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CHAPTER

Capacitance and
Applications

Learning Objectives
After reading this chapter, you will be able to understand concepts and problems based on:

(c) Energy Concepts
(d) Effect of Dielectric
Insertion

(a) Capacitors
(b) Capacitance

(e) Capacitor Circuits
(f) Spherical Capacitor and Cylindrical
Capacitor

All this is followed by a variety of Exercise Sets (fully solved) which contain questions as per the
latest JEE pattern. At the end of Exercise Sets, a collection of problems asked previously in JEE (Main

and Advanced) are also given.

CAPACITORS: INTRODUCTION

A capacitor is a device which stores electric charge.
Capacitors vary in shape and size, but the basic con-
figuration involves two conductors carrying equal
but opposite charges (shown in figure). Capacitors
have many important applications in electronics.
Some examples include storing electric potential
energy, delaying voltage changes when coupled with
resistors, filtering out unwanted frequency signals,
forming resonant circuits and making frequency
dependent and independent voltage dividers when
combined with resistors.
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In the uncharged state, the charge on either one of the
conductors in the capacitor is zero. During the charg-
ing process, a charge Q is moved from one conductor

to the other one, giving one conductor a charge +Q,
and the other one a charge -Q as a result of which
a potential difference AV is created, with the posi-
tively charged conductor at a higher potential than
the negatively charged conductor. Note that whether
charged or uncharged, the net charge on the capacitor
as a whole is zero.

The simplest example of a capacitor consists of
two conducting plates of area A, which are parallel
to each other, and separated by a distance d(<« A), as
shown in figure (called as a Parallel Plate Capacitor).

Experimentally it has been verified that the amount
of charge Q stored in a capacitor is linearly propor-
tional to AV, the electric potential difference between
the plates. Thus, we may write

Q=ClaV|
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|AV|

where C is a positive proportionality constant called
capacitance. Physically, capacitance is a measure
of the capacity of storing electric charge for a given
potential difference AV. The SI unit of capacitance is
the farad (F).

1F =1 farad =1 coulomb volt " =1 CV™*

Figure (a) shows the symbol which is used to rep-
resent capacitors in circuits. For a polarized fixed
capacitor which has a definite polarity. Figure (b) is
rarely used.
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CALCULATION OF CAPACITANCE

As discussed, the method for the calculation of
capacitance involves integration of the electric field
between two conductors or the plates which are just
equipotential surfaces to obtain the potential differ-
ence AV. Thus,

AV=_jE.d;
b

Since, by definition, we have C = 9

|AV|

DEFINITION OF C

c=9
AV
If AV =1 volt, then

C=Q
i.e., capacitance of a conductor is numerically equal
to the charge that raises its potential by 1 volt.

Practically farad is a very big unit for capaci-
tance and generally smaller units such as uF (micro-
farad), nF (nanofarad), pF (picofarad) are used.

(numerically)

1uF=10"°F
1nF=10"F
1pF=10"* F=1 uuF
CGS unit of capacitance is statfarad (SF) and
1 farad =9x10" statfarad

Dimensional formula for capacitance is,

[Cl=ML?T*A?

ENERGY STORED IN A
CHARGED CAPACITOR

Whenever any conductor is charged, the charge
produces an electric field outside it. Now if, further
similar charge is to be given to the conductor some
work has to be done by the external agency against
the electrostatic forces of repulsion. This work done
is stored as the electrostatic potential energy which is
stored in the electrostatic field of the conductor.

Let us consider that charge is given in a stepwise
manner to the conductor. If V be the potential of the
conductor at the instant when it has a charge g, then

v=1
C

If dq is the additional infinitesimal charge that is to
be given to the conductor and dW is the correspond-
ing work done, then

dW =Vdg
_1q

= dW=—djg
C

Total work done to charge the conductor to Q is

W=J.dW=lJ‘qdq=lq—
C C2l
0
2
= W=Q—
2C

If Vj is the potential that develops on the conductor
finally on account of charge Q then

2
1
= W=—CV02=Q— QV,
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ILLUSTRATION 1

Prove that while charging a capacitor half of the
energy supplied by the battery dissipates in the form
of heat.

SOLUTION

When the switch S is closed, the charge stored in the
capacitor is

qg=CV

4

| |
I’ |
4 +—0gq

Charge transferred from the battery is also 4. So,
2

energy supplied by the battery =gV =(CV)(V)=CV".
However the capacitor stores only %C V? which is
exactly half this energy. So, the remaining half or 50%

or %CV2 must have been dissipated as heat.

CAPACITANCE OF AN ISOLATED SPHERE

Let a conducting sphere of radius R acquire a poten-
tial V' when a charge Q is given to it. The potential
acquired by the sphere is

_Q
4reyR

= C=Q=4EEUR
4

1
In CGS system ——=1
dre,

So, C=R (numerically).

Hence, in cgs system the capacitance of an isolated
sphere equals its radius.

CHARGE SHARING BETWEEN
TWO CHARGED CONDUCTORS

Consider two charged conductors having capacitance
C, and C, at potential V; and V, respectively. Let
the two be connected by a conducting wire such that

Chapter 2: Capacitance and Applications 2.3

the charge now starts flowing from the conductor at
higher potential to the conductor at lower potential
till both the conductors acquire the same potential.

91 =CqV;
Initially

Conducting

Gp =G,V

9y =CV
Finally

q2r = sz

Total initial charge= ¢, +¢q, = C,V; +C,V,

If V is the common potential after charge sharing
takes place then
Total final charge =¢q; +4, =C,V+C,V

By Law of Conservation of Charge
Total Initial Charge = Total Final Charge

= CVi+GV,=(C+C)V
V=Q%+Q%

= C.+G, (1)
Further after sharing the new potential is the same. So,
n_GV_G
B GV G

i.e., charges are shared in the ratio of the capacitances
after common potential (V) is acquired.

Further, there is always a loss in energy during
the sharing process as some energy gets converted to
heat.

Loss=- Al =Total Initial Energy —Total Final Energy
Lev2, 1o
= Loss=-AlU= ECIVI +EC2V2 -
(1(:11/2 +1sz2 )
2 2

1 1 1

From (1) put value of V' above we get

1( CC 2
Loss=-AU =-| ——2 |(V, -V,
> 2(C1+C2)( : 2)

ILLUSTRATION 2

A capacitor of capacitance C, is charged to a poten-
tial V; and then isolated. A small capacitor C is then
charged from C,, discharged and then charged again.
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If the process is being repeated 1 times, the potential
of the large capacitor has now fallen to V. Calculate C.

SOLUTION
Let V; be the potential of C, after first charging, then

(C+CD)1/1 :CDVU

_ &%

- TG,

Let V, be the potential of C, after second charging then
C(]]Ml = (C+ CU )V2

2
= V= S S V= S V, and
C+Cy \ C+C, C+C,

SO On

ILLUSTRATION 3

Two isolated spherical conductors have radii 6 cm
and 12 cm respectively. They have charges of 12 uC
and -3 uC. Find the charges after they are connected
by a conducting wire. Also find the common poten-
tial after redistribution.

SOLUTION
Net charge =(12-3) uC=9 uC

Since the charge is distributed in the ratio of their
capacitance (or radii in case of spherical conductors),

i R _6_1
¢, R, 12 2
, 1
= MH= m (9)=3,uC

The common potential is given by

qulJFq?_ _ (9X10_6)
C,+C, 4mey(R +R,)

(9x107)(9x10?)

V=
(18x1072)

= V=45x10°V

ILLUSTRATION 4

A capacitor of 20 uF charged to 500 V, is connected
in parallel to another capacitor of 10 uF charged to
200V, find the common potential.

SOLUTION

The common potential,

common Cl +C2

Here C, =20 uF=20x10° F, V; =500 V
C,=10uF=10x10"F, V, =200 V

_20x107° x500+10x10° x 200

= V =
common 20x107° +10x107°
=  Vmmon =400V
Remark(s)
CAPACITOR OR CONDENSER

An arrangement which has capability of collecting
(and storing) charge and whose capacitance can be
varied is called a capacitor (or condenser).
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In a capacitor two charged conductors are placed
near each other so that the potential of each con-
ductor is determined not only by its own charge but
also by the magnitude and sign of the charge on the
neighbouring conductor. The capacitance of a capaci-
tor depends

(a) directly on the size of the conductors of the
capacitor.

(b) directly on the dielectric constant K of the medium
between the conductors.

(c) inversely on the distance of separation between
the conductors.

The capacitance of a capacitor also depends on
the presence of conductors present in neighbour-
hood and is independent of the material of metallic
conductor.

SHARING OF CHARGES BETWEEN
CAPACITORS AND COMMON POTENTIAL

Just like conductors, when two isolated capacitors
(either both of them are charged or one of them is
charged) are connected to each other, then redistribu-
tion of charge takes place due to potential difference
between them. The charge flows from higher poten-
tial to lower potential till both of them acquire the
same potential called common potential.

Consider two capacitors, C; and C, charged
to potentials, V; and V,. Let the capacitors be con-
nected such that

CASE-1:

Their similar plates are connected to each other (i.e.
positive plate of one capacitor is connected to posi-
tive plate of other capacitor and so on).

L CyV[1iC i nilewv
i +i= | ti-

| i Kis i -

| i — |

i 1 closed | i

! - ! +1-

! T ! o

| CoVali] K ! Titc v
1 1 1 1

Consider the part of circuit inside dotted loop. This
part is isolated from other part. Therefore, total
charge of this part remains constant. Hence
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Cl% + C2V2 = C1V+ sz

G +G,

=

During this redistribution of charge, there is a loss of
energy in the form of heat and electromagnetic radia-
tions, given by

Loss of energy is —AU =U; -U.

1 1 1
2 2 2
V. V.
Substituting V = Ghi+GYy inabove equation, we get
C +GC,

Loss=-AU = l( GG J(Vl -V, )

2\ G +GC,
CASE-2:
Their dissimilar plates are connected together (i.e.
positive plate of one capacitor is connected to the
negative plate of other capacitor and so on).

L 1 Fr-TT T s 1
L Cuvifiis | ey v
| e i e
i | Kis | |
1 1 —_— I 1
i i closed I
| -t | + -
: S : .
. .
i Cz’VE*E*’ K E +57C2,V

Again applying the Law of Conservation of Charge,
we get

Cllll - C2V2 = C1V + C2V
V:Q“—Q%
G+G
So, loss in energy is given by

Loss =-AlU = 1 GG
2C+G,

ILLUSTRATION 5

A parallel plate capacitor of capacitance C has been
charged, so that the potential difference between
its plates is V. Now, the plates of this capacitor are

(Vi +V, )
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connected to another uncharged capacitor of capaci-
tance 2C. Find the common potential acquired by the
system and loss of energy.

SOLUTION
In this problem, we have
C,=CGC=2C,Vy=Vand V, =0
Common potential is given by
v _Ghi+GY,
Common C] +C2
VCom.mon = w = K
3C 3

and Loss=-AlU = % Cx2C

ILLUSTRATION 6

In the circuit shown, C;=8puF, C,=4uF and
Vi, =120 V. When the switch S is closed, the charged
capacitor C; gets connected to an uncharged capaci-
tor C,. Calculate the

'

+ ol
- W 2 e
S

x(V—0)2=%CV2

:CE

c; l

(a) charge on each capacitor after switching S.
(b) total energy after switching S.

SOLUTION
(@) Before switching on S, Q, = C,V; =960 uC and

1
Energy stored U = EQOVD

U= ;(%Oxlo'ﬁ C)(120 V)

U=0.058]
+Q1 +02
p— C1 pu—
_Q1 C2

(b) After we close switch S, we have

Q=0 +Q,

In the steady state, we have
=GV (1)
Q, =GV ..(2)
Adding equation (1) and (2), we get
(C+C)V=01+Q,=0Qy

_Q  _960uC _
C,+C, 124F

= Q=640 uC, Q, =320 uC
The total energy stored is given by

= 80V

1 1 1
U==QV+-Q,V==Q,V
SV 20V =20,

= U= %(%oxm'f’ )(80 V) =0.038

The energy after closing the switch is less than
the original energy of 0.058 J. This difference
has been converted to energy of some other form
(e.g. heat energy or energy radiated as electro-
magnetic waves).

ILLUSTRATION 7

Two spheres 1 and 2 of radii R and 2R having

charges Q and PY respectively are connected with

a cell of potential difference V' as shown in Figure.
When the switch Sw is closed, calculate the final
charge on each sphere.

Q
Q v 2
Q-
Sw

When the switch is closed, the potential difference
between the spheres should be V. Let charge g flow
from the sphere of radius R to sphere of radius 2R.
Then

(‘]2 )final _ (% )final —
G G

SOLUTION

%4

C, =4me,(2R) and C, = 47y R
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Finally

@1)r=Q-9q)
" (QQ){=(%+Q}

(%q) (Q-q)

= — =
47y (2R)  4mey (R)

o Q20429 de, RV
) q-2Q+2q = 4ng,

and (), = 2+9=Q
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3q=8me RV + %

81e,RV_Q
32

So the final charges on each of the spheres are

_Q 8mgRV
2 3
8mey,RV

+7

2 3

(m),=Q-19
Q

0‘7 Test Your Concepts-1

1. A capacitor of 20 uF charged to 500 V, is con-
nected in parallel to another capacitor of 10 uF
charged to 200 V, find the common potential.

2. Calculate the heat generated when a condenser
of 100 uF capacity and charged to 200 V is dis-
charged through a 2 Q resistance.

3. The capacitance of a variable radio capacitor can
be changed from 50 pF to 950 pF by turning the
dial from 0° to 180°. With the dial set at 180°, the
capacitor is connected to a 400 V battery. After
charging, the capacitor is disconnected from the
battery and the dial is turned at 0°.

(a) What is the potential difference across the
capacitor when the dial reads 0°7

(b) How much work is required to turn the dial, if
friction is neglected?

4. A battery of 10 V is connected to a capacitor of
capacitance 0.1 F. The battery is now removed and
this capacitor is connected to a second uncharged
capacitor. If the charge distributes equally on these
two capacitors, find the total energy stored in the

Based on General Capacitance

. Consider two conducting spheres with radii R,

. A capacitor of capacitance C; is charged to a

(Solutions on page H.126)
two capacitors. Further compare this energy with
the initial energy stored in the capacitors.

and R, separated by a distance much greater than

radius of either. A total charge Q is shared between

the spheres, subject to the condition that the elec-

tric potential energy of the system has the smallest

possible value. The spheres being very far apart,

you can assume that the charge of each is uni-

formly distributed over the surface of each.

(a) Determine the values of charges on the spheres
in terms of Q, R, and R,

(b) Find the potential difference between the sur-
faces of the spheres.

potential V,, and then isolated. A small capacitor C
is then charged from C, discharged and charged
again, the process being repeated 10 times. The
potential of the capacitor C, has now fallen to V.
Calculate C.

\. J
PRINCIPLE OF A PARALLEL 0
PLATE CAPACITOR C=v

Consider a conducting plate A which is given a
charge Q (as shown in Figure 1(a)) such that its
potential rises to V. Then

Let us place another identical conducting plate B
parallel to it such that charge is induced on plate B
(as shown in Figure 1(b)).
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Figure 1(a) Figure 1(b) Figure 1(c)

If V_ is the potential at A due to induced negative
charge on B and V, is the potential at A due to
induced positive charge on B, then

2. _Q
V' V+V, -V

Since V'<V (as the induced negative charge lies

closer to the plate A in comparison to induced posi-

tive charge).
= (C'>C
Further, if B is earthed from the outer side (as shown

in Figure 1(c)) then V" =V —V_ as the entire positive
charge flows to the earth. So

o9 0
V" V-V
= (">C

So, if an identical earthed conductor is placed in the
viscinity of a charged conductor then the capacitance
of the charged conductor increases appreciably. This
is the principle of a parallel plate capacitor.

PARALLEL PLATE CAPACITOR

It consists of two metallic plates A and B each of
area A atseparation d.Plate A is positively charged
and plate Bis earthed. If K is the dielectric constant
of the material medium and E is the field that exists
between the two plates, then

A B
A = Area of plate
d = Separation between
the plates.

f—  —

p_0_0
£ Kg
V
- -1 E=—and0'=i}
d KgA A
Al +/_/‘:‘\\_ B
-
T g_o
| F ¥ g
T 0
-
|+ __|_
W =
NueoZl
= C= i = @
V d
If medium between the plates is air or vacuum, then
K=1
£A
= (C,=—
i
Remark(s)

Suppose charges Q, and Q, are given to the two
plates. The resulting charge distribution on the vari-
ous surfaces is shown in the figure and is derived using
the concept that no field exists in the thickness of the
conductor.

