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CHAPTER

(a) Characteristics of Wave Motion

(b) Equation of Harmonic Wave

(c) Characteristic Wave Equation

(d) Particle Velocity, Wave Slope, Particle Acceleration
(e) Transverse Wave in a String and Properties

(f) Sound Wave and Properties

Mechanical Waves

Learning Objectives
After reading this chapter, you will be able to understand concepts and problems based on:

(g) Superposition of Waves

(h) Concept of Interference

(i) Stationary Waves, Organ Pipes

(j) Beats

(k) Doppler Effect of Sound and Light

All this is followed by a variety of Exercise Sets (fully solved) which contain questions as per the latest JEE
pattern. At the end of Exercise Sets, a collection of problems asked previously in JEE (Main and Advanced)

are also given.

INTRODUCTION

A wave is a disturbance from an equilibrium condition
that propagates from one region of space to another with-
out the transfer of matter. We can also say that wave is a
disturbance which transfers from one part of the medium
to the other without actual transfer of matter as a whole.

Mechanical Waves

Such waves require a material medium for propagation
and are governed by Newton's Laws. These are the most
common to be observed.

EXAMPLE
sound, waves on the surface of water, waves in a stretched
string, compressional waves in a spring, seismic waves etc.

Electromagnetic Waves

Such waves do not require a material medium for propaga-
tion as they can travel through vacuum as well as through
certain media. These waves are less familiar but are used
constantly. All electromagnetic waves travel through vac-
uum at a same speed of 3x10° ms .

EXAMPLE: Light, X-rays, heat, radio waves etc.

Matter Waves

These waves are associated with electrons, photons, other
fundamental particles as well as atoms and molecules.
Since these particles form fundamental matter, so these
waves are called Matter Waves.

CHARACTERISTICS OF WAVE MOTION

(@ In wave motion, there is transfer of energy and
momentum from one place to another without any
bulk motion of the medium. The particles of the
medium simply vibrate about their mean positions
and the disturbance propagates due to elastic and
inertial properties of the medium.

All the particles of the medium have the same kind of
motion. However, there is a systematic phase change
from one particle to another. The movement of a par-
ticle begins a little later than its predecessor.

The wave velocity depends only on the nature of the
medium, i.e., its elastic and inertial properties. It does
not depend on the nature of the source, i.e., on the
shape and size of the disturbance to be transmitted.
On the other hand, the velocity of the particles (also
called particle velocity) of the medium changes as
they move from the mean position to the extreme
position.

(b)

(c)

(d)
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TYPES OF WAVE MOTION

Based on oscillations of particles and the direction of prop-
agation, we are discussing two types of waves.

(@ Longitudinal Waves
(b) Transverse Waves

Longitudinal Waves are waves in which the particles of
the medium oscillate along the direction of propagation.
They travel in the form of compressions and rarefactions.
Asound wave is set up in an air-filled pipe by moving a pis-
ton back and forth. Because the oscillations of an element of
the air (represented by the dot) are parallel to the direction
in which the wave travels, the wave is a longitudinal wave.

7 ¥ Sinusoidal wave
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Longitudinal Wave Transverse Wave

Transverse Waves are waves in which particles of the
medium oscillate at right angles to the direction of prop-
agation. They travel in the form of crests and troughs.
A sinusoidal wave is sent along the string. A typical string
element moves up and down continuously as the wave
passes. This too is a transverse wave.

WAVE MOTION PARAMETERS
Wave Length (1)

It is the spatial period of the wave at a given instant, i.e.,
it is the distance between two consecutive particles which
vibrate in the same phase. Thus, in longitudinal waves,
the distance between two successive compressions or rare-
factions is equal to A and in transverse waves, the distance
between two successive crests or troughs is equal to A.

Wave Number (1/4)

The reciprocal of the wavelength is called Wave number
and wave number is the measure of the number of waves
present in a unit distance in the direction of the propaga-
tion of the wave. Mathematically, wave number v =1/4

Time Period (T)

It is time in which the particle of a medium completes one
vibration (to and fro) about its mean position.

Frequency (v or f)

It is the number of vibrations performed by a source in
unit time, so the number of crests (or troughs or compres-
sions, or rarefactions) that pass a fixed point in unit time

is called the frequency (v or f ). It is the reciprocal of the
time period T and has ST unit hertz (Hz). If v is the speed
of the wave, thenv=vA = fA

Amplitude (A)

Amplitude is maximum displacement suffered by parti-
cles of a medium about their mean position.

Phase (¢)

Phase of a wave is position of a point in time on a wave
form. It is expressed in radian or sometimes degree. Please
keep in mind that 180° = 7 radian

Path Difference (Ax)

It is the difference in the path travelled by two waves.
It is generally measured in terms of the wavelength of the
associated waves. It is measured in metre.

Phase Difference (A¢)

It is difference in the phase travelled by two waves. It is
generally measured in terms of path difference of the asso-
ciated waves. It is measured in radian.

ILLUSTRATION 1

Calculate the velocity of sound in a gas, in which the dif-
ference in frequencies of two waves of wavelength 1 m
and 1.01 mis 4 Hz.

SOLUTION

Let frequencies of two waves be f; and f,. Then
h-h=4

Since, v= fA, so we have
v_v_v(l_l)_4
A A 10 101

_4x1.01
0.01

=404 ms ™

RELATION BETWEEN PATH DIFFERENCE (Ax)
AND PHASE DIFFERENCE (A¢)

In wave motion, the wave travels a distance A in one period
and there is a phase difference of 27 after one period. Also,
we observe that a

path difference of A corresponds to phase of 27

path difference of 1 corresponds to phase of 2%

path difference of Ax corresponds to phase of
Ap= (z’r)m OR Ax _[A)M
A 2r

where Ax is in meter and A¢ is in radian.
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The term ZTE = k is called the Propagation constant.
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ILLUSTRATION 2

A wave of frequency 500 Hz has a wave velocity of
350 ms™'. Calculate the distance between two points
which are 60° out of phase. Also calculate the phase dif-
ference between two points 10~ s apart.

SOLUTION
S'mce,/’t:E:@:OJm
f 500
2n
So, Ag=| — |Ax
o AP (A)
AlA 7 /
= Ax= ({P):(O )(E’S):O.lltim
2 (2m)
Also, Ap = wAt

= A¢_(2?”)At_(2nf)m

= Ap=(21)(500)(107 )=z

ILLUSTRATION 3

Calculate the phase difference between the particle 1 and 2
located as shown in Figure.

y

A2

) X
&/

i
I

ol M
1/8

SOLUTION
Path difference between the particles is
Ax :( i_i)i _5A
2 8/ 4 4
2y () 0x e

= A
A AL8) 8 5

Chapter 4: Mechanical Waves 4.3

EQUATION OF A HARMONIC WAVE

When a wave travels through a medium, the particles of the
medium oscillate about their mean positions. If oscillations
are simple harmonic, the wave is called a Harmonic Wave.
Such waves are generated by sources that execute S.H.M.
Consider a one-dimensional wave travelling towards the
positive direction of x-axis. The displacement y of a parti-
cle at path difference x at time ¢ is given by

y = Asin(of —kx)

where, @ =2n/T and k =2n/A are respectively called as
the Angular Frequency and Angular Wave Number (also
called as Propagation Constant).

Oscillating Term
Amplitude

| e

Displacement —
y = Asin(kx - o)

Time
Angular Frequency

Angular Wave Number

Position

Two more alternative forms of this equation are

a1

Y= Asin[%(vt—x)}

If a wave is travelling towards the negative x-axis then x
is replaced by —x, i.e.,

y = Asin(of +kx)

I x
= Asin| 2| —+—
Y sm[ JI'(T 1):|

Y= Asin[zf(vﬂx)}

ILLUSTRATION 4

The equation of a  progressive wave is
y =1.5sin(328t -1.27x), where y, x are in cm and f is in
second. Calculate the amplitude, frequency, time period
and wavelength of the wave.

SOLUTION

Comparing with standard equation of a progres-
sive wave we get, amplitude A=15cm, angular fre-
quency ®=27/T =328 rads™" and propagation constant

k=2m/A=1.27 radem ™.

_2_1r_ 2x3.14
328 328

=0.019s
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So, frequency f = 1_328_328 52.23 Hz
T 2 628
_2r _2x314 494 em
127 127

CHARACTERISTIC WAVE EQUATION

The equation of a plane progressive wave is
y = Asin(wf —kx)
The particle velocity v, is given by
%

Up :ngcocos(mf—kx) (D
Slope of displacement curve or strain is given by
a—y:—Akcos(wf—kx) (2
ox
Differentiating (1) w.r.t. t,
2
a—g:Amzsin(mt—kx) ...(3)
ot
Differentiating (2), w.r.t. x,
2
a—i’:-AkQ sin (@t —kx) (@)
ax

Dividing (3) by (4), we have
d* y;’at? B o

Py/ox? K2
oy 10%y
c W TAw 0

This is the differential equation of wave motion, travelling
with speed v.
The general solution of this equation is of the form

y(x, t)=f(ax+bt) ...(6)

Thus, any finite function of x and t which satisfies equation
(5) or which can be written as equation (6) represents a
wave. The only condition is that it should be finite eve-
rywhere and at all times. Further, if these conditions are
satisfied, then speed of wave (v) is given by,

_ |Coefficient of t| _ b

| Coefficient of x| ~ a

The plus (+) sign between ax and bt implies that the wave
is travelling along positive x-direction and minus (-) sign
shows that it is travelling along negative x-direction.

Problem Solving Technique(s)

Analytically, any finite function of space and time, i.e., any
2 2

oy =l§T;' must represent the

x,t )=y which satisfies —=
y(xt)=y W R

progressive wave equation.

Functions such as y=Asin(wt) or y=Asin(kx) do not
satisfy above equation, hence do not represent waves.
On the other hand, functions such as

Asin(kx — ot ), Asin(kx)sin( @t ),
Asin(kx — wt ) + Bcos(kx + et ), /ax + bt,
(ax-bt )2, Ae B4 Or Acos? (kx -t )

all satisfy the wave equation, and hence these are wave
functions. Also note that, for a function to be wave func-
tion, the three quantities x, t and v must appear in the
combinations (x—vt) or (x+vt). Thus, (x-vt)” is accept-
able but (x? v’ ) is not. Negative sign between t and x
implies that the wave is travelling along positive x-axis and
vice-versa.

Which of the following four functions (out of 1,2, 3 and 4)
represent travelling waves?

1. y':(x+5t)3 2. y=tan(2x+3t)

) 2 1
= p~(4t+2x) 4. y=
x+3t

3.y

SOLUTION

All these functions are of type y = f (ax+bt).
However, function 1 is infinite for large values of x and ¢,

. e e e . . v/
function 2 is infinite when 2x+ 3t is close to 5 and func-

tion 4 is infinite for very small negative value of (4f+2x).

Only function 3 ie., y=e¢ **>*) is finite for all x and t,

hence only function 3 is an appropriate representation of a
plane progressive wave.

ILLUSTRATION 6
~(x-0t)*)

Does the function y = y,e “ represents a travelling
wave? Also check mathematically.

SOLUTION

Yes, the function is of the form f (x-ovt) and is defined for
every value of x and . Since,

x-ot) fk

=
Y=Y

= w_ M(Jc _ot)e 0t 7l
ot k
azy — 2%}@2 —(I—I?f)z;-‘fk 1 2( )2 1
a?_ k ¢ - +% x—ot ()
—(x—vt)z,-‘fk

Also, y =y,e
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a_y _ —%(I _Ut)ef(.r—zlf)z,.’fk
k

=
ox
Py 2y, (xm)z-’k[ 2 2}
= ——=——g =1+ —=(x—ot (2
- (x=ot) @
2 2
Iy _ .0y

Comparing (1) and (2), we get — —
paring (1) and (2), we g Pyl

Hence, the given function also satisfies the differential
form of wave equation.

PARTICLE VELOCITY, WAVE SLOPE AND PARTICLE
ACCELERATION IN A SINUSOIDAL WAVE

In a plane progressive harmonic wave the particles of the
medium oscillate simple harmonically about their mean
position. Therefore, all formulae that we have read in
SHM also apply to particles here. For example, maximum
particle velocity is £Aw at mean position and it is zero at
extreme positions etc. Similarly, maximum particle accel-
eration is +Aw” at extreme positions and zero at mean
position. However, wave velocity is different from the particle
velocity. This depends on certain characteristics of the medium.
Unlike the particle velocity which oscillates simple harmoni-
cally (between +Aw and —Aw) the wave velocity is constant
for given characteristics of the medium. The particle velocity is

d d
Up = % and wave slope (also called as strain) is J
ot ox

Consider a sinusoidal wave

y=y(x, t)=Asin(kx-ot) (D)
dy dy(x, t
Then, vp = a—‘li = %— —Awcos(kx—ot) ...(2)
dy(x, t
PR G20 NP .03
dx dx
From (2) and (3), we get
(0} () L2l
ot k Jax 0x k

= 0p =-0(Wave Slope) ..(4)

Le., particle velocity at a given position and time is equal to
negative of the product of wave velocity with slope of the wave
at that point at that instant.

Particle acceleration is given by

2
ap :%:%:—szsin(kx—wt)=—w2y(xr t)

So, the acceleration of the particle equals —a” times its displace-
ment, similar to the result we obtained for SHM.

= ap= —0* (displacement) ...(5)

Chapter 4: Mechanical Waves 4.5

Figure shows the velocity (v, ) and acceleration (4, ) given
by Equations (4) and (5) for two points 1 and 2 on a string
when a sinusoidal wave is travelling in it along the posi-

tive x-direction.
y
/
\J

At 1, slope of the curve is positive. Hence from equa-
tion (4) particle velocity (vp ) is negative or downwards.
Similarly, displacement of the particle is positive, so from
equation (5) acceleration will be negative or downwards.
At 2, slope is negative while displacement is positive.
Hence v, will be positive (upwards) and 2, is nega-

tive (downwards). Also note that the direction of vp will
change if the wave travels along negative x-direction.

ILLUSTRATION 7

Ify(Li]zOﬂSﬂn(Z(Mx—4m)—Z)nLthm1ﬁmiﬂm
wavelength, frequency and wave velocity. Also calculate
the particle velocity and acceleration at x=0.5m and
t=0.05s

Vp
1 2

Vp,dp ap

SOLUTION

The equation may be rewritten as,
y(x,t)zOﬂSﬂn(Snx—ZOxb—g)ln

Comparing this with equation of plane progressive har-
monic wave, y(x, t)= Asin (kv -ot+¢)we get

Wave number, k = 2% =57 radm™ ie, A=04m

Angular frequency, ® = 27 f = 207 rads™"
= f=10Hz

, [0 1. —
Wave velocity, v= fA= i 4 ms ™" in +x direction

The particle velocity and acceleration are given by

dy (511' n]
— 2 N —_— — —
o= (207)(0.05)cos ST
%

= Up=—=22ms"

ot
oy 2 . (57 m
== -(207) (0.05)sm(?—n‘—z)

=  ap=140 ms™
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ILLUSTRATION 8

A sinusoidal wave travelling in the positive direction on a
stretched string has amplitude 2 cm, wavelength 1 m and

wave velocity 5ms ™. At x=0 and =0, it is given that
y=0and ?;( 0. Find the wave function y(x, t).

SOLUTION

We start with a general form for a wave, moving along +x
axis, i.e.,

y(x, t)=Asin(wt—kx+¢)

The amplitude givenis A=2 cm =0.02 m

The wavelengthis A =1m, so k = 2% =27 radm™

[ v=a/k}

Angular frequency @ = vk = 107 rads ™"
= y(x t)=(0.02)sin[27(5t—x)+9|
For x=0and t =0, we have y =0 and dy /ot < 0

So, 0.02sin¢=0 {~y=0}

{~-ady/ot<0}
From these conditions, we may conclude that

¢=2n1 wheren=0,2,4,6,.....
= y(x, t)=0.02sin(107t - 27x)

ILLUSTRATION 9

A transverse wave is travelling along a string from left to
right. Figure represents shape of string (snap shot) at a
giveninstant. At this instant, which points have an upward
velocity, have downward velocity, have zero velocity and
have maximum magnitude of velocity?

and -027mcos¢<0

y
I C —_—V
B D
A = L .x
N
G

SOLUTION

For a travelling wave, the particle velocity v, and the wave
velocity v are related by

vp = —v( Wave Slope)
That is, the particle velocity is proportional to the negative
of the slope of y-x curve.

Points having upward velocity, means vp must be posi-
tive. It implies the slope must be negative, which is at
points D, E and F.

Points having downward velocity, means vp must be
negative. It implies the slope must be positive, which is at
points A, B, H and I.

Points having zero velocity, means the slope must be
zero, which is at points C and G.

Points having maximum velocity, means the magnitude
of slope must be maximum, which is points A, E and I.
The shape of the string after a small time At is shown by dotted
line. The distances moved by different points in this time are
indicated by arrows. Thus, the length of an arrow is proportional
to magnitude of the velocity of that point. This diagram confirms
the above conclusions.

y
1 Att

c
B XD At + Al

ILLUSTRATION 10

For a wave given by y=asin(@t—kx), four points A
at x=0, B at x =m/4k, C at x=7/2k and D at x = 37/4k
are taken. For a particle at each of these points at ¢ =0,
describe whether the particle is moving or not and in what
direction and describe whether the particle is speeding up,
slowing down or instantaneously not accelerating.

SOLUTION
Since y = asin (@ —kx), so particle velocity (v, ) and parti-

cle acceleration (4, ) are given by

d
op(x, t)= a—z = awcos (ot —kx)
P
ap (x,t)= aTg = —aw” sin (ot —kx)
For point A, att =0 and x =0, we get v, = +aw and a, =0
i.e., particle is moving up but its acceleration is zero.

Direction of velocity can be obtained by an alternate
method. At t =0, y = Asin(—kx ) = —Asinkx i.e, y-xgraph is
as shown in Figure.

y

T

Att=0

_Afb-2

At x=0, slope is negative. Therefore, particle velocity is
positive (vp =—vxslope) as the wave is travelling along
positive x-direction.
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For point B, at t =0 and x = 7/4k, we get

vp = a®cos(-1/4) = +aw/2 {kx=m/4}

ap = —aw’ sin (- 1/4) = +a0* 2
Velocity of particle is positive, i.e., the particle is moving
upwards (along positive y-direction). Since v, and a are
in the same direction (both are positive), so the particle is
speeding up.
For point C, at f = 0 and x = 1/2k, we get

vp = awcos(-7m/2)=0 {kx=m/2}

ap =—aw’ sin(-7/2) = aw*

ie., particle is stationary or at its extreme position (y = —a).
So, it is speeding up at this instant.

For point D, at t =0 and x = 37/4k, we get

vp = awcos(-37/4) = —aw/\2 {kx=3m/4}

ap = —aw” sin(-3n/4) = +aw’ (V2
Velocity of particle is negative i.e., the particle is moving

downwards. Since v, and 4, are in opposite directions, so,
the particle is slowing down.

ILLUSTRATION 11

Figure shows a snapshot of a sinusoidal travelling wave
taken at f = 0.3 s. The wavelength is 7.5 cm and the ampli-
tude is 2 cm. If the crest P was at x =0 at t =0, write the
equation of travelling wave.

y

t=0.3s

SOLUTION

Given A=75¢cm,sok = 2% =084 cm™!
Since wave has travelled 1.2 cm in 0.3 s. So
Wave Speed v = % =4 cms™

=  @=vk=336rads’}

{v=w/k}
Since the wave is travelling along positive x-direction and

crest (maximum displacement) is at x =0 at t = 0, we can
write the wave equation as,

y(x, t)=Acos(kx - t)

Chapter 4: Mechanical Waves 4.7

= y(x,t)=Acos(wt—kx) {++ cos(-8)=cos6}

So, the required equation of the wave is

y(x, t)=2cos(0.84x—-3.36t) cm

GROUP VELOCITY

Speed of a single wave travelling in a medium is

v=vl=—
k

and is called the wave velocity or phase velocity.
But if a number of waves having slightly different wave-
lengths travel in same medium, then medium is said to be
dispersive and energy is not transmitted in medium with
wave velocity or phase velocity, but it travels with group
velocity v, given by

do do
= —=70- —_—
£ dk A

ILLUSTRATION 12

Waves passing through a certain medium have a dispersion

relation, (k) = /@] + ¢’k” . Here o and @ are constants.
Find phase velocity and group velocity in this medium.

[

SOLUTION
The phase velocity is,

v= % = %\/m§+a2k2

The group velocity is given by,

do o’k ( k J , ot
_ — =l — o =—
® v

U = =— =
N

A SYMMETRICAL WAVE PULSE

A wave pulse is a disturbance localised only in a small
part of space at a given instant and its shape does not
change during propagation. Pulse will be symmetric if at
t=0,y(x)=y(-x)

y
A
alb
v v
sign (+) (-) sign
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A symmetrical wave pulse shown has an equation
)= a
b+(xFot)

where, 2 and b are constants. Speed of pulse is

_ | Coefficient of t|
| Coefficient of x|

Please note that, here the coefficient of x must be 1 and
then the amplitude of the wave pulse is a/b. Negative sign
is for pulse propagating along positive x-axis, positive
sign for a pulse propagating along negative x-axis and v is
the pulse speed.

ILLUSTRATION 13

A wave pulse on a horizontal string is represented by the

function y(x, t)= - (cgs units). Plot this func-

1+(x=2t)
tionatf=0,25s and 5s.
SOLUTION

At the given times, the function representing the wave
pulse is given by

5
y(x, 0)71+-x2
= y(x fz.Evs):L2
1+(x—-5)
= y(x 55):#2
1+(x-10)

The maximum of y(x, 0) is 5 cm which it is located at
x¥=0 and the pulse is also centred at x=0. At f=25s
and 5s, the centre of the pulse has moved to x=5cm
and 10 cm, respectively. So, in each 2.5 s time interval, the
pulse moves 5 cm in the positive x-direction. Its velocity
is therefore +2 cms ™" a value that is also evident from the
given function shown in Figure.

ylem) 2 cms’’

y(x,0)|  y(x25) y(x 5)

5¢em

ILLUSTRATION 14

If y(x, t)=

0.8
[(4x+5t)7+5]

where x and y are in metre and f in second. Then select
the correct alternative(s).

represents a moving pulse

(A) Pulse is moving in positive x-direction.
(B) In2s it will travel a distance of 2.5 m.
(C) Its maximum displacement is 0.16 m.
(D) It is a symmetric pulse.

SOLUTION

Shape of pulse at f = 0, x = 0 is shown in figure.

» X

9(0, 0)= 2 =016 m

From the figure it is clear that v, =0.16 m

From the given equation, we see thatat f =0

y(x) = 08 _ 08
16x% +5 16x% +5

nd y(-x)

Since y(x) = y(-x), so pulse is symmetric.
Speed of pulse is

oo |Coeff.1C}ent oft| _5_ 195 ms-]
|Coefficient of x| 4

So, it will travel a distance of 25 min 2 s

Also, note that at t=1s, x=-125m and at t=2s5,
x =-2.5m, so we can say that the wave is travelling along
negative x direction. So, OPTIONS (B), (C) and (D) are
correct. Also, we can compare this with

a Wherea:%andb:i

SORTAT— 16 16

to get the desired results.
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0‘7 Test Your Concepts-I1

Based on Wave Equation & Properties

For the wave shown in figure, write the wave equation
if its position is shown at t =0. Given, speed of wave is
v=300 ms™.

y(m)

0.06}-

N N
RVEY,

A transverse harmonic wave of amplitude 0.02 m is
generated at x =0 at one end of a long horizontal string
by a tuning fork of frequency 500 Hz. At a given instant
of time, the displacement of the particle at x =0 is zero,
the displacement of a particle at x=0.1m is —0.01y3 m
and that of a particle at x=08 m is 0.01V3. Find the
velocity of the wave.

A pulse is propagating on a long stretched string along
its length taken as positive x-axis. Shape of the string at
t=0is given by

y= a’ -x%,
0,
Study the propagation of this pulse, if it is travelling in
positive x-direction with speed v.

»x(m)

when |x|>a
when |x|<0

Verify that the equation, y = asin(et —kx) satisfies the

2 2
wave equation aaTg,—vz g—); Find speed of wave and
X

the direction in which it is travelling.

A progressive wave of frequency 500 Hz is travelling
with a velocity of 360 ms™". How far apart are two
points 60° out of phase?

Out of the following functions, which one(s) represent(s)
a wave?

@ —

X+vt

() (x=vt)

(b) In(x+vt)

(d) e—()c—\.r[)2
A wave pulse moving to the right along the x-axis is rep-

2

resented by the wave function y(x, t)=————,
(x=3t)"+1

10.

11.

12.

(Solutions on page H.233)

where x and y are measured in cm and t is measured
in seconds. Plot the wave function at t=0, t=1s and
t=2s.

One end of each of two identical springs, each of force-
constant 0.5 Nm™, are attached on the opposite sides
of a wooden block of mass 0.01 kg. The other ends of
the springs are connected to separate rigid supports
such that the springs are unstretched and are collinear
in a horizontal plane. as shown in Figure.

k m

To the wooden piece is fixed a pointer which touches a
vertically moving plane paper. The wooden piece, kept
on a smooth horizontal table is now displaced by 0.02
m along the line of springs and released. If the speed of
paper is 0.1ms™", find the equation of path traced by
pointer on paper and the distance between two con-
secutive maxima on this path.

Equation of a transverse wave in a stretched string is

X t
i by y=2sin| 2x| —-——
given by y sm{ JI'( 20 001

¢m, t is in second. Calculate the amplitude, frequency,
wavelength and wave velocity.

):l where y, x are in

10

5+(x+2t)
where x and y are in metre and t in second. In which
direction and with what velocity is the pulse propagat-
ing? What is the amplitude of pulse?

A travelling wave pulse is given by, y=

The wave function of a pulseis given by y = ———,
e Y -t

where y is in metres and t is seconds. Determine the
wave velocity of the pulse and indicate the direction of
propagation of the wave.

Two pulses travelling on a same string are described by
————andy, = _—5
(3x—4t) +2 (3x+4t-6) +2
In which direction does each pulse travel? At what time
and point do the two waves cancel? )

functionsy; =
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SPEED OF A TRANSVERSE WAVE IN A STRING

Let us consider a single symmetrical pulse travelling along
astring with a speed v from left to right. If the amplitude of
the pulse is small compared to the length of the string, the
tension T will be approximately constant along the string.

To obtain the speed v of a wave on a stretched string, it is
convenient to select a reference frame in which the pulse remains
stationary i.e., we run along with the pulse keeping it constantly
in our view. In this reference frame, it will appear as if the string is
moving past us from right to left with speed v as shown in Figure.

Teosd 45 v g Tcosd

Al
AN 2TsI|n ]

7
R '

Consider a small string element of length Al, mass Am
within the pulse, such that it forms an arc of a circle or
radius R and subtends an angle 26 at the centre of that
circle.

At the instant shown, this element is moving with
speed v in a circular path, so it has a centripetal accelera-
tion v’ / R. Forces acting on the segment are the tension T
at each end. Horizontal components of tension T are equal
and opposite, so they cancel. Vertical components of ten-
sion T point radially inward towards centre of the circular
arc and provide the centripetal acceleration such that

(Am)o?

