnetic field (along x-direction) at
angle @ from the x-axis as shown. As the veloc-
ity vector  makes an angle @ with B its path is

ILLUSTRATION 7

a helix. The plane of the circle of the helix is y-z
(perpendicular to magnetic field) and axis of the
helix is parallel to x-axis. The particle while mov-
ing in helical path touches the x-axis after every
pitch, i.e., it will touch the x-axis at a distance.

x=np where n=0,1,2..

A

N

A particle of mass m=16x10" kg and charge
7=1.6x10"" C enters a region of uniform magnetic
field of strength 1 T along the direction shown in
figure. The speed of the particle is 10" ms™.

(a)

(b)

‘y@ ® @ ®
F® ® ® ®
® ® ® ®

® ® ® ®

E® @ @ @
45® ® ® ®

The magnetic field is directed along the inward
normal to the plane of the paper. The particle
leaves the region of the field at the point F . Find
the distance EF and the angle 6.

If the direction of the field is along the outward
normal to the plane of the paper, find the time
spent by the particle in the region of the magnetic
field after entering it at E .

SOLUTION

Inside a magnetic field speed of charged particle does
not change. Further, velocity is perpendicular to mag-
netic field in both the cases hence path of the particle
in the magnetic field will be circular.

Centre of circle can be obtained by drawing perpen-
dicular to velocity (or tangent to the circular path) at
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E and F. Radius and angular speed of circular path

would be
B
r="" and @= it
m

qB
(@) From the figure we observe that

v A
‘Y W 1 ® @
) % ® ® ®
r /
o ® ® ®
45°
(0L 3 \55—0—— G ®V ® ®
A ® ®
rs.,
) ® ® ®
/ZE
5|® ® ® ®

ZCFG=90°-6
and ZCEG =90°-45°=45°
Since, CF =CE

= LCFG=ZCEG

= 900—9:450

= @=45°

Further, FG = GE = Rcos45°

= FEF=2FG="2rcos45°= 21’-”10(33845
q

2(1.6><10'27)(107)(

(1.6x1077)(1)

i)
EF= V2 =0.14 m

In this case, the particle completes lf:h of circle
in the magnetic field. 4

(b) In this case, the particle will complete th of
circle in the magnetic field. )
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Hence, the time spent in the magnetic field is

t= %(time period of circular motion)

t?’[z_sz_m

4\ ¢B 2qB
(3%)(1.6x10'27)
(2)(16x10™)(1)

= t=4712x10%s=47ns

ILLUSTRATION 8

Abeam of protons with a velocity 4x10° ms™" entersa
uniform magnetic field of 0.3 T atan angle of 60° to the
magnetic field. Find the radius of the helical path taken
by the proton beam. Also find the pitch of the helix.

SOLUTION
mvsing (167x107 )(4x10° )(sin60°)
g (16x107™)(03)

= r=12x10"m=12cm
2

Since, p = [ﬂ)(vcosﬂ)
qB

(2x)(1.67 x1077 )(4 x10° )(c0560°)

R (1.6x10™)(03)

= p=437x10"m=437 m

Problem Solving Technique(s)

MOTION OF CHARGED PARTICLE

STEP-1

In analysing the motion of a charged particle in elec-
tric and magnetic fields, you will apply Newton's
Second Law of motion, with the net force given by

5F=q(E+7xB)
Often other forces such as gravity can be neglected.

STEP-2

Read and analyse the problem carefully. The use of
components is the most efficient approach. Select a
coordinate system and then express all vector quanti-
ties (including E, B, v, F, and @) in terms of their
components in this system.
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STEP-3

If the particle moves perpendicular to a uniform mag-
netic field, the trajectory is a circle whose radius and
angular speed are given by

B
_mv and a)=m

R=—
|q[B m

STEP-4

If our calculation involves a more complex trajectory
then use XF =md in component form XF, =ma,,
and so forth. This approach is particularly useful when
both electric and magnetic fields are present.

STEP-5
If G=u,i+u,j be the initial velocity of the particle
and V=v,i+v, ] be the final velocity of the particle
in a magnetic field, then

|v]=lal

2

= VY, =)+

ILLUSTRATION 9

A particle having mass m and charge g, enters
a uniform magnetic field B = —BDIE with velocity
U= vog from the origin. Find the time dependence of
velocity and position of the particle.

SOLUTION

In such type of problems, we should follow the steps
given.

STEP-1:

First of all see the angle between v and B. Because it
only decides the path of the particle. Here, the angle
is 90°. Therefore, the path is a circle.

STEP-2:
Ifitis a circle, see the plane of the circle (normal to the
magnetic field). Here the plane is x-y .

STEP-3:

Apply Fleming’s Left Hand Rule to find the sense of
rotation of the particle, which happens to be counter
clockwise as shown in Figure.

P
Y

® g = —Boﬁ
— X
Ol Vo

OC = CP = radius of circle

STEP-4:

Now find the deviation and radius of the particle,
Bza)t:(@)t and rzﬁ
m qB,

STEP-5:
Now from the figure, find 3(¢) and 7(t).
Since velocity of the particle at any time ¢ is,

o(t)= szA'Jrvy}: =, cos6i +7, sin
= 5(t)=vycos(t)i+vysin(wf) ], where
_TR
m
Position of particle at time f is,

F(t)=xi+yj=rsini+(r—rcos6)]

7(t)= r((sin@)fﬂl—cosf?)})

Substituting the values of r and 6, we have

F(t)z%(sin(@)ﬁ(l—cos(@))ﬂ
qB, m m

ILLUSTRATION 10

A particle of charge g and mass m is projected from

origin with velocity 7 =1, (i-k) in a uniform mag-
netic field B = —BUIE . Find the velocity and position of
the particle as a function of time f.

SOLUTION

Let us first calculate the angle between 7 and B.If 6
is the angle between @ and B, then

4 3B 4( B
0=cos! ¢ — [=cos ! 0%
|11B| V22,8,
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af 1 0
= 0=cos ( Ji) 45
Since this happens to be an angle other than 0°, 90°
and 180°, hence, the path followed by the particle is
a helix. The axis of the helix is along z-axis (parallel
to B) and plane of the circle of helix is the xy plane
(normal to B). So, in x-y plane, the velocity compo-
nents and x and y co-ordinates are same as the ones
calculated in ILLUSTRATION 9. The only change
is in the values along z-axis. Velocity component
in this direction will remain unchanged while the
z-coordinate of particle at time t would be v,t.
Velocity of particle at time £ is,

5(t)=vx§+vy}+vzlz
Byt \- Bt ). -
z‘;(t)=vocos(q—0)i+vosin(q—ﬂ)j—vok
m m

v, and v, have been calculated in the similar man-
ner as done in ILLUSTRATION 9.
The position of the particle at time ¢ would be,

~

F(t)=?=x§+yj+zl€

where, z=v,t=-0)t and x and y are same as calcu-
lated in ILLUSTRATION 9. Hence,

r= %[Sin[@)f+(1—cos(@))}}vﬂﬂz
qB, m m

ILLUSTRATION 11

A charged particle of mass m , charge ¢ enters a uni-
form magnetic field B with speed v, at angle 6 as
shown in figure.

®
®

R ¥ 8  ® ® ® &
wy

QYRR X
R

(@.m)
Calculate the

(@) angle ¢ at which it leaves the magnetic field.
(b) time spent by the particle in magnetic field and
(c) separation AC.
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SOLUTION

(a) Here, velocity of the particle is in the plane of
paper while the magnetic field is perpendicular
to the paper inwards. i.e., angle between ¢ and
B is 90°.

"y
So, the path is a circle, having radius r=—"

If, O is the centre of the circle, then in AAOC,

Z0CD = Z0AD
= 90°-¢=90°-6
= 0=0

(b) £COD=/DOA=8
{-+ 20CD = 2/0AD=90°-9}

= ZAOC=20
2my,
Length of arc APC =r(26) = 5 6
APC  2m@
= typc=——=—
Y qB

() Separation AC=2(AD)=2(rsing)

AC =(2va )sin@
B

q
ILLUSTRATION 12

An electron gun G emits electrons of energy 2 keV
travelling in the positive X-direction. The electrons are
required to hit the spot S where GS=0.1m, and the
line GS makes an angle of 60° with the x-axis as shown
in figure. A uniform magnetic field B parallel to GS
exists in the region outside the electron gun. Find the
minimum value of B needed to make the electrons hit S.

S

—

5/

e
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SOLUTION

Kinetic energy of electron, K = jlzmvz =2 keV

So, the speed of electrons hitting the spot S is

o fg_\/zxzm.sxm'“ o
m 9.1x107

= 0=265x10" ms™ S

Since, the velocity (o) of the 5
electron makes an angle of
6 =60° with the magnetic field
B, the path will be a Helix of I G
pitch p.
So, the particle will hit S if we have
GS=np,where n=1,2,3,4, ...

2wmuvcos 6

qB

However, for B to be minimum we must have n=1

60°

=l

and p = pitch of helix =

= GS= pzzn—mvcosﬂ
qB

_ 2mmuvcos6
e q(GS)
Substituting the values, we get

(27z)(9.1><10'31)(2.65><107)(%)
T

= B=

B =

min

(1.6x10™)(0.1)
= B =473x10°T

DEVIATION OF A CHARGED PARTICLE IN
MAGNETIC FIELD

Consider a charged particle of mass m, charge ¢
entering a uniform magnetic field B at right angles
with speed v as shown in Figure.

Let the magnetic field extend in a region of space
upto a length x. The path of the particle is a circle of
radius R, where
_m
|9]B

The speed of the particle in magnetic field does not
change. But it gets deviated in the magnetic field. The
angular deviation 6 can be found and expressed as
a function of time t or in terms of the length of the
magnetic field space.

(a) After time t, deviation will be,

B B
9=a)t=(m} as 0J=m

m m

(b) In terms of the length of the magnetic field (i.e.,
when the particle leaves the magnetic field) the
deviation will be,

Sin'l(i) for x<R
R
n(or180°) for x>R

0=

® ® ® ®

Ve—
@ ® ®
it
R® ® ®
1
i'—bv
® ® ® ®
< x>R =

Please note that the deviation, when x is slightly

less than R is g . Also note that the deviation

suffered by a charged particle is given by

0= sin'l(i)
R

. X
= sinf= z where

_mv P _\/2mE_\/2m‘Q|V
a[B [q[B [q[B |q|B

ILLUSTRATION 13

An ¢-particleis accelerated by a potential difference
of 10" V.. Find the change in its direction of motion,
if it enters normally in a region of thickness 0.1 m
having transverse magnetic induction of 0.1 tesla.
Given: mass of a-particle 6.4x107 kg .
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SOLUTION
The situation is shown in figure.

0y, B

When a charged particle with charge g is accelerated
through a potential difference V volt, then it gains a
speed given by

1 5
—mv* =qV
) q

v=‘1% (D
m

When a-particle enters the magnetic field, it moves
in a circle of radius R as shown in figure.

Since R= "2
B

q

. R=1/%
BY ¢

Giventhat A=0.1m, B=0.1T V=10* volt
Also, g, =2¢=2x16x10" =32x10"" C

and m, =64x10" kg

2x107Y
= sinB:(O.l)(O.l)\/ 3.2% 027 1
2x6.4%x107 %10
= sir19=1
2
ILLUSTRATION 14

A particle of mass m and charge g is projected into

a region having a perpendicular uniform magnetic
field B.

Chapter 1: Magnetic Effects of Current 1.17

Find the angle of deviation fof the particle as it comes
out of the magnetic field if width d of the region is

Mo mo 2mu
(@ — b) — () —
2qB qB qB
SOLUTION
(a) The radius of the circular orbit is given by r = m—;
q
Q
0 S v
Y
[ "YSPSVRRE N 8
. ®B |
| , :
d
So, the angle of deviation for d= m_r is
o 2B 2
sinf=—=—
ro2

= 9=sin‘1(1)=f=30°
2)" 6

(b) When d= m_; =1, the charged particle deviates
q

through an angle of % as shown in Figure.

le— d=r —>
T
So, we have 0= >

mv

qB
completes one semi-circle and deviates through
m, as shown in Figure.

() When d=2( }=2r, the charged particle
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TRTe ® ® ® ® ®
L2 ® ® ® R ® ®

d=2

So,weget O=n

ILLUSTRATION 15

The region between x=0 and x=L is filled with
uniform steady magnetic field BUIE. A vparticle of
mass 1, positive charge g and velocity v, travels
along x-axis and enters the region of the magnetic
field. Neglecting gravity throughout the question,
find the

(a) value of L if the particle emerges from the region
of magnetic field with its final velocity at an
angle 30° to its initial velocity.

(b) final velocity of the particle and the time spent by
it in the magnetic field, if the magnetic field now
expands upto 2.1 L.

SOLUTION

The situation is shown in Figure.
[ L —»
® ®

O
I
gomad L. 2 @?E
I
®

(a) For 6=30° ,
Since, we know that siné = =
where, R = ™%

qBy

= si:n(30°)=L
mvy

4B,

a0
1_ gB,L
2 my,
= L= LY
29B,

(b) Since, we know that sinf = %

L
= sin(30°)=—
s

=

M| =
PR s

= L=

Now when L'=21L= ¥ =1.05R
= L'>R
Therefore, deviation of the particle is 8=180°, so

that

- - T 7mm
Up =0yl =Ug and fp =—=—
! qBy

ILLUSTRATION 16

A proton is at rest at the plane vertical boundary of a
region containing a uniform vertical magnetic field B.
An alpha particle moving horizontally makes a head-
on elastic collision with the proton. Immediately after
the collision, both particles enter the magnetic field,
moving perpendicular to the direction of the field.
The radius of the proton’s trajectory is R. Find the
radius of the alpha particle’s trajectory.

SOLUTION

Let u represent the original speed of the alpha

particle. Let v, and v, represent the particles

speeds after the collision. By Law of Conservation of
Momentum, we have 4m,u=4m,v, +m,v, and the
relative velocity equation gives

u-0=v, -1,

[ e=1)
Eliminating u,
4v, -4v, = 4v, +0,

= 3v, =8y,
= U,= gUP

For the proton’s motion in the magnetic field,

ZF=ma
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2 ¥, =R (equation for tangent to the circle, path of
= ev,Bsin(90°) =L undeflected particle).

@ﬂ) d=y,~y, =R-VR*-D*

=
" P
p D
For the alpha particle, = d=R-R h - R_2

TI’IUZ -

m, o

§uV,BsIin90° = —% 2
o Ta = d=R|1- 1-D—2
R
4m )vfx -
= (2)v,B= When R>» D we get,
I -
2 2
L, oM =R 1-(1-1D—2H=D—
7 B i 2R 2R
2m, 3 2m, 3¢BR 3 For a particle moving in a magnetic field,
= fyE—— Uy =———— =~
“ eB8" eBS m, 4 _mv
qB
2_
In the electron gun of a TV picture tube the electrons DUt 50" =4V
(charge —e, mass m ) are accelerated by a voltage V. TV

After leaving the electron gun, the electron beam = R=— |[—
. - BY 4
travels a distance D to the screen through a region
having transverse magnetic field of magnitude B Thus, the deflection d is given by

and no electric field. Sketch the path of the electron ) D%B q DB [ e

beam in the tube. Show that the approximate deflec- d =
tion of the beam due to this magnetic field is 2 N2mV. 2 N2mV
BD? [ e (05 (5x107) 1.6x107"°
d=— [— = (=
2 \omv 2 2(9.11x107)(750)

Calculate the value of d if V=750V, D=50cm = d=0.067 m=6.7 cm

d B=5x10" T.Is this deflection significant?
o 210 > i detlection sighitican Since we see that d=13% of D, which is fairly

SOLUTION significant.

The path is sketched in figure. It is circular with Also, here we observe that

2
radius R = o . Here we must note that R>> D R= 1 M = D_ = (BJD =3.7D
qB B ¢ 24 \2d
y R\
? Tangent to circular path, initially = (5) =14
B@® F=="""y T
W So, the approximation made i.e., R>» D is valid.
""""" )
R Circle of v2=F . .
radius R Y1 Abeam of equally charged particles after being accel-
| erated through a voltage V' enters into a magnetic
D : : field B as shown in the figure. It is found that all the
—_—leeeaa L > X

particles hit the plate between C and D. Find the
Since the motion is circular, therefore we have  ratio between the masses of the heaviest and lightest
+y*=R%. So, at x=D we get y, = JR2_p?  particles of the beam.
(path of deflected particle).
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ﬂ@ ® ®
TAN® ® ®
® ® ®
Ole © ®
de o @
d ® ® ®
Ple © @

SOLUTION

When accelerated through a potential V', the particles
gain a velocity v such that

1 5
—moy* =qV
7 q

2V
m

U=

When the particles enter the field, they follow a circu-
lar track ( vl B of radius r, where

,'ZqV ZmV
qB qB V' m

= rem

= moer’

Le., the heavier particles will hit the point D and
have a radius (d+1) whereas the light particles will
hit the point C and have a radius [.

M ight ! !

ILLUSTRATION 19

As shown in figure, a particle of mass m having posi-
tive charge ¢ is initially travelling with velocity v} .
At the origin of coordinates it enters a region between
y=0 and y=h containing a uniform magnetic field
Bk directed perpendicularly out of the page.

T@@@@@@@@
®
h

| o

® e ®
® ® @
® ® ®
® @ @
® ® @
® ® @
® @@

Iv

o

(@) What is the critical value of velocity, v =1, such
that the particle just reaches y = ? Describe the
path of the particle under this condition and pre-
dict its final velocity.

(b) Specify the path that the particle takes and its
final velocity, if v is less than the critical value.

(c) Specify the path that the particle takes and its
final velocity if v is greater than the critical value.

SOLUTION

When the particle is in the field, then it follows a
circular path of radius r.
2
Since quB = .
p

Mo
= r=—
gB
(a) For the particle just to reach h, we have
mo
r=h=—=
qB
Bis directed
y=h out of the page
O OO OBRO @06
@® [OJNORNONNO] [OJNO]
@ Heoeeoowae
EPOOOEEOODO
VI:wf,\ll
vﬂ
Bh
o 5=
m

So, the particle will cross the band of field. It will
move in a full semicircle of radius 1, leaving the
field at (2h, 0, 0) with velocity v ;=0

(b) When v<uv, ie, v<— th , the particle will move

in a smaller sermurcle of radius r= —B <h.It

q
will leave the field at (2r, 0,0) with velocity

v ==

Bis directed
y=h out of the page

® 060

Bh
(¢) When v> e , the particle movesina circular arc
m
of radius r = m—g>h, centred at (r, 0, 0). The

q
arc subtends an angle given by 6=sin™! ( E)
r
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a0
| e Bisdirected SOLUTION
y=h & out of the page After one revolution the particle will have a forward
® @ (ORNORNORNORNONNO motion equal to the pitch of the helix, so its x compo-
© ofe ©e0ee 27mu, cos(90-6)
©do ©0 00 nent equals pitch p = .
© ¢ o © ©® 9B
~ A y
vi=y
Yo

0

U

27mu, sin @
X=————

It will leave the field at the point with coor-
dinates [r(1-cos6), h, 0] with velocity

v =vsinbi +vcost]

ILLUSTRATION 20
=

A particle of mass m and change g is lying at the qB
origin in a uniform magnetic field B directed along
x-axis. At time t=0, it is given a velocity v, at an
angle 6 with the y-axis in the xy-plane. Find the coor-
dinates of the particle after one revolution.

However, y and z coordinates still continue to be zero.
Hence, after one revolution, the coordinates are

(x v, Z)=(2m:7°BSM, 0,0)

o‘/ Test Your Concepts-Il

Based on Charged Particle in a Magnetic Field

®

sion made by you about the magnetic field in the \Q ®
region. Assume that no electric field exists in the T o
region. X

2. In a region of space where only magnetic field is
present, an electron beam projected along positive
x-axis deflects along the positive y-axis. What is the
direction of the field?

3. Can a charged particle be accelerated by a
magnetic field? Can its speed be increased?

4. An electron and a proton are projected with same
velocity perpendicular to a magnetic field.
(@) Which particle will describe the smaller circle?
(b) Which particle will have greater frequency? field.

5. A proton moving in the plane of the page hasa 6. A particle with charge 215uC and mass
kinetic energy of 6 MeV. A magnetic field of mag- 32x107"kg i initially travelling in the

(Solutions on page H.5)
1. In a region of space, a beam of charged particles
travels in a straight line. What can be the conclu-

—
®

2 8 ® ® 8 ®

® 8 ® ® @

(a) Find x, the distance from the point of entry to
where the proton will leave the field.

(b) Determine ¢, the angle between the boundary
and the proton'’s velocity vector as it leaves the

nitude B=1T is directed into the page. The proton
enters the magnetic field with its velocity vector at
an angle 6=45°to the linear boundary of the field
as shown in figure.

+y-direction with a speed v, =1.45x10° ms™' and
then enters a region containing a uniform mag-
netic field that is directed inwards as shown. The
magnitude of the field is 0.42 T. The region extends
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a distance of 25 ¢cm along the initial direction of
travel; 75 cm from the point of entry into the mag-
netic field region is a wall. The length of the field
free region is thus 50 cm. When the charged par-
ticle enters the magnetic field, it follows a curved
path whose radius of curvature is R. It then leaves
the magnetic field after a time t;, having been
deflected a distance Ax,. The particle then travels
in the field free region and strikes the wall after
undergoing a total deflection Ax.

Wall o AX

-

AN D=75cm
—n | Ax

""" 5 "N F

© o0 08® gl
cm

2 ®8d0v 08 8 §

(a) Determine the radius R of the curved part of
the path.

Determine t,, the time the particle spends in
the magnetic field.

(c) Determine Ax,, the horizontal deflection at
the point of exit from the field.

Determine Ax, the total horizontal deflection.

(b)

(d)

7. A proton of charge e and mass m enters a uni-

form magnetic field B=Bi with an initial veloc-
ity v= vxf+vyj'. Find an expression in unit-vector
notation for its velocity at time .

8. A singly charged ion of mass m is accelerated

from rest by a potential difference AV. It is then
deflected by a uniform magnetic field (perpendicu-
lar to the ion's velocity) into a semicircle of radius
R. Now a doubly charged ion of mass m’ is accel-
erated through the same potential difference and
deflected by the same magnetic field into a semi-
circle of radius R"=2R. What is the ratio of the
masses of the ions?

9. Anegatively charged particle (of mass mand charge

q) is thrown with speed v along x-axis in a region
of uniform, magnetic field B directed along posi-

tive z-axis. If thickness of the region is a‘(< m_;)
q
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10.

11.

12.

13.

calculate the angular deviation suffered by the
particle as it comes out of the magnetic field.
Electrons in a beam are accelerated from rest
through a potential difference AV. The beam enters
an experimental chamber through a small hole,
as shown in figure. The electron velocity vectors
lie within a narrow cone of half angle ¢ oriented
along the beam axis. Calculate the magnitude of a
uniform magnetic field directed parallel to the axis
to focus the beam, so that all of the electrons can
pass through a small exit hole on the opposite side
of the chamber after travelling a length d in the
chamber.

- d >
—_— — _/‘— > - —
Electron [[] )0 ,,/ e
Beam ’ Exit
Hole
Entrance
Hole

A proton (charge +e, mass m), a deuteron (charge
+e, mass 2m,) and an alpha particle (charge +2e,
mass 4m,) are accelerated through a common
potential difference AV. Each of the particles enters
a uniform magnetic field B, with its velocity in a
direction perpendicular to B. The proton moves
in a circular path of radius r,. Calculate the radii of
the circular orbits for the deuteron, r,and the alpha
particle, r, in terms of r .

One electron collides elastically with a second elec-
tron initially at rest. After the collision, the radii of
their trajectories are 1 cm and 2.4 cm. The trajecto-
ries are perpendicular to a uniform magnetic field
of magnitude 0.044 T. Calculate the energy (in keV)
of the incident electron.

A particle of mass m and charge q is accelerated by
a potential difference V and made to enter a mag-
netic field region at an angle Owith the field. At the
same moment another particle of same mass and
charge is projected in the direction of the field from
the same point. Magnetic field induction is B. What
should be the speed of second particle so that
both the particles meet again and again after regu-
lar minimum interval of time? Also find the time
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interval after which they meet and the distance
travelled by the second particle during that interval.

14. A uniform magnetic field B exists in the annular
space enclosed between two cylindrical shells of
the inner radius a and outer radius of b as shown in
Figure.

An electron is projected from the surface of inner
cylindrical shell perpendicular to it with some ini-
tial velocity. The magnetic field is directed along
the common axis of the cylindrical shells. Calculate
the maximum initial velocity with which this elec-
tron should be projected so that it will not hit the
inner surface of the outer shell.

15. An electron moves in a circular path perpendicu-
lar to a constant magnetic field of magnitude T mT.
The angular momentum of the electron about the
centre of the circle is 4x107% Js. Find the
(a) the radius of the circular path and
(b) the speed of the electron.

16. A charged particle having mass m and charge gq

S is accelerated by a potential difference V. It flies
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through a region having uniform transverse mag-
netic field B. The field occupies a region of space
d. Find the time interval for which it remains inside
the magnetic field.

17. A beam of protons with a velocity of 2x10° ms™
enters a uniform magnetic field of 0.3 T. The veloc-
ity makes an angle of 60° with the magnetic field.
Calculate the radius of helical path followed by the
proton beam and pitch of the helix.

18. An electron gun emits electrons accelerated by
potential difference of 1000 V along direction TA as
depicted in figure. We want the electrons leaving T
to strike target M in the direction making an angle
a=60° with direction TA at a distance d from T.
Given d =5 cm.

(a) Calculate the uniform magnetic field, which is
applied normal to the plane ATM so that the
electrons leaving T strike the target M.

(b) Also calculate the minimum value of B applied
parallel to TM so that the electrons leaving T
strike the target M.

/

LORENTZ FORCE

When a particle is subjected to both electric and mag-
netic fields in the same region, the total force on it is
called the Lorentz force.

F=¢(E+5xB)

We know that the path of particle in a uniform mag-
netic field is a helix and the path in a uniform elec-
tric field is parabola. When a particle is subject to both
electric and magnetic fields, the motion is in general
quite complex. However, the special cases in which
the fields are either parallel to perpendicular to each
other are simple to analyse.

CROSSED ELECTRIC AND MAGNETIC
FIELDS: VELOCITY SELECTOR

Suppose both the uniform electric and the magnetic
fields are applied in the region between two parallel
plates P and () as shown in Figure.

+ 4+ 4+ + 4+ o+ o+t

[ |P
®B qvB 1
qg v T E
_.._ ____________________
S f S
gE
0 1Q
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If F=0,then E+5xB=0

= E=-7xB
= E=Bx7
i.e. E must be perpendicular to both B and 7.

A positive charge g enters through the slit 5
perpendicular to both E and B .1t is acted upon by
forces gE downwards and quB upwards. If the two
forces are equal in magnitude the particle will pass

through the region undeflected. So, for equilibrium,
we have

E,=F,
= quB=gE
E
= Uv=-
B

This situation is obtained when all three (v, E and B)
are mutually perpendicular

Only those particles will pass out of the slit 5’
which satisfy the above relation. This device is used
to select charged particles of a particular speed out
of a beam having particles which move at different
speeds and hence, it is called a velocity selector.

ILLUSTRATION 21

A potential difference of 600 V is applied across the
plates of a parallel plate condenser. The separation
between the plates is 3 mm. An electron projected
vertically, parallel to the plates, with a velocity of

2x10° ms™ moves undeflected between the plates.
Find the magnitude and direction of the magnetic
field in the region between the condenser plates.
(Neglect the edge effects). (Charge of the electron
=1.6x107" C).

600V -

|+++++++++‘
1

SOLUTION

Electron passes undeviated, so

E|=|E,]

= e¢E=eBv

|4
Since, E=—
ince y
v/d
= B = E = 7/
v
= B= Z
vd
Substituting the values, we have
= 600 =01T

b= 3x107° x2x10°
Further, for the electron to pass undeviated, direction
of E, should be opposite of F, and both must have
same magnitude.

Since, E isin positive x- direction as shown in Figure,
so the electrostatic force on the electron will be oppo-
site to E i.e. along negative x- direction and hence

the magnetic force F, = q(ﬁxﬁ) must be directed
along positive x- direction.

—_— =
_— |~
—_— =

|+++++++++|
1
>

l

Therefore xB should be in positive x- direction

and hence the magnetic field B should be in nega-
tive z-direction (or perpendicular) to paper inwards,
because velocity of electron is in positive y-direction.

ILLUSTRATION 22

A particle of mass 1x107% kg and charge
+1.6x107Y C travelling with a  velocity
1.28x10° ms™! in the +X direction enters a region
in which a uniform electric field E and a uniform
magnetic field of induction B are present such that
E,=E,=0, E,=-1024kVm™ and B, =B, =0,
B, = 8x107> Wbm ™. The particle enters this region

at the origin at time f = 0 . Determine the location (x,
y and z co-ordinates) of the particle at f = 5x 10°s.
If the electric field is switched off at this instant (with
the magnetic field still present), what will be the posi-
tion of the particle at ¢ =7.45x 107°s7?
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SOLUTION
F, = gE=(16x10" )(-1024x10 )k
= F=-(16384x10™)kN

F :q(ﬁxﬁ)

m

= F,=(16x10")(128x10° x8x10%] )
= F,=(16384x10")kN

Since, F, + E, =0, s0 net force on the charged particle
is zero and hence the particle will move undeviated.
In time £ =5x10"°s, the x-coordinate of particle will
become,

x=0,t=(128x10°)(5x10° ) =64 m
The y and z-coordinates will be zero.
z
lo

V+—

— X

P v

P=(6.4m,0,0)
Q=(6.4m,0,2m)

At x=5x10""s, electric field is switched-off. Only
magnetic field is left which is perpendicular to its
velocity. Hence, path of the particle will now become
circular. Plane of circle will be normal to magnetic
field ie., x-z plane. Radius and angular velocity of
circular path is given by

v (10‘2")(1.28x106)

“gB (1.6x10'19)(8><10'2):1m

B (16x107)(8x107)
n=—=
m (102
In the remaining time, i.e.,

(7.45-5)x107° =245%107°s

=1.28x10° rads ™!

Angle rotated by particle, in this time is
0=ot=(1.28x10°)(245x10°° |

= 6=3.14 rad =180°
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The z- coordinate of particle is then given by
z=2r=2m

and y- coordinate will be zero.
Position of particle at

t=5x10"s is P=(64m,0,0) and at
t=745x10"s is Q=(64m, 0,2 m)

THE CYCLOTRON

It is a device to accelerate charged particles to high
speeds. The alternating potential difference source
accelerates the particles in the gap between the Dees
D, and D, and the magnetic field makes them move
in circular orbits. The frequency of the alternating
potential difference is made equal to the cyclotron
i so that the polarity of the dees is
2mm

reversed exactly when the particle comes back in the
gap. It then gets accelerated towards the other dee.
This process continues till the particle is taken out
through a gap with the help of a deflector.

frequency

D, D, p
—~ W\(

Target

N B

) = |

S
: W is the window for the

(a) charge to come out.

(b)

If r is the radius of the chamber then the speed of the
particle circulating at this radius is

/.\

o
m

Therefore, the kinetic energy of the particle is

2p2.2
B
K=%mvz=q !

2m
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PATH OF A CHARGED PARTICLE IN BOTH
ELECTRIC AND MAGNETIC FIELD

When the particle is exposed to simultaneous electric
and magnetic field, then the force F acting on the
particle is

F

E+F,

= F=g(E+3xB)

CASE-1: When 3, E and B are Collinear

As the particle is moving parallel or antiparallel to the

magnetic field, the magnetic force on it will be zero.
The electric force F, will produce an acceleration,

qE
moom

i=

The particle follows a straight-line path with change
in speed. So, in this situation speed, velocity, momen-
tum and kinetic energy all will change, without
change in direction, of motion as shown in figure.

. £ 4,
q v q 14
—_—p - *—Pp

—>
B

7, E and B are collinear
At any instant, the velocity of the particle is

E E
v=at= (q—)t , displacement is s = lmf2 = (q—)tz .

m 2 2m
CASE-2: 4, E and B are Mutually Perpendicular
(just as the case of velocity selector) )
In this situation we consider a specific case when E

and B are such that

The particle will pass through the field with same
velocity as shown in Figure.

S S T T T S

[ 1P
®B  qvB l
g v T E
P ISR N -
S 1 Y
qE
[ 1Q

v, E and B are mutually perpendicular

So, in this situation, we have

F Pm
= gE=quB
E
= U=—
B

CASE-3: When E||B and particle velocity is
perpendicular to both of these fields.

Consider a particle of charge 4 and mass m released
from the origin with velocity o = v,l into a region of
uniform electric and magnetic fields parallel to y-axis.
ie, E= Eof and B= B{,f as shown in Figure.

\
L Yp
B r

‘\\ 0
______ N _____I .
= I
Frn 4
1
I

p— i ! > X

t:0| Yo

The electric field accelerates the particle in y-direction,

i.e., y component of velocity goes on increasing with

acceleration,

_ P_ ‘i'Eo
m o m m

(1)

y

The magnetic field rotates the particle in a circle in
x-z plane (perpendicular to magnetic field). The
resultant path of the particle is a helix with increas-
ing pitch. The axis of the plane is parallel to y-axis.
Velocity of the particle at time ¢ would be

5(t)=vxf+vy}+vziz

E
where, v, = ayt = (q—o)t

m

B
Since, v + 0> = constant = v5 and 0= ot = (q—)t
m

Bt
= 0, =07yc0s0=7, cos[q—) and

v, =7,sin0 =1, sm[ )

= ()= vocos( ) (q )erstin[q—m)};
m m
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Similarly, position vector of particle at time ¢ can be
given by

F(t)=xi+y)+2k

where x =rsinf= [%Jsin(q—m)
qB m

1 » 1(‘TE0)2
—a =2 0
S

and z=r(l-cosf)= {%}Hl—cos(q—m)ﬂ
qB m

CASE-4: When E L B and the particle is released at
rest from origin

Consider a particle of charge g and mass m emit-
ted at origin with zero initial velocity into a region of
uniform electric and magnetic fields. The field E is
acting along x-axis and field B along y-axis i.e.,

A

E=E0§ and B=B,j

Electric field will provide the particle an acceleration
(and therefore a velocity component) in x-direction
and the magnetic field will rotate the particle in x-z
plane (perpendicular to B ). Hence, at any instant of
time its velocity (and hence, position) will have only
x and z components. Let at time ¢ its velocity be,
U= vxf + UZIE
Net force on it at this instant is

F=E+F, =qE+q(ﬁxB)

q[ED;+(vx§+vziz)x(BU}):|

sl
1]

=

= F=¢q(E —szo)§+qvao?2

E
From Newton’s Second Law, we have F = mi

= Ez=£=ax‘z:+azfe
m
where, a, = i(E[, -v,B)) (1)
m
_4
and 4, =—v,B, ..(2)
m

Chapter 1: Magnetic Effects of Current 1.27

Differentiating Equation (1), w.r.t. time, we have,
da, _ d'o, __ﬁ(d&)
at  d¢ m \ dt

d B
Since, 2 =g, = 0y
dt m

d*v 4B, )2
L= — (3
2 ( ol I 3)

Comparing this equation with the differential
d2
equation of SI—IM[ S =—a)2y],we get

ar

7By
m

=

and the general solution of Equation (3) is,

v, = Asin(ot+9¢) ..(4)
Attime t=0, v, =0, hence, ¢ =0
Again,

UI
dt
From equation (1),

E
ax=q—0 att=0,asv,=0at t=0
m

{as¢=0}

= Awcos(wt)

E
= Ap=10
m

E
A=Q_U
ma

=

B
Substituting @ = ] ,weget A=—10 -0
m

Therefore, equation (4) becomes,

E B
v, =—sin(wt) where w=T0 ...(5)
B m

0

Now substituting value of v, in equation (2), we get

dv, _qEy

sin(ot)
Lt m

0, t
= Jdvz = ﬁjsin(a)t)dt
mn
0 0

S =ﬁ(1—cos(a)t))
me
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B
Again substituting @ = o , we get
m

E
v, = -2(1-cos(mt)) ...(6)
By
On integrating equations for v, and v,, from (5)
and (6), and knowing thatat =0, x=0 and z=0,
we get
E, E, .
x=—2(1-coswt) and z=—"(wt-sinwt)
Byw Byw
These equations are the equations for a cycloid which

is defined as the path generated by the point on the
circumference of a wheel rolling on a ground.