E, =0
aqrQi-q B y
1.
Als B
@-9)| |
L | (9
-l /’ s
= [9-(Q1-9)-(Q,-q")-q"]=0

2¢)A
= q-Q+q-Q;+q'-q'=0
= 2q-0Q;-Q;,=0

Qi+ Q
=7
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Similarly E; =0
1
- _ _ r _ e =0
= ZEOA[q+(Q1 q)+(Q,-q") Q]

= Q1+Q-29"=0

;=Q1+QZ
2

20-0-Q _ Q-G
2 2

Q1+Q2)

= q

= Q-¢q=

2

20,-Q-Q Q- :_(Q1—Qz)
2 2 2

andQ, -q'=Q, —(

= Q-q'=
So, the distribution of charges is as shown below

Qi+ Q, Q-Q
2 2

Q1—Qg Q1 +Q2
2 2

The charges on the inner surfaces are equal and oppo-
site and the field between the plates is,

_o (9:-92)

Thus, the potential difference between the plates is,

(‘h p) )d
ZASO

V=Ed=
In order to find C=3 we must now use the value

—(q1 ;qZ) for g because this is the charge responsi-

ble for creating the field between the two plates. The
(q:1+42)

outer charges . do not come in the picture.

A
Thus, we get C= 507 as before.
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ELECTROSTATIC FORCE BETWEEN THE
PLATES OF A PARALLEL PLATE CAPACITOR

The plates of the capacitor each carry equal and

opposite charges, hence they must attract each other

with a force, say F.

At any instant let the plate separation be x, then
c_ah

X

Q2
Also U ==
SO 2C

2
= U= o X
2g)A
Let the plates be moved towards each other through

dx, such that the new separation between the plates
is (x—dx). If Uf is the final potential energy, then

Q°_
Uy == = d
1720 2 A ¥

+Q -Q

If dU is the change in potential energy, then
d u = U f - u,‘

2 2
A A=(15052)A
2e,A | 2¢, 2
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From here too, we observe that electrostatic pressure

2
Pc’ = 1 (.‘!E2 G
2 280
CAPACITORS IN SERIES

+Q-Q +Q-Q +Q-Q

Q -Q
R [
)“_V-I—*_Vz_*_Va_ﬂ = v CS >
v

In this arrangement of capacitors the charge has no
alternative path(s) to flow.

(@) The charges on each capacitor are equal
ie, Q=CV, =GV, =GV, (1)

(b) The total potential difference across AB is shared
by the capacitors in the inverse ratio of the
capacitances.

If Cg is the net capacitance of the series combina-
tion, then

Qe Qo 1 1. 1.1

G 6 GG T6G 66

Further V} =g and V=g
¢ Cs
1
= 7—i
Cs
L
= =7 (il 1 V=[C—S]V
—+—+— G
G G G
1
Similarly, V, 1 Clz i V=[C5)V
—+—+— G
G G G
1
and Vs =| 23 : V=(§JV
—+—+— Cs

(0) C;has a value smaller than the least capacitance
of the circuit, provided all capacitors are con-
nected in series.

ILLUSTRATION 8

In the circuit shown in figure, find

(a) the equivalent capacitance
(b) the charge stored in each capacitor and
(c) the potential difference across each capacitor.

SOLUTION
(@) The equivalent capacitance

_ GG
T +G,
(4)(6)

C=——=24yuF
4+6 a

100V
(b) The charge g, stored in each capacitor is,

g=CV =(24x10°)(100) C
= g=240uC

1
(c) In series combination, V e c {*: g=constant }

i G
VZ Cl

= V= G V=(i)(100)=60v
C+G 4+6

So, V, =V -V, =100-60=40 V
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CAPACITORS IN PARALLEL

+O1 _Q1

=

_02 A +02 nn _02

+Q2

L Jos]
» (o

[I [ICQ { llcp
-Q; * v

I

%

||||—

+Q3

In such an arrangement of capacitors the charge has
an alternative path(s) to flow.

(a)

(c)

ILLUSTRATION 9

The potential difference across each capacitor is
same and equals the total potential applied.

ie, V=V, =V, =V, (1)
L 22O @
G G G

The total charge Q is shared by each capacitor in
the direct ratio of the capacitances.

Q=0 +Q+0Q; -(3)

If Cp is the net capacitance for the parallel com-
bination of capacitors then

CPV = C1V+C2V +C3V
= Cp =C1+C2 +C3

Futther Q,=CV, 0Q,=GV, Qy=CsV,
Q=va
AQ_G
Q G
C
= =(=2
Q (CPJQ

Similarly Q, = ( ((::—2 )Q

P
(G
Qa_(CPJQ

Cp has a value greater than the greatest capaci-
tance of the circuit.

In the circuit shown in figure, find

(a)
(b)

the equivalent capacitance and
the charge stored in each capacitor.
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2uF

e
-

[
6uF

100V

SOLUTION

(@) The capacitors are in parallel. Hence the equiva-

lent capacitance is,

C=C1+C2 +C3

= C=(2+4+6)=12uF

(b) Total charge drawn from the battery

g=CV =12x100 £C =1200 uC

This charge will be distributed in the ratio of
their capacitances. Hence,

§1:,:93=C;:C,:C3=2:4:6

2
= 1200 =200 uC
= h (2+4+6 8 2
= —[ 4 %1200 =400 uC
27\ v a+6 ¥

6
and q;= TV %1200 = 600 uC

Problem Solving Technique(s)
(a) If C;, C,, C,.... are capacitors connected in series

and if total potential across all is V, then potential
across each capacitor is

U U -
Vi= &V]V2= C—ZV;V3= &V
- U -
CS Cs CS
and so on, where i=—+i+i+...+i

G G G G G

(b) If C,, C,, C,,... are capacitors connected in parallel

and if Q is total charge on the combination, then
charge on each capacitor is
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(%o 0,-( %o 0.(S
oo o-{Eeo-)

and so on, where C; =C;+C, +C3 +..+C,

(c) The current through a capacitor is zero as long as
the voltage across it does not change with time
(or as long as capacitor is in the steady state i.e.,
charge on the capacitor has build up to attain a
constant maximum value).

(d) It is not possible to change the voltage across a
capacitor by a finite amount in zero time as this
process requires an infinite amount of current to
flow through the capacitor.

(e) A capacitor can store a finite amount of energy
in it even if the current flowing through it is zero
when voltage across the capacitor is constant.

(f) A true mathematical (theoretical) model of a
capacitor should never dissipate energy but can
only store it whereas a physical (practical) model
never does so.

(g) Aparallel plate capacitor must have plates of large
area (A) in comparison to the distance of sepa-
ration (d) between the plates to avoid Fringing
Effect. Fringing Effect is the bending of field lines
at the corners of a capacitors with large d (see
figure).

Fringing effect for
a capacitor with
large d.

(h) n plates arranged as shown in figure consti-
tute (n—1) capacitors in parallel, each of value

A
(80—) , so that
d
£oA

Cp=(n-1) r

-+ -]+ -|+
-+ -+ |+
-+ =+
-+ -+ -+
-+ -+ -+

FF A+
I
+

In this situation except two extreme plates each
plate is common to two adjacent capacitors.
(i) n plates arranged as shown in figure constitute

. . . A
(n—1) capacitors in series each of value (OT)
50 that
. &A
ST d(n=1)
N N ®
+ _|_ +F _ |- +HF _
+ (- ++ |- +H+ -
+ —|- ++ |- ++ -
+ == == ]+ -
©

In this situation except two extreme plates each
plate is common to two adjacent capacitors.

ILLUSTRATION 10

An air-dielectric capacitor is formed by two non-
parallel plates, each of area A. An edge view of the
arrangement is shown in figure. Note that the top
plate is tilted relative to the bottom plate so that on
one edge the plate separation is d+ Ad, while on the
other edge it is d—Ad. Assuming that Ad «<d and
that d is small compared with the length of the plate,

2
show that C=M{1+E(A—d) }
d 3\ d

SOLUTION

Consider an infinitesimal element of thickness dx at
a distance x from O.

Then the capacitor is thought of being made
from such infinitesimal elements having their capaci-
tances in parallel. If dC be the capacitance of such an
element, then

_g(dA)
Yy

dC
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Since, Add <« d, so

AN = x8
g (bd
S g flbd) v : -
d+x6
i 3
- )]
0 2d 3\ 2d
i 303
L cohb L%ii}
d 12 4
2
= C=€U_lbl1+ll_92:|
d 12 4%
where b=breadth of the plate and | =length of the glb €A
plate But = =1
So, total capacitance C is given by IAd
and 0= —
C = sum of capacitances of infinitesimal elements
! AF 2 2
3 ebd - C=€UT 1+112;2(4(?2d) H
= C=J.dC=J€” : -
fri!JrJr-E? A— Ad V2
2 - c=22 1+1(—] ]
d| 3\d

P~

= C= %bloge(d+x9)

1 ILLUSTRATION 11

’ A parallel plate square capacitor has the space

L ocobb [log [ L )—log ( g 16 H between the plates filled with a medium whose die-
¢ 2 ¢ lectric constant increases uniformly with distance x

from one of its plate as K=K, +ax. If d is distance

-~ (= ib[log(HI—e)—log(l—l—eﬂ between the plates and K; and K, are dielectric con-
0 2d 2d stants of the medium at the two square plates, find
s 3 . the capacity of the capacitor.
. X ox x
Using log, (1+x)=x-—+—-—........
2 3 4 SOLUTION
2.3 4
and loge(l—x):—(x+x—+—+x—+ ...... ) -5 1Ky =Ky +ad
23 4 1 |
d|dx l K=K +ax
2 3 X
b [f_e_z(f_q A ] S 81 »
0 ([2d 2\2d 3\ 2d A

19+1(19)2+1(19)3+ Since K =K, +ax
od 2\24) "3\2d) andat x=d, K=K,
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K-K
= o=—"—
d
The capacitance of the elementary capacitor is
Agy (K +ax
ac= Ao Kirox)
dx

Since these elementary capacitors are joined in series,

50
d
l_J'i_ 1 _[ d 1 (ln(Kl+ax)]
c Jdc Asﬂo(Klﬂxx) Ag, o
0

1 1 K, +ad d K,
= == In = In| —=

d

ILLUSTRATION 12

A parallel plate square capacitor has the space
between the plates filled with a dielectric whose
dielectric constant increases linearly with distance x
from one edge to the other as K =K; + ax, where K;
and K, are dielectric constants of the medium at the
two edges of the square plates, find the capacity of
the capacitor.

K1 K2=K1 +O.’|'

SOLUTION
Since K =K, +ax and at x =1, we have
K=K,

_KZ_Kl
]

The capacitance of the elementary capacitor is

=

g, (1dx)(K; +ax)

dC =
¢ d

Since, these elementary capacitors are joined in

parallel, so
2
_ &l ( K, + o )
d 2

ELECTROSTATIC ENERGY DENSITY (uj)

For a parallel plate capacitor, we have

where E = g

C— &A and V=Ed,
d &

Since, U = %cv2

1¢A
J==20"
2 d

E*d*
-
- U:(ESOE )(Ad)

1
= U= *{;‘UEZT
2
where 7(=Ad) is volume of the capacitor

Electrostatic Ener 1 2
= E=uE= 8Y=7£0E2=0'7
T Volume 2 2¢,

This energy is stored in the capacitor in the form of
electrostatic field. Since,

Electrostatic Energy

= Electrostatic Pressure
Volume
. 1 2 O 2
=  Electrostatic Pressure = —¢,E" = — = u;
2 2¢,

Also we note that if we take dr as the volume
element, then

Up =JuEd’r

I, have taken a new symbol (7) for the volume,
because we may confuse V' for potential.



ICON

Remark(s)

The potential energy U of a charged conductor or a
capacitor is stored in the electric field. The energy per
unit volume is called the energy density (u,). Energy
density (uj) in a dielectric medium is given by,

1
Ug = EstKEZ

This relation shows that the energy stored per unit
volume depends on E. If E is the electric field in a
space of volume d7, then the total stored energy in an
electrostatic field is given by,

U: %SoKJEZ df

and if E is uniform throughout the volume (electric
field between the plates of a capacitor is uniform),
then the total stored energy can be given by,

1
U=—KeyE?r
2

ENERGY FOR SERIES AND
PARALLEL COMBINATIONS

Series Combination
For a series combination of capacitors Q = constant
and

1 1 1 1
—=—t—t—+..
G G G G

2 2 2 2

LSRN O/ A oA
2C,  2C; 2G, 2G4

+..

ie., if U, is energy stored in capacitor C;, if U, is
energy stored in capacitor C, and so on, and Uy is
total energy for series combination of C;, C,, C;,...
then,

{Total Energy ] {Sum of individual]

for the series energies stored in
combination each capacitor
Parallel Combination

For a parallel combination of capacitors V =constant
and

Chapter 2: Capacitance and Applications 2.15

1 1 1 1
= —CVE==C V=GV =GV +...
2 2 2 2

ie., if U, is energy stored in capacitor C,, if U, is
energy stored in capacitor C, and so on, and U, is
total energy for parallel combination of C;, C;, Cs,...
then too

Total Energy Sum of individual
for the parallel |=| energy stored in

combination each capacitor

Problem Solving Technique(s)

So, to conclude, if capacitors are connected in series
or in parallel the total energy across the combination
(any one) is equal to the sum of the individual ener-
gies stored in each capacitor.

CALCULATING THE NET CAPACITANCE
OF CIRCUITS

To calculate the net capacitance of a circuit/network,
the steps given below should be followed.

STEP-1: Identify the two points across which the
equivalent capacitance is to be calculated.

STEP-2: Imagine a battery to be connected between
these points.

STEP-3: Start solving the circuit from the reference
point which is farthest from the points between which
the equivalent capacitance has to be calculated. This
point is likely to be not a node.

SIMPLE CIRCUITS

Analyse the circuit carefully to conclude which pair
of capacitors are in series and which are in parallel
(This all should be done keeping in mind the points
across which net capacitance has to be calculated).
Find their net capacitance and again draw an
equivalent diagram to apply the above specified
technique repeatedly so as to get the total capacitance
between the points A and B as [llustrated below.



ICON

2.16 JEE Advanced Physics: Electrostatics and Current Electricity

(i) 8x6_, ¢
3+6 M
+_-_
_-T
1
|
! . Parallel
- 9uF 9uF 6+3=9uF
U
..... uF
1
1
+1
. Cag=2+3=5uF T =k
{2,uF‘;:/ i
A B
==t 9QuF

By similar process C,p =3 uF

. e ILLUSTRATION 13
(ii) 6 uF T BuF _

Find C if the equivalent capacitance between the

3uF points A and B in the circuit shownis 1 yF. All the
- —6uF BuF—=~" - capacitances are in UF.
6uF / ! 3uF |6uF
) kgL L
Ao | 2 uF ! A
uF [ H [ | J_ I J_ J_
! ! 6 4

h%]
oo

_________ TP
! 2 Lﬁ
6
5= SuF -
2 \CAB =3+2= SﬂF C T -|_ - oRB

SOLUTION

After a brief simple analysis, we conclude the follow-
ing information

(@) 2and 2 are in parallel to give 4 uF

(b) 6and 12 are in series to give 6x12 =4 u
6+12

lsf"F TOuF  —=9uF (c) This 4 uF (net capacitance of 6 and 12) is in par-
Be—]| T | | allel combination to another 4, so as to give us
9uF 9uF 9uF 8 uF
1 So, using the above information, we redraw the
Series above circuit
/ 9_ 3uF Further, we conclude

| A‘*%F—*}j*4k+—jﬂﬂkﬁrja 2l 1
- BuF— 6uF— }QpF:-é SJ: 8

L.

9uF  9uF  \9uF - 3

R e e e 4

== 9uF OuF  (9uF - 'T

(Continued)



ICON

1x8 8
d) 1and 8 are in series, so we get —— =— uF
@ 8 1+8 9 .

2
(e) 8and 4 are in series, so we get SL = 3—

8+4 12

f) g uF and 32 uF arein a parallel combination to
32

ive net capacitance —+—=—
§ P 9712 9"

Finally % uF and C are in series between A and B,

so as to give 1 uF. So, the final equivalent circuit is
shown in figure.

32
A ﬁ (19 B8
— I I
2
= —=—-=1
g+C
9
= 32C=32+9C
= 23C=32
32
C=—yuF
23}.!
CIRCUITS WITH EXTRA WIRES

If there is no capacitor or resistor in any branch of
a circuit, then every point of this branch will be at
same potential. Suppose equivalent capacitance is to
be determined in following cases.