2T sinf = (1)

For small 6, sinf = 6 and if ;1 is the mass per unit length of
the string, then mass of the element of length Al = 2RA0 is

Am = uAl =2uR6

So, from equation (1), we get

2T = (2;:R9)(%]

= v= |-
u

If D is the diameter of the string, ( is its length and p is its
density, then

D)2 ¢ 2
o HD2) tp_aD%p

=
( 4
T T 2T
= V= |—= |[—/F7=— |— (1
\/; \7Dp/4 D‘j; ()

Since u(the mass per unit length of string) is

_m_Alp_
({ i

where A is area of cross-section of string, then from equa-
tion (1), we get

V_JI_ [Stress {
pA P '

ILLUSTRATION 15

A harmonic wave with a wavelength of 20 cm, an ampli-
tude of 3 cm and a velocity of 2 ms™ travels on a string to
the left along the x-axis. The mass per unit length of the
string is 0.25 gm_l.

Ap

= Stress}

> |~

(a) What are the frequency and period of the wave
motion?

(b) How much is the tension in the string?

(c) What is the position function for the wave?

SOLUTION
v 2
The £ , f=—=—=10H
(@) The frequency, f 200 z
. 1 1
The period T=—=—=0.1s
710
T
(b) We know thatv=|—
u

= T=uo*=(025x107)x(2 =107 N
(¢) Inorder to write the wave equation, we need to know
and @

= 2_11' = 2_:: =107 radm ™"
A 2

and @ =27f =271(10) =207 rads™’

Thus, the wave equation is y = Asin (kx + wt)
= y=003sin[(107)x +(207)t]

where x and y are in metre and  is in second.

ILLUSTRATION 16

A uniform rope of mass 0.1 kg and length 2.45 m hangs
from a ceiling. Calculate the speed of transverse wave in
the rope at a point 0.5 m distant from the lower end. Also
calculate the time taken by a transverse wave to travel the
full length of the rope. If a particle is dropped from the
ceiling at the instant wave starts from the free end of rope,
then calculate the distance from the free end where the
wave crosses the particle. Take g = 9.8 ms ™.
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SOLUTION

If M is the mass of the string of length L, the mass of length
x of the string will be

M
M, =ux=—x
1=H I

The tension in the string at a distance x from lower end A

isT:M]g:(AL/Ix]g
Mxg

- |r- = )

For x =0.5m, we get v =0.5x9.8 =221 ms™

The tension and hence the velocity of the wave is different
at different points of the string. So, if at point x the wave
travels distance dx in time dt,

o=

{from (1)}

= x Y24y

t_jdt_JJg_x (j

Y iy
g 9.8

Let y be the distance from the free end where the particle
crosses the pulse. Then

e

2
for the pulse, { = \/g

At the instant of crossing t is same, so we get

for the particle, t =

= 2L-2y=4y
= yzézgz&:ﬂ.&m
6 3 3
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ENERGY DENSITY OF A TRANSVERSE WAVE

Consider a transverse wave to propagate in a string. When
this wave moves along the string, it carries energy along
the direction of travel. To calculate the energy density
associated with the wave, let us consider a small segment
of the string of lengthAx as shown in Figure.

B
Al
Ay
::_f
AT
_.;
dm
—» —
Ax

While oscillating, this segment has potential energy due
to its stretching and kinetic energy due to its motion. The
potential energy of a segment AB is the work done by the
tension T in stretching the string, which is T(Al-Ax),
where Al is the length of the stretched segment and Ax is
its original length. From the figure we see that

Al = \(Ax) +(Ay)

SN BN BT
> Al-Are z(ﬁj ‘“‘

So, potential energy of this segment is

U=L1r(a-ax) = lmx( A-")
2 2 Ax
. . Ay dy
For very small increments i.e., when Ax — 0, then o - ™

(since y is a simultaneous function of x and ¢, so this partial
derivative indicates that we are interested in the variation
of y with position at a fixed time). So, potential energy is

4 = L ix ( % ]
2 ox
Potential energy per unit length is
duT[ ay) (1)
dx 2 \ox
The kinetic energy dK of the segment is
dK = 1dm( i ]
2 ot

So, kinetic energy per unit length is
)
de 2\ dx )\ ot 72# ot

a_y:_v(a_y)
ot 0x

Since,
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dK 1 ay) [T
=~ _ h e
= o z,uv (ax where v = P
ay) (ayT

-T .2

,u( J(ax 2 \ox @

The first interesting thing we observe is that the potential enerqy
per unit length is equal to the kinetic energy per unit length of a
transverse wave carried by the string.

So, total energy per unit length of the segment is

2 2
dE_du K _ 2[5(8_3;”4[8_3«]
dx dx  dx 2 \ox ox

2 2
L (B) () { T}
dx ox ox u

Assuming y = Asin(of —kx), we get

dKk 1
= —_—
dx 2

a—y:—Akcos(aJt—kx)
dx

= d—E:u (ay] = uo* A*K? cos® (@t —kx)

dx ax
= d—E:pmzAzcosz(aJt—kx) {-.-0—9}
dx k

If S be the cross-sectional area of the string, then energy
density associated with this segment is
dE _ po’A?
Sdx
dm  p(Sdx)

SmCE,ﬂ:E:T:SP

cos® (wt —kx)

dE

%=pw2A2c082(a)t—kx) [ou=5p}

However, a wave can be very long, so the enerqy associated with
each wavelength of the wave is

2 A
= IdE = ,ua)zAzjcos2 (oot —kx)dx
0 0

If we take a snapshot of the wave at time t = 0, then energy of a
given element is
A

A
= IdE = ucoZAZ.[cos2 (kx ) dx

0 0
A 2y ra
= E:ja’E:w)2 jdx+ cos (2kx )dx
Lo
h/l-s-ﬁsin(ka)

|

=R s T

(=]

Jp = oA
2

!
t‘r‘j
o!—-.;-u

f uw’A*[ . sin(2kA)
= E= jdE = l:,l+ :l
2 2k

Since, sin (2k4) = sin(47) = 0 {k=2n/A}

i
= E= J.dE = %JucozAz/l

We can also say that the potential energy associated with
each wavelength of the wave is equal to the kinetic energy
and is given by
A
U=K-= %pszZJcosz (ot —kx)dx = iumzAZA
0

POWER AND INTENSITY OF WAVE TRAVELLING
THROUGH A STRETCHED STRING

If a wave is travelling in a stretched string of mass per unit
length u, then the power of the wave is given by

dE (dEJ(dx) (dE]
P.=—= Z |2 |20 =
! dt dx J\ dt dx

E
Since, — = pa’ A% cos” (ot —kx)

dx

= P, =uw’A*vcos’ (wt—kx)

However, average power is given by

P, =(P)=pw*A*v(cos® (ot —kx))
Since, {cos? (wf—kx)) = {sin® (@t —kx)) =1/2
= D, :%,ua)ZAZU

Note that P e AZand P e o*

These results hold for all types of waves.

Intensity (I) is defined as the energy transmitted per
second per unit area normal to the direction of propaga-
tion of the wave or the power transmitted across a unitarea
normal to the direction of propagation. Mathematically

sl 5~ &)
“s\ar )T s \sax Nar )™
dE dE
“ S dv is energy density of the wave.
Since, we have discussed earlier, that energy density (u)
of the wave is proportional to A®?, so

[ o< A2@?

where, u

When a wave front advances from a distance r, from a point source
to a distance r,, its surface area increases from 4xr? to dmr}.

If there is no dissipation of energy, then P = 4nr’l, = dnril,,
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where I, and 1, being the intensities at distances r, and r,,

respectively.
I, 7

- b

I 2 3“1

ABOUT AMPLITUDE

For a plane progressive wave, the amplitude remains con-

stant i.e., it does not vary with distance.

For a spherical wave (i.e., wave starting from a point source),

the amplitude varies inversely with distance from posi-

tion of source i.e.,

Aocl {ch:Azocl}
r r2

For a cylindrical wave (i.e., wave starting from a linear

source), the amplitude varies inversely as the square root

of distance from the axis of source i.e.,

Awe L {-.-IocAzocl}
Jr :

ILLUSTRATION 17

A stretched string is forced to transmit transverse waves
by means of an oscillator coupled to one end. The string
has a diameter of 4 mm. The amplitude of the oscillation
is 10 m and the frequency is 10 Hz. Tension in the string
is 100N and mass density of wire is 4.2x10° kgm™.
Calculate the equation of the waves along the string,
energy per unit volume of the wave, average energy flow
per unit time across any section of the string and power
required to drive the oscillator.

SOLUTION

Speed of transverse wave in a string of density p, area of
cross section S is given by

T
v= /—
pS

100

= U= 5
(42x10°)(n/4)(4x107)
= 0=4353ms’!

Since, ® = 27 f = 207 rads ™" = 62.83 rads ™

{~ n=pS}

= k=2-144m™
[

Equation of wave along the string is given by

y(x, t)= Asin(ot —kx)

= y(x, t)=10"sin(62.83t - 1.44x)

Energy per unit volume of the string is

U= %pszz = (%)(4.2)@03 )(62.83)* (107 y
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= u=829%x107Jm™

Average energy flow per unit time is power, so

P _[;pszz )(sv)— (u)(sv)

= P=(8.29x10‘2)(%)(4“0_3)2(43.53)

= P=453x10° W

So, the power required to drive the oscillator is obviously
453x10° W

REFLECTION OF STRING WAVE

If incident wave is y = asin (@t —kx), then the equation of
reflected wave takes the form

y=a’sin(@t +kx)

where a2’ is new amplitude of reflected wave.

When string wave is reflected from a denser medium
or rigid boundary, the wave suffers an additional phase
change of 7w or a path change of 1/2. The equation of
reflected wave in this case takes the form

y=a'sin(ot +kx+ 1) =-a'sin(wt + kx)

A mechanical wave is reflected and refracted at a bound-
ary separating two media according to the usual laws of
reflection and refraction.

So, in reflection the following rules apply

(@) Awave comingfrom a medium where the wave veloc-
ity is larger, i.e., from a rarer to a denser medium, suf-
fers a phase change of 7 or a path change of 1/2
(called STOKE'S LAW) on reflection.

(b) A wave coming from a denser to a rarer medium is
reflected without any phase change.

(c) These rules apply in reflection of light also.

When a pulse travelling along a string reaches the end, it is
reflected. If the end is fixed as shown in Figure 1, the pulse
returns inverted.

This is because as the leading edge reaches the wall, the
string pulls up the wall. According to Newton’s Third
Law, the wall will exert an equal and opposite force on the
string at all instants. This force is therefore, directed first
down and then up. It produces a pulse that is inverted but
otherwise identical to the original.

The motion of free end can be studied by tying a ring at
the end of string so that the ring can slide smoothly on the
rod. The ring and rod maintain the tension but exert no
transverse force.
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Figure 1 Figure 2

When a wave arrives at this free end, the ring slides along
the rod. The ring reaches a maximum displacement. At
this position the ring and the string come momentarily to
rest as in the fourth drawing from the top in Figure 2. But
the string is stretched in this position, giving increased
tension, so the free end of the string is pulled back down
and again a reflected pulse is produced, but now the
direction of the displacement is the same as for the initial
pulse.

WAVE PROPERTIES AFTER REFLECTION /
REFRACTION (TRANSMISSION)

Any type of wave is associated with the following physi-
cal quantities:
(i) speed of wave (v)
(i) frequency (f), time period (T) and angular fre-
quency (@)
(iii) wavelength (1) and wave number (k)
(iv) amplitude (A) and intensity I and
(v) phase (¢)

Now, let us see what happens to these physical quantities
when they are either reflected or transmitted.

Wave - Refraction
S No. Property Reflection (Transmission)
1. v does not change  changes
2. f.T,w do not change do not change
3. Ak do not change change
4. Al change change
5. ¢ Agp=0, froma does not change
rarer medium
A¢=rm, froma

denser medium

PARTIAL REFLECTION AND TRANSMISSION

When a pulse encounters the boundary between a light
string and a heavy string then partial reflection and partial
transmission of the pulse takes place. Since the tensions
are the same, the relative magnitudes of the wave veloci-
ties are determined by the mass densities. In Figure 1, the
pulse approaches from the light string. The heavy string
behaves somewhat like a wall but it can move, and so part
of the original pulse is transmitted to the heavy string.

/\!1
—
—

Vi>Vp
Yy
Figure 1

In Figure 2, the pulse approaches from a heavy string. The
light string offers little resistance and now approximates a
free end. Consequently, the reflected pulse is not inverted.

V.
_/\ 2
4
M

- V> Vy
Figure 2
BOUNDARY CONDITIONS

As observed, when a travelling wave encounters the
boundary of another medium, it is partially reflected and
partially transmitted.

In this section let us investigate the division of the incident
wave into reflected and transmitted components, as speci-
fied by the boundary conditions. For arriving at the results,
we shall be considering two strings of linear mass density
U, and i, joined at x = L as shown in Figure 1. The rules
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obtained with waves on a string can also be generalized
to the reflection and transmission of other types of waves.

Hy Ky

x=L
Figure 4.1

Our boundary is the junction between two strings of linear
mass densities y; and y, as shown in figure. Both strings
are under the same tension T.

Let the incident pulse at the boundary is represented by

yi(x-upt).
So, the reflected pulse is represented by y, (x +v,t ) and the
transmitted pulse by y; (x—v,t).

Both the incident and the reflected pulses travel on the

left string at a speed v, = \/T while the transmitted pulse
H
propagates to the right string at a speed v, = \/I
Hy

According to the Superposition Principle, the net
vertical displacement of the left string is given by
yi(x-ot)+y, (x+ot).

Now, there are two independent conditions, the pulses
must satisfy at the boundary.

CONDITION-1
The net vertical displacement on both sides of the bound-
ary must be the same at all times as shown in Figure 2.

x=L

Figure 2

This is expressed mathematically as,

yi(L-oit)+y, (L+ogt) =y, (L-0yt) (D

where L, the position of the boundary has been substi-
tuted for x because x = L at the boundary.

CONDITION-2

This condition is a consequence of the fact that the two
strings must exert equal and opposite forces on each other
at the junction. As Figure 3 illustrates F, = —F, only holds if
the slopes of the two strings are the same at the junction. We

therefore, have, {ai[‘% (x=vit)+y, (x+vlt):|} =
X x=L

{%[yf(x—vzf)]] @)

x=L
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x=L
Figure 3

Solving Equations (1) and (2), we get

v, -0
and y (L+U1f)_(#
' v, +0,

in(L—vlt)

The above result can also be explained as under. Suppose
the equations of incident wave, reflected wave and trans-
mitted wave are,

y, = A, sin(kx+ ot)
and y, = A, sin(kx—ot)

20,

where,Ar—[UZ_:Ul]AjandAt—( 5 ]A,
U1+ 0y U1 +0

The above relations can also be derived from Energy
Conservation Principle as shown below
By Law of Conservation of Energy, we have

Average Average Average
Incident |=| Reflected [+| Transmitted
Power Power Power
= P=P+P

1 50 1 5, 1 55
= SHhe Aiv, =5 Arvl+5#2m A0y

Since v = f
u

T T T
= | a)zAfvl: — mZArzv]+ — mZAfvz
0 U U3

2 42 a2
£ _£ 4 r

Uy U
Further A; + A, = A, ..(2)

Solving these two equations for A, and A;, we get

A,—(W]AjandAf—( 20, )A;
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CASE 1:

When v, < v,, i.e., medium 1 is denser and medium 2 is
rarer, then both A and A, are positive and also A, > A, as
shown in Figure 1.

Vi
—
Vo

_/\ Denser
vy
L._/\

Figure 1 : For v, <v,

Rarer

CASE 2:

When v, >, i.e.,, medium 1 is rarer and 2 is denser, then
A, = negative and |4, | and |A,| both are individually
less than | A, |. The negative value of A, indicates that the
reflected wave suffers a phase change of 7 as shown in
Figure 2.

AN
e

Rarer

Figure 2: Forvy>v,

CASE 3:
Free end of a string: In this case 11, — 0, s0 7, — ~ and so
we get

A =0and A, = A,

CASE 4:
Fixed end of a string: Since the fixed end is equivalent to

T
a string of infinite linear mass density, v, = ’ — —0 and
so we get Ha

A =0and A, =-A,

ILLUSTRATION 18

Two wires of different densities are soldered together end
to end and are then stretched under tension T. The wave
speed in the first wire is twice that in the second wire.

(@) If the amplitude of incident wave is A, what are
amplitudes of reflected and transmitted waves?

(b) Assuming no energy loss in the wire, find the fraction
of the incident power that is reflected at the junction
and fraction of the same that is transmitted.

SOLUTION
(@) Since, v, =2v,and v= \/f
U
T}
= = f
Since, A, = K s O O R —20 A= _4
U'] + vz 2’02 + UZ 3

2 2 2
and A, = =2 |A=| =2 |a=24
v, +0, 20, +v, 3

Here negative sign with A, implies that the reflected
wave suffers a phase change of 7.

(b) Fraction of incident power reflected is

1. 242
; - p MO Aroy (Ar Jz 1
=== — = —

i % o Ao, : ’
Fraction of incident power transmitted is
1 38
f t f r 9 9

@ Test Your Concepts-II

1. Awire of variable mass per unit length 1 = 1 x, is hang-
ing from the ceiling as shown in figure. The length of
wire is £ ,. A small transverse disturbance is produced at
its lower end. Find the time after which the disturbance
will reach to the other ends.

Based on Transverse Wave in a String & Properties

(Solutions on page H.234)
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A wave pulse starts propagating in the positive x-direc-
tion along a non-uniform wire of length | with a mass
per unit length given by u = u, +ox and under a ten-
sion 100 N. Find the time taken by the pulse to travel
from the lighter end (x=0) to the heavier end where
U and o are constant.

Two blocks each having a mass of 3.2 kg are connected
by a wire CD and the system is suspended from the ceil-
ing by another wire AB as shown in Figure. The linear
mass density of the wire AB is 10 gm™" and that of CD is
8 gm™". Calculate the speed of a transverse wave pulse
produced in AB and in CD.

A

@

o O

A transverse wave travelling in a string is given by the
equation y=Asin(kx-wt). Calculate the potential
energy per unit volume possessed by this wave.

A uniform rape of length 10 cm and mass 4 kg hangs
vertically from a rigid support. A block of mass 2 kg is
attached to the free end of the rope. A transverse pulse
of wavelength 0.06 m is produced at the lower end of
the rope, what is the wavelength of the pulse when it
reaches the top of the rope?

2
4kg

1
2kg

The speed of a transverse wave travelling in a wire hav-
ing a length 50 cm and mass 5 g is 80 ms™. The area
of cross-section of the wire is Tmm? and its Young's
modulus is 16x10"" Nm™. Calculate the extension of
the wire over its natural length.

One end of 12 m long rubber tube with a total mass of
900 g is fastened to a fixed support. A cord attached
to the other and passes over a pulley and supports an
object with a mass of 5 kg. The tube is struck a transverse

10.

11.

12.

13.
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blow at one end. Find the time required for the pulse to
reach the other end. Take g = 9.8 ms 2.

Energy is transmitted at a rate P, by a wave of frequency
v, on a string with tension T,. Assuming the amplitude
to remain the same, calculate the new transmission rate
in terms of P, if tension is increased to 4T, and the wave

: v
frequency is decreased to ?1

A steel wire of length 64 cm weighs 5 g. If it is stretched
by a force of 8 N, calculate the speed of a transverse
wave passing in it.
Two wires of different densities but same area of cross
section are soldered together at one end and are
stretched to a tension T. The velocity of a transverse
wave in one wire is double of that in the second wire.
Calculate the ratio of density of the first wire to that of
the second wire.
Alongwire PQR is made by joining two wires PQ and QR
of equal radii. PQ has a length 4.8 m and mass 0.06 kg.
QR has a length 2.56 m and mass 0.2 kg. The wire PQR
is under a tension of 80 N. A sinusoidal wave pulse of
amplitude 3.5 cm is sent along the wire PQ from the
end P. No power is dissipated during the transmission
of the wave pulse. Calculate
(a) The time taken by the wave pulse to reach the other
end R and
(b) The amplitude of the reflected and transmitted
wave pulse after the incident wave pulse crosses the
joint Q.
Two strings 1 and 2 are taut between two fixed supports
(as shown in figure) such that the tension in both strings
is same. Mass per unit length of 2 is more than that of 1.
Explain which string is denser for a transverse travelling
wave.

| 2 |
| |

A string of length 40 cm and weighing 10 g is attached
to a spring at one end and to a fixed wall at the other
end. The spring has a spring constant of 160 Nm™' and
is stretched by 1cm. If a wave pulse is produced on the
string near the wall, calculate the time taken by the
wave pulse to reach the spring.

J
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RELATION BETWEEN DISPLACEMENT WAVE
AND PRESSURE WAVE FOR A LONGITUDINAL
WAVE

A transverse wave propagates by means of crests and
troughs and there is no change in pressure in a transverse
wave.

A longitudinal wave propagates by means of compres-
sions and rarefactions and there is always a pressure vari-
ation along longitudinal wave.

Consider a harmonic displacement wave moving through
air contained in a long tube of cross sectional area S as
shown in Figure.

— A X—p

a b a' b’
1 T

1
V= SAx i || AV =S8ay

| 1
Ly )

X X +Ax Yy y+ Ay

The volume of gas that has a thickness Ax in the hori-
zontal direction is V; = SAx. The change in volume AV is
SAy, where Ay is the difference between the value of i at
¥+ Ax and the value of y at x. From the definition of Bulk
Modulus, the pressure variation in the gas is given by
AP = —B(ﬂJ = —B(Sﬂ)— —B(ﬂJ
V. SAx Ax

1

Ay J
When Ax approaches zero, the ratio Ej becomes a—y (This
x
partial derivative indicates that we are interested in the

variation of y with position at a fixed time). So, we get

A=Y (1)
dx

This is the equation which relates the displacement equa-
tion with the pressure equation.

If, y = Asin(of —kx) (2
then,g—i—kAcos(mt—kx} ...(3)

and from Equations (1) and (3), we get
AP = BAkcos(wt —kx)=(AP), cos(wf —kx)  ...(4)

where, (AP),, = BAk is the amplitude of pressure variation.

The pressure being maximum at compressions and mini-
mum at rarefactions. In the loudest sound the change in
pressure is 28 Nm~ and amplitude is nearly 10~ m, while
in the faintest sound the change in pressure is 0.002 Nm ™
and amplitude is nearly 107" m.

Thus, a sound wave may be considered either as a displace-
ment wave or as a pressure wave. We note that the pres-
sure wave is 90° out of phase with the displacement wave.

From Equations (2) and (4), we observe that the pressure equa-
tion is 90° out of phase with displacement equation. When the
displacement is zero, the pressure variation is either maximum
or minimum and vice-versa.

Figure (a) shows displacement of air molecules from equi-
librium in a harmonic sound wave versus position at some
instants. Points x; and x; are points of zero displacement.
Now from, Figure (b), we observe that, just to the left of x;
, the displacement is negative, indicating that the gas mole-
cules are displaced to left, away from point x, at this instant.

y
+A\ |
1
X3 Xy I
a X
(@) . —
1 1 1
Al Lo
1 1 1
| Lo
(b) =+ ! - - X
| Lo
Yoo b
r 1 1 1
1
Py + BAk|- -5 o
1 1 1
| Lo
(c) Py L L }
1
1

> X
\/
Pg— BAK {-=----=---

Just to the right of x;, the displacement is positive, indicat-
ing that the molecules are displaced to the right, which is
again away from point x;. So, at point x; the pressure of
the gas is minimum. So, if F, be the atmospheric pressure
(normal pressure), then pressure at x; will be,

P(xl):P(}_(AP)m =Py —BAk

At point x;, the pressure (and hence the density also) is
maximum because the molecules on both sides of that
point are displaced toward point x;. Hence,

P(X3):R]+(Ap)m :P0+BAk

At point x, the pressure (and hence the density) does not
change because the gas molecules on both sides of that point
have equal displacements in the same direction and hence

P(x,)=1Fy
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From Figure (a) and (c), we observe that the pressure
change and displacement are 90° out of phase.

ILLUSTRATION 19

The pressure variation equation of a sound wave in air is
given by

AP =(0.02 Nm™?)| sin(500 s )t~ (3m ™ )x ]

Calculate the frequency, wavelength and the speed of
sound wave in air. If the equilibrium pressure of air is
1.01x10° Nm_z, then calculate the maximum and mini-
mum pressure at a point as the wave passes through that
point.

SOLUTION
Since AP = 0.02sin (500 —3x) ..(1)
= AP =(AP)pa sin( @t —kx) (2

Comparing equations (1) and (2), we get k=3m",
AP, =0.02 Nm™ and o = 500 rads™*

o, fo 0500 _250
2r 2w n
2 2r 2
Sincek:%,so,l:%:?ﬂm
= v:fl:@xz—n’:@ms"]
n 3 3

If I}, be the atmospheric pressure, then

P, = By +(AP) sy = (1.01x10° +0.02) Nm™
= P, =101000.02 Nm >
Also, P, = Py —(AP )y = (1.01x10° —0.02) Nm™

= P, =100999.98 Nm™

SPEED OF A LONGITUDINAL WAVES

Let us calculate the speed at which a longitudinal pulse
propagates through a fluid (gas/liquid). To derive the
expression for the wave equation, we shall be applying
Newton’s Second Law to the motion of an element of the
fluid.

Consider a fluid element ab of thickness Ax confined to a
tube of cross-sectional area S as shown in figure.

—AX—>

a b al b’
! !
1
= >
y ¥+ Ay

Assume that the equilibrium pressure of the fluid is B,
Due to the disturbance, the section a of the element moves
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a distance y from its mean position and section b moves a
distance y + Ay to a new position b’. The pressure on the
left side of the element becomes F, + AP, and on the right
side it becomes P, + AP,. If p is the equilibrium density, the
mass of the element is pSAx, because when the element
moves its mass does not change, even though its volume
and density do change.
The net force acting on the element is,

F=(AP,-AP,)S
The net acceleration of the element is a = 3y /at*

Applying Newton’s Second Law to the motion of the ele-
ment, we get

2
F—(APl—APZ)S—pSAx?}TQy (1)
Dividing both sides by Ax and observing that in the limit
as Ax— (0, we get
AP, —AP, P
———— _) —
Ax ox
So, equation (1) becomes,
)
X ot
The excess pressure AP may be written as

2

AP:—Ba—y
ox

When this is used in Equation (2), we get the wave equa-
tion as

az_y_g(az_y)

{as discussed already}

o’ Blot
%y B 3%y
a po
Comparing this equation with the wave equation

2 2
a—g =7? a—g, we get the speed of longitudinal wave in a
ot ox

=

fluid (liquid or gas) to be

v= |—
P
When a longitudinal wave propagates in a solid rod or bar,
the rod expands sideways slightly when it is compressed
longitudinally and the speed of a longitudinal wave in a
rod is given by
Y

v= |—
p

The speed of longitudinal waves in a medium of elasticity

E and density p is given by

v= |-

P
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For Liquids and Gases, E is the Bulk modulus of elasticity (B).
For Solids, E is the Young's modulus (Y). So, we have

Y B
Usolid = ; and Uiquid/gas = E

If the solid is extended, the speed will depend on the Bulk modu-
Ius B and the Shear modulus n and is given by

(a) The density of a solid is much larger than that of a gas
but the elasticity is larger by a greater factor. Hence
longitudinal waves in a solid travel much faster than
that in a gas.

(b) Inaliquid the speed lies in between the two i.e.

Vsolid = Vliquid > Vgas

(c) The speed at which a longitudinal pulse propagates
through a fluid (gas/liquid) of Bulk's modulus B having
density pis given by

y ’B
liquid/eas = A|—
iquid,/gas p

(d) When a longitudinal wave propagates in a solid rod or
bar, the rod expands sideways slightly when it is com-
pressed longitudinally and the speed of a longitudinal
wave in a rod is given by

\F
Vsolid = 4|
p

(e) The speed of longitudinal waves in a medium of elas-
ticity E and density p is given by

E
v=_[—

P
For Liquids and Gases, E is the Bulk modulus of elastic-
ity (B) and for Solids, E is the Young’s modulus ().