X

> 7

E
In the present case, radius of the rolling wheel is B—”
NG
The maximum displacement along x-direction is
2F,
Byw ,
The x-displacement becomes zero at t=0, —, —,
(ONN0]
etc.

Problem Solving Technique(s)

MOTION OF CHARGED PARTICLE IN
COMBINED ELECTRIC AND MAGNETIC FIELDS

STEP-1

In analysing the motion of a charged particle in elec-
tric and magnetic fields, you will apply Newton’s
Second Law of motion, with the net force given by

SF=q(E+VxB)
Often other forces such as gravity can be neglected.

STEP-2

Read and analyse the problem carefully. The use of
components is the most efficient approach. Select a
coordinate system and then express all vector quanti-
ties (including E, B, v, F, and @) in terms of their
components in this system.

STEP-3

If the particle moves perpendicular to a uniform mag-
netic field, the trajectory is a circle whose radius and
angular speed are given by

_ and o= @

|l m
STEP-4
If our calculation involves a more complex trajectory
then use XF =md in component form 2F, =ma,,
and so forth. This approach is particularly useful when
both electric and magnetic fields are present.

STEP-5
If G=u,i+u,j be the initial velocity of the particle

R

and V=v,i+v,] be the final velocity of the particle
in a magnetic field, then

|v1=lal

2,02 _ 2.2
= VitV =u Uy

ILLUSTRATION 23

A particle of mass m and charge g is moving in a
region where uniform, constant electric and magnetic
fields E and B are present. E and B are parallel to
each other. At time t =0, the velocity 7, of the par-
ticle is perpendicular to E (Assume that its speed is
always < c, the speed of light in vacuum). Find the
velocity U of the particle at time f. You must express
your answer in terms of f, g, m the vectors 7, E,

B and their magnitudes v,, Eand B.

SOLUTION

Let us first find the unit vectors denoting directions of
E, B, 3, and F.So, we have

or |=

B ‘:_UD
B0,

~ TyxB T,xB
and k=2 =2

—

and b {-+ % LB}

Force due to electric field will be along Y-axis.
Magnetic force, acting along z-axis, will not affect the
motion of charged particle in the direction of electric
field (or Y-axis).
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(] ]
Y
TT EandB
X
—PVD
P{’
So, a, = —=-—=constant
m

) (1)

The charged particle under the action of magnetic
field describes a circle in x-z plane (perpendicular to
B) with period and angular frequency given by

2rm

T:— :2—7-5:E
qB T m

Z

I,

- » X
Yo

Initially (ie,att=0) velocity was along X-axis.

Therefore, magnetic force (Fm) is given by
F = q(ﬁo X E) and is directed along positive Z-axis.

m
Let v, make an angle 6 with X-axis at time f, then
8= wt.So, we get

B
vx:vocos(wt)=vgcos(q—t) and (2
m

Uz=vosin(a)t)=vosin(ﬁt) ..(3)
m

Since, 7= vxf + vy} + szé
So, from equations (1), (2) and (3), we get

(th){ ) th[E}
= U=7,C08 +—| = [+
m J\ v, m \E
vOsm(th)(voxB]
m v,B
= ﬁ=cos(q—Bt)(vU) (qt)(E)Jrsm[th)(MJ
m m m B

The path of the particle will be a helix of increasing
pitch. The axis of the helix is parallel to Y-axis.
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ILLUSTRATION 24

A particle with specific charge s leaves the origin
in the direction of x-axis with an initial velocity v;.
Uniform electric and magnetic fields with strength E
and B are directed along the y-axis. Find the

(a) y-coordinate of the particle when it crosses the
y-axis for nth time.

(b) angle a between the particle’s velocity vector
and the y-axis at that moment.

SOLUTION

(@) The path of the particle will be a helix of increas-
ing pitch. The axis of the helix is parallel to y-axis
(parallel to E ) and plane of circle of the helix is

the xz plane (perpendicular to B). The particle
will cross the y-axis after time,
t=nT=n an zﬂ
qB sB
The y-coordinate of particle at this instant is,
E

L y
=—at where, 0, =— =3
J 27 Y m
2
2mn
=—(SE)( )
sB
_2n'n’E
sB?

(b) At this moment, the ¥ component of its velocity

is,
2mn E
v, =a,t= (sE)(§)= ZEH[E)

The angle o between the par-
ticle’s velocity vector and the
y-axis at this moment as shown
in Figure.

(v
= a=tan"'| 2L
Oy

= o=tan | ——

2nnE
Please note that v, is the resultant of the x and
z components of the velocity of the particle and
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ILLUSTRATION 25

In a certain region uniform electric field E= —EOIE
and magnetic field B =Bk are present. At time ¢ =0
a particle of mass m and charge g is given a velocity

=7, (}+1€) . Find the minimum speed of the parti-
cle and the time when happens so.

SOLUTION
E= —EOIG and B= BOJG

At t =0, velocity of the particle is 7= vof +opk

The electric field will not change the x component of
velocity because it is acting along —z direction.

The magnetic force, F,, is given by

~ a ~

i k
?m=q('5x3):q0 T U
0 0 B,

= F, =(quBO)§

Since F,, is acting along +x direction, so it will have
no effect or change in the 7 (in the yz plane).

Further since E=-Eyk, so the electric force is going
to change the velocity of the particle in yz plane.

= U=1iu+at

5 a=(v0;+v;z)_[ﬁ)ﬂ;

m
2
Eqt
S |a|=JU§+[UD_q_D]
m

For |3| to be MINIMUM, we have

Eqt
m
my
= t:TO and v,y = 17| = /03 +0?
9o

my,

qE,

ILLUSTRATION 26

A positively charged particle, having charge ¢, is
accelerated by a potential difference V. This par-
ticle moving along the x-axis enters a region where
an electric field E exists. The direction of the electric
field is along positive y-axis. The electric field exists
in the region bounded by the lines x=0 and x=1.
Beyond the line x =1 (i.e., in the region x >[) there
exists a magnetic field of strength B, directed along
the positive y-axis. Find the

y
E B
« | P
m—bo =7 > X

(a) distance of the point from x-axis where the
particle meets the line x =1.

(b) pitch of the helix formed after the particle enters
the region x 21.
Mass of the particle is 1.

SOLUTION

Since the particle is accelerated through a potential
V. so

L
—mv-=qV
’ q

29V
m

== U=

(@) Inregion from 0<x </, electric field E is pres-
ent along y-axis. So, acceleration of particle is
_4E
ay = E
Under the influence of this acceleration #, and
initial velocity v (along x-axis) the particle will
follow a parabolic path so that it hits the line
x =/ atadistance y from x-axis.

IN REGION OFE
For motion along x-axis

v, = U, tat
= 0, =U,=0

and [=u,t=vt (1)
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For motion along y-axis

P
4y

(b) Just when the particle is entering the “Region of
B” beyond x =1, then it has a velocity 7 having
two components v, and v, givenby

v, =0 and v, :(E)t:q—ﬂ
’ "\m) mo

o]

REGION OF B
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Since v, 1 B, so we shall get a helix whose pitch
p is given by
p= UyT

_aEr
T mv

ts

Ve=V

Please note that here we must understand that
the pitch of the helix is due to the component of
velocity parallel to the field and in this part of the
question v, happens to be parallel to B. So,

2mm (vy )
qB

ek l(f””l
2rmEl erI

qv
NEEAT
m

p:

= p=

0‘7 Test Your Concepts-Ill

1. A positive charge g=3.2x10""" C moves with a
velocity v=(2i+3j-k)ms™ through a region
where both a uniform magnetic field and a uni-
form electric field exist.

(a) Calculate the total force on the mov-
ing charge (in unit-vector notation), taking
B=(2i+4j+k) TandE=(4i - j—2k) vm™.

(b) What angle does the force vector make with
the positive x-axis?

2. A velocity selector consists of electric and mag-
netic fields described by the expressions E = Ek
and B = Bj, with B="15 mT. Find the value of E such
that a 750 eV electron moving along the positive
x-axis is undeflected.

Based on Charged Particle in Magnetic and Electric Field

3. A particle with mass m, charge q starts from rest

(Solutions on page H.9)

at the origin shown in figure. There is a uniform
electric field E in the +y-direction and a uniform
magnetic field B directed out of the page. With
our knowledge of Physics, we conclude that the
path is a cycloid whose radius of curvature at the
top points is twice the y-coordinate at that level.
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(a) Explain why the path has this general shape
and why it is repetitive.
(b) Prove that the speed at any point is equal to

[2E
(=

(c) Applying Newton's Second Law at the top
point and assuming that the radius of curva-
ture at the top point equals 2y, prove that the

speed at this point is %

. A particle of mass m and charge q starts moving
from the origin under the action of an electric field
E =E,i and magneticfield B = Byk. Ifits velocity at
(X0,0,0) is (4i +3]). Then calculate x,

. A particle of mass m and charge q starts moving
from the origin under the action of an electric field
E=FEi and magnetic field B=Bi with a velocity
v =V,j. Calculate the time t after which the speed
of the particle becomes 2v,,.

. An electron moves straight inside a charged paral-
lel plate capacitor of uniform surface charge den-
sity 0. The space between the plates is filled with
constant magnetic field of induction B. Calculate
the time for which the motion of electron in the
capacitor is along a straight line.

® ® ®
—_—

® ® ®
® ® ®

l—— [ ———

7. A charge q of mass m moving with velocity v,i

enters a region of magnetic field B,i and electric

field Egi. If g—°=v0, then discuss the motion of
0

charged particle.

8. Acharge g of mass m movingwith velocity vyi +Vv, j

enters a region of magnetic field B,j and electric

field Eyj. Calculate the pitch of the charged par-
ticle for this case.

. A particle of mass m, charge q is moving under

the influence of a uniform electric field Ei and a
uniform magnetic field Bk. It follows a trajectory
from P to Q as shown. The velocities at P and Q are
vi and -2vj. Calculate E, rate of work done by
the electric field and magnetic field at the points P
and Q.

¥ E_s

p @B

!

l 0 Q "
—25—»

10. A charged particle moving with a constant veloc-

ity passes through a region of space without any
change in its velocity. If E and B represent the elec-
tric and magnetic fields respectively that co-exist
in this region of space, then what conclusions can
you make about the magnitudes of E and B in this
region?

J
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SOURCES OF MAGNETIC FIELD, BIOT SAVART'S LAW

AND AMPERE’S CIRCUITAL LAW

BIOT SAVART'S LAW (BSL)

Currents which arise due to the motion of charges are
the source of magnetic fields. When charges move
in a conducting wire, they produce a current I. The
magnetic field at any point P due to the current can
be calculated by adding up the magnetic field contri-
butions, dB, from small segments of the wire, dl.

dB @®
AP

r-

A /I

r ~

0

ar

I—

Magnetic field dB at point P due to a
current carrying element 1 d?’

The current segment can be thought of as a vector
quantity having a magnitude of the length of the seg-
ment and pointing in the direction of the current flow.
The infinitesimal current source can then be written
as Idl and is also called as the Current Element.

Let r denote as the distance from the current
source to the field point P, and 7 the correspond-
ing unit vector (from the current element to the field
point P). On the basis of experiments, Jean Biot and
Felix Savart arrived at a mathematical expression
that gives the magnetic field at some point in space
in terms of the current that produces the field. That
expression is based on the following observations for
the magnetic field dB at a point P associated with a
length element dl of a wire carrying a steady current
I (or the current element Id]).

(@) The vector dB is perpendicular to both dl
(which points in the direction of the current) and
the unit vector 7 directed from dl to P.

(b) The magnitude of dB is inversely proportional
to r*, where r is the distance from dl to P.

(c) The magnitude of dB is proportional to the cur-
rent and to the magnitude (dl) of the length
element dI .

(d) The magnitude of dB is proportional to sine of the
angle between the current element (14T ) and 7.

The Biot Savart Law gives an expression for the
magnetic field contribution, dB, from the current
source, Idl.

So, mathematically, we write Biot Savart’s Law as

dB:”—“(IdI”] (1)

AT

where [, is a constant called the permeability of free
space, having value

ly =47 x107 TmA™ .(2)

Magnitude of dB is given by

dg_ﬂ_o( Idlsine)

4z 2

The direction of dB at the field point P is found by
using the RIGHT HAND THUMB RULE, according
to which

‘Curl the fingers of Right Hand in such a way that thumb
points in the direction of current, then the curl of the fin-
gers gives the direction of magnetic field and vice-versa i.e.
if we curl the fingers in the sense of current (clock wise or
counter clockwise), then direction of the thumb gives direc-
tion of the magnetic field.”

' Current

Direction of
magnetic RIGHT HAND
field lines )—‘?

1 e
Wire
Current

&>

Concentric Field
Lines
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Direction of
magnetic
field

Sense of
Current

Notice that the expression is remarkably similar to the
Coulomb’s Law for the electric field due to a charge
element dg, given by
R dg .
dE = L —g 7
47380 r

Adding up these contributions to find the magnetic
field at the field point P requires integrating over the
entire current source. So, we get

” . ouel [ dlx7
B:IdB:EI ~ ..(3)

The integral is a vector integral, which means that
the expressions for B is actually obtained by cal-
culating three integrals (one for each component)
of B. The vector nature of this integral appears in
the cross product Idl x7. Understanding how to
evaluate this cross product and then perform the
integral will be the key to use the Biot-Savart Law
efficiently.

With the help of Right Hand Thumb Rule we
can also find the polarity (North and South) of the
current carrying conductor as shown.

Fingers curl in the direction
of (conventional) current

Thumb points in
direction of the
North Pole.

Problem Solving Technique(s)
Following points are worth noting regarding the Biot
Savart Law.
(a) Magnitude of dB is given by,
s dsing
2

|dB|=
it ¢

|d§| is zero at #=0° or 180° and maximum at
0=90°.

(b) For finding the direction of dB, either of the fol-
lowing methods can be used.

®E@®EO®E®
R

"R

PR

(i) Since dﬁH(d?xF). So, dB isalong di 7 ie,
dB Ld{ and dB LF.

(ii) If d? is in the plane of paper. dB=0 at all
points lying on the straight line that passes
through d?. The magnetic field to the right
of this line is in ® direction and to the left of
this line is in © direction (simply use RIGHT
HAND THUMB RULE)

MAGNETIC FIELD OF A MOVING
POINT CHARGE

A point charge g, at rest, in the observer’s inertial
frame produces an electric field. If this charge moves
relative to the observer's inertial system, then it also
it produces a magnetic field. The magnitude of the
magnetic field produced is proportional to the speed
of the charge relative to the observer (provided speed
v <c, the speed of light). An observer travelling with
a moving charge (with the same v) detects no mag-
netic field.



ICON

The magnetic field vector B at point P at posi-
tion vector 7 from the charge g moving with a veloc-
ity o is found by modifying the Biot Savart’s Law.

MAGNETIC FIELD DUE TO UNIFORMLY
MOVING CHARGE

Biot Savart’s Law gives the magnetic field produced
dq

by a current or current element 1d]. Since I = o we

can write,
= dq - il
Idl =—dl =dqg— =7d
a0
Since dE:[’u—”)M—XF
4 P

If a single charge g is moving with a velocity 7, it
creates a magnetic field given by

E=(u_[,)q(ﬁx?) =&q(€=xf’)

4 r 4r 47

If @ is the angle between % and 7 (or ), then we get

|E|=p_0(quin9)

4 r

o 9(9x7)

For the expression B= g
4 ¥

following points

must be kept in mind.

(a) Direction of B isalong 7 x7 if ¢ is positive and
opposite to 7x7 if q is negative.

(b) |Bl is zero at 6=0° and 0= 180°.

() |Bl is and maximum at 6=90°.

@ |Bl is inversely proportional to r* and not r°.
1

1”2

ie, B | o<

(e) If a charge g; is moving with velocity 7, and
another charge g, is moving with velocity 7, at
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position vector 7 relative to g;, then force on g,
is given by

F=q2(52><3)

Since we know that E=ﬁq(0:” ,
Ay

-t £ )

ol i< (s
= F=ﬁ%[(vz)x(ler)]

so we get

sl

(@]

Since, AX(EXC)=(A-C)E’—(A-B)

z_HoNhar = =\= (= =\z
= F==0 Uy V)0 =0, -0y )7
BB (5,.7)5, - (5,57
This corresponds to Coulomb’s electrical force
between the charges g, and 4, moving with veloc-
ities ¥, and ¥, respectively relative to an observer
at rest.

ILLUSTRATION 27

A point charge of magnitude q=4.5nC is moving

with speed v=3.6x10" ms™ parallel to the x-axis
along the line y = 3 m. Calculate the magnetic field at
the origin produced by this charge when the charge is
at the point P(—4, 3) m as shown in Figure.

y(m)
9O—s------ 0.9
20 0 )

z(m)

SOLUTION
The magnetic field is given by

Lo GOXT

B=
i +?

r

where 7= vi and 7 is a vector drawn from the charge
to the point at which field is to be calculated.
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> X(m)

z(m)
= 7=(4-3])m

= r=v4°+3*m=5m
Unit vector in the direction of 7 is

= oxi=(0i)x(08i -06])=-0.60k

B=&( qﬁx?)_p_oq(—(]ﬁvf;)

475 ?’2 _4:3'1.' rz
L de(10)45x107)06)(36x107)
(5)°
— B=(-389x10" T)k

ILLUSTRATION 28

A negative point charge g=-72mC is moving in
a reference frame. When the point charge is at the
origin, the magnetic field it produces at the point

(25,0,0) cm is B=(6 uT)}, and its speed is 800 kms ™.

(a) Find the x, y and z components of the velocity 7,
of the charge.

(b) At this same instant, what is the magnitude of
the magnetic field that the charge produces at the
point (0,25, 0) cm?

SOLUTION

(a) Since E’ = ﬁm

5 , where
A ¢

A

F=i,r=025mand T =v,i +0y,]+0,,k

A

f?:&ri(vﬂz}—vayﬁ) =(6x107 T)]

(T
= Fy —ex10°T
4n'r2
-6 2
_ vuz=4n(6x10 nsm?

Uy (-72x107° C)
Since v§ =), + Ugy +07,

o[22 2
Uox = Ey(Uy — Uy —Vp;

= 7y, = +{(800 ms™ )’ (521 ms 1)’
= 0, =607 ms™
The sign of vy, isn't determined
(b) Now 7= and
r=025m

s Mo A(00XF) g ¢ s
B=ﬁ$—2=ﬁr—z(vﬂxk—v{,21)

= B|=B=:—2L12\/v§x+véz =Z—;rizvo

-3
- ‘B|_&(7.2><10 C)(

1
T (ommp 0ms )

= |Bl=92x10° T=9.2 4T

The magnetic field in part (b) doesn’t depend on
the sign of vg,.

ILLUSTRATION 29

Point charges Q; and Q, are constrained to move
along the x and y-axes, respectively, with the same
uniform speed v . At time t =0, both the charges are
at the origin. Calculate the Lorentz force F acting on
Q, due to the magnetic field of Q; at time ¢.

SOLUTION

The expression for the magnetic field B at a point P
at position vector 7 from the charge Q moving with
a velocity 7 is
g o Q(vx7)
ir  °

Since both charges start from the origin at t=0, so
the position vector of the charge Q; is # =9t and
the position vector of the charge Q, is 7, =3,t. The
vector displacement 7 of Q, w.rt. Q, is
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fig = (0, -0 )t
The magnetic field at the position of Q, due to the
charge Q) is

o Qu (9 x7,) _ My Qi x (9, = )t

r dn f3‘52‘5’1 |3

(e~ T}
Il

5=

&Qlﬁl X(772 -0y )
4n fz‘ﬁz -7 |3

U
(s T)
Il

The force on a charge Q, moving with at velocity @,
in a magnetic field B is

Ey =Q2(52><E)

= k= {ﬁ}[ﬁz x{vl X (%, -7 )}]

Since 7 x7; =0, so we get

(w00
Zl—[wzﬂ‘é_;' J[vz (5x5,)] )

Taking 7, = vi and ¥, :vj , we get
Uy X0, =v%k
) x(51x62)=03; and
|3, -,| = V20

_52|3 =(23:f2)03

From equation (1), the magnetic force is given by

-l )
o 4 2\/_ 2t

HoQ1Q,
822

= |4

= F= , parallel to the x-axis.

MAGNETIC FIELD AROUND A THIN,
STRAIGHT CURRENT CARRYING
CONDUCTOR

METHOD I

Consider a current carrying conductor XY carrying
current I from X to Y. Let us find the magnetic field
at the point P (at perpendicular distance a) due to
the conductor. Let the angles subtended by the
conductor at the point P be 6, and 6, as shown in
Figure.
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Y

AY

\\.

\\ B
B\

TR 90-
e | 2V ¢ M
ASI NN

90-9~J T\ \6, o

dqs‘fz‘f\\
s, A

———————— -

N 3 {//P ® dB
i E)1

[ St

X

According to Biot Savart’s Law, the field at P due to
an infinitesimal current element Idl is given by

Uy 1dlsin(90-¢)

dB=|dB|=
ir r?
{-+ ZPAN =90-¢}
= dB:H—U(MIC—OS(p],mto the page (1)
4r r?
Since Idl is very small, so
ZPAN = /PBN = (90-9)
Now, in triangle BAM, we have
AM _ AM
90 -
sin(%0-4) =25 =
= AM=dlcos¢
Substituting in (1), we get
g Fo ILAM)
4 r2
But AM =rd¢
4n' r? 4TC
However, we observe that in triangle APN, cos¢ = g
r
a
= = ...(3
' cos g ®
Substituting, (3) in (2), we get
] (I)cosq)dt;) ..(4)
Ar
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Total field is obtained by integrating (4), over the ~ METHOD II
complete wire. Hence According to Biot Savart’s Law, dB due to infinitesi-

6 mal element Idy is given by
Ho (I ) J' Kol
=|gp=L2f = do= 10"
J. 4ﬁ(a cosPdp = - sing Bt Id]sm(90+¢)
-6 .

dr
= B= ’uﬂ [smﬂz sin(-6,; ) |= Hol ——(sin6, +sinf, ) &
drma g
So fmally, we get v =

6,

— 91

B= Hol ——(sin6, +sin6, ) (inwards)
4ma B
90 + ¢§1 f”
WORD OF ADVICE id Y
Please note that, AB#rd¢ (ord(#rd¢). However, ?9 d K
AM = rdo. t
r I,\qi 90_[' - ’)
MISCONCEPTION REMOVAL Field pomt\ﬁk‘\-i...- ...... -~
While attempting this problem, we may think that .
dl=rdg, but that would be a wrong step. From the 1y I(dlcos¢)
magnified diagram of the element shown PA=r and = dB= w2 (1)
PM=r. So,its AM thatequals rdf and not AB. Since _
AB is extremely small, so ZNAP=ZNBP =90-6. In triangle APN, we have
Now, we observe the triangle ABM, then !
’ tang=—
a
sin(90-¢)= il _uel)
AB  di = I=atan¢
- dg:i‘; = di=asec’ do )
cos
ado Substitute (2) in (1), we get
= di=
cos2¢ dB:y_OI(asecztpd@)cosgb
2 dr r?
= dl=asec” pd¢
! B u_olase(;(pdq)
909 11 - dr v
M};[]df But asec¢=r (see from triangle APN )
. A
AN=rd0 /i
r ";qll = deﬂ—O(qu)J ‘u”(kowd(p) { ——cosqb}
S I dn\ r ir a r
/,,:/’ iif 6, 6,
dtif,’c"' I = J.dB—‘u—”Jc s¢dq)— [smq) J
i | "
e n-N

Al 0, sin(—
Otherwise we would have got d/ =asecgdp which = B= 4m[sm62 sin( 91)]
definitely would not fetch us correct result for the

I, . . .
magnetic field B. = B= %{sm 6, +sinb, ) (inwards)
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Problem Solving Technique(s)

(a) If the point P is along the length of the wire, as
shown, then dl and 7 or 7 will either be parallel
or antiparallel, thus giving 6=0° or 8=180°.

A Id7 B

Hence, we get dl xi=0 or dl xF =0
So, at a point P along the length of wire, we have
B=0

(b) Also note that for the points along the length of
the wire (but not on it) the field is always zero.

(c) The field is always perpendicular to the plane
containing the wire and the point. So, in a plane
perpendicular to the wire the lines of force are
concentric circles.

Current I

&y

Concentric Field
Lines

(d) For wire of infinite length, we have 6, —)% and

T
92—)5

B= ‘u‘)![sm( )+sin(£):|=#—olr
4ma 2 2 2na
;| :

A

A

Magnetic field lines due to an infinite
wire carrying current I

(e) For points at a perpendicular distance d from the
wire, field B varies inversely with distance, so

Bc»cl {and notl}
d d?
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(f) For a semi-infinite wire, we have

B=‘u—0’(1+sin9)
4ra

I

a
P

A
s
/

(g) For semi-infinite wire, the field at point P that lies
on the perpendicular passing through the finite
end of the wire is

2_.p
g=Hol (1, ing) = Hol
4ma 4ra
= B= Hol
4ra

(h) If the wire is of finite length L and the point is near
its one end, then 6, =« and 6, =0°. Hence,

N
\
A\
.
N
\
YRR
AY
L N
A\
A
:
\
AY
\
Yy o _@.\. P
d
B= Hol ——sina with sina=
4nd (2 +d)
(i) Consider the arrangement shown in Figure.
Y i
\\
\\\
13 14 \\\
\
A
= \\\
Xo., X& A
~o | \\
\\\ | 92
S. |
Y . 1—{‘09
a
To find field at P due to XY Do this construction
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The field due to current carrying wire XY at point
P is given by

I, . .
B= %ﬂ(smﬁ2 —sinf, )

(j) If the wire is of finite length L and the point lies

atits perpendicular bisector, then 6, =6, = & and
hence we get
P o[-
12X VAR
W g """" g, .P
L2
i ”,’1
|
B=H ging
2nd
L
= L
where sing = 22 =
JLI'I'dZ J(L +4d )

where L is length of the wire.

ILLUSTRATION 30

An infinite wire passing through origin along the
direction 1+]+k carries a current . Calculate the
magnetic field due to the wire at point (1,0,0) m
SOLUTION

From the concept of three-dimensional geometry, we

have

— -
PP, x Directing Vector

r 1= 5
‘Directing Vector‘

= A A oA
The directing vector (DV) of current is (i + j+k)

andPD—(UOU) (100)
= .
= PDP]:i
299
ik
- -
= PFPxDV={1 0 0
111

ee
- - ~ . A

= PBPxDV=i(0-0)-j(1-0)+k(1-0)
- - A A

:é Rﬂ%x1)b’=-—j+k

- -
‘POPIXDV’=\/§

Also, DV\ V2412412 =3
— -
. ‘PUPIXDV‘ N2
= I = ST - &M
|DV‘ V3
Since B = HoL
27r,
Mol
= B T
ZE(Q)
NE)
p Y3l 1
2\/§zr
ILLUSTRATION 31

Along straight wire along the z-axis carries a current
I in the positive z direction. On the z=0 plane, the

magnetic field vector is By at the point P, (x,y ), is B2
at the point P, (-x,y), is B3 at the point P;(-x,-y)
and is By at the point P, (x,-y). Calculate Bi, Ba,
Bg, and B4.

SOLUTION.

In magnitude, the field at point P(x, y) is

2r

————

However, vectorially the field is given by

—(“_01),5
2rr

]!
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where 71 is a unit vector perpendicular to 1l as well
as r.
For the point P, (x,y), we have

ﬁ=ﬁ+ﬁ

A unit vector perpendicular to Idl as well as f 1s
given by

A

. _ Y-y
RNE

Because only then, we have 7 -7, =0

= !l yr?—xf
g
Y Xty

= Ul yf—xf
- Bl_E[xHyZJ

Similarly, at the point P, (-x,y ), we have
B - Ul —yi = xj
279 2,2
T\ x +y
Similarly, at the point P; (—x,-y ), we have
B. = Mol | yi—xj
379 2, .2
T x*+y

Similarly, at the point P, (x,-y ), we have

= ol yf+x}
B4=2_ 2.2
T{x +y

ILLUSTRATION 32

Calculate the magnetic field at the centroid of an
equilateral current carrying wire frame of length 3L,
carrying a current .

SOLUTION

Let us find the field due to a single wire ‘12" first.

b—L/2 ——L/2—
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where 8=60°=
have

= B, :#—(ﬂ(sm60+sin60): %, ®

4 E( L ) T

243
Each side will contribute the field of the same strength
in the same direction. Hence, the total field is given by

9u,l
Byt =B =3B = ——
total 12 2L

ILLUSTRATION 33

Calculate the magnetic field at the centre of a current
carrying squared wire frame of length 4L, carrying a
current [.

, O

SOLUTION
Let us find the field due to a single wire “12” first.
4 3
I j\@) I
// m_ \\\
1 ‘ 2
N
fo)3)
B, = sin| — |+sin| —
dn(r) 4
Ul ( 1 1 ]
= B,= —_—t—
12 A (L) H \/E
]r J—
2
22p,1
By, = ﬂ’ o
4rL

Since each side will contribute the field of the same

strength in the same direction. Hence, the total field

is given by

84241,
4rL

Btotal = 4BlZ = ©
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ILLUSTRATION 34

Anon-planar loop of conducting wire carrying a cur-
rent [ is placed as shown in Figure.

Z
!

l— 23 —»

Each of the straight sections of the loop is of length
2a. Find the direction of the magnetic field due to this
loop at the point P(a, 0, a).

SOLUTION

Consider the bigger loop to be made up of two loops
1 and 2 as shown in Figure.

z
A
i I B,-B
]
i /,y @ ___[-§1=B
i ‘ = .
| : IP(an Os a)
]
o A A
2a @

Magnetic field due to loop 1 and 2 at point P has
same value say B. So,

B, =Bi+Bk=B(i+k)
So, magnetic field points along the direction 1 given
by
. B, Bli+k) i+k

n=——= =
B, 2B 2

Calculate the magnetic field at the centre of a regular
n sided current carrying regular polygon wire frame
of length nL. Assume that the current in the wire frame
is I. Also interpret the obtained result for n — o.

SOLUTION
Let us find the field due to a single wire ‘12" first.

B, =%[sm(%)+3m(%” (1)

an
In triangle CN1, we have
L
n) CN r
L
= rJ_ = .s (2)
2tan E
C
IT\
/ nin ‘\
k—L/2—*—L/2—-I

Substituting, the value of r, from (2) in (1), we get

= Bu=#—01 stan| = |sin| £ , ©
4
nL n n

Each side will contribute the field of the same strength
in the same direction. Hence, the total magnetic field
at the centre C of the polygon is given by

Btotal =B= n(BIZ )r ©

= B = n(#—(ﬂ){ﬁltan(f)sin(f)}, ©
4rL n n

Now, when # — e then the polygon approaches the
circular shape. In that case, we have
27y =nL
nL

= r=—
2n

L du,l T
- B_EI—IEBtOtaI n(4nL) [}nl—Ton ta:n(n

SAIER

2
= ='u0m lim
7(nL) noe (}r) (n)
n n
m(ﬂj m()
Since, lim "7 _1and lim—22-1

S
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muOIn:(l)(l) :u{] :JH_OI
nL 2(HLJ 2r
2r

I
=  B=limByy =0 =
H—yee

Bcircle
So, in this problem, by discussing the limiting case
condition, we have calculated the magnetic field at
the centre of a circular loop (having infinite sides),
which is given by

B. = Hol

circle — 7%

ILLUSTRATION 36

Find the magnetic induction at the centre of a rec-
tangular wire frame whose diagonal is equal to
d=16 cm and the angle between the diagonals is
equal to ¢ =30°, carrying a current of [ =5 A.

Take tan(15°)=0.27 and /3 =1.73.

SOLUTION

In such type of questions where we have been pro-
vided with the current value but not the direction,
we can assume the direction of current ourselves and
then express our results in accordance with the direc-
tion taken by us. Let the current flow in the frame
from A to C to D to E to A (or in the counter clockwise
sense). Then let us find the field due to AC at O. The
field due to the wire AC subtending angles 60° and
60° at O is given by

Byc = Hol (sin60+sin60)
27[(?1)

d
where 7, = ECOS 60° = —

= By = ,u; (25in60)= ——2-—13,0
2rr| — 2r| —
”(4) ”(4)
Byc = 2801 , O
nd
Similarly, Bpy = 2311 , 0

md
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E D
\\\ ) /,/ AD=d=16cm d
. 1200 - AO=0D=EQ0=0C==
. O i 2
30°Cx9.30° Al
a7
/’/ ! \\\
,”, 1 \\\
A Cc

Letus calculate field due to CD at O. Since CD subtends

angles 15°and 15°at O and lies at 7, = gcos(15).

So, we get

Bep =;7°I(sin15+sin15)
ZE(§C0815)

=~ By —%tan(IS), o

Similarly, By, = ﬂ’ca1’1(15), 0]
rd

S0, Byota = Bac +Bep +Bpg +Bpa, ©

W3l !

tan(15), ©®
> n(15)

B total =

dp,l
= Btotal=$(\/§+tan15),®

Since [=5A, d=16cm=0.16 m and
tan(15)=0.27

4(4nx10‘7)(5)(

= By = 1.73+0.27)
* (1)(0.16)
-7
. Bmta1=(}6xw )(5)(100)(2)
)
= By =107 T=01mT

tota

ILLUSTRATION 37

Two long straight parallel wires are 2 m apart, per-
pendicular to the plane of the paper. The wire A car-
ries a current of 9.6 A, directed into the plane of the
paper as shown in Figure.
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A
\
1.6cm
2m
[ ]
X 1.2m
B
1011 m
pl

The wire B carries a current such that the magnetic
field of induction at the point P, at a distance of

% m from the wire B, is zero. Calculate the magni-

tude and direction of the current in B. Also calculate
the magnitude of the magnetic field induction at the
point §.

SOLUTION

At the point P, the field due to the wires A and B is
shown in Figure.