(@

c C C
A s
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(i) ¢
1
Ae— C=—= B
|
c
U C
A A |C B [
| il
Ae— C= B = Ae— —e B
| I
A A ¢ B c
No p.d. across vertical branch Cug=2C
so it can removed
(ii1) C c
| A 1 B
C C
Ae— —eB = Ae— —eB
| A {——58
C C
U
C
| i
| |
i C i
I _______ ;‘I '—__ _______________ !
CAB = 3C
(iv) c C
——
A C= B
C
C y C
A —~ ¢
P e I B = /\
:: N
A A ¢ B paale M ¢ B
cC+C=2C +} -
Parallel
2,5 v
/.3 -3
2c/3, 2c
. = 3
:C "."I‘
AfF——F B
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(v) Since there is no capacitor in the path APB, the
points A, P and B are electrically same i.e., the
input and output points are directly connected
(short circuited).

C

||

I J

Ae—] CT
B

Thus, entire charge will prefer to flow along path
APB. Tt means that the capacitors connected in
the circuit will not receive any charge for stor-
ing. Thus equivalent capacitance of this circuit is
Zero.

(@]

—e QB

CONCEPT OF LINE OF SYMMETRY

Line of symmetry (L.O.S.) is an imagination of our
mind to divide a highly symmetric circuit into two
equal halves such that the points of the circuit through
which LOS passes are at equal potential.

ILLUSTRATION 14

Find the net capacitance of the circuit shown between
the points A and B.

SOLUTION

This circuit is highly symmetric and so we can con-
sider the line of symmetry to pass through the cir-
cuit to divide it into two equal (identical) halves. If
line of symmetry passes through a branch possessing
a capacitor, then on each side of Line of Symmetry
(LOS) the capacitance will become 2C (2Cand 2C
in series will gives C ), as shown.

@/\
A

@j; P

Now, the concept of Line of Symmetry makes our job
easy to calculate capacitance across AP. (1) and (2)
are in parallel further in series with (3), whose result-
ant capacitance is in parallel with (4).

Resultant of (1) and (2) is 3C

Resultant of 3C and (3) is %

Resultant of % and (4) is %

So total capacitance across AB is

Cap
Chn=—AL

AB= 7,

7C

= CAB_?

BALANCED WHEATSTONE BRIDGE

If in a circuit, five capacitors are arranged as shown
in following figure, the circuit is called Wheatstone
Bridge type circuit.

c1\/\/cs

p— Cs

N

It is called a Balanced Wheatstone Bridge (BWSB),
when

G_G

G G
In this situation we observe that no charge flows
through C; and hence C; can be removed from the

circuit to get the equivalent capacitance between A
and B.
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If & & then no charge exists in the branch con-
G G

taining C; (also called fifth branch) and hence it can
be omitted (just neglect it as if it was never present).

As a consequence of this we can say that C; and

C,C

C, are in series to give ———, C, and C, are in

3 & C+C, 4

: . GGy .
series to give —=—— and both in parallel. So, net

G, +Cy
capacitance
GG, GG

C.. =
U+ G+G,

Other shapes of Balanced Wheatstone Bridge are
indicated below.

Ci p G

_”_
A — —eB
| |
c; Eoc
Co
I
C.] ¢
po e (2-2)
C4 |—H—, C2 Ca
Cs

EXTENDED WHEATSTONE BRIDGE

The given figure consists of two Wheatstone Bridges
connected together. One bridge is connected between
points AEGHFA and the other is connected between
points EGBHFE.
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This circuit is known as Extended Wheatstone Bridge
and it has two branches EF and GH to the left and
right of which symmetry in the ratio of capacitances
can be seen.

C C C_

Cc CcC C
It can be seen that ratio of capacitances in branches
AE and EG is same as that between the capacitances
of the branches AF and FH. Thus, in the bridge
AEGHFA; the branch EF can be removed. Similarly
in the bridge EGBHFE branch GH can be removed.

C g C g C
—|jl—-—||—-—|
A B
[

c F ¢ H ¢

1

INFINITE CHAIN OF CAPACITORS

In the following infinite circuits, the equivalent capac-
itance between A and B is to be calculated.

Suppose the effective capacitance between A
and B is X . Since the network is infinite, so even
if we remove one repetitive unit of capacitors from
the chain, then too the remaining network would still
have infinite pair of capacitors, i.e., effective capaci-
tance between P and Q will still be X

e e |

Co=—=
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Hence equivalent capacitance between A and B

GG +X)
C+G+X

= CAB=%[ {1+4%)—1]
2

ILLUSTRATION 15

For what value of C; in the circuit shown below
will the net effective capacitance between A and
B be independent of the number of sections in the
chain?

AB

o} C
1 1 1 1 C
As—| I |-l
Co== Co== Co== Co=—= Cp=—
Be .
D
SOLUTION

Suppose there are 1 sections between A and B and
the network is terminated by C, with equivalent
capacitance X.

A C | Parallel
T f | CZ + CO
1( Co __Cz ............ 3 —CO

B D

Now if we add one more sections to the network
between D and C (as shown in figure), the equiva-
lent capacitance of the network X will be independ-
ent of number of sections if the capacitance between
D and C still remains C, i.e.,

_Clx(C2+CU)
0 C,+C+G,

= Cé + CZCU - C1C2 = D

On simplification C; = ] 1+4 =1 -1
2 C,

NETWORK WITH MORE THAN ONE CELL

C
(a) Potential difference across C; is ( 2 )
G +G,

(V, = V,) and potential difference across C, is

(clilcz ](Vl V)

Ci== —=C,=Cy == =C,

(b) Consider the arrangement shown.

C1 VO CZ
po—ff—p—{F—s

This arrangement is connected across a battery of
voltage V(>V,) as shown.

Then, potential difference between the ends of
this arrangement is (V -V, ).

V-1
,‘

O=—

CASE OF COMPOUND DIELECTRICS

If several dielectric medium filled between the plates
of a parallel plate capacitor in different ways as
shown.
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(@) In the arrangement shown, these two capacitors  (c)
are in parallel and A2

T ; dae| K

Cy
K
A2 J a2l Ky
+ _. )
A2 Kz
CQ

l 9 The equivalent capacitor circuit diagram for this
arrangement is shown in figure.
——g ———»

Cl _ KlsoA and CZ _ KzSgA . )
: T Le, = Ik,
Sil‘lCe, CEC[ = Cl + C2 C2—|_
(K +Ky ) A i
- (0]
& (A2
K _Ki+K, where C, =K, U(I/ )=K1(%)
= eq ) (d/Z) d
(b) The system can be assumed to be made up of two C,=K, & (A/ 2) =K, (@)
capacitors C; and C, which may be said to con- d/2 d
nected in series
E{] (A/Z) E A
C3 E K3 d = K3 Zo—d
T 1 2
A Ci G So, C,, = -21% +C3=M( o +£J
K1 Kg —e = .—| |—| |—C “ Cl +C2 d Kl +K2 2
3 &A
o= %)
H—/2—>e—d/2 Kl K2 K3
= = 4
47K +K, 2
C. = KigA C. = K,e,A
Yo T dn (d) To calculate equivalent capacitance in this case,
we have
Since, — = i+ L
"Cq G G AP2 A2
dr2
_ =( 2K,K, ) £ A
‘K +K, ) d ae|l K K,
a 2K,K, l
‘K +K,

to proceed as follows by redrawing the
arrangement
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>

L
A/2 A/2
d/2 d
H

dr| K Ks

A2
where C1=K1€U( : )=K1(@)

(d/2) d
&(42) o (&A
=Ry =l
ED(A./:Z) (EUA)
G, =K =K, [ 2~
UV ) U4
SO, Ce CICZ C1C3
1C+C, C+C,
L oo 0Al KKy | KK J<(@£)
“Cd | K +K, Ki+Ky | U d
= _ KlKZ + KIKS

K +K, K +K,

ILLUSTRATION 16

Five identical capacitor plates each of area A are
arranged in such a way that adjacent plates are at a
distance d apart. The plates are connected to source
of emf V. Calculate the magnitude and nature of
charge on plate 1 and 4 respectively.

—_
w
w

SOLUTION

These five plates constitute four identical capacitors
in parallel each of capacitance C given by

(<)

Now plate-1 connected to positive terminal of battery
and part of one capacitor

_+(%AV)
7 = 1

Since plate 4 is connected to negative terminal and is
common between two capacitors in parallel, so

AV
q4=Qc+qD=—2¢h=(—2[ ”d D

~ _( 26,AV )
Iy ]

ILLUSTRATION 17

Two large parallel metal plates are oriented horizon-
tally and separated by a distance 3d. A grounded
conducting wire joins them, and initially each plate
carries no charge. Now a third identical plate carry-
ing charge Q is inserted between the two plates, par-
allel to them and located a distance d from the upper
plate, as in Figure.

1
L

Q.

(a) What induced charge appears on each of the two
original plates?

(b) What potential difference appears between the
middle plate and each of the other plates? Each
plate has area A.

SOLUTION

Imagine the centre plate is split along its midplane
and pulled apart. We have two capacitors in parallel,
supporting the same AV and carrying total charge Q.

A
The upper has a capacitance C, = 807 and the lower

has a capacitance C, = %

Charge flows from ground onto each of the outside
plates of capacitors, so that

Q+Q=0Q (1)
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and AV, =AV, =AV

2d

i

= % = %
G G
= % = Q2 2d
= Q=20
From (1), we get
20,+Q,=0Q
_Q
= Q= 3
_Q
@ Q= 3
So, on the lower plate the charge is -%
_2
Q= 3

So, on the upper plate the charge is —%

) Av=S_ 2
C, 3gA

ILLUSTRATION 18

Three large conducting plates are placed a distance
d apart in air. The space between the first two plates
is completely filled with a dielectric slab of dielec-
tric constant K =2as shown in Figure. The plates
are given charges Q; =7Q, Q, =3Q and Q; =20
respectively. The outer two plates are now connected
with a conducting wire. Find the charges on all the
six surfaces.

te— g —»ie—  —»
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SOLUTION

Charges on the surfaces facing each other will be
equal and opposite (from Gauss’s Law). Let the dis-
tribution be as shown in the following diagram and
the charges on the six surfaces are as shown.

a0 q -0 Q+q Q3 +Q + Q-4
-Q+q)
P

As electric field inside the conductor (let at point P)
is zero.

n=Q+Q0+0Q-
_ QO+
2
Since, the outer plates are connected hence, their
potential will be same.

L*q,, 1 4o
gA Kgy A

= Q2+q+%=0

= 0

=

= KQ,+(K+1)g=0

_ -KQ,
“xn o X

So, the final charge configuration on the six surfaces
will be as shown here.

6Q |2C) +20|+O O|GQ

ILLUSTRATION 19

Each of the three plates shown in Figure has 200 cm?
area on one side, and the gap between the adjacent
plates is 0.2 mm. The emf of the battery is 20 V.
Calculate the distribution of charge on various sur-
faces of the plates and the equivalent capacitance of
the system between the terminal points?

=

{ Q= 3Q}




ICON

2.24 JEE Advanced Physics: Electrostatics and Current Electricity

L]
The charge on plate b is negative on both faces. Thus,
. the charge on faces a4 and ¢ is
=20V
aj |b
Il
+ -T1- + C;
+ - |- +
N < N ¢
t - - + 1
+ - |- + C,
SOLUTION I
20V
As the potentials of 2 and ¢ are equal, the capacitors
Ca a‘nd Cb-c are in parallel. Therefore, equivalent _ gA
capacitance is 0= ==
2¢,A
C = Cﬂb + Cbc 86{; = qa = qc = 1008[) X20
h Co—C gA g x2 x107 100e = =1 = 20005
where, C, =C, = = ——=
PR 0T 02x107° 0 = Q=2x2000¢,
C=2X€0x2x10_2 =  (Q=4000¢,

02x10° 2008

G‘/ Test Your Concepts-Il

Based on Series and Parallel Combination of Capacitors

(Solutions on page H.127)
1. Two identical parallel-plate capacitors, each with the total capacitance of the system change in both
capacitance C, are charged to potential difference cases by the above displacement of plates?

AV and connected in parallel. Then the plate sepa- 3. A 10 4F capacitor is charged to 15 V. It is next

ration in one of the capacitors is doubled. . . .
_ connected in series with an uncharged 5 uF
(a) Find the total energy of the system of two capacitor. The series combination is finally con-

capacitors before the plate separation is nected across a 50 V battery, as shown in Figure.

doubled. Find the new potential differences across the 5 uF
(b) Find the potential difference across each and 10 uF capacitors.

capacitor after the plate separation is doubled.
(c) Find the total energy of the system after the 5#': 1+0|f1f

plate separation is doubled. I AV _|1|5 v
(d) Reconcile the difference in the answers to "

parts (a) and (c) with the Law of Conservation

of Energy.

2. Two identical parallel plate capacitors are first con- It
nected in series and then in parallel. In each case, 50V
the plates of one capacitor are brought closer by a
distance Ad and the plates of the other capacitor
are moved away by same distance Ad. How does

4. Each plate of a parallel plate capacitor has an
area A. What amount of work has to be performed
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to slowly increase the distance between the plates

from x, to x,, if

(a) the charge of the capacitor, q is kept constant
in the process.

(b) the voltage across the capacitor, V, is kept con-
stant in the process.

. Two capacitors A and B are connected in series
across a 100 V supply and it is observed that the
potential difference across them are 60 V and 40 V.
A capacitor of 2 uF capacitance is now connected
in parallel with A and the potential difference
across B rises to 90 V. Determine the capacitance of
AandB.

. Two capacitors are in parallel and the energy of
the combination is 0.1 J, when the differences of
potential between terminals is 2 V. With the same
two condensers now connected in series, the
energy is 1.6x107 ) for the same difference of
potential across the series combination. Calculate
the capacitances of the capacitors.

If the area of each plate is A and the successive sep-
aration are 3d, 2d and d. Then find the equivalent
capacitance across A and B.

AJ 3d

h 4 Py

. Two capacitors A and B each having a dielectric of
dielectric constant 2 are connected in series. When
they are connected across a 230 V D.C. supply it
is found that the potential difference across A is
130 V and that across B is 100 V. If the dielectric in
the smaller capacitor is replaced by another dielec-
tric of dielectric constant 5, what will be the new
values of the potential difference across each?

. Two capacitors are joined in series shown in figure.
The central rigid H-shaped part is movable. Find
the equivalent capacitance of the combination and
hence show that it is independent of position of
the central H-shaped part. The area of each plate
isA.

10. A capacitor has square plates, each of side a mak-

11.Find the effective capacitance of the follow-

12. A radio capacitor of variable capacitance is made
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= -

l—p =

[ a >

ing an angle @ with each other as shown in figure.
Show that for small 6, the capacitance Cis given by

[
L a !

ing arrangement of four identical metallic plates
between P and Q. The area of each plate is A and
separation between successive plates is d.

(=

ARRANGEMENT 1

1 P Q
2 J

3

4

ARRANGEMENT 2

of n plates each of area A and separated from each
other by a distance d. The alternate plates are con-
nected together. One group of alternate plates is
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fixed while the other is movable. Find the maxi-
mum capacitance of the capacitor.
13.(a) Find the equivalent capacitance of the com-
bination shown in figure, where C,=6 uF,
C, =4 uFand G =8 puF.

/"Cz\\\

C1’f \\

! |

\ i

\ /
N Cy

(b) If a battery is connected between a and b,
determine the charge on each capacitor and
the potential difference across each, if V_, =12 V.

14. Find the capacitance of the following combina-
tions between P and Q. Area of the each plate is A
and separation of successive plates is d.

S —

ARRANGEMENT 1

U@

ARRANGEMENT 2

15. The circular plates A and B of a parallel plate air
capacitor have a diameter of 0.1 m and are 2 mm
apart. The plates C and D, of a similar capacitor
have a diameter 0.12 m and are 3 mm apart. Plate
A is earthed and the plates B and D are connected
together. Plate C is connected to the positive pole
of a 120 V battery whose negative terminal is
earthed. Calculate

2 mm

Diameter
=0.12m =

Diameter

= =0Tm

(a) the combined capacitance of the arrangement
and
(b) the energy stored in it.