(f) If the solid is extended, the speed will depend on the
Bulk modulus B and the Shear modulus 1 and is given

by

B+4—n
3
p

ILLUSTRATION 20

The volumetric strain of water at a pressure of 10° Nm ™
is 5x107°. Calculate the speed of sound in water. Density
of water is 10° kgm .

SOLUTION
Bulk modulus of water is

_ Normal stress 10°

- > = =2x10° Nm™
Volume strain  5%107°

Since, density of water is p = 10° kgm_3

So, speed of sound in water is v = JE
p

2x10°
- - f XBO ~141x10° ms™
10

ILLUSTRATION 21

The Bulk modulus and modulus of rigidity for alumin-
ium are 7.5x10"" Nm 2 and 2.1x10" Nm ™ respectively.
Determine the velocity of the waves in the medium.
Density of aluminium is 2.7 x10° kgm ™.

SOLUTION

Given, Bulk modulus, B=7.5x10"" Nm
Modulus of rigidity, n = 2.1x10"" Nm
Density, p=2.7x10 kgm™

So, velocity of longitudinal waves in aluminium is

B+%n 7.5x10m+%x2.1x10m

U=

p 2.7x10°

= ©v=6.18%10° ms™!

RELATION BETWEEN PRESSURE WAVE AND
DENSITY WAVE

Let us now find the relation between pressure wave and
density wave from the definition of Bulk Modulus (B), we
have

dpP
B=—-—-— (1
vV M
Since, volume Volume = Mas.s = M
Density p
m v
= dV =- —2 dp =—| — dp
p P

dv __dp
Voop
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Substituting in equation (1), we get

dp = M = d_l;
B v
This can be re-written as

p AP
Ap=|E|aP==
p (B) v?

So, this relation relates the pressure equation with the den-
sity equation. For example, if we have

AP =(AP),, sin(kx — ot)
then, Ap=(Ap), sin(kx - ot)

2(ap),, = A0
B v

where, (Ap)

m-

So, the density equation is in phase with the pressure
equation and is 90° out of phase with the displacement
equation.

ILLUSTRATION 22

The pressure variation in a sound wave is given by

AP = 8C05(4.00x—3000t+ %)

Calculate the displacement amplitude. The density of the
medium is 10° kgm ™.

SOLUTION
Since, AP, = BAK = po’ Ak {-B=pv?}
2 2 2
SN ity Y L {._.Uz_%}
k k k
AP, )k .
L (BB BxA00 oo g0

po’*  10% x(3000)

ILLUSTRATION 23

Find the displacement amplitude of a sound wave having
a frequency of 100 Hz and a pressure amplitude of 10 Pa.
If another sound wave of frequency 300 Hz has a displace-
ment amplitude of 107 m, find the pressure amplitude of
this wave. Speed of sound in air is 340 ms~ and density
of air is 1.29 kgm ™.

SOLUTION
2
Since, (AP),, = BAk, where k =2 = %1
v v
Since, B = pv’ { v= B/p}
2nf\ (AP)
AP),, = po® A(—):—’” (1
= (aP), =(po? (A)| = 200 (1)
= 10 =3.63x10° m

A:
2x3.14x100x1.29 x 340
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From above equation (1), we get
(AP),, =2xfpoA

= (AP), =2x3.14x300x1.29x 340 x 10~
= (AP),, =826x107% Nm™

ABOUT NATURE OF WAVES

For propagation of transverse mechanical waves, the
medium must be rigid. Therefore, within solids the waves
are transverse. A gas (air) has no rigidity, therefore the
waves in a gas are always longitudinal. The waves on the
surface of water are a combination of longitudinal and
transverse waves, such types of waves are usually called
ripples. In these waves the particles of medium vibrate up
and down and back and forth simultaneously, describing
ellipse in a vertical plane. The waves in a stretched string
are always transverse. The wave on the surface of solids
(e.g. rails) are longitudinal.

POWER AND INTENSITY OF WAVE TRAVELLING
THROUGH A MEDIUM

When a particle executes harmonic oscillations, there
exists oscillation energy which keeps on changing between
kinetic and potential forms. In a progressive waves, this
energy is transferred through the medium with a velocity
v. The amplitude of the particle velocity is given as

Dy :AOJ

If p is the density of the medium, the energy per unit vol-
ume is

I » 1 5,
U=—pvy=—-pA®
ZPUU 2.0

If S is the area of cross-section of the medium, the energy
associated with a volume SAx, will be

AE=UAV = %pAzc:JZSAx

So, power (rate of transmission of energy) becomes

AE 1 Ax
P:—:—pvmzAQS {as ——v}

At 2 At
The intensity is defined as average energy transmitted
per unit normal area per second i.e., power per unit area.

Hence, intensity

LAE P 1o
SAt S 2

Further, as in case of sound wave, the displacement ampli-

tude is related to the pressure amplitude through the rela-

tion p, = pvAm, so

1 2 2
1= _Pva)z p_U — p_U
2 pow 2po
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So, we observe that I e A%or I o< pf and also [ « @

The ST unit of intensity is Wm™.

ILLUSTRATION 24

An electric siren of 100 W sends out sound waves in air
at a frequency of 1 kHz. Assuming that the sound energy
travels equally in all directions in space, calculate. The
intensity of sound at a point 100 m away from the source.
If the velocity of sound v is 350 ms™' and density of air
p=129 kgm_3, determine the displacement amplitude of
the air particles at that point.

SOLUTION

The intensity of sound at the point 100 m away from the
source is

. rp P 100

T Area  4mr?  4x 3.141x(100)

=  [=796x10" Wm™

Now, we know that
1 242
[=—pow A
5P
where, [ =7.96x10™ Wm™, p=1.29 kgm ™,

v=350 ms™ and ® =27 x1x10° rads™

20 2x796x107
pvw®  1.29x350% (27 x10°)>

= A’=

= A*=894x10™
= A=299x107 m

INTENSITY OF SOUND WAVE

Travelling sound waves, like all other travelling waves,
transfer energy from one region of space to another.
As discussed earlier, we define the intensity of a wave
(denoted by I) to be the time average rate at which energy
is transported by the wave, per unit area across a surface
perpendicular to the direction of propagation. Since, we
have already derived that

I:%pAszv ..(1)
For a sound wave, we have

(AP),, =BAk=BA(9)
v

_ (AP), v
BA
Substituting this value in Equation (1), we get
1 2 (AP )ij '02 2
[==pA®—— =B
2 p BZAZ { p() }

o(AP),
2B

So, intensity of a sound wave can be calculated by using
either of the Equations (1) or (2)

ILLUSTRATION 25

A point sound source is situated in a medium having Bulk
modulus 1.6x10° Nm™. An observer standing at a dis-
tance 10 m from the source, writes down the equation for
the wave as iy = Asin (157x — 60007t ); where i and x are in
metre and f is in second. The maximum pressure, ampli-
tude tolerable to the observer’s ear is 247 Pa, then find the

= I=

Q)

(@) density of the medium

(b) displacement amplitude A of the waves received by
the observer

(c) maximum power of the sound source.

SOLUTION
Since k=157 m™" and @ = 60007 sec”

= v=w0/k=400ms"

(a) Since, v=,/B/p
B 16x10°

o2 (400)

(b) Pressure amplitude is (AP )., = BAk

- A:(AP)max_ 24w 105 m

Bk 1.6x10°x151
= A=10um

1kgm™

(¢) Intensity at distance r from a point source is given by

2
1:%,;&150,1:%
2

dmy pv
W (24n)
47(107°  2x1x400

= W=893x10 watt

ILLUSTRATION 26

A point like sound source emits sound of frequency
2000 Hz, uniformly in all directions. Its intensity at a dis-
tance of 6 m is 0.960 mW m™,

(@) Find the intensity at 30 m.

(b) At 6m from the source, find the displacement
and pressure amplitudes. (Atmospheric pressure
=1x10° Pa and density of air =1.3 kgm )

SOLUTION

1
(@ [e—
)

So, 0.960 o 612 e
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andlmﬁ Q)

Dividing (2) and (1), we get
e
0.960 30°

2
= 1—0.960(%) =0.033 mW m™

(b) Now, I = %p(ozv/{z

0.960x107 = %x1.3x(27rx2000)2 % 332x A2

= A=171nm
2
Also,I:w
2B

v

2BI 2x1.41x10° x0.960 x107

where, B=yPand y,;, =141
= AP, =0.89 Pa

SUPERSONIC AND SHOCK WAVES

When an object moves with a velocity greater than that of
sound, it is termed as Supersonic. When such a supersonic
body or plane travels in air, it produces energetic distur-
bance which moves in backward direction and diverges in
the form of a cone. Such disturbances are called the Shock
Waves.

The speed of supersonic is measured in Mach number.
One Mach number is the speed of sound.

Speed of Supersonic

Mach number =
Speed of Sound

INTENSITY LEVEL AND LOUDNESS OF SOUND

The term loudness describes the human perception of
sound. A sound wave of higher intensity is perceived as
louder than a wave of lower intensity. However, the rela-
tion is not linear. The sensation of loudness is roughly
proportional to logarithm of intensity. The intensity level
is defined by an arbitrary scale that corresponds roughly
to sensation of loudness. Human ear responds to sound
intensities over a wide range (from 107> Wm2to1 Wm ™).
Therefore, instead of specifying intensity of sound in
Wm™?, we use a logarithmic scale of intensity called sound
level, SL or L which is expressed in decibel (dB) and is
given by

L(indB)=L=10 logm(li]
0
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where I, =10 Wm? is the threshold of hearing of
human ear (the weakest sound audible to human ear).
Unit of loudness level is decibel (dB) and

1 bel = 10 decibel

The decibel is a dimensionless unit.
A sound of intensity I, has

L= IOIOgm(f—U] =0dB
Iy
The upper range of human hearing also called threshold
of pain is 1 Wm  and it corresponds to

L=101ogm(10%u]=120 dB

A sound 10 times more intense than I, has intensity level
10 dB, a sound 100 times more intense than I has intensity
level 20 dB and so on. So, as the intensity of sound increases
(or decreases) by a factor of 10, the intensity level increases
(or decreases) by 10 dB. The normal ear can distinguish
between intensities that differ by about 1 dB.

The normal conversation is about 60 dB, city traffic noise
is about 7090 dB and a jet aircraft produces as much as
150 dB which can damage the ear.

NOISE LEVELS DUE TO DIFFERENT SOURCES

Source Noise level Intensity
in decibel  (Wm?)
Threshold of hearing 0 1072
Rustle of leaves 10 10™M
Average whispering 30 107"
Quiet radio in home 40 107
Quiet automobile 50 107
Ordinary conversation 60 32x107°
Busy Street traffic 70-90 107
Noise factory 90 10°
Motorcycle rider and orchestra 100 107
Threshold of pain 120 1
Machine Gun/Jack Hammer 130 10
Nearby Jet Airplane 150 10°
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If two intensity levels are I, and I,, then number of deci-
bels L, and L, for intensities I, and I, are

I I
Ll = ].Olog][)[;] and L2 = 1010g10(12]
0 0

I I
= L,-L= 10{10gm(1—2]—logm(1—1”
0 0

I
= L,-L, =10logy, (—2]
L
So, if two sounds have intensity ratio 2, then they differ in

sound level by

AL=10log;,(2)=10%0.301=3 dB

ILLUSTRATION 27

The loudness of a source of sound at a given location
increases by 10 dB. By how many times does its intensity
increase?

SOLUTION

Let the initial loudness be L, decibel, so we have

Ll = ].Olog][) [ Ii)
0

The new loudness is now L, +10. So, let us assume that the
new intensity be nl i.e., becomes 1 times.

= L +10—1010g10(?—1)
0

I
= Ll +10_1010g10(1}+10108101’1
0

= L[ +10=L;+10logn
= logn=1
= n=10

Hence the loudness increases by 10 decibel when the intensity
increases to 10 times the initial value. Similarly, the loudness
decreases by 10 decibels when intensity drops to one tenth of the
initial value.

ILLUSTRATION 28

What is the maximum possible sound level in dB of
sound waves in air? Given that density of air is 1.3 kgm™,
v =332 ms™' and atmospheric pressure P = 1.01x10° Nm™.

SOLUTION

For maximum possible sound intensity, pressure ampli-
tude of wave will be equal to atmospheric pressure. So,
we have p, = P =1.01x10° Nm™

i

Since [ = , Where p=1.3 kgm"a, =232 ms™
2pv

i _(oixio’)

= = =
2pv  2x1.3%332

=1.18x10” Wm™

Since, L(in dB) =10log;, (II]
0

: 107

10—12
ILLUSTRATION 29

A fighter jet (subsonic) flies over head at an altitude of
100 m. The intensity of sound is observed to be 150 dB.
At what altitude should this plane fly so that the intensity
drops to the level of the threshold of pain (ie., 120 dB)?
Ignore the finite time required for the sound to reach the
ground. Assume the jet to be a point source of sound.

SOLUTION

Since L, — L, = 10log,, (1;2]
1

I
= Lz—Lq—120—15D—1010gw(1—2)
1

= logu](in—_S
1

2
N I—zz’fl—zzlo—3 {1«%}
L n r
2
- (10?) ~107
f

= =10

= 1,=1000y10 m=3162 m

NEWTON’'S FORMULA FOR SPEED OF SOUND
IN A GAS

Newton assumed that the propagation of sound in a gas
takes place under isothermal conditions, i.e., a compressed
layer of air gradually loses heat to the surroundings and
a rarefied layer gains heat from the surroundings, so that
the temperature of air remains constant. Since for isother-
mal process

PV = constant

= d(PV)=0

= PdV+VdP=0

= _d—P:P:Biso
vV

Since, v = \/E
p

g
dV‘;"‘V
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{Newton's Formula}

\l P pair

AtSTP, P, =1.013x10° Nm™, p,;, =1.29 kgm™

5
- 1.013%10 - 280 s’
1.29

This value is about 16% less than the actual value, which is
about 332 ms™. This large discrepancy shows that Newton
made some error while calculating the speed of sound.

ILLUSTRATION 30

The speed of sound in air at NTP is 332 ms™". Calculate
the percentage error in speed of sound as calculated from
Newton’s formula. Given that the density of air at 1 atm
pressure is 1.293 kgm ™.

SOLUTION

From Newton’s formula, v = \/ﬁ
p

where, P =1.01x10° Pa

5
v= ,fM =280 ms™
1.293

Difference in velocity = 332 -280 = 52 ms™

2
So, percentage error = % x100=15.7%

LAPLACE'S CORRECTION FOR SPEED OF SOUND
IN AGAS

Laplace pointed out that Newton’s assumption of “iso-
thermal” propagation is not correct. The reason is that the
compressions and rarefactions follow each other so rapidly that
there is no time for the compressed layer (which is at a higher
temperature) and the rarefied layer (which is at a lower tempera-
ture) to equalise their temperatures with the surroundings.

As a result, the sound propagates under adiabatic and not
under isothermal conditions. Since for an adiabatic pro-
cess PV7 = constant

= d(pv7)=0
= PyV''dv+V?dP=0

dP C
= Badi = —m = ypal-mi where }/ = é

For air y = 1.4, hence v = 280v/1.4 = 330 ms ™', which agrees
with the experimentally calculated value.
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EFFECT OF EXTERNAL FACTORS ON SPEED OF
SOUND

The speed of sound in a gas is given by

oo [P [RT
p M

Effect of Change in Pressure

There is no effect of change of pressure (at constant tem-
perature). This is because density also changes propor-
tionately such that P/p = constant.

Effect of Change in Density

. 1 . o
Since v e T, so if p; and p, are the densities of two gases
P

for which 7 is the same, then the speeds of sound in them,
v, and v, respectively, are related as

L_ P2

2 NP
Effect of Change in Temperature

RT T.
Since v = }/— i.e.,’()cx: T, SO 0_1: -1
M u \Th

If v, is velocity of sound at ¢ °C and v, is velocity of sound
at 0 °C, then we have

1

273+t t )2
'Uf:UQ —:UQ ].+—
273 273

1
t 1

For L<<l,wehave(1+—)2:1.|._(L]
273 273 2\ 273

Taking v, = 332 ms™ we get v, = (332+0.61t) ms™'

Thus for ;73 « 1, the velocity increases by about 0.61 ms™
for every degree rise of temperature.

Effect of Atomicity of Gas

Since v =, 7RT ie, ves ‘jz

M M

SRREEE
Yo, Yo, \ M 7/5)\ 4

Effect of Change in Humidity

_ [
21

Density of water vapour is less than that of dry air
(water vapours have a tendency to rise up). At S.T.P. it
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is 0.8 kgm > whereas the density of dry air at S.T.P. is

1.29 kgm*. Hence, the speed of sound in air increases
with increase of humidity.

Effect of Wind Velocity

If 9, be the velocity of sound in still air and wind blows
at a speed 7, then velocity of sound 7 in the medium is
7 =7, +7

w

(a) If wind blows along the sound, then effective speed of
sound becomes v’ =, + 1,

(b) If wind blows opposite to sound, then effective speed
of sound becomes v’ = v, -v,,

(c) If wind blows along the sound making an angle 6
with it, then the effective speed of sound becomes
v =v,+7, cosf

(d) If wind blows opposite to the sound making an angle
6 with it, then the effective speed of sound becomes
v’ =10, -0, cosb

Also keep in mind that the component of velocity of wind per-
pendicular to the velocity of sound does not affect the velocity
of sound.

ILLUSTRATION 31

The velocity of sound in hydrogen at STP is 1400 ms .
Find the velocity of sound in a mixture with 3 parts by
volume of oxygen and 2 parts by volume of hydrogen at
819 °C?

SOLUTION

0, = yRT _ yR(273) — 1400 ms- (1)
2 MH2 1"/[H2

Let the number of moles of hydrogen in the mixture be 21.
The number of moles of oxygen will then be 35n. The mean
molar mass of a mixture is given by

_mMy+mM, _ 2nMpy, +3nM,,

M._.
m " +n, 21+ 3n
2M,, +3(16M,,
= Mmix = : 5( 2 ) { M02 = 16MH2 }
= M =M oy
mix — 5 - H,

Since both these gases are diatomic, y of the mixture
remains unchanged i.e. ., =7y =7/5

At T=819°C=1092 K=4(273K), speed of sound in
mixture is given by

o [7maRT _ yR(1092) 2 [yR(273)

e M, 10My, V10 My,
From equation (1), we get

0. = ——(1400) = 2% _ 28010 ms™?

mix \/ﬁ
ILLUSTRATION 32

Consider two points A and B such that the distance
between them is d and temperature between them var-
ies linearly from T, to T,. What will be the time taken by
sound waves to travel this distance if velocity of sound
propagation in air varies as v = ﬁﬁ .

N

SOLUTION
L-T

Since, T(x)=T, +(T)x

Further v = BT

= f=——

BT, +\T;)

At what temperature does the velocity of sound in air
increases by 2% in comparison with velocity at 0 °C?

2d
+

SOLUTION
If v, be the speed of sound at 0 °C and v, be the speed at
t °C, then

v 1_ ,t+273
v, \TI 273

According to problem, we have

2

(1.02)v,  [t+273
v V273

= t+273=(1.02)" x273 = 1.0404 x 273
= t=284-273=11°C
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0‘7 Test Your Concepts-Iil

1. Apoint Ais located at a distance r =1.5 m from a point
source of sound of frequency 600 Hz. The power of the
source is 0.8 watt. Speed of sound in air is 340 ms ™" and
density of air is 1.29 kgm™. Find at the point A,

(a) the pressure oscillation amplitude (AP),,

(b) the displacement oscillation amplitude A.

2. Calculate the ratio of speed of sound in hydrogen gas to
the rms speed of hydrogen molecules.

3. A dog while barking delivers about TmW of power.
Assuming this power to be uniformly distributed over
a hemispherical area, calculate the sound level at a dis-
tance of 5 m. Also calculate the sound level if instead of
one dog, five dogs start barking at the same time each
delivering 1 mW of power.

4. Determine the speed of sound waves in water, and find
the wavelength of a wave having a frequency of 242 Hz.
Take B, ., =2x10° Pa.

5. A sound wave propagating in air has a frequency of
5000 Hz. Calculate the percentage change in wave-
length when the wave front, initially in a region where
T=27°C, enters a region where the temperature
decreases to 10 °C.

6. A window whose area is 2 m® opens on a street where
the street noise results at the window an intensity level
of 60 dB. How much acoustic power enters the window
through sound waves? Now, if a sound absorber is fit-
ted at the window, how much energy from the street
will it collect in a day?

7. Atwhat temperature will the speed of sound in hydro-

gen be the same as in oxygen at 100 °C? Molar masses

of oxygen and hydrogen are in the ratio 16: 1.

-

Based on Sound Waves & Properties

(Solutions on page H.235)

8. For aluminium, the bulk modulus of elasticity is
75%10'"° Nm™ and density is 2.70x%10% kgm™.
Calculate the velocity of longitudinal waves in
aluminium.

9. Find the maximum increase in pressure when a sound
wave produces an energy flow of 10~ Wattm ™. Velocity
of sound =340 ms™", density of air =1.293 kgm™.

10. A plane longitudinal wave having angular frequency
©=500sec” is travelling in positive x-direction in
a medium of density p=1kgm~ and bulk modulus
4x10* Nm™ The loudness at a point in the medium is
observed to be 20 dB. Assuming at x = 0 initial phase of
the medium particles to be zero, find the
(a) maximum pressure change in the medium
(b) equation of the wave.

11. A gas is a mixture of two parts by volume of hydrogen
and one part by volume of nitrogen. If the velocity of
sound in hydrogen at 0 °C is 1300 ms™", find the veloc-
ity of sound in the gaseous mixture at 27 °C.

12. For a person with normal hearing, the faintest sound
that can be heard at a frequency of 400 Hz has a pres-
sure amplitude of about 610 Pa. Calculate the cor-
responding intensity in Wm™. Take speed of sound in
airas 344 ms~' and density of air 1.2 kgm'3.

13. The faintest sound that the human ear can detect at
frequency 1kHz corresponds to an intensity of about
1072 Wm™. Determine the pressure amplitude and
the maximum displacement associated with this sound
assuming the density of the air = 1.3 kgm > and velocity

of sound in air=332 ms™".

/

REFLECTION OF SOUND WAVES

Reflection of sound waves from a rigid boundary (e.g.
closed end of an organ pipe) is analogous to reflection of
a string wave from rigid boundary in which reflection is
accompanied by an inversion i.e. an abrupt phase change
of r. This is consistent with the requirement of displace-
ment amplitude to remain zero at the rigid end, because
a medium particle at the rigid end cannot vibrate. Since
the excess pressure and displacement corresponding to a
same sound wave vary by 7/2 in term of phase, so a dis-
placement minima at the rigid end will be a point of pres-
sure maxima. This implies that the reflected pressure wave from
the rigid boundary will have same phase as the incident wave,

L.e., a compression pulse is reflected as a compression pulse and a
rarefaction pulse is reflected as a rarefaction pulse.

On the other hand, reflection of sound wave from a
low pressure region (like open end of an organ pipe) is
analogous to reflection of string wave from a free end.
This point corresponds to a displacement maxima, so that
incident and reflected displacement wave at this point
must be in phase. This would imply that this point would
be a minima for pressure wave (i.e. pressure at this point
remains at its average value), and hence the reflected pres-
sure wave would be out of phase by 7 with respect to the
incident wave. i.e. a compression pulse is reflected as a
rarefaction pulse and vice-versa.
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REFRACTION

A medium is said to be denser (relative to the other) if the
speed of wave in this medium is less than the speed of
the wave in the other medium. Rather we can say speed
of a wave in a denser medium is less than its speed in the
rarer medium. Thus, it is the speed of wave which decides
whether the medium is denser or rarer for that particular
wave and

<

Udenser rarer

If a medium is denser for one type of wave then at the
same time the same medium can be rarer for the other type
of wave. For example, water is denser for electromagnetic
(light) waves compared to air, because the speed of elec-
tromagnetic waves is less in water than in air. At the same
time, for sound wave water is a rarer medium because
speed of sound wave in water is more. The laws of refrac-
tion (or transmission from one medium to the other) and
reflection remain the same i.e.,

The ray bends towards the normal if it travels from a rarer
medium to a denser medium and vice-versa.

Reflected Incident
ray wave

Reflected
wave

Incident

ray mal

mal

r
1
I
I
I
I
il

Air Air
Water Water : I
:-’2 i Refracted
! Refracted ! wave
: ray :
For lighti =r, For sound i = ry
andry<i andr, >

When sound wave passes from one homogeneous
medium to another homogeneous medium, it deviates
from its path. This phenomenon is called refraction. No
phase change exists during refraction. If i and r are the
angles of incidence and refraction, then Snell’s Law states
sl1_nz = o = constant
sinr v,
where 7, and v, are the velocities of sound in first and sec-
ond medium respectively.
Inreflection and refraction the frequency remains unchanged.

ECHO

The most common experience of sound reflection is the
echo heard in large halls and in the neighbourhood of
hills. An echo is simply the repetition of speaker’s own
voice caused by reflection at a distant surface e.g. a cliff, a
row of buildings or any other extended surface.

If ¢ is the time interval between production of sound from
source and its echo at the site of source, then the distance
between source and reflector(s) is given by

2s =1t

ot
2
where v is the velocity of sound.

As the persistence of hearing for human earis 0.1 sec,
therefore in order that an echo of short sound (e.g. shot
or clapping) may be heard distinctly, the echo must come
0.1 sec later than the direct sound. In the case of articulate
sound, it has been found that one can hear or pronounce
distinctly not more than 5 syllables per second. Therefore,
for monosyllabic sound the minimum time interval

between sound and its echo is 1 s, for disyllabic and tri-

syllabic sounds it is e s and — s respectively and so on.
5 5

If we hear the echo of monosyllabic sound that
means sound travels from source to reflector and back

. L 1 .
from reflector to source in a collective time of — s i.e. time

1
to go from source to reflector is 0 s.

Multiple echoes are produced when there are several
reflecting surfaces. The stethoscope speaking tubes, whis-
pering gallery and sounding boards are based upon the
reflection of sound.

ILLUSTRATION 34

A person, standing between two parallel hills, fires a gun.
He hears the first echo after 1.5 s and the second after 2.5 s.
If the speed of sound is 332 ms !, calculate the distance
between the hills. When will he hear the third echo?

SOLUTION

Let the person P be at a distance x from hill H; and at a
distance y from H, as shown in figure. The time interval
between the original sound and echoes from H; and H,
will be respectively.

2
b= andt, =2

Therefore, the distance between the hills is

2
x+y:%(tl+f2):%(l.5+2.5):664m

Now, as I echo will be from H, after time t,, while I echo
from H, after time #,, III echo will be produced due to
reflection of sound of I echo from H, or of IT echo from H;.
Thus, the time after which III echo will be heard is
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The sound from both H, and H, will reach simultaneously.
Note that it is an example of multiple or successive echoes
which are not harmonic,ast; =1.5s,t, =25sand t; =4 s.

ILLUSTRATION 35

The echo of a gunshot is heard 5 s after it is fired. Calculate
the distance of the surface which reflects the sound. The
velocity of sound is 340 ms™.

SOLUTION

Distance of the surface which reflects the sound is given by
G Xt 340 x5

2

ILLUSTRATION 36

An engine approaches a hill with a constant speed. When
it is at a distance of 0.8 km it blows a whistle, whose echo
is heard by the driver after 4 s. If speed of engine in air is
330 ms . Calculate the speed of engine.

=170x5=850 m

SOLUTION

Lets draw the situation according to the problem.