BA= E =BB

For the net magnetic field at P to be zero, the direc-
tion of current at B should be perpendicular to paper
outwards. Let current in the wire B be I;. Then,

Bo Ia Mo T

el
11 11

I 10
= —=—
I, 32
=y, =063
k2 32

From the data provided in the question, we observe
that

(AS)* +(BS)* = (AB)*

= JASB=90°
A
B,
2m
90°Ch g
s

L]
At S magnetic field due to [, is B, given by
2x107)(9.6)
= L (20708 gt
2 (1.6) L6

and magnetic field due to I is B, given by

i I _(2x10'7)(3)
2ar(12) 12

Since, B, and B, are mutually perpendicular. Net
magnetic field at S is

=57+ 5 =y [12x107 ) 45107 ]

= B=13x107T

ILLUSTRATION 38

A pair of stationary and infinitely long bent wires
are placed in the xy plane as shown in figure. The
wires carry currents of [ =10 A each as shown. The
segments L and M are along the x-axis. The seg-
ments Pand Q are parallel to the y-axis such that

OS =0OR = 0.02 m. Find the magnitude and direction
of the magnetic induction at the origin O.

-5x107 T

————
3

3
i
I
I
r
I
i
L

—~
o o
=
w

— 4

SOLUTION

Magnetic field at O due to L and M is zero. Due to
P magnetic field at O is

107 )(10
Blzl(“_OLJ:w T=5x10" T
2\ 27 OR 0.02

(perpendicular to paper outwards)
Similarly, field at O due to Q would be,

107 )(10
B, =1[ﬂi)=(—)() T=5x10"°T
2\ 27 OS 0.02

(perpendicular to paper outwards)
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Since, both the fields are in same direction, net field
will be sum of these two. Hence

B.=B+B,=10"*T

Direction of field is perpendicular to the paper
outwards.

ILLUSTRATION 39

Two long parallel wires carrying currents 2.5 A and
I (ampere) in the same direction (directed into the
plane of the paper) are held at P and Q respectively
such that they are perpendicular to the plane of paper.
The points P and Q are located at a distance of 5 m
and 2 m respectively from a collinear point R (shown
in figure).

P Q R
—R & Q—>x
25A 1A
f=2 m-=

An electron moving with a velocity of 4x10° ms™
along the positive x-direction experiences a force
of magnitude 32x10™ N at the point R. Find the
value of I.

Find all the positions at which a third long parallel
wire carrying a current of magnitude 2.5 A may be
placed, so that the magnetic induction at R is zero.

SOLUTION

Magnetic field at R due to both the wires P and Q
will be downwards as shown in Figure.

Therefore, net field at R will be sum of these two.

I il .
_#01+“_0£_&[E+1J

B=B, +B, = -0
PTR 5 2

5 22 ¢

Uy -7
B=—(I+1)=10""(I+1
B (141)=107 (1+1)
Net force on the electron will be

E, = quBsin90° = quB

= 32x107 =1.6x107 (4x10°)(107 )(1+1)
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= I+1=5

= I=4A

Net field at R due to wires P and Q is
B=107(I+1) T=5x10" T {w1=4A}

Magnetic field due to third wire carrying a current of
2.5 A should alsobe 5x107 T but in upward direc-

tion so, that net field at R becomes zero. Let distance
of this wire from R be r. Then,

B2 5107
T r
2x107 )(25
= ¢=5x10'7m
r
= r=1m

So, the third wire can be placed at M or N as shown
in figure.

L =)

M N
¥ ®

¥
F'y

1im im

If it is placed at M, then current in it should be out-
wards and if placed at N, then current be inwards.

ILLUSTRATION 40

Acurrent I flows along a lengthy thin-walled tube of
radius R with longitudinal slit of width w. Find the
induction of the magnetic field inside the tube under
the condition w < R.

SOLUTION

The magnetic field due to a lengthy thin walled tube
at any internal point is zero. When a longitudinal
slit of width w is removed, then a net field will exist
inside. The tube with a slit can be visualised as equiv-
alent to a full tube carrying a current I and a slit
carrying current —I (i.e. current equal in magnitude
and opposite in direction). So, the net field inside the
tube is due to the slit carrying current I in opposite
direction.

Since

Btube =0

ol gy

= Bactual = Dglit = 27R
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Bamual = Btube + leit

(Since width of slit is very small, so field due to slit is
equal to that of a thin wire).
Further

[ = (L)w
slit 21mR

I
Ho (ﬁ)w Holw

= Bactual = 2R = 4E2R2

ILLUSTRATION 41

A uniform current I flows in a long straight semi-
cylindrical shaped wire with cross-section having the
form of a thin half-ring of radius R. Find the induc-
tion of the magnetic field at the point O.

0

SOLUTION

Please note that the diagram drawn shows the cross-
sectional view of a straight wire. Consider a long wire
(cross-sectional view in black), which is a part of the
semi-cylindrical wire of radius R. Let this current
carrying infinitesimal wire carry a current dI and be
inclined to the x-axis at angle 6 and subtends angle
d6 at the centre. For the sake of convenient evalu-
ation, we consider another wire element 2 (mirror
image of 1). Due to symmetry of location of point
O, both will give equal fields at O. (Please note that
1 and 2 have been attached to the fields just to iden-
tify which field is due to which element). Also note
that while drawing dB never forget that dB L7 (or
here R).

Field due to an infinite wire carrying a current dI at
distance R is

4B, = dB, = a5 = X4
27R
I
here dl =——(Rd6)
where (ER)
= dI=(£)d9
T

Now, on resolution of dB we observe the compo-
nents dBcos@ cancel. So,

B_B - contribution due to
~ et J{U asingle element

= B=J.stinH
= sz.#ﬂ—dlsinﬂ
2nR

- p=td Jsinﬂdﬂ
2n°R

27°R
I
= B=- #”2 (cosm—cos0)
2n°R
I
e
TR

ILLUSTRATION 42

A wire is formed into the shape of a square loop of
edge length L carrying a current I. Calculate the
magnetic field at point P on the axis of the loop at a
distance x from the centre of the loop.
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o8
L—
—
\ |
]
]
g
]
I X
]
SOLUTION

By symmetry of the arrangement, the magnitude of
the net magnetic field at point P is B=8B,, where
B, is the contribution to the field due to current in

an edge length equal to % In order to calculate By,

we use the Biot-Savart Law and consider the plane
of the square to be the yz plane with point P on the
x-axis. The contribution to the magnetic field at point
P due to a current element of length dz and located
a distance z along the axis is given by

Bozu_{ﬂj‘dﬂx?
4

From the figure we see that
2
r=,x* +( e ] +2°
4

and |d/x#|=dzsin@=dz

By symmetry all components of the field B at P can-
cel except the components along x-axis (perpendicu-
lar to the plane of the square) and hence we have

By, = B, cos¢ where cos¢ =
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Therefore, B, = Mol

47

sin6cos pdz

2
r

and B =8B,

OL——.NIL‘*

Using the expressions given above for sinf, cos¢
and r, we get

HolL?

2 2
27:(3(2 +L—)( x2+L—]
4 2

ILLUSTRATION 43

A very long, thin strip of metal of width w carries a
current I along its length as shown. Find the mag-
netic field at the point P in the diagram. The point P
is in the plane of the strip at distance b away from it.

B=8B,, =

SOLUTION

Consider a longitudinal infinitesimal element of the
strip of width dr at a distance r from P is shown.
The contribution to the field at point P due to the
current di in the element dr is

i
dB= Hott , upwards towards z-axis

2y

X
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e ()
2mwr
b
= E—p—ojlo (14.9);2
2w Be b

If the point is at a large distance from the strip i.e.,
b>w
lo [‘l+ﬂ]—ﬁ—w—2+ w
g, N T m
~ B o 21 y w_ ol
drw b 27a
So, we observe that for a distant point, the strip just
behaves like a current carrying wire which justifies the
above result obtained by approximation.

ILLUSTRATION 44

In figure, both currents in the infinitely long wires are
in the negative x-direction.

(@) Draw the magnetic field pattern in the yz plane.

(b) Calculate the distance d along the z-axis where
the magnetic field is maximum.

SOLUTION

(@

Currents are into the paper

(b) At a point on the z-axis, the contribution from
1yl
2na® + 2
perpendicular to the line from this point to the
wire as shown in figure. Combining fields, the

vertical components cancel while the horizontal
components add, thus giving

each wire has magnitude B = and is

-~ B Hol [ z )= Holz
J2+22 )l

y_m/a2+z" a*+2%)

At a distance z above the
plane of the conductors

The condition for a maximum is
By —pylz(22) LMl
dz (2 422) rla’+2°)

22
. &I(ﬂ -z ]:0

n \a?+22

=0

Thus, along the z-axis, the field is a maximum at
d=a

FIELD AT AN AXIAL POINT OF A CURRENT
CARRYING CIRCULAR LOOP

Consider a current carrying loop of radius R carry-
ing a current I. Let us find the magnetic field at a
point P on the axis of the loop at distance x from its
centre as shown in Figure.
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For this let us consider a current element Id[ on cir-
cumference of the loop at distance r from P. Please
note that r is same for all the current elements taken
on the circumference of the loop.

Here, angle 6 between the element d/ and 7 is

1 :
> everywhere and r is same for all elements, so we
have from Biot Savart’s Law

_&I(dfx?)

dB where dI x7 = dlsin6 = dl
dr  f?
N de(u_U)Idlsm(‘)O )z(ﬂ_o)lil
ir 72 4z ) v*

{Biot Savart’s Law]}

The field dB has components both along and perpen-
dicular to the axis of the loop. Also, we observe dB

to be perpendicular to Id] and 7 both. However, if
we consider the contributions of the current elements
that are diametrically opposite, we see that their com-
ponents normal to the axis 4B, will cancel.

But, the component of 4B along the axis is

dB, = dBsin ot = (ﬁ)@(ﬁ) _ HolRdl

dr )P\ r Any®

The total field is given by the integral of this expres-
sion over all elements, so

B = B” = Baxis = JdBH

RT 127R>
5 B=(&]_Jd1=(“_0) 7
Ar )43 4 e

0

Since, r* = R* +x?, and if the coil has N turns, we get

B=( Hy J 27R*IN _ 1o NIR?
4 J(R*+22)% g(R24a2)Y
2
= B= (H oNIR 577 » along the axis of the loop
2(R? 447

At the centre of the coil, we have x=0, so

_ NI

Bcentre - R
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CONCEPT OF MAGNETIC BOTTLE

Motion of a charged particle in a non-uniform mag-
netic field is more complex. A field produced by two
circular coils separated by some distance is shown in

Figure.

B
V —
'
i B
=3 1N
7 L [l [TERTERTAIAY.
1 IRV =3 B
I L
3 V) VIR
Coil 1 = Coil 2
v B

A magnetic bottle. Particles near either end of the region
ecperience a magnetic force toward the center of the region.

Particles near either coil experience a magnetic force
toward the centre of the region. Particles with appro-
priate speeds spiral repeatedly from one end of the
region to the other and back. Since charged particles
can be trapped in such a magnetic field so, it is called
a magnetic bottle. This technique is used to confine
very hot plasmas with temperatures of the order of
10° K . Ina similar way the earth’s non-uniform mag-
netic field traps charged particles coming from the
sun in doughnut-shaped regions around the earth.
These regions are called the Van Allen Radiation
Belts.

ILLUSTRATION 45

Two circular coils of radius R, each with N turns, are
perpendicular to a common axis. The centres of the
coils are a distance R apart. Fach coil carries a steady
current [ in the same direction, as shown in figure.

/ /
Y.

—— R —Pp

Show that the magnetic field on the axis at a distance
x from the centre of one coil is

1 1

_ NuIR? N
(R2+2)" (2R +2%-2Ra)"” }

2

B
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2

Also show that d— and — are both zero at the
dx dx?

point midway between the coils.

SOLUTION
NIR?
Let us use B= #073/2 twice, for both the coils.
2(x2 +R?)
So, we get
B=B, +B,
1 2
B_N,uDIRZ 1 1 ]
2 2 ,2)32 ¥ 2 272
(¥ +R?) [(R—x) +R ] |
Nu,IR? 1 1 ]
= b= #g 2 2V (o2 2 32
(*+R)" (2R*+2®-21R)" |

L.

| Y ¥
/ /
l—— R —»

2 _5/
dB _ N IR |:—§(2x)(x2+R2) v
dx 2 2

)-5;'2

%(2R2+x2—2xR (2::-21{)]

o R . . .
Substituting x = 5 in this equation, we get

dB
Z-0
dx

2
Further zi‘j = ;(le), so we have
X X X

2B 3Np,IR* 2 -z

z_fz_“Tﬂ[(mz) 2 52 (R 2+
X

5 7

(2R? +x* - 2xR) 2(—5(x—R)2(2R2+x2—2xR) 2)]

- R d’B
Substituting x = 5 We get Pl =0

This means the magnetic field in the region midway
between the coils is uniform. Coils in this configura-
tion are called Helmholtz coils.

SOLENOID (AN INTRODUCTION)

Let us consider the field lines due to a current carry-
ing coil having five turns as shown in Figure.

The field lines for five loops

From the figure we observe that

(a) the field lines are always closed loops.

(b) very close to each wire the lines are circular (not
shown).

(c) inside the coil the contributions from the different
turns reinforce each other, so the field is strong.

(d) near the axis it is fairly uniform.

(e) outside the coil, the contributions from the vari-
ous current elements tend to cancel, so the field
is much weaker and the field outside the coil
resembles that of a bar magnet so that one end
of the coil acts as a north pole, whereas the other
end acts as a south pole.

When the turns are tightly packed and their number
becomes very large, the device is called a solenoid.
The field within a long solenoid is quite uniform and
strong, whereas it is essentially zero outside, as shown
in figure. Let us now calculate the field strength along
the axis of a long solenoid.

Field Along the Axis of a Solenoid

The name solenoid was first given by Ampere to a
wire carrying a current I wound in a closely spaced
spiral over a hollow cylindrical non-conducting core
as shown in Figure.
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If n is the number of turns per unit length of the coil,
where each turn carries a current I uniformly wound
round a cylinder (not shown) of radius R, then the
number of turns in length dx are n(dx). Thus, the
magnetic field at the axial point O due to this ele-
ment dx is,

2
pto I(ndx)Rf ’
2 (R2442 )3" ’
Also, we observe that
x=Rcotf

= dx= —R(cosec2 G)dﬂ

along axis of solenoid

= dB= —%,uo (nIsinf)d6

Total field B due to the entire solenoid is, given by
integrating the above expression within appropriate
limits of & as shown in Figure.

dx e dx
s dx
(@ (& (o) (o) (o) (o) (o) (o) ']'
r oo
R L R
_______ 1 0 o @_______
B X

0 X 00 00 & 00 00 (9
(DU —

number of turns = ndx

b
S B- %yonlj(—siné)de
0
I
= B= ‘UOTH(COSBZ —cos 6, )

CASE-1:

If the solenoid is very long (L R) and the point O
is chosen at the middle, i.e., if 8, =180° and 6, =0°,
then, we get

B(centre) = uynl {For L>>R}

CASE-2:
If the solenoid is very long (L > R) and the point O
is taken at the ends of the solenoid, then

6, =0°, 6, =90°

= B(end)=%,ugn1 {For L>R}
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Thus, the field at the end of a solenoid is just one half
at the centre. The field lines are as shown in Figure.

e
(o) (o~ (o) (o) (2)Te) (o)

—
—
T~

The field variation with distance along the axis of a
solenoid is as shown in Figure.

-L2 0 +L/2

FIELD DUE TO A CIRCULAR CURRENT
CARRYING SEGMENT AT ITS CENTRE

Consider a circular segment AB of radius R as shown
in Figure.

.
I
\ I
¥ i
! i
B o A
N \ \ 4
N \ e
\ [ s
A [
N \ /
Ay \ | s
\\ ! //
~ \ | s
R \\ \ ! //
\ v /
S K S
\
N ’
Nl Vi »
\\/ﬂ'r‘> ® B
\\;/
P

Let us find the magnetic field at the point P at its
centre. We observe that

(a) each element is at the same distance from the
centre, i.e., r = R = constant,

(b) the angle between element dl and 7 is always g

The contribution of each element to B is in the same
direction (i.e., out of the page if the current is anti-
clockwise and into the page if clockwise). From Biot
Savart’s Law, we have
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|B;|:,11_0J‘I(dfxf‘

4 r? 47

—
=
o
e
g
T

But dl=Rdg,

&}
1t [1Rdg

Tar) R?
0

4R

(a) Please note that, when we write B:(%)&
n

then the angle 6 is in radian.

(b) If the loop is a quarter circle, (i.e.. 0= 72r) ,then

p=td/
8R
|
(c) If the loop is semi-circular (i.e., 6=1), B=ﬁ_OR

(d) If the loop is a three quarter circle [i.e., 0= 37”] ,

then
N
8R
(e) Ifthe loop isa full circle with N turns (i.e., 8=22N),
then
B UoNI
2R
. B, Mo
(f) The behavior of X where By =B e = is

0
the magnetic field strength at x=0, as a function

of % is shown in Figure.

B,/ B,
A

1

-x/IR » x/R

The ratio of the magnetic field,
B, / By, as a function of x/R

ILLUSTRATION 46

A long insulated copper wire is closely wound as a
spiral of N turns. The spiral has inner radius a and
outer radius b. The spiral lies in the x-y plane and a
steady current I flows through the wire. Calculate
the z component of the magnetic field at the centre
of the spiral.

~

(1

S

SOLUTION

We observe that the radial width (b-a) of the coil is
having N turns. So, number of turns per unit radial

width of the coil is n= P

-a
Consider a circular coil of radius r, radial thickness
dr as shown in Figure.

=

(D).

r

If AN be the number of turns in this radial thickness
dr of the coil, then we have

- N

b-a
If dB be the magnetic field (at the centre) due to this
circular elemental coil of radius r having number of

turns dN, then we have

dB:yo(dN)I
2r
dB:M

2(b-a)r
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To get the total magnetic field at the centre due to the
coil integrating from r=a to r=b, we get

b b b
J‘ J U NIdr  u,NI J'dr
= dB: = —_—
2(b-a)r 2(b-a)
UNI s NI (b)
-0 - ] v
2(b-a) 0 gr'“ 2(b-a) 08 a

ILLUSTRATION 47

Calculate the magnetic field at the centre of a charged
disc of radius R having a uniform charge Q, surface
charge density ¢ rotating with angular velocity ®.
Also calculate B in terms of o.

SOLUTION

Consider a concentric infinitesimal ring of radius r,
thickness dr, charge dg rotating with angular veloc-
ity @ as shown in Figure.

This rotating infinitesimal charge dg gives a current
dl given by

© \mnd
L

© ()

= dl= ( Qa; )rdr
R

dl
Since, we know that dB = %)
.
= dB= ( Qo )rdr
2r \ nR?
> =2,
2R
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#%kajd
27R?

— B= UpQw
2nR

Also Q=0’(TCR2)

B 1,6(7R?) @

=
2nR
B UyoRw
2
So, finally, we get
_ KoQw _ yoRw
27R 2

ILLUSTRATION 48

A disc of radius R rotates with angular velocity @
about an axis perpendicular to its surface passing
through centre. Assuming the surface charge den-
sity ¢ varies with r as 6= ar?, where r is the dis-
tance from its centre, find the magnetic induction on
the axis of rotation at a point at distance x from the
centre.

SOLUTION

Consider an infinitesimal concentric ring of radius r,
thickness dr, having a charge dg on it as shown in
Figure.

S
)

Then, dq =(2zrdr)(o)
= dg= (2rrdr ) or?)
= dg= 2ror*dr

If dI be the infinitesimal current due to rotation of
the element of thickness dr, then



ICON

1.54 JEE Advanced Physics: Magnetic Effects of Current and Electromagnetic Induction

_dQ _ 2rar’dr
T 21w

dl

= dl=oordr

Magnetic induction at a distance x is given by
o (dI)r?

272 452 )3'&
oor’dr

21?422 )3f2

Total magnetic induction is obtained by integrating
dB from zero to R. So, we get

dB =

dB =

R

5
B=J.dB=‘u°awj ridr -
2 0(7’24‘.1’2),

Integrating the above expression, we get

-2x* (R2 +x2 )1/2 -

p - Hooo { (R2+22)"°
2 3

1
X 8
+-x°

(R2 422 )lf2 3

ILLUSTRATION 49

If the wire carrying a current I has the shape shown
in figure, then calculate the magnetic field at the point
O (both in magnitude and direction). The radius of
the curved part of the wire is R, the linear parts of
the wire are very long. Also assume the wires to be
having uniform resistance.

z
A
a
—Fy0 >y
« ]
x| X
X

SOLUTION

If we assume resistance of the quarter part 265" to
be R, =R, then the resistance of three quarters ‘2345
will be R, =3R. So, current passing through the two
branches will have the ratio given by

an
L_R_ R
I, R 3R
zZ
A
3| I
2{0 4,
AW
! 5
T ¥
X
7
- Lh_1 (1)
Also I, +1,=1 .2)

So, from (1) and (2), we get

Il=£ (from 2to 3 to 4 to5)

and I, =% (from2to 6 to 5)

47R
- 3uqly ¢~y 3upl -
arc 2345 = g;l(‘3)=£_§{(‘1)
B —‘u—OI(—A')and
Ay ]

- Iy (»y 3ugl i»
Barc265=%(1):3§_3{(1)

= B=B,+B, 235+ Bacas + By

- s
4R 8 8

ILLUSTRATION 50

Calculate the magnetic field vector at the origin O
due to the current carrying wire configuration shown
in figure.
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D o

SOLUTION

Due to the wire segments BC and DE no magnetic
field will be produced at O because O lies on the
extended portions of BC and DE.

For the remaining wire segments the magnetic fields
are given by

4ma
= ol P
Bep = —2—2(-k)
@ 47?(\/511)
~ I/ -
BEF—%(_J}

The resultant magnetic field at O due to all the wire
segments is

By =By +Bcp + Ber +Brg
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ILLUSTRATION 51

A current I flows around a closed path in the hori-
zontal plane of the circuit shown in figure. The path
consists of six arcs with alternating radii » and r,
connected by radial segments. Each segment of arc
subtends an angle of 60° at the common centre P,

a2 :
with 2 = 3 This current path produces a magnetic
h

field B at P.If the path is modified so that the ratio

b ; , by what factor must I be multiplied in order
n

that the field at P remain the same?
1

SOLUTION

I
Since B, = (:i)@ , where 0 is in radian
nr

When n_ i , then the field at P is B given by
i

goaf Hol (£)+3 Mol (E) ®
4rmr, )\ 3 drr, )\ 3

4

non
o p=Mlfn =“”I[1 5)
4n rn] 4n 2
I
p=Hl o (1)
8n

Now, when h_ %, let the current be kI so that B
i

remains the same.

=L [
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ae
u(KD(1 1 From (1) and (2), we get
= B= —+—
4 non % _Ho (kI)
81 n
N B“f’(k”(nr—l) 5
4n p) = k==
8
—~ B=H 04( k) (1+3) Please note that in both the cases the ratio -2 = % and
n h
then the same ratio becomes ! . So, the problem just
1o (KI) 3
= B= , ® -(2) - -
n wants to convey that the radius r, is now halved

keeping r; constant.

0‘7 Test Your Concepts-IV

Based on Biot Savart’s Law and Applications

(Solutions on page H.11)

1. A current I=1A circulates in a round thin-wire 5. Find the magnetic induction of the field at the
loop of radius R=100 mm. Find the magnetic point O of a loop with current I, whose shape is
induction shown in figure.
(a) at the centre of the loop.

(b) at the point lying on the axis of the loop at a
distance x =100 mm from its centre.

2. Acurrent | flows along a thin wire shaped as a reg-
ular polygon with n sides which can be inscribed
into a circle of radius R. Find the magnetic induc-
tion at the centre of the polygon. Analyse the
obtained expression at n— .

3. Two straight infinitely long and thin parallel wires 6. Find the magnetic induction of the field at the
are spaced 0.1 m apart and carry a current of 10 A point O of a loop with current I, whose shape is
each. Calculate the magnetic field at a point lying shown in figure.
at a distance 0.1 m from both wires when the cur-
rents in the wires are in the same direction and
when the currents in the wires are in the opposite
direction.

4. Acurrent/flows alonga thin wire shaped as shown
in figure. The radius of a curved part of the wire is
equal to R, the angle 26. Find the magnetic induc-
tion of the field at the point O.

7. Along current carrying conductor carrying a cur-
rent [ lies along x-axis such that its one end is at
origin, and the other end lies on positive x-axis at a
large distance from origin. The current through the
conductor is along positive x-direction as shown in
Figure.
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Z-axis

I y-axis

Z-axis
Calculate the magnetic field vector at points whose
co-ordinates are (0, a,0), (0,a,a) and (-a, a,0).
8. For the arrangement shown, calculate the mag-
netic field at point O.

9. Calculate the magnetic field at the point O shown
in figure. The radius of the curved part of the wire is
R, the linear parts are assumed to be very long.

o
]

10. Find the magnetic field at the point O due to the
current carrying wire having the shape shown in
figure.

o
)
—
:

11. In the arrangement shown, calculate the magnetic
flux density i.e., magnetic field at the point O.

L

”

I

12. A very long wire carrying a current | is bent at right
angles. Find the magnetic induction at a point lying
on a perpendicular to the wire, drawn through the
point of bending, at a distance ¢ from it.

13. Calculate the magnetic field vector at the point O if
the wire carrying a current | has the shape shown in
figure. Also calculate its magnitude.
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Zz
A
A
ANO >y
x X
——

X

14. Calculate the magnetic field B (both in magnitude
and direction) at the point O for the current carry-
ing wire arrangement shown in figure.

z
A

b Y

X

X

15. Inthe current carrying wire arrangement shown, cal-
culate the magnetic flux density i.e., magnetic field
at the point O (both in magnitude and direction).

A

b |

X K

X

16.Two long, parallel conductors carry currents
l,=3 A and I, =3 A, both directed into the page

in figure. Determine the magnitude and direction
of the resultant magnetic field at P.

1
&

I
1
I
I
I
i
1
13cm)|

&
I
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17.In Niels Bohr’s 1913 model of the hydrogen atom,
an electron circles the proton at a distance of
529x10"" m with a speed of 2.19x10° ms™'.
Compute the magnitude of the magnetic field
that this motion produces at the location of the
proton.

18. Two very long, straight, parallel wires carry currents
that are directed perpendicular to the page, as in
figure. Wire 1 carries a current [, into the page (in
the —x direction) and passes through the x-axis at
x =+a. Wire 2 passes through the x axis at x=-2a
and carries an unknown current |,. The total mag-
netic field at the origin due to the current carrying

wires has the magnitude 2;—0’1 The current I, can
ma

have either of two possible values.

(a) Find the value of |, with the smaller magnitude,
stating it in terms of |, and giving its direction.

(b) Find the other possible value of I,.

19.A very long wire 1 carries a current of 30 A to
the left along the x axis. A second very long wire
2 carries current 50 A to the right along the line

2
=—m, z=0
=3

(a) Where in the plane of the two wires is the total
magnetic field equal to zero?

b) A particle with a charge of —2 uC is movin
P g g
with a velocity of 150i Mms™' along the line

y=% m, z=0. Calculate the vector magnetic

force acting on the particle.

20. A non-conducting ring of radius R is uniformly
charged with a total positive charge Q. The ring
rotates at a constant angular speed w about an axis
through its centre and perpendicular to its plane.

Find the magnitude of the magnetic field on the

R
axis of the ring at a point P, a distance 5 from its

centre.

21. A long straight wire lies on a horizontal table and
carries a current . In a vacuum, a proton moves
parallel to the wire (opposite the current) with a
constant speed of v at a distance d above the wire.
Determine the value of d. You may ignore the mag-
netic field due to the Earth.

22. Calculate the magnetic field at the centre O of
the current carrying loop shown in Figure.

4R

A
L/
23. A wire is bent into the shape shown in figure (a),
and the magnetic field is measured at P, when
the current in the wire is I. The same wire is then
formed into the shape shown in figure (b), and the

magnetic field measured at point P, when the cur-
rent is again [. If the total length of wire is the same

. . . B
in each case, what is the ratio of —- ?

BZ
2/
¢ /
—_—l o-——-- -

/ P, /

(@
/ P, /

(b)

24. Two mutually perpendicular long conductors car-
rying currents [, and [, lie in one plane. Find the
locus of points at which the magnetic induction is
zero.




ICON

L.,

25. A circular loop has radius R and carries current |,
in a clockwise direction. The centre of the loop is
a distance D above a long, straight wire. What are

N
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the magnitude and direction of the current [ in the
wire if the magnetic field at the centre of the loop

is zero?
Iy /’

lt— O —»

AMPERE'S CIRCUITAL LAW (ACL)

Just as we use Gauss’ Law to find the electric field
at a point due to a charge distribution, similarly we
shall be taking help of Ampere’s Circuital Law (ACL)
to find the magnetic field at a point due to a current
carrying conductor.

According to this Law, “the line integral of the

resultant magnetic field (i.e., @Edf) along a closed

contour (also called Amperian Loop) is 1, times the
total current threading through the contour”.
Mathematically, we have

@Bdi = #U(U)zlu{llnet

Proof of Ampere’s Circuital Law (ACL)

To prove the result obtained, let us consider a current
carrying long wire XY as shown in Figure.

Y

f
& FSI__@HT HAND

Contour C

Let us draw a random contour C around the wire
XY . Also, we have shown the plane which contains
the contour C. Let us now randomly consider three
infinitesimal elements df;, dl, and dl; along the
length of the contour (as shown). Let these elements
be at distances r,7, and r; from the wire and they
subtend angles d6,, d6, and d; at the wire. If B,
B, and B, be the magnetic fields due to the wire at
these elements, then we observe that angle between
dl, and B,, between dI, and B,, between d[; and B,

is zero. Let us now calculate the integral Cﬁf} dl.

From concepts of integral calculus, for a closed loop,
we have

(JSB-dT=Bl-d?]+l§2-df2+}§3-df3+...
= @B-di = Bydl; cos(0°)+ B,dl, cos(0°) +...

I 1 I
Since B, :‘ui, B, :i, B, _ Al and so on
2nn 21ty 27r,

= (JSg.dI = “_ﬂf{%+&+%+ }
2 | h 3 in the closed loop

However, dh _ e, , ah _ do,, ah _ d0; and so on

i I I3

T

in the closed loop
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N 983.5:“01@9
2

Since, for a closed loop, we have (JA)dE) =2

= (;[)B-df=#—ﬂlr(2x)
2r

= Cﬁﬁ-d?ﬂtﬂl

(a) Generally, the Amperian Loop or the Contour is
selected in a way such that at each point taken on
the loop, either the magnetic field

(i) B is normal to the loop (because then

éﬁid_é:O, since §=90°)

(ii) B vanishes everywhere on the loop (because
then too @E".dfﬁ =0)

(iii) B is tangential to the loop and has a non-
zero constant magnitude all over the loop
(because then

CﬁB di= (ﬁ dl)cos(0°)= Cﬁdt’

which becomes really easy to evaluate just by
knowing the shape of the contour.

(b) The line integral is independent of the shape of
the path and the placement of the current carry-
ing wire in it.

(c) The statement q‘jﬁ -df=0 does not necessar-

ily imply that B = 0 everywhere along the path.
However, we can conclude that no net current is
threaded through the contour or the loop.

Sign Convention to be Followed for
Currents while Applying ACL

Curl the fingers of the Right Hand in the sense of contour
(Clockwise or Counter-Clockwise), then the currents
along the direction of the thumb are taken as positive
and the currents opposite to the direction of thumb
are taken as negative.

In the arrangement shown,

we observe that the currents I; and I, are along the

direction of thumb when the fingers of the right hand
are curled in the sense of contour i.e. counter clock-
wise, whereas I, points opposite to the direction of
thumb. Also, the currents I, and I; are outside the
contour, so according to Ampere’s Circuital Law, we
have

AMPERE'S OBJECTION(S) TO
BIOT SAVART'S LAW

Ampere had several objections to the work of Jean
Biot and Felix Savart.

(a) He felt that their experiments were not precise
enough for them to claim certainty in the siné
factor.

(b) He was uncomfortable with their use of “current
elements”, since isolated current elements do
not exist as they are always part of a complete
circuit.

Ampere’s Line of Action

Consequently, he pursued his own line of experimen-
tal and theoretical research and obtained a different
relation, now called Ampere’s Law, between a cur-
rent and the magnetic field it produces.

Although Ampere’s Law could have been
derived from the Biot-Savart’s expression for dB,
but Ampere preferred not to do so. Instead, he made
it possible by considering the field due to an infinite
straight wire. He knew that the field lines due to
an infinite straight wire are concentric circles and
the magnitude of the field at a distance r from the
wire is

g Mol
2rr
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So, he had rewritten the above expression as
B(27r) = p,l

and interpreted it as follows.

“2mr is the length of a circular path around the wire,
B is the component of the magnetic field tangential
to the path, and I is the current through the area
bounded by the path. Ampere generalized this result
to paths and wires of any shape”.

Figure shows a current coming out of the page and an
arbitrary closed path around it.

A current is coming out of the page.
According to Ampere’s Law, around any
closed path, enclosing the current 1,

@g . d?= }10[

For an infinitesimal displacement di along the path,
the product of 4/ and the component of B along 4 is

dl(Bcos8) = B-dl

According to Ampere’s Law, the sum (integral) of this
product around a closed path is given by

where [ is the net current flowing through the sur-
face enclosed by the path.

The sense (clockwise or counter clockwise) in which the
integral 1s to be evaluated is given by a right-hand rule,
according to which when the thumb of the right hand
points along the current, the curled fingers indicate the
positive sense along the path.

(a) The equation, Cﬁﬁ dl= Ul is valid only for steady

currents and nonmagnetic materials, such as Cu.

(b) The enclosed current may not have to flow in a
wire. It may be a beam of charged particles which
also constitutes a current.
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(c) In order to use Ampere’s Law to determine the
magnetic field, it is necessary for the geometry of
the current flow to possess sufficient symmetry
so that the integral can be evaluated easily. One
needs to know the field pattern and then to make
a suitable choice for the path of integration.

(d) Ampere’s Law in magnetism is analogous to
Gausss Law in electrostatics. In order to apply
them, the system must posses certain symmetry.
In the case of an infinite wire, the system pos-
sesses cylindrical symmetry and Ampere’s Law
can be readily applied. However, when the length
of the wire is finite, Biot-Savart's Law must be used

instead.
Biot- = . | General current
= I

Savart's | B= &JA al ;” source

Law 4r r e.g. finite wire

Ampere’s L Current source

Law (ﬁB‘dl = lplene | has certain
symmetry e.g.
infinite wire
(cylindrical)

(e) Ampere's Law is applicable to the following cur-
rent configurations:
(i) Infinitely long straight current carrying wire.
(i) Infinitely large sheet of thickness b with a cur-
rent density J.
(iiii) Infinite solenoid.
(iv) Toroid.
We shall examine all four configurations in detail.

ILLUSTRATION 52

In the following arrangements shown, calculate

(j)f%-df corresponding to the respective Amperian

loops for which the direction in which the closed inte-
gral has to be performed is indicated by the arrows.

(a) (b)
% 5 )
Amperian Amperian
(0) @ (d)

Amperian Amperian
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SOLUTION

To solve this problem, we must understand that when
we curl the fingers of the Right Hand in the sense of
contour (Clockwise or Counter-Clockwise), then the
currents along the direction of the thumb are taken as
positive and the currents opposite to the direction of
thumb are taken as negative.