Take =367 %107 Nm?C?
€
16. Using the concept of energy density, find the total
energy stored in a
(a) parallel plate capacitor
(b) charged spherical conductor

DIELECTRIC SLAB INSERTED IN A
PARALLEL PLATE CAPACITOR

When the space between the parallel plate capacitor
is partly filled with a dielectric of thickness (< d)
If no slab is introduced between the plates of the

capacitor, then a field E, given by E; = g, exists in
£

a space d. 0

EO
E=x

AEEEEEER!
IEEEEEERR

!
1

E
On inserting the slab of thickness t, a field E= ?U

exists inside the slab of thickness { and a field E,

exists in remaining space(d—t). If V is total poten-
tial then

V=Ey(d-t)+Et

- el

E
But Eﬂ = K = Dielectric Constant

= V=£[d—t+i]
&

. V=i[d_t+£]
Ag K
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= C=i— &A

Ve ( -4 )
K
So, on introducing a dielectric slab of thickness t and

dielectric constant K the capacitance increases by the
same amount as the effective air spacing between the

plates is made t( 1- %)

CONDUCTING SLAB INSERTED IN A
PARALLEL PLATE CAPACITOR

When the space between the parallel plate capaci-
tor is partly filled by a conducting slab of thickness

tH<d).
If no conducting slab is introduced between the

plates, then a field E, = T exists in a space d.If C,
&

be the capacitance (without the introduction of con-
ducting slab), then
gA

C, ="
07 4

On inserting the slab, field inside it is zero and so a

field E, = 9 now existsina space (d—t)
&

o)

REEEXEREX
™
I
o
EEEREERERR)

&
= C:q_ﬂ

Vo od-t
o C= &A
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= C= CUt
[-3)
d
Since d-t<d
= (C>C,

i.e., Capacitance increases on insertion of conducting
slab between the plates of capacitor.

If t=d, then C— ie, if a conducting slab
occupies the complete space between the plates of the
capacitor, then C — e

CHARGE INDUCED ON A DIELECTRIC AND
GAUSS'S LAW FOR DIELECTRICS

Consider a parallel plate capacitor which has a sur-
face charge density ¢ and - on each plate. If E,
is the electric field between the plates of air capacitor,
then

Let a dielectric of dielectric constant K be now intro-
duced between the plates of the capacitor. If o, is
induced surface charge density (see figure) due to
the already existing field, then electric field due to
induced charge is

o

E =L
€

So, resultant dielectric field within the plates is

E=E,-E,
1
= E=—(0-0 1
—(o-o,) W
Also E=—— (2)
Kg,
_qP +Q'p
_ N
= B +|[ 179
—
= +
«——
_ E, .
E=Ey-Ep"
— — + (S|
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Compare (1) and (2), we get

1 (o}
E—O(G—GP)—K—&‘U

- oof}
B=0 """k
Since according to Gauss’s Law, for dielectric
= = 1 1
E-dA=— ZQan =—\9-1
Cﬁ & ( ) & ( ’ )

- = 1 1 q
EdAi=—|g-q|1-=||=—
- Cﬁ e[][q q[ K)] K¢,
[ e=e.6.=Kg}
5 (J;Kenﬁ-df—l:q

= (ﬁﬁ-dﬁzq

where D = KSUE is called the Electric Displacement
Vector.

Problem Solving Technique(s)

1
Since g, = 1——)
I q( K
For a conductor K — . Hence,
4,=9. 0,=0and E=0

Hence, we may conclude the above discussion as
under

oc_4q
(a) Evacuum = EO = g = A—Eg

E
b) Ejelectiic = —
( ) dielectric K

(C) Econductor =0

{K = dielectric constant}

{as K= oo}

Regarding dielectrics, it is worth noting that:

(a) These are non-conductors upto a certain value of
field depending on its nature. If the field exceeds
this limiting value called dielectric strength,
dielectric loses its insulating property and begins
to conduct.

(b) These have either permanent dipole moment
(polar-dielectrics, e.g., water) or acquire induced
dipole moment (non-polar dielectrics) when
placed in an electric field.

(c) The dielectric constant of polar dielectric depends
on its temperature and due to thermal agitation
with rise in temperature decreases.

ILLUSTRATION 20

Two parallel conducting plates of area A charge +g
and —g are as shown. A dielectric slab of dielectric
constant K, thickness 2d and a conducting plate of
thickness d is inserted between them. Taking x =0
at positive plate and x =74 at negative plate, plot E
vs x and V vs x graphs. Here E is the electric field
and V is the potential and consider the potential at
the positive plate to be V.

N -
t - -
+ g 48 -
+ 3 3 -
. 2 § -
+ _
+ E— -
e-sh— 2 == D f =i f
SOLUTION
The electric field in air/vacuum is E;=—= 1
g Ag

E
In dielectric, field is E=—2 and in conductor field

is zero. Hence, the E-x graph is as shown in figure.

1 1 1
_— —

é‘I

N

1

O
Q fomaem

3d 5d 6d 7d
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Yo
V1= Vb"Edj _——
V2= VO—Eod—QEd Tt

Vy = V, - 3E,d - 26d -
V, = Vg - 4Eqd - 2Ed

T-="T-=~~""r=p=—-

0]

»
-

5d 6d T7d

Q F----
w |
Q

Using V =Ed (in uniform field) the V-x graph is
shown (slope of this graph gives electric field in that
region).

ILLUSTRATION 21

A parallel plate capacitor with air as dielectric has a
plate area of 200 cm” and plate separation of 4 mm.
Calculate the percentage change in the capacitance
if a layer of varnish (k=3) of thickness 0.1 mm is
given on the inside of both plates.

SOLUTION
C= &A G { CU_@}
aI—H£ 1—£+i d
k d kd

where t =2(0.1 mm)=0.2 mm, d =4 mm and K =3
Putting values, we get C, = 44.25 pF

44,25
Now,C——_%Jr 02
4 (3)(4)
S C- 44 25 T

1 1

1-—+—

20 60
Co 44.25x60 2655
60-3+1 58

= C=4577%

So, %age change is

,é_CXwD:(ZLS.’/"’?—M.ZS)

0

%100 = 3.4%

So, percentage increase in the value of capacitance is
3.4%
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EFFECT OF INSERTION OF DIELECTRIC
IN A PARALLEL PLATE CAPACITOR

The effect of insertion of a dielectric on other physical
quantities such as charge, potential difference, electric
field and energy associated with a capacitor depends
on the fact that whether the charged capacitor is iso-
lated (i.e., charge is kept constant) or is attached to
the battery (i.e. potential is kept constant).

If q,, Cy, Vi, Ey and U represent the charge,
capacitance, potential difference, electric field and
energy associated with charged air capacitor respec-
tively. On introduction of a dielectric slab of dielec-
tric constant K between the plates let the respective
quantities becomes g, C, V, Eand U.

CASE-1: When charge is kept constant OR Capacitor
is Isolated OR Battery is Disconnected

(a) Charge remains unchanged, i.e., =g, as in an
isolated system charge is conserved.

(b) Capacitance increases and becomes C =KC,
because due to the presence of a dielectric, the
capacitance becomes K times.

(c) Potential difference between the plates decreases

and becomes V = [ %)

( V=ﬂ=q—0,asq=q[, andC=KCUJ

C KG,
Jo q
4+ e+ + o+ + 4]+ o+
L ]
K
Co. Vo, Eo, U C.V,E U
S — e —
| |
A B)

V., E V, V
= E=l=-0_% {'.'V=UandE0=0

d Kd K K d

(e) Energy stored in the capacitor decreases and

becomes U = (uﬂ)
K
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2

Since U = T
2C
o _U
= 0 = —U . = d = K
2KC0 K { q [T'U an C CU }

CASE-2: When potential is kept constant OR battery
remains attached

(a) Potential difference remains constant,ie., V=V,
because battery is a source of constant potential
difference.

(b) Capacitance increases and becomes C=KC;,
because by presence of a dielectric capacitance
becomes K times.

q
P

v, CoVeBoly Ty C.V,E U
[ ]
____ E— S

(c) Charge on capacitor increases, i.e., g=Kq,
because

qg=CV

90
+ + 4+ +|+ + + +

= q=(KC0)V=KqU {'-' QU =COV}

(d) Electric field remains unchanged, so E = E

A
d d
(e) Energy stored in the capacitor increases and

becomes U = KU,

=E, { V=V, and %=Eu}

1 1
Since, U =- CV? = (KC, )(V y
1

= U=k, {-.-(::KqJ andU(J:%CUVUZ}

Problem Solving Technique(s)

While solving problems of this type always keep in
mind that, whenever a battery is disconnected then,
q = constant

and if battery remains attached, then V = constant

ILLUSTRATION 22

An air capacitor of capacity C=10 uF is connected
to a constant voltage battery of 12 V. Now the space
between the plates is filled with a liquid of dielectric
constant k=5. Calculate the charge that flows from
battery to the capacitor.

SOLUTION
Initially charge on the capacitor Q; =10x12=120 uC
When dielectric medium is filled, so capacitance

becomes k times, i.e., new capacitance is
C'=kC=5x10=50 uC

Final charge on the capacitor Q =50x12=600 uC

Hence additional charge supplied by the battery is

AQ=Q; ~Q, =480 uC

ILLUSTRATION 23

The capacitance of a variable radio capacitor can be
changed from 50 pF to 950 pF by turning the dial
from 0° to 180°. With the dial set at 180°, the capaci-
tor is connected to a 400 V battery. After charging, the
capacitor is disconnected from the battery and the
dial is turned at 0°.

(a) What s the potential difference across the capaci-
tor when the dial reads 0°?

(b) How much work is required to turn the dial, if
friction is neglected?

SOLUTION

When the dial is at 0°, the capacitance of the capaci-
tor is given by

C, =50 pF=50x10" F
When dial is at 180°, the capacitance is given by
C, =950 pF=950x10""* F

The potential difference across capacitor C,, is given
by
V,=400V

Charge on capacitor C, is
q=C,V, =950x107"% x 400

= =380x10"C
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(a) When battery is disconnected the charge remains
the same and so, §=constant. Let V; be the
potential difference across capacitor when dial
reads 0°. Then

=GV
= 380x107 =50x107"*xV,
1 -9
V, = M = 7600 V
50x10™

(b) Work required to turn the dial from 180° to 0° is
W = Gain in energy of capacitor

L ow-l T ﬁ(l 1)

2626 206 G
. W=‘?2(C2—Cl)
_ _(380x10°)(950-50)x 102

2x50%x 107 x 950 % 1072
= W=1368x10"]

ILLUSTRATION 24

Two parallel capacitors each of capacitance C are
connected in series to a battery of emf V. Now, one of
the capacitors is filled completely with a dielectric of
dielectric constant K.

(a) Calculate the ratio of the electric field strength
in the capacitor to the electric field when the
dielectric is introduced. Does the field increase or
decrease after insertion of dielectric?

(b) Find the amount of charge that flows through the
battery.

SOLUTION

(@) Net capacitance without inserting the slab is, (23

- (5

Initial electric field E is given by

M| <
——
<

B Potential Difference 3 (
separation between the plates d  2d
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Net capacitance after inserting the slab is

C'=(K )c

K+1

= q’=CV(—K )
K+1

Final electric field E’ is given by

, Potential Difference

~ Separation between the plates

1
dbes)
o po_\K+1) V
d (K+1)d

So, electric field decreases by a factor

v
E 2d _K+1

E’( 1% J 2
(K+1)d

(b) Charge that flows through the battery is 4 - g

CV(K-1)

Charge Flowing = 2K+ D)

ILLUSTRATION 25

Figure shows two identical parallel plate capacitors
connected to a battery with the switch S closed. The
switch is now opened and the free space between the
plates of the capacitors is filled with a dielectric of
dielectric constant (or relative permittivity) 3. Find
the ratio of the total electrostatic energy stored in
both capacitors before and after the introduction of
the dielectric.

IUJ
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SOLUTION

With the switch S closed, the potential difference
across capacitors A and B is same. So,

Q%
c C
The initial charges on the capacitors are given by

Qu=0Qs=CV

When dielectric is introduced, the new capacitance of
either capacitor.

C’'=KC=3C

4

Now, when the switch S is opened, let the potential
difference across capacitor A be V volt and that
across the capacitor B be V' volt.

When dielectric is introduced with the switch
open (i.e., battery disconnected) then, the charge on
capacitor B remains unchanged, so

QB =CV=C’V’
= V’=£V=K volt
C’ 3

Initial energy of both capacitors
1 2.1 0> 2
U ==CV +=CV°=CV
2 2
Final energy of both capacitors

U, =2V iov?
2 2

2
1 , 1 1% 5
U,==3C)V*+=3C)| = | ==cVv
= = leov )(3) :
u Ccv: 3
= —_— = -
3

FORCE ON A DIELECTRIC SLAB BEING
INSERTED BETWEEN CAPACITOR PLATES

When a dielectric slab is being inserted between the
plates of an initially charged capacitor, then due to
the electric field between the plates of the capacitor,
bound charges of opposite nature are induced inside
the dielectric. Also it is observed that while inserting
the dielectric slab, fringing of electric field lines at the
edges of the plates takes place. (Fringing Effect is the
bending of field lines at the corners of a capacitor as shown).

A

(D

Fringing effect for a capacitor with large d.

A component of the electric field along the surface of
the dielectric pulls the dieletric slab inside the capaci-
tor. Thus force on the dielectric slab is given by

d_U
dx
Let us discuss the two cases under which the dielec-

tric slab can be introduced between the plates of the
capacitor.

CASE-1: FOR CAPACITOR CONNECTED TO
BATTERY (i.e. V= Constant)
Consider a dielectric slab inserted partially between
the plates of a capacitor. Due to positive charge on the
upper plate, some negative charge is induced on the
top surface of the dielectric. Similarly, some positive
charge is induced at the bottom surface of the slab.
The negative induced charge is attracted towards
positive charge on upper plate and the positive
induced charge is attracted towards negative charge
on lower plate as shown. As a result, the net force on
the slab acts inwards and the slab is attracted into the
capacitor.

To calculate this force, let us consider a paral-
lel plate capacitor having plates of length I, width b
and separation d. Let the capacitor be connected to a
battery of voltage V. Let us find the force on a slab of
thickness d and dielectric constant K when a por-
tion of length x(</) lies inside the plates.

F=

i i\ Dielectric
S I
-q F_./
V= {i
— X —
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The capacitance of the capacitor so formed is calcu-
lated by assuming the capacitor in this position to be
made up of two capacitors in parallel, one without a
dielectric (of length (I-x), separation d and width b)
and the other with a dielectric (of length x, separa-
tion d and width b).

The capacitance of the portion of capacitor without
dielectric is,

gob(1-x)
C, =20 -7
o
and that of capacitor with dielectric is
Keybx
C2 = 3

So, the net capacitance of the capacitor in this
position is,

C=C+G,
C=%b[l+x(K—1)] (1)

The electric field inside the capacitor attracts the
dielectric slab with a force F (say). For the dielectric
slab to slowly enter the capacitor, an external force
F, = F must be applied opposite to F. Due to this
external force, the dielectric slab doesnot gain any
kinetic energy while entering the capacitor plates.
Let the slab move further inside the capaci-
tor by an infinitesimal distance dx. Due to this the
capacitance of the capacitor also increases from C to
C+dC. Since the capacitor is connected to the bat-
tery, so potential difference V' remains constant and
hence the battery has to supply a charge (dQ) to the
capacitor given by
dQ=V(dC)
During this process work done by the battery is
dwbattery = VdQ = (dC )V2
Also work done by the external force F during this
displacement dx is
AW, termal = Fdx cos(180°) = —Fdx

Total work done on the capacitor is

AW = dWygyery + AW,

xternal

= dW=(dC)V*-Fdx
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This work done dW is equal to the increase in the
energy dU = %(dC)V2 stored in the capacitor

(assuming that no heat losses are produced while inserting
the dielectric inside the capacitor). So, we have

%(dC)VZ = (dC)V* -~ Fdx

= Fdx=;(dC)V2

= F=1V2(£)
2 dx

b
From (1), we get dC = 8%(K -1)dx

§=eib(K-l)

dx d

F:eUbVZ(K—l)
2d

Thus, the electric field attracts the dielectric into the
capacitor with the force F given by

_ghV?(K-1)

- 2d

Also, we note that this force is constant and is inde-
pendent of the distance x.

F

CASE-2: FOR AN ISOLATED CAPACITOR (i.e.,
q = Constant)

When the battery is removed after charging the
capacitor then ¢ remains constant. In that case,

u=-_L
2C
2
> du=d 74
2epb{1+x(K-1)}

2501 _ 2
. du:_qd(K 1)( 1 )dx
2eb \I+x(K-1)

Here, since work done by battery is zero and so only
the electrostatic force does the work.

Hem:e,F=—d—u

dx
F_qzd(K—l)( 1 )2
2e,b \l+x(K-1)
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This force also acts inwards, but in this case it is not
constant and is a function of x.

ILLUSTRATION 26

In the situation shown in figure the length of the
plates is [, area of the plates is A and separation
between then is d. A dielectric slab of dielectric con-
stant K, mass m and thickness d is released from
rest. Prove that the slab will execute periodic motion
and find its time period. Assume friction to be absent
between inner portion of the plates and the outer sur-
face of the slab. Also see that initially the slab has its
length x inserted in the plates of the capacitor.