—eU
——- - ==

Distance travelled by sound when it again meets the per-
son is

s=800+(800-x)

= 5=1600-uty =1800-ux4
- 1600 —4u _4
v
= 1600—-4u=4v
= 1600-4u=4x330
= 4u=1600-1320
= 4u=280
= u=70ms"’
DIFFRACTION

When a wave is deflected by the corners of an obstacle (or
is deviated from its straight line path), the phenomenon is
called diffraction. For diffraction the wavelength of wave
must be of the same order as the dimension of diffracting
obstacle. For example sound has wavelength of the order
of 1 m, so itis diffracted by doors and windows while light
has wavelength of 4000 A to 7800 A, so it is diffracted by
thin edge of blade and diffraction grating having nearly
15000 rulings per inch.
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SUPERPOSITION OF WAVES: INTRODUCTION

When two or more wave trains travel in a region simulta-
neously they superpose each other, resulting in a variation
of intensity in space and/or with time. This phenomenon
is called phenomenon of superposition of waves.

SUPERPOSITION PRINCIPLE

If two or more waves arrive at a point simultaneously then
the net displacement at that point is the algebraic sum of
the displacement due to individual waves, i.e.

Y=y +lYy o+,

where 1, ,............., I, are the displacements due to indi-
vidual waves and y is the resultant displacement.
Suppose that two waves travel simultaneously along the
same stretched string. Let y; (x, )and y, (, t)be the dis-
placements that the string would experience if each wave
travelled alone. The displacement of the string when the
waves overlap is then the algebraic sum of the individual
wave equations.

y(x, )=y (x, t)+ya(x, t)

This summation of displacements along the string means
that superimposing simply means that the waves algebra-
ically add to produce a resultant wave (or net wave).

This is another example of the principle of superposition,
which says that when several effects occur simultane-
ously, their net effect is the sum of the individual effects.

Figure shows a sequence of snapshots of two pulses trav-
elling in opposite directions on the same stretched string.
When the pulses overlap, the resultant pulse is their
sum and we see the resultant wave, not the individual
waves.
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Also, note that the overlapping/superposition of the
waves do not in any way alter the travel of each other and
continue to move further individually after superposition
as they were doing so before superposition.

Let us discuss three important cases.

Stationary
Interference Beats Waves

a) Two waves of Two waves of Two waves
same amplitude  same amplitude, of same
or nearly same amplitude,
amplitude,

b) having constant  having no phase having
phase difference  difference, no phase
or no phase difference
difference (such or constant
waves are called phase
coherent waves), difference,

¢) moving in the moving in same moving in
same direction,  direction, opposite

direction,

d) having same with same with same
velocity and velocity, having  velocity,
frequency, on slightly different having same
superposition frequency frequency
will give rise to (Difference in (or 1), on
interference in frequency must  superposition
which, not be greater will give rise

than 10 Hz for ~ to stationary
human ear to waves in
observe), on which,
superposition

will give rise to

beats in which,

e¢) maximaand maxima and maxima and
minima of minima of minima of
intensity are intensity intensity
obtained called  varying varying
constructive periodically periodically
and destructive ~ with time are with path
interference obtained. difference (x).
respectively. The maxima
The position of of intensity
Maxima and are called
Minima remain Antinodes

fixed on screen
and hence the
phenomenon is
called Sustained
interference.

and minima of
intensity are
called Nodes.

ILLUSTRATION 37

In the arrangement shown in Figure a rectangular pulse
and triangular pulse approaching each other. The pulse
speed is 0.5 cms ™. Sketch the resultant pulse at =2 s.

—

| /'\“ -2c:m
-k - — x(cm)

-2 -1 0 123

SOLUTION

In 2 s each pulse will travel a distance of 1 cm. The two
pulse overlap between 0 and 1 cm. So, A; and A, can be
added as shown in Figure.

_.__ .
LA 2cm
-1770 1 -
: I
larY Nk Wi
1 12 cm .
0 1 2 Resulting pulse att=2s

ILLUSTRATION 38

Sources separated by 20 m vibrate according to the equa-
tions y; =0.06sinzt and y, =0.02sinzt. They send out
waves along a rod with speed 3 ms™". Find the equation of
motion of a particle 12 m from first source and 8 m from
the second if 1, 1/, are in metre.

SOLUTION

) 1)
Since, k = —
v

Wy

= yl:0.06(th—kx):0.0ésin(nt—gxlz)

= 1, =0.06sin(nt—4rx)

Similarly, y, = 0.02sin (7t —kx’) = 0.025in(nt - g XS)
= 1 —O.OZSin(ﬂt—EZr]

By Principle of Superposition y =y, +,
= y=006sin(nt)cos(4r)-0.06cos(xt)sin(4r)+

O-OZSin(ﬁt)cos(%]—O.Ozcos(xf}sin(s?ﬂ)

= y=005sin(xt)-0.0173cos(7t)

INTERFERENCE

When two coherent waves of the same frequency moving
in the same direction superpose, they give rise to variation
of intensity in space - positions of maximum and minimum
intensities appear alternately in the whole region of super-
position. The positions of maxima and minima are fixed
and this phenomenon is called Sustained Interference.
The use of the term “interference” is generally restricted
to this case only. Let the two waves be

vy = A sin(f —kx) and y, = A, sin(wt —kx +¢)
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On superposition y = i; + />
= y=Asin(wt-kx)+ A, sin(ot—kx+¢)
= y=Asin(ot-ko)+

A, [sin(@t —kx)cos ¢+ cos (@t —kx)sin¢ |
= y=(A+A;cos¢)sin(wt—kx)+

(A, sing)cos (ot —kx)

Let A;+A;cos¢=Rcosfand A,sing=Rsin@
= y=R[cos@sin(wt—kx)+sinfcos(wt—kx)]
= y=Rsin(ot-kx+0)

where, the resultant amplitude is

R= A2+ A2 +24, A, cos ¢

A si
and the phase angle 6 = tan_l( 2SI J

A+ Ay cos¢

the resultant wave is also a harmonic wave of the same
frequency.

CASE-I: CONSTRUCTIVE INTERFERENCE
Resultant Amplitude (R) is maximum
when cos¢ = +1,

= ¢=2nr wheren=0,1,2,......

= x= (Zn)%, wheren=0,1,2,3,.....
and R, = A+ 4,

The interference is said to be constructive when phase differ-
ence is an even multiple of m or path difference is an even mul-
tiple of A/2.

CASE-II: DESTRUCTIVE INTERFERENCE
The Resultant Amplitude is Minimum,
when, cos¢ = -1,

= ¢=(2n+1)7 where n=0, 1, 2........

= x=(2n+ 1)%, wheren=0,1,2,3,....

and Royn = |A1 -4 ‘

The interference is said to be destructive when phase difference is

an odd multiple ofm or path difference is an odd multiple of 2./2.

Two identical sinusoidal waves, y,(x, t) and y,(x, 1),
travel along a string in the positive direction of an x-axis.
They interfere to give a resultant wave y (x, t). The result-
ant wave is what is actually seen on the string. The phase
difference (¢) between the two interfering waves is (a)

0 rad or 0°, (b) 7 rad or 180° and (c) 2?]? rad or 120°. The

corresponding resultant waves are shown in (d), (e) and (f).
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INTENSITY FACTOR

Since the intensity of a wave is proportional to the square
of the amplitude, we have

Ig <R = A} + A2 +2A,A, cos
This gives
2 2
Imax o (Al +A2) and JImin o (Al _AZ)

2 2
o o _[(Ai+4 :(r+1)
L. \|A-A4, r-1

min

where 1 = = is called the amplitude ratio. If I, and I, are
2

intensities of two interfering waves, then

Ip =L+, +2L;I; cos¢
_ _ 2 ¢
If I, =1,, then I, = 4l cos (E)

In this case I,,,, =4l and I,;, =0

COHERENT SOURCES

Two sources which are either in phase or have a con-
stant phase difference between them are called coherent
sources. For the two sources to be coherent their frequen-
cies must be same. But the reverse is not always true, i.e.,
the two different sources having the same frequency are
not always coherent.

If the phase difference of the sources changes erratically
with time, even if they have the same frequency the
sources are said to be incoherent. So, light sources com-
posed of a large number of same kind of atoms, which
emit light of the same frequency are not coherent, because
there are many atoms involved in each source and they do
not oscillate in phase and hence are incoherent. Thus, two
different light sources cannot be coherent.



ICON

4.32 JEE Advanced Physics: Waves and Thermodynamics
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Consider two coherent point sources of sound S; and S,
which oscillate in phase with the same angular frequency
o. A point P is situated at a distance x from S; and x + Ax
from S,, so that the path difference between the two waves
reaching P from S; and S, is Ax. The displacement equa-
tions of two waves arriving at P are

Yy, = Ay sin(of —kx)

and y, = A, sin[ (@t —kx)+¢]

where, ef):(z;)Ax is phase difference between two

waves reaching P.

If the sources are incoherent, the phase difference between
the sources keep on changing. At any point P, sometimes
constructive and sometimes destructive interference takes
place. If the intensity due to each source is I, the result-
ant intensity rapidly and randomly changes between 41
and zero, so that the average observable intensity is 2I. If
intensities due to individual sources is I; and I, the result-
ant intensity is

I =1, +1, (for incoherent sources)

No interference effect is therefore observed. For observ-
able interference, the sources must be coherent.

A good way to obtain a pair of coherent sources is to
obtain two sound waves from the same source by divid-
ing the original wave along two different paths and then
combining them. The two waves then differ in phase only
because of different paths travelled.

ILLUSTRATION 39

Two waves having intensity ratio of 100 :1, interfere with
each other. Find the ratio of intensities at the maxima and
minima

SOLUTION

The amplitude ratio,

_ A _yL_ i

RN T

I 2 ’
o I (D) (04D 11, 0,
Imin (?’—1) (10_1) 1

ILLUSTRATION 40

Two coherent sound sources, each having a frequency of
400 Hz, are at distances x; =0.2 m and x, =0.48 m from
a point. Calculate the intensity of the resultant wave at

=10

this point, if each wave has intensity of 60 Wm ™ and the
velocity of the waves in the medium is 448 ms ™.

SOLUTION
Path difference,
Ax=x,-x,=048-02=028 m
The corresponding phase difference is given as

2
(p:z_ﬂm;: 27? Ax :if/_\x
A (/1) v
=200 8= rad
448 2

Therefore, the intensity of the resultant wave is

n
I=1+1,+ 2|1, cos ¢ = [, + 1, +2I COS(E)

= [=2[,=2x60=120 Wm™

ILLUSTRATION 41

Find the resultant amplitude and phase of a point at which
N sinusoidal waves interfere. All the waves have same
amplitude A and their phases increase in arithmetic pro-
gression of common difference ¢.

SOLUTION

The diagram for their sum is shown in figure for N = 6.
The resultant amplitude is Ap. The apex angle of every
isosceles triangle is ¢. So, the angle subtended by the
resultant is N¢. Since the heads of the vectors are all at the
same distance r from the apex of the polygon, so

Figure 1 Figure 2
From Figure 1, we get
A—R—rsin(@) (1)
2 2
and from Figure 2, we get
A (o )
—=rsin| — (2
G=ron( g
Dividing Equation (1) by (2), we get
in(Ng¢/2
L Ao atn(Ne2)
sin(¢/2)
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Consider N =2 and ¢=90°, then
Az =2A

Similarly, the above result can also be checked for other
special cases.

e/ |,

ILLUSTRATION 42

Two sources are placed from a person P as shown in fig-
ure. The speed of sound in air is 320 ms™". If sound signal
is continuously varied from 500 Hz to 2500 Hz, for which
frequency listener will hear minimum sound intensity.

SOLUTION

Path difference between waves arriving at point P is
Ax=5,P-5P=64-6=04m

For minimum sound intensity, we have

ae= (et 2o
2 2 f
fo (2n+1)v _ (21+1)320 — 400(2n+1) Hz
2Ax 2(0.4)
Forn=0,1,2,....... we have

f =400 Hz (forn=0)
f=1200 Hz (forn=1)
f=2000 Hz (forn=2)

f=2800Hz (forn=3)
The frequencies are 1200 Hz and 2000 Hz

ILLUSTRATION 43

A source of sound emitting waves at 360 Hz is placed in
front of a vertical wall, at a distance 2 m from it. A detector
is also placed in front of the wall at the same distance from
it. Find the minimum distance between the source and
the detector for which the detector detects a maximum of
sound. Take speed of sound in air =360 ms™".

Chapter 4: Mechanical Waves 4.33

SOLUTION

Let the detector be at a distance of y metre from the source.
Now the detector receives waves from two different paths.

(i) Path SD
(ii) Path SOD

2
SD:yandSOD:Z,/ﬁh—yZ:,/y2+16

So, path difference is given by

Av=\y* +16 -y

For constructive interference at D i.e., for minimum value
of y, we have

Ax=2
= Jy2+16—y:/1:2:@:1m
f 360
Solving this, we get
y=75m

ILLUSTRATION 44

In the shown Figure ABCDE is a tube which is open at
A and D. A source of sound A is placed in front of A.
If frequency of the source can be varied from 2000 Hz to
4000 Hz. Find frequencies at which a detector placed in
front of D receives a maximum of intensity. (Given speed
of sound = 340 ms ™)

40 cm

B o]
30 cm D Detector

=

Sound
Source

50 cm
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SOLUTION

The path difference between the sounds reaching the
detector from two parts of the tube is

Ax = ABCD - AED
= Ar=[(30+40+30)-(30+50)] cm
= MA=20cm=02m

If sound has frequency f and wavelength A, then
340
=—m
f

For maximum intensity at detector, we have

A

Ax=ni,wheren=1,2,3,......

_ (30
= O.Zmn( [ ]

1 x 3400
f= 2

= f=nx1700 Hz

Now, forn=1, f =1700 Hz
Forn=2, f =3400 Hz

Forn=3, f =5100 Hz and so, on

Since, frequency of the source is varied between 2000 Hz
to 4000 Hz, so the frequency at which maxima is received
by the detector is f = 3400 Hz.

ILLUSTRATION 45

Figure shows a tube structure in which a sound signal
is sent from one end and received at the other end. The
semi-circular part has a radius of 20 cm. The frequency
of the sound source can be varied electronically between
1000 and 4000 Hz. Find the frequencies at which max-
ima of intensity are detected. The speed of sound in air

=340 ms™.
N,

Hz

Q

SOLUTION

According to the question, the path difference between the
waves arriving at D is given by

~

Se oD

— 2r —»

Ax=mr-2r=(m-2)r
For maximum intensity, we have path difference

M:(Zn)%:nl

= (:r—2)r:nl:ﬂ—v

no 1nx 340
7-2)r (314-2)x02
Forn=1, f=1491 Hz
Forn=2, f=2982 Hz
Forn=3, f=4473 Hz
The frequencies in the given range are 1491 Hz and 2982 Hz

ILLUSTRATION 46

Two speakers connected to the same source of fixed fre-
quency are placed 2 m apart in a box. A sensitive micro-
phone placed at a distance of 4 m from their mid-point
along the perpendicular bisector shows maximum
response. The box is slowly rotated till the speakers are
in line with the microphone. The distance between the
mid-point of the speakers and microphone remains
unchanged. Exactly 5 maximum responses are observed
in the microphone in doing this. Calculate the wavelength
of the sound wave.

=1491n Hz

= f:(

SOLUTION

As shown in Figure (a), initially 5, M = 5,M, Ax = 0. Hence,
there is principal maxima at M.

S
*
2m| 04 4 . .
m L4 - [ . ] ]
! S, 0 §
§N—4m—' 2 f——— 4 ) ——>
2

(a) (b)

On rotation of speakers about O, when S, and 5, are in line
with microphone M as shown in Figure (b), 5 maximum
response are observed. Therefore, we should have

S;M—S,M =52
= 5,5, =54

p=2221-204m
5 5

ILLUSTRATION 47

Two identical coherent sources S, and S, which emit sounds
of wavelength 4 in same phase are placed in opposite side of
the centre of a circle of large radius (Considered to be origin)
at(-A, 0)and (4, 0) as shown. Calculate angular position
on the circle at which constructive interference occurs.
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SOLUTION

From the shown Figure path difference between two

sound waves coming from S, and S, at P.

Ax =5,5,cos0=2Acos0

B B
P
c A c A
W P4
D D

For maxima i.e., constructive interference, we have

Ax=nA
= 2Acosf@=ni
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CDSB:E
2

Since, -1 <cos#<1

{85, =21}

-1£-<1
2

-2<n<2
n -2 —1 0 1 2
cos@=n/2 -1 -1/2 0 1/2 1
6 180° 120° 90° 60° 0°

240° 270° 300°

Points C P, P, B,D P, P, A

So, a total of 8 maxima are obtained on the circle.

0‘7 Test Your Concepts-IV

1.

Based on Interference

Two harmonic waves are represented in S/ units by,
y1(x,t)=0.2sin(x—-3t) and

y,(x, t)=02sin(x-3t+¢)
Writetheexpressionforthesumy =y, + y,for¢ = ; rad.

If the phase difference ¢ between waves is unknown
and amplitude of their sum is 0.32 m, calculate ¢.

Two waves of equal frequencies have their amplitudes
in the ratio of 3:5. They are superimposed on each
other. Calculate the ratio of minimum and maximum
intensities of the resultant wave.

Three component sinusoidal waves progressing in the
same direction along the same path have the same

period but their amplitudes are A, gand g The phases
of the variation at any position x on their path at time
t=0and0, —% and - respectively. Find the amplitude

and phase of the resultant wave.

Sound waves from a tuning fork A reach a point P by
two separate paths ABP and ACP. When ACP is greater
than ABP by 11.5 ¢cm, there is silence at P. When the
difference is 23 cm the sound becomes loudest at P and
when 34.5 cm there is silence again and so on. Calculate
the minimum frequency of the fork if the velocity of
sound is taken to be 331.2 ms ",

A wave is represented by y, =10cos(5x + 25t ) where x
is measured in meters and t in seconds. A second wave

for which y, = ZOcos( 5x+25t+ g] interferes with the

(Solutions on page H.237)

first wave. Calculate the amplitude and phase of the
resultant wave.

Two loudspeakers S, and S, vibrating in the same phase,
each emit sounds of frequency 220 Hz uniformly in all
directions. S; has an acoustic output of 1.2 x 107 watt
and S, has 1.8x 107 watt. Consider a point P such that
$P=0.75 mand 5,P = 3 m. How are the phases arriving
at P related? What is the intensity at Pwhen both §; and

S, are on? Speed of sound in air is 330 ms™.

A sound source capable of producing sound of vari-
able frequencies is located at a distance of 1Tm from a
reflecting wall as shown in Figure. A detector D is lying
at a point shown in Figure. The various distances are
also indicated. If the speed of sound in air is 340 ms ™,
find the frequencies of sound within the audible range,
which will have maximum intensity at detector?

im$S 20m
-

10m

Two sound sources S, and S, emit pure sinusoidal
waves in phase. If the speed of sound is 350 ms~", then
for what frequencies,

(a) constructive interference occurs at P?

(b) destructive interference occurs at P?
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9. A sound wave of wavelength 40 cm enters the tube
shown in Figure from the source. What must be the
smallest radius r of the semi-circular part of the tube, so
that minima would be received by the detector?

A

10. A source emitting sound of frequency 180 Hz is placed in
front of an obstacle at a distance 2 m from it. A detector is
also placed in front of obstacle at the same distance fromiit.

Source Detector

(a) Find the minimum distance between the source
and detector for which the detector detects a maxi-
mum sound.

(b) How much further to the right must the obstacle be
moved if the two waves are to be out of phase by
180°.

Speed of sound in air = 360 ms ™.
11. Sources P and Q are two equally intense coherent
sources emitting radiation of wavelength 20 m as
\ shown in Figure.

L e

*?
H

The separation between P and Q is 5 m and the phase
of P is ahead of that of Q by 90°. A, B and C are three
distinct points of observation, each equidistant from
the midpoint of PQ. Calculate the ratio of intensities of
radiation arriving at A, B and C.

12. Two identical speakers 10 m apart are driven by the
same oscillator with a frequency of f =21.5 Hz Figure.

—Qm—>
—10m——m»

Explain why a receiver at point A records a minimum in
sound intensity from the two speakers. If the receiver is
moved in the plane of the speakers, what path should it
take so that the intensity remains at a minimum? That
is, determine the relationship between x and y (the
coordinates of the receiver) that causes the receiver to
record a minimum in sound intensity. Take the speed of
sound to be 343 ms ™.

STATIONARY WAVES

LONGITUDINAL WAVES

When two coherent waves of equal frequencies and equal
amplitudes travelling through a region in opposite direc-
tions superpose, the resultant effect is a wave, which does
not travel either way with time. These waves are called
stationary waves or standing waves & their resultant
amplitude varies periodically with distance. The name
stationary for such type of wave is justified because there
is no flow of energy along the stationary wave.

In practice, a stationary wave is formed when a wave train
reflected at a boundary superimposes with the incident
wave. The incident and the reflected waves then interfere
to produce a stationary wave.

Stationary waves can be of two types

TRANSVERSE WAVES

Transverse stationary waves are formed in strings
stretched between two points.

Longitudinal stationary waves are formed in air columns,
e.g., in an organ pipe (open of closed).

STATIONARY WAVES PRODUCED ON
REFLECTION FROM THE FREE END (RARER
MEDIUM)

Let the incident wave be y; = Asin (ot —kx)
Then reflected wave is given by y, = Asin(wt +kx)
By Principle of Superposition, we have

y=y;+y, = Alsin(@t —kx)+sin(wf +kx)]

= y=2Acos(kx)sin(wt) = Rsin(ot)

This equation represents a stationary wave. We note that
all the particles execute S.H.M. with a frequency equal
to the frequency of the interfering waves. However,
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unlike a progressive wave, the resultant amplitude is R
given by

R=2Acos (kx)
= Ip =R*=4A%cos* (kx)

Resultant intensity ([ ) is not the same for all the particles
but varies with the location x of the particle. I; has maxi-
mum value 4A% when

cos® (kx)=1
= coslkx)=+1

= kx=nn, wheren=0,1,2,3,...

-2

The points where the amplitude is maximum are called
Antinodes. Antinodes are obtained at x values given by

A 24 34 44
x=0,—=, —, — —...

= x:%, wheren=0,1,2,3,...

Distance between two successive antinodes is /2.
I; has the minimum value i.e., zero when

cos (kx)=0

= kx:(2n+1)g, wheren=0,1,2,3,...

= x:(2n+1)%, wheren=0,1,2,3,...

The points where the amplitude is zero are called Nodes.
Nodes are obtained at x values given by

__A 354 7A
; e

araay

Here we also take a note that an antinode is always formed
atthe freeend (i.e.atx=0).

The formation of the reflected pulse is similar to the over-
lap of two pulses travelling in opposite directions. The
net displacement at any point is given by the Principle of
Superposition.

Figure shows two pulses with the same shape, trav-
elling in opposite directions but not inverted relative to
each other. Note that at one instant, the displacement of
the free end is double the pulse height. Also note that an
antinode is always formed at the free end.
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ILLUSTRATION 48

The standing wave i = 2A sin kx cos @t in an elastic medium
is the result of superposition of two travelling waves y,
and y,. If y; = Asin(wt - kx), determine the wave y,.

SOLUTION
Since, y = 2Asinkx cos ot
= y=Asin(kx+ot)+Asin(kx—ot)

Also, y, = Asin(ot—kx)=-Asin(kx-ot)
By the principle of superposition,

Yy=h+h
= y,=y-y, =[Asin(kx+ot)+Asin(kx-wt)]-
[-Asin(kx-t)]
=y, =Asin(kx+et)+2Asin(kx-ot)
=y, =Asin(ot+kx)-2Asin(ot-kx)

ILLUSTRATION 49

The vibration of a string of length 60 cm fixed at both ends
are represented by the equation

Y= 4sin(j;—;)cos(967r)

where x and y are in cm and ¢ in second.

(@) What is the maximum displacement at x =5 cm?

(b) Where are the nodes located along the string?

(c) What is the velocity of the particle at x=7.5 cm and
t=025s?

(d) Write down the equations of component waves whose
superposition gives the above wave
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SOLUTION

ICON

(@) For the point at x =5 cm,

y= 4sin(?—:)cos96?rt

Therefore, the maximum displacement is

As—4sin(i:) 4s1n( } 2\/§cm

(b) At nodes, the amplitude of the stationary wave is

zero. That is,

4sin(E]—0
15

T

= —x:O, r, 2m, 3m,...
15

= x=0,15,30,45, 60 cm

The length of the string being 60 c¢m, its both ends are

nodes.

(c) The velocity of a particle of the string is given as

UP:

Thus, the velocity of the particle at x=7.5cm and

_y = —(96?1')4 sin( T—; ] sin (96]7_1)

t=0.25sis given as

= =

—(96::)4@(%) sin(967x0.25)

—384s1n( > )sm(24x)= —384x1x0=0

d y= 4sin[ %)Cos (96mt)

= y=2 sin(E+96R't]+sin(E—96?rt)
15 15

= y=2sin (ﬂ+96m]+zsin (E-%xtJ
15 15

So, v, = 2sin [ 22 +96nt | and
! 15

nx
=2sin| —-96nt
Y sm( 15 71')

STATIONARY WAVES PRODUCED ON
REFLECTION FROM FIXED END (DENSER

MEDIUM)

Let the incident wave be y;

= Asin( @t —kx)

Then the reflected wave is given by Stroke’s Law as

y, =—Asin(ot +kx)

On superposition y = y; +v,

= y= Al sin (ot —kx ) - sin (ot +kx)]

= y=-2Asin(kx)cos(@t) = Rcos(wt)

where R = -2Asin(kx)

= Iy =R*=4A"sin’ (kx)
I has the maximum value 4A* when
sin® (kx)=1

= sin(kx)=+1

= ki= (2n+1)§,where n=0,1,2, 3.

= x:(2n+1)%, where n=0, 1, 2, 3,...{-.- k_zf}

The points where the amplitude is maximum are called
Antinodes. Antinodes are obtained at x values given by
A 34 54 74
T a1
Distance between two successive antinodes is 4/2.
Ik has the minimum value i.e., zero when

sin(kx)=0

= kx=nn, where n=0, 1, 2,...

4
A

The points where the amplitude is zero are called Nodes.
Nodes are obtained at x values given by

pog k2 3L 4

(a) Here we also take a note that a node is always formed
at the fixed end (i.e. atx=0). 1
(b) The distance between two successive nodes is > The

: |
= x=n—
2

distance between a node and the nearest consecu-

tive antinode is i Nodes and Antinodes are formed
alternately.

(c) In a longitudinal stationary wave, there is maximum
variation of pressure, and hence density, at the
nodes. There is no variation of pressure and density
atthe antinodes. Therefore, Antinodes may be called
Pressure Nodes and Nodes may be called Pressure
Antinodes.

The formation of the reflected pulse is similar to the over-
lap of two pulses travelling in opposite directions. The
net displacement at any point is given by the Principle of
Superposition.
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Figure shows two pulses with the same shape, one inverted
with respect to the other, travelling in opposite directions.
Because these two pulses have the same shape the net
displacement of the point where the string is attached to
the wall is zero at all times and hence a node is always
obtained at the fixed end.

ILLUSTRATION 50

A standing wave is formed by two harmonic waves,
y, = Asin(kx - t) and y, = Asin(kx+ot) travelling on
a string of density p, area of cross-section S, in opposite
directions. Find the total mechanical energy between two
adjacent nodes on the string.