(@) The Amperian loop is traversed counter clock-
wise and hence the thumb will point outwards
along I, so

(b) The Amperian loop is traversed counter clock-
wise and hence the thumb will point outwards
opposite to I, so

('E)B-df =y (- ) =1L,

(c) The left side portion 1 of the Amperian loop is
traversed clockwise, whereas the right-side por-
tion 2 is traversed counter clockwise as shown in

figure.
® o
Amperian

So, by applying the sign convention, we get that
both I; and I, are negative, so we have

@B'di=#0(—Il—12):—‘u0(11+12)

(d) The portion 1 of the Amperian loop is traversed
counter clockwise, portion 2 clockwise, portion
3 counter clockwise and portion 4 clockwise as
shown in figure.

® @

@ @
L)
Amperian
So, by applying the sign convention, we see that
current for the loop 1 is to be taken as positive,
for loop 2 to be taken as negative, for loop 3 to
be taken as negative and for loop 4 to be taken as

negative. So, we get

Eﬁé-dhyou-f-f-n:—?wgf

MAGNETIC FIELD DUE TO A THICK
CURRENT CARRYING WIRE

Consider a long straight wire of radius R carrying
a current I of uniform current density, as shown in
Figure.

Amperian
loops

-----

T dl

Let us find the magnetic field everywhere i.e., out-
side, at the surface and inside the wire.

CASE-1: Qutside

Outside the wire where 7 > R, the Amperian loop or
the contour (circle 1) completely encircles the current,
and hence I, =1.

Applying Ampere’s Law, we get
(ﬁE’-d? = Bgﬁdz = B(27r) = iyl

Ul
= B outside — 2_;,

CASE-2: At the Surface
Substituting r =R in the above expression, we get
_ Al
surface 7R

CASE-3: Inside

Inside the wire where r <R, the amount of current
encircled by the Amperian loop or the contour (circle
2) is proportional to the area enclosed, i.e.,

2 2
e
R R

According to Ampere’s Circuital Law, we have

2
B.dl =B(27r) = I{EJ
(ﬁ Ho 7R?

Mol )
= Binsi e 0 |
‘ [ 27R*

We see that the magnetic field is zero at the centre
of the wire and increases linearly with r until r=R.
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Qutside the wire, the field falls off as 1 The quali-
r

tative behaviour of the field is depicted as shown in
Figure.

B
A
L
2nR :
Bet/ 4 \ Bt
I
I
I
|
R >
I
Ho rzR
2nr (outside and at the surface)
= B= I
Ho” 5 |7 r<R
2nR (inside)
and B =0

centre

ILLUSTRATION 53

Inside a homogeneous long straight current carry-
ing wire of circular cross-section, there is a cylindri-
cal cavity whose axis is parallel to the conductor axis
and is displaced relative to it by a distance /. A direct
current of density | flows along the wire. Calculate
the magnetic field inside the cavity.

SOLUTION

The arrangement for which the magnetic field (B)
has to be calculated at the point P inside the cavity is
shown in Figure.

The magnetic field at a point P is

BP =BFull _BCavity (1)
Cylinder Cylinder
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where B, is the magnetic field at P due to the full

conductor (without cavity) and B’ is the magnetic
field at P due to current flowing through the part of
the conductor which has been removed in order to
create the cavity.

According to Ampere’s Circuital Law, the mag-
netic field at a distance r from the axis of solid cylin-
der (inside the solid cylinder) is given by

B(2nr) = pynr®]
1 . .
= B= 2 UoJr (in magnitude)
Vectorially, we have
B_HMo(7.%
B=—\]x7
L (7x7)
The magnetic field due to the full cylinder is given by

- .u -
Brun =70(IXT)
Cylinder
The magnetic field due to the cylindrical cavity is
given by
ECavity

Cylinder 2

Since Bp =Bpyi  —Beaviy
Cylinder Cylinder

= By =EL(]xr)- 2P

2 2
= BP=%UI><(?-?') Q)

In triangle OO’P, we have
[+7"=F

= F-7=I

So, equation (2) becomes
BP = ﬂ?ﬂ(f X E)

In magnitude, we have

Kl

Bp y
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ILLUSTRATION 54

A long cylindrical conductor of radius R carries a
current I as shown in figure. The current density |
varies across the cross-section with the radial distance
r as | =kr?, where k is a constant. Find an expres-

sion for the magnetic field B at a distance r(<R)
from the axis of the cylindrical conductor.

SOLUTION

Consider an Amperian loop of radius r as shown in
figure.

The distribution of current shows that the field will be
same everywhere on the Amperian loop of radius r.
If I, be the current threading through the Amperian

loop, then by Ampere’s Circuital Law, we have
@E di = ﬂUIenc
= (ﬁB’-dT =B(27r) = 1,

JUOIEHC
B=—%=¢ ... (1
2y @

Now, to find the current I,,. threading through the
Amperian loop, consider a ring of radius x and
thickness dx having area dA = 2zxdx. Since the cur-
rent density | is defined as

dl
I
= dl=JdA, where | = kx*

ae
= I,.= Jdl = j}dA = kaz (27xdx)
0

' ) ~ 2rkr
o 4

f 4
= I,.= 2nij3dx = 277:.1([%

Substituting this value of I,,. in equation (1), we get

B= Hokrs
4
SOLENOID (REVISITED)

As studied and discussed earlier, a solenoid is a long
coil of wire tightly wound in the helical form. The
magnetic field lines of a solenoid carrying a steady
current [ is shown in Figure.

e

We see that if the turns are closely spaced, the result-
ing magnetic field inside the solenoid becomes fairly
uniform, provided that the length of the solenoid is
much greater than its diameter.

For an ideal solenoid, which is infinitely long
with turns tightly packed, the magnetic field inside
the solenoid is uniform and parallel to the axis, and
vanishes outside the solenoid.

We shall be using Ampere’s Law to calculate the
magnetic field strength inside an ideal solenoid. The
cross-sectional view of an ideal solenoid is shown in
Figure.

SA VT 77y

i4— /—»  Amperian Loop

2r -------- ,1/—/ (Contour)
ooooooooooo
w ! ——
| 5
1 1
3i===m-=-= 4

YYYY

T BERRERRAERARR_
Amperian loop for calculating the
magnetic field of an ideal solenoid.
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To compute B, we consider a rectangular path of

length [ and width w and traverse the path in a

counterclockwise manner. The line integral of B
4

along this loop, 12341, is
2 3 1
cﬁg di = j j j i+ j B.di
1 2 4

In the above, the contributions along sides 23 and 41
are zero because B is perpendicular to dI . In addi-

tion, B=0 alongside 12 because the magnetic field is
zero outside and non-zero only inside the solenoid.
On the other hand, the total current enclosed by the
contour (Amperian loop) is I,,. = NI, where N is

the total number of turns. Applying Ampere’s Law,
we get

9SB-dE=BI=yO(N1)

HoNI
I

B=

= tonl

N .
where 1= T represents the number of turns per unit

length.

ILLUSTRATION 55

A thin conducting strip of width / is tightly wound
in the shape of a very long cylindrical coil with cross-
sectional radius R to make a single layer straight
solenoid as shown in figure.

A direct current I flows through the strip. Find the
magnetic induction inside and outside the solenoid
as a function of the distance r from its axis.

SOLUTION

Let us consider one loop, then open it and draw it as
shown in Figure.
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—
I
I

27R

(one loop completely opened)
Figure (a)

Since the current is flowing in a strip of width h so,
the current per unit strip width is given by

=7
This current per unit length (also called linear current
density) can be resolved in two components j, and
jy as shown in Figure.

¥ (perpendicular to
| axis of solenoid)

j, = jcost = %
0
———————————— X (along axis
i j. =jsinf of solenoid)
I
|
Figure (b)

Outside this type of solenoid, the magnetic field will
be due to the component of current along the axis of
solenoid as shown in Figure (c).

Figure (c)



ICON

1.66 JEE Advanced Physics: Magnetic Effects of Current and Electromagnetic Induction

For current density j, =jsinf along the length of
solenoid, by applying Amperes Circuital Law, we get

Bout(znr)=“011
where I, =j (27R)
= I,=jsin6(27R)

From Figure (a), we have

sinf=——
2nR

{ h .
= I;\’ =](ﬁ)(2ﬁR)=]h

= =
2nr  2mr  2mr

out

Inside this type of solenoid, the magnetic field will
be due to the component of current perpendicular to
the axis of the solenoid. Due to component of current
density perpendicular to length of solenoid, we have

B= pynl, , where

N 1 .
n=o=o and I, =(jcos@)h=1Icos®
1
= Bmside=uﬂ(g)(1c038)
2
= ‘I-:;i.ns.ide=lu_[IJT 1_(i)
h 27R

MAGNETIC FIELD DUE TO A TOROID

Consider a toroid which consists of N turns, as
shown in Figure.

A toroid with N turns

Let us find the magnetic field due to the toroid. To
calculate field, due to a toroid, we must evaluate

(ﬁﬁ -dl over the circle of radius r. Due to symmetry

we see that the magnitude of the field is constant on
this circle and tangent to it. So,

ggé-cﬁ:m:B(zm)

According to Ampere’s Circuital Law, we have

@E ' dT = HDInet

Since, the circular closed path surrounds N loops
of the wire, each of which carries a current I, so we
have | NI

net =

= (ﬁng:Hu (Inet)=1u0NI

= B(2ar)=y,NI

Within a toroid, the field is constant along
a given circle of radius r

) 1 ) )
This result shows that B e~ and hence is non-uni-
r

form in the region occupied by toroid.

However, if r is very large compared with the
cross-sectional radius of the toroid, then the field
is approximately uniform inside the toroid and is
given by

B=uynl

In this case, we observe that the number of turns per
unit length of toroid is
N

n=——
2rr
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However, If the toroid has inner radius r, and an
outer radius r,, then number of turns per unit length
of toroid is

N N

n= =

27, 21:( n+n )
2

For an ideal toroid, in which turns are closely spaced,
the external magnetic field is zero. This is because the
net current passing through any circular path lying
outside the toroid is zero. Therefore, from Ampere’s
Law we find that B =0, in the regions exterior to the
toroid.

ILLUSTRATION 56

A thin infinitely large sheet lying in the yz plane car-

ries a current of linear current density A. The current
is in the negative y-direction and A represents the
current per unit length measured along the z-axis.
Find the magnetic field near the sheet.

z

* y@I—px

SOLUTION

To evaluate the line integral in Ampere’s Law, let
us consider a rectangular path of length [, width b
through the sheet as shown in Figure.

From symmetry we can argue that the magnetic field
is constant over the sides of length | because sheet
is infinitely long so it should not vary from point to
point. The two sides of length b do not contribute to
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the line integral because the component of B along
the direction of these paths is zero. The net current
passing through the plane of the rectangle is Al.
Applying Ampere’s Law, we get

C D E A
- jg dhjé dT+jB-dT+jB T = 1y (A1)
A C D E

=  0+BI+0+Bl=pyAl

= B= % = constant

The result shows that the magnetic field is independ-
ent of distance from the current sheet.

This is exactly similar to the case where the electric field
due to an infinite sheet of charge does not depend on the
distance from the sheet.

ILLUSTRATION 57

Figure shows the cross sectional view of a hollow
cylindrical conductor with inner radius R and outer
radius 2R carrying a uniformly distributed current

I along it’s axis.
.

Calculate the magnetic induction at point P at a dis-

tance % from the axis of the cylinder.

SOLUTION

Using Ampere’s Circuital Law, the current inside the
Amperian Loop passing through the point P is

/ 2_ 2
”[M} 5

(R -R? ) 12
Since @B-d? = ol

= B(2ar)=pyl’, where r=%
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a8
= 2758(8 ) = 11, (i I) magnitude of the magnetic field, |Bl as a function of
12 the radial distance r from the axis of the cylinder.
_ Supl Also plot Bl vs r graph.
36mR SOLUTION
Let r be the distance of a point from centre, then

Find the current density as a function of distance
r from the axis of a radially symmetrical parallel
stream of electrons if the magnetic induction inside

the stream varies as B=0br", where b and « are gl.)
positive constants.

R . o
For r < 5+ using Ampere’s circuital law,

B-dl

= Bl:ﬂo(f'm)

SOLUTION
= B(2ar)=py(I;,)

According to Ampere’s Circuital Law, we have

o _ bl
jB-dl :,uo(lml) = B= oy (1)
Since, I, =0
= B=0

If ] be the current per unit area, then for gs r<R,

we have
ar
Stream of Electrons
Since, Iy, = J} dA = J jdA , where dA =2mrdr
= B(2ar)= ,uﬂjjdA
[. =

= B(2ar)= ﬂﬂjj(errdr)
Substituting in equation (1), we have

But B =br® )
Gy
art—n— |]

B_#n

= 2abr*t = #0.’. j(27rdr) Ho 4
2n r
Differentiating both sides, we get )
R
= 2b(a+1)r"dr =y (j27rdr) = B=#2—‘1](r2—z)
. bla+1) a-1
= j=—— R
4”0 At r= E, B=0

Atr=R, p- /R

An infinitely long hollow conducting cylinder with 8
For r 2 R, we have

inner radius 5 and outer radius R carries a uni-

. . Iin = lrTotal = I(SaY)
form current density along its length. Calculate the
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Therefore, substituting in equation (1), we have

g Hol

2rr
= Boc1
r

The plot of |B| vs r graph is shown in Figure.

1B

R2 R r

ILLUSTRATION 60

A long, straight, solid cylinder of radius a, ori-
ented with its axis in the z-direction, carries a cur-

rent whose current density is | . The current density,
although symmetrical about the cylinder axis, is not
constant but varies with the radial distance r from the
axis of the cylinder according to the relation given by

2
- &(1—(1) ]12 ,forr<a
= m;zz a
0 Jforr>a

where I is a constant having SI unit of current.
Show that the total current passing through the entire
cross-section of the wire is I;. Also, calculate the cur-
rent | contained in a circular cross section of radius
r < a and centered at the cylinder axis.

Using Ampere’s Law, calculate the magnitude of the
magpnetic field B in the region > a and r<a.

SOLUTION

Use the current density | to find dI through a con-
centric ring and integrate over the appropriate cross
section to find the current through that cross-section.
Then use Ampere’s Law to find B at the specified
distance from the centre of the wire.

Let us divide the cross section of the cylinder into
thin concentric rings of radius r and width dr, as
shown in Figure.
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The current through each ring is dI=]JdA=](2zrdr)

2
dl = JdA = ﬂ{p(f) }2Jrrdr
a

2

ma
ar | 2
= dI=—20 1—(1) rdr
a L a i
41 21
- d1=a—201—(£) rdr (1)

The total current I is obtained by integrating dI
over the entire cross-section of the conductor i.e. from
r=0 to r=a.50, we get

a

A
I=Id1= —”ml——]rdr
(ﬂz az
0 0
- {35
a2 N2 42), L2 N2 42
41, \( a*
h(a—z)(z):fv

The current I contained in a circular cross section
of radius r <a and centered at the cylinder axis can
simply be calculated by integrating equation (1), from
r=0tor=r.

To find the magnitude of the magnetic field out-
side the wire i.e. for r>a, let us consider a circular
Amperian loop of radius r > a, as shown in Figure.

- -
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By Ampere’s Law, we have
cﬁé- dl =B(27r) = g,

Since, I,,q =1, because the path encloses the entire
cylinder. So, we get

B(2zr) =yl

5 toly
2mr
To find the magnitude of the magnetic field out-
side the wire i.e. for r<a, let us consider a circular
Amperian loop of radius r < a, as shown in Figure.

By Ampere’s Law, we have

gﬁé-di:s(mﬂ:uﬂlw

From equation (2), for r <a, we get

2 2
JIencl =I=I[|—];(2_r_2)
a a

= B(27r) =yl
I 2 2
= B(2:rr)=ﬂ02—;(2—r—2)

2ra’ a

ILLUSTRATION 61

A long solenoid produces a uniform magnetic
field directed along the axis of a cylindrical region.
However, to produce a uniform magnetic field
directed parallel to a diameter of a cylindrical region
we can use the saddle coils illustrated in figure (a).
The loops are wrapped over a somewhat flattened
tube. Assume the straight sections of wire are very
long. The end view of the tube, in figure (b) shows
how the windings are applied. The overall current

distribution is the superposition of two overlapping
circular cylinders of uniformly distributed current,
one towards the reader and one away from the reader.
The current density | is the same for each cylinder.
The position of the axis of one cylinder is described
by a position vector a relative to the other cylinder.
Prove that the magnetic field inside the hollow tube

is ﬂoTﬁl downward.

SOLUTION

Here the use of vector methods will further simplify
the calculations done. Let us consider first a solid
cylindrical rod of radius R carrying current toward
you, uniformly distributed over its cross-sectional
area. To find the field at distance r from its centre we
consider a circular loop of radius 7.

@E ' d? = JUOIinside

B(2r)=(ponr?) ]

= B=y0_}r
2
= B‘=(#TD])(£X?)

Now the total field at P inside the saddle coils is the
field due to a solid rod carrying current toward you,
centred at the head of vector a, plus the field of a
solid rod centred at the tail of vector a4 carrying cur-
rent away from you.

B,+B, = %D]JExﬁ +#TOI(—JE)><?2
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ae
Now note a+r, =1,
= B=l§1+§2=%d}2x?1—%dlex(&+ﬁ)

= B= —(Ez XIE) = ﬂ[’; down in the diagram.

ILLUSTRATION 62

Acurrent I flows around a closed loop. It produces a
field B, directed along the axis of the loop. Integrate

+oo
B, from —o to +e, i.e., calculate j B,dx. Explain the

—co

significance of your result.

SOLUTION
1 2
Since, B, = — 0
2(x+a?)
o0 2 o3
1ol Uyla dx
J.de.[ 3/2x 2 .[ 2, 22
e =2 x +a° _m(x +a )

Substitute x =atan6 , we get
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o0

2
J. B.dx= Hola
: 2

asec’ 040  uyla’
T a2

cos 0do

e AL
e AL

Psec’d 2

—o0

A
1
A

o0

= B.dx= %’Isinﬁ

—co 2

SRR

o0

= Bde—M—OI[sin E)—sin(—fﬂ
J 2 2 2

—o0

o0
-

= B dx:%{]I(Z)

X

o
—c0

= B.dx = y,!I

o

—co

This is just what Ampere’s Law tells us to expect if
we imagine the loop runs along the x-axis closing
itself at infinity. So, we get

@Bﬂ:%f

0‘7 Test Your Concepts-V

1. Along, straight, solid cylinder, oriented with its axis
in the z-direction, carries a current whose current
density is J. The current density, although sym-
metrical about the cylinder axis, is not constant
and varies according to the relationship

(r-a)
(E)e 5 k forr<a
r

0 forr>a

j=

where the radius of the cylinder is g, r is the radial
distance from the cylinder axis, b is a constant and
d is a constant.

(a) Find the total current I, passing through the
entire cross section of the wire in terms of b,
0 and a.

Based on Ampere’s Circuital Law and Applications

(Solutions on page H.18)

(b) Use Ampere’s Law to derive an expression
for the magnetic field E, in terms of |, in the
region r=a.

(c) Obtain an expression for the current I, in terms
of I,, contained in a circular cross section of
radius r <a and centred at the cylinder axis.

(d) Use Ampere's Law to derive an expression for
the magnetic field B in the region r<a.

2. A conductor is made in the form of a hollow cylin-
der with inner and outer radii a and b, respectively.
It carries a current | uniformly distributed over its
cross section. Find the magnitude of the magnetic
field in the regions
(@) r<a
(b) a<r<b
(c) r>b
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. A cylinder of radius R = 0.5 cm is actually made
from a packed bundle of 100 long, straight, insu-
lated wires.

(a) If each wire carries 2 A, calculate the magni-
tude and direction of the magnetic force per
unit length acting on a wire located 0.2 cm
from the centre of the bundle.

(b) Consider a wire on the outer edge of the
bundle. Will it experience a force greater or
smaller than the value calculated in part (a)?

. Write the equation for Ampere’s circuital law for the

Amperian loop shown in figure. The arrow marks

show the sense in which the Amperian loop is taken.

]1 12 13
Amperian
Loop

. A long cylindrical conductor of radius R carries a
current | as shown in figure. The current density
], however, is not uniform over the cross section
of the conductor but is a function of the radius
according to J=br, where b is a constant. Find an
expression for the magnetic field B

(a) atadistance <R and
(b) atadistance r, >R, measured from the axis.

. A very large parallel-plate capacitor caries charge

with uniform charge per unit area +¢ on the

upper plate and —o on the lower plate. The plates

are horizontal and both move horizontally with

speed v to the right.

(a) Calculate the magnetic field between the plates.

(b) Calculate the magnetic field close to the plates
but outside of the capacitor.

(c) Calculate the magnitude and direction of the
magnetic force per unitarea on the upper plate.

(d) At some extrapolated speed v, the magnetic
force on a plate balances the electric force on
the plate. Calculate v.

. Consider the cross section of a non-conducting

cylinder that has N wires parallel to the axis of the

cylinder and uniformly spaced around the curved

surface as shown in figure. The cylinder has a radius
Rand the current in each conductor is and directed
out of the plane of the figure. Assuming N to be a
very large number and the radius of each wire to be
small compared with the radius of the cylinder, find
an expression for the magnetic field B.

(a) at <R and
(b) atr,>R

(c) Calculate Bwhen N=100,R=5cm, =10 A
andr,=15cm.

. (a) For the coaxial cable shown, derive an expres-

sion for the magnitude of the magnetic field at

points inside the central solid conductor (r< a).
(b) For this coaxial cable derive an expression for

the field within the tube (b<r<c).

Interpret the results forr=a,r=bandr=c.

£

. A column of electric current when passing through

a plasma (ionized gas) makes filaments of current
within the column which are magnetically attracted
to one another. They can crowd together to yield a
very great current density and a very strong mag-
netic field in a small region. Sometimes the current
can be cut off momentarily by this pinch effect. The
pinch effect can be demonstrated by making an
empty aluminium can carry a large current parallel
to its axis. Let R represent the radius of the can and
| the upward current, uniformly distributed over
its curved wall. Determine the magnetic field just
inside the wall and just outside the wall. Also calcu-
late the pressure on the wall.

10. Find the magnetic pressure which the lateral sur-

face of a long straight solenoid with n turns per
unit length experiences when a current | flows
through it.

v
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MAGNETIC FORCE ON CURRENT CARRYING CONDUCTORS,
MAGNETIC MOMENT AND TORQUE

MAGNETIC FORCE ON A CURRENT
CARRYING CONDUCTOR

Since a charged particle in motion experiences a
magnetic force in a magnetic field. Hence a current
carrying wire also experiences a force when placed
in a magnetic field because of the fact that the current
is due to the motion of collection of many charged
particles. Hence, the resultant force exerted by the
field on a current carrying wire is the vector sum of
the individual forces exerted on all the charged parti-
cles constituting the current. The force exerted on the
particles is transmitted to the wire when the particles
collide with the atoms making up the wire. Consider
a conducting wire of length [, area of cross-section
A carrying a current I to be placed in a magnetic
field B as shown in Figure.

Fi -
® 848 © ® &b

L=

® ® ® ® © ®
¢ >

Since the free electrons in the wire drift with a
speed v, opposite to the direction of current, so the
magnetic force exerted on an electron is given by f,
where

}‘ =—¢ ( ﬁd X B)
If n be the number of free electrons per unit volume
of the wire, then total number of electrogs in the wire
having volume Al are, N=n(Al).If F is the total
force on the wire, then

F = Nf = -e(nAl)(3, xB)

Since we know that neAv, =1 and if we denote the
length I along the direction of the current by I, then
the above equation becomes

F=1(IxB) (1)

The direction of F is given by Fleming’s Left Hand
Rule as discussed already. According to this rule,

stretch the first finger, the middle finger and the
thumb of the left hand in such a way that they are
mutually perpendicular to each other such that the

first finger points in the direction of field (B), the
middle finger points in the direction of conventional

current (I), then the thumb gives the direction of
magnetic force (F).

Force

Magnetic field

Current

For the above expression, following points are worth
noting

(a) Here [ is a vector that points in the direction of
the current | and has a magnitude equal to the
length. )

(b) Magnitude of F is F =BlIlsinf, where 6 is the
angle between I and B. F, is zero for §=0° or
180° and maximum for 6=90°.

() The expression F=I (7xB) applies only to a
straight segment of wire in a uniform magnetic
field.

(d) For the magnetic force on an arbitrarily shaped
wire segment, we consider the magnetic force
exerted on a small segment of vector length dI ,
then

df =1(dl xB) (2)
The total force F,, acting on the wire, as shown
earlier is calculated by integrating equation (2)
over the length of the wire. So, we get

R

F=1(a xB)

P
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Now let us consider two special cases involving
F= IJdeB . In both the cases we have taken the mag-

netic field to be constant in magnitude and direction.

CASE-1:
A curved wire PQR (as shown in FIGURE 1) carries a
current I and islocated in a uniform magnetic field B.

R B
df/ Q,” A R
P | .
Figure 1

Since the field is uniform, so we can take B outside
the integral to get

R
Fel jdf «B
P

R
But the quantity '[df represents the vector sum of all

P
length elements from P to R . From the polygon law

of vector addition this sum equals the vector Lg..ye
directed from P to R. Hence, we can rewrite the
expression as

—

F =1 ( Ieffective X E )

-

= FPQR = Fpp = 1(PRxB), in a uniform field.

CASE-2:

For an arbitrarily shaped closed loop carrying a
current I placed in a uniform magnetic field (as
shown in FIGURE 2).

il
\)

L=
> B

v

v

Figure 2
Here too, we again get the force acting on the loop as

F=1Udfx3)

However, this time we must take the vector sum of
the length elements dI over the entire loop, so

ﬁ=;(35df)xﬁ

Now since, the set of length elements forms a closed
polygon, hence the vector sum éd? must be zero.

Thus, we get
F=0

Hence the net magnetic force acting on any closed
current loop in a uniform magnetic field is always
Zero.

(a) Conductor to Appear Weightless (or Floating
In Air)
A current carrying conductor is lying in a horizon-
tal plane such that it is making an angle 8with the
direction of magnetic field B, which also lies in the
horizontal plane as shown in Figure.

F

m

i

Magnetic field B is inwards making
an angle 0 with the length of rod

For the conductor to appear weightless, we have

mg = BILsin®
[
BLsin6

(b) Sliding of conducting rod with constant
velocity on inclined rails
When a conducting rod slides on conducting
rails. In the following situation conducting rod XY
slides with constant velocity (or is in equilibrium),
when
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Conducting

Guides
X

Insulated
— W

/ stand

Fcosf=mgsing
= BlLcosf=mgsing

= B= ﬂtané?
IL
(c) Tension less strings
In the following figure the value and direction of
current through the conductor XY so that strings
become tensionless i.e. when weight of the con-
ductor XY is balanced by the magnetic force (F, ).

String
x X X
x X x
X X X

My
X x 1 X X
FITI
I W
X — Y
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Hence direction of current is from X =Y andin
balanced condition

F,=mg
= BlL=mg

_Mg

= (=
BL

ILLUSTRATION 63

A straight wire having mass 400 g, length 2 m car-
rying a current of 2 A is suspended in mid air with
the help of a uniform horizontal field B as shown
in Figure. Calculate the value of the field for this to
happen.

®B
2A

—_—
2m

SOLUTION

Since the weight mg of the wire always acts verti-
cally downwards, so for the weight to be balanced
the magnetic force F,, on the wire must act upwards
as shown in Figure.

®B TF -

i 4

]
mg

So, we have

Bilsin @ = mg , where 6 =90°

0.4x9.8
= =
2 x2xsin90°
= B=098T

ILLUSTRATION 64

In the arrangement shown, a semi-circular wire loop
is placed in a uniform magnetic field B=2T. The
plane of the loop is perpendicular to the magnetic
field. A current I =4 A flows in the loop in the direc-
tions shown.
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Find the magnitude of the magnetic force in both the
cases (a) and (b). The radius of the loop is 2 m .

SOLUTION

Since in FIGURE (a), the arrangement forms a closed
loop and the current completes the loop. Hence the,
net force on the loop in uniform field is zero.

In FIGURE (b) although the arrangement forms a
closed loop, but the current does not complete the
loop. Hence, net force is not zero.

® .
® ® ¢ B ®
® ® ® ®
® @ ® ®
A > D
® ® ® ®
Since Fyp = Fup and
Roop = Facp + Fap =2F,p { PACD=FAD}

= Floop =P=2‘FAD|

= F=2Bllsinf {where 4 =2r=4m}

=  F=4BIrsin(90°)
= F=(4)(2)(4)(2)=64N

ILLUSTRATION 65

A circular loop of radius R is bent along a diameter
and given a shape as shown in figure. One of the semi-
circles (KNM) lies in the X-Z plane and the other one
(KLM) in the Y-Z plane with their centres at origin.
Current [ is flowing through each of the semicircles
as shown in figure.

(a) A particle of charge g is released at the origin
with a velocity o= —UOIA' . Find the instantaneous

force F on the particle. Assume that space is
gravity free. X
(b) If an external uniform magnetic field B;j is

applied, determine the force F, and F, on the
semicircles KLM and KNM due to the field and

the net force F on the loop.

SOLUTION
(@) Magnetic field (B) at the origin is

) Magnetic Magnetic field
B=| fielddueto [+| due toother
semicircle KLM semicircle KNM

Since, magnetic force acting on the particle is

given by F=q(fix3)

o Fegf (47

4R
= I_: = _(#LUUI)I’(‘
4R

() Fou = Fouy = Fey and Fyy = BI(2R)i = 2BIRi

= F=F=(2BR)i
Hence total force on the loop is F = F, +F,
= F=(4BIR)i

ILLUSTRATION 66

Arod of mass m and radius R rests on two parallel
rails that are a distance / apart and have a length L.
The rod carries a current [ in the direction shown in

Figure.
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The rod rolls along the rails without slipping. A uni-
form magnetic field B is directed perpendicular to
the rod and the rails. If it starts from rest, what is the
speed of the rod as it leaves the rails?

SOLUTION

The magnetic force acting on the rod is given by

E=1(1xB)=1(k)xB(-])=(BI)i

A

From Work Energy Theorem we have

(Kh‘ans + Krot )initial +AE= (Ktrans + Krot )

final

= 0+0+F5cos€=;mvz+;1’a)2, where [ = ;mRZ

1 5, 1({1 )oY
= (BIl)Lcos0°=—mv”+—=| =mR" || —
2 282 R

= BIlL= %mvz

ILLUSTRATION 67

A thin copper bar of length | is supported horizon-
tally by two (non-magnetic) contacts. The bar carries
current [; in the —x direction, as shown in Figure.

C—1 T »X

e

V4
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At a distance /1 below one end of the bar, a long
straight wire carries a current I, in the z-direction.
Determine the magnetic force exerted on the bar.

SOLUTION

At a point at distance x from the left end of the bar,
Holy

2n\ i +x2

the left and above the horizontal at angle 8 where

current I, creates magnetic field B = to

X -
tan6 = 7 as shown in Figure.

This field exerts force on an element of the rod of
length dx

Uolodx
|
2aVh? +x°

- Ul Ldx X

dE=1,(di xB)=1 sinf

= dF= , into the page
Zm\/hz +x° \/hz +x2
. d? _ ﬂuIl.lzxdx (—j(\")

Zﬁ( W+ x? )
The net force is the sum of the forces on all of the
elements of the bar. So

[
f:_‘, _ ‘[ ‘U()Ilfzxdx "‘)
2n(h2+x2)

x=0

A

#01112(—'1()
ir

[=| 20172 |y —k
= ( in 0g, hz ( )

[ log, (1?+1%)-1og, * |
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ILLUSTRATION 68

A straight current carrying wire of length a carrying
a current I, is placed near a very long straight fixed
conductor carrying a current I; as shown in Figure.
Calculate the magnetic force acting on the wire due
to the conductor.

I
—=——Wire

>
r a

; Conductor
! (Fixed)

SOLUTION

Dear Student, here we cannot directly use the formula
F=1(IxB) to calculate force acting on the wire due
to the conductor, because the magnetic field gener-
ated by the very long conductor is non-uniform and
varies from one end of the wire to the other end.

So, to calculate the force, we have to consider an
infinitesimal element of length dx at a distance x
from the conductor as shown in Figure.

I y
B® b
Cm—> ¥
—— ) —
X dx z

If dF be the force on this element due to the field of
the conductor, then we have

dF =1(di xB)
where, dI = (dx)i and B—m( k)
2nx
= dF=I(deE)=(M)(Ex(—]E))
2mx
S dﬁz(M);
2mx

Integrating, we get the net force on the wire to be

r+a
o far-( ) 2
2n X

r

r+a
?=(#01112 )} d_x
2 X

r

F= HoliT (Inx)[*" = Holy I
2r 2r

r+a
o)
r
ILLUSTRATION 69

An equilateral triangular frame with side a car-
rying a current [ is placed at a distance a from an
infinitely long straight wire carrying a current I as
shown in the figure. One side of the frame is parallel
to the wire. The whole system lies in the x-y plane.

Find the magnetic force F acting on the frame.

DL

SOLUTION

The net force on the frame is

Since, we known that — _H oll2
2nr
2 2
> R [“””](—f)— [E} )
2ma 2n

naﬂ‘
1
|
|
I

y
2
dq=idx-fdy X
TN

Consider an infinitesimal length element d [, on 23,
then dl,; = idx - ]dy If dF,; is the force due to the
field on this wire, then we have

dFy; = 1(dly x B), where B= [ﬂ—ol)(—l})
2mx
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2er
JioG K
= dﬁ‘zS:&dx —dy 0
2z ]
0o 0 --
X
Plafdy) -
o dB, = i(—y)+j(d—xﬂ 2)
2r | \ x X

Similarly, we shall now find Ej;. So, again consider

an element dly; on 31, then dly =—(fdx+}dy) as

shown in figure.

__3(1 ﬁ] -

1 : y
1
Iz : X
1

123
73y =—idx- jdy

1 B ( Ko/ ](—k)

we have

= dF31=I( —idx - }dy) (uﬂj)(—ﬁ)

2nx
- dFm:‘uin(fder}dy)x(ilz)
1i G
- dFm:”z“—Idx dy 0
T
0 0 1
X
Py
= dFm:Mi(—y)-j(d—"H -0
2r | \ x X

The resultant infinitesimal force on conductor 23 and
311is given by

dF,y, = dFy; +dF;,

From (2) and (3), we get

2d
dFyy, = #20 |: ( y”
n X
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To find the relation between dx and dy, we make use
of the following figure.

Since, dy = %

-t (2]

Integrating, we get

tan(30°)= g_i

N
- wl? f dx

Fp =2 =i
w= e .
) a+£a
= Mol 2o
= Fy=~F+log,x i
o= ) )
. dl R
= Fm=%_10g8(u+?3a]—logga]i
.

—Egloge(H?J
(

ILLUSTRATION 70

A coil carrying a current I is placed in a uniform
magnetic field so that its axis coincides with the field
direction. The single-layer winding of the coil is made
of wire with diameter d, radius of turns is equal to R.
At what value of the induction of the external mag-
netic field can the coil winding be ruptured? Assume
the breaking stress of the wire to be o, .