=
— Q. —»|

i—X —i

F Y
—_
h 4

SOLUTION

As derived and seen earlier that the electric forces
pull the slab inwards with a constant force, given by

e bV (K-1)
2d
2d
«— «—
— X —>
@) (b)
—
—
— X —»i
(© (d)

where, b =width of plate = l?

F
So, acceleration of slab, 1 =—
m

so(‘?)vz(K—l)
2md

L &AVE(K-1)
2mld

= a=

At the instant when the slab is fully inside the plates,
we get the state of equilibrium for the slab. The slab
will execute periodic motion in the phases as shown
in figure.

So, time taken to reach from position (a) to position
(b) equals ¢ (say).

Then, = I
4

Since, s = latz
2

2s
== vos=1l-
= - {~ s x}
. 200-x) | 4(l-x)mld
gAVH(K-1) \gAV*(K-1)

2mld

The desired time period is

(I-x)mld
T=4=8 | ———
g AV (K-1)
DIELECTRIC BREAKDOWN

When a dielectric material is subjected to a strong
electric field then there comes a breakdown field
strength at which it loses its insulating or dielectric
ability and the dielectric becomes a conductor. This
occurs when the electric field is so strong that elec-
trons are ripped loose from their molecules. This
maximum electric field magnitude that a material can
withstand without the occurrence of breakdown is
called its Dielectric Strength. The dielectric strength
of dry air is about 3x10° Vm™.
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ELECTRIC ENERGY DENSITY OF DRY AIR

The breakdown field strength at which dry air loses
its insulating ability and allows a discharge to pass

through is E, =3x10° Vm™. At this field strength,
the electric energy density is

g = %EUEZ = ~(8.85%1072)(3x10°)" = 40 Jm™

1
2
ILLUSTRATION 27

Four identical plane capacitors with an air dielectric
are connected in series. The intensity of the field at
which the air is punctured is E, =3x10* Vem™. The

distance between the plates d =0.7 cm.

(a) What maximum voltage can be fed to this battery
of capacitors?

(b) What will this maximum voltage be if one of the
capacitors is replaced by a similar one in which
glass is used as a dielectric?

The permitivity of glass K=7 and the puncturing
field intensity of glass E, =9x 10* Vem ™.

SOLUTION

(a) Potential across each capacitor =V, = Ed

=V, =(3x10*x102 Vm™)(0.7%x10% m)

!

Now AV = AVab + AVbC + AVCd + AVdg

= V,=21x10*V

a b ¢, d,c¢e
i i i I

=  AV=21x10*+2.1x10* +2.1x10* +2.1x10*

= (AV)ya =4(21x10*) =84x10* V
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(b) For glass, breakdown voltage is given by
V, =63x10" V

If the glass capacitor is connected between the
points D and E, then

1=Cy(AV,5)=Cy(AV,C) =
Co (AVep ) =7Co AV )
= AV, =AVye = AVqp = KAV,
= AVyp=AVye = AVpp =7AV);
OPTION 1
Take AV, =2.1x10* V and find AV},

From the above equality, we get
AV
AVpp = % =0.3x10* V

OPTION 2

Take AV, =6.3x10" V
voltage of glass), then

(The breakdown

AV 5 = AVye = AV =7(63x10* V)
AV 5 =441x10° V> 2.1x10* V

So, as per OPTION 2, all the first three capacitors
are going to breakdown, so, we have to accept

AVpe =0.3x10* V (for glass capacitor)
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0‘/ Test Your Concepts-Iil

Based on Dielectrics and Breakdown

. A capacitor is filled with two dielectrics of same
dimensions but of dielectric constant 2 and 3
respectively. Find the ratio of capacities in the two
arrangements.

I A2 A2
T Ci K (a/2) T Ki | K
d d
l C, K, (@r2) l. ¢ | c,

| |

(A) (B)

. A parallel-plate capacitor of plate separation d is
charged to a potential difference AV, A dielec-
tric slab of thickness d and dielectric constant &
is introduced between the plates while the battery
remains connected to the plates.
(a) Show that the ratio of energy stored after the
dielectric is introduced to the energy stored
: .. u :
in the empty capacitor is U x. Give a phys-
0
ical explanation for this increase in stored

energy.
(b) What happens to the charge on the capacitor?

. Two parallel capacitors each of capacitance C are

connected in series to a battery of emf V. Now, one

of the capacitors is filled completely with a dielec-

tric of dielectric constant K.

(a) Calculate the ratio of the electric field strength
in the capacitor to the electric field when the
dielectric is introduced. Does the field increase
or decrease after insertion of dielectric?

(b) Find the amount of charge that flows through
the battery.

. A parallel plate capacitor with air as dielectric

has a plate area of 200 cm® and plate separation

of 4 mm. Calculate the percentage change in the
capacitance if a layer of varnish (k=3) of thick-
ness 0.1 mm is given on the inside of both plates.

. A thin conducting plate is inserted in halfway

between the plates of a parallel plate capacitor.

(Solutions on page H.132)

dr2

dr2

(a) Compute the capacitance before the plate was
inserted.

(b) What is the capacitance after the plate was
inserted?

(c) What does the value of capacitance becomes
when the thin plate and the upper plate are
shortened (i.e., connected by a conducting
wire)? Area of each plate is A.

. A capacitor is composed of three parallel con-

ducting plates. All three plates are of the same
area A. The first pair of plates are kept a distance d,
apart, and the space between them is filled with a
medium of a dielectric K,. The corresponding data
for the second pair are d, and K,, respectively.

ady d>
—
K K,
V—

The middle plate is connected to the positive ter-
minal of a constant voltage source V, and the exter-
nal plates are connected the other terminal of V.

(a) Find the capacitance of the system.
(b) What is the surface charge density on the
middle plate?

(c) Compute the energy density in the medium K;.
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7. Find the capacitance of a system of three paral-

lel plates, each of area A, separated by d, and d,.
The space between them is filled with dielectrics of
relative dielectric constants K, and K,,.

i oy Pie—dp —>

8. Anparallel plate capacitor is constructed using three

different dielectric materials as shown in figure.
The parallel plates across which a potential dif-
ference is applied, are of area A=1cm” and are
separated by a distanced=2mm. If K; =4, K, =6
and K5 =2, find capacitance across P and Q. (Take

g, =88x1077 C*N"'m™?)

Figure shows two identical parallel plate capacitors
connected to a battery with the switch S closed.
The switch is now opened and the free space
between the plates of the capacitors is filled with
a dielectric of dielectric constant (or relative per-
mittivity) 3. Find the ratio of the total electrostatic
energy stored in both capacitors before and after
the introduction of the dielectric.

10. A capacitor is constructed from two square plates

11.
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of sides / and separation d. A material of dielectric
constant k is inserted a distance x into the capaci-
tor, as shown in Figure. Assume that d is much
smaller than x.

x |
|

(a) Find the equivalent capacitance of the device.

(b) Calculate the energy stored in the capacitor,
letting AV represent the potential difference.

(c) Find the direction and magnitude of the force
exerted on the dielectric, assuming a constant
potential difference AV. Ignore friction.

(d) Obtain a numerical value for the force assum-
ing that /=5cm, AV=2000V,d=2 mm and
the dielectric is glass (k = 4.5).
A vertical parallel-plate capacitor is half filled with
a dielectric for which the dielectric constant is 2.
When this capacitor is positioned horizontally,
what fraction of it should be filled with the same
dielectric in order for the two capacitors to have
equal capacitance?
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KIRCHHOFF'S LAWS FOR CAPACITOR
CIRCUITS

Kirchhoff’s Junction Law (KJL)

According to KJL, charge can never accumulate at a
junction i.e., at the junction

Zq junction = 0

KJL is based on Law of Conservation of Charge.

Problem Solving Technique(s)

This law is helpful in determining the nature of charge
on an unknown capacitor plate.
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Charge on capacitor C can be determined by using

this rule. As no charge must accumulate at the junc-
tion O, so if x is charge on plate 1 of C, then

~+q+x=0
= X=qi—q;
ie. plate 1 has a charge (g,-g,) and plate 2 has a
charge —(g; -4, ).

Kirchhoff’s Loop Law (KLL)

In a closed loop/circuit (a closed loop is the one
which starts and ends at the same point), the alge-
braic sum of potential differences across each element
of a closed loop /circuit is zero.

= 21/:0

Conventions Followed to Apply Loop Law

(@) Inaloop, across a battery, if we travel from nega-
tive terminal of battery to the positive terminal
then there is a potential rise and a +ve sign is
applied with voltage of the battery.

(b) Inaloop, across a battery, if we travel from posi-
tive terminal of the battery to the negative termi-
nal then there is a potential fall and a —ve sign is
applied with voltage of the battery.

(c) Inaloop, across a capacitor, if we go from nega-
tive plate to the positive plate of the capacitor
then there is a potential rise and a +ve sign is

to be taken with potential difference across the
q

capacitor i.e.,, AV =+—.

C
(d) In aloop, across a capacitor, if we go from posi-
tive plate to the negative plate of the capacitor
then there is a potential fall and a —ve sign is to

be taken with the potential difference across the
q

capacitor i.e., AV =— E )

ILLUSTRATION 28

Three uncharged capacitors having capacitances
60 uF, 30 uF and 10 uF are connected to each other
as shown. Calculate the potential at the point O.

e

60 uF

0
30 uF 10 uF

£

SOLUTION

According to Kirchhoft’s Junction Law (KJL), charge
cannot accumulate at the junction (O), so

Xg, =0, where g=CAV
Let V}, be the potential of junction O, then
60(6-Vy)+10(2-V,)+30(3-V)=0

= 360+20+90=(60+10+30)V,

_470
%100
= V,=47V
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ILLUSTRATION 29

Find the equivalent capacitance between the point A
and B in figure.

—B

SOLUTION

Let us connect a battery between the points A and B.
The charge distribution is shown in figure. Suppose
the positive terminal of the battery supplies a charge
+Q and the negative terminal a charge -Q. The
charge Q is divided between plates a and e.

Cy G,

Qp-Q Q-Qq, -Q-Qy
a'b D c''d
2Q:-Q) | i
AO— ::,CS '—OB
-2Q1-Q) |
e f E g, h
Q-0 ('3'2—(0—00 01}3'1—01

Let a charge Q; goes to the plate 2 and the rest
Q-0 goes to the plate e. The charge —Q supplied
by the negative terminal is divided between plates
d and h. Using the symmetry of the figure, charge
—Q; goes to the plate 1 (as it has a capacitance C,)
and —(Q-Q,) to the plate d (as it has a capacitance
C,). This is because if we look into the circuit from A
or from B, the circuit looks identical. The division of
charge at A and at B should, therefore, be similar.
The charges on the other plates may be written easily.
The charge on the plate i is 2Q; —Q which ensures
that the total charge on plates b, ¢ and i remains
zero as these three plates form an isolated system.

We have V, -V =(V, =V; )+(Vp - V3)

= VA—VB=%+QEZQI (1)
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Also, Vy ~Vg =(V, =V )+(Vp -V ) +(Ve - V)

%_}_ZQI_Q_}_& (2)

= V,-Vy=
AP GG

We have to eliminate (; from these equations to get

the equivalent capacitance ————.
(Va-Vs)

The first equation may be written as

1 1
VA_VB=Q1[C__C_)+Q
1 &

GG ¢
-G -G
The second equation may be written as

1 1
Va—Vp :le(C_JrC_]_Q
1 G

0 ..(3)

(Va-V3)=Q+

GGy v G
2(c1+c3)(VA Ys)=Q 2((:1+(:3)Q )

Subtracting (4) from (3)

C,C C,C
V. -V, 1-2 1~3 —
Vs B)L:z-cl 2(c1+c3)}
G G
+
|:C2_C1 2(C1+C3)}Q

= (V4-Va )[zclcz(cl +C3)-CG5 (G -G )] =
G f2(¢+G)+(6,-6)]Q

Q220G HGG+GG

ILLUSTRATION 30

Find the charges on the three capacitors shown in
figure.

= C
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SOLUTION

Let the charges in three capacitors be as shown in figure

4 uF 8 uF
Il C

+ = =+
94 l 9z

+
12 uF ==0q3
—
A 10V F 20V E

Charge supplied by 10 V battery is g; and that from
20 V battery is g,. Then,

Q110 =43 (1)

This relation can also be obtained in a different man-
ner. The charges on the three plates which are in con-
tact add to zero. Because these plates taken together
form an isolated system which can't receive charges
from the batteries. Thus,

g3 =G —q2 =0
= HEqtq

Applying Second Law in Loops BCFAB and CDEFC,
we have

B yq0=0
4 12
= g+3q, =120 (2)
and 220+
8 12
= 3q,+2q; =480 ..(3)
Solving the above three equations, we have
20
-Zc,
h=75H

7> =2—§0 uC and g5 =100 uC

Thus, charges on different capacitors in uC, are
shown in figure.

20 280
HC HZuC
+| = —| |+
I I
1004C ==
L |
10V 20V

FLOW OF CHARGE

Consider a circuit having a switch, say S. Whenever
the switch S in the circuit is opened or closed (or
transferred from one mode to the other), then a charge
flow takes place through certain points/branches of
the circuit. To solve such like problems, we may fol-
low the following steps.

STEP-1: Find the charges on different capacitors for
the initial and final positions/modes of the switch.

STEP-2: The charge flowing through a point/branch
is calculated by the difference between the charges in
the initial and the final positions/modes of the switch.

PXEINY

ENERGY SUPPLIED/CONSUMED
BY THE BATTERY

{’Fﬂowing through =
a point/branc

We must take a note that whenever a charge +¢
leaves the positive terminal of the battery of emfV',
then work is done by the battery or the battery sup-
plies an energy given by

Esupplied = Wby the battery = QV

< Q &—,—*:

R

However, if a charge +¢ enters the positive terminal
of the battery then work is done on the battery or the
battery consumes an energy given by

Econsumed = Won the battery ~ qV

While solving numerical problems we must keep in
mind that the energy supplied by the battery will be
taken as positive and the energy consumed by the
battery will be taken as negative.

GENERATION OF HEAT

Again, let us consider a circuit having a switch S (as
discussed earlier). Now, whenever the switch S in
the circuit is opened or closed (or transferred from
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open mode to the close mode), then some amount of
heat will be generated in the circuit. If Wy jieq be the

energy supplied by the battery/batteries, W, ¢ med
be the energy consumed by the battery/batteries,
LU; be the initial energy stored in all the capacitors

and EU; be the final energy stored in all the capaci-
tors, then heat generated is given by

AH = (wsupplied - Wconsumed )+ ( 2 ur’ - Z uf )
I by the battery /batteries o for the capacitors I

because, we have
Wbattery = AUC +AH

ILLUSTRATION 31

A capacitor of capacitance C which is initially
charged upto a potential difference V' is connected

v
with a battery of emf E such that the positive ter-

minal of battery is connected with positive plate of
capacitor. After a long time, calculate the

(a) charge flow through the battery

(b) work done by battery

(c) heat dissipated in the circuit during the process
of charging

SOLUTION

(a) Initial charge on the capacitor is q; = CV
Final charge on the capacitor is 45 = %/

Charge flown=Aq=q; -q; = _CTV

i.e. charge must have flown into the battery.

C

S iy 9 R
cv''cv
qi=CV
Sus !
P IV Q
2
S +ﬁ— R
qflqu
q _ov
=2
In
P s, v @
2
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(b) Since a charge v flows into the battery i.e., a

charge > enters the positive terminal of the

battery so energy is consumed by the battery and
cv?

R

(c) Finally, change in energy of capacitor is

Auc = L‘Ifinal - uinitial

is giVQI’l by Wbattery = (AQ)Vbattery =-

2
= AUC=1C(KJ Loy
2 \2) 2
= Auc=1(:v2—1cv2=—§cv2
8 2 8
Since Wyagtery = AU, +AH

= AH = wbattery -AU

C

4 8
2
= aH=2crr-EC
8 4

2

- g

ILLUSTRATION 32

What charges will flow after shorting of the switch §
in the circuit illustrated in figure through sections 1
and 2 in the directions indicated by the arrows?

s G
—q''+q
+q
E C, E—
L. ]

1 2

SOLUTION

The charge distribution, when the switch is closed, is
shown here.