SOLUTION

, . A T
The distance between two adjacent nodes is — or T
Volume of string between two nodes is

area of distance between
cross-section two nodes

V=(s )( 5)
- k
Energy density (energy per unit volume) of a travelling
wave is given by

L 420
U= 2 pA w
A standing wave is formed by two identical waves travel-
ling in opposite directions. So, energy stored between two
nodes in a standing wave is twice the energy stored in dis-
tance 7/k of a travelling wave.

=  E=2(Energy Density )(Volume)
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2.2
= E:Z(lpAzmz)(ﬁ_S]:M
2 k k

Alternate Method:
The equation of the standing wave

y=y;+Yy, =2Asin(kx)cos(wt) = A(x)cos(wt)
where, A(x)=2Asin(kx)

N, —>i g l— N,
x=0 -
i
.. : ; T
i.e,, first node is at x =0 and the next node is at x = E Let

us take an infinitesimal element of length dx at distance
x from N;. Mass of this element is dm(= pSdx) and this
element can be treated as point mass oscillating simple
harmonically with angular frequency @ and amplitude
2Asin(kx ).

Hence, energy of this element is

dE:%(dm)(zAsinkx)z(wz)

= dE= %( pSax )(2Asinkx )’ o

Integrating this from x=0to x = % we get

_ pA*0’nS
Tk

E

ILLUSTRATION 51

Consider a wave propagating in the negative x-direction
whose frequency is 100 Hz. At t =5 s, displacement asso-
ciated with the wave is given by y = 0.5cos(0.1x) where x
and y are measured in centimetre and  in second. Obtain
the displacement (as a function of x) at f = 10 s. What is the
wavelength and velocity associated with the wave?

SOLUTION

A wave travelling in negative x-direction can be repre-
sented as,

y(x,t)=Acos(wt+kx+¢)
Att=5s,y(x, t=5)=Acos(50+kx+¢)
Comparing this with the given equation, we get

A=05cm, k=0.1cm"and

50+ ¢=0 (1)
Since, 4 = 2 ie, A= 2 =207 cm
k 0.1

Also, 0 =2xf = 2007 rads ™'
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= 20007 cms ™

From Equation (1), we get ¢ = -5

Att=10s, we have

y=y(x,t=10)=05c0s(0.1x +100-50)

= ¥ =05c0s(0.1x+50)

Substituting @ = 2007, we get
y=y(x, t=10)=0.5¢cos(0.1x +10007)

= y=05cos(0.1x)

COMPARISON OF PROGRESSIVE AND

STATIONARY WAVE
The following table compares a progressive wave with a
stationary wave.
Sl. No. Progressive Stationary
1. The wave advances The wave does not advance
with a constant but remains confined in a
speed. particular region.
o The amplitudeis ~ The amplitude varies
the same for all according to position,
the particles in the being zero at the nodes and
path of the wave.  maximum at the antinodes.
3. All particles within  Phase of all particles between

one wavelength
have different
phases.

4, Energy is
transmitted in
the direction of
propagation of the
wave.

two adjacent nodes is the
same. Particles in adjacent

A
segments of length 5 have
opposite phases.

Energy is associated with the
wave, but there is no transfer
of energy across any section
of the medium.

(a) At nodes displacement of particles is always zero, so

dy

they are permanently at rest. But strain x at nodes is
X

maximum, so pressure and hence energy is maximum

at nodes.
(b)
dy

at antinodes.

At antinodes the displacement is maximum and strain

x is zero, so pressure and hence energy is minimum
X

(c) All particles between two consecutive nodes vibrate in
same phase while the particles on opposite side of a
node vibrate in opposite phase.

STATIONARY WAVES IN A STRING FIXED AT
BOTH ENDS AND MODES OF VIBRATION OF A
STRETCHED STRING

Consider a string of length /, stretched under a tension T
between two fixed points. If the string is plucked and then
released, a transverse wave travels along the string and is
reflected at the ends.

A stationary wave is thus set up in the string. Since the
end points are fixed, they are nodes. A string can vibrate in sev-
eral modes. The first five modes and their frequencies are Shown
in Figure.

Fundamental, first harmonic

A A

N N Ny n=2
Jr2=2—V 20
2/ Ap= )
Second harmonic
s N A N A N A Np n=3
fi=2Y 21
2! Ag= 3
Third harmonic
NA N AN A N AN -4
f=2 2¢
2/ 1= T
Fourth harmonic
N A N A N A N A N A n=5
- 21
21 As= <
Fifth harmonic
e 6—% ¥
T2
Fundamental Mode or First Harmonic
[
String plucked at 2 to get 1 loop
v
:_z(ﬁ)_— [ro=f2)
4 2f
v 1 [T
> ==
21 21\
Second Harmonic or First Overtone
!
String plucked at n to get 2 loops
A v
=42} {2o=fa)
4) f

SPERERE
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Third Harmonic or Second Overtone

String plucked at é to get 3 loops
. 6( ,1_3) _3
4 2f3

_39_3(%):3{%\/9:3}’1

="
In general, if the string of length [ is plucked at length 2i, then
n

[o=fA}

= fs

n

- . n
it vibrates in n segments (loops) such that I = and hence we

get the nth harmonic whose frequency is given by

1T
fn :n{i\/;]:nfl'

If H represents Harmonic, O represents overtone and f,
represents the frequency of the 1™ harmonic, then they are
related to each other as shown in table.

H 1 2 3 4 5 .. n n+1
fo h 2h 3f 4Hh SH v mfy (n+Dfy
o - 1 2 3 4 n-1 n

(a) Overtones are the frequencies which are counted leav-
ing the first harmonic i.e. first overtone will be assigned
to the frequency that happens the be the next imme-
diate present frequency after first harmonic.

e.g., if third harmonic is present immediately after first
harmonic then third harmonic is designated as first
overtone.

(b) Whenever we are asked to compare the overtones we
compare their respective harmonics.

(c) Harmonics may be either odd or even or both odd and
even, but overtones are always both odd and even.

STATIONARY WAVES IN A STRING FIXED AT
ONE END AND MODES OF VIBRATION OF A
STRETCHED STRING

Similarly, stationary waves can be produced in string fixed
at one end. The first five modes and their frequencies are shown
in Figure.
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-V
h=ai n=4
Fundamental, first harmonic

3 N N n=3
3

Third harmonic

A A
s N P n=-5
54/ A= %
Fifth harmonic
A
L N A N A N A N ne7
" a =4
Seventh harmonic
[ _9v N A N A N A N A N 2 n=9
vy ho= %
Ninth harmonic
[™ L »l

In each mode of vibration shown, there is an odd number
of quarter wave lengths in the length / such that

!—n(ﬂ],n—l, 3,5,..
4

0 _4
" fom

- (i)

where, f, = % is the fundamental frequency. The natural

frequencies of this system are in the ratio 1:3:5:7:9: ...
which means that only odd harmonics are present and
even harmonics are absent.

MELDE’S EXPERIMENT

One end of a horizontal string is attached to a prong of
an electrically maintained tuning fork. The string passes
over a pulley P and to the other end a desired weight can
be attached. When the fork vibrates, a stationary wave is
formed on the string. If the tension and/or the length of
the string are suitably adjusted, the string can be made to
vibrate in one of its modes with large amplitude. When
this happens, string is in resonance with tuning fork and
their frequencies are equal.

Tuning Fork
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If n; and n, are the number of loops corresponding to ten-
sions T; and T, then

2 2
Ty =n;T,
ie. n’T = constant

Thus, if the number of loops is to be increased the tension
should be decreased.

SONOMETER

It consists of a thin wire mounted on a large hollow
wooden box. One end of the wire is fixed at A and the
other end E carries a load. The wire passes over two slid-
ing bridges B and C and a pulley D. Any disturbance cre-
ated on the wire gets reflected by the bridges and hence a
transverse stationary wave is formed between B and C.
The length BC and tension are adjusted to produce reso-
nance with a source of sound, e.g., tuning fork.

T, Ij

ILLUSTRATION 52

The fundamental frequency of a sonometer wire increases
by 6 Hz if its tension is increased by 44% keeping the
length constant. Find the change in the fundamental fre-
quency of the sonometer wire, when the length of the wire
is increased by 20% keeping the original tension in the wire.

SOLUTION

The fundamental frequency is given by

1 [T
=2\
Keeping the length of given wire constant, we have

ff T’ 1/2
0
Here, f'= f+6 and T’ = T +0.44T = 1.44T

(f+6) _ [T
foNT
= f=30Hz

Now, keeping the original tension same the length of
given wire is changed to

L"=L+ 0.020L=1.20L

f” L B 1

= —=—=—
L7 120

30
r_ X o5
=1 ?

= AN"-f=25-30=-5Hz

Thus, the fundamental frequency will decrease by 5 Hz.

ILLUSTRATION 53

A string fixed at both ends has consecutive standing wave
modes for which the distances between adjacent nodes are
12 cm and 10 cm respectively. What the minimum possi-
ble length of the string?

SOLUTION

12cm  n-loops 16 cm (n+1)loops
(@) (b)
Let length of string be [ then
From Figure (a) 12n=1 (1)
From Figure (b) 10(n+1) =1 ..(2)
From equation (1) and (2), we get
12n=10(n+1)
= =10
= n=5
From equation (1), we get 12x5=1
= I=60am

Therefore, the minimum possible length of the string can
be 60 cm

ILLUSTRATION 54

The total length of a sonometer wire between fixed ends
is 110 cm. Thus, bridges are placed to divide the length of
the wire in the ratio 6:3:2. What is the minimum com-
mon frequency with which three parts can vibrate? Also
calculate the ratio of number of loops formed in three
parts. The tension in the wire is 400 N and the mass per
unit length is 0.01 kgm ™.

SOLUTION
The length of each segment is given by

Ll—[ 6 (110 cm)=0.6 m
6+3+2

Lz—[ 3 (110 cm)=03 m
6+3+2

(110cm)=02m

L=(e2
6+3+2

Let f;, f,and f; be the fundamental frequencies of the seg-
ments AB, BC and CD respectively.
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A D
| B c |
A v A 5

1 T 1T
Since f = —\/:, so fL= —\j: = constant
2L\ u 2\ u
Also, fiL, = f,L, = f3L;1e.,0.6f, =0.3f, =0.2f,

Obviously, the sixth harmonic of AB, third harmonic of BC
and second harmonic of CD coincide. Hence the lowest
common frequency is given by

6f1=3f,=2f;=f,

= f.=6f =6><i r_ o \/m: 1000 Hz
2L Yu  2x0.6Y0.01
Since nth harmonic contains n loops, so AB vibrates in 6 loops,
BC in 3 loops and CD in 2 loops. Ratio of number of loop in
three segments is 6:3: 2.
A D

COOCOOOOOO

VIBRATIONS OF A CLAMPED ROD

Let us discuss the oscillations of a rod clamped at its mid-
dle point on its length as shown in Figure.

A A

Let the rod be gently hit at its one end due to which it
begins to oscillate. In natural oscillations the rod vibrates
at its lowest frequency and maximum wavelength, which
we call fundamental mode of oscillations. With maximum
wavelength, when transverse stationary waves setup in
the rod, the free ends vibrate as antinodes and the clamped
end as a node. If A be wavelength of wave, then /= 4, /2.

= A4=2 (1)
The frequency of fundamental oscillations of a rod
clamped at midpoint is

v 1Y
",
where, Y is the Young’s modulus and p is the density of
the material of rod.

The next higher frequency at which rod vibrates is shown
in Figure.

)

A Al Al A

-
~ - ~ d ~ -
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In this case if A; be the wavelength of the waves in rod,
then we have [ = 34, /2 and hence

13 :E .(3)

So, in this case, the oscillation frequency of rod is

fs—i—:”(%\/%)—?)fl ..(4)

This is called third harmonic or first overtone frequency of
the clamped rod.
Similarly, the next higher frequency of oscillation is again
shown in Figure

In this case if 45 be the wavelength of the waves in rod, we
have [ = 545 /2 and hence

2
5
So, in this case, the oscillation frequency of rod is

v 1 Y
fszl—5=5(5\/;)=5fl -.(6)

This is called fifth harmonic or second overtone frequency
of the clamped rod.

ILLUSTRATION 55

A metallic rod of length 1 m is rigidly clamped at its mid-
point. Longitudinal stationary waves are set up in the rod
in such a way that there are two nodes on either side of
the mid-point. The amplitude of an antinode is 2 x10~° m.
Write the equation of motion at a point 2 cm from the mid-
point and equations of the constituent waves in the rod.
Take Young’s modulus and density of the material of the
rod to be 2x 10" Nm ™ and 8000 kgm )

As ...(5)

SOLUTION

The wave pattern is shown in the Figure below.

Centre (Clamp)

N-node
A-antinode

From the diagram, we see that 1 m = %
= A= Z. 0.4 m.
5

The amplitude at the antinode is 2A = 2 x 107
= A=1x10"°
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The wave velocity v is given by

2x101

- Y. =5000 ms™'
p 8000
Since v= fA
= f(0.4)=5000
= f=12500 Hz
Also, k = 2 _ = 271' =5 and
/'L 0.4

w=2rf=2r(12,500) = 250007

The equation of the stationary wave is therefore
y = 2Asinkx cos ot

= y=2x10"sin(5mx)cos(25000xt)

At x =0.02 m, we have

y=2x10"sin(57x2x107? ) cos(250007t)

= y=2x 10 °sin 1 cos 250007t
10

The equations of the two waves are,

y, = Asin(kx - wt) and y, = Asin (@t +kx)

So, 1y, =107 sin(5mx —250007t) and

y, =107 sin (250007t + 57x )

ILLUSTRATION 56

Figure shows a string stretched by a block going over a pul-
ley. The string vibrates in its tenth harmonic in unison with
a particular tuning fork. When a beaker containing water
is brought under the block so that the block is completely
dipped into the beaker, the string vibrates in its eleventh
harmonic. Find the density of the material of the block.

SOLUTION

According to the problem, we have f =10f,

1o [T_10 frg 0
2\ 20\ u

10loops T T

—7A

I
T T-mg
T
S m

mg

When block is dipped in the beaker, then FBD of situation
is shown
{ Mloops T" T

——

T
T4 AU
m
mg
T'+U=mg
= T’zﬂ!g—Uzmg—pcﬂ( Jg mg( p“’)
Py Po

where p, is density of material of block and p,, is density

of water.
T m w
/ I g P .2

Equating (1) and (2), we get

/mg /mg - pw
= 10=11[1-P
pb

L Pu_y 100_21
P 121 121

121 121 -

=P :Epw =27 gec '=58 gec !

LONGITUDINAL STATIONARY WAVES IN AIR
COLUMNS/ORGAN PIPES

An air filled pipe is called an organ pipe. There are two
types of organ pipes
1. An open pipe which has both the ends open

2. Aclosed pipe which has one end closed and the other
end open

If a tuning fork is placed near one end, which is open,
a longitudinal wave travels in the air column. This is
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reflected back from the other end. The incident and the
reflected waves superpose to produce a stationary wave.
1t is important to note that a node is always formed at the closed
end and an antinode at the open end.

STATIONARY SOUND WAVES IN AN OPEN
ORGAN PIPE

The concept of stationary waves can also be applied to
sound waves in an air column (an air-filled pipe) called an
organ pipe. Standing waves are the result of interference
between longitudinal sound waves traveling in opposite
directions.

Many other aspects of standing sound wave patterns are
similar to those of string waves, like closed end of the pipe gets a
displacement node (or pressure antinode) and the open end of the
pipe gets a displacement antinode (or a pressure node).

The first three modes of vibration of an open pipe (open at
both ends) are shown in Figure.

™ { -

A A
N
. A2 ,
A A A
N N
< Dy .
A A A A
N N N
3y/2

First Harmonic (Fundamental Mode)

Z ] v
1=2] = |=— wo=fA
(3)-3 (ro=11
v
fi=5
where v is the velocity of longitudinal wave.
Second Harmonic (First Overtone)
A v
]:4(_2]:_ '.'T):fl
)7 { h
[ [
=—=2[=|=2
= A= (21] h
Third Harmonic (Second overtone)
A 3v
= _3) =" o= fA
(%) (o= 2

3v v
R
= =y [21] h
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Thus, in an open pipe all the harmonics (both odd and
even) are present. For the nth harmonic

fn _n(%)_nfl

If H represents Harmonic, O represents overtone and f,
represents the frequency of the 7 harmonic, then they are
related to each other as shown in table.

H 1 2 3 4 5 .. n n+1

fo A 2 3fi 4fi 5 - nfy (n+1)f;

o - 1 2 3 4 n—1 n
CLOSED PIPE

The first three modes of vibration of a closed pipe (closed
at one end and open at the other) are shown in Figure.

‘

A
N
” A4 ”
A A
N
N
. 314/4 R
A A A
N
N N
e 5i.g/4 Ny
First Harmonic (Fundamental Mode)
A v
I=1 l) =— wo=fA
%)+ (vo=11)
v
h=4

where v is the velocity of longitudinal wave .
Third Harmonic (First Overtone)
= 3( '1_2) _ v
4 4f,

[

4]

[o=f2)

= f33_U3( J—3f1

T
Please note here, that this frequency (the next immediate pre-
sent frequency after fundamental harmonic) is thrice the funda-
mental and hence it has to be called as Third Harmonic or First
Overtone.
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Fifth Harmonic (Second overtone)

1_5(%J_§% [o=f)

Again, please note here, that this frequency is five times the
fundamental and hence it has to be called as Fifth Harmonic or
Second Qvertone.

So, in a closed organ pipe only odd harmonics are present (even
harmonics are absent).

If H represents Harmonic, O represents overtone and f,
represents the frequency of the n" harmonic, then they are
related to each other as shown in table.

H 1 3 5 7 9 .. n n+1
fo A 3fi A TH 9A nfy (2n+1)f]
O - 1 2 3 4 n-1 n

2

Here the nth overtone is (2n+1)th harmonic, having
frequency

v
Joth overtone = (2n+1)—
4
As an example, ratio of the seventh overtone to the second
overtone in a closed organ pipe should be

f?thovertune — 2(7)+ 1 _ E _
fEnd overtone 2 ( 2 ) +1 5

END CORRECTION IN ORGAN PIPES

In the above discussion we have assumed that the anti-
node is formed exactly at the open end of a pipe. However,
the antinode is formed actually a little distance outside the open
end. This is because the air outside is not a rigid boundary and
therefore gets slightly compressed due to which it reflects back
the incident wave.

The correct effective length of a closed pipe is thus [+e,
and that of an open pipe is | + 2e, where e is called the end correc-
tion having approximate value e = 0.3D, where D is the internal
diameter of the pipe. Hence, for a broad pipe the end correction is
more compared to that of a narrow pipe.

Whenever we calculate the harmonic frequencies of
oscillations of air column in organ pipe, then we must take
into account the end corrections due to which the funda-
mental frequency of a closed organ pipe (having only one
open end) of length | is

v

f closed = m

and fundamental frequency of an open organ pipe (hav-
ing both ends open) of length [ is

v
Jopen = 2(1+2¢)
RESONANCE TUBE

It is used to determine velocity of sound in air by resonat-
ing the tuning fork of known frequency say f with the
organ pipe. It also helps to calculate the end correction to

be applied.
\/

— J

If I, and [, are lengths of first and second resonances also
called as first resonance and second resonance lengths
respectively, then we have

A
1‘1+e:1 ..(1)
34
IL+e=— (2
2 1€ 1 )
Subtracting (1) from (2),
L =tot
2 2f

where v is the speed of sound in air at room temperature.
So, we get

v=2f(l,-1)

Dividing (2) by (1), we get % =3 e
I, -3, '

= ==
2

From equation (3), we get

So, second resonance is obtained at length slightly more than
thrice the length of first resonance.

KUNDT'S TUBE

Kundt’s tube can be used to compare the speeds of sound
in different gases. A horizontal glass tube fitted with a
smoothly moving piston P at one end and a loosely fit disc
D at the other is filled with a gas. A horizontal brass rod,
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clamped at the middle is attached to D. A thin layer of
lycopodium powder is spread inside the tube.

D Gas
/‘E P
Clamped ,;r ,v; ,:, .f\.a‘ ,.;;
Brass
Rod

The outer half of the brass rod is rubbed along its length
in one direction only by means of a wet or a rinsed cloth.
This sets the rod and hence the air inside the tube into
longitudinal vibrations. The piston is moved until reso-
nance occurs. The lycopodium powder gets collected at
the nodes in small heaps. The distance between two heaps

gives -

Let 4,4 and A be the wavelengths corresponding to
two gases. If v, and vy be the velocities of sound in them
respectively, then, since frequency is the same in both the
cases, we have

[ A4
vp g

ILLUSTRATION 57

The air column in a pipe closed at one end is made to
vibrate in its second overtone by a tuning fork of frequency
440 Hz. The speed of sound in air is 330 ms™". End correc-
tion may be neglected. Let p, denote the mean pressure at
any point in the pipe, and Ap, the maximum amplitude of
pressure variation.

(@) Find the length L of the air column?

(b) What is the amplitude of pressure variation at the
middle of the column?

(c) What are the maximum and minimum pressure at the
open end of the pipe?

(d) What are the maximum and minimum pressure at the
closed-end of the pipe?

SOLUTION

(@) In case of a closed organ pipe, the fundamental fre-

quency is (ﬁ and only odd harmonics are present.

Therefore, the second overtone will mean fifth har-
monicie., f= v
4[

50 5x330 15
L=—= =—m
4f 4x440 16

(b) At the position of displacement antinode there is
pressure node and vice-versa. The variation of the
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pressure amplitude of standing pressure waves along
the length of the column x = 0 at its open end will be

p = Ap, sinkx = Ap, sin(%x)

b

x=L

Displacement wave pattern Pressure wave pattern

Now, for second overtone L = (ZJJL, so at the middle,
x:E:EA
2 8

= p=Ap sin%.(gl):/ﬁpﬂ sin[%x)

1 A
= |p|:Apr$:%

At the openend, x=0, p=0.

= Pmax = Pmin =P0T0=p9
(b) The closed end is an antinode for the pressure wave.
Therefore,

Pmax = Po +AP0 and Pmin = Po _Ap(!

ILLUSTRATION 58

A tuning fork having frequency of 340 Hz is vibrated just
above a cylindrical tube. The height of the tube is 120 cm.
Water is slowly poured in. What is the minimum height of
water required for resonance? (v =340 ms™ )

SOLUTION
As the tuning fork is in resonance with air column in the
pipe closed at one end.

f:niwithnzl,S,S,...

Therefore, the length of air column in the pipe,
_m_ 340 %100
CA4f 0 4x340

= L=25cm,75cm,125cm, ....

=25necmwithn=1,3,5, ...

Now, as the tube is 120 cm, the length of air column must
be lesser than 120 cm. It can be only 25 cm or 75 cm.
Further if / is the height of water filled in the tube.
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L+h=120 cm
= h=120-L

So h will be minimum when L is maximum, i.e., when
L=75cm

=y, =120-75=45cm

ILLUSTRATION 59

A resonance air column resonates with a tuning fork of
frequency 512 Hz at column lengths 16 cm and 49.2 cm.
Find the end correction, and the velocity of sound wave
in air.

SOLUTION

The resonance air column has one closed end, which is
adjustable. Thus, if ¢ is the end correction we have

Ll+e:iandL2+e:ﬁ
4 4

= A=4(L +e¢)and iL:%(LZ-Hz)

= 3(L+e)=(L,+e)

L,-3L, 0.492-3x0.16
= e = =
2 2

Now, 0= fA= fx4(L, +e)

=0.006 m

v="512x4x(0.16+0.006) = 340 ms™

ILLUSTRATION 60

The water level in a vertical glass tube 1 m long can be
adjusted to any position in the tube. A tuning fork vibrat-
ing at 660 Hz is held just over the open top end of the tube.
At what positions of the water level will there be reso-
nance. Assume the speed of sound to be 330 ms™".

SOLUTION

Resonance corresponds to a pressure antinode at closed
end and pressure node at open end. Further, the distance

) LA
between a pressure node and a pressure antinode is —. For
resonance, the length of air column /, must be

-(2)-(3)

where, n=1,3,5,....

= h= 1)[ 4>3<36060
= [,=3,=0375m
= I3=5,=0625m
= [,=71,=0875m

) =0.125m

= 15=9,=1125m

Since, I5 > 1 m (the length of tube), the length of air col-
umns can have the values from [, to I, only. Therefore,
level of water at resonance will be

(1-0.125) m=0.875m
(1-0.375) m=0.625 m
(1-0.625) m=0.375m
and (1-0.875) m=0.125m

V)

0.875m

— 0.625 m —»
—0.375 m—>

0.125m

(@ (b) (© (d)

In all the four cases shown in figure, the resonance fre-
quency is 660 Hz but first one is the fundamental tone or
first harmonic. Second is first overtone or third harmonic
and so on.

ILLUSTRATION 61

The first overtone of an open organ pipe together with the
first overtone of a closed organ pipe produces beats with a
beat frequency 2.2 Hz. The fundamental frequency of the
closed organ pipe is 110 Hz. Find the lengths of the pipes.
Speed of sound in air, v = 330 ms ™.

SOLUTION

Let the lengths of the closed and open organ pipes be /;
and [,. The fundamental frequency of the closed organ
pipe is given by

(4
h= al,
10=22
4l;
=20 _075m
4x110

The frequency of the first overtone (third harmonic) of
this pipe is thrice that of the fundamental mode. Hence
it equals 330 Hz. This produces 2.2 beats per second with
the first overtone (second harmonic) of an open organ
pipe. Hence the frequency of second harmonic, f, of the
open organ pipe must be

f,=(330+22) Hz
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= f2 = 3322 Hz fz = 3278 Hz

= 2 L |=3322 20 _ 3978

o 30 a5 330 378
12 2

= 12 = 099 m 12 = 10067 m

ILLUSTRATION 62

An air column in a pipe closed at one end is made to
vibrate in its second overtone by a tuning fork of fre-
quency 440 Hz. The speed of sound in air is 330 ms ™. The
end correction may be neglected. Let F; denote the mean
pressure at any point in the pipe and AF, the maximum
amplitude of pressure variation.

(@) Find the length of the air column.

(b) What is the amplitude of pressure variation at the
mid-point of the pipe?

(c) What are the maximum and minimum pressures at
the open end of the pipe?

(d) What are the maximum and minimum pressure at the
closed end of the pipe?

SOLUTION
(@) For the second overtone (fifth harmonic), the frequency
is given by
5v
=a
~ 440= 5% 330
4]
~ 5x330 E
T 4x440 16
x=0 x=L

~ s ~

(b) Since, AP = AP, cos(kx)

15 54
= —=—
16 4
= lzgm
4
2r 2n 8«
= kziz =
A 34 3
At mid-point, x_SAZEXEZE
8 8 4 32

AP = +AP, cos(kx)

= AP= +APﬂcos(8—ExE]
3 32
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= AP ==1AP, cos(%)

AP,
= AP=+—"
V2

(c) The open end is a displacement antinode and there-
fore a pressure node. Therefore, the amplitude of
pressure variation at the open end is zero. Hence,

Pmax = Pmin = P[)
(d) The closed end is a displacement node and therefore a

pressure antinode, so

BEATS

If two coherent sources of slightly different frequencies
send waves simultaneously in same region, then at each
point there is a variation of intensity with time. In the case
of sound waves, alternate loud and low sounds are heard.
These variations in loudness are called beats. The time
from each loud sound to the next loud sound is called one
beat period and the number of such repetitions per sec-
ond is called beat frequency.

Let the two waves be

vy =Asin(2rfit) and y, = Asin(2xf,t)
According to Principle of Superposition v = y; + v,

= y=A[sin(2xfit)+sin(2zfyt)]

o5 ol 52

= y=Rsin(2xft)

where, R = ZACOS{ZE(%]f} and f = %
Intensity o ( Amplitude Y

= Ip=<R?