SOLUTION

Blar
Each element of length dI experiences
a force Bldl. This causes a tension T 7
in the wire. Consider an infinitesimal
arc element of length dl, subtending ®

anangle d at the centre as shown in
Figure.
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Bldr
do
Tcos (?J < | - » Tcos (d_;))
do/2 def2
\ /
\\ . (do ’/ \
T v, 2Tsin|— / T
\\ : ’/
Y 1 /
R* ! s R
\ @] % y
\2 ,f
N\
\(-:r\’

For equilibrium, we have
2Tsin(%) = Bldl

Since df is very small, so we get

: (dﬂ) de
sinf — |=—
2) 2

= Td@=BIdl
= Tdf=BI(Rd9)
= T=BIR
The wire experiences a stress ¢, which is
Force BIR
0' = = —
Area gd®
4

This must equal the breaking stress o, for the
winding to rupture. Thus,
B nd*c,

max 4IR

ILLUSTRATION 71

A wire with cross-sectional area A, density p bent
to make three sides of a square can turn about a hori-
zontal axis OO” as shown in Figure.

o

The wire is located in uniform vertical magnetic field.
Find the magnetic induction if on passing a current
I through the wire the latter deflects by an angle 6.

SOLUTION

The magnetic forces on the sides OP and O’P’ are
directed along the same line, in opposite directions
and have equal values, hence the net force as well as
the net torque of these forces about the axis OO’ is
zero. The magnetic force on the segment PP’ and the
corresponding moment of this force about the axis
00’ is effective and is deflecting in nature.

=70
~fo s b
\\ T 9\\
6

In equilibrium, shown by the dotted position, the
deflecting torque must be equal to the restoring
torque, developed due to the weight of the shape.
Let, the length of each side be I and p be the density
of the material then,

Bll(Icos6) = (Alp)g(%sin9)+

(Alp)g(%sinﬂ)+(Alp)g(sin9)
= I1I*Bcosf=2Apgl*sin®

2A
p==P8

ILLUSTRATION 72

A conducting wire of length [ is placed on a rough
horizontal surface, where a uniform horizontal mag-
netic field B perpendicular to the length of the wire
exists. Least values of the forces required to move the
rod when a current [ is established in the rod are
observed to be F, and F,(<F) for the two possible
directions of the current through the rod respectively.
Find the weight of the rod and the coefficient of fric-
tion between the rod and the surface.

tan®@
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SOLUTION

Changing the direction of current in the wire, we can
change the normal reaction on the wire by the surface.
In one case magnetic force on the wire will be in upward
direction while in the other case it will be in the down-
ward direction. Hence normal reaction is given by

N =mg+BIl

= f{fiction limiting) = p(mgxBll) as F>F,

= K =f =up(mg+Bll) (1)
and F, = f, = u(mg-BlIl) (2
BIt
Ni B B

mg
BIt
From equations (1) and (2),
F,  mg+BIl
F, mg—BIl
= mngH(u) ..-(3)
h-F
From equations (1) and (3), we get
_h-FL
2Bl

ILLUSTRATION 73

A straight segment OC (of length L) of a circuit car-
rying a current I is placed along the x-axis. Two infi-
nitely long straight wires A and B, each extending
from z=—o to +o, are fixed at y=-a and y=+a
respectively, as shown in the Figure.

y
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If the wires A and B each carry a current | into the
plane of the paper, obtain the expression for the force
acting on the segment OC . What will be the force on
OC if the current in the wire B is reversed?
SOLUTION

The current I at A into the plane of the paper pro-
duces magnetic field B, at P(x, 0, 0) in a direction
perpendicular to AP, as shown in Figure.

y
.

Yot X P C

z

The magnetic field B, which acts perpendicular to
BP is due to the current I at B into the plane of
paper. The total magnetic field at P due to the cur-
rents at A and B is obtained by the vector addition
of the fields B, and B,. On resolution, we observe
that the x-components of B, and B, cancel each other
whereas y-components add up and thus the net field
of B, and B, would point towards -y direction.
Since

I I
B=B,+B,, where B, = £ and B, = £
2nr 2nr

= 2#01 “
= B=——cos8|- (1
L cos6(-]) 0
where 6 is the angle which AP or BP makes with
OP, (ie., x-axis) and r is the length of AP or BP.If

x is the length OP , then

2 x x
r=+xr“+a° and cosf=—-=
N Y

Substituting these in equation (1), we get

2l

The force dF acting on the current element Idxi due
to the field B is given as

dF = Id] x B
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- dﬁ:fdx?x(—})(m)( . )

T N\ x2+ad?

2
o g Uyl (—k) xdx
n x*+a?

Total force acting on the wire OC is obtaining by
integrating the above expression within the limits
from x=0 to x=L. So, we get

Fotol ;z)j i
B Of+ﬁ

2 2 2
= F:&(_k)loge(ﬂ]

2n a?
So, we get
2 2, .2
Hol X" +a .
F= lo ,along -z axis
27 ge( a? ) &

If the current in wire B is reversed, then the magnetic
field B, at P due to the current I at B would act in
the direction as shown in Figure.

On resolution, the resultant field of B, and B, will

be along +x -axis i.e., along Idl . So, force due to this
arrangement of A and B on the conductor OC is
Zero.

ILLUSTRATION 74

A semi-circular conductor of radius R carrying a
current [ is coplanar with a very long straight con-
ductor carrying a current I . The distance of the centre
of the straight conductor is # from the straight con-
ductor. Find the magnetic interaction force between
the conductors for the position shown in Figure.

SOLUTION

According to Biot-Savart’s Law the magnetic induc-
tion due to very long straight current [ is directed
normally into the plane of the figure. The magnitude
of the magnetic induction due to straight current
depends upon the perpendicular distance from it.
Here the elements of semi-circular current are at dif-
ferent perpendicular distances from the straight cur-
rent. Let us take an element of the circular current at
anangle @ from horizontal as shown in the Figure.

I B dFsinf dF
® Ly
’ [0
It do ﬁ’l dFcosh
XA
AN
f\ﬁa i
I “~ I
i dB\‘\\\: dFcosf
I 0
I
I
i i F
! dF?inB
| Rcosf |

|
e 4 .

Taken elemental wire experiences the Ampere force
in accordance with the formula.

dE =1 (df xB’), which gives

dF = I,Rdg 22
27 (a+Rcosh)

the centre

, directed away from

From the symmetry of the problem, all sine com-
ponents cancel, hence the net Ampere force F is
directed towards right and is given by

Eo= J. dF cos@
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se
? 040
=~ E,= J ) L
2r ° (a+Rcosh)
3
% costib
- E,=HpR :zJ'L
on (a+Rcosh)
0
S
-~ =% HORJ oS
(a+Rcos6)
0

Uolly [ 2a 4 ja-R
= F. = —— tan ~,[——
o [2 Ny \a+R

Please note that if the current I, were in a circular loop
having its centre at O, then the two halves experience
forces in the opposite directions. The left half experi-
ences the Ampere force F . (sy) towards left and
the right half experiences a net force Figp¢ 1y towards
right and so the net Ampere force on the circular cur-
rent loop becomes (Fies pa — Fright wart ).~ directed
towards left.

ILLUSTRATION 75

A non-uniform magnetic field exerts a net force on
a magnetic dipole. A strong magnet is placed under
a horizontal conducting ring of radius r that carries
current | as shown in Figure.

If the magnetic field B makes an angle 8 with the
vertical at the ring’s location, calculate the magnitude
and direction of the resultant force on the ring?
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SOLUTION

The magnetic force on each bit of ring is

1 (deB):BI (de) radially inward and upward, at
angle 6 above the radial line as shown in Figure.

The radially inward components tend to squeeze the
ring butall cancel out as forces. The upward components

[d/Bsin @ all add to give F =1(27r)Bsin6, upwards.

ILLUSTRATION 76

A thin, uniform rod with negligible mass and length
{ is attached to the floor by a frictionless hinge at
point P. A horizontal spring with force constant k
connects the other end of the rod to a vertical wall.
The rod is in a uniform magnetic field B directed into
the plane of the figure. There is current I in the rod,
in the direction shown in Figure.

A

®®®k®®®

o ®

v

(a) Calculate the torque due to the magnetic force on
the rod, for an axis at P. Is it correct to take the
total magnetic force to act at the centre of gravity
of the rod when calculating the torque? Explain.

(b) When the rod is in equilibrium and makes an
angle of 30° with the floor, is the spring stretched
or compressed?

() How much energy is stored in the spring when
the rod is in equilibrium?

SOLUTION

Let us calculate the force and then the torque on each
small section of the rod and then integrating to find
the total magnetic torque. At equilibrium the torques
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from the spring force and from the magnetic force

cancel. If the spring stretches by x, then we have
U= lchz
2

which gives the energy stored in the spring.

daF

{ Axis !
Let us now divide the rod into infinitesimal sections
of length dr, as shown in figure.

(@) The magnetic force on this section of the rod
is dF =IBdr and is perpendicular to the rod.
The torque d7 due to the force on this section
is dt =rdF = IBrdr . The total torque is given by

’

7= Jd’c = IBerr = %MZB , clockwise.

0
(b) F produces a clockwise torque so the spring

force must produce a counter clockwise torque.
The spring force must be to the left so as to keep
the spring stretched.

(c) Since Zr =0, axis at hinge, counter clockwise

torques positive

= (kx)ﬁsin(30°)—%lﬁzB—0

BI?
= X=—
k
2 2722
= u:lkxzzlk[%) BT
2 2 k 2k

The total magnetic force F = BI/ acts at the centre
of the rod. Also note that, we didn’t include the
torque due to gravity since the rod had negligible
mass.

MAGNETIC PRESSURE AND MAGNETIC
FIELD ENERGY

Since we know that a charged metal surface always
experiences an electrostatic pressure on it in the out-
ward direction due to its surface charge density (as
already studied in Electrostatics).

Now let us consider the case of a hollow current
carrying cylindrical conductor. For the case of a cur-
rent carrying hollow conductor, the current flows at
its surface. This current flowing on the surface can
be thought to be flowing in parallel strips each carry-
ing current in the same direction, due to which these
strips must attract each other and hence the conduc-
tor surface experiences an inward magnetic pressure.

To calculate this magnetic pressure on the sur-
face, let us consider a long straight hollow cylindri-
cal shell carrying a current I . Since we know that at
every point inside this hollow conductor, the mag-
netic field is zero, whereas just outside the conductor,
the magnetic field is

I
B:z‘erR ()

Figure shows the front view and the cross sectional
view of the hollow cylindrical conductor which
shows an infinitesimal wire PQ of width dw and the
remainder conductor shell PSQ .

Front View

Let us draw the cross-sectional view of the circular
section and then consider two points X and Y just
inside and outside the cylindrical shell as shown in
the Figure.

Cross-sectional View

Atboth these points magnetic field must be the vector
sum of the fields due to the infinitesimal wire and the
remainder cylindrical shell. At point X, the magnetic
field is zero and at point Y, magnetic field is given by
s il
2nR

If B, and B, be the magnetic fields at points X
and Y due to the infinitesimal wire PQ (of width dw)
and the remainder conductor shell PSQ, then we
have
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ae
BX_:BI_BZZO ...(2)
Hol
By =B;+B,=B=—— ...(3
y = Dy + 0 7R (3)
From equations (2) and (3), we have
B
B,=B,=— ..(4
175275 (4)

This is exactly similar to the case studied in elec-
trostatics. So, we see that, the elemental part PQ
of the shell contributes exactly half of the magnetic
field just outside the shell due to the entire current
flowing in it.

If we consider a length [ of the elemental wire
PQ, then force experienced by it due to the remain-
ing section PSQ) is given by

dF =B, (dI)], where dI =(I)dw
2nR
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= szBz(Idw)I
2nR

v/

4nR J\ 2nR
The area of the elemental wire strip is dA =Idw, so,

the inward magnetic pressure P, on the elemental
strip is given by

YT G (,ut,zﬁ]

"TdA 82RE 2\ 4n2R?

B2

2y
This expression in equation (5) represents the mag-
netic pressure due to a surface current and this is
also equal to the magnetic energy density i.e. energy
stored per unit volume by the magnetic field of the
current carrying conductor.

= ..(5)

m

0‘7 Test Your Concepts-VI

1. Liquid sodium, an excellent thermal conductor
which melts at 99°C is used in some nuclear reac-
tors to cool the reactor core. The liquid sodium is
moved through the pipes of the reactor through
Electromagnetic pumps. These pumps work on
the concept that a moving charge in a magnetic
field experiences a force. Consider a liquid metal
to be in an electrically insulated pipe that has a
rectangular cross-section of width w and height
h. A uniform magnetic field B acts perpendicular
to the section of pipe having a length / as shown.
Also, an electric field directed perpendicular to the
pipe and to the magnetic field produces a current
density j in the liquid.

i

/ﬁ
7

B

[P

—w—

(a) Calculate force that acts on the liquid in the
arrangement shown.

(b) Calculate pressure increase, that the section of
the liquid of length / experiences in the mag-
netic field.

Based on Force on Current Carrying Conductor

(Solutions on page H.21)
2. The circuit shown in figure is used to make a mag-
netic balance to weigh objects. The mass m to be
measured is hung from the center of the bar that is
in a uniform magnetic field of 1.5 T, directed into
the plane of the figure. The battery voltage can be
adjusted to vary the current in the circuit. The hori-
zontal bar is 60 cm long and is made of extremely
light weight material. It is connected to the battery
by thin vertical wires that can support no apprecia-
ble tension. All the weight of the suspended mass
m is supported by the magnetic force on the bar.
A resistor with R=5Q is in series with the bar and
the resistance of the rest of the circuit is much less
than this.

a b 5Q

®®®Bar®8®®
®®®\®®®
m

(a) Which point, a or b, should be the positive
terminal of the battery?
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(b) If the maximum terminal voltage of the battery 7. The top view of a conducting rod AB, bent to form

is 175V, calculate the greatest mass m that this
instrument can measure.

. A 0.2 kg metal rod carrying a current of 10 A glides
on two horizontal rails 0.5 m apart. What vertical
magnetic field is required to keep the rod moving
at a constant speed if the coefficient of kinetic fric-
tion between the rod and rails is 0.17

. A metal rod having a mass per unit length 4 carries
a current I. The rod hangs from two vertical wires
in a uniform vertical magnetic field as shown in
figure. The wires make an angle 6 with the vertical
when in equilibrium. Determine the magnitude of
the magnetic field.

[ A ]

. A wire having a mass per unit length of 0.5 gcm™
carries a 2 A current horizontally to the south.
What are the direction and magnitude of the mini-
mum magnetic field needed to lift this wire verti-
cally upward?

. In the figure shown, the cube has each side of
length /. Four straight segments of wires ab, bc, cd
and da forming a closed loop carrying a current |,
in the direction shown are taken. A uniform mag-
netic field of magnitude B is existing in the positive
y-direction. Determine the magnitude and direc-
tion of the magnetic force on each segment.

a semicircle of radius R, carrying current I, placed
on a smooth horizontal table is shown in Figure.
It is subjected to a uniform magnetic field B per-
pendicular to its plane. The rod is held at rest in its
position by two light strings attached to its ends.
Calculate the magnetic force acting on the conduc-
tor AB and the tension in the strings.

. The circuit in figure consists of wires at the top

and bottom and identical metal springs in the left
and right sides. The upper portion of the circuit is
fixed. The wire at the bottom has a mass of 10 g
and is 5 cm long. The springs stretch 0.5 ¢cm under
the weight of the wire and the circuit has a total
resistance of 12 Q. When a magnetic field is turned
on, directed out of the page, the springs stretch an
additional 0.3 cm. What is the magnitude of the
magnetic field?
24V
|_

®©@ | @ ® @ @
©® ® ® ® ®©

— 5 cm—»

9. A conductor suspended by two flexible wires

as shown in figure has a mass per unit length of
0.04 kgm™'. What current must exist in the con-
ductor in order for the tension in the supporting
wires to be zero when the magnetic field is 3.6 T
into the page? Also find the required direction for
the current?
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10. Consider a uniform square frame as shown in
figure. Each side of the frame is of length a. The lon-
gitudinal mass density of the frame is 4. The frame
carries an electric current | and is free to move
around its upper side (side 3 in figure). Compute
the magnetic field B in the +y direction, required
to hold the frame titled 30° away from the vertical
axis.

»

11. A long thin walled hollow cylinder of radius r is
carrying a current |. A very long current carrying
straight conductor is passing through the axis of
the hollow cylinder, carrying a current I,. Find the
tension per unit length developed in the hollow
cylinder due to the interaction of the straight cur-
rent carrying conductor.

\_
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12. A uniform magnetic field B =B,k exists in a region.
A current carrying wire ACDEFB is placed in x-y
plane as shown in Figure. Calculate the force acting
on the wire AB, if each section of the wire is having
length a.

—

Dr—+—E
14 12 Y
)@ a
A= e Fa> B X

13. A conducting rod of mass m, length | carrying a
current | is subjected to a magnetic field of induc-
tion B as shown in Figure.

g
m(1, 1

If the coefficients of friction between the conduct-
ing rod and rail is 4, find the value of | for which the
rod starts sliding.

B

J

MAGNETIC DIPOLE

Just like a bar magnet , every current carrying loop
behaves like a magnetic dipole and has two poles,
South (S) and North (N) in which the magnetic
field lines emanate from the north pole and after
forming a closed path terminate at the south pole.
Each magnetic dipole has some magnetic moment
([\71) . The magnitude of the dipole moment M is

M=N(IA)

where, N is the number of turns in the loop, I is cur-
rent in the loop and A is area of cross-section of the
loop. To find the direction of M , we can make use of
any of the following methods.

The vector M is along the normal to the plane
of the loop and its orientation (up or down along the
normal) is given by the right-hand rule.
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=

makes net current in that branch to be zero) two (or
more) closed loops can be completed in different
planes. Now the net magnetic moment of the given

For getting the direction of M , just curl the fingers of
your right hand around the perimeter of the loop in
the sense of current as shown and extend your thumb
so that it is perpendicular to the plane of the loop. The

Fingers curl in
the sense of %
current

loop is the vector sum of individual loops.

Z
B c
I |
|
= A > D i
PN ____ .
L lE L H |
F G

thumb direction gives the direction of M.
I

I Sl

® Y @M 4a
a
@ (o) (©
M = I(nR?) M =129 M = I(ab)

Remark(s)

For calculating M, let us discuss two more methods.
METHOD 1

This method is useful for calculating M for a rectan-
gular or square loop.

The magnetic moment (M) of the rectangular loop
shown in figure is,

M=1(PGxQR)=1(QRxRS

P e Q
L v/
S “ R

Here the cross product of any two consecutive sides
(taken in order) gives the area as well as the correct
direction of M also.

METHOD 2

Sometimes a current carrying loop may not lie in a
single plane. However, by assuming two equal and
opposite currents in one branch (which obviously

(b)

For example, in figure (a), A loop carries a current [ in
the directions shown. To find the magnetic moment
we assume two equal and opposite currents in wire
AD and get two complete loops in two different planes
(xy and yz). So,

= Mnet =Mppgcpa + MADGFA =-I? (' + k)

ILLUSTRATION 77

A given length of a constant current carrying straight
wire is moulded into a square, equilateral triangle
and a circular loop, each of one turn. Which loop has
the maximum magnetic moment?

SOLUTION

Let L be the length of the wire to be bent in loops of
various shapes and let I be the current in each loop
and A A and A be the area of the

sqaure / circle
square loop, triangular loop and circular loop . Then

triangle

For Square

L=4a
= a=-
4
LY I P—
= As uare:azz(_) =—
E 4) 16 a
2
:> MS uare:IAs U.al'l?:Iaz:£
q q 16
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(]
For Triangle
L=3a % \

L
= a=-

3

o —
V3 2 V3 ( L )2 NEYh
= Ah‘iangle =—a =—| T =—
4 4 \3 36
J3II
= Mtriangle = JTAtriangle = 7
For Circle
L=2nR

= R= i

2r

2 2
= Acircle=nR2=ﬂ[L—2]=L— I
dm in
1’
= Mcircle = IAcircle = 4_ = MAXIMUM
Y

ILLUSTRATION 78

A square loop OABCO of side [ carries a current [
and is placed as shown in Figure. Calculate the mag-
netic moment of the loop.

SOLUTION

As discussed, the magnetic moment of the loop is
given by

M=1(BCxCO)
where, BC= Ik
and CO =-Icos60°% —Isin60°] = —%%-?}
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A—/I=H;(—\/§§+}]
= |Ml|=1?

ILLUSTRATION 79

Find the magnitude of magnetic moment of the cur-
rent carrying loop ABCDEFA . Each side of the loop
is 10 cm long and current in the loopis I=2 A.

SOLUTION

By assuming two equal and opposite currents in BE,
two current carrying loops (ABEFA and BCDEB) are
formed as shown in Figure.

I
C D

A F A F

Their magnetic moments are equal in magnitude but
perpendicular to each other. Hence,

M, = M2+ M? = 2M
where M =1A4=(2)(0.1)(0.1)=0.02 Am*
= My =(+2)(0.02) Am?
= M, =0028 Am*

GYROMAGNETIC RATIO (GMR)

Whenever a non-conducting uniformly charged body
is rotated with some angular speed then the ratio of
magnetic moment and angular momentum is con-

stant which is equal to Zi' where g is the charge
m

and m the mass of the body. This ratio is called as the
GYROMAGNETIC RATIO.
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EXAMPLE

In case of a ring, of mass m, radius R and charge g
distributed on its circumference, the angular momen-
tum L of the ring about the said axis is given by

L=Io=(mR?)e )
where, I is the moment of Inertia of the ring given by
[=mR?
Magnetic moment is given by
M=iA=(qf )(zR?)

where i is the current due to the circulating charge
_ 4
= = —=
i T qf
where f is the frequency given by f = 22
V9

The magnetic moment of the loop is given by

. ()] 2 (I)Rz
M: A: —_— R ={— 2
! (q)(zﬂJ(ﬂ )=9= @)
From equations (1) and (2), we get
M_1q
L 2m

Although this expression is derived for simple case
of a ring, it holds good for other bodies also. For
example, for a disc or a sphere.

ILLUSTRATION 80

A spherical shell of radius R, having charge Q
rotates with angular velocity @ about an axis passing
through its centre. Calculate the magnetic induction
at the centre of the shell. Find the magnetic moment
of the shell in terms of Q and express both the results
in terms of ¢ . Also calculate the ratio of the magnetic

moment | M| to the angular momentum of the rotat-
ing shell |L|, called as GYROMAGNETIC RATIO.

Can you conclude something significant from this
ratio? Explain.

SOLUTION

The shell can be assumed to be made up of a number
of co-axial rings. Consider one such ring of radius r,
azimuth angle 8, thickness dr subtending an angle
d6 at the centre, as shown in Figure.

If dq be the charge on the infinitesimal element, then
dq=0dA where dA=(2zr)dr, r=Rsin6

and dr = Rd6

Q

47R?

= dg= 27t(Rsin®)(Rd6)

= dq=(§)sin9d8

Now, this charge dg circulates about the axis shown,
so the equivalent current produced by the element is

ar=—"1 =(Q“’)(sm9d9)
2z 4
7]
Since the magnetic field at the axis of the current
carrying loop is given by

_ Myl (radius of ring y

s = , where

2(a? +22 )3&

(az +x° )3/2 =R’
So, the magnetic field produced due to an infinitesi-
mal current carrying loop at the axis is
el
2R?
11,00(Rsin@)* (sin6dg)
87R’

dB

= dB=

n

— dB= “"Q"’JsmS 040
87R 0

Since, sin(36)=23sinf—4sin’ 6
= sin36=i[351n6‘—sin(36‘)]

- B=st=M 1 JSsianB—Jsin(SH)dB
87R | 4

0
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a0
= B—J.dB—w 3(—(?059H)+COS(36)Ir
SZER 0 0
o B=M[3(2)+1(—2)}=M(3—1)
32nR 3 167R 3
B=HOQ(D(§)
167R \ 3
B=M {interms of Q, ® and R}
6mR

Now, since Q = (47R?) o

p o (47R? )ow
- 6mR

= B= i,uUO'Ra) {interms of 0, ® and R}

Now to calculate the magnetic moment, we know
that

_( Currentin Area of the loop
| the element

formed by element

= dM=(d)(xr?)

= dM= (%)(sinﬂdﬂ)(m{z sin? @)
T

27 s i3
o M:% H%mede—jsm(w)de
0 0

.
= M—Qi;R 3(2)+%(—2)] {as solved earlier]
2
= M:% §)=1Qa)R2
§ \3/ 3

{interms of Q, @ and R}
= M—%(Qa)Rz)
Since, Q =(47R?)o
= M:%(EO'R4CO) {in terms of 0, ® and R}

Let us also calculate the GYROMAGNETIC RATIO,
denoted by 7, i.e., the ratio of magnetic moment to
the angular momentum. So, we get
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1, 2
o QR
Gyromagnetic Ratio, y = M =3 = Q
|L‘ Z MR 2m
3

where m=mass of shell, Q = charge on shell.

Please note that, for a charged body of charge Q, mass
m rotating about axis of symmetry will possess both
angular momentum (L) and the magnetic moment
(M), on account of its rotation. It can be proved
(or also has been shown), that as long as the charge
and mass are distributed uniformly on the body, its
GYROMAGNETIC RATIO (y) is always given by

_Ml_o
Ll 2m
So, we could have calculated the magnetic moment

from the expression of Gyromagnetic Ratio, according
to which

_Q

m

o

= |M|=%QR2(9

ILLUSTRATION 81

A charge Q is uniformly distributed over the slant
surface of a thin walled right circular cone of semi-
vertex angle 6 and height i as shown in Figure.

(]

I

I

|

|

1

1

I

I
_____ Ao

- | -
+—R

The cone is uniformly rotated about its axis at angular
velocity @. Calculate the magnetic dipole moment
associated with the cone.
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SOLUTION
Charge Circulating

M:IA:( )(Area of loop)

Period of Revolution

Let us consider a small, current carrying loop element,
having thickness dx at a distance x from the base of

the cone as shown in Figure.

-
cosf X

Magnified view of element

If AM is the magnetic moment of this small loop hav-
ing charge dq, radius r and rotating with angular
velocity @ then we have

w

M=id=| 1 |4- @
2r

(%)
o
where A is area of the loop or the area circulated by
the charge in the loop. Also, we know that

(dq)A

dq=0dA, where ¢ = g, dAz(Zm)(d—x)
7RI cosf

and [ is the slant height of the cone given by [ = LB
cos

= dM:(%)[%)(Zm)(%)(mz) (1)

Also, from figure we observe that

’celnt?:E:L
h h-x

= r—(h;x)R
h
So, from (1), we get
2p3 3
dM_(g)(Qcosﬂ)[?_n R J(h—x) o
2 J\ mRh cosf h

= M:J.dM: "’QRZ-J'L(}@—;C)3 dx

h4

0

4
M:a)sz[(h—x) ]
p 4

h

0

2 4
= M= ok [O—h—)
Kt 4

= M= iQa)Rz = %Qwhz tan’ 6

Since we know that the Gyromagnetic ratio for such
an arrangement is given by

M_Q

=1

where M is to be calculated and L=Iw. For a thin

walled cone, | = %mRZ. So, we get

1 2)
—mR* |wQ
Mzwz(z 1

= —QaR’
2m 2m 40

= M= %Qcoh2 tan’ 6
{we could have by passed the process of integration}

However, for the solid cone, =2 MR, So, our
answer would be (if asked)

(%)
—mR* |wQ
o _L1g

2m 2m

3 3
= M=—QwR?*=—Quh’tan’ 0
ZOQ ZOQ

ILLUSTRATION 82

A solid cylinder has length L and inner and outer
radii Ry and R, respectively. The cylinder carries
a uniform charge density p and is rotating angu-
lar velocity @ about its axis. Calculate the magnetic
moment of the cylinder. Assume the above cylinder
to be solid of radius R, length L and let it carry a
uniform charge density +p from r=0 to r(<R)
and an equal charge density of opposite sign —p,
from r(<R) to R. If the cylinder is rotating uni-
formly about its axis such that its magnetic moment
is zero, then calculate r. Assume that the mass is
distributed uniformly on each cylinder in both the
cases.
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SOLUTION

Since we know that the Gyro-magnetic Ratio

M| g
- = (1
i am )

If m be the mass of the cylinder, then
L= %'m(Rl2 +R) )a) and
q=pV =pr(R2-R} )L
From equation (1), we get
[#]= L Iz]
2m

. |M:ﬁ[%m(ﬁmg)w][m(ag_R;)L]

= |M=ixp£w(R§—Rf)

Proceeding in a similar way, the magnetic moment of
positively charged section of cylinder i.e. from r=0

to r(<R) is
M, =ixpa)Lr4

Similarly, magnetic moment of negatively charged
section i.e. from r(<R) to R is

M_= —i:arpaull(R‘1 —rt)

The net magnetic moment should be zero, hence we
have

M,+M_=0
= Laporrt = Lapar (R4 - 4)
4 4
= 2'=R!
= r=(2")R
TORQUE ON A CURRENT LOOP IN
UNIFORM MAGNETIC FIELD: REVISITED

Consider a rectangular current carrying coil PQRS
having N turns and area A, placed in a uniform
field B, in such a way that the normal (7) to the coil
makes an angle 6 with the direction of B as shown
in Figure.
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b
— B
yp
I\/e A )E PO=HS=€
5 1% [ 2™ ar-sp-b

The coil experiences no net force and a torque
given by
7= NBIAsin6

This can be derived by simply calculating and draw-
ing the forces on the current carrying conductors PQ,
QR, RS and SP. The direction of the forces acting
on the wires has been shown in the figure and direc-
tion has been found by using the Fleming’s Left Hand
Rule. Let FPQ, IEQR, Eys and Ep the forces acting on
the respective wires PQ, QR , RS and SP . Then

|Epo | = BlIsin90° = BII, inwards
‘FQR | = Blbsin(90-0) = Blbcos® , downwards

1B (current element)
90-6
/049\‘
f

‘ﬁRS ‘ = Bllsin90° = BIl , outwards

v
[sa]]

|Fsp|= BIbsin(90+6) = Blbcos 8, upwards

[
/N

Ib (current element)

v
ooy

We observe that, these forces must be acting through
the centres of the respective wires. Also, from the
diagram we observe that ?QR and Fp cancel (due
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to the same magnitude and having the same line of
action). Further, we see that Fpq(=BIl, inwards)
and Fgg(=BII, outwards) have different lines of
action and hence will make the loop experience a
torque so that the loop rotates about the dotted axis.

To calculate this torque let us take the overhead view
of the loop and draw it. Since we know that

T=Fr,

Perpendicular distance
=  7=(Either force)| between the points of
application of forces

BI{ (inwards)

bcos(90-6)

BI/ (outwards)

= 1=(BI(bcos(90-9))
= 1=BI(Ib)sin6
= 71=B(IA)sin@

Since we know that IA = M, where M is the Magnetic
Dipole Moment, so we have

7=BMsin®

If the loop has N turns, then we get
7= NBIAsin6

So, we observe that

(@) 7 is zero when 6=0,ie., when the plane of the
coil is perpendicular to the field.

(b) 7 is maximum when 6=90°, ie., the plane of
the coil is parallel to the field.

= T = NBIA

max

The above expression is valid for coils of all shapes.
The quantity IA isavector and is called the Magnetic
Moment of the loop. So,

M=IA

Vectorially 7 = MxB

In magnitude, 7= MBsin8

where 6 is the angle between magnetic moment and
magnetic field OR 6 is the angle between normal to
the coil and the magnetic field.

Problem Solving Technique(s)

Direction of M is found by using Right Hand Thumb
Rule according to which “curl the fingers of right hand
in the direction of circulation of conventional current,
then the thumb gives the direction of M"

MAGNETIC DIPOLE IN UNIFORM
MAGNETIC FIELD: REVISITED USING
VECTOR METHOD

Let us consider a rectangular current carrying loop
OPQRO of length [, width b placed in xy plane in

a uniform magnetic field B = B,i+ By} + BZIE :

Let us find the net force and torque on the loop.

FORCE ON THE LOOP:
Net force on the loop is,

Since F=1(7xB)

= F=I|(OPxB)+(PQxB)+(QRxB)+(ROXE)]

= I_-“=I[(O—P+@+Q_R+@)><B]=ﬁ (null vector)
So, net force on the loop is F=0

{-- OP+PQ+QR+RO forms a null vector }
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TORQUE ON THE LOOP: _ 3 3 .

The current carrying loop OPQR can be considered fo= IA(B‘”' Byl) V\:here area of the loop is

to be made up of four current carrying wires OP, A=Ib and A=(Ib)k

PQ, QR and RO . Using F=1I(IxB), we get = %o =M|(B,j-B,i) where M=IA and M=IA
Ep=1I (OPxB)=1 [(I; ) X (Bx; + By; + BZIG)] This expression obtained can be rewritten as

= [y =1(B,k-B,j) ik e

f=|0 0 M|=(Mk)x(B,i+B,j+Bk

Fog =1(PGxB)=1| (t])x(B,i +B,j + B.k ] B, B, B

= 7,=MxB

that of an electric dipole in an electric field. The simi-
larity between electric and magnetic dipole extends
even further as illustrated in the table shown.

)
FQR _ I( OR x B) _ I[( i )x ( B+ By] +B k)} The above equation for the torque is very similar to

. | Similarity Electric Magnetic
N FRO _ Ib[ B.k-B 1—] No. Dipole Dipole
All these forces are acting at the centre of the wires. L | Magnitude | [5[=g(2d) |A|=NI1A
For example, PQP will .a‘ct ?t the centre of OP. When | Direction from —qto-+q | from south (5)
the forces are in equilibrium then the net torque to north (N)
about any point remains the same. Let us calculate
the torque due to the forces about O. LetE, |, G and H 3. Nelt force m zZero zZero
are the mid-point of OP, PQ, QR and RO respectively. uniform field
o) A R 4. | Torque T=pxE 7=MxB
E A 5. | Potential U=-p-E U=-M-B
energy
P ¥ Q 6. |Workdonein | W=pE W=MB
A (cos6; —cosh, ) (cos6; —cos6,)
Using 7=7xF , we get dipole from : ’
0, to 6,
o= (OEXFop ) (O}XFPQ ) 7. Fi(?ld along P 1 (25 _ [ 2M
— = . - axis at farther | ©= 7| 75 | | B= i\
(OG X For )+ (OH X Fro ) points (Axial 0 RN T
Line)
= g=|[ L x(1(B,k-B.j)) |+
°=1\2 e 8. | Field (A w(d
! ) perpendicular | E= "\ 2 )| B= "\ 7
[(I§+—f)><(1b(—Bxk+BZzA'))}+ to axis at ’
2 farther points
[~ . ) (Equitorial
[(Ei+bj)x(ﬂ(—Byk+sz))]+ Line)
. . 9. |Atfarpoints ||z |_ =
[(gi)x(fb(Bxk—Bzi))] |EﬂXial|_ |Eaxial|_
2 Eequiforial 2 Eequitnrial

= %, =(lIb)B,j-(1Ib)B,
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Remark(s)

(a) The expressions for the magnetic dipole can be
obtained from the expressions for the electric

- - 1
dipole by replacing p by M and &, by o Here

0
Uy is called the permeability of free space. It is

related with &, and speed of lightcas, c=
€My

and it has the value, i, =47x107" TmA™
1
VoM

JE(]—#O]=[LT“]

are that of speed or [L77']

(b) Dimensions of

Hence, {

Problem Solving Technique(s)

(a) Note that although 7=MxEB has been derived
for a rectangular loop, it comes out to be true for
any shape of loop.

(b) Magnitude of 7 is MBsin@ or NB(IA)siné.
Here @is the angle between M and B. Torque is
zero when 6=0° or 180° and it is maximum at
6=90°.