In figure, the two capacitors are connected in series
and hence their equivalent capacitance is given by

GG
TG +G)
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Cy
K L | M
+q,!"-q
+q2
E— =—=C, - E
0>
P 102 N

If g is the charge on either of the capacitors, then

q= & E
G +GC,
For the closed loop LKPOL, applying Kirchhoft’s
Loop Law, we get

92
- g  —AV =0
G, { }

For closed loop MLONM, applying Kirchhoft’s Loop
Law, we get

| 92
-+ FE=0 (2
¢ 'e, (2)

Substituting the value of g, from equation (1) in
equation (2), we get

-g—ll n %E ~E=0
= 4,=0
So, charge flowing through 1 is given by

A, =G,E
and the charge that flows through section 2 is given
by

GG
= — -] =-| — E
Ay =-q,—-q {Cﬁcz)

ILLUSTRATION 33

In the circuit shown, calculate the charge that flows
through A, B and C (in the directions shown), when
the switch Sw is closed. Also calculate the loss in
energy.

C2=3[JF
|
I I

Sw

|
r II
V, =60V

SOLUTION

When the switch Sw is open, then both capacitors
2uF and 3 uF are in series. So, their equivalent
(2)(3) 6

243 5"

Since both in series, so charge on both will be the
same, say {, . So,

capacitance is Ceq =

6
fo=(Ca Ve =( £ 130600 2108
9o, =90 J *G0o,, =90

c, c,

\
' A (oX
I I
30V 60V

When the switch Sw is closed then let g, and ¢, be
the charges on capacitors C; and C, (as shown).

+q1~q1  J +G2,, 02
Cy Gy
) Sw
L
-
ltA *B Ct
I L ||
1" |
0V 60V

Now, ¢, =C;V; =60 uC and
7, =C,V, =180 uC

Now initial charge on left plate of C; is gy =108 uC
and final charge on left plate of C, is g, =60 uC,
which makes us conclude that a charge of —48 uC is
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being sent (via A) to left plate of capacitor C;. Hence
charge flowing from A in the direction shown is

Aql = (ql )final N (ql )initial
= Ag=60-108=—48 uC

Similarly, final charge on right plate of C, is
—q, =—180 uC whereas initial charge on right plate

of C, was —g, =-108 uC. This simply means that a

charge -72 uC flows (via C) to right plate of capaci-
tor C,. Hence charge flowing through A in the diec-
tion shown is

A7 = (92 )it = (%2 i
= A, =-180-(-108)=-72 uC
Initial charge at the junction ] is +4, =4y = zero
However, final charge at the junction | is (g, -4, )
= (-4, =180-60=120 uC

So, finally charges flowing in the circuit are shown in
figure.

Gp =180 4C
gy =604C, 604C ~1804C
11

Gy Gy

L
SW“

320;10
ov  BY 60V

I n
0! o @ O
48uC  48uC 72uC  72uC

Agy =484C 724C = Ag,

' A Ce
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Now, we observe that energy is supplied by V; =60 V
battery and consumed by V, =30 V battery. So,
Energy supplied =|Aq, |V, = (72x107)(60)
=  Energy supplied = 4.32 m]
Energy consumed = |Aq |V, = (48%107)(30)
=  Energy consumed = 1.44 m]

Initial energy stored by capacitors is

U,

initial =

1 1{6 - 2
ECqutﬂta] = E[gxm 6 )(90)

= U

initial

=486 m]

Final energy stored by the capacitors is

Uy = %(2><10‘6 )(30)° +%(3><10‘6 )(60)°
= Zana] = 63 1’.'(1]
So, loss in energy is given by

Loss = (Esupplied - Econsumed ) + (Eul - Zuf )

= Loss =(4.32-1.44)+(4.86-6.3)
= Loss =144 m]

@ Test Your Concepts-1V

1. Find the equivalent capacitance between A and B.

C
|| |
[ I

!

A
>—

Based on Capacitor Circuits, Kirchhoff's Laws, Charge Flown and Generation of Heat

(Solutions on page H.135)

2. Acircuit has section AB shown in figure. The emf
of the source equals E =10V, the capacitor capaci-
tances are equal to C;=1uF and C, =2 uF, and

the potential difference V, -V, =5V. Find the
voltage across each capacitor.

——<

c, E G
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3. In the circuit shown, find the charges on 6 uF and
4 yF capacitors.

3uF 5V

FI
‘( ByF — Q#F:: 4;1FT

4. Find the charges on capacitor C, and C, in the
circuit shown in figure.

5V

E1_"_ —:E2

5. Determine the potential at point 1 of the circuit
shown in figure, assuming the potential at the point
O to be equal to zero. Using the symmetry of the
formula obtained, write the expressions for the
potential at points 2 and 3.

3

6. Calculate the potential difference between points
A and B in the circuit shown in Figure. Under what
condition is it equal to zero?

A

7. Calculate the potential difference between points
A and B in the circuit shown in figure.

8. Determine the capacitance C,; of the battery of
identical capacitors shown in Figure.

A [1C
| e
lOTC Je  TJc
B

9. Find the charges on the three capacitors shown in
figure.

2 uF 4 uF
i [
1 J_ I

6 uF
|, 1_ (|
¥ '

0V 20V

10. What amount of heat will be generated in the cir-

cuit shown in Figure after the switch § is shifted
from position 1 to position 27

Y

V2

11. The arrangement shows a capacitor circuit with a
switch S.
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Ci=3uF |, Cp=6uF (i) Calculate the potential difference between a
I 1 and b when the switch § is open and when § is
V1 =200V V2 — 0 V C|Osed
M \'s — (i) Also calculate the charge that flows through
| | the switch when it is closed.
1 |
Cy=buF © Cu=34F
.
SPHERICAL CAPACITOR To Find C,

It consists of two concentric spherical conductors of
radii a and b (a<b) respectively. The space between
the two conductors is filled with dielectric material of
dielectric constant K.

’

The inner conductor is given a charge g . Depending
upon which conductor (inner or outer) is earthed, we
get the net capacitance as discussed in the following
cases.

Let C; be the capacitance in between the two conduc-
tors and C, be capacitance outside both.

To Find C,

Imagine the outer surface of B to be earthed. Then
— is the charge induced on the inner surface of B.

If V is the potential difference between the two
surfaces, then

__ 1 1
dreyKa  4me, Kb

- V= (1—1)
dme,K\a b

= C1=3=4E80K(£l) (1)

Imagine A to be made open circuited (i.e. made non
conducting), then

C, = 4rme Kb .2)

CASE-1: When battery is connected to B and A is
earthed. Then C; and C, are in parallel

> C=C+G

= C= 4n£DK(ba—b)+4erKb
—a

—a

b2
= C=47rsuK[bJ

CASE-2: When battery is connected to A, then C;
and C, are in series.

1 1 1

—_ g —

C G G

1 b-a 1 1
= == +

C ab 4meyK  4meyKb

1 1 (b—a )
- == AL
C 4me, Kb\ a

L)
C 4meyKb\ a

= C=dngKa

CASE-3: When battery connected to A and B is
earthed. Then C, can be omitted as it will not receive
any charge.

So, C=C,
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b
= C= 47:80K(ba—)
CASE-4: When battery connected to B and A is
open circuited (or made non conducted) then C; can
be omitted (as it is open circuited). So,

C = Cz
= C=4ng Kb

ILLUSTRATION 34

Consider a conducting spherical shell with an inner
radius # and outer radius c. Let the space between
two surfaces be filled with two different dielectric
materials so that the dielectric constant is x; between
a2 and b and k, between b and c, as shown in
figure. Determine the capacitance of this system.

SOLUTION

The system can be treated as two capacitors con-
nected in series, since the total potential difference
across the capacitors is the sum of potential differ-
ences across individual capacitors. The equivalent
capacitance for a spherical capacitor of inner radius
r, and outer radius r, filled with dielectric with die-
lectric constant x is given by

1t
C = dnggk| —2
h—h

Thus, the equivalent capacitance of this system is

11 . 1 wc(b-a)+xale—b)
C 4neyicab  4megi,be 47e i K,abe
(b-a)  (c-b)
dmeykKk,abe

= Cs Kyc(b—a)+Kalc-b)

Check Point

Let us check the limiting value of C when k;, x, — 1.
In this case, the above expression reduces to

~ 4meyabe _ Armeyabe  Ameyac
c(b—a)+alc-b) blc—a) (c-a)

which agrees with equation for a spherical capacitor
of inner radius # and outer radius c.

C

Remark(s)

(a) Capacitance of a two sphere capacitor of radii a
and b when spheres are placed at large distance is

C=4EEU(%),for (>a (>b

(b) For a spherical capacitor of inner radius a and
outer radius b, we have

b
C:47rsg(ba—)
-a

If both a and b are made extremely large but
b—a=d is kept fixed, then

abzaz(or bz)
4na2) gA
C: _— |=—,
= 80( d d

where A is area of sphere (~ 47a? ~ 47b? )

The above result is the capacitance of a parallel
plate capacitor of plate area A and plate separa-
tion d.

ILLUSTRATION 35

In case of two conducting spherical shells having
radii # and b(>a) calculate the capacity of the sys-
tem if

(a) shells are concentric and inner is given a charge
while outer earthed
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(b) shells are concentric and the outer is given a (ii) Asa and b both become very large such that
charge while the inner is earthed b-a has a finite and small value, say d, then
(c) shells carry equal and opposite charges and are 4mab = 4ma® = 4nh? = A and so equation (1)
separated by a distance d. Can you try to solve A
this part, using the Concept of self energy and reducesto C = [8 ) and hence we observe
interaction energy? d
that a spherical capacitor behaves as a par-
SOLUTION allel plate capacitor when its spherical sur-
(a) Since the outer sphere is earthed hence, its poten- faces have large radii and are close to each
tial will be zero, i.e,, V3 =0. If 4 is the charge other:
induced on shell B, then (b) In this situation V, =0 so if 4’ is the charge
(g+q") induced on shell A, then
dmegh ,
= §=-q dre, b

= q'= bq

Since no field will exist at P due to B as P lies
inside the conductor, so the field at a point P,
between the shells is

r’

19
E=EA+EB=ET—2
0

So electric field at a point P between the shells is

1
15=£A+EB=4—12 fas By =E, =0}

71-80 ¥
L ov_ 19 fasg--2Y]
dr  drmey r? dr
= JdV — ﬂ
4)‘.'.'80
N _d_V_L(_E Jl
. q (1_1) dr  4ne, )7
4st b
{ E= _ii_v and g’ = —%q}
r
Since, C= 1
v v b ;
4 a J‘ r
= —|dV=-—"—|=
. (1) J dmey bJ
b-a 0 a
From this it is clear that o oyt (b—a)
(i) As b— e equation (1) reduces to C — 47ega. dmey b7
So, we can say that, a spherical conductor is 2
q  4neyb
a spherical capacitor with its other plate of So, C, = TR L )
-

infinite radius.
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= C1=SC(>C) {asb>a} (2

Also, we note that in this situation g3 # —q, and
hence the system is not a capacitor. However, we
observe that

_Amggh®  Amegab

“ =T~ o-0)

+4Tf€0b = CAB +CB

This system is equivalent to a spherical capaci-
tor (of inner radius a# and outer radius b and
a spherical conductor of radius b connected in
parallel. This is because the charge 4 given to the

L ) a
outer shell distributes in such a way that (b)q
remains on its inner side while the remaining

l:q —( g )q} lies on its outer side. Hence,

a
] G .
out |p q_(%)q (b-a)

and the system becomes equivalent to two capac-
itors in parallel having a common potential V.
To find the capacitance in this situation, let us
consider a point P at a distance r from centre of
A on the line joining the centres of two spheres.
If E be the net field at this point P, then

E= q2+ d 5
dreyr™  dme, (d-r)

av q 1 1 av

= ——= —+ 5 asE=—-—
drAreg| r* (d-r) dr
Vp (d-b)

N -jdV=iJ 1.1
4rme r(d-r)

Va
(d-b)
g [ 1 1 }
= V,-Vp= —24
ATh 471'80[ ro(d-r)]|,
g [1 1 1 1 ]
V, -V = Sy -
— AT 41:50[.;: b (d-a) (d-b)

For d>>a and d> b, we get

q
Vy-Vg=V=—o|—+-—=
— AT 47[80‘:.51 b d}

..03)

Using Concept of Self Energy and Interaction Energy

The self energy of a spherical conductor is

2
US = qu = 1 1 as V = q
2 2| 4ngyR 4re R

while interaction energy of two point charges sepa-
rated by a distance r

T2
U =qV=——=
=9 dme,r

So total potential energy of the system is

Self Self Interaction
U=| Energy |+| Energy |+ Energy
of A of B of AB

= U=UA+UB+UAB

2
_ g () ala)
8megn  8megh  4meyd

2
L ousl (L
24ngg\a b d

2

Since, we have U = [ ‘L)
2C

4
= C2 = JTED

This result is identical to the result obtained earlier,
using the method of electric field.
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Now, if d =  then

,  Ane
()
_+_
a b

= G<G

Also,L ! + ! =L+i
dresb C4 Cp

C,  4meya

and hence the given system becomes equivalent to
two capacitors C, (=4meyn) and Cy(=4meb) in
series.

Also, we observe that in this ILLUSTRATION,
(a) and (c) represent capacitors (as here the two
conductors have equal and opposite charges) while
arrangement given in (b) is not a capacitor (because
qp isnotequal to —q, ).

ILLUSTRATION 36

An isolated conductor initially free from charge is

charged by repeated contacts with a plate which after

each contact is replenished to a charge Q. If g is the

charge on the conductor after first operation prove

that the maximum charge which can be given to the
Qq

Q-9

conductor in this way is

SOLUTION

Let C;, be the capacitance of the plate and C, that of
the conductor. After first contact charge on conductor
is . Theretfore, charge on plate will remain Q-4. As
the charge redistributes in the ratio of capacitances,
S0

Q-1_G

(1
7 G ()

Let g,,,, be the maximum charge which can be given
to the conductor. Then flow of charge from the plate
to the conductor will stop when, both get equal
potential. So,

V. V.

conductor — plate
N Umax — g
G G

C
= f’]max=[c_2)Q
1
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Substituting % from equation (1), we get
1

Q7

qmax _Q_q

ILLUSTRATION 37

Three concentric conducting shells A, B and C of
radii a, b and ¢ are as shown in figure. Find the
capacitance of the assembly between A and C. Now
if, the space between A and B is filled with a dielec-
tric material of dielectric constant K, then find the
new capacitance between A and C.

.

C

SOLUTION

Consider a positive charge 4 on A and a negative
charge —g on C. Find the potential difference V
between A and C. The desired capacitance will be

c=1
Vv
While calculating V, notice that net charge on B is
zero. Moreover, we can apply the generator principle
while calculating V.

V=VA_VC=L(1_1)=L(E)
dreg\a ¢/ dmey\ ac

So, the desired capacitance is,

C=i=471'80(£)
Vv

c—a

Now when the dielectric is filled between A and B,
the electric field will change in this region. Therefore
the potential difference and hence the capacitance of
the system will change. So, first find the electric field
E(r) in the region a<r<c. Then find the potential
difference (V) between A and C and finally the
capacitance of the system will be,
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c=1
Vv

where, §=charge on A

q

s for a<r<b
TENKT
E(r)= 0
q 5 for b<r<c
dreyr

Since AV = jdV = -IE-dF

So, the potential difference between A and C is

b c
V=V, -V, =—J T dr—Jder
4re,Kr g dre,r
a

N RIESE AN

- V_4E€U[K(u b)+(b cJ]
q {(b—ah(c—b)]
drmey | Kab be

__ 1 B _
= 47rsUKabc[C(b a)+Ka(c—b)]

The desired capacitance is,

c- i 4me Kabe
V Ka(c=b)+c(b-a)

ILLUSTRATION 38

A capacitor is formed of two concentric spherical
conducting shells of radii @ and b with b>a. If the
medium between the spherical shells has a dielectric
constant K, from a to ¢ and K, from ¢ to b, find
the capacitance of the spherical capacitor.