= Iy = 4a® cos? {ZH(ﬁ;fZJf:l

CONDITION FOR MAXIMA

I, is MAXIMUM, when

a5}
- ol

- ZE(%}:M;M:O, 1,23,...
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n
|f]‘f2

So, we observe that MAXIMA are obtained at time values
given by

f:

;n=0,1,23,..

1 2 3
(=Rl A=Al A=A

CONDITION FOR MINIMA
I, is MINIMUM, when

CDSQ{ZII(LZIZJ{I—D

= cos[Zﬂ(szz)t]zﬂ

. zﬂ(liéié)f—(zn+1)g;n—O,Lz,&u-

t=0,

t:M;n:(},l,Z,S,...

2\fi-fo

So, we observe that MINIMA are obtained at time values
given by

12 32 52
A=Al A=Al fi-f
Beat time (1, ) is the time interval between two consecutive
maxima or minima. So,

1
tb =
fi-fol

Further, beat frequency( f, ) is the reciprocal of beat time
t,. Hence,

- ’ e

fy===|fi-fil

tb

AL AL LA
T
LA AN
T Ty

We note that
(a) The resultant wave is also a harmonic wave with a fre-

quency f = %(f]+f2 )

(b) The amplitude R is not constant but varies harmoni-
cally with a frequency %| fi = f2|- The number of beats
per second is twice this frequency because the ear per-

ceives the magnitude of displacement and not its sign.
Thus, the beat frequency f, is f, =|f,— f, |

(c) If|fi—f,|is small, the beats can be heard. However, if
|fy—f, | is large (more than 7), the beats produced are

too rapid to be heard distinctly.

(d) Beats are used for tuning musical instruments and also
to determine an unknown frequency.

TO FIND UNKNOWN FREQUENCY

Suppose we have two tuning forks A and B. The fre-
quency of A is n Hz and that of B is unknown. When both
are sounded together, they give x beats per second. Then
possible frequency of B is (11+x) or (n—x) Hz.

If on loading B, the number of beats decreases, then
frequency of B before loading was (1 +x) and if the num-
ber of beats increases, then frequency of B before loading
will be (n-x).

ILLUSTRATION 63

Two turning forks A and B produce 4 beats per second
when sounded simultaneously. The frequency of A is
known to be 256 Hz. When B is loaded with a little wax 4
beats per second are again produced. Find the frequency
of B before and after loading.

SOLUTION

Since the beat frequency is 4 per second, the possible fre-
quencies of fork B before loading are

(256+4) Hz and (256-4) Hz
or 260 Hzand 252 Hz

After loading B with wax, again 4 beats/second are heard.
Therefore, after loading, the possible frequencies are

(256+4) Hz and (256 -4) Hz
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or 260 Hzand 252 Hz

But, by loading a fork its frequency can only decrease.
Hence, before loading fork B, its frequency can only be
260 Hz, so that after loading it decreases to 252 Hz.

ILLUSTRATION 64

Two tuning forks A and B when set vibrating, give
4 beats/s. If a prong of the fork A is filed, the beats are
reduced to 2 5. Determine the frequency of A, if that of
B is 250 Hz.

SOLUTION

There are four beats between A and B therefore the possible
frequencies of A are 246 Hz or 254 Hz (that is 250+ 4) Hz.
Now when the prong of A is filed, its frequency becomes
greater than the original frequency.

Assuming that the original frequency of A is 254, then on
filing its frequency will become greater than 254.

The beats between A and B will be more than 4. But it is
given that the beats are reduced to 2, therefore, 254 is not
possible.

Therefore, the required frequency must be 246 Hz.

(This is true, because on filing the frequency may increase
to 248, giving 2 beats with Q of frequency 250 Hz).

( )

Wavelength of two notes in air is (%) m an
respectively. Each of these notes produce 4 beats per sec-
ond with a third note of a fixed frequency. Calculate the
velocity of sound in air.

SOLUTION
_%
173

If f; and f, are the corresponding frequencies and v is the
velocity of sound in air, we have

Given: 4, = % m and A,

v=fiz4, and v=f4,

v v

= fi= Z and  f,= IR
2

Since 4; < 4;, we must have f] < f,.If f is the frequency of
the third note, then

fi-f=dand  f-f=4
= h-f,=8
= %—%28
175 173
= “(W%]‘S

= v=360ms"’
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ILLUSTRATION 66

A column of air and a tuning fork produces 4 beats/s.
When sounding together, the tuning fork gives the lower
note. The temperature of air is 15 °C. When the tempera-
ture falls to 10 °C, the two produce 3 beats/s. Find the fre-
quency of the tuning fork.

SOLUTION

The frequency of the air column is given by f = %, where

v is the velocity of sound in air and 4 is the wavelength.

Since
v= /%, so f is dependent of temperature

= fe JT

Let the frequency of the tuning fork be f.

Then, the frequency of the air columnat 15 °Cis f; = f +4
and the frequency of the air column at 10 °Cis f, = f +3

Since the frequency decreases with decrease temperature,
so we have

frd_ 28
f+3 283

= &: 1.00879
f+3

= f+4=1.00879f +3.02638
= 879x107 f =0.97362
= f=110.76 Hz

ILLUSTRATION 67

Two wires are fixed on a sonometer. Their tensions are in
the ratio 8 : 1, their lengths are in the ratio 36 : 35, the diam-
eters are in the ratio 4 : 1 and densities are in the ratio 1: 2.
Find the frequencies of the beats produced if the note of
the higher pitch has a frequency of 360 Hz.

SOLUTION

Given: Ezﬁ,h:%,&:ip_l_

1
2
If 1, and p, are the linear densities, we have

w =x(D} /4)pyand p, = 7(D3 /4)p,

Therefore, the ratio of linear densities is

2
ﬂ:[&J &:(ETLE
b \Dy)pp \1)2 1

The fundamental frequencies of the two wires are

PURE Y AR Uy [
2Ly \ iy 2L, \ iy



ICON

4.52 JEE Advanced Physics: Waves and Thermodynamics

o A L L m 358 1 35
i L\L u 36V1 8 36
Since, f, > f;, we have f, =360 Hz

= f :[%)XSG(]:SSO Hz

Therefore, the beat frequency is

= fi— f, =350 ~ 360 =10 Hz

ILLUSTRATION 68

A string AB of length 2/ is kept taut between two rigid
supports 5; and S,. The tension in the string is T and its
mass per unit length is u. A knife edge E is placed at a
distance x (< [) from the midpoint C of AB. The two seg-
ments of the string are now made to vibrate in their fun-
damental modes. What beat frequency will be heard by
the observer?

!
| A\

E
s,

Sz

c B|
i
1
1
1
1
1

SOLUTION
1

2(1-x)

Frequency of the section AE is f,; =

=~

Frequency of section EB is fzp = ﬁ \/%

So, beat frequency is f, = far — frp

Lo L [ 1
"7 2(1-x) 2(1+x)\ u

S .

2\ull-x I+x
x T
= f 2_,2 E
x (T 2 . ..
= fbtl_z\/; { x<l, s0x"is neghglble}
PITCH (FREQUENCY)

The term pitch refers to the attribute of a sound sensation
that distinguishes a “high” note from a “low” note. In
physical description, it is identified with the frequency -
the higher the frequency, the higher is the pitch. The pitch

is the characteristic which distinguishes between a shrill
(or sharp) sound and a grave (or flat) sound. A sound of
high pitch is said to be shrill and of low pitch a grave
sound. The pitch does not depend on intensity and loud-
ness but depends on the frequency. The pitch of a sound
changes due to Doppler’s effect.

QUALITY (TIMBRE)

A musical instrument vibrates with many frequencies at
the same time — a lowest frequency, called the fundamen-
tal, and its multiples, called overtones. The quality (or
timbre) of any musical sound is determined by the num-
ber of overtones and their relative intensities. The sounds
of different instruments are said to differ in quality. The
quality of sound enables us to distinguish between two
sounds having same loudness and pitch. The quality
of sound depends on the presence of overtones. Due to
quality of sound one can recognise the voice of his friend
without seeing him.

OCTAVE AND INTERVAL

Higher (upper) octave of frequency f is 2f
Lower octave of frequency f is g

Interval is the ratio of frequencies of successive notes.

MUSICAL SOUND AND MUSICAL SCALE

A sound produced by periodic vibrations is called a musi-
cal sound. A musical sound can be decomposed into har-
monic components having simple frequency ratio like 1: 2,
2:3,3:5etc.

A musical scale consists of a series of notes whose
fundamental frequencies have specified ratios. There are
eight notes which fix an octave - the frequency ratio of
the first and the eighth is 1:2. The note of the lowest fre-
quency is called the Keynote. There are two types of musi-
cal scales.

Major diatonic Scale: The frequency ratio of adjacent
notes are either J or 10 or 16 (simple ratio).

8§ 9 15
Whole tones: Interval between two tones whose frequen-
cies bear the ratio % or %

Half tone: The interval between two notes of frequency

ratio % is called a half tone.
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[ ]
oo i Wostem [ P
256 hz Intervals

C Sa DO 256 9/8 (Whole)
D Re RE 288 10/9 (Whole)
E Ga MI 320 16/15 (Half)
F Ma FA 341.3 9/8 (Whole)
G Pa SOL 384 10/9 (Whole)
A Dha LA 426.7 9/8 (Whole)
B Ni SI 480 16/15 (Half)
G Sa DO 512

Equally Tempered Scale: It consists of 13 keys and 12
intervals. The intervals are equal and each being 2",

Key |Cc|Cs|D|Ds|E|F |Fs|G|Gs|A |As| B | C

20 211‘12 22/12 23/1?_ 24:’12 251‘12 261‘12 27/1?_ 28/12 291’12 210/‘12 211/12

i.e., that is the notes form a geometric progression.
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AUDIBLE, INFRASONIC AND ULTRASONIC
WAVES

Longitudinal mechanical waves possess large range of
frequencies. The frequency range 20 Hz to 20,000 Hz
(or 20 kHz)causes the sensation of hearing in human
beings and is, therefore, called the Audible Range. Waves
of frequencies below 20 Hz are called Infrasonic Waves
and those above 20,000 Hz are called Ultrasonic Waves.
Audible waves are generated by vibrating strings, air col-
umns, plates and membranes.

Infrasonic waves are usually generated by large sources.
e.g., earthquake waves.

Ultrasonic waves are produced by piezoelectric
effect, magnetostriction method and Galton’s whistle.
Some animals can hear ultrasound. Ultrasonics have vari-
ous applications, e.g., determining depth of mines and
sea, medical diagnosis and therapy, echo sounding, find-
ing flaws in materials, stimulated plant growth destruc-
tion of living cells suspended in liquids kill bacteria and
smaller animals like rats, frogs, fishes, removal of grease
and dirt etc.

st vourconcepsy |

1. Thedisplacement of a standing wave on a string is given
by
y(x, t)=0.4sin(0.5x )cos(30t)

where, x and y are in centimetre. Calculate the fre-
quency, amplitude and wave speed of the component
waves. Also calculate particle velocity at x=2.4 cm,
t=038s.

2. A string fixed at both ends has consecutive standing
wave modes for which the distances between adjacent
nodes are 18 cm and 16 cm respectively.

(@) What is the minimum possible length of the string
in cm?

(b) If the tension is 10 N and the linear mass density is
4 gm™" what is the fundamental frequency, in Hz, to
the nearest two digit integer.

3. The vibrations of a string fixed at both ends are
described by the equation

y=(5mm)sin[ (1.57 cm™)x Jsin[ (314 s7")¢ ]

Based on Stationary Waves & Beats

(Solutions on page H.239)

(a) What is the maximum displacement of the particle
at x =5.66 cm?

(b) What are the wavelengths and the wave speeds of
the two transverse waves that combine to give the
above vibration?

(c) What is the velocity of the particle at x = 5.66 cm at
timet=25s?

(d) If the length of the string is 10 cm, locate the nodes
and the antinodes. How many loops are formed in
the vibration.

4. Consider a steel wire of length 1 m, mass 0.1kg and
cross-sectional area 10° m? in which longitudinal
vibrations are setup.

(a) What is the fundamental frequency?

(b) The same wire is rigidly fixed at both ends and the
temperature is lowered by 20 °C. If now trans-
verse waves are set up by plucking it at the mid-
point, calculate the fundamental frequency and
compare this with the frequency in the first case.
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Given: Coefficient of linear expansion of steel is
1.21x10°° (°C) ™" and Young's modulus of steel is
2x10" Nm™.

5. A sonometer wire has a length of 114 cm between two
fixed ends. Where should two bridges be placed so as to
divide the wire into three segments whose fundamental
frequencies are in the ratio 1:3:4?

6. Awire having a linear density of 0.05 gcm ' is stretched
between two rigid supports with a tension of 450 N. It
is observed that the wire resonates at a frequency of
420 Hz. The next higher frequency at which the same
wire resonates is 490 Hz. Find the length of the wire.

7. In a stationary wave pattern that forms as a result of
reflection of waves from an obstacle the ratio of the
amplitude at an antinode and a node is f=1.5. What
percentage of the energy passes across the obstacle?

8. A metallic rod of length Tm is rigidly clamped at one
of its end. The other end of the rod is free. Longitudinal
stationary waves are set up in the rod in such a way that
there are total six antinodes observed along the rod. If
antinode amplitude is 4x107° m, Young's modulus is
6.4x10'"" Nm and density of the rod is 5x 10* kgm*,
calculate the
(a) wavelength of the constituent waves.

(b) frequency of the constituent waves.
(c) equation of the motion at the mid-point of the rod.

9. A string is stretched with tension T between two rigid
supports. A wave y = Asin(kx—t ) is produced in the
string at left end. Stationary waves are formed due to
reflection from the rigid supports. Calculate the
(a) instantaneous kinetic energy contained in the string

between two nodes.
(b) maximum kinetic energy.
(c) average kinetic energy over a cycle.

10. Calculate the velocity of sound in a gas in which two
wavelength 204 cm and 208 cm produce 20 beats in
6 seconds.

11. An open organ pipe has a fundamental frequency of
300 Hz. The first overtone of a closed organ pipe has

\_ the same frequency as the first overtone of the open

pipe. How long is each pipe? Given: Speed of sound in

airisv=330ms".

12. A tube 1m long is closed at one end. A stretched wire
is placed near the open end. The wire is 0.3 m long and
has a mass of 0.01kg. It is held fixed at both ends and
vibrates in its fundamental mode. It sets the air column
in the tube into vibration at its fundamental frequency
by resonance. Calculate the frequency of oscillation of
the air column and tension in the wire if speed of sound
in airis v=330 ms™.

13. The first overtone of an open organ pipe beats with
the first overtone of a closed organ pipe with a beat
frequency of 2.2 Hz. The fundamental frequency of the
closed organ pipe is 110 Hz. Find the lengths of the
pipes. Speed of sound in air is v =330 ms ™'

14. A60 cm long flute can be considered to be a pipe open
at both ends.

(a) What is the fundamental frequency when all the
holes are covered?

(b) How far from the mouthpiece should a hole be
uncovered for the fundamental frequency to be
330 Hz?

Take speed of sound in air as 340 ms™".

15. A tuning fork produces 3 beats per second when
sounded together with a fork of frequency 364 Hz.
When the first fork is loaded with a little wax then the
number of beats becomes two per second. What is the
frequency of the first fork?

16. Astring 25 cm long and having a mass of 2.5 g is under
tension. A pipe closed at one end is 40 cm long. When
the string is set vibrating in its first overtone and the
air in the pipe in its fundamental frequency, 8 beats
per second are heard. It is observed that decreasing
the tension in the string decrease the beat frequency.
If the speed of sound in air is 320 ms~, find the tension
in the string.

17. Write the equation for the fundamental standing sound
waves of antinode amplitude A, in a tube that is open
at both ends. If the tube is 80 cm long and speed of the
wave is 330 ms .

/

DOPPLER EFFECT

You must have noticed the variation in the sound of a
vehicle’s horn as the vehicle moves past you. The fre-
quency (or pitch) of the sound heard by you as the vehicle
approaches you is higher than the frequency heard by you
as it moves away from you. This experience is one exam-
ple of the Doppler effect.

So, when a wave source and a listener are moving
relative to each other, the received frequency is not the
same as the frequency of the source. This effect is called

Doppler effect and was first described by Austrian scien-
tist Christian Andreas Doppler.

Doppler effect is also valid for electromagnetic waves. Doppler
effect is observed when

(@) listener is moving but source is stationary
(b) source is moving but listener is stationary
(c) both the source and listener are moving

Case a) above involves the relative motion of the observer
with respect to the medium while case b) does not. This
fact makes the two cases different. The basic effect of motion
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of the source is a change in wavelength whereas the basic effect
of motion of the listener/observer/detector is a change in the
number of wave crests received per second i.e., the frequency or
pitch. Also, note that in the following discussion, all motions are
relative to the medium.

(a) Doppler effect is symmetric in electromagnetic waves
as they do not require any medium to propagate but
asymmetric in case of sound waves. Therefore, the
observed frequency of sound when the observer is at
rest and source is moving is different from that when the
observer is moving and source is at rest. This can be eas-
ily understood from the first two cases discussed below.

(b) When the listener (detector) moves relative to air and
the source is stationary relative to air, then the motion
changes the frequency at which the listener intercepts
wavefronts and thus changes the frequency of the
sound wave heard by the listener.

(c) When the source moves relative to the air and the lis-
tener (detector) is stationary relative to the air, then
motion changes the wavelength of the sound wave
and thus changes the frequency of the sound wave
heard by the listener (since we know that frequency is
inversely proportional to wavelength).

(d) The apparent frequency is more than the actual fre-
quency if the source is moving towards the observer
or the observer is moving towards the source. On the
other hand, the apparent frequency is less than the
actual frequency if the source is moving away from
observer or observer is moving away from source.

(e) Dopplers effect of sound is asymmetric i.e., a source
moving towards a stationary listener is not equivalent
to a listener moving with same velocity towards a sta-
tionary source.

LISTENER AND SOURCE BOTH STATIONARY

For the Non-Doppler case, where the sound source and
listener/receiver/detector/observer are both at rest with
respect to the air (the medium in which the sound propa-
gates) as shown in Figure.

Peak

d ~

Stationary Source

Peak

f— ) —> Stationary Listener

If source produces waves of wavelength A, frequency f
that travel at wave speed v, then

v=fA
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By stationary, we mean “stationary with respect to air/medium
through which the sound wave propagates”. Thus, when we say
“a stationary observer”, then no wind must be blowing.

SOURCE APPROACHING A STATIONARY
LISTENER

Let us find the equation for the shift in frequency, when
the wave source is moving at speed vs towards a station-
ary listener /receiver/detector/observer.

Let wave peak 1 be emitted by the source at a certain
instant of time. Exactly one wave period T later, peak 1
has moved a distance vT = A (one wavelength) and then
peak 2 is emitted as shown in Figure.

1

Vs

Moving Source Stationary Listener
(a) Wave peak 1 is emitted

A .

o Peak
Vg v
A‘f

"y T
— i Stationary Listener

Peak "

(b) Wave peak 2 is emitted exactly one wave period T later

Since, peak 2 is not emitted at the same position in space
as peak 1 was emitted, because in time T the wave source
also has moved distance vgT (assume that vg < v). So,
with each successive wave peak, the source is constantly
advancing such that each wavelength gets diminished
by the distance v;T, due to which the listener perceives
waves of wavelength A'where

A= A—vsT (1)

Can we think about the other wave characteristics, such as
wave speed and frequency?

Once the wave source releases a wave into the air,
then the wave speed is determined by the properties of the
medium (density, elastic response, temperature, etc.) and
not on the manner the wave was produced. The wave for-
gets its history, i.e., whether its source was moving or not,
hence the wave speed is still v.

Although the source is producing waves of frequency f it
cannot be this frequency that the listener perceives, but a
frequency f’ which satisfies the equation v = f'A’

Since ' = A -vsT, so we get

v=f'(A-0gT) 2)
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This frequency f” determines the pitch of sound heard by
the listener. This frequency is also called the apparent fre-
quency. Substituting T =1/f and A =1v/f in equation (2),
we get

v
f(f f]
e

LISTENER APPROACHING A STATIONARY
SOURCE

Suppose the listener is approaching a stationary source
with a speed v; as shown in Figure.

Peak Peak

‘ v v

— ), —>

Stationary Source Moving Listener

The listener would measure the wavelength of the wave
as A just as in case both source and listener were at rest.
However, since the listener is in motion relative to the air
in which the waves have a speed v, so the listener per-
ceives a higher speed of the waves relative to himself
given by

v'=0,,=0+0;
Since v’ = f’A, so we get

f'A=v+o; (1)

Also, A= % so equation (1) becomes

SOURCE AND LISTENER APPROACHING

When source and listener are approaching each other at
shown in Figure, then by just combining the arguments
given in the previous cases, we can write

Peak Peak
‘:) VS ) " VL
Source — ] —> Listener

f(A-vsT)=v+0; (1)

1,122
f

f

Substituting in equation (1), we get

)

- f’—f(th]

U—=T0g

where, T =

SOURCE APPROACHING LISTENER AND BOTH
MOVING IN SAME DIRECTION

When source is approaching listener and both are moving
in the same direction as shown in Figure, then we can write

Peak Peak
Source — ] — Listener
f(A-vsT)=v-1; (D)
where, T = l, A= g
o f

Substituting in equation (1), we get

Problem Solving Technique(s)

To learn about the general formula and apply it to various
situations we proceed by executing the following set of
instructions.

Sound
—_—

Source Listener
LO——

S
(a) Sound must travel from source (S) to listener (L).
(b) All velocities along the direction of sound are taken as
positive.
(c) All velocities opposite to the direction of sound are
taken as negative.
(d) The apparent frequency is taken as

el V=YL
f—f(v_VS)

(e) The above formula has to be suitably modified while
applying to various situations.

(f) Above formula is valid only for velocities less than the
velocity of sound.
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The various possible cases and corresponding apparent frequen-
cies f” are listed in the given table. Here, f is the actual fre-
quency emitted by the source, f” is the apparent frequency heard
by the listener, v is the speed of the source, v, is the speed of the
listener and v is the speed of sound.

Sl. No. Situation and

Diagram

Apparent frequency

1. Source moving
towards a stationary
li ’ 4 ’
istener fr= f(f>f)
N, U—Tg

o— O
S L

2. Source moving away
from a stationary

listene‘l; f’:(vas)f (f'<f)

+—0 (o]
S L

3. Listener moving
towards a stationary (

source

o— ©
S L

4. Listener moving
away from a (

stationary source f

+—0 o]
S L

5. Source moving
towards a receding
listener (v, >vs ) f :(
L
o— O
L S
6. Listener moving
towards a receding (

source (0g >0y ) fr=

+«—0 0
L S

7. Source and listener
moving towards
each other f'= (

o— O
S L

8. Source and listener
moving away from
each other

v+o, v,

o—r o—r
L S
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ILLUSTRATION 69

A van is moving with a speed of 3 ms ' towards a large
wall. A person standing on the line of motion of the van
observes the van to be moving away from him. The horn
of the van is now blown. The frequency of the sound pro-
duced by the horn is 600 Hz. What is

(@) The frequency of sound heard by the person for the
sound produced directly by the horn?

(b) The frequency of sound reflected by the wall?

(c) The beat frequency heard by the driver. The speed of
sound in air is 330 ms™'?

SOLUTION

(@) Since the van moves away from the person, the source
is receding from the observer. Hence, the frequency v,
heard is given by,

il
—600( 350 ) 594.6 Hz
330+3
= f,~59 Hz

(b) The frequency of sound reflected by the wall is the
same as the frequency of sound received by the wall.
Now, the source is approaching the wall. Hence the
frequency f,, of sound reflected by the wall is given
by

fw :f(}(?)—vf)s ]

- 600( 330 )
330-3

- =605.5 Hz = 606 Hz

(c) The beat frequency heard is the difference between
the two frequencies.
So, beat frequency is f, = 606 -595
= f,=11Hz
Incidentally this beat frequency is not perceptible to

the human ear because of the phenomenon of persis-
tence of hearing. This persistence of hearing is about

%th of a second. Therefore, the maximum beat fre-

quency we can hear is about 10 Hz.

ILLUSTRATION 70

Two sources A and B are producing notes of frequency
680 Hz. A detector moves from A to B with a constant
velocity 2 ms™'. Find number of beats heard by the detec-
tor per second, if velocity of sound © is 340 ms™.
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SOLUTION
The frequency of source A received by the detector
=0y
= (1
f=(22)s W
The frequency of source B received by the observer
U+7
f=(t)s @

Now number of beats heard by the detector per second
i.e., beat frequency is f, = | fi-f ‘

- i)

f - 2x2x680
b 340

8 Hz

Problem Solving Technique(s)

(a) Change in frequency measured by a stationary
observer when a moving source crosses him

2w
Af = fapproach =" :[ V2 52 }f

_VS

If vg < v, then v¥ —vi = v*

()

(b) Change in frequency measured by an observer as he
passes by a stationary source

2v
Af = fapproach — frecede = ( TL )f

ILLUSTRATION 71

A car while blowing a horn of frequency f is approaching
a wall with velocity v.-. If velocity of sound in air is v, then
find number of beats heard by the driver per second.

SOLUTION

Frequency of the whistle heard by the driver directly from
the source is

fi=f ..(1)
Frequency received by the wallis f’ = v ) f
V-1,
Yy, F
Vc i
—_—

Since same frequency is reflected by the wall (as it is sta-
tionary), so let the driver receive the reflected frequency
as f, = f, then

e e

. fz_(v+i’)c]f Q)

U—=0¢

Hence, number of beats heard by the driver per second
i.e., beat frequency is f, = | f; - f;|

= felr(F )

-7,

ILLUSTRATION 72

A source S of frequency f and an observer are at rest and
a wall is moving towards them with velocity v, as shown.

w

Vi

So
oo

If velocity of sound is v, calculate the number of beats
heard by the observer per second.
SOLUTION

Frequency received by the observer directly from the
source is

fi=f (1)
Frequency received by the wall is
o[ 2%
()

Now as the wall is moving towards the observer, fre-
quency heard by the observer after sound gets reflected
from the wall is

fe( ) =B )

Number of beats heard by the observer per second ie.,
beat frequency is f, =| f, - f5 |

V40 V-0, —U -0,

R f
=0y -0y
20, f
= — [
fo=——

ILLUSTRATION 73

A source of sound of frequency 256 Hz is moving rap-
idly towards a wall with a velocity of 5 ms™". Calculate
the number of beats heard per second if sound travels at a
speed of 330 ms™?
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SOLUTION

CASE-I: When observer is between wall and the source
In this case, the observer is stationary and the source in
motion towards observer. The apparent frequency for sta-
tionary observer is given by

r-f(3%)

where, f =256 Hz, v =330 ms~, v, =5 ms™
. f’=256( 330 ):256><330
330-5 325

= f’=25993Hz

So, the apparent frequency received by the observer from
source is 259.93 Hz.

Also, the observer receives sound reflected from the wall.
Due to reflection, there is no change in the frequency of
the sound and hence the frequency of reflected sound is
also 259.93 Hz.

Hence, beat frequency is

fp = |Af‘ =259.93-259.93=0Hz

CASE-II: When source is between wall and observer
For reflected sound, source is moving towards wall, so

fr=n| _( 330 )256—259.9Hz
R 330-5

For direct sound, source is moving away from the observer,
S0

"= = [ 330 )256 =2522 Hz
v+, 330+5

Hence, beat frequency is f, =|Af|= f'— f”
= f[,=2599-2522=77~8Hz

ILLUSTRATION 74

A source of sonic oscillations of frequency f, =1700 Hz
and a receiver are located at the same point. At the moment
t = 0, the source starts receding from the receiver with con-
stant acceleration 7=10 ms™. Assuming the velocity of
sound to be equal to v =340 ms™, find the oscillation fre-
quency registered by the stationary receiver t = 10 seconds
after the start of motion.