Also, we can say that @ is the angle between the
normal to the coil and the magnetic field.

(c) If the loop is free to rotate in a magnetic field the
axis of rotation becomes an axis parallel to 7
passing through the centre of mass of the loop.

ILLUSTRATION 83

A current loop with magnetic dipole moment M is
placed in a uniform magnetic field B , with its moment
making angle 6 with the field. With the arbitrary
choice of U =0 for 6=90°, prove that the potential

energy of the dipole field system is U = -M-B. Also
calculate the maximum and minimum values of U,
giving its significance.

SOLUTION

Since we have been given to take the arbitrary choice
of U=0 at §=90°, so we shall proceed as follows.
The torque due to the field on the current loop is

F=MxB

This torque of magnitude MBsin#, tends to rotate
the dipole of decreasing 6. Let this torque turn the
dipole through an infinitesimal angle d6, then

dW =dU = tdf

u
= jdu=
0

0
MBsin 646

]
z
2

= U= —MB(COSB—COS%)

1| S C—

= U= MB{—COSB

= U=-MBcosf

= U=-M-B

Now, U is minimum when 6=0° i.e., M||B ie., for
a stable system we must have U =U,,;, =-MB.

Further, U is maximum when =7 ie, M and B
are antiparallel i.e., for an unstable system we have
u=u,, =MB.

ILLUSTRATION 84

Acurrent I =5 A flows through a thin wire as shown
in Figure.

min

(a) Find the magnetic field produced by the current
atpoint O in the figure,

(b) If there exists an external magnetic field
B= (14§+14}) T, calculate the torque acting on
the wire.

Take m= g
7
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SOLUTION
(a) Let I0em=a

By = Z(BABCDE +Bgp )

I
= B, =2[2 Hol (cos£+cosﬁ)+‘ui£}
dr2a 4 2) 4ma?2

= B,

_ﬂ_ol[i
Axa| 2

= B, =2278 uT in the direction k

-7
+n]= 100 1X5 [V2+3.14]

2 A A
(b) M=1A=5(8a2+%}k=5a2(8+g)k
f=]\71x1§=5a2(8+%]}2x14(§+f)Nm

= f=(5)(14)(8+%)12x(2+})Nm

= 7=502(112422)(j-1) Nm

A

= 7=5x0.01x134(j~7) Nm

~

= =67(j-1) Nm

ILLUSTRATION 85

A small circular coil of mass m consists of N turns
of fine wire and carries a current i . The coil is located
in a uniform magnetic field B with the coil axis origji-
nally parallel to the direction of field as shown in
Figure.

;?«xis

Calculate the period of small angle oscillations of
the coil axis around its equilibrium position, assum-
ing friction force mechanical force to be absent. Now,
if the coil is rotated through an angle of 6 from its
equilibrium position and then released, calculate the
angular speed of the coil when it passes through the
equilibrium position.

SOLUTION
Magnetic moment of coil is given by

M=N(iA)=N(zR?)

Chapter 1: Magnetic Effects of Current 1.97

Let the coil be displaced by a small angle 6, then
torque on the coil is

7=-MBsinf

The negative sign indicates that this torque is restor-
ing in nature. Since 8 is small, so sinf = @, hence

= lo=-MB@,where | = 1mR2
2
= (;mRz )a = —NizR*Bo

(2Ni:rB)
= o=- )
m

Comparing with &= -»’0 we get

[2NizB
w=
m

Time period T is given by

=2 _op | ™
® 2NinB

Applying conservation of energy

(KE+PE); = (KE+PE);

Axis
|
]
]

= (0-MBcosf= %Iw2 — MBcos(°

- %(%mRZ )a)2 = MB(1-cos®)

= imR2 2 = NinR*B(1-cos0)

=

\jélNiJrB(l—cosG)
a):
m

ILLUSTRATION 86

A uniform constant magnetic field B is directed at
an angle of 45° to the X-axis in X-Y plane. PQRS
is a rigid square wire frame carrying a steady current
I, with its centre at the origin O. At time f =0, the
frame is at rest in the position shown in the figure
with its sides parallel to X and Y axes. Each side of
the frame is of mass M and length L.
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i

v
avav.
//‘O/

(@) What is the torque 7 about O acting on the
frame due to the magnetic field?

(b) Find the angle by which the frame rotates under
the action of this torque in a short interval of time
At , and the axis about which this rotation occurs
(At is so short that any variation in the torque
during this interval may be neglected).

/

S

/
/

»X

Given: the moment of inertia of the frame about an
axis through its centre perpendicular to its plane is
4

gML2 :

SOLUTION

Magnetic moment of the loop is given by
M=(1A)k=(I,12 )k

Magnetic field is given by

s

B= (Bcos45°)f+(Bsin45°)] = %(;ﬂ)

o

(@) Torque acting on the loop,
I N B /x
t=MxB=(I,Ik x| —=(i+]
(k)| 5(i+7)

I,I’B/ =
===i-1)

= |7[=1,1*B

= T

A A

(b) Since, torque is in ( i —z') direction or parallel to
QS . Therefore, the loop will rotate about an axis
passing through Q and S with an angular accel-
eration «, given by

7]
o=—
where [s is moment of inertia of loop about
the axis QS . Please do not confuse moment of
inertia with the current.
From theorem of perpendicular axis, we get
los+1pg =17z

However, since 155 = Ipg

= 2gs=Iy;= %MLZ

= Iy =§ML2

L JH_LCB 318
IQS EMLZ 2 M
3
Since At is given very small, so we can assume
7 and « almost constant because 6 will not

change appreciably. Hence, we can use,
1
A0 = (At

So, the angle by which the frame rotates in time
At is

1 2
AO=—o(Af
2oc( )

_3LB

= Af (At)?
M

ILLUSTRATION 87

A large horizontal coil of radius R is carrying a cur-
rent [ . Another small coil of radius r(« R) carrying
acurrent i and N turns is placed at the centre of the
large coil with its plane inclined at an angle 6 with
the axis of the large coil as shown in Figure. Calculate
the torque experienced by the smaller coil.
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SOLUTION

Magnetic moment of smaller coil is given by
M= Ni(zr*) = Ninr?
Magnetic induction due to large coil at its centre is

=l
2R

Angle between magnetic induction at centre of large

) ) L. T
coil and magnetic moment of smaller coil is E +6 as
shown in Figure.

=

I
|
I
I
J |
I

Torque on smaller coil due to the magnetic induction
of larger coil at its centre is given by

r=MBsin[g+6J

I
= T=Ni7rr2(‘u0)c086
2R

. 2
7= MoilNmr”
2R

ILLUSTRATION 88

An electron in the ground state of hydrogen atom is
revolving in anticlockwise direction in a circular orbit
of radius R (shown in figure).

0s6
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s 1}

e\

(a) Obtain an expression for the orbital magnetic
moment of the electron.

(b) The atom is placed in a uniform magnetic induc-
tion B such that the plane normal of the electron
orbit makes an angle of 30° with the magnetic
induction. Find the torque experienced by the
orbiting electron.

SOLUTION

(@ In ground state (n=1) according to Bohr’s
Theory

MR = —
2

h
2mmR
Now, time period,
27k 27R _ 4n’mR’
v h/2rmR h

Magnetic moment M = IA, where

= 7=

T=

_ charge e eh
time period  47°mR*>  4x°mR*
h
and A=nR?
eh
= M=(zR? ( ]
( ) 47’ mR?
eh
= m=—
drm

Direction of magnetic moment M is perpendicu-
lar to the plane of orbit.

(b) Since, 7= MxB
= T=MBsin@

where 6 =30° is the angle between M and B.
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ehB

= 1=(€h)(8)sin30°=
4 8

m m
The direction of 7 is perpendicular to both M
and B.

ILLUSTRATION 89

A wire loop carrying a current [ is placed in the x-y
plane as shown in Figure.

M,o """ ~.
\ 2N
Y Voo y
\ AY
Q
+
1207 0 X
[ I
I P |
’ 1
/ ’r
!
sa ’
’ 4
/ //
-~ -
N ===

(@) If a particle with charge +Q and mass m is
placed at the centre P and given a velocity V
along NP (shown in figure), find its instanta-
neous acceleration.

(b) If an external uniform magnetic induction field
B=Bi is applied, find the force and the torque
acting on the loop due to this field.

SOLUTION

(@) Magnetic field at P due to arc of circle (shown
in Figure) subtending an angle of 120° at centre

would be
M, === - y
\ \\
a +Q \
Ay
I Y \ 1 X
60° / \
TP Y y
’/ 60° j|l
I’a ,r’
/ ’ R
Ni _____ ’/ 60 X

B, = %(Field Due to a Circle)

B, = 1(;1_01): Kol (outwards )
3\ 2a

ba
B, = 0164, (outwards)
a

Magnetic field due to straight wire NM at P is

Ul

B, =
: drr,

(sin60° +sin 60°)

Here, r| =r=acos60°
1ol

= B,=—2"%  (2gin60°
2 4n(acos60°)( )
= By=-"- Hol o goe = 227 M —(inwards)

27m a
L 5, - 027nl

a
S0, By =By By = S
a

The velocity of particle can be written as,
= (vc0s60°)i +(vsin60°) j = (z +3])

Magnetic force on the moving charge is given by

0. 11pOIQv ;0113 34IQ0 ¢
2a 2a

Instantaneous acceleration a is given by

_Fy_ 0.11;:01(30(;_\/5;)

m 2am

E,=Q(9xB)=

ﬁ

(b) Inuniform magnetic field, force on a current loop
is zero. Further, magnetic dipole moment of the
loop will be,

M= (IA)k
where A is the area of the loop given by
1 1
A= g(naz )—5(2asin60°)(acos60°)

TCH ﬂ2

= A=""— " 5in120°=0.614"
3 2

=(0.611a )ik
Given, B= Bi
= 7=MxB=(0.611a"B)j

ILLUSTRATION 90

A non-conducting sphere has mass 220 g and radius
20 cm . A flat compact coil of wire with 10 turns is
wrapped tightly around it, with each turn concentric
with the sphere. The sphere is placed on an inclined
plane that slopes downward to the left, making an
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angle § with the horizontal, so that the coil is paral-
lel to the inclined plane. A uniform magnetic field of
035 T vertically upward exists in the region of the
sphere. What current in the coil will enable the sphere
to rest in equilibrium on the inclined plane? Show
that the result does not depend on the value of 6.

(Takeg=10 ms andn=§)

PlTed

SOLUTION

For Translational Equilibrium, we have

fi—Mgsin6=0 (1)

For Rotational Equilibrium, if torques are taken about
the centre of the sphere, the magnetic field produces a
clockwise torque of magnitude uBsinf, and the fric-
tional force a counter clockwise torque of magnitude
f,R, where R is the radius of the sphere. Thus

f,R—uBsinf=0 ..(2)

For avoiding confusion, we have taken the magnetic
moment here to be [I instead of M.

From (1), we have f; = Mgsin®. Substituting this in
(2) and cancelling out sinf, we get

uB = MgR ()
where = NI(zR?). So, we get

Mg (022kg)(10ms?)
~ zNBR  #(10)(035T)(02m)

The current must be counter clockwise as seen from
above.
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ILLUSTRATION 91

Figure shows a square loop of wire that lies in the
xy-plane. The loop has corners at (0, 0), (0, L),

(L, 0) and (L, L) and carries a constant current I
in the clockwise direction. The magnetic field is given

- B A n
by Bz(%y)H(BUTx)]’, where B, is a positive

constant.

0, L) > (L, L)

(0,0) (L, 0)

(a) Draw the magnetic field lines in the xy- plane.

(b) Find the magnitude and direction of the magnetic
force exerted on each side of the loop.

(c) If the loop is free to rotate about the x-axis, find
the magnitude and direction of the magnetic
torque on the loop.

(d) If the loop is free to rotate about the y-axis, find
the magnitude and direction of the magnetic
torque on the loop.

(e) According to you, is the expression 7=jixB,
an appropriate description of the torque on this
loop? If yes, then why and if no, then why not?

SOLUTION

Apply dF=1 (dixB) to each side of the loop
t=7xF . For each side of the loop, d/ is parallel to
that side of the loop and is in the direction of I

(@) The magnetic field lines in the xy-plane are
sketched in figure

Y
y

T
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(b) Side 1, that runs from (0, 0) to (0, L)

- - Byyd
F:JI =1| 2% (¢ ——Bon
L
Side 2, that runs from (0, L) to (L, L)
Bﬂzdx = 1IBULk

dixB)=
F:JI dixB)=1
 tBoyd
B) Uiyk +IBLk

=1

F:JI di

Side 4, that runs from (L, 0) to (0, 0)

H

B, xd
L

F:JI =1

() When free to rotate about the x-axis, the torques
due to the forces on sides 1 and 3 cancel and the
torque due to the forces on side 4 is zero. For
side 2, we have 7 = L} . Therefore,

IB E
0 1IABU
2

- =——IBULk

s
(
s
Side 3, that runs from [EL, L) to (L, 0)
i)
(
P

T=FxF=

(d) When free to rotate about the y-axis, the torques
due to the forces on sides 2 and 4 cancel and the
torque due to the forces on side 1 is zero. For
side 3, we have 7 = Li. Therefore,

B~ 1

f=ixE= =_ZIAB,i
) ] ) o/

(e) The equation for the torque T=jixB is not
appropriate, since the magnetic field is not
constant.

ILLUSTRATION 92

A very small circular loop of radius r and carry-
ing a current I; is placed in the x-y plane with its

centre on x-axis at the point C(a, 0). A square loop
of side length 2/ carrying a current I, is fixed in the
y-z plane with the centre of the loop at the origin.
Calculate the torque exerted by the square loop on
the circular loop.

SOLUTION

As derived earlier, B at the axis of a square loop of
side L is given by

oIL?

1
2Jr(3c2 +L—2)(x2 +£)2
4 2

where x is the distance of the point at the axis from
the centre of the loop.

However in this problem, we have the loop of side
2/ and the point at a distance x =7 from its centre,
where the field has to be found. So,

B

axis of square loop —

5 _ ol (20)°
o .
2
o ( 2, (217 ]{x2+(2f) ]
4 2
4p, 1,0

= BSquare loop

at the axis

27 (a4 02 )\x + 20

So, torque due to field of square loop on the circular
loop is
7= MBsin90 [~ ML1B}
Since, M = I, (r?)
Aty 1, 0
2 (x?+ 12 )W
2ol L, 0

NENINEwY:

Aloop with current I is in the field of a long straight
wire with current I;. The plane of the loop is per-
pendicular to the straight wire. Find the moment of
Ampere’s force acting on this loop.

= 1=I(n?)
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SOLUTION

Consider a rectangular element of width dr and
length rd6 as shown. If dA is the area of the infini-
tesimal element then

dA = (dr)(rd®) = rdrde

dA = (rd6dr) {inwards)
dM = dA = 1 (rd6dr ) {inwards)
B= g—j’r%@ {tangential clockwise)
= dr=|dMxB|= Follydfdr {towards centre}

v

e
] .

S i) R L-- -1 centre line

|

! I

b
= T= JJchosB

-0

o b

= 7= HD—HG J. J.cos(?d@dr

2
=0 a

b4

INTERACTION ENERGY FOR A CURRENT
CARRYING LOOP IN MAGNETIC FIELD

As already discussed in the chapter of electrostatics
(while studying an electricdipole), the interaction poten-
tial energy of an electrical dipole with dipole moment p
placed in an external uniform electric field E is
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U=-p-E=—-pEcos

Similarly, for a magnetic dipole with dipole moment
M placed in a magnetic field with magnetic induc-
tion B with 6 as the angle between magnetic
moment and magnetic induction, its interaction
potential energy is given by

U=-M-B=-MBcos8

Since M =IA, so the above expression for potential
energy can also be written as

U=-(IA)Bcosf

Also, we must know that just like electric flux ¢ is
defined as ¢ = EAcos@, the magnetic flux ¢5 associ-
ated with the coil is

¢z = BAcos@
= U = _I¢B

Dear Student, we shall be discussing the Magnetic Flux in
detail in Electromagnetic Induction.

WORK DONE TO CHANGE ORIENTATION
OF A CURRENT CARRYING COIL IN
MAGNETIC FIELD

Consider a current carrying coil to be rotated in a uni-
form magnetic field, such that angle between mag-
netic induction and magnetic moment of coil changes
from 6, to 6,. The potential energy of the coil in mag-
netic field for its initial and final state are given by

U; =-MBcos6, and
U; =-MBcos®,

Work done to change the orientation of the coil in this
process is

W= Uf —U,-
= W=(-MBcosb, )-(-MBcost, )
= W=-MB(cosb,-cosb, ) (1)

Also, we can think that to change the orientation of
coil externally, we need to apply an external torque
against the magnetic torque such that this external
torque has magnitude equal to the magnetic torque.
So, work done in changing the orientation in this case
is given by
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W=de=jrd0
6
= W= JMBsinﬂdB
6
= W= MB(—C059)|gf

= W =-MB(cosb, —cos, ) ..(2)

So, we see that equations (1) and (2) are identical.
Since M =IA, so the above expression for work done
can also be written as

W =—(IA)B(cos8, —cosb, )
= W=-I(BAcos6, -BAcos#, )
Since BAcost; = ¢; = @y, and BAcosb; = @ = @y

= W=~I(0inat — Binital )
= W=-IA¢

ILLUSTRATION 94

Asquare coil of edge [ carrying a current I, is placed
near to a long straight wire carrying current I .
Calculate the work required to rotate the coil ABCD
about the axis along the edge BC through 180° to the
dotted position A’BCD’ as shown in Figure.

1 CE)‘IBOD
4 A B A
I
Al :
I
£ Y :
I
) i
__________ I
D ! iC D

I
' 1%

SOLUTION

Work done in the process of changing the orientation
of a coil in the magnetic field of the infinite current
carrying wire is given by

W=—12(¢’f—¢i) (1)

where ¢, and ¢; are the flux associated with the
square coil in the final and the initial position.

To calculate the magnetic flux associated with the
square loop let us consider an infinitesimal strip ele-
ment of length 1, width dx ata distance x in the coil
as shown in Figure.

D {

The magnetic field B at the strip due to the infinite
wire is
p_ ol
2nx
The magnetic flux associated with this infinitesimal
strip is
do=BdA

where dA =Idx is the area of the strip.

d¢=(""°f1)zdx

2mx

Total magnetic flux associated with the square loop
for the initial position of the loop is obtained by inte-
grating d¢. So, we get

r+l r+l
o= frane [ b (5[5
‘ 2nx 2n X
Mol ™ Holy!
6= Einx)| - = [In(r+1)-Inr]
1 ’ n
0, = #0_111111(’”_”)
2r r
Similarly, the final flux associated with the coil is
r+21 r+21
Holy Holy! ’
= —ld = 1
O 2mx ' 2 (Inx) il
r+l
Uil (H—ZI)
S o Y s
o 2n r+l

So, work done in this process is calculated by using
equation (1), according to which

W=-L(¢;-¢)

= W=—Iz(ﬂufll){ln(r+21)—ln[r—H)]
2 r+l T
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(]
= W:Iz(‘uu—I]l lm(ﬂ _ln(r+21)}
2 ¥ r+1

= W=I2(’%—I]l []n(r—H +ln( rel H
2 r r+21

W Mol (r+1)?
21 r(r+21)

MOVING COIL GALVANOMETER
(D’ARSOVNAL GALVANOMETER):
RADIAL FIELD

In a moving coil galvanometer, the coil is suspended
between the pole pieces of a strong horse-shoe mag-
net as shown in Figure.

]

Coil  Spring
Structure of a moving-coil galvanometer

The pole pieces are made cylindrical and a soft iron
cylindrical core is placed within the coil without
touching it. This makes the field radial. In a radial
field, the plane of the coil always remains parallel to
the field.

/GoRES

s
v

F=nBIl

Therefore 6=90° and the deflecting torque always
has the value

Tat = NBIA
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As the coil deflects, a restoring torque is set up in the
suspension fibre. If ¢ is the angle of twist, the restor-
ing torque is

Trest = CC(

where C is the torsional constant of the fibre.
When the coil is in equilibrium.

NBIA=Ca
I= £ o
NBA
= I=K«,
where K = is the galvanometer constant. This

linear relationship between I and & makes the
moving coil galvanometer useful for current meas-
urement and detection.

Current Sensitivity

The current sensitivity of a moving coil galvanometer
is defined as

o NBA

T

Thus in order to increase the sensitivity of a moving
coil galvanometer, N, B and A should be increased
and C should be decreased.

S

Voltage Sensitivity (S,)

The twist angle per unit voltage is called Voltage
Sensitivity. So,
a_a_i_mm

Sy=—=— -
V IR R RC

ILLUSTRATION 95

A moving coil galvanometer experiences torque ki
where i is current. If N coils of area A each and
moment of inertia I is kept in magnetic field B .

(@) Find k in terms of given parameters,

(b) If for current i deflection is z , find out torsional
constant of spring.

(c) If a charge Q is passed suddenly through the
galvanometer. Find out maximum angle of
deflection.
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SOLUTION

(@) The torque acting on the coil of moving coil
galvanometer is

T=MB=ki (9=90”)
_MB_(NiA)B

= k = NBA

1 1

(b) If K is torsional constant of the spring of galva-
nometer, then we know that

7=K8=NBiA
o = 2NBiA
T
() 7=NBiA

t t
= ertz NBAJidt

0 0

ee
= Io=(NBA)Q
cozw ()

At maximum deflection whole, kinetic energy
(rotational) will be converted into potential
energy of spring. If 6, is the maximum deflec-

tion, then by Law of Conservation of Energy, we
have

lM)2 :1k62

2 2 max
Substituting the values, we get

nNBA
2]

Bmax = Q

0‘7 Test Your Concepts-VII

1. Consider an electron orbiting a proton and main-
tained in a fixed circular path of radius R=0.53 A
by the Coulomb force. Treating the orbiting charge
as a current loop, calculate the resulting torque
when the system is in a magnetic field of 0.4 T
directed perpendicular to the magnetic moment
of the electron. Take m,=9x107"kg and
e=16x10" C.

2. If @ represents the angle between magnetic
moment M of a current carrying loop and mag-
netic field B in the region in which the loop is
placed. Assuming the reference of potential energy
to be at =0°, calculate the work done in rotat-
ing the loop from 6,=60° to 6, =120° and the
potential energy of the loop at 6= 45°.

3. Acurrent of 17 mA is maintained in a single circu-
lar loop of 2 m circumference. A magnetic field of
0.8 T is directed parallel to the plane of the loop.
(a) Calculate the magnetic moment of the loop.
(b) What is the magnitude of the torque exerted

by the magnetic field on the loop?

4. A rectangular coil carrying a current of 1.2 A con-
sists of N=100 closely wrapped turns and has
dimensions a=04 m and b=0.3m. The coil is

Based on Magnetic Moment and Torque

(Solutions on page H.24)
hinged along the y-axis, and its plane makes an
angle 6=30° with the x-axis. The coil is placed in
a field of 0.8 T directed along x-axis. Calculate the
torque on the coil and the sense of rotation.

5. A long piece of wire with a mass of 0.1 kg and a
total length of 4 m is used to make a square coil
with a side of 0.1 m. The coil is hinged along a hori-
zontal side, carries a 3.4 A current, and is placed in
a vertical magnetic field with a magnitude of 0.01T.
(a) Determine the angle that the plane of the coil
makes with the vertical when the coil is in
equilibrium.

(b) Find the torque acting on the coil due to the
magnetic force at equilibrium.
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6. A 40 cm length of wire carries a current of 20 A.
It is bent into a loop and placed with its normal
perpendicular to a magnetic field with a magnitude
of 0.52 T. What is the torque on the loop if it is bent
into
(a) an equilateral triangle?

(b) asquare
(c) acircle?
(d) Which torque is greatest?

7. Awire is formed into a circle having a diameter of
10 ¢cm and placed in a uniform magnetic field of
3 mT. The wire carries a current of 5 A. Find
(a) the maximum torque on the wire and
(b) the range of potential energies of the wire-field

system for different orientations of the circle.

8. Awireringof massm hasaradiusR carriesa current .
It is placed in x-y plane and is free to rotate about a
diameter parallel to x-axis as shown in Figure.

y-axis
h

dh
N

A uniform magnetic field B is switched on along the
y-axis. Calculate the angular speed acquired by the
ring as it rotates through 90°.

9. Calculate the magnetic moment of the current
carrying loop shown in figure.

y

[

TE:B,?

> X-axis

Al

45°
45°
Z

10.A rectangular galvanometer coil of area
5.0x10~* m? having 60 turns is pivoted about one
of its vertical sides. The coil is in a radial horizontal
magnetic field having a magnitude of 9x107 T.

Chapter 1: Magnetic Effects of Current 1.107

Calculate the torsional constant of the string in
Nmrad™ connected to the coil if a current of
0.20 mA produces an angular deflection of 18°.
11.Find an expression for the magnetic dipole
moment and magnetic field induction at the center
of a Bohr's hypothetical hydrogen atom in the nth
orbit of the electron in terms of universal constants.
12. Consider a rectangular frame ABCD whose sides are
¢ and b meters long. The frame holds N coils, each
of which carries a current I. The frame is embed-
ded in a uniform magnetic field B which forms an
angle @with the frame plane.
(a) Find the forces which act on the sides of the
frame.
(b) Compute the torque about the axis DA.

oe])
=]

X

13. A circular loop of radius R=20 cm is placed in

a uniform magnetic field B=2T in x-y plane as
shown in figure. The loop carries a current I=1A
in the direction shown in figure. Find the magni-
tude and direction of torque acting on the loop.

f AP
v

14. A small sphere of mass m and radius r is suspended
by a silk thread inside a current carrying solenoid.
The solenoid carries a current | and has n numbers
of turns per unit length. The sphere is wrapped by a
single turn of coil carrying a current /, as shown in
the diagram. Find the
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(a) maximum torque experienced by the sphere
(b) time period of small oscillation.

15. A wire carrying a current of 10 A is bent to pass
through various sides of a cube of side 10 ¢cm as
shown in Figure.

o

A magnetic field §=(2f—3j’+l2) T is present in
the region. Calculate the net force on the loop, the
magnetic moment of the loop and torque on the
loop formed by the wires.

J
MAGNETIC FORCE BETWEEN TWO Since I, 1 B, (inwards), so we get
PARALLEL CURRENT CARRYING WIRES ;

|Eyy | = By = I,1,B, sin90 = I,1,B,

CASE-1: Wires Carrying Currents In The Same
Direction Since, we have B, = Foly , ®, 50 we get
Consider two long straight wires 1 and 2 kept parallel 2nr
to each other at perpendicular separation r, carrying Ul
currents I; and I, respectively, in the same direction = I=hh ( Q_E,,) (1)

as shown in Figure.

———d -

WIRE 1

WIRE 2

The equal and opposite forces exerted by two parallel
current carrying wires. The force is attractive in nature.

The wire 2 (carrying current I,) lies in the magnetic

field of wire 1 (Bl = ‘;O—Il, ®] as a result of which
nr

the wire 2 experiences a magnetic force. The magnetic
force on a length I, of wire 2 exerted by the field B,
of the wire 1 (at wire 2) is given by

I_:Zl = 12 (Iz XBl ) {towards ere 1]

where , is in the direction of I, .

The direction of F,, (towards wire 1) is found by
using Fleming’s Left Hand Rule.

Similarly, F, ona length [, of the wire is

E,=1 (fl x B, ) {Towards Wire 2}
I
Since, we have B, = m, ®, so we get
nr
- ol
= |Ey|=Ey, =Ilz](—2° 2) (2)
nr

From equation (1) and (2), we conclude that the force
per unit length on either of the wire is equal

bn_Ep _ bl
L I, 2ar

CASE-2: Wires Carrying Current In The Opposite
Direction

Consider two long straight wires 1 and 2 kept parallel
to each other at perpendicular separation r, carrying
currents I; and I, respectively, in the opposite direc-
tion as shown in Figure.
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The equal and opposite forces exerted by two parallel current
carrying wires. Here the force is repulsive in nature.

The wire 2 (carrying current I,) lies in the magnetic

field of wire 1 (Bl = ‘;O—Il, ®) as a result of which
nr

the wire 2 experiences a magnetic force. The magnetic
force on a length [, of wire 2 exerted by the field B,
of the wire 1 (at wire 2) is given by

F21:12(?2x}§1)

where 1, is in the direction of I, .

{away from wire 1}

Since I, 1 B, (inwards), so we get

|Fyy|= By = LB/, sin90° = I,B,1,

I
Also, B, = Kor , ®, 50 we get
2nr
I
- PZI—IZ(M)JZ (1)
2nr

The direction of F,; (towards wire 1) is found by
using Fleming'’s Left Hand Rule.

Similarly, F, on a length [; of the wire is

F,=1 (fl x B, ) {away from wire 2}

I
Since, we have B, = #0—2, ®, 50 we get
2nr
- ‘uj’
= ‘F12|=P12=11(—202)l1 ..(2)
r

From equation (1) and (2), we conclude that the force
per unit length on either of the wire is equal

Ey _Fy _mohihy
L L 2nr

Chapter 1: Magnetic Effects of Current 1.109

Also, we see that the two current carrying wires
carrying current in the opposite direction repel each
other with a force per unit length given by

E_BE_whi,
L L, 2nr

Definition of One Ampere

Since we know that

F _ Holil
[ 2nr

If I, =1, =1 (say), r = 1 metreand o 2%107 Nm™! ,
then we get l

2x107 =2x107 1% {- py =47x107 TmA™}
= I'=1
= I=1A

So, the current in the wire is one ampere when two
identical current carrying wires placed at a separa-
tion of one metre, attract (or repel) each other with
a force of 2x107 newton per metre of their length.

Problem Solving Technique(s)

(a) Equilibrium of a current carrying conductor
When a finite length current carrying wire is kept
parallel to another infinite length current carry-
ing wire, it can suspend freely in air as shown in
Figure

— | —»
Movable e

X g YI
|

[ —— _’ PR
Fixed i
Fixed I
[ —— _b. T -
h

Movable -
X

— | —»

In both the situations for equilibrium of XY, we
have
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Conductor Force

Lol
(2

(b) Inthe first case if wire XY is slightly displaced from
its equilibrium position, then it executes SHM and
its time period is given by

'nf'=21r\/E
)

(c) If direction of current in movable wire is reversed
then its instantaneous acceleration produced is 2g
downwards.

(d) Current carrying spring
When current is passed through a spring, then it
will contract, because the current flow in all the
segments of the spring is in the same direction.

( Weight of J _ (Upward Magnetic}

Spring
m

So, due to the current flow in the spring the spring
contracts and the weight is lifted up.

ILLUSTRATION 96

Two long thin parallel conductors of the shape shown
in figure carry direct currents I; and I,. The separa-
tion between the conductors is a, the width of the
right hand conductor is equal to b as shown in
Figure. With both conductors lying in one plane, find
the magnetic interaction force between them reduced
to a unit of their length.

SOLUTION

Consider an infinitesimal thin strip of “unit length”
carrying a current dl as shownin Figure.

|
— X —» l—
dx

Then infinitesimal current dI flowing through this
element is

I
dl = ( 2 )dx
b
The field due to wire at the strip is
p_ bl
2mx

The force per unit length between the wire and the
infinitesimal elemental wire is

i - Mol (dI)
2nx
—~ dF= Mol dx
b x
a+b
= F= de _Hhly j i
2rh X

a

2 a

ILLUSTRATION 97

A very long straight conductor carries a current [ is
placed parallel to a current strip of width w having
a uniform current per unit width j flowing through-
out its width. The conductor is at a height # above
the strip as shown in Figure.
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Calculate the force per unit length on the conduc-
tor due to the strip. Also discuss the obtained result
when the width w of the current sheet approaches
infinity.

SOLUTION

Let us consider an infinitesimal segment of sheet of
thickness dx at a distance x to the right of origin as
shown in Figure.

z dx

If di be the current flowing through this infinitesimal
strip, then di = jdx. The force of attraction between
the infinitesimal strip and the conductor of section
length L is

id
dF = (dB)IL = wm ,where r=\i2 +x2
r
Let us consider another infinitesimal segment of sheet
of thickness dx ata distance x to the left of origin as
shown in Figure.

Due to symmetry, the x-components of the forces i.e.
dFsin® and dFsin@ cancel. So, we get

IL(jd
E. = decosG = JMCOSQ,
2rr

where cosf =
W +x*
Integrating over the width of the strip ie. from

w w
Y=-—tox=—,weget
2 2
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w

2
toljLdx ]{ h ]
= Fne=J.
t (2m/h2+x2 \/h2+x2

w

2

_ woljLh j dx
netT og h? 4 x?

So the force of attraction per unit length of the
conductor is given by

L = 2h

This force is attractive in nature as the currents in
wire as well as the sheet are in the same direction.

When w — o, then tan'l(ﬂ):’c.’:11'1'1(00)=E
2h 2

So, from equation (1), we get

L n 2 2

ILLUSTRATION 98

A square frame carrying a current [ is located in the
same plane as a long straight wire carrying a current
I,. The frame side has a length a. The axis of the
frame passing the midpoints of opposite sides is par-
allel to the wire and is separated from it by the dis-
tance which is 7=1.5 times greater than the side of
the frame. Find

(a) the ampere force acting on the frame.

(b) the mechanical work to be performed in order to
turn the frame through 180° about its axis, with
currents maintained constant.

SOLUTION

The force per unit length on the different sections of
the square wire frame due to the straight current car-
rying wire is given by
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I 4 A E B
I i I
® | ®
! a
D i a
- 11
Fup = ( Foo )a {attractive}
2ma
= Holly )
repulsive
BC 2][( 2 ) [ P ]

On the sections AB and CD of the square frame, the
magnetic force due to the wire has same magnitude
but opposite direction, hence the net force on the
square wire frame is given by

11,
= F,= ol (1— 1) lattractive)
2r 2
II
Fo = b {attractive)
Ar

Since, W=U; -U;

Ley us now find the initial and the final magnetic
potential energy. For calculating this let us consider a
very small strip element of length a, thickness dx i.e.
area dA = adx , such that magnetic moment dM due
to this small elemental strip is given by

dM =1(dA)=1(adx)
= dU;=-(dM)Bcos(0°)

= dU;= —I(adx)M

2mx
2a
U = _Mpllya Jd_x
2r X
= U =—%10g5(2)

Similarly, we get

Uy = [, =-[ (am)Beos (150°) = (dm)B

Ho (1y)a
Uy == log, (2)
I
> W=|u U= ““( 0)e FolT0 )20 (2)

ILLUSTRATION 99

Along horizontal wire AB, which is free to move in
a vertical plane and carries a steady current of 20 A,
is in equilibrium at a height of 0.01 m over another
parallel long wire CD which is fixed in a horizontal
plane and carries a steady current of 30 A, as shown
in Figure.

C D

Show that when AB is slightly depressed, it exe-
cutes simple harmonic motion. Find the period of
oscillations.

SOLUTION

Let A be the mass per unit length of wire AB. At a
height i above the wire CD , magnetic force per unit
length on wire AB will be acting upwards as shown
in Figure.