SOLUTION

Let the charge on inner sphere be +Q and that on the
outer sphere be -Q.

a r
V= —J.Edr -0 d"z + dTZ
dmey | d Kyr g Kyr
r

L v 2] 1L, L1y
dreg | Ky\a ) Ky\r b

CYLINDRICAL CAPACITOR

It consists of two coaxial metallic cylinders of inner
radius a and outer radius b. The outer surface of the
cylinder of radius b (outer one) is earthed. The space
between the two cylinders is filled with material of
dielectric constant K. Let inner cylinder be given a

charge per unit length of /'L(=?). A charge —q is

induced on length I atinner surface of outer cylinder

E= fora<r<b
2meyr
dv A
- —_——=
dr  2meyKr
outer
surface r=b
= J av =- A J ﬁ
' 2me K J 7
inner r=a
surface
A b
7 Vo Ve = ek OB ;)

f o) |

Gaussian
surface

Q
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Since, inner surface is at higher potential and outer at
lower potential, so

()
Vi -V =—— Jlog,| -
e ouiie 276K >\
b
= Vinner ~Vouter T 7 logf(_)
surface surface ZJTE[J IK a
27e, K
-~ (= q _ 27
Vinner _Vouter 1 b
surface surface 08, E
2meylK
= C(C= 0

ENERGY STORED IN A SPHERICAL SHELL

The electric field associated with a spherical shell of
radius a is given by

- sz' r>a
E={4neyr
0 r<a

The corresponding energy density is

1, Q@

up =—&E =
ET2T0 T 32yt

outside the sphere, and zero inside it. Since the elec-
tric field is non-vanishing outside the spherical shell,
we must integrate over the entire region of space from
r=a to r — . In spherical coordinates the infinitesi-
mal volume element dr = 47rr2dr, we have

e 2 2
U:JuE dr = J Q 3 dnridr = =— Q Jdr
32n’e,r e,

2
e = Q = 1
8megn 2
where V = Q is the electric potential on the sur-

drmeya

face of the shell, with V (e) =0.

We can readily verify that the energy of the sys-
tem is equal to the work done in charging the sphere.
To show this, suppose at some instant the sphere has

4 . The work

charge g and is at a potential V =
g1 P dreya
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required to add an additional charge dq to the system
is dW = Vdq. Thus, the total work is

Q 2
de deq _[dq S R O
) dreqn ) Bmeya

ILLUSTRATION 39

Two long straight wires with equal cross-sectional
radii a are located parallel to each other in air.
The distance between their axes equals b. Find the
mutual capacitance of the wires per unit length under
the condition b > a.

SOLUTION

Let the charges on the two wires of length | be +Q
and -Q. The charge per unit length is +4 and -4

where A= % The electric field at point P due to

both wires is from positively charged wire towards
the negatively charged wire and is given by

A A
- +
2neyr 2mey (b—-r)

The potential difference between the two wires is

[
2re, r b-r

b-a

L(]nr—ln(b—r))
27e,

= V=

C—g— gyl

Therefore, capacitance per unit length is

=

C gy

f ln(b-ﬂ)
a
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0‘/ Test Your Concepts-V

Based on Spherical and Cylindrical Capacitors

. Two conducting spheres A and B each of radius
R=9 mm are separated by a very large distance d =
9 m. Calculate the capacitance of the system.

. Aspherical capacitor has the inner sphere of radius
2 cm and the outer one of 4 cm. If the inner sphere
is earthed and the outer one is charged with a
charge of 2 uC and isolated, calculate,

(a) the potential to which the outer sphere is
raised.

(b) the charge retained on the outer surface of the
outer sphere. Give an account for the remain-
ing charge.

. N drops of mercury of equal radii and possess-

ing equal charges combine to form a big drop.

Compare the charge, capacitance, potential of big-

ger drop and energy stored by bigger with the cor-

responding quantities of individual drop.

. Find the capacitance of a spherical capacitor

made of two concentric spherical conductors of

inner radius a and outer radius b, when the outer

(Solutions on page H.139)

conductor is charged and the inner conductor is
earthed.

. Two conducting spheres are placed concentrically.

The inner sphere is earthed and the outer given
a charge 30 nC. The radii of sphere are 8 cm and
10 cm. What is the charge on the inner sphere?
Will there be any charge on the inner surface of the
outer sphere? Explain.

. A cylindrical capacitor of inner and outer radii a

and b respectively is filled with two dielectrics of
constants K; and K,. Each dielectric occupies half
the length of the cylinder. Find the capacity of the
system between the inner and outer cylinders.

SRS
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A parallel plate capacitor is placed in a cylindrical
tank filled with a liquid of dielectric constant K. The
area of cross-section of the tank is A and height of
the liquid is equal to the length of the square plate

of plate area I°. The separation between the plates
is d. A small orifice of area a is opened at the bot-
tom of the tank at t=0. If the capacitor in the pro-
cess remains connected with a battery of emf E and
assuming the level of liquid in the capacitor remains
same as outside, find the current in the circuit as a
function of time

SOLUTION

According to Equation of Continuity, Rate of Change
of volume is av, where, v is the velocity of efflux
given by

—

SOLVED PROBLEMS
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2
128
= 3’=(\ﬁ-ﬂfJ (1)

Capacitance of the capacitor at time ¢ is,

d d
{* the plate is a square plate of side [ |

C

Since, q=EC and by definition of current,

|
dt
Since here, ¢ is decreasing with the passage of time, so
dq
Tt

= I=(_‘7I‘7)=_E(6’YC)=_E(W—€0I)@...(2)
dt dt d d/dt

From equation (1),

d—y:—g@(\ﬁ—a@tJ
dt A 2A
Substituting in equation (2), we get

gEl a azgt)
[=27 = gl ——S [(K-1
; [A g e ( )
PROBLEM 2

A parallel plate capacitor is located horizontally so
that one of its plate is just submerged into liquid
while the other is over the surface. The permitivity
of the liquid is equal to K and its density is p. To
what height will the level of liquid in the capacitor
rise after its plates get a charge of surface density o.

SOLUTION

Let us consider the equilibrium of liquid inside the
parallel plate capacitor. For that

+0
[ ]

-o(1-1/K)
+o(1 = 1/K)

-
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+0

-0

Weight of the liquid (acting downwards) = electro-
static force on the liquid (acting upwards)

1
o Ahpg=6(l—E)AE (1)
[0 o
here, E=—+ (2
Wt = e, 2Ke, @

Substituting equation (2) in equation (1), we get

0(1—1) 9,2
K\ 2¢y 2Kg,
PS

o?(k2-1)
2K’gopg

One plate A of a parallel plate capacitor AB is fixed,
while the other is attached to the wall by a spring and
can move parallel to the plate A. The two plates are
joined to a cell through a key K which is initially open.
When the key is closed permanently, the plate separa-
tion d decreases by 1=10%. What will be the percent-
age fractional decrease between the plates if the key
is closed for such a short interval that the separation
between A and plate B does not change noticeably?

h=

= h=

SOLUTION

When key is closed permanently, voltage between
A and B remains constant. Now charge on capaci-
tor changes because the capacitance changes as plate
B moves towards plate A due to force of attraction
between them.

The force of attraction between two capacitor plates

BF=%%§A

where A = Area of each plate and E = Electric field
between plates.

Since plates move towards each other such that
separation decreases by 1. Hence, new separation d’
becomes d’=d-nd.

If E” be the new electric field between plates, then

%

= LE=—
d—nd

In equilibrium, force of attraction between plates is
balanced by outward elastic force produced in the

spring.
=  Force of attraction = Elastic force

(%EOE’Z)A=K(d—d’)

V2

—&———5A=Knd (1)

2% ¢ (1-n)
where 1d is the displacement from original position
and K is the force constant of spring.

When key is closed for very short time, the
capacitor collects some charge during that short
interval at constant voltage and then B will move
towards A , with constant voltage. If Q be the charge
collected, then

Q=CV=(%)V

Let new separation in equilibrium position be (d - x, )

. Q* 1
Force of attraction = ==§
2e0A 2

vV
d

VA

where E” = = { x, «d}

VA

In equilibrium E & v =Kx, (2)

Dividing (2) by (1)

1 g VA
2
Kx, 42

Knd % gV>A

d*(1-n)’
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2
2 _(1-

= (1-n)
22 _p(1-

= - n(1-n)

So, fractional change is

%2= n(1-n)* =0.1(1-0.1)" = 0.081

= Percentage Fractional Change =8.1%

The capacitance of a parallel plate capacitor with plate
area A and separation d is C. The space between
the plates is filled with two wedges of dielectric con-
stants K; and K, respectively. Find capacitance of
the resultant capacitor.

f—Q —

SOLUTION

Let the length of capacitor is [ and breadth be b and
d is distance between two plates and area of capaci-
toris A.
So A=Ib

In this problem, first we will find the capaci-
tance of small area considering a strip of width dx
then integrate over. x=0 to x=1 to get total capaci-
tance of capacitor where [ is length of each capacitor
plate.

—» X —

Cc

L |
|

A 0
— X —»

Hence consider a strip at distance x from right of
width dx.

Now AB has K; and BC has K, dielectric constant

AB=xtan@
BC=d-xtan®
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capacitance of strip
€yAs o o
dCzABJrBC { Ag =area of strip = bdx }
Ky K,
- B g,bdx
B xtanﬂ_l_ d-xtan®
K K,
c I y
e,bdx
= ¢ ,[ ¢ ,[(xtane d—xtan@)
0 0 +
K, K,
!
dx

= C= SUbKlKQJ

0

!

£bK,K
=C=—2"12 [log, (Kd+(K,-K;)xtan8
(Kz—Kl)tane[Og"( (Ko =k Jxtan )]U
L co DK K, | Kid+(K,-K;)ltan®
(K, —K;)tan® K,d

But tanf?:é and A=1b

(Kz—K1)$ Kld
R __8AKK, . (&J
(Ky-Ky)d (K,

Consider a parallel plate capacitor whose plate sepa-
ration is maintained by a dielectric of dielectric con-
stant K and thickness d when the potential across
the capacitor is zero. The dielectric strength of dielec-
tricis E, and it is compressible having Young’s mod-

ulus Y. The capacitance of the capacitor as the limit
V-0 is C,.

(@) Derive an expression for the capacitance as a
function of voltage across the capacitor.

(b) Calculate the maximum voltage that can be
applied to the capacitor?

Assume that dielectric constant of capacitor
does not change under compression.
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SOLUTION

(a) Let the voltage applied and compression in the
dielectric be V and x respectively. Let us now
consider an infinitesimal compression dx, dur-
ing which the charge supplied by battery is dg.

l— g —»i
X

17

HHHF

Variable voltage source

From Conservation of Energy, we have

Work Electrostatic Elastic
done | _ energy potential
by | in energy
battery dielectric in dielectric

= Vig :%qu+%xdx

1 YA
= Equ=7de (1)
Since, g=KCV
= dq=KV(dC) .(2)

Substitute equation (2) in (1), we get

%szdc = %xdx ..(3)
Capacitance of the capacitor is given by
KeyA
(d-x)

dC _ KgA

dx  (d—x)
Now substituting equation (4) in (3) , we get
1 K2 Kg A _YA

- X
2 (d-x)" d

2 Y (d-x)’
T KCed .(6)

C=

..(5)

For a small compression x, we have, x <,

= d-x=d

2
V= Z.fd X
K gyd
K%, ).
= x=(m JV ..(7)

Substitute equation (7) in (4), we get

_ KgA Keyd
" V2K’e, A1 V2K%g,
2vd 2Yd>

For x <« d, we have

. KEUA( VK, J

-1 2.2
KgyA VK¢,
d wnd? ) o

d 2Yd?
KgyA
d

272
- ceq 18 )q (1)
2vd d

(b) Let x, be the compression when the dielectric
breakdown occurs. The potential difference at
this position is given by

Sinceat V=0, wehave C—>(, =

Vﬂ - EU (d—xu )
Substitute this in equation (6) , we get
Eg = gy Xo
Kogyd
EfK?eyd
= xU = &
2y

Substitute x, in expression for Vj;, we get

E2K’e,d
2Y
E2K?
- VU=EUd(1— 0 8“)

2Y

In figure, the capacitors have plate area A(=1xb)
and separation ‘d’. Now, if the slab of mass m is dis-
placed slightly, calculate the time period of the oscil-
lation. Is the motion simple harmonic?
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2 K |I/2

SOLUTION

Let the slab be displaced to the left by a distance x,
then the work done W is given by

W = change in stored energy + work done by

battery
Let C, be the initial capacitance of capacitor, then
&lb kbl
055t
2d 2d

Let C; and C, be the final capacitances, then

C1=€Lb(£—x)+80—bk(i+x)and
d \2 d \2

eb( 1 e bk( ]
eyl
2= )

2e,b(K-1)V?

Since F = F {As done earlier}
b
= a= £=8L(1’c—1)V2
m md
/2 2

I
|

Co = Cair + Caiclectric

Hence, motion is oscillatory but not SHM because
acceleration is constant. For constant acceleration
motion,

1
x==at?
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= I= el
a
Time period T =4¢ = |— o2

A capacitor consists of two stationary plates shaped
as a semi-circle of radius R and a movable plate
made of dielectric with permittivity K and capable
of rotating about an axis O between the stationary
plates. The thickness of the movable plate is equal to
d which is practically the separation between the sta-
tionary plates. A potential difference V is applied to
the capacitor. Find the magnitude of the moment of
forces relative to the axis O acting on the movable
plate in the position shown in figure.

- =~

,,’ Dielectric

/  capacitor,.
c /Air
1

SOLUTION

Let C, be the initial capacitance of the condenser.

nR?
Key (T) _ KeynR?

d 2d

When the dielectric is turned through an angle ¢ it
divides the capacitor into an air capacitor and a die-
lectric capacitor. Let C; be the new capacity of dielec-
tric capacitor. Then

aR* R?
KE“[T‘Tﬂ
C1=

C, = (1)

(2
y (2)
If C, be the capacity of air, then
ol —— 2
2 &R°¢
C, = = ..(3
2 y o (3)

The arrangement is equivalent to two capacitors (of
capacitance C;and C,) connected in parallel because
they have common plates. So,
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C=C+C,
c_Ke (7R?) KeyR? L Gk’
24 2d 2d
2
C=%[Kﬂ+(l—K)¢] (4

Energy of capacitor = %C &

u—% &k [Kz+(1-K)o]|V?
For a conservative force,
L
00
J leUR 2
= Kn+(1-K) Vv
= 7 30l d {Kkn 0}
g, R?
= 1=-2 (K 1)v?

The negahve sign shows that the torque acts opposite
to angular displacement.

Figure shows three conducting spherical shells A, B

and C with charges -Q, +% and +(Q respectively.

Calculate the capacitance of the system between
points A and C.

SOLUTION
Potential at A, V, is given by

Potential Potential Potential

(V )= at A due at A due at A due

A1 to charge || tocharge || to charge
on A on B on C

Q
= VA B Q
47!80 ( b) 471'80
2
1 1 1
= VA = £( ———+ )
drg,\b a (a+b)
Potential at C, V- is given by
Potential Potential Potential
| atCdue at C due at C due
(Ve)= to charge || to charge || to charge
on A on B onC

1 Q, 1 +1Q

Cdmey b 4dme, 20 Ame, b 87reob

= VC =

Potential difference, AV =V, -V

- AV=£(1_1+ ! )_ 9
drme,\b a (a+b)) 8meyb
2 2
o o9 (a ~2b +ab]
8mey\ ab(a+b)

Capacitance of the arrangement is

CoaQ. 0

AC —
AV V-V,

S Cp Q :87r80ab(a+b)
0 (a2—252+abJ (a2 -2b +ab)
8mey\ ab(a+b)

Five identical conducting plates 1, 2, 3, 4 and 5 are
fixed parallel to and equidistant from each other as
shown in Figure. Plates 2 and 5 are connected by a
conductor while 1 and 3 are joined by another con-
ductor. The junction of 1 and 3 and the plate 4 are
connected to a source of constant emf Vj,. If d is the
distance between any two successive plates and A is
the area of either face of each plate. Find

)

(+)
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(a) the effective capacitance of the system between
the terminals of the source.
(b) the charges on plates 3 and 5.

SOLUTION

(@) The equivalent circuit is shown here. The sys-
tem consists of four capacitors, Ci,, Cs, Cyy
and Cs,. The capacitance of each capacitor is

—
(8]
rl\_’_‘
N
—
w
Tro
(2]
£

The capacitors C;, andCj, are in parallel, and
hence their net capacitance is C, +C, =2C;. The
capacitor Cs, is in series with the parallel com-
bination of C;, and C;,. Hence the resultant
Cyx2C,
C, +2C,

capacitance will be

Since, C,; is again in parallel with the combina-

tion of Cj,, C;,, Cs,. Hence the effective capaci-
tance Cis

C=CU+

C,+2C, 3" 3

Cox2C, _5C 5[€0A)
d

(b) Charge on the plate 5 = Charge on the upper half
of parallel combination

2 2( g,AV,
- a=n(5a)-3(25)

Charge on plate 3 on the surface facing 4 is
gAV,
d

Charge on plate 3 on the surface facing 2=
(potential difference across 3-2 combination)

Cy

Q34 = VDCO =

C AV,
=V, —0 =g 20
Q2 Yco2c, VY 3d
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AV, AV,
_l_ —
PR,

= Qp= fAly (1+1)= E(M)

d 3) 3 d

A parallel plate capacitor with air as a dielectric is
arranged horizontally, such that its one plate is fixed
and the other plate is connected with a perpendicular
spring. The area of each plate is A. In the steady posi-
tion, the separation between the plates is d,. When
the capacitor is connected with an electric source with
the voltage V, a new equilibrium appears, such that
the new separation between the plates becomes d;.
Assuming mass of the upper plate to be m, find the

L

= Qp-=

(@) spring constant K.