SOLUTION

Since,f—(va )f[, (1)

Let the sound emitted at time f;, reaches the observer at
time t. The time taken for the sound waves to reach the
observer is (-1, ). So, the distance travelled by sound is
I=v(t-t,)

This is also equal to the distance of the source from the
observer at time ¢;. So,
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UU—%):%mg

= até +20t) =20t =0
~20++40* + 8avt
= tD = 2
a

= aty=v,= Vo? + 2a0t -
= = \o? +2a0t

= {because of (1)}
[xj 2 4 2a0t ]
= f=—
1+2i
v

Substituting f, =1700 Hz, a=10ms~, t=10s and

v=2340 ms’l, we get

f=1349 Hz

ILLUSTRATION 75

Two trains A and B simultaneously start moving along
parallel tracks from a station along same direction. A starts
with constant acceleration 2 ms™ from rest while B with
the same acceleration but with initial velocity of 4 ms™.
After 20 s passenger of A hears whistle of B. If frequency
of whistle is 1194 Hz and velocity of sound in air is
322 ms™, calculate frequency observed by the passenger.

SOLUTION

Let t be the time when wave is emitted by B which is being
received by A in 20 s. At 20 s train A will be at a distance

5 :%XZX(ZU)Z =400 m

from the starting point.
At time ¢, train B will be at a distance

5, :40t+%x2xf2 = 40t +1°

Now the distance s, —s, is travelled by the wave in time
(20-t) sec with speed 322 ms™

= 322(20-t)=s,-s, = (40t +1*)- 400
=  2+362t-6840=0

_362+(362)2 +4(6840)
t= 5 =18s

Velocity of source at t =18 s is given by

v, =u+at=(40)+18(2) =76 ms™

{away from listener/observer}
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and velocity of listener at t = 20 s is given by
v =at=(2)(20)=40 ms™

So, apparent frequency f; = ( 2 :ZL ] f
v s

{towards the source}

f(322+40
P 322476
=  f,=1086 Hz

In such type of problems, we first find the time t when the
emitted wave was being received by the listener, in this case

)x1194

20 sec. Now substitute v, in the formula f’ =( VEV. )f at
VFV,

time when wave is received and v, when it is emitted (with

proper signs). For example, in this equation the wave which

is emitted at 18 s is being received by the listener at 20 s.

So, we have put v, at 20 s while v, at 18 s.

SOURCE NOT MOVING TOWARDS OBSERVER

The previous cases were derived assuming that the motion
is along the line joining the source and the observer. If the
motion is along some other direction, the components
of velocities along the line joining source and observer
considered.

If at any instant the line joining the moving source and
stationary observer makes an angle 6 with the direction of
motion of source, v, is replaced by v, cosé.

, v
f _f(v—vs cosﬂ)

Problem Solving Technique(s)

Note that no Doppler’s effect will be observed in follow-

ing cases:

(a) If the source and observer both move in the same
direction with same speed, i.e.,

vV, =V, =U (say)

Then, ,uzf(MJ:f

v+vy, —u

(b) If one is at the centre of a circle while the other is
moving on it with uniform speed. In this situation, the
component of u along the line of sight, i.e., radius, will
be ucos90°=0.

ILLUSTRATION 76

An observer is standing at O, far away from the circle A,
B, C, D as shown and a source of frequency f is moving
on the circle with constant speed v5. Find maximum and
minimum frequency ward by the observer.

SOLUTION

Observer will receive maximum frequency when the
source is at E as in this case the source will be moving
exactly towards the observer. Therefore

=551

Observer will receive minimum frequency when the
source is at F as in this case the source is moving exactly
away from the observer. Therefore, minimum frequency
received by the observer

[
fmin :(U+TJS ).f

ILLUSTRATION 77

A whistle of frequency 540 Hz rotates in a circle of radius
2m at an angular speed of 15 rads™'. What is the lowest
and highest frequency heard by a listener, a long distance
away at rest with respect to the centre of the circle? Can
the apparent frequency be ever equal to actual? Given that
the velocity of sound in air is 330 ms ™.
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SOLUTION
The linear speed of the source,
v, =Rw=2x15=30 ms "

Here, observer is at rest and the source is moving.
Therefore, the apparent frequency is

o)

The frequency f’ will be lowest when the source is mov-
ing away from the observer, i.e,, when the whistle is at
point D i.e., v, = 30 ms "

v ( 330
V-1, 330+30

f(iowest) = f [ ) =495 Hz

The frequency f’ will be highest when the source is mov-
ing towards the observer, i.e., when the whistle is at point
Bie., v, =+30 ms !

v 330
fichest) = f| —— |=540[ ——— |=594 H
f(hlghest) f( v-0, ] [ 330-30 ) ’

When the whistle is A or C, the velocity of source along
the line of sight is v, c0s90° = 0, and hence

r__ v -
fr( 251
Hence, at point A and C, the apparent frequency will be
equal to the actual frequency.

ILLUSTRATION 78

A person P is standing at a perpendicular distance of
200 m from point Q on a highway. A bus B is moving with
a speed of 42.43 ms™ towards point Q on the highway.
The driver of the bus blows a horn of frequency 1300 Hz.
What is the frequency of sound received by the person P,
when the bus is distant 200 m from Q. Speed of sound in
air is 330 ms ™.

B_.. Q highway
T Ca---q7---4---
=
1
| 200m
|
L]
P

SOLUTION

The velocity component of the source along the line join-
ing the source and the observer is
200 m

200 m

B R
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vg = 42.43cos 45°,

4243
US = W =

Since, f, = fg(v “’U )
— Vg

30 ms ™

330

= f= 1300(—
330-30

) =1430 Hz

EFFECT OF MOTION OF MEDIUM

If v, is the speed of the medium, then velocity of sound
v is replaced by v+v,,, where "+" (positive) sign is taken
if the medium moves in the direction of propagation of
the wave, and "-" (negative) sign is taken if the medium
moves opposite to the direction of propagation of the

wave. There is no effect of motion of the medium alone.

WIND EFFECT

In case wind is blowing with speed v,,, the above formulae
are modified by replacing v by v +v,, if the wind blows in
the same direction as v and v-v,, if the wind blows in
opposite direction to v.

Observer, Source and Medium in Motion

This is the most general case. All the formulae derived
above, for both approaching and receiving source from
observer, can be combined into a single formula,

f,_f(v-ww —vg]

V40, — 0,

While using the above formula, we should place the source
5, to the left of the observer O, as shown in figure. Any
velocity directed rightward is taken +ve and leftward —ve.

J S ] i(_ - K
S 8 o o '
: ] ] L] . :
A Sl
M : L
Mf __________________________________ |L-’
—>
VW

If the wind blows with velocity w having direction making
an angle 6 with the direction of travel of sound towards
observer, then velocity of sound v should be replaced by
V+wcos6.

If wind blows in the direction of sound, 8=0, so cosf=1
but if wind blows opposite to direction of sound, then 6=,
so cosf=—1.
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ILLUSTRATION 79

A man standing near a railway track hears the whistle of
an engine, which is approaching him with a velocity of
36 kmh™'. What is the actual frequency of the whistle, if
the apparent pitch of the whistle as heard by the man is
800 Hz? Velocity of sound is 350 ms .

SOLUTION
Using the formula for most general case,
f’ _ f[.v+vw _Un ]
v+, - U,
Keeping source to the left of observer, we get

v=350ms ", v, =36 kmh™ =10 ms™, v, =0, 0, =0 and
f’ =800 Hz

= 800= f( 350 ]
35010
£ B00XES0-10)_
350

ILLUSTRATION 80

A source and observer are approaching one another with
a relative velocity of 30 ms™. The actual frequency of the
sound emitted by the source is 1000 Hz. If the velocity of
sound is 350 ms ™, find the apparent pitch as heard by the
observer in each of the following cases:

(@) Only the source moving, and the observer is stationary.

(b) Only the observer is moving and the source is
stationary.

(¢) The source is moving towards the observer with a
velocity of 80 ms " and the observer is moving away
from the source with a velocity of 50 ms .

SOLUTION

Using the most general formula, and keeping the source
on the left of the observer

f'—f[v+0w —vg]

v+, — U

(@) Here, f =1000 Hz, v, =30 ms ™', v =350 ms™, v, =0,
v, =0

. f’—lOOO[ 350-0 ] 1000 = 350

350-30) 320

= f'=1093.75 Hz

(b) Here, f =1000 Hz, v, =0, v, =-30 ms ™', v = 350 ms ™",
v, =0

o - 1000( 350 -(=30) ] _ 1000 380

350-0 350
= f'=1085.7 Hz

() Here, f=1000Hz,
v=350ms™, v, =0

350-50 J 1000 % 300

350-80) 270

= f’=1111.11 Hz

-1 -1
v,=80ms , 7;=50ms ",

= f'_1000[

Please note that, although the relative velocity between the
source and observer is same in all three cases, still the apparent
frequencies are different.

ILLUSTRATION 81

Two trains travelling at 108 kmh™ are approaching one
another. The first train gives a whistle of frequency 850 Hz.
The wind is blowing at 36 kmh™ in a direction from the
first train towards the second. If the velocity of sound in
still air is 340 ms™", find the apparent pitch of the whistle
by a person in the second train

(a) before the trains meet, and
(b) after the trains have passed one another.

SOLUTION
We shall use the most general equation,
fr=f v+0, -7
V+70, g

(a) Before the trains meet:

s Vs Vi

Here, f =850 Hz, v =340 ms ',
v, =36 kmh™ =10 ms™,
v =108 kmh™ =30 ms~,
v, =-108 kmh™' =-30 ms™'

3404+10-(-30) _ 850x380
340+10-30 320

= f=1009.375 Hz

(b) After the trains have passed one another:

So, f’ =850 (

v Vi
A— —
v Vg
+—OL S o——

Here, f =850 Hz, v =340 ms ',
v, =-36 kmh™ = -10 ms™
s =-108 kmh™ = -30 ms™
v, =108 kmh™ =30 ms™!
o o850 340-10-30 ) _ 850x300
340-10-(-30) 360
= f’=70833 Hz
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ILLUSTRATION 82

Two vehicles A and B are moving towards each other with
same speed 1. They blow horns of the same frequency f.
Wind is blowing at speed w in the direction of motion of
A. The driver of vehicle A hears the sound of horn blown
by vehicle B and the sound of horn of his own vehicle
after reflection from the vehicle B. Find the frequency
and wavelength of both sounds received by A. Velocity
of sound is v.

SOLUTION

From Doppler’s Effect, the frequency of sound coming
directly from B is given by

B (v—w)+u]
fl_l:(v—w)—u d
The wavelength is given by

Velocity of sound w.r.t. observer

B Frequency of sound heard by observer

ﬂq_(v—w)+u_ (v-w)+u  (v-w)-u
O {(v—w)ﬂfjl - f
(v-w)-u f

The frequency of sound incident on B is given by

f'ZI:(U+IU)+u:|f

(v+w)-u

Now, B will act as a source of this frequency moving with
velocity u towards the observer. The frequency of the
sound reflected by B as heard by driver A is

fz_{(v—w)ﬂz}f,

(v—w)—u
| (v+w)+u [(v—w)+u |
- fz[(o+w)—u:l_(v—w)—u_f
- 1 (v-w)+u (v-w)+u
fh F(v+w)+u—|:(v—w)+u:|f
| (o+w)-u || (v-w)-u
(v—w-u)v+w-u)
= A=

(v+w+u) f

PRINCIPLE OF SONAR (OR RADAR)

The sound waves sent by the source S are reflected by the
object O. The detector D, receives two notes one directly
from the source S and other from the reflector O (which also
acts as a virtual source). If these two frequencies are slightly
different, their superposition produces beats. The beat fre-
quency can be used to determine the speed by the object.

If the source S is at rest and a reflector is moving
towards the source with speed u, the reflector (acting as
detector D;) will ‘hear” the frequency
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(Object)

Now, this frequency is reflected by the object, which acts as
a source moving with a speed u towards the detector D,.
Therefore, the frequency received back by D, at the site of

the source is _
e b Gl [ G )

If u < v using binomial theorem, we get

et t)(oot) (1ot (o)
f —f(1+z)2 —f(1+20”]

So, beat frequency, f, = f, - fi = f (H]
v

Thus, the speed of the moving object is given as

L2l e
2\ f

A radar gun is a device which produces ultrasonic sound
waves of a frequency f,. These waves are then reflected by
a moving object and received back by the device. The fre-
quency of the waves thus received is f. Estimate the speed
x of the moving object assuming it to be moving straight
towards the radar gun. The speed of sound in airis v (> x).

SOLUTION

Frequency, f" of sound waves received by the moving
object is given by
, v+X
F=h(22)

v
The moving object reflects the sound waves of frequency
f’. Since it is moving, so it acts as a moving source and
hence frequency of sound waves f received from it by
receiving unit of radar gun is given by

A )

r-alea b))
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Since x/v < 1, so from Binomial approximation, we get

- a2

= i:1+2—x
fo v

o foh 2
f v

- x:(f_fu)?’
2

DOPPLER'S EFFECT OF LIGHT

Till now we have studied that the Doppler effect observed
in sound is asymmetric, i.e., the frequency change depends
on whether the source is moving or the listener is mov-
ing, irrespective of the fact that they have same relative
velocity. Doppler effect occurs in light also. However,
the Doppler effect observed in light is symmetric, i.e., it
depends only on the relative velocity of the source and the
observer, irrespective of which of the two is moving.

This difference occurs because sound requires a material
medium and v, vy and v; are measured relative to the medium.
Light, on the other hand, does not require a medium for propaga-
tion and the speed of light is the same for any observer whether
observer and/or the source is moving.

The formula for apparent frequency f’ observed for a
source emitting light of frequency f and moving with non-
relativistic velocity v, (<« ¢) with respect to the observer is

peffie)

Hence, we conclude that when a source approaches
observer or vice versa, then frequency increases and
wavelength decreases such that

Yoy Ao

f ¢ A c

(+) Approach (-) Approach
(-) Recede (+) Recede

RED SHIFT AND BLUE SHIFT

Since, from Doppler’s Effect for Light we have

H_vM__v
f c A c

Consider a source of light approaching an observer (or
vice-versa), then the frequency must increase and hence
wavelength should decrease. Since blue colour has mini-
mum wavelength, so decrease in wavelength implies that
a shift occurs towards the blue, hence this shift is termed
as Blue Shift.

Further if a source of light recedes from an observer
(or vice versa), then frequency must decrease and hence
wavelength should increase. Since red colour has maxi-
mum wavelength, so increase in wavelength implies that
the shift occurs towards the red colour and hence this shift
is termed as Red Shift.
Our universe always exhibits red shift and hence it must
be expanding in all the directions.

ILLUSTRATION 84

Assuming the earth to be moving towards a stationary
star at a speed of 30 kms ', calculate the apparent wave-
length of light emitted from the star if the real wavelength
of light emitted by the star is 5875 A.

SOLUTION

Here earth (observer) is approaching the star, so we gave

Af:+(§]f or Al:—(%)l

where, v is the relative velocity of the source and c is the
velocity of light.

So, the observer will notice an increase in frequency or
decrease in wavelength.

3
= Ila\,ll—[soxuz5 )5875 A=5875x10" A
3x10
Hence, altered wavelength is
A =A-A4

= A'=5875 A-(5875x107 A)
=  A’=09999x 5875 A
= A'=5874.4125 A

ILLUSTRATION 85

How fast would you have to go through a red light to
have it appear green if the respective wavelengths of red
and green light are 620 nm and 540 nm? Is it possible to
achieve this speed on earth?

SOLUTION

Apparent wavelength is
, v
Aapp = A" = l(l—;]

= 540—620(1-3J
C

v 27
= l-—=—
¢ 31
v 4
= —=—
¢ 31
o= (3%10°) = 387107 ms™!

31
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Since this speed in much larger than escape speed on
earth, so this speed is not attainable.

ACOUSTICS OF BUILDINGS

Designing a building has to be done keeping in mind cer-
tain acoustical facts.

(a)

(b)

(c)

—

‘/ Test Your Concepts-VI

Based on Doppler’s Effect

Y

There should not be penetration of sound between
rooms, especially in hotels and studios of radio sta-
tions. For this the walls must be covered with sound
absorbing materials and doors must have heavy
curtains. Just the opposite is the requirement of a
‘whispering gallery’, in which the walls are made
completely non-absorbing so that even whispers can
be heard at diametrically opposite ends of a large gal-
lery around a dome.

Echo: In large auditoriums, echo creates lots of prob-
lems. If the reflected sound of any syllable comes after
the next syllable directly reaching a listener, then there
is confusion due to overlapping. Since the average
interval between two syllables spoken by a person is
about 0.2 s, those walls and ceilings should be made
non-reflecting from where the sound comes back in
more than 0.2 s.

Reverberation: A sound once produced persists for
some time due to repeated reflections in the hall. This
phenomenon is called Reverberation. If the hall has
many doors and windows and absorbing materials
like curtains and furniture, the sound dies out quickly.

Two tuning forks with natural frequencies 340 Hz each

move relative to a stationary observer. One fork moves

away from the observer while the other moves towards

him at the same speed. The observer hears beats of fre-

quency 3 Hz. Find the speed of the tuning fork. Given

that the velocity of sound in air is 340 ms ™.

A source of sound of frequency 1000 Hz moves to the

right with a speed of 32 ms™ relative to the ground. To

its right is a reflecting surface moving to the left with a

speed of 64 ms™' relative to the ground. Given that the

speed of sound in air is 332 ms™". Find the

(a) wavelength of the sound emitted in air by the
source.

(b) number of waves arriving per second at the reflect-
ing surface.

(c) speed of the reflected waves.

(d) wavelength of the reflected waves.

A whistle of frequency 540 Hz rotates in a circle of

radius 2 m at a linear speed of 30 ms”". What is the

(d)
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Sound is also absorbed by the audience in the hall. The
time taken by the sound intensity to fall by a factor of
107° is called the Reverberation Time of the hall. The
reverberation time should neither be too large nor too
small. For conference and lecture halls the reverbera-
tion time should be about 1 s. For a musical concert it
should be a little larger.

Sabines reverberation formula for time is

v

T=="
AS

where C = constant, V = Volume of hall,
A = Absorption coefficient,

S = Total surface area of enclosed space.

The reverberation time for a hall of 10* m® volume is
between1sto15s.

Lecture halls must possess even distribution of sound.
For such halls, dome, curved surfaces and projections
should be designed with great care. One method is to
make the wall in front of the audience parabolic with
the speaker at its focus. The reflected sound from this
wall will then go equally everywhere. The other walls
and ceilings should not be curved. Otherwise, they
can produce improper focussing, increased intensity
at some points and no sound at some other points
(Dead Centres). Destructive interference can also
take place between direct and reflected sound at some
places.

(Solutions on page H.242)
lowest and highest frequency heard by an observer a
long distance away at rest with respect to the centre of
circle. Take speed of sound in air to be 330 ms™". Can
the apparent frequency be ever equal to actual?
A siren emitting a sound of frequency 1000 Hz moves
away from you toward a cliff at a speed of 10 ms™". Find
the
(a) frequency of the sound, coming directly from the
siren heard by you.
(b) frequency of the sound, reflected off the cliff heard
by you.
(c) beat frequency heard by you.
Take the speed of sound in air to be 330 ms™.
A sonic source starts vibrating with a frequency of
1000 Hz and at the same time starts moving towards a
receiver with an acceleration of 10 ms™2. If the velocity
of sound in air is 350 ms™’
(a) find the wavelength of sound emitted exactly after
source starts accelerating
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(b) find the average frequency measured by the receiver
over 1 sec after start.
A radar wave has a frequency of 7.8x10° Hz. The
reflected wave from an airplane shows a frequency dif-
ference of 2.6x10° Hz on the higher side. Calculate
velocity of the airplane in the line of sight.
Two cars A and B depart simultaneously from the
same position and in same direction on a straight road.
A starts with initial velocity 2ms ™' and acceleration
2 ms? while B start with initial velocity 2 ms". The
driver of car A hears a sound of frequency 352 Hz emit-
ted by car B after 10 sec, after the start, find the actual
frequency of the sound as emitted by B.
Given: Velocity of the sound is v=330 ms .
A stationary source emits sound of frequency
fo =1000 Hz. If awind blows at the speed of 0.1v, where
v is the speed of sound, then find
(a) the percentage change in the wavelength towards
the wind side of the source.
(b) the percentage change in the frequency for a sta-
tionary observer on the wind-side of the source.
(c) what happens when there is no wind, but the
observer moves at speed 0.1v towards the source.
A sonometer wire under a tension of 64 N vibrating in
its fundamental mode is in resonance with a vibrating
tuning fork. The vibrating portion of the sonometer wire
has a length of 10 cm and a mass of 1g. The vibrating
tuning fork is now moved away from the vibrating wire
with a constant speed and an observer standing near
the sonometer hears one beat per second. Calculate the
speed with which the tuning fork is moved. The speed
of sound in air is 300 ms™".
A source of sonic oscillations of frequency f, =1000 Hz
moves at right angles to the wall with a velocity
u=0.17 ms™. Two stationary receivers R; and R, are
located on a straight line, coinciding with the trajectory

11.

12.

13.

14.

of the source, in the following succession : R, source
R, wall. Which receiver registers the beats and what is
the beat frequency? The velocity of sound is equal to
v=340 ms™.

The wavelength of light coming from a distant galaxy is
found to be 0.5% more than that coming from a source
on earth. Calculate the velocity of the galaxy.

A source § emitting sound of 300 Hz is fixed on block A
which is attached to the free end of a spring S, as shown
in the figure. The detector D fixed on block B attached
to the free end of spring S; detects this sound. The
blocks A and B are simultaneously displaced towards
each other through a distance of Tm and then left to
vibrate. Find the maximum and minimum frequencies
of sound detected by D if the vibrational frequency of
each block is 2 Hz. Take speed of sound =340 ms™".

i e

A railway engine is moving from east to west with a
velocity of 72 kmh™". At the same time you are moving
from west to east towards the engine in a car with a
velocity of 54 kmh™". The wind is blowing from west
to east with a velocity of 36 kmh™". If the velocity of
sound in still air is 330 ms~' and the actual frequency
of the whistle of the engine is 1200 Hz, what will be the
apparent frequency heard by you?

A fighter plane moving in a vertical loop with constant
speed of radius R. The centre of the loop is at a height
h directly overhead of an observer standing on the
ground. The observer receives maximum frequency of
the sound produced by the plane when it is nearest to
him. Find the speed of the plane if velocity of sound in

airis v.
J
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A 3 m long organ pipe open at both ends is driven to third
harmonic standing wave. If the maximum amplitude of
pressure oscillations is 1 percent of mean atmospheric
pressure (PO =10° Nm™ ) Find the maximum amplitude
of particle displacement and density oscillations. Speed of
sound v =332 ms™" and density of air p=1.03 kgm™.

SOLUTION

Given length of pipe is I = 3 m, so for third harmonic

-

_2_1_2><3_

A 2m
3 3
4
x=0 x=1
The angular frequency is
w=2nf= o _ M = 3327 rads ™'

A 2
The particle displacement y(x, t) can be written as

y(x, t)=Acos(kx)sin(ot)

where,kzzi:zizsi
A 203 1
and Co—kv—@ {"T)—E}
l ) k

= y(x t)—Acos(?)sin(@)

The longitudinal oscillations of an air column can be
viewed as oscillations of particle displacement or pressure
wave or density wave. Pressure variation is related to par-
ticle displacement as

dy
P(x)=-BZ
(x) ox

P(x)—[sB?EJsin(g)sin[@)

The amplitude of pressure variation is

{B =Bulk modulus}

2
AP = 38;4:.': _ 3pvl Arm { B= pv }
A APm;xI
3pvm
Given that, AP, =P,/100=10° Nm™
10°
= A= (10 )(3)2 =0.0028 m =0.28 cm
(3)(1.03)(332)" (x)

SOLVED PROBLEMS
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From definition of Bulk modulus (B), we have
g0 (D
av /v
Since, volume V = n
p
= dV= —ﬂz dp= _Yip
P P
av__dp
vVooop
Substituting in Equation (1), we get
p(dP)
dp=1"1
P B
So, maximum amplitude of density oscillation is
p APmax p ]‘
Ap.. =EAP = B
prnax B max ’U2 { B 'UZ }
10° 3 o3
= Ap,..=——=9x10" kegm
" (332) i

A string 1 carries a harmonic wave. At a junction with
string 2 it is partly reflected and partly transmitted. The
linear mass density of the second string is four times that
of the first string and that the boundary between the two
strings is at x = 0. If the expression for the incident wave
is, y; = A; cos(kyx—ant)

(a) What are the expressions for the transmitted and the
reflected waves in terms of A;, k; and @,?

(b) Show that the average power carried by the incident
wave is equal to the sum of the average power carried
by the transmitted and reflected waves.

SOLUTION

(a) Since, v= \ﬁ, T, =T and u, =41,
u

U
= U =— e 1
275 )
Also, the frequency does not change, so
W = W, ..(2)

. w .
Since, k = —, so the wave number of harmonic waves

in two strings are related as

kzzﬂzw—l,zz(ﬂjzzkl ..3)
7)2 1)1/2 Ul

The amplitudes are given by

Ao 22 Y4 2(0,/2) _2, n
oy, ) o+ (0/2) | 37
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_ 2)—
andAr:(vz_Ul]Ai: M Ai
v, +0, v +(v,/2)

A
A =-— ...(5
= A==3 )

So, from Equations (2), (3) and (4), the transmitted
wave can be written as,

2
Y, = EA,- cos(2kx — ot
Similarly, the reflected wave is expressed as,

A
¥, = —?'Cos(k]x+w]t)

A
= Y, = ?’cos(klxﬂoltﬂr)

The reflected ray suffers and additional phase change
of  because the wave is reflected at the fixed end.

(b) The average power of a harmonic wave on a string of
cross-sectional area S is given by

P= %pAza)ZSv = %Azmz,uv [ pS=u}

1
So, P, = Z 0l Ao, -.(6)

2
P =1w2(3A.) (4u )(v_l):ész;M )
t 2 1 3 i 1 2 9 144 F1%1

2

(1 )(01)= i'ﬁf’lz"q;‘QJulvl ...(8)

and P, —1m2[—A']
2 3 18

From Equations (6), (7) and (8), we observe that
P =P +P,

On a stormy day Ram asked Shyam to go to his friend’s
house which is towards north from his house. He asked
him to go directly towards North. After sometime Ram
observed Shyam going towards 37° West of North as wind
was blowing at 36 kmhr ' towards west. After 15 min
Ram blew a whistle so as to give signal to Shyam to come
back. Calculate the distance between Ram’s house and
Shyam when he heard the signal. If natural frequency of
the whistle was 400 Hz, calculate the frequency as heard
by Shyam. Assume that speed of sound in air is 330 ms™
and Shyam is travelling at a speed of 16.67 ms .