Fm
P Y

l I,=20 A

;L h= 0101m
S c A D

The magnitude of this magnetic fore is given by
_ Mo Ll

"o h
Also, weight per unit length of wire AB is

, upwards ()

F, = (%)g = Ag , downwards
If the wire is in equilibrium, say at x=d, then the
magnetic force must balance the weight of the wire. So,
E, = Fg
Ho Ly
2 h

When AB is depressed through x, then h decreases
therefore, F, will increase, while Pg remains the

=g .(2)

same due to which the net restoring force F acting
on a portion of length [ of wire AB is given by
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o8
toly 1o ﬂoflle( x)_l
F=—""%2__Ale="—=11-=| -2
m(h=x) "% 2mh U 8
;,1011121( x) Uoly1y!
F=——2|1+=|-Alg= of (2
Py P g 2nhzx { of 2)}
= m%=—(—p0[lI§IJx
2nh

Negative sign indicates the restoring nature of the
force.

= mé&=—(@)x
h

However, we have Al=m

{~ of 2)}

= X+ gx =0
Comparing with standard equation of SHM, i.e.

i+0’x=0

- |18

- 0= 8

= T=2r E=2ﬂ7"%
g 9.8

= T=02s

ILLUSTRATION 100

Abar of mass m slides on a smooth horizontal con-
ducting rail. A constant current [ is maintained in
the rod using a constant current generator as shown.
There is a long straight conductor carrying current I,
parallel to the rod. Find the speed of the bar after it
has travelled a distance D .

Y —

| Generator

—_— — —

A

Che

SOLUTION

Consider an instant when the sliding bar is at a dis-
tance x from the straight long conductor as shown
in Figure.
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¥

Generator

— = —

The magnetic force acting on the sliding bar at this
instant is given by

F= tollpL
27wx
. dv
Since F=ma=m| v—
dx
mvd—v _ Ul L
dx  2mx
II,L
o oy HolllLdx
2m  x
v I Ld+Dd
= Jvdv=%—0 J ik
2rm X
0 d
2
= 0—=M10g8(1+2)
2 2mm d
yOIIDLlogE(1+§)
= 7=
m

ILLUSTRATION 101

Two long, parallel wires, each having a mass per unit
length of 40 gm™, are supported in a horizontal
plane by strings 6 cm long. When both wires carry
the same current I, the wires repel each other so that
the angle 6 between the supporting strings is 16°.
Find the magnitude and the directions of the currents.
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SOLUTION

The separation between the wires is

r=2(6cm)sin8° =1.67 cm

X

Since the wires repel so, the currents are in the oppo-
site directions.

Cross Sectional View

The magnetic force F acts horizontally, so we get

Tcos@=mg (1)

@ Test Your Concepts-VilI

1.

Based on Force between Current Carrying Conductors

In figure, the current in the long, straight wire is
l;=5A and the wire lies in the plane of the rect-
angular loop, which carries the current I, =10 A.
The dimensions are ¢=0.1m, a=0.15m, and
/=0.45m. Find the magnitude and direction of
the net force exerted on the loop by the magnetic
field created by the wire.

]

2. Two long, parallel conductors, separated by 10 cm,

. Two long, parallel wires are attracted to each other

(Solutions on page H.27)

carry currents in the same direction. The first wire

carries current ;,=5A and the second carries

l, =8 A.

(a) What is the magnitude of the magnetic field
created by I, at the location of 1,7

(b) What is the force per unit length exerted by I,
onl,?

(c) What is the magnitude of the magnetic field
created by I, at the location of [;?

(d) Whatisthe force per length exerted by I, on [,?

by a force per unit length of 320 uNm™" when
they are separated by a vertical distance of 0.5 m.
The current in the upper wire is 20 A to the right.
Determine the location of the line in the plane of
the two wires along which the total magnetic field
is zero.
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4. Three long wires (wire 1, wire 2, and wire 3) hang 7. Two long, parallel conductors carry currents in

\_

vertically. The distance between wire 1 and wire 2 is
20 cm. On the left, wire 1 carries an upward current
of 1.5 A. To the right, wire 2 carries a downward
current of 4 A. Wire 3 is located such that when it
carries a certain current, each wire experiences no
net force. Find the position of wire 3. Also find the
magnitude and direction of the current in wire 3.

. Afixed long straight conductor carrying current

is placed at a distance a from another conductor of
length | carrying current I, as shown in Figure.

Calculate the minimum work required to be done
to increase the separation between the conductors
through a distance b.

Two circular current carrying loops, each of radius
10 c¢m, are parallel, coaxial, and almost in contact,
1 mm apart. The top loop carries a clockwise cur-
rent of 140 A. The bottom loop carries a counter
clockwise current of 140 A.

N
Nt

—
140 A

(a) Calculate the magnetic force exerted by the
bottom loop on the top loop.

(b) The upper loop has a mass of 0.021 kg.
Calculate its acceleration, assuming that
the only forces acting on it are the mag-
netic force and the gravitational force.

(Taken—% andg=10 ms'z)

the same direction as shown. Conductor A carries
a current of 150 A and is held firmly in position.
Conductor B carries a current I; and is allowed to
slide freely up and down (parallel to A) between a
set of non-conducting guides. If the mass per unit
length of conductor Bis 0.1gem™, what value of
current I will result in equilibrium when the dis-
tance between the two conductors is 2.5 cm?

\
A

~—
Is B

. Two long straight parallel wires are 2 m apart, per-

pendicular to the plane of the paper. The wire A
carries a current of 9.6 A, directed into the plane of
the paper as shown in Figure.

A
[
2m
¥

1.6m
o
B

10/11m
P

The wire B carries a current such that the magnetic
field of induction at the point P, at a distance of

% m from the wire B, is zero. Calculate the force

per unit length on the wire B.

/
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SOLVED PROBLEMS

A particle having charge —g and mass m = 2.58 x

107" kg is travelling through a region containing a
uniform magnetic field B=-(0.12T)k. At a par-
ticular instant of time the velocity of the particle is
5=(1.05x10° ms™ )(~3i +4j+12k ) and the force F
on the particle has a magnitude of 1.25 N.

(@) Calculate the charge .

(b) Calculate the acceleration 4 of the particle.

(c) Explain why the path of the particle is a helix,
and determine the radius of curvature R of the
circular component of the helical path.

(d) Determine the cyclotron frequency of the particle.

(e) Although helical motion is not periodic in the
full sense of the word, the x and y-coordinates
do vary in a periodic way. If the coordinates of
the particle at t=0 are (x, y, z)=(R, 0, 0),
determine its coordinates at a time t = 2T, where
T is the period of the motion in the xy-plane.

SOLUTION
(a) Given that,
B=-(0.12T)k,
5=(1.05%10° ms™ )(-3i +4j +12k ),
F=125N
Since F = q(ﬁxﬁ)

ik
= F=q(1.05x10°)-3 4 12
0 0 -0.12
= F=—-q(126x10°)(4i +3]) (1)

The magnitude of the vector (4;' + 3;) is

32447 =5
= F=-q(126x10° NC™)(5)
= q=- r
5(1.26x10° NC)
125N

= g=-

5(1.26x10° NC™)
= 7=-198x10" C=-1.98 uC

(b)

(c)

(d)

(e)

2 |

Since, XF =mii, so i =

From equation (1), we have
F=—-q(126x10°)(4i +3])

= F

—(=1.98x107® C)(1.26 x10° )(4§+3})
= F=+025(4i+3])

) F(
= d=—=
m

0.25
258x107%°

)(4z+3;)

= ﬁ:(9.69x1013)(4§+3})ms'2

Since, F is in the xy-plane, so in the z -direc-
tion the particle moves with constant speed
12.6x10° ms™. In the xy-plane the force F
causes the particle to move in a circle, with F
directed in towards the centre of the circle.

YF = mii

m
= R=——,where v* =02 +0’
F A ¥

2 2
= o> =(-3.15%10°) +(42x10°)
= 0> =2756x10" m?%s?
= 1=525x10° ms™

From equation (1), we have

F=FI+F =(025)y4+3” =125N

mv?  (258x1075)(2.756x10")
= R= =
F 125

= R=0.0569 m=>5.69 cm

B
Since the cyclotron frequency is f = ;_
m

= f=147x10" Hz and
= 0=2nf= 9.23x107 rads™

Compare f to the period T of the circular motion
in the xy -plane to find the x and y coordinates at
this £. In the z-direction the particle moves with
constant speed, so z =z +v,t.
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The period of the motion in the xy-plane is given
by
1 1

_ _ _ -8
T f 147x10 Hz = 68107 s

For t = 2T, the particle returns to the same x and
y coordinates. The motion along the z-direction
is the motion with constant velocity v, given by

v, =(1.05%10°)(12)=12.6x10° ms™
= z=2z5+0,t

= 2=0+(126x10° ms™)(2)(68x107 s)
= z=+171m

So, the coordinates at t=2T are x=R, y=0,
z=+171m ie, (R, 0, 1.71) metre

Please note that the circular motion is in the plane
perpendicular to B. The radius of this motion
gets smaller when B increases and it gets larger
when v increases. There is no magnetic force in
the direction of B so the particle moves with con-
stant velocity in that direction. The superposition
of circular motion in the xy -plane and constant
speed motion in the z-direction is a helical path.

A circular loop of radius a carrying a current I, is
placed near an infinitely long straight wire carrying a
current I; as shown. The wire and the loop are copla-
nar. The distance of the centre of the loop from the
wire is b . Find the force of interaction between the
wire and the loop.

SOLUTION

For this type of problem, let us divide the circular loop
in two equal halves and then proceed. Figure here
shows the one half of the loop. We observe that on
taking the symmetrical locations of the infinitesimal
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elements, the sine components cancel. So, the net
force on this left half is attractive and equals

= dFsinf
dFy oS L
! 0 ra/-
T dFcosd é‘:::b,:de
O
0&7’
dFcosf ,«’:/%0
6 '
dF v b
dFsing
«— (b-acosd) —|
= acosh ¥
——— h ————»

Feft half = JdF cosf {towards the wire}

where, dF = B/I, (dl)

I
Since B, :;‘O—l, r, =b-acos6 and di = add
nr,

tolyL, (adf)
27(b-acosB)

n

= dF=Bljz(dl)=

2
#UIIIZH cos 0d6
2n b-acosf

n

2

= Retnas =F =

I

2
UoliL,a [ cosOdd
F=

Fis b—acos@
0

c0s 640
b-acos@

toliloa
T

(1)

=  Begnat =F =

c'—-——.m\.‘:q

{towards the wire}
Similarly, we get for the other half (right half)

dFsind dF
lp_“
14 eyj) !
dg\;’/a dFcos(
AD
NE
d§‘::\ dFcosf
NGO
I, Y =
dFsing 97
[*acoso»
- b o
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Fighthalf = JdF "cos 6

where dF’ = B{I,dl

{away from the wire}

I
B =F0L 1 = hracosd and dl=adg
2mr|
S 4P =Bl = Foll (80)
2m(b+acosh)
Uy I : 6do
E =P=012a‘[ oS
7 Argthalt =5 =0 0 |+ acosd)

1
SR

Y

_ HliLa f cos 046

T b+acos@
0

= F

1

2
Uplila [ cos6de
r (b+acosh)

.(2)

= Fighnat =F =
{away from wire}

Please note that J f (x)dx=2j f(x)dx when
-a 0

f(x)=f(-x), has been used to simplify the inte-
grals (1) and (2).
So, we have

F'loop = Fleft half + F right half
= Fup=FE-b {towards the wire}

where F and F, are to be calculated from (1) and (2).

Now =
b-acost a

DL——.M|H

cos 6d6 _1( 2b

and

O C— | B

cosbde _1fm  2b tan'l{ E]
b+acos® al2 Jp2_z2 b+a

= F =,u[,1112 2 tan”! bia )
! T b _ g2 b-a

LI
and F2=#012(£_ 2b 2tan_l( b-a

T |2 (p_q
= FZP]_—PZ
- F=#DIIIZI 2b [tan'l b+a
n b2 - 42 b-a
-1 b—ﬂ) :|
tan ,— |-7
b+a
But we know that
tamfl(J«:)thzsm'l(l)=tan_1(x)+c0’t_l(3c)=E
X 2
LI
- F=P1—P2=u012 2b E_”
T bt g2 2

b

= F =#on(
N

A vparallel plate capacitor with area of each plate
equal to A and the separation between them to d is
put into a stream of conducting liquid with resistiv-
ity p. The liquid moves parallel to the plates with a
constant velocity v. The whole system is located in
a uniform magnetic field of induction B, parallel to
the plates and perpendicular to the stream direction.
The capacitor plates are interconnected by means of
an external resistance R.

-1 ) {towards the wire}

(a) What amount of power is generated in that resis-
tance?

(b) At what value of R is the generated power the
highest?

() What is this highest power equal to?

SOLUTION

Resistance of the liquid in between the plates is %f
Voltage applied across the platesis V = Ed

For constant velocity of the liquid to be maintained
under the simultaneous influence of electric and
magnetic field, we must have

E
v

"B
= V=(vB)d (1)
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If I be the current through the plates then
v vBd

B Rmtal B R_+_p_d
A

(@) So, power generated in the external resistance
Ris

(b) j—i =0, for P to be MAXIMUM

-2
. i{R[Rﬂ) }=o
dR A

= 2R=R+—

od

202 12 252 12
deszBd WhereR:I

4R?

(€©) Pyax =

v*BX*  v’B*Ad
= Pyax = =

&
A

A wooden cylinder of mass M, length L and radius
R is placed on a rough horizontal surface. A mass-
less current carrying wire of length L is fixed on its
curved surface parallel to its length. There exists a
uniform magnetic field B along horizontal as shown
in Figure.
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Find the various forces acting on the cylinder and
draw the free body diagram of cylinder. Assuming
that the wooden cylinder does not slip on the ground,
find the time period of resulting motion when it is
slightly disturbed from the equilibrium position.

SOLUTION

The forces acting on the cylinder are shown in figure.
Bir

&

For equilibrium, we have
Mg =N +Bil

= N=Mg-Bil

Bir

Qi

Be+—

slightly
EE——
disturbed

Friction

When there is no slipping at point of contact, C is
instantaneous centre of rotation.
Torque about the point C is

7=(Bil)(Rsinh)
For small 8, sinf =0

= 7=BilRO

Since, o = % ,where [=1_ + MR?

BilRO
= %=
[—MR2+MR2)
2
2Bi
= o= 119
3MR

Also, we see that, the angular displacement 6 is
clockwise, whereas the angular acceleration o =6 is
counter-clockwise, so
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_ 2Bil
3MR
4’0 2Bil
= —=-
dt*  3MR
é+[23” )9=0
3MR

Comparing with standard equation of SHM i.e,,
f+w*0=0, we get
» _ 2Bil
3MR
2Bil
3MR

2
Since T = il
0]

3MR

= T=2n -
2Bil

A wire carrying a current | is bent into the shape of
an exponential spiral, r =¢?, from 6=0 to 6=2x
as shown in figure. To complete a loop, the ends of
the spiral are connected by a straight wire along the
x-axis. Find the magnitude and direction of B at the
origin.

~>

SOLUTION

Before we start with the problem, we must know and
keep in mind that the angle 8 between a radial line

and its tangent line at any point on the curve r = f(6)
are related to the function as

tanﬁ=dL

d6

a0
Y
r=¢
0 p X
dr -
T i
I I'p,
I
,:" P ﬁ_4
®B

us in this case, we have r=¢" and so we ge
Th th h ¢ and get

tanf=1 and f= % Therefore, the angle between

dl and 7 is (n-B)= ?:Tn Also

dl = —— = \dr

sm( 7]

From Biot-Savart’s Law, we know that there is no
contribution from the straight portion of the wire
since dI x7 = 0. For the field of the spiral, we have

g bl (dlx?)
4 42
It
- p=H
47 J 2
8=0
Iz‘ 3 1
4”0 . Y
= B=— ﬁdr sm(—n—
4 J [ 4 )|
6=0
r
- B=P«'01T v 2y = .uOI( )
i J ir
6=0 9=0

Substitute r=e? we get

Uol )M Ul )
p=_Hol(,-8 __Hol( 2n_ 0
475(8 0 475(8 ‘

Uyl 27
= pB=2C t of th
47r( )ouo e page.

A charged particle having charge 10° C and mass

" kg is fired from the middle of the plate making
an angle 30° with plane of the plate. Length of the
plateis 0.17 m and it is separated by 0.1 m. An electric
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field E=10" NC™ is present between the plates and
just outside the plates a magnetic field is present.
Find the velocity of projection of charged particle and
magnitude of the magnetic field perpendicular to the
plane of the figure, if it has to graze the plate at Q
and P parallel to the surface of the plate. (Neglect

gravity).

Q
lE |
P

SOLUTION

The acceleration of the particle is given by

-6 3
a= E = M =10 ms™, downwards
m (10°)

Path of the particle is a projectile. The particle will
graze at Q when length of the plates equals half the

. R
range ie. [=—

R u*sin26
= l=—==
2 2g
2 - 2 - o
S ot sm(29)=u sin60
29 20

= u=198ms’’
| .

m

.......... ) Circular

v=1cos8=198c0s30°=17 ms™"

e -——-—-90

Speed of particle at Q is,

It will graze at P if PQ is twice the radius of circular
path followed by the particle in magnetic field i.e.

mo
PQ=2R=2(q—B]
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= 0.1=2("“”J
qB

p_ 2x107"x17
0.1x10°

=34x10° T=34mT

A charged particle +4 of mass m is placed at a dis-
tance d from another charged particle —27 of mass
2m in a uniform magnetic field B as shown in fig-
ure. If the particles are projected towards each other
with equal speeds v .

® ® ® Q@

q,m -2g,2m
—V V 4+—
® ® ® ®
X ® ® ®

< !
< Ll

® ® & ®

(a) Find the maximum value of projection speed v,
so that the two particles do not collide.

(b) Find the time after which collision occurs
between the particles if projection speed equals
zvm'

(c) Assuming the collision to be perfectly inelastic
find the radius of particle in subsequent motion.
(Neglect the electric force between the charges).

SOLUTION

(@) The particles will move in circular paths, as
velocity vector is perpendicular to magnetic
field. Time period of both the particles is same

[T = M—;] So, for collision not to take place,
q

we must have

n+n<d
mv  2mv
= —+—<d
qgB  24B
= 0< 4Bd
2m
. qBd
Therefore, maximum speed should be e
m
Bd
= v, =0, =

2m
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(b) From symmetry, we observe that they collide

[—— d2 ——>it— d2 ——>

x-component of velocity at time ¢ is,

B
v, =20, c080 =20 cos(q )t

m
m

Substituting, v, =0 _ 4B

( )
m 2

6
m
6qB

, we get

m

= t=

(c) At the time of collision

6=o0t= (qB) L) B
6gB) 6

‘{'

LN

-2q, 2m

kS

After the collision

_ 2mv,, c0s30°-4mv,, cos30° 0
3m

E

&l

_ 2mu,, sin30° + 4mv,, sin 30°
3m

=Uy

Uy

So, speed of combined mass is

2.2 2
U=,/0,+0, =—F=0
] \/g m

(3m)| 2
(3m)(v)= " (\/EU’”Lz\/?mvm

= R=
gB qB qB
Bd
Substituting, v,, = s , we get
2m
R=+34d

A coil of radius R, mass m; carries a current i.

Another concentric coil of radius r(« R), mass m,
carries a current i,. The planes of two coils are mutu-
ally perpendicular and both the coils are free to rotate
about common diameter. Calculate the maximum
kinetic energy attained by the two coils, when both
are released from rest.

SOLUTION

Let us first draw the arrangement described for a
clear visualisation of the problem.
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The magnetic field due to coil of bigger radius R is

R
This field exerts a torque on smaller coil due to which
an equal and opposite torque is exerted by the shorter
coil on the larger coil.
Since no external torque is acting on the system, so
the angular momentum remains conserved. Also,
the total mechanical energy of the system remains
conserved.
Now, when the system is released, the magnetic
dipole starts rotating to attain equilibrium position
and the magnetic energy is converted into kinetic
energy of both the coils.
The kinetic energy is maximum when it reaches the
equilibrium position or the kinetic energies are maxi-
mum when both the coils become coplanar. The two
coils rotate due to their mutual interaction only and if
one coil rotates clockwise, then the other coil rotates
anticlockwise.
Let I; and I, be the moment of inertia of the respec-
tive coils about the axis of rotation. Let @, and w, be
the angular velocities of larger and smaller coils when
they become coplanar, then by Law of Conservation
of Angular Momentum, we have

IIOJI =Iza)2 '“(]')
By Law of Conservation of Energy, we have
(U + K )iigial = (U + K)fial

where, U=-MBcos# and K = ;I o’

1 1
= Ella)lz+512a)§=U ..(2)

From equations (1) and (2), we get

2
(2% ) e —u
2\ ) T2
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= %Iza)—f:Kz:( k ]U

Since, K; +K, =U

1 2 IZ
= =] =K, = u
g1 =H (IIHZ)

Also, we have U = (/% (‘”0”)
so, we have (zrr 12) R

So, maximum kinetic energy of smaller coil is

1mle

K. = ( ﬂom’ziliz ) 2
- 1 1
2R ~mR? +5m2r

2

2

omr*iyiym R
Z(mlRZ +myr? )

1 I
Also, K; = Ella)]z =(1 +21 )u
1 2

= K,=

2

porer iy Emzr
= K= R i 1
~myR* + = myr*
2 2
= K= porr gy
ZR(mle +m2r2)
PROBLEM 9

A sphere of radius R has a uniform volume charge
density p. Determine the magnetic field at the centre
of the sphere when it rotates as a rigid object with
angular speed @ about an axis through its centre.
Also find the magnetic dipole moment of the sphere
under the situation mentioned. Also express both the
results in terms of the charge Q on the sphere. Now if
the given sphere is completely embedded in an exter-

nal magnetic field B= Byi. Repeat your calculation

for the cases when B =B,j and B =Bk.
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SOLUTION

The sphere can be assumed to be made up of a large
number of concentric shells having radii between
zero and R. Consider one such shell of radius r
thickness dr having a charge dg. Then field contri-
bution of such a shell at the centre is

dB = (M)dq
orr

{as derived earlier in the case of a shell}

dr

where dg= (47rr2dr) P

= dB= (M)(ilmzdr)p

by
= dB=2#0—wprdr
3
5 R
= B=J.dB= JLJ'ID;UPJ.rdr
0

- nffs

= B=§(uua)pR2) {in terms of ®, p and R)

Since, we have
p=4Q
=R’

3

_ Ky
4R
For calculating the magnetic moment, we can directly

take the help of Gyromagnetic Ratio, which is given
by

= B {in terms of @, Q and R}

Ml 0

= -—=—, where Q = charge on sphere,
Ll 2m
m = mass of sphere
L oo M0
(ngz)w 2
5
TNCRNES
5 2m
5
= M|=1QwR2=4ﬂ";—wR ) p=4Q
5 5 gR_RS

So, please note that the GYROMAGNETIC RATIO
(y) is a strong tool in your hands that will always help
you to calculate the magnetic moment of a body of
mass m, charge Q rotating with angular velocity o.

Now since 7=MxB where M= (%Qsz ); and

B=B,i

. (1 ~ A 2 &
= = Samort (-F) [+ ixi= k)
Similarly, for the other two cases, we get

f=6and%=(ég%wR{ﬁ

PROBLEM 10

A very long straight conductor of circular cross-
section with radius R has current density [(r)
directed into the plane of paper (along negative z
direction) and varying with radial distance r as

R
Zero forr< 5

R
for —<r<R
2
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where p, is a positive constant. Assuming the origin
to lie on the axis of the very long straight conduc-
tor, consider a point P(O,a,O) outside the conduc-
tor i.e.a>R. If two infinitely long thin conducting
wires each carrying current I, in the same direction
and parallel to the axis of the conductor are placed
at (4,0,0) and (-4,0,0) such that the magnetic field
at P is zero, then calculate the current I; in the thin
wires and the direction of current with respect to the
very long straight conductor.

SOLUTION

Current through the very long straight conductor is
given by

JdA , where dA = 2nrdr

O C—

R
2 R
= I= J.QJIFI r)dr+J2m](r)dr
0 R
2
R
2 R 5
= I=J.2nr(0)dr+'[2xrp0r—2dr
0 R R
2

R

R
N I:O ZEP()J‘ 3d _an( )

R? R*\ 4 JIr

R 2

2

27:,00( . R4] 15,
SO R =R
4R? 16 )" 3™

For calculating the magnetic field at P due to the very
long straight conductor, let us consider an Amperian
loop of radius a having centre at the axis of the con-
ductor, then for all points on the Amperian loop,
the magnetic field B has the same value. Applying
Ampere’s Circuital Law, we get

B(27a) = ol

= I=

15
= B(2m)= ug(inpﬂRzJ

15 UoPoR®
64

B=Bp= ,along +x direction
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The visualisation to the situation given in the prob-
lem is shown in Figure.

At P, field due to the conductor is directed along
positive x direction. Field due to wires A; and A,
must cancel B, which is possible only when the cur-
rent I, in each wire is outwards along positive z axis.
Field at P due to wire A, is

5 Holo Mol
B.|=B, = =
B[=E 21 2x(av2)

Field at P due to wire A, is

Holy Holy
2rr 275(51\/5)

Resultant of these two fields B, and B, (ie. B") is
along negative x direction (i.e. opposite to Bp). So,
we have

1By |=By =

’ JuO 0 1
B’ =2B, cos(45°) =2 —
! ( 27:(:1\/5 ) ) V2
o gt ,along —x direction
2na

Since B’ is acting opposite to Bp, so net field at P
will be zero when we have both B” and B, equal in
magnitude.

= B'=B,
2
- Holy _ 15 poppR
2ra 64 a
15 )
= [,=—mp,R
0 327%00

PROBLEM 11

A finite conductor AB carrying current I is placed near
a fixed very long current carrying wire I, as shown
in the figure. Find the point of application and mag-
nitude of the net ampere force on the conductor AB.




ICON

1.126 JEE Advanced Physics: Magnetic Effects of Current and Electromagnetic Induction

What happens to the conductor AB if it is free to
move? (Neglect gravitational field).

SOLUTION

Consider an element of rod AB of length dx ata dis-
tance x from the wire. The field at this element is

5 taly
2mx
11
|4F| = Bry < Holol &%
2r x
a+l
11
> P=de=—‘”° Ojd—x
2 X

= F= u;—HUlogE, ( a_+l) {in the direction of Iy}
n a

For finding the point of application of force we shall
make use of the following mathematical formula,
according to which

J.xdF
r=%—— where F= #U—%loge(a—ﬂ)
F 2r a

Consider an element of length dx at a distance x
from wire I,.

Then dF = B(x)Idx where B(x)= Holy
2mx
a+l I
J‘x(m}‘dx
27X

a

= r=
F
(Ju[]HD)[
2n

= r=

FamE
2n a

I

= r=

logf(aﬂ)

xdF
Please note that the formula used r=T is just

another way of expressing the “Law of Conservation
of Moments of force”.

PROBLEM 12

A solid sphere of radius R carries a uniform charge

density +p from r=0 to g and an equal charge den-

sity of opposite sign —p, from % to R. If the sphere

rotates about its diameter with some uniform angular
velocity @, then calculate the magnetic moment of
the sphere. Assume that the mass is distributed uni-
formly on the sphere.

SOLUTION

The solid sphere can be visualized to be made up of
a number of infinitesimal concentric spherical shells.
Consider one such shell of charge dg, thickness dr,

radius r having magnetic moment dM, then due to
the rotation of the sphere with uniform angular speed
®, the magnetic moment is given by

dM=%(dq)a)r2

where, dQ = pdV = p(4rr’dr)

%(dq)a)rz =

Magnetic moment of solid portion between r=0 to

= dM= %(4xr2pdr )corz

r =§ is obtained by integrating the above expres-

sion. So, we have
R/2

e fas- T

4xr? pdr

wl.—x
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Similarly, the magnetic moment of solid portion of

charge density —p from r :g to r=R is

R

Mzzjdy:—J%(4mr2pdr)mr2
R2
R
S
=305 )k
2
= M2=—inpr5(1—l)
15 32
31 5
= M, =-—mpoR
SRR TT
So, net magnetic moment is given by
Mnet=M1+M2

= My =- i TPOR’

Negative sign implies that the net magnetic moment
is directed opposite to the direction of .

PROBLEM 13

A square frame carrying a current I is located in the
same plane as a long straight wire carrying a cur-
rent I;. The frame side has a length a. The axis of the
frame passing through the midpoints of the opposite
sides is parallel to the wire and is separated from it by
the distance which is 1 times greater than the side of
the frame as shown in Figure.

Calculate the force acting on the frame. Also calcu-
late the mechanical work to be performed in order to
turn the frame through 180° about its axis, assuming
the currents to be constant throughout the process of
turning the frame.
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SOLUTION

Force of attraction between wires carrying currents
in the same direction is

E = Molly, Kl

2”(7?%%) n(2n-1)a

Similarly, force of repulsion between wires carrying
currents in the opposite direction is

Holl, Molly

27[(”“%) n(2n+1)a

E=

Net force of attraction between the square frame and
the long straight wire is

_ Holly Wyl
z(2n-1)a m(2n+1)a
2u,II
= P:#
Jr(4n —1)

Since the work to be done in turning the frame
through 180° is given by

W=-IA¢p=-I1(-¢-¢)=2I¢ (D)

where ¢ is the magnetic flux associated with the coil
due to the magnetic field of the wire placed near it.
To calculate the magnetic flux associated with the
square loop let us consider an infinitesimal strip ele-
ment of length a, width dx ata distance x in the coil
as shown in Figure.

|

ax

 J

ry

— 1]a —l
I
I

I
1
a

The magnetic field B at the strip due to the infinite
wire is
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_ Holy
2mx

B

The magnetic flux associated with this infinitesimal
strip is
d¢ = BdA
where dA = adx is the area of the strip.
= do= (‘UO—IU J adx
2mx

Total magnetic flux associated with the square loop is
obtained by integrating d¢. So, we get

r,'a+%
I
¢=Jd¢= I (‘Lzloo)adx
nx
-2
na+—
- ¢=ﬂ010a J d_x
2 X
HH—E
na+o
= q)—uOIOa(]n) ’
2 P
2

= ¢=—

From equation (1), the work done to rotate the coil is
given by

W =21¢
W #oﬂoﬂ]n( 2n+1)
T 2n-1

PROBLEM 14

A particle of charge q and mass m is projected from
the origin with velocity 7 =1,i in a nonuniform mag-

netic field B = —(Box)i'e .Here v, and B, are positive
constants of proper dimensions. Find the maximum
positive x coordinate of the particle during its motion.

SOLUTION

Magnetic field is along negative z-direction. So, in the
coordinate axes shown in figure, it is perpendicular
to paper inwards. (®) magnetic force on the particle
at origin is along positive y-direction. So, it will rotate
in x-y plane as shown. The path is not a perfect circle
as the magnetic field is nonuniform. Speed of the par-
ticle in magnetic field remains constant.

y
A
v, ©B
I
il
Plx, y)
an
®z 6| ;’0 X

Magnetic force is always perpendicular to velocity.
Let at point P(x, y) its velocity vector makes an

angle 8 with positive x-axis. Then magnetic force F,
will be at angle 6 with positive y-direction. So,

F
a, = (—’”)cos@
m

dv, (Byx)(qu,cos8) o
d_tj=—m {*- F, =Bquysin90°}

o G O

dx
where m =10, =7y cosf

n

From (1), we get

= x_ =

Note that here, when the x displacement is maxi-
mum, then the velocity is along positive y direction.
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PROBLEM 15

Find the work and power required to move the con-
ductor of length I shown in the figure through one
full turn in the clockwise direction at a rotational fre-
quency of n revolutions per second if the magnetic
field is of magnitude B, everywhere and points radi-
ally outwards from Z-axis. The figure shows the sur-
face traced by the wire AB.

y

SOLUTION
Since we know that
F=1(ixB)
where Il =(I1)k and B=B,?
where 7 is a unit vector directed radially outwards.
= F=(IB)i

where we have kx7 = f,with t directed towards the
tangential direction.

'
B,f h
P \Ft
/ \\
Ft') \
: o—B,f
\ ]
\ !
\ ,’NEnveIope
O
Byf Ft
3
View From the Top

f = Unit Radial Vector

f = Unit Tangential Vector

If AW is the work done by the external force to turn
the conductor through angle d6 in the clockwise

sense, then

Chapter 1: Magnetic Effects of Current 1.129

dW = F.d¥

=  dW=(IB,)i-rdo(~F) { dx=rdo(-i)]

2r
= W= de = —HBOrJdG

0
= W=-IIB,(2nr)=-(27r)(B,Il)

The negative sign shows that the field does work.
Also, work done a round a closed loop is non-zero
thus showing that the force doing this work is non-
conservative in nature.

Work Done W
Power = — — =
Time of one Revolution ( 2_71.')
(0]
(1Bt
,’ \
1 A
! r
i &=z Byr
\ a -

Since @ =n revolution per second

=  @=2mnrads™

T= 2—E= (l) second
i) n
2mr(Byll)

= P= =-2mrnByll

[ )
n

Three charged particles 1, 2 and 3 of mass m, 2m and
3m having charges q, —2q and 64 are projected into
a magnetic field B as shown in figure. Find the dis-
tance between the particles 1, 2 and 1, 3 after time ¢,
ifat t =0 they enter into the region of magnetic field.
Ignore electric and magnetic effects due to charges on
themselves.

2 @ @ ® ®

® 8 ® 8 ®
123 18 ® ® @ ®
LI R ® ® ®
2 ® ® @ ®

® ® ® ® ®
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SOLUTION

y
Distance between 1 and 2: Vo
C .)B“ f
Since, 1, = N 1
EYO
. 2mu,  mu, O i X
25" T i
2gB 4B \2
qB 2qB _qB Yo

AlSO, 0)1=— and 0)2=—=—
m 2m  m

= S, =2y =21 (1-cos6) =21 (1-coswt)

Bt
= 512=2mvﬂ(1 o8 (q )]
qB m

Distance between 1 and 3:

3myy _ myy
6gB  2qB

= 5 =J(x1 —X3 )2+(y1 —Ys )2

[ risin(ot)-1; sin((ug,i‘)]2 i

[ 1 (1-cos(@it))-1, (1—cos(a)3t))]2
Substituting the values, we get

_6gB 2B
==
3m  m

Since, 1, =

= 513 -

{. (th) . (2th)}
sin| — |——sin +
mug m ) 4 m

PROBLEM 17

A particle of mass m and charge g enters a region
of electric field E as shown in the figure with some
velocity at point P. At the moment the particle col-
lides elastically with smooth surface at N, the elec-
tric field E is switched off and a magnetic field B
perpendicular to the plane of paper automatically
switched on. If the particle hits the surface at point

O, then prove that B=2 ’m_dE :
q

E
dre
v .
0 N

SOLUTION
If ¢ is the time taken to reach point N, then

d_1 ( qE ) 2
2 2
= t= n d
gE
If u is the velocity while entering the field, then
d=uxt

also if vy, is the velocity of the particle in the direc-
tion of E at N, then

E Ed
\/z(fn) 2:\/%

So, net velocity at N is
2 2 |2qEd
UN = Uiu_ + 112 = q_
m

. v
Since tanf= -+ =1
u

= 0=45

Hence, the collision is elastic and the particle is
reflected back with the same speed vy

The charge g4 now moves with a speed vy in mag-

netic field B . Radius of its path

Ro Moy _| [ZmEd ) 1 ()
qB q

B

From figure R = gx

L
V2

d 1 [2mEd
Puttingin (1), ==~

r \/E B

= B=2 mE
qd
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PROBLEM 18

An infinite wire 1, placed along z-axis, has current
I; in positive z-direction. Another wire 2 is placed
parallel to y-axis and carries a current I, in positive
y-direction. The ends of the wire 2 subtend +30°
and -60° at the origin with positive x-direction. The
wire 2 is at a distance a from the origin. Find net
force on the wire 2.