(b) maximum voltage for a given K in which an
equilibrium is possible.

(c) angular frequency of the oscillating system
around the equilibrium value d; (amplitude of
the oscillation << d;).

SOLUTION

(@) Let the initial extension in the spring, in equi-
librium situation be x;. Then, for equilibrium
of lower plate 2, we must have kx, (acting
upwards) balancing mg (acting downwards)

Kxy =mg

When the voltage source is connected, then the
plate separation changes from d,, to d,, as a result
of which the extension of the spring becomes

(dy—d;), so that net extension in the spring
becomes x, +(dy —d; )
When equilibrium is attained again, we have

K[ xo+(dy —dl)]=mg+;€0E2A

Since, Kxy =mg
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1 (VY
= K(du—d1)=550[a)1‘1 (1)
g AV?
=

23 (dy —dy )
(b) From equation (1), we have

Vz_ZKdlz(dU_dl)_ 2K

- . A(dodf-df)...(z)
0 0

Differentiating w.rt. d;, we get

o[ 4V =£(zd1d0—3d2)
dd, ) Ag, !

For V to be maximum, we have
av
=0
(i)
= 2d4,d,-3d =0

2
= d]. =gd0

Substituting d, = % in (2), we get

2
V2 _ 3 3

max EU A

Ly 2 [2KE -0
3 \3Ag,

(c) Letasmall displacement x be given to the upper
plate in the downward direction from the equi-
librium position. Then the net force on the plate
is

1 V2
F=-K| x,+(d,—-d)+x |+me+=g,A| ———
[D (U ) ] g 2 0 [(dl_xf]

- F=—K(d0—d)—Kx+K(d0—dl)(1+2—xJ

d
N F=—KI(M)
d,
= mjg:_Kx[MJ
d
5 x+5[—3d1‘2d0Jx=o
m d

Compare with the standard equation of SHM,

5&+w2x=0,weget

K{(3d,-24,
-
m dy

PROBLEM 11

Ablock A of mass m kept on a rough horizontal sur-

. i ) m
face is connected to a dielectric slab of mass g and

dielectric constant k by means of a light and inex-
tensible string passing over a fixed pulley as shown
in figure. The dielectric can completely fill the space
between the parallel plate capacitor of plate area /x!
and separation between the plates d kept in vertical
position. Initially switch S is open and length of the
dielectric inside the capacitor is b. The coefficient of

friction between the block A and the surface is u = 1
Ignore any other friction.
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(a) Find the minimum value of the emf V of the bat-
tery so that after closing the switch the block A
will move.

(b) If V=2V, find the speed of the block A when
the dielectric completely fills the space between
the plates of the capacitor.

SOLUTION

(@) The forces acting on the dielectric are electro-
static attractive force of field of capacitor and its
weight. The block will slip when

Fr +mg = uMg
- pxM_ M
5—48 68
gl
Since, F; = —~(K-1)V?
ince, Fr 2d( )
1)l Mg

= —L(K-1V*x>—=
2 d 12

S v - Mg 24 | Mgd
12 gl(K-1) Y6gl(K-1)

(b) Now V =2V_, . In this case the block will accel-
erate. So, writing equations of motion for the
dielectric and the block, we get
For dielectric

F+mg-T=ma ()
For block

T -uMg = Ma (2
Equation (1) and (2) give

g=FE’+(m—,uM)g
m+M

Since, F; =‘;—‘j(1<—1)v2

Mgd

So,at V = 2V = 2.|— 3% we get
o MIN = S ee (k-1 8E
Mgd M

F= 8l (g op)xax— 8 _Mg

2d 6e,(K-1) 3
V= Wy =2, |80
ST TMIN T Y 6e I(K-1)
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Mg (M_M)o Mg My
3 6 4 3 12 38
Thus a= = -5
M. M 14
6 6
o =X
14

Using equation of motion, v” = 2as, we get

vz=2(?—i)(l—b)

3
= U=‘[Eg(l—b)

PROBLEM 12

A cylindrical capacitor of inner radius a, outer radius
2a and length L is kept with its axis vertical. Lower
cross-section of the capacitor is sealed with very
thin dielectric material and the curved space is filled
completely with the oil of dielectric constant K. The
plates are connected to a battery of emf V. Suddenly
an orifice of cross-sectional area A is pierced at the
bottom of the cylinder. Find the expression for cur-
rent in the connecting wires (of negligible resistance)
as a function of time.

— — ———

SOLUTION
Let the liquid column inside the cylinder occupies a
height x after time f. So, the air column gets a height

(L-x). The arrangement shown is now a parallel
combination of two capacitors of capacitances C,
and C, where

_ 2megxK
' log, (2)

_ 2mey(L-x)
?7 log,(2)

(D)
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Hence, equivalent capacitance C is given by

2re,
log, (2)

The cross-sectional area of cylinder in which the lig-
uid is present is

C=C,+C, = [L+x(K-1)] ..(3)

A’=Jr(4a2—az)=37ra2

Using equation of continuity, we get

A2g =-A(‘;’:)
dx

s

= dt=-3

{ A’=3ma® and A = na® |

- x=L—3\/g—Tt+it2 ()
3V2 18

This variation in x will change the value of C and
hence q changes with t so as to produce a current,
say I.To calculate C as a function of ¢, substitute x
from equation (4) in equation (3), we get

J(K -1 )}

21,

[L+[L—(z)\/g—it+it2
log, (2) 3/V2 18

C=

2me,

C_
log, (2)

[KL—E\/Z?(K 1)t+g(K 1)t ]

Now, the charge on capacitoris Q =CV

So, current in the connecting wires is given by

dQ _(dC
I=7=V —_— . .
dt ( dt ) {Since, V is a constant}
2¢L
where E—ﬂ(K_l)(g_f_\/?)V
dt  log,(2) 18 3
_M%(K-U(gt \/@]
log,(2) \18 3

PROBLEM 13

A charge Q is imparted to two identical plane capaci-
tors connected in parallel. At the moment of time
t=0 the distance between the plates of the first
capacitor begins to increase uniformly according to
the law d, =d;+vt, and the distance between the
plates of the second capacitor to decrease uniformly
according to the law d, = d,, -

(a) Neglecting the resistance of the connecting wires,
find the current in the circuit when the plates of
the capacitors move.

(b) Find the work performed by an electrostatic field
when the distance between the plates of the first
capacitor increases and that between the plates
of the second capacitor simultaneously decreases
by a.

SOLUTION

(@) Let us denote the charges on the first and second
capacitors at time t by ¢; and g,. So, we must

have

g +9, =Q and (1)

h_f

¢, G .(2)
Since, at time f

Ci=——— _&A and G, = &4

(dy +0t) (dy—ot)
q_l_dg—vt

G, do+ot
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d, —vt d, + ot
= q=Q[- and g, =Q|
2d,

The reduction in the charge on the first capacitor
is equal to the increase of the charge on the sec-
ond capacitor. The current is

My _ A4 _ QU

At A 24,

The current will flow from the positively charged
plate of the first capacitor to the positively
charged plate of the second capacitor.

(b) Since the resistance of the connecting wires is
zero, the quantity of heat liberated is also zero.
Hence the change in the electrostatic energies of
the two capacitors will be equal to the work per-
formed by the electrostatic field.

At time ¢, the energies of the first and the second

capacitors will be
2 2
f 1 Q 2
U =—=——=—(dy—vt) (dy+vt
17 c, 880Ad§(0 o) (do +ot)
Q° 2
u d, dy+a
= g =2 )

Uy =L (4 +a (do-a)
8¢, Ad]

The total energy is given by

-

U=y +U; = =2

Therefore, the
Q2

4:80 0

energy will drop by

Al = o during the time t. This change
will be equal to the work W performed by the
electrostatic field.

PROBLEM 14

Two parallel plate capacitors with area A are con-
nected through a conducting spring of natural length
| in series as shown. Plates P and S have fixed posi-
tions at separation 4. Now the plates are connected
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by a battery of emf E as shown. If the extension in
the spring in equilibrium is equal to the separation
between the plates, find the spring constant & .

E
II
II
—— g —»i
SOLUTION

Let charge on capacitors be 4 and separation between
plates P and Q and R and S be x at any time.
Distance between plates P and Q and R and S is same
because the force acting on them is same.

P:Q
XI

Capacitance of capacitor PQ is given by

A
¢ Gk
X
Capacitance of capacitor RS is given by
A
c, - fh
X
From Kirchhoff’s Voltage Law (KVL), we have
G G
_ §AE
Ty

At this moment extension in spring, y=d-2x-I
and force on plate Q towards P is given by
 §AEY AgyE’

' 24g, 8Ax%, 8

(1)

Spring force on plate Q due to extension in spring is
given by

F,=ky
At equilibrium,
Separation between the plates = Extension in the
spring
Thus x=y=d-2x-1
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d-1

= = — e 2
*==3 (2)
=> F=F=ke=ky ..(3)
From equations (1) and (3), we get
Ag E?
8x* gl
1
2\3
x=[A€UE ) )
8k

From equations (2) and (4), we get

(EJB_ASUEZ
3 8k

_ 27g)AE’
8(d-1)’

PROBLEM 15

A capacitor is constructed from two square plates of
sides | and separation d(<<1), as suggested in fig-
ure. The plates carry charges +Q, and -(Q,. A block

k

of metal has a width [, a length | and a thickness
slightly less than d . Itis inserted a distance x into the
capacitor. The charges on the plates are not disturbed
as the block slides in. In a static situation, a metal pre-
vents an electric field from penetrating inside it.

et | >

,f l
|

(a) Calculate the stored energy as a function of x.

(b) Find the direction and magnitude of the force
that acts on the metallic block.

(c) The area of the advancing front face of the block
is essentially equal to Id. Considering the force
on the block as acting on this face, find the stress
(force per area) on it.

(d) For comparison, express the energy density in
the electric field between the capacitor plates in
terms of Q,, I, d and ¢,

SOLUTION

Since, the metal can be thought of as a dielectric hav-
ing x — oo, so the portion of the capacitor nearly

filled by metal has capacitance %—)w and
2
stored energy & -0
2C
gl (1-x)

The unfilled portion has capacitance

(l_x)QU

The charge on this portionis Q = l

(a) The stored energy is

Q 2
Qz_[“_ﬂTﬂ} _Qi-x)d

U===
_ 3
2C %, 1(1-x) 2¢,
d
2 2
o p=_U__ 4 M =+QL"Z
de  dx{  2gl 2¢,]
Qi |
= F=——to theright (into the capacitor)
2¢,l
2
() Stress =-oree_f_ o

Area ld  2¢,/*

(d) Energy density

2 2 2
1 1 o 1
Li=—£UEZ=—€U - :_SU Q_DZ = QU4
2 2 7'\ g 2 7 gl 2¢,l

PROBLEM 16

Two parallel plate capacitors A and B have the same
separation d = 8.85x 107" m between the plates. The
plate areas of A and B are 0.04 m? and 0.02 m?
respectively. A slab of dielectric constant (relative
permittivity) K =9 has dimensions such that it can
exactly fill the space between the plates of capacitor B.

A B A B

(a) (b) (c)
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(@) The dielectric slab is placed inside A as shown in
figure (a). A is then charged to a potential differ-
ence of 110 V. Calculate the capacitance of A and
the energy stored in it.

(b) The battery is disconnected and then the dielec-
tric slab is removed from A. Find the work done
by the external agency in removing the slab from
A.

(c) The same dielectric slab is now placed inside B,
filling it completely. The two capacitors A and
B are then connected as shown in figure (c).
Calculate the energy stored in the system.

SOLUTION

(a) Capacitor A is a combination of two capacitors
Cx and C, in parallel. Hence,

Ke A A A
CA=CK+CO= 80 +€D =(K+1)€G
d d
Here, A=0.02 m”. Substituting the values, we
have
8.85x107'2(0.02
CA = (9+ 1) o ( )

(8.85>< 10'4)

= C,=2x10"F

Energy stored in capacitor A, when connected
witha 110 V battery is

_ 1 2 _ 1 -9 2
Uy =CaV _E(zxw J(110)

= U, =121x10"]

(b) Charge stored in the capacitor
74 =CaV =(2x107)(110)

= g,=22x107C

Now, this charge remains constant even after
battery is disconnected. But when the slab is
removed, capacitance of A will get reduced. Let
itbe C’,

e, (2A) (885x107)(0.04)
8.85x107*

r

AT ]

= (', =04x10"F
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Energy stored in this case would be

732
’ _1(%)2_1(2.2“07)
A

! 2 (04x107) J

= U, =605x10"]>U,

Therefore, work done to remove the slab would
be

W=U",-U, =(605-121)x107]

= W=484x107]

(¢) Capacity of B when filled with dielectric is given
by

Ke,A (9)(8.85%102)(0.02)

d (8.85><10‘4) f

Cp
= Cp=18x10"F

These two capacitors are in parallel. Therefore,
net capacitance of the system is

C=C"y+Cy =(04+18)x10”F
= C=22x10"F
Chargestored inthesystemis g =, = 2.2x107 C

1 2
Therefore, energy stored, U = 3 %

(22x107 )2

1
= U= (22x107)

= U=11x107]

PROBLEM 17

Two square metal plates of side 1 m are kept 0.01 m
apart like a parallel plate capacitor in air in such a
way that one of their edges is perpendicular to an
oil surface in a tank filled with an insulating oil.
The plates are connected to a battery of emf 500 V.
The plates are then lowered vertically into the oil at

a speed of 0.001ms™. Calculate the current drawn
from the battery during the process. (Dielectric con-

stant of oil =11, £ =8.85x10"> C°N"'m™").
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SOLUTION
Let a be the side of the square plate.

]

Ki=1

Oil ¥
K2 = 11

As shown in figure, C; and C, are in parallel.
Therefore, total capacity of capacitors in the position
shown is

C=C,+C,
N Ega(a—x)+Keoax
d d
= ¢=CV= Ef"ﬂv(a—xhl(x)

As plates are lowered in the oil, C increases or charge
stored will increase.

dqg ¢gaV dx
Therefore, [ = — = <% (g -1)Z%
erefore, [=— ==~ ( )dt

Substituting the values
g, =885x10" C*Nm ™

a=1m, V=500V, d=001m, K=1 and
dx

i speed of plate =0.001 ms™

We get current
(8.85x1072)(500)1(11-1)(0.001) A

= (0.01)

= [=443x107A

PROBLEM 18

Two capacitors A and B with capacities 3 uF and
2 uF are charged to a potential difference of 100 V
and 180 V respectively. The plates of the capacitors
are connected as shown in the figure with one wire
of each capacitor free. The upper plate of A is posi-
tive and that of B is negative. An uncharged 2 uF

capacitor C with lead wires falls on the free ends to
complete the circuit. Calculate:

(a) the final charge on the three capacitors and
(b) the amount of electrostatic energy stored in the
system before and after completion of the circuit.

C
[l
I

2uF
o our |
A—roov 180\/—F

(@) Charge on capacitor A, before joining with an
uncharged capacitor

g, =CV=(100)(3) uC=300 uC

SOLUTION

C
[
1]
2uF
| 3uF 2uF |
o0V 180V |

)>||+
m!

Similarly, charge on capacitor B
5 =(180)(2) uC =360 uC

Let ¢, g, and g; be the charges on the three
capacitors after joining them as shown in figure
alongside (¢4;, g, and g, are in microcoulombs).

From conservation of charge
Net charge on plates 2 and 3 before joining =
net charge after joining
= 300=q1+q2 ...(1)
Similarly, net charge on plates 4 and 5 before
joining = net charge after joining.

=360 =4, -1
= 360=¢g,+q; ..(2)

Applying Kirchhoff’s Second Law in closed loop
ABCDA

n_mh s

3 2 2
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(ii) Electrostatic energy stored after, completing

=  2q;-3q,+343=0 --(3) the circuit

Solving equations (1), (2) and (3), we get
g1 =90 uC, g, =210 puC and g5 =150 uC

Therefore, final charges on the three capacitors
are as shown.

o (9010 ) 1 (210x10¢ )
"2 (3x10°) P (2x10¢) i

(150x 10

(b) (i) Electrostatic energy stored before, complet- 1
ing the circuit 2 (2><10'f’ )
1 -6 2 1 -6 2 2
U,-—E(B)XIO ) (100) +5(2x10 J(180) = U;=18x107]
= U;=18m
{ U= %Cvz} / ]

= U =474x107]
= U =474 m]