SOLUTION

The arrangement is shown here.

Please note that the direction of I; and the +z -axis,
both are outwards towards the reader, denoted by ©.
Let us consider an infinitesimal element of length dy
at a distance y from x-axis. If B be the field due to
the wire 1 at the element is

_ Uoly _ Uoly

B,
2 oy +?
— a —
Yy
do Ui
o P op e
11 g :if._vlﬁ_“-___r__ Ty > X
(along + z-axis) 'J60°
AY
\\\
\\\ ‘ IZ
\\
U2
The force on this element due to the field of wire 1 is
dF =1(dl xB)

= dF=1,(djxB,)

- I
= |dE|=dF = (Ldy)| —E22— |sing
2n\/a2+y2
sin @ }dy
2, 2
VA +y

{along positive z-direction, using Right Hand
Thumb Rule}

—  JF= toliI, {
2
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I
But sinf = / By
a*+ 8
Ry T Y ]
27: a2 +y2 ) ,r‘, :
I 020 C AR i
3
F Holy 1 J. ydy
2 5 az+y2
d 1
Since, Jazy:; = logg(.:z2 +y2)

ir
2
2 A
a+—
tohly 3
= F 0
ir Be a* +3a>
- F_unhlegg(l)
4ir 3
Uoly1y
= F=-"12150 (3)
4]1_ gt’

{Along negative z-direction]

In this particular problem, we must observe one thing
that though the magnetic force on the infinitesimal
element is along +z axis, but the net force on the
complete wire 2 is along —z axis. This is quite obvi-
ous because the lower current carrying portion has a
length more than the upper portion and so the extra
unsymmetrical portion contributes to the net force
along negative z-direction.

PROBLEM 19

A charged particle of mass m and charge 4 is pro-
jected on a rough horizontal X-Y plane with z-axis
in vertically upward direction. Both electric and
magnetic fields are acting in the region and given

by E=-Ejk and B=-Byk respectively. The parti-
cle enters into the field at (), 0, 0) with velocity
D =UD}. The particle starts moving into a circular

path on the plane. If coefficient of friction between
particle and the plane is . Then calculate the



ICON

1.132 JEE Advanced Physics: Magnetic Effects of Current and Electromagnetic Induction

(a) time when the particle will come to rest
(b) time when the particle will hit the centre
(c) distance travelled by the particle when it comes

to rest.
SOLUTION
(@) N=mg+qE, (1)
2
mv
B, = — 2
B == @
dv
d -m—=uN 3
and —m-—-=p 3)

From equation (2)

mo

R=—"
qB,

From equation (1) and (3)

dv
~m— = p(mg+qk

0 t

= —mjdv =—u(mg+qE, )Jdt

Uy 0
e mu,
u(mg+qEy)

z

-—
-]

>y
(309 0! 0) /

X

(b) From equation (4)

Here, R; =%
4By
= f: &
u(mg+qEy)

We observe that both the times are equal.
d
(© —mvd—? = u(mg+qEy )
0 t
= —m'[vdv= p(mg +qE, )Idl
7 0

2
mo
= T[l:ﬂ('ngrqu )I

2
muvy

2u(mg +qEy)

PROBLEM 20

An equilateral triangular frame PQR of mass M and
side a is at rest is under the influence of horizontal
magnetic field B and gravitational field as shown in
the figure.

= =

(a) Find the magnitude and direction of current in
the frame so that the frame remains at rest.

(b) If the frame is slightly displaced in its plane per-
pendicular to PQ , show that its motion is simple
harmonic and find its period of oscillation.
(Neglect EMF induced due to motion of the loop)

SOLUTION

(@) The current I in the loop should be clockwise.

Now for the equilibrium of the loop
Mg =1(1)B
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= Mg:Ix%xB

_2Mg
B

= I

(b) Now if the loop is displaced downward by dis-
tance x
Restoring force

F=-[I(ST")B-Mg |

= F=—I{%[?a+xJ]B+Mg

= mjc'+(@]x =0
3

Hence motion is SHM comparing with standard
equation of SHM, we get ¥+ 0’x=0

< oo Zens
J3M

o = 2IB
3M
3M J3a
= T= Zm‘,— =T |—
2IB g
PROBLEM 21

A long cylindrical conductor of radius a has two
cylindrical cavities of diameter a through its entire
length, as shown in figure.
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A current [ is directed out of the page and is uni-
form through a cross section of the conductor. Find
the magnitude and direction of the magnetic field in
terms of yy, I, r and a at points P, and P,.

SOLUTION

Note that the current [ exists in the conductor with

I
a current density | = 71 where

A[__)_
4 4) 2

2

= 5

a

To find the field at either point P, or P, we follow
the following steps.

STEP-1:
Find B, which would exist if the conductor were
solid, using Ampere’s Law.

STEP-2:
Find B; and B, that would be due to the conduc-

tors of radius % that could occupy the void where

the holes exist.

STEP-3:

Then use the superposition principle and subtract
the field that would be due to the part of the conduc-
tor where the holes exist from the field of the solid
conductor.

At point P,

B :#Of(imz)

: 2y
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L]
AN
Hol 7 (2) Current I, flows along the positive z-direction in a
B=—"7 and long thin wire. Another current I, flows in a rectan-
2n ( r= EJ gularly shaped wire whose centre lies at (x,, 0, 0) and
) whose vertices are located at the points P(x, + d, -a,
" M( a ) ~b), Q(x, - d, a,-b), R(x, - d, a, +b) and S(x, + d, —a, +b)
B, = 2 respectively as shown in the figure. Assume that 4,
2x(r+EJ b, d<x,.
2 (a) Find the magnetic dipole moment vector of the
= B=B,-B -5, rectangular wire.
a1 1 1 (b) Find the force exerted on the rectangular coil by
= B= e i N . the magnetic field generated by I;.
4( r—— ) 4( r+ —) 5

(2D 417 —a® - 2r
= B= 7 4( 2) /
r

2_ T S— V
I 2 2 _ 2 /.XU/ \\
= B:&l%],directed to the left (P o 1Y
nr | 4r-—a I
At point P
PO SOLUTION
2
B. = M (@) The magnetic moment of the rectangular coil is
T 2ar S
: M=LA
a I
#0]75(5) where A=QPxPS
and Bj =B} = ——22— L
here QP =2di —2aj and PS = 2bk
2|1 +( EJ Q ]

= A=2(d§—a})x2b}2
The horizontal components of B and B; cancel

while their vertical components add. = M=-4bl, (d} + af)
= B=B,-Bjcos6-B;cosb (b) The magnetic field caused by I, at the centre
uyJ 7 (%9, 0, 0) of rectangular coil is
2
N B=”°](”"” )-2 4 ! s (ML)
2mr 22 7 2 xs
2r r2+[—) r2+(—) %o
# : The potential energy of magnetic moment M in
2 2 the field B
. Bz,uoj(im ) 1- r o
2rr , [ a? U=-M-B
A d)  2ubdl
= U= (41,1, )(;‘_ﬂ_) e e}
2 T X, X,
L gt (21)l1_ 2r }
2rr 4% +a* . = ou s
Since, F =- o i
. B Mol 2r* +a* *
o [ 42 44 = F= (72ﬂ0bd1112 );
{directed toward the top of the page} X
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PROBLEM 23

A particle having mass m and charge g is released
from the origin in a region in which electric field and
magnetic field are given by B= —Bof and E= EUIE.
Find the components of the velocity and the speed of
the particle as a function of its z-co-ordinate.

SOLUTION

Initially, when the particle is released, then magnetic
force will do nothing, but the electrostatic force will
make the particle gain some veloc1ty Let the veloc1ty

of the particle at time t be =0 1+vJ]+v k. Then
according to the Lorentz Force Formula, we have

F=E, +F , where

ik
Fm=q(ﬁx§)=q U Uy 0
0 -B, 0
= Fm =q[;(UzBO)+£(_UxBO)]
= —qBD(vz—v k)andF qE = qE.k

= F= q[BOUZf+(EU - By, )12]

= ma, =qBy,, ma, =0, ma, =q(E, By, )

L),
m
. dﬂ:(ﬁ},z
dt m

5 ﬂ&(@)vx
dt dz m

(NG

Since v —@ so we get
o &
dv, ~ @
dz m
Ul’ B z
= du, = q'—Ojr/‘lz
m
0 0
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2
v, = \/ quOJz—(@) Z
m m

The speed of the particle is

v=[3|= o} +0] +0]
2 2
() o)) 2
m m m
2gE
= v= (—q U)z
m

PROBLEM 24

Two long, straight conducting wires with linear mass
density 4 are suspended from cords so that they are
each horizontal, parallel to each other, and a distance
d apart. The back ends of the wires are connected to
each other by a slack, low resistance connecting wire.
A charged capacitor (capacitance C) is now added
to the system; the positive plate of the capacitor (ini-
tial charge +(); ) is connected to the front end of one
of the wires, and the negative plate of the capacitor
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(initial charge —Q;) is connected to the front end of
the other wire. Both of these connections are also
made by slack, low resistance wires. When the con-
nection is made, the wires are pushed aside by the
repulsive force between the wires, and each wire
has an initial horizontal velocity of magnitude v,.
Assume that the time constant for the capacitor to
discharge is negligible compared to the time it takes
for any appreciable displacement in the position of
the wires to occur.

(@) Show that the initial speed v, of either wire is
given by

_ JUOQ{%
47ARCd

where R is the total resistance of the circuit.

(%)

(b) Towhatheight h will each wire rise as a result of
the circuit connection?

SOLUTION

(a) METHOD L
The impulsive force, per unit length, due to
(antiparallel) discharging currents is equal to the
change in momentum. So,

oo

- 2
Av= J.th = J.idt
2md
0 0

where [ =discharging current

Now g=Qpe ™%

= 111= e
it 2 2t 2
= Av= J‘u—ﬂ(—Q” E_E}df =—#OQ"
2rnd\ R*C? 47RCd
0
_ ﬂoQ{zl

~ AmARCA

(b)

METHOD II:

The current carrying wires repel each other
magnetically, causing them to accelerate hori-
zontally. Since gravity is vertical, it plays no
initial role

: . _F oy I
The magnetic force per unit length is T 5.7

and the acceleration obeys the equation

(1)

—|=| — la

L L

Also, the rm.s. current over a short discharge

I
time 1s ——=

V2

The force per unit length between the wires is
given by

F_#ofz_ﬂn{fo)z

L 2rd 2rd\ 2

. £=&[z)2=ﬂ_o[&)z
L 4mxd\ R 47d\ RC

According to Newton's Second Law, we have

2
f=(ﬂ)a=,1a=#_0(&J
L L drd\ RC
_ ﬂUQUZ
ATAR*C*d
From the kinematics equation, we have
U, =Ty, ta,t

Jqug
47ARCd

By Law of Conservation of Energy, we have

= vy, =at=aRC=

I 5
- = moh
zmvo mg
2
5 ( ILLOQS ) ) 2
_ o _\amrad =1( 165 ]
2¢ 28 2g\ 47ARCd

Please note that, once the wires have swung
apart, we would have to consider gravity in
applying Newton’s Second Law.
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PROBLEM 25

A capacitor of capacitance C is connected to a bat-
tery of EMF E for along time and then disconnected.
The charged capacitor is then connected across a
long solenoid having n turns per meter in its closely
packed winding on its core. After connections it is
found that the voltage across the capacitor drops to

E . ) ) ) )

— in a time At. In this period estimate the average
n

magnetic induction at the centre of solenoid.
SOLUTION

Charge () on capacitor after time At is

_CE
n

Charge flown (Aq) through the solenoid in this dura-
tion is

Aq=CE-@:CE(1-1]
n n

q

Average current (i,,) in solenoid in this period is
given by

i oM _CE( 1
.Y .V

So, average magnetic field at the centre of solenoid is

Bm} = .uﬂniﬂv
L g MnCE(y 1
At n

PROBLEM 26

Apositively charged particle 1 having charge 1 C and
mass 40 g, is revolving along a circle of radius 40 cm
with velocity 5 ms™" ina uniform magnetic field with
centre of circle at origin O of a three dimensional sys-
tem. At t=0, the particle was at (0,04 m,0) and

velocity was directed along positive x-direction.
Another particle 2 having charge 1 C and mass 10 g
moving uniformly parallel to z-direction with veloc-
ity 40 ms™ collides with the revolving particle at
t=0 and sticks to it. Neglecting gravitational force
and coulomb force, calculate x, y, z coordinates of

the combined particle at { = :—0 S.
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SOLUTION

At time t=0 particle 1is at (0, 0.4m, 0) and its
velocity is along positive x- direction and magnetic
force F,, is towards origin or along negative y- direc-
tion as shown. Hence according to Fleming's left
hand rule, the magnetic field B should be along posi-
tive z-direction. Since, the radius of the circle, 7, is
given by
- vy
By,

L g™ _ (0.04)(5)

=05T
0

Now by Law of Conservation of Linear Momentum,
we get

My, +my0, = (my +m, )0

Yy
t: 9’,- T-—-TF_:I
J’/’ F_-m ! \\\
'\\ ) ; » X
= (0.04)5i +(0.01)(40k ) = (0.04+0.01)3

= 0.055=(0.04)5 +(0.01)(40)k

= =4i+8k

Due to v,, the combined patrticle tries to move clock-
wise along a circular path. However, v, makes it

move uniformly along z-axis so that its path becomes
helical.

Also, we observe that this calculated velocity of the
combined mass makes someangle (#0°, 180° or 90°)
with the magnetic field. Hence the path of the com-
bined mass is helical, say of radius R, given by

(my +m, v,
(ﬂhﬁiz)B

Re (0.05)(4) 02 m

T (2)(05)
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0, 0.4, 0) O—>vy =5ms™

—_— X
Z/

Time period of revolution is

B 2m(my +my )
(91 +9.)B
_27(0.05) =

2)(05) 10"

The time at which the coordinates are to be calculated
is

n T

t

BT
During this time the combined mass will rotate
through quarter circle (a part of Helix) or through an

angle 0=t = g in x-y plane.
Hence now, the radius of this circle will become 0.2 m
So, x=R=02m

y=r-R=02m and

z=0v,t= (8)(£)= 0.628 m
40

. . T
Hence, the position of combined mass at = © s is

(x, y, z)=(02,02,0.628 ) m

PROBLEM 27

A current of 10 A flows around a closed path in a cir-
cuit which is in the horizontal plane as shown in the
figure. The circuit consists of eight alternating arcs of
radii n =0.08 m and r, =0.12 m . Each subtends the
same angle at the centre.

(a) Find the magnetic field produced by this circuit
at the centre.

(b) An infinitely long straight wire carrying a cur-
rent of 10 A is passing through the centre of the
above circuit vertically with the direction of the
current being into the plane of the circuit. What
is the force acting on the wire at the centre due to
the current in the circuit? What is the force acting
on the arc AC and the straight segment CD due
to the current at the centre?

SOLUTION

(@) Given [=10A, n=008m and r,=012m.
The straight portions, like CD, etc. will produce
zero magnetic field at the centre. The remaining
eight arcs will produce the magnetic field at the
centre in the same direction, i.e., perpendicular to
the paper outwards or vertically upwards and its
magnitude is

B=B, +B

mner arcs

2\ 2, ) 2\ 2n,

= B=(ﬂ)(nf)(“—rz)
Az nr,

Substituting the values, we have

outer arcs

(107 )(3.14)(10)(0.08 +0.12)
(0.08x0.12)

= B=654x10" T

{Vertically upward or outward normal to the

paper}

(b) Force on AC: Force on circular portions of the cir-
cuit, i.e., AC etc. due to the wire at the centre will be
zero because magnetic field due to the central wire

at these arcs will be tangential (§=180°) as shown.

B=
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Force on CD: Current in central wire is also 10 A
Magnetic field at P due to central wire,

-2()
2r\x

Consider an infinitesimal element on CD at a
distance x from wire. Let this element have a
length dx. Then magnetic force on element dx
due to this magnetic field is dF given by

{~ F=Bllsin90°}

2n x
2n ) x
B D
—> ]/' dx
10O /
"

So, the net force on CD is given by

X=r; 0.12

2 2V
F= J'dpzﬁjd_x

2r X
x=n 0.08

= F= “_01210&(2)
2n 2
Substituting the values,
F=(2x107)(10)*log, (1.5)
= F=81x10"° N (inwards)

Force on wire at the centre: Net magnetic field
at the centre due to circuit is in vertical direction
and current in the wire in centre is also in vertical
direction. Therefore, net force on the wire at the
centre will be zero. (6=180°). So, we have the
force acting

(i) on the wire at the centre is zero.

(i) on arc AC=0
(iif) on segment CD is 8.1x10™° N (inwards)

PROBLEM 28

A slightly divergent beam of charged particles accel-
erated by a potential difference V propagates from
apoint A along the axis of a solenoid. The beam is
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brought into focus at a distance / from the point A at
two successive values of magnetic induction B; and

q

B, . Find the specific charge — of the particles.
m

SOLUTION

The velocity of the particles accelerated by a potential
V is given by

1 3
—mv° =V
” q
2V
N
m

Since the charged particles are slightly divergent so,
they will follow a helical path.

If 6 be the small angle made by a particle with B,
then cosf=1.

So, pitch of the particle is
p=7yxT

. p=(vcosm[2;f_;"]=2’;;m

Particles are focussed at a distance [, if | contains
integral number of pitches i.e.,

l=np

For two consecutive focussings (as B increases, p
decreases), we get

2mmo I 2mmo
l= and —=
qB, 2 B,
~ B = 2rmo and B, = drmo
ql ql
= B,-B- 2mmo
ql
2Vi
q m
87°V
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PROBLEM 29

Three infinitely long thin wires, each carrying current
I in the same direction, are in the X-Y plane of a
gravity free space. The central wire is along the y-axis
while the other two are along x =+d.

(@) Find the locus of the points for which the mag-
netic field B is zero.

(b) If the central wire is displaced along the z-direc-
tion by a small amount and released, show that it
will execute simple harmonic motion. If the lin-
ear density of the wires is 1, find the frequency
of oscillation.

SOLUTION

(@) Magnetic field will be zero on the y-axis, ie.,
x=0=z.
Magnetic field cannot be zero in REGION I and
REGION IV because in REGION I magnetic field
will be along positive z-direction © due to all
the three wires, while in REGION IV magnetic
field will be along negative z-axis ® due to all
the three wires. It can be zero only in REGIONS
Il and I11.

—_—

e e B P A R
X d-x
<—d+x-—u|
1 2 3
y

0 > X
_d B=0 _d
X 3 X= 7
z=0 z=0

Let magnetic field is zero on line z=0 and x=x
(shown as dotted). The magnetic field on this line
due to wires 1 and 2 will be along negative z-axis
and due to wire 3 along positive z-axis. Thus,

(b)

an
o M [ +Ju_0]:'”_0 [
2n(d+x) 2ax 2m(d-x)
1 1 1
=

d+x x d-x

d
Solving, we get, x =t —
8 & NG
Hence, there will be two lines, where the mag-
netic field will be zero i.e.,

:»c=iand;>f=—i {z=0}

V3 3
For the sake of convenience and understanding
the problem easily, let us change our coordinate
axes system as shown.
z & y-axis z
! Q2
1
1
1 /
1
1 i 3 .3

]
x=-d =0 x=d
I

Three wires 1,2 and 3 are shown in figure. Let the
wire 2 be displaced slightly towards the z-axis,
then force of attraction per unit length between
wires (1 and 2) and (2 and 3) is given by

2
kol
2 r
The components of F along x-axis will be can-
celled out. Net resultant force will be towards
negative z-axis (or mean position) and is given

by
2
E, =2Pcose=2(“—f’1—)(5)

2r v J\r

My I

= F z
75(22+d2)

net

For small displacements, we have z < d, then

Z+d*=d?
Ho 12}
= Fy=—-|——=|z
net (ﬂ'dz
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Negative sign implies that F,,, is restoring in
nature.i.e., F «<-z

Hence the wire will oscillate simple harmonically.
Let a be the acceleration of wire in this position
and A the mass per unit length of wire then

A ﬂoIZ
Fnet—la——(¥d—2]z

2
. (&)
nAd?

Comparing with the standard equation of SHM
ie, i+w0*z=0

we get
_ #012
mAd?
#012
= 2nf=,—
f mAd?

PROBLEM 30

An insulated square frame ABCD of side a is able
to rotate about one of its side taken as positive z-axis.
A magnetic field B is present in the region given by

B= BU} . A small bead of mass m and charge g mov-

able alongside CB is initially near C, when frame
lies in x-z plane. Now, frame is rotated by constant
angular velocity @ about z-axis. Whole system lies
in gravity free space. If after time t, the bead reaches
point B, find B, in terms of f.

zn o
A C
D
® By
A S X
—a —»

SOLUTION

Bead moves with speed v=aw in x-y plane

Velocity of bead, when frame has rotated through
angle 0= ot
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U= aw(—sin@hcos@fﬁvziz
Force on bead

F= qﬁxE’=[aa)(—sin8f+c058})+vz£]><30;

Force in z-direction = awqB, (~k)sing

wqB,sin@ -~
Acceleration of bead 4, = - Moo i Bt ( —k)
m
d
dt m

t
B B
= 7, = —%Jsinwtdf =—a—”(1—coscot)
m m
0

B
= 2 _ _ 2820 (1- cos ot
dt m

= dz= —%I(l—coscut)
m

0

__mB, [t_sina)tJl Z_anU[t_sina)t]
m @ Iy m (1)

=

When bead reaches B, then we have z=—a

aqB in wt
R —a=—ﬂ(t—sm )
m ®

mo
q( @t —sinwt)

PROBLEM 31

The force on a magnetic dipole M aligned with a
non-uniform magnetic field in the x direction is

= By=

givenby F, =| M| 'ZB . Consider two flat loops of wire
X

each have radius R and carry current I.

(@) The loops are arranged coaxially and separated
by a variable distance x, large compared to R.
Show that the magnetic force between them var-
. 1
iesas — .

x4

(b) Evaluate the magnitude of this force if =10 A,
R=05cm and x=5aum.
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SOLUTION

(@)

(b)

PROBLEM 32

The magnetic field produced by one loop at the
center of the second loop for x> R is given by

_ IR pl (2R*) _ oM
2x3 3 3

where the magnetic moment of either loop is
M= I(er2 ) Therefore,

5 2
B _ (M) 3\ 3u, (zR?)
dx_'u o Nt ) 4

2mx
2p4
S \g|=3_”[MJ

2 xt

3x( pI*R*
|PX‘:?( 04 ]
X

3 (47x107 ) (10 (5x 107 )*
= ‘E‘.’|= 'y

2 (5x102)’
= |F|z6x10° N

B

2mx 2mx

[Fil=

A very long straight conductor has a circular cross-
section of radius R and carries a current I. Inside
the conductor there is a cylindrical cavity of radius a
whose axis is parallel to the axis of the conductor and
adistance b from its centre. Let the z-axis be the axis
of the conductor, and let the axis of the cavity be at
x = b. Find the magnetic field

on the x-axis at x =2R

on the y-axis at y =2R

at a point P inside the cylindrical cavity. Also
show that the field at P is constant both in mag-
nitude and direction.

SOLUTION

(@)

(b)

Let us take help from the concept of current den-
sity. Since current density (current per unit area)
in the wire is,

= r [
AR? - ma® }I(RZ —a? )
The given arrangement is obtained by superim-
posing a uniform inward cylindrical current dis-
tribution of radius R and an inward cylindrical
current distribution of radius a, so that net cur-

rent in the cavity of radius a is zero.
14

(Inside)

I
(Outside)
Current void (zero current space) obtained from
superposition of 1 and 2

I, =](zR?) and I, = ] (7a®)

Magnetic field at x = 2R due to current I; is,

I
B, = g—;’r ﬁ {along negative y-direction]
Magnetic field at x = 2R due to current I, is,
4 I o N
=——= [{along positive y-direction
27 2w (2R-b) lalong p Y }

Therefore, net magnetic field at x = 2R is,
Substituting, the values, we get

Bu{_i]ﬂ_i(_ﬁ]
2| 2R-b 2R 2 \2R-b 2

{along positive y-direction]

=t (“2 _E)
2n(R?-a?)\ 2R-b 2

At y=2R, magnetic field due to current I; is,

_B I
21 2R
and due to current [,, magnetic field is B, in a
direction perpendicular to CP . Here

| {along positive x-direction}
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M L kL
2r ,(2R)2+b2 2r .14R2+b2

Now this has two components one along nega-
tive x-axis and another along negative y-axis.
Thus,

B,

1, (I,)(2R)

B,, =-B,cosf=—-—
e 27 (4R? +?)
I)(b
and BZy :—B2 Sinf}:_‘u_om
21 (4R? + 1)
A
P
Vi N
AR
52 \\\
R N,
0 b c

B,=B,+B,, MLy (B)ER)

Substituting the value of I; and I,, we have

,u[,]{R ZRaZ}
B =01 =
2 12 4R*+1°

fo] | a’b ]
dB =-2V| =~
ne By 2{4R2+b2

= B=B,i+B,]

] (R 2Ra’ J¢ [ a%b )A.
B="|| =- | —=—=1il
- 2{ 2 we+rr) areep)

B
E(Rz—az)

(c) Letthe point P inside the cavity be at a distance
1, from O and 7, from C.

where | =

At point P magnetic field due to I; is B, (per-
pendicular to OP ) and is B, due to I, (perpen-
dicular to CP ) in the directions shown. Although
B, and B, are actually at P, but for getting a
clear picture and better understanding they are
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drawn at O and C respectively. Let B, be the x

component of resultant of B, and B, and B, its
y-component. Then,

BI = Bl Sina_Bz Sil‘lﬁ

Bx=%d(rlsina—rzsinﬁ) (D)

Y
A

In AOPC, we have, from LAMI's Theorem
n _ n
sinff sino
= nsina-rsinfi=0

= B,=0

P
//\
o B

B,

By

Now, B, = (B, cosa+ B, cos )

By:—%](rlcosaﬂzcosﬁ) .(2)

From AOPC , we can see that
rcoso+r,cosf=b
b Ib
= B,=- HoJ ___ K
2 2n(R*-a?)
Thus, we can see that net magnetic field at point

P is along negative y direction and is constant
in magnitude.

= constant
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CHECK POINT
At point C magnetic field due to I, is zero (i.e. B, =0)

while that due to I, is ;" R1 b in negative y-direction.
n

Substituting, |, = j(erZ) we get,
Uolb

27(R* -a
This agrees with the result derived above.

B=B, = 7y {along negative y-direction}

PROBLEM 33

In a certain region of space there exists a uniform and
constant electric field of magnitude E along the posi-
tive y-axis of a co-ordinate system. A charged particle
of mass m and charge —q(q>0) is projected with

speed 20, atan angle of 60° with the positive x-axis
in x-y plane from the origin. When the x-coordinate

mog
gE
stant magnetic field of strength B is also switched on
along the positive y-axis. Find the co-ordinate of the
particle as a function of time ¢ after its projection.

of the particle becomes , a uniform and con-

SOLUTION

According to the problem, we have
E=E

v = 20, C0S 60°1 + 20, sin 60",? - vof +7, \/51

._ 4E.
a=-]
14E )
R(£)=vyti +| vp /3t —= 1=t
(t) =10t (UO\/_ st
2 y
Given, x =9yt = \/gmvo
qE
f_ﬁmvg 5 X
gE
P::)rtsx/gnm‘rJ
gE
qE
x(t)=1v,t and vy(i)=v0\/§——t
m

]
) (t \/_mvo) A (qEJM_O
7 -
y 2E m) qE
For t> \/En;vo , magnetic field is also present
q

The particle will start moving on helical path. The
cross-section of the helix will be in x-z plane

R="%
qB
B
w="
m
9=wt=q—m
m
-Z
X
For tz\@zvo , we get
q

x(t)—JgEUO+R1 (qB ),

q nt

2
_Smvgy

(QEJt and
29E 2

z(t)=—R[1—cos(ﬁt):|
m

PROBLEM 34

Two long parallel wires of negligible resistance are
connected at one end to a resistance R and at the other
end to a constant voltage source of voltage V. The dis-
tance between the axes of the wires is n times greater
than the cross-sectional radius of each wire. At what
value of resistance R, does the resultant force of inter-
action between the wires will become zero?

SOLUTION

The situation described in the question is shown in
figure.



ICON

R
AVANV

+ + + +

v

|
!
— ) ———>i
The two wires form a wire capacitor where capaci-

tance is given by

meyl
C=—1"
Inn

Charge (q) on the capacitor in steady state is

(1)

Also, we observe that due to voltage source, a con-
stant current flow in opposite directions through the
wires which repel each other by a magnetic force.
In this magnetic force gets nullified by the force of
attraction between the two wires due to opposite
charges on them, then the resultant force of interac-
tion between the wires will become zero.

The force of attraction is given as

_F— 1
Fe_qE_q(ZEEOI(nr)] -(2)

Substituting the value of 4 from equation (1) in equa-
tion (2), we get

[EEOIV )2
_\Inn ) ..(3)

~omeyl ()

e

Since the current flows is in the opposite direction in
the two wires, so the net magnetic force of repulsion
between these wires is given by

2
2 #UKI
_#011_ R

" om(pr) 2mpr
Since the net force between the two wires is zero, so
we have

F=F

m

..(4)
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VvV ne,dV )’
““(R) I_ Inn

2myr 2megl(nr)

= R:\/‘u_iﬂm
& T

PROBLEM 35

A rectangular loop PORS made from a uniform wire

=

has length a, width b and mass m . Itis free to rotate
about the arm PQ, which remains hinged along a
horizontal line taken as the y-axis (shown in figure).
Take the vertically upward direction as the z-axis.
A uniform magnetic field B = (31 + 4 ) B, exists in the
region. The loop is held in the x-y plane and a cur-
rent | is passed through it. The loop is now released
and is found to stay in the horizontal position in
equilibrium.

N

/e
s AV

(a) What is the direction of the current I in PQ?
(b) Find the magnetic force on the arm RS.

(c) Find the expression for I in terms of By, a, b
and m.

SOLUTION

(@) Let the direction of current in wire PQ is from P
to Q and its magnitude be I.

The magnetic moment of the given loop is

M = —Iabk

Torque on the loop due to magnetic forces is
= Mx B =(-labk ) x(31 + 4k | B,i

~

= 7, =-3abB,j
Torque of weight of the loop about axis PQ is

mea ~

T :Fxﬁz(gc)x(—mgiz):Tg]
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We see that when the current in the wire PQ is
from P to Q, 7, and 7, are in opposite direc-
tion, so they can cancel each other and the loop
may remain in equilibrium. So, the direction of
current [ inwire PQ is from P to Q.

- >y
7
5 R
(b) Further for equilibrium of the loop:
17 ]=1%|
= 30bB, = "S¢
2
= [= 8
6bB,

(c) Magnetic force on wire RS is

F=1(TxB)=1] (4] ){(3i+ k)8, }

= F=1bB,(3k-4i )

PROBLEM 36

Adirect current flowing through the winding of a long
cylindrical solenoid of radius R produces a uniform
magnetic induction B in it. An electron travelling at
velocity v enters into the solenoid along the radial
direction between its turns at right angles to the sole-
noid axis. After a certain time, the electron deflected
by magnetic field leaves the solenoid. Calculate the
time which the electron spends inside the solenoid.

SOLUTION

The magnetic field due to the solenoid is directed
along its axis. The magnetic force on the electron at
any instant will be in a plane perpendicular to sole-
noid axis and the trajectory of the electron in the sole-
noid will be an arc of a circle. The radius r of the
circular arc is given by

mo  mo

" (1
' qB eB M

The trajectory followed by the electron is shown in
figure.

If electron leaves the solenoid at point C after suffer-
ing a deviation @, then from figure we have

ZAO00O= 1AAO'C = Q
2 2
= ’can(g)=B (2
2 r

From equations (1) and (2), we get

(9) eBR
tan| — |=—
2 mo

= B:Ztan'l(@J
my

Since the magnitude of velocity remains constant
over the entire trajectory, so the transit time of elec-
tron inside the solenoid is given by

t:@:(ﬂ)ﬂ
v eB

2m. ( eBR )
= ft=—-1tan | —
¢B mo

PROBLEM 37

A ring of radius R having uniformly distributed
charge Q is mounted on a rod suspended by two
identical strings. The tension in strings in equilib-
riumis Ty . Now a vertical magnetic field is switched
on the ring is rotated at constant angular velocity w.
Find the maximum @ with which the ring can be
rotated if the strings can withstand a maximum ten-

T
sion of 3—0 .
2
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F'y
Q.
Y

SOLUTION

In equilibrium, 2T, = mg

mg
o= g
Magnetic moment, M =[A = ( EQJ(M:RZ )
’ 2
wBQR?

= 7=MBsin90’ =

Let T; and T, be the tensions in the two strings when
magnetic field is switched on (T, > T, ).

For translational equilibrium of ring in vertical
direction.

T, +T, =mg -(2)

For rotational equilibrium,

2
(Tl—Tz)2=t=mBQR
2 2
BOR?
:> TI_TZ_O) g .--(3)

Solving equations (2) and (3), we have

2
T, - mg . ®BOR
2 2D

As T, > T, and maximum values of T, can be 32” ,

so we get
2
o 1 4 OmaBORD "_r
2 2D 2
DT,
Opax = 2
BOR
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PROBLEM 38

Two long, straight, parallel wires are 1 m apart. The
wire on the left carries a current I; of 6 A into the
plane of the paper.

(a) What must the magnitude and direction of the
current I, be for the net field at point P to be
zero?

(b) What are the magnitude and direction of the net
field at Q?

() What is the magnitude of the net field at §?

SOLUTION
(a) The directions of the fields at point P due to the

two wires are shown in figure B, and B, mustbe
equal and opposite for the resultant field at P to
be zero. B, is to the right so I, is out of the page.

B1=#DII=#—U( 6 A ]and

2rn 2\ 15m
B _m_u_o( L )
= =
2rr, 2r\0.5m
BlZBZ
R &(ﬂ)g‘_ﬂ(f_z)
2r\15m/) 272\05m
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(b) The directions of the fields at point  are shown

in figure
Bg -Q—Q—PB1
0.5m
&1
im
(O]%
I
B, = Hplq
21

= B, =(2x107 T-mA'l)(ﬂ)
05m

= B,=24x10° T and B, =;‘ﬁ
y(ap]

= B, =(2x107 T-mA'l)(ﬂ)
15m

= B,=267x107 T

B, and B, are in opposite directions and B, > B,.

Hence
B=B,-B,=24x10"° T-2.67x107 T

B=213x10" T, and B is to the right

(c) The directions of the fields at point S are shown
in figure

06m
T L® B

?s

im

"o
L®

B, - kol
2rn
6A

= B, =(2x107 T-mA'l)(
0.6 m

)=2x10'ﬁ T

1yl
::111dB2=270r—r2
2

= B,=(2x107 TmA'l)(i)ﬁxlo"’ T
0.8 m

B, and B, are right angles to each other, so the
magnitude of their resultant is given by

B=B}+B: =\/(2><10'ﬁ ) +(5%x107 1)

B=2.06x10"° Ta