SOLUTION

Let Shyam hear the whistle after a time f, then total dis-
tance travelled by Shyam is

x=16.67(15x60)+16.67t = 15000 +16.67t
Distance travelled by sound in time f is

y =[330+10cos(53°) ]t = 336t

N
v, =10 ms™
37°
» E

Since, x =y

= 15000 +16.67t = 336t

=200 _ s
958

So, distance is
x =y =15000+(16.67)(47)=15783.3 m
= x=y=1578km

330+10(3/5)-16.67
So, f’:( +10(3/5)

, (400) = 380.15 Hz
330+10(3/5)

A standing wave is produced in a steel wire of mass 100 g
tied to two fixed supports. The length of the string is 2 m
and strain in it is 0.4%. The string vibrates in four loops.
Assume one end of the string to be at x = 0, all particle to
be at rest at f =0 and maximum amplitude to be 3 mm,
find

(@) wavelength and frequency of the wave

(b) equation of the standing wave

(c) equation of the travelling waves whose superposition
is the given standing wave. Also find the velocity of
these travelling waves.

(d) maximum kinetic energy of the wire.

(Given 7” =10, density of steel = 4x10° kgm™, Young's

modulus of steel =1.6x10"" Nm™?)

SOLUTION

(a) Since the string vibrates in four loops, so

-

= A=1m
Since, v = \]f = F
uo \pS
Also, Y = E
Alfl
S !
Substituting the values, we get
0=400 ms™
v 400
=—=—2=400H
= f -1 z
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(b) y=Asin(kx)cos(ot)
Substituting A =3 mm, k = 27” and w=2xf

= y=(3 mm)sin(27x)cos(800xt)

(¢) y, =15sin(27x —8007t) and
Y, =1.5sin(27x + 8007t)

with v = 400 ms™
(d) Velocity of particle at

x= ?3? = —wAsin (kx)sin(wt)

Kinetic energy of a small element of length dx at that
position is
1 2 1m 2
dK = —(pdx Jo* = ——v"dx
5 (ndx)o” =2
!
So, total KE.is K = %%aﬁAstiﬁ kxdx
0
= K= immzﬂ2

= K=144]

Two wires 1 and 2 of the same cross-sectional area
A=10 mm? and the same length but made of different
materials are welded together and their ends are rigidly
clamped between two walls, as shown in the figure. The
respective Young's Moduli and the linear coefficients of
thermal expansion are

Y, =10 Nm™, Y, =2x10° Nm™
o =6x107 °C, @y =3x107 °C

asYy O auYs

—— fy——r—

(a) If the temperature of the system is reduced by 20 °C,
then
(i) find the tension in each wire
(ii) find the displacement of the joint O

(b) Find the first overtone frequency of the system if joint
is a node and the mass per unit length of the wires are

=03 kgm_:l and p, =0.075 kgm_l; ly=1m
SOLUTION
(a) Since, we know that
Stress = g =YoAl

= T=YScAO
where S is area of cross-section of the wire
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= T, =(10°)(10x10°)(6x10*)(20)

= T,=120N
Similarly, using the same formula, we get
T,=120N

So, displacement of the joint O is zero.

(b) Let 1, loops be formed in wire 1 and 1, loops in wire
2. Then f, = f,, so we get

oMo m
N

o m_ [ [03 2
n, \p V0075 1

This ratio implies that in fundamental mode, 2 loops
are formed on wire 1 and 1 loop is formed on wire 2.
In first overtone frequency 4 loops are formed on wire
1 and 2 loops on wire 2.

Thus, the first overtone frequency is

o ), L [T ), 2 120
f_4(21QJ4(21Q\/;]4[2\/;]
= f=40Hz

A boat is travelling in a river with a speed 10 ms™" along
the stream flowing with a speed 2 ms . From this boat,
a sound transmitter is lowered into the river through a
rigid support. The wavelength of the sound emitted from
the transmitter inside the water is 14.45 mm. Assume that
attenuation of sound in water and air is negligible.

(@) What will be the frequency detected by a receiver kept
inside the river downstream?

(b) The transmitter and the receiver are now pulled up
into air. The air is blowing with a speed 5 ms " in the
direction opposite the river stream. Determine the fre-
quency of the sound detected by the receiver.

Given : Temperature of the air and water = 20 °C, Density
of river water =10 kgm~, Bulk modulus of the water
is 2.088x10° Pa, Gas constant R =8.31 ]rnol_lK_l, Mean

molecular mass of air =28.8x10" kgmol *, S for air
is 1.4 Cy

SOLUTION
. . . B
Velocity of sound in water is v, = \/:
p

9
- o, =J% = 1445 ms™
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Source Observer (At rest)
[ ]
*—
ve=10ms™'

Frequency of sound in water will be
fo w145
"7k, 1445x107
= f,=10°Hz

(a) Frequency of sound detected by receiver (observer) at
rest is given by

B [ + 0,
fl fo(vw-l-vr —Us )
1445+ 2 J

1445+2-10
= f,=1.0069x10° Hz

= f,=(10° )[
(b) Velocity of sound in air is given by

. [YRT :\/(1.4)(8.31)(20+273)
“\M 28.8x107

= v,=344ms”

Since, frequency does not depend on the medium.
Therefore, frequency in air is also f, =10° Hz.

Wind speed
v,=5ms
—nm
Sound (v,)
Observer (At rest)
Source b
*-—
ve=10ms™

Frequency of sound detected by receiver (observer) in air
is given by

fz—fn( — )

_ W%l ) 105[
U, =0, — U, 344 -5-10

= f,=10304x10° Hz

The following equations represent transverse waves:

z, = Acos(kx—at), z, = Acos(kx+ wt) and
z3 = Acos(ky — ot ).
Identify the combination of the wave which will produce

(@) astanding wave
(b) a wave travelling in the direction making an angle of
45° with the positive x and positive y-axis.

In each case find the position at which the resultant inten-
sity is always zero.

SOLUTION

(a) A standing wave is produced due to superposition of
two waves of equal amplitude and frequency travel-
ling in opposite direction with same speed. Here, the
amplitude, the frequency and the velocity of all waves
are equal; but z, is travelling along positive x-axis, z,
along negative x-axis and z, along positive y-axis. So,
superposition of z; and z, will produce stationary
waves,

z=2,42, = Acos(ot —kx)+ Acos( ot +kx)

or z=2Acoskxcoswt

Now, as the amplitude of standing wave is (2A coskx ),
the velocity is

I=A? = 4A% cos” kx

which will zero, if

cos’kx=0
T 3w 51
= kx=—=,—,—, ..
2 22
o 3 5n
2k 2k 2k
A 31 51 { 21:}
X=—,—, k= —
4 4 4 A

(b) The waves z; and z; are travelling along positive
x-axis and positive y-axis respectively, with the same

speed,
02222 _
k 2m/d

Therefore, the superposition of z; and z, will produce
a wave travelling in a direction making an angle of
45° with positive x and y-axis. The resulting wave is
given as

z=12+23 = Acos(wt —kx)+ Acos(wt—ky)

klx-
= z= 2Acos(¥)cos|imt—k(“7y]:|

The amplitude of this wave is

klx—
A, = 2Ac05(¥]

Therefore, the intensity will be zero for

[k|x-y|]_z 3 5%
=R

I
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T 3m 5m
vl=
A 34 54 . 2
MY *=7

An aluminium wire of cross-sectional area 107° m? is
joined to a steel wire of the same cross-sectional area. This
compound wire is stretched on a sonometer pulled by a
weight of 10 kg. The total length of the compound wire
between the bridges is 1.5 m of which the aluminium wire
is 0.6 m and the rest is steel wire. Transverse vibrations
are set-up in the wire by using an external source of vari-
able frequency. Find the lowest frequency of excitation for
which the standing waves are formed such that the joint
in the wire is a node. What is the total number of nodes at
this frequency? Density of aluminium is 2.6 x 10° kgm_3
and that of steel is 1.04 x 10* kgm™. Take g = 10 ms™.

SOLUTION

Let 11, loops are formed in aluminium wire and #, in steel.

Then f, = f;

o M Pl
nS PS ls

Substituting the values, we get

n, [26x10° (%)_1
n, \V1.04x10*\ 09/ 3

i.e., at lowest frequency, one loop is formed in aluminium
wire and three loops are formed in steel wire as shown in
figure.

Aluminium Steel
N N N
MN N M
— (0.6 m —>e 09m >

v 1 |T
So, foo=n | o |=n | — [—
0O fmm n.ﬁ ( 2.(“ ) nﬂ ( 2[ﬂ p”S J

1] 100
= _=(1) =1634H
fmin (2x0.6 2.6x103x10'5) ’

Total number of nodes are five as shown in figure.
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In such type of problems nature of junction will be known
to us. Then we have to equate frequencies on the two sides.

n
By equating the frequencies, we find —. Suppose this
n
I T _
comes out to be 0.6. Write it, — = = At lowest oscillation
ny

frequency 3 loops are formed on side 1 and 5 loops on side
2. At next higher frequency 4 loops will be formed on side 1
and 10 on side 2 and so on.

Ablock of mass M is attached with a string of mass m and
length [ as shown in figure. The whole system is placed on
a planet whose mass and radius is three times the mass
and radius of earth. Find the

Ay

b

L

(a) time taken by a wave pulse to travel from one end A
to B of the string.
(b) ratio of maximum and minimum velocity of wave

pulse.

Assume the acceleration due to gravity on the earth tobe g.

SOLUTION
3Gm

3R)*

(a) Since, g’'= ( = g_

_ 1

: Idx

X

]

Consider a small element dx at a distance x from one
end, then
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! t
dx [gJ‘

= | —=,2|dt
-([«JMme SmD

b) v, = ,M_Ig ando, = ’M
3m 3m
= Jmax _ 1/1+ﬁ
vmin M

PROBLEM 10

A source is moving along a circle x* +y* = R? with con-

30 4. N .
stant speed v, == ms " in clockwise direction while

633

an observer is stationary at point (2R, 0) with respect to
the center of circle. Frequency emitted by the source is f.

(a) Find the coordinates of source when observer records
the maximum and minimum frequency.

(b) Find the value of maximum and minimum frequency.
Take speed of sound v = 330 ms ™.

SOLUTION

(@ When the source is at B, the observed frequency
is maximum and when it is at A, the observed fre-
quency is minimum.

Let the co-ordinates of point A be (x, y), then the
equation of the circle is given by

ey’ =R’ (D
d(x*+y*)=0
= 2xdx+2ydy=0

= (—d—yjzzztanﬂz Y
dx) vy 2R-x

= 2Rx—x’ :y2
= 2Rx:x2+y2 = R?

R

= X=—
2

Substituting x = % in(1), wegety= ?R

ELE SIS

andB—(
2

® fon=fy [

PROBLEM 11

Two coherent narrow slits emitting sound of wavelength
A in the same phase are placed parallel to each other at a
small separation of 24. The sound is detected by moving
a detector on the screen at a distance D(> 1) from the slit
5, as shown in figure. Find the distance y such that the
intensity at P is equal to intensity at O.

Jfrfmin :fA:('{)+’f)5 Jf

v
V-0,

P
25, y
>
-— e —————— O
S, S,
D
Screen

SOLUTION

METHOD-I:
At point O on the screen the path difference between the
sound waves reaching from S, and S, is 24 (an even mul-

. A L . .
tiple of E)' so constructive interference is obtained at O. At

a very large distance from point O on the screen the path
difference is zero.

So, we can conclude that as we move away from point O
on the screen path difference decreases from 24 to zero. At
O constructive interference is obtained (where Ax =2A1).
So, next constructive interference will be obtained where
Ax = A. Hence,

S,P-S,P=1

= \/D2+y2 —J_I}{2+(JD—2/'L)2 =1

= (D’+y’ -A=y’+(D-21)

_.AP Ax s decreasing

Pt from 2110 0
M,/” e
) b,"goa\\ l’,-‘
=10 0 Ax=22
5 5,

Squaring both sides, we get
D?+y* +A* =2AyD* +y”* = y* + D +4A> 41D

= 2/D*+y*=4D-31
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Since, D > 4, so we get
4D-34=4D

= 2JD*+y*=4D
= D’+y*=2D

Again, squaring both sides, we get

D*+y* =4D?
= Y= \ED
METHOD-II:

Let Ax=4 at angle 6 as shown, so the path difference
between the waves is

Ax =S5, M =2Acos0

= 2Acosf=41 { Ax=1}
= 0=60°

Now, PO = §,0cot(30°)

= yZ\ED

PROBLEM 12

A 3.6 m long pipe resonates with a source of frequency
212.5 Hz when water level is at certain heights in the pipe.
Find the heights of water level (from the bottom of the pipe)
at which resonances occur. Neglect end correction. Now the
pipe is filled to a height H(= 3.6 m). A small hole is drilled
very close to its bottom and water is allowed to leak. Obtain
an expression for the rate of fall of water level in the pipe
as a function of H. If the radii of the pipe and the hole are
2x107 m and 1x10™ m respectively, calculate the time
interval between the occurrence of first two resonances. Given
that the speed of sound in air is 340 ms ™' and ¢ = 10 ms™.

SOLUTION

Speed of sound, v =340 ms . Let Iy be the length of air
column corresponding to the fundamental frequency, then

L o125
41,
v 340
l —3 = :0.4
07 4(2125)  4(21255) n

3

U

0.4m
—— 32 m ———>e—>
m »e— 1.2 m—»

2m

08m

2.4
—pi———— 2. 8 M —»

—1.6m
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In closed pipe only odd harmonics are obtained. Now let
L, I, 5, 1, etc., be the lengths corresponding to the 3™ har-
monic, 5 harmonic, 7" harmonic, etc. Then

3 L |=2125

71 2L |=2125
al,

= l,=28mand9| — |=2125
4l
= ,=36m

So, the heights of corresponding water levels are
(36-04) m,(3.6-1.2) m,(3.6-2) mand (36-2.8) m
Heights of corresponding water levels are 3.2 m, 2.4 m,
1.6 m and 0.8 m.

H

|-

Let A and a be the area of cross-sections of the pipe and
hole respectively. Then

2
A=7r(2%x102) =126%107 m?
and a=7(107) =3.14x10% m?

Since, velocity of efflux, v = \[2¢gH
Applying Equation of Continuity at (1) and (2), we get

a,/2¢H —A(_d—H]

dt
So, rate of fall of water level in the pipe is given by

-dH\ a
— |=—4/2¢H
( dt ) A\/?
Substituting the values, we get

-6
_dH _3.14x10 X 10X

At 126x107°

o~ U _(111%102)VE
dr
dH

= 2L - _(1.11x1072)at

VH
Between first two resonances, the water level falls from
32mto 2.4 m.

t

24
j ~(1.11x1072 )Jd
3.2

0
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= 2(V24-432)=-(1.11x102)t

= t=43second

PROBLEM 13

A train approaching a hill at a speed of 40 kmh™' sounds
a whistle of frequency 580 Hz when it is at a distance of
1 km from a hill. A wind with a speed of 40 kmh™ is blow-
ing in the direction of motion of the train. Find the

(a) frequency of the whistle as heard by an observer on
the hill and

(b) distance from the hill at which the echo from the hill is
heard by the driver and its frequency.

Given: Velocity of sound in air v = 1200 kmh ™,

)

v+w-v,

SOLUTION
(@) Since, f'=

., ( 1200+ 40
S = 200+ 20-40
(Also note that all velocities are in kmph, so do not
bother to convert them to ms ')

(b) For echo to be heard by the driver, the source is to be
considered at the hill having frequency 599 Hz and
the listener approaching with a speed of 40 kmhr '
and the wind blowing at a speed of 40 kmhr ™" oppo-
site to the direction of the waves. The frequency " is
given by

., [ 1200-40+40
(s

)(580)=599 Hz

)(599)=620 Hz

1200-40
Time taken by the wave to reach the hill,
f 1 1

1200440 1240
During this time the train moves towards the hill by a
distance of

;vc:40><L 1<m:l km
1240 31

So, the distance between train and hill now is

(-1 )2
31/ 31

Let the echo be heard after t hr after this instant, then

40t+(1200—40)t:@
31

fo b
1240
The distance travelled by the train in this time is
¥ =40X——-=—km
1240 31

Therefore, the echo is heard by the driver when the
train has moved a total distance

So, distance from the hill is

f:1—5:1—£:0.935 km
31

PROBLEM 14

Two sound sources driven in phase by the same amplifier
are 2 mapart on the y-axis. At a point a very large distance
from the y-axis, constructive interference is first heard at
an angle 6, = 0.14 rad with the x-axis and is next heard at
6, =0.283 rad. What is the

(@) wavelength of the sound waves from the sources?
(b) frequency of the sources?
(c) smallest angle for which the sound waves cancel?

Take speed of sound in air as 340 ms ™.

SOLUTION

(@) At a point for away from the sources the path differ-
ence is

Ax =dsin@

First constructive interference is obtained where
Ax=2A

= dsinf; =1 (1)

Next constructive interference is obtained when, we get
Ax =21

= dsind, =21 (2)

Subtracting Equation (1) from (2), we get
A=d(sin6, -sin, )
Substituting d =2 m,
6, = 0.14 rad = 8°
and 6, = 0.283 rad = 16.21°
we get, 1 =0.279 m
(b) Frequency of the sources
v 340

f=o=—=1219Hz
A 0279

(¢) The smallest angle where the sound waves cancel
each other i.e,, interference destructively is where, we
have
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Ax=dsinf =

A
8: 1 _](—)—
= sin 2

= 0=4°=0.07 rad

PROBLEM 15

A thin string is held at one end and oscillates vertically so
that, y(x=0, t)=8sin4t(cm). Neglect the gravitational
force. The string’s linear mass density is 0.2 kgm " and its
tension is 1 N. The string passes through a bath filled with
1 kg water. Due to friction heat is transferred to the bath.
The heat transfer efficiency is 50%. Calculate how much
time passes before the temperature of the bath rises one
degree kelvin.

SR

. _1[0.279)
sin
2x2

SOLUTION

Comparing the given equation with equation of a travel-
ling wave,

y=Asin(kxtot) at x =0 we get
A=8cm=8x107m
©=4rads™

Speed of travelling wave,

V= z = ,Hi =2.236 ms"
wo V02

Since, 4 = ? = pS=02kgm"

where S is area of cross-section of string
The average power over a period is,

P= %(pS)szzv
Substituting the values, we get

P:%(0.2)(4)2(8x10’2)2(2.236)

= P=229x10727s"
The power transferred to the bath is,
P’=05P=1.145x10"7Js'

To raise the temperature of 1 kg water by 1 degree kelvin,
let the time taken be ¢, then

P’t=mcAT
where, ¢ =specific heat of water = 42x10° Jkg 'K
~meAT  (1)(42x107)(1)

P’ 1.145x 1072
= t=36x10° s=42 day

t
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PROBLEM 16

A source emitting a sound of frequency f is placed at a
large distance from an observer. The source starts mov-
ing towards the observer with a uniform acceleration a.
Find the frequency heard by the observer corresponding
to the wave emitted just after the source starts. The speed
of sound in the medium is v.

SOLUTION

Suppose at t = 0, distance between source and observer is
[. First wave pulse (say p,) is emitted at this instant. This
pulse will reach the observer after a time

tl == ...(1)
U
9 4—§t=0
1
I+ 7 |
0] 82

™ »ie »

a2 t=T 1,72
/ 2aT 2aT

Source will emit the next pulse (say p,) after a time

1
T [ =— ] During this time the source will move a distance

%RTZ towards the observer. This pulse p, will reach the

observer in a time

(]—laTz)
L2 )

v
The changed time period as observed by the observer is
2
T =t, -t :T.l.l_lﬂ_{

v 20 v

1 1
Substituting T’ = F and T = — in the above equation, we
get

_
T 20f-a

2

(f—laTz)
=T+ 2

is emitted after time T and then it takes a time

We have written t, , because the pulse p,

(f—laTZ)
\ 2 J

Vv
to reach the observer. So, it reaches the observer in a time

(f—%aTZ)
T+ < 7/

%



ICON

4.76 JEE Advanced Physics: Waves and Thermodynamics

PROBLEM 17

Alight string is tied at one end to a fixed support and to a
heavy string of equal length L at the other end as shown
in figure. Mass per unit length of the strings are y and 9u
and the tension is T. Find the possible values of frequen-
cies such that point A is a node/antinode.

SOLUTION

When A is a Node
Let n; and 1, be the number of complete loops formed on
left and right side of point A, then

f1:f2

= (1) n( ]wherevocL
2L 2L Ju

- m:[sz M
) Uy Hy

So, the possible frequencies are,

O 2( ] 3U1 ey efC.
T T
—————— .., ete.
\f u 2L\I

When A is an Antinode
Let n, and 1, be the number of complete loops on left and
right side of point A, then

2 4
v, (my 1)
- I e o= f1
fi L(Z 1 { v f}
A A
and nz[—z]+—2:L
4
v, (1, 1)
= == =24-=
f L(Z 4
Substituting, f, = f, we get
2n+1 1
2n,+1 3
This condition is met for
m=1n,=4
n=2,n,=7

n; =3, 1, =10 etc.

Therefore, the possible frequencies are

(1 1) [2 1] (3 1]

+ + ..., etc.
L\2 4
_z_z__ ot

u AL\ u' 4L T

PROBLEM 18

A string of linear mass density 5x 10~ kgm ' is stretched
under a tension of 65 N between two rigid supports 60 cm
apart.

(@) If the string is vibrating in its second overtone so that
the amplitude at one of its antinodes is 0.25 cm, what
are the maximum transverse speed and acceleration
of the string at antinodes?

(b) What are these quantities at a distance 5 cm from an
node?

SOLUTION

(@) In second overtone I = %

2_!_2x60

3 3

LI S
A 04

Since,vz\/fz | ©® s =114ms™
u V5x107

= @=ko=570r rads™"

e
| \/\/I
=3 »
2

= A= =40 cm =04 m

I

Maximum transverse speed at antinode is v
where 4 is amplitude of antinode

Ay=025em=25x10" m

So, maximum speed is

Ve = (25%107 )(5707) ms™

= A(}a),

max

=448 ms™

Maximum acceleration is a,,,,, = ®°A,

= 0, =(5701) (25%107) ms™

= 4, =8x10° ms™

(b) Ata distance x from the node, the amplitude is
A= Aysin(kx) =

where x is in metre.

(2.5%107 )sin(57x) metre

Atx=5cm=5x107 m, we have

=(25%1073)sin(57x5%102)
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= A=18x10"m

So, maximum speed is v,,,,, = A®

= Umax = (1-8 X1073 )(57‘011') ms ' =322ms"
Also, maximum acceleration is a,,,, = ®*A

= a,,, =(5707)*(1.8x107) ms?

= gy = 9.8 x10° ms™

PROBLEM 19

The figure shows a snapshot of a vibrating string at ¢ = 0.
The particle P is observed moving up with velocity
20/3 cms™'. The tangent at P makes an angle 60° with
x-axis. Calculate the

y(in102m)
4
242 N
J; 60 » x (in 107 m)

1.5\37 5.5\/25

(@) direction in which the wave is moving

(b) equation of the wave

(c) total energy carried by the wave per cycle of the
string, assuming that y, the mass per unit length of
the string = 50 gm .

SOLUTION _
dy
s o )

(a) Since, vp =-v T SO ¥
positive, v must be negative. Hence, wave is moving
along negative x-axis.

(b) Since, y = Asin(wt—kx+9¢) (D

, and slope at P both are

andk:%:g Cn*F],A:4><10’3 m=0.4 cm

Att=0,x=0,y=2v2x10° m=02v2 cm
Substituting in equation (1), we get

T 3z
iy

Also,att=0,x=15cm,y=0

Substituting in equation (1), we get
3r
=3

Further, 2043 = —vtan(60°)

= p=-20cms "
v
= f=—=5H

= w=2rf=107
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= Y= 0.4sin(10nt—gx+%)

(c) Since, P =21%Af*uo
So, energy carried per cycle is

E-PT-?-ZﬂZAZf;w

Substituting the values, we get

E=16%107]

PROBLEM 20

Train A crosses a station with a speed of 40 ms ™" and whis-
tles a short pulse of natural frequency 596 Hz. Another
train B is approaching towards the same station with the
same speed along a parallel track. Two tracks are 99 m
apart. When train A whistles, the train B is 152 m away
from the station as shown in Figure. If velocity of sound in
air is 330 ms™, calculate the frequency of the pulse heard
by driver of train B.

Train A

99m

Train B

152 m

SOLUTION

From Figure if driver of train B receives the sound at point
P as shown in Figure.

cr.u}_I >
=
o
3
@

Ay
(997 + (152 - x)?

N

99 m

-

40 ms™
B

e

1

1

1

1

|

i
.

152-x X

So, time taken by sound to go from A to P equals the time
taken by the train to go from B to P i.e.,

Y997 +(152-x)  x
330

40
= (0)°[(99) +(152)* + 2% —304x | = (33)* ¥
= 1073x* +4864x — 526480 = 0

. 4864 +/(4864)" +4(1073)(526480)
2(1073)

| —4864+47784

To2(1073)

20m



ICON

4.78 )EE Advanced Physics: Waves and Thermodynamics

o cosh——0n D224
(99 +(132)" 165 5
Apparent frequency is given by
330+40cos8
=596 ————
Jope ( 330-40cos8 )
330+32
= fip =596 =724 H
Jopo ( 330-32 ] i

PROBLEM 21

A wire of length 2 m is fixed at both ends and is vibrating
in its fundamental mode. The tension in the wire is 40 N
and the mass of the wire is 0.1 kg. At the midpoint of the
wire the amplitude is 2 cm.

(@) Find the maximum kinetic energy of the wire.
(b) At the instant the transverse displacement is given by
(0.02 m)sin(%} what is the kinetic energy of the

wire.

(c) At what position on the wire does the kinetic energy
per unit length have its largest value?

(d) Where does the potential energy per unit length have
its maximum value?

SOLUTION

(@ Infundamental mode, | = %
= A=21=4m

k_ZJr_n' 1

Since, v ( 40 =283 m
0 12

= w=vk=445rads "

% —> dX+—

N R —-_y
-

f=A2
At the instant the transverse displacement is given by

=(0.02 m)sin[%], we have

R = Asin(kx)=2x10" sin(%) m
Maximum kinetic energy of an element dx is

dK:%(a’m)(RQ )(@?), where dim = pudx

So, maximum kinetic energy of the wire is

JdK j (udx) R2 2

1
= K, = 1A2m2pIsin2(M)dx
2 2
. 1
= EAZprJ[l—cos(rrx)]dx

= K, =99x 10’3J.[1 —cos(mx)]dx
0

2
1

= K, =99x107 lix——sin(:rx)}
n

0
= Kpax =0.02]

(b) At the given instant, we have
y= o.ozsin(%)

We observe thatat, y=0at x=0
and y=0.02m atx=1m
ie., at the centre (or at the position of antinode)
y=0.02m (the amplitude at that position). This
implies that all the particles are at their extreme posi-
tions. Hence, the kinetic energy of the string is zero.
(¢) Kinetic energy per unit length have its largest value at
antinode or at x =1m.
(d) Potential energy per unit length have also its largest
value at antinode or at x =1 m

PROBLEM 22

A metal rod of length 1m is clamped at two points as
shown in the figure. Distance of the clamp from the two
ends are 5 cm and 15 cm respectively. Find the minimum
and next higher frequency of natural longitudinal oscil-
lation of the rod. Given that Young’s modulus of elastic-
ity and density of aluminium are Y =1.6x10'" Nm™ and
p=2500 kgm respectively.

| l

5cm- 80 cm

15¢cm

SOLUTION
Speed of longitudinal waves in the rod
1.6x10"

Y
P) 2500

At the clamped position, nodes will be formed. Between
the clamps integral number of loops will be formed. Hence,

nl(;]—SD

= mAi=160 ...(1)

= 8000 ms ™
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R lP ol S

T T

Between P and R, P is a fixed end and R is the free end.
It means the number of loops between P and R will be an

odd multiple of % So,

A
2, -1)2 =5
(2n, )4

= (2n,-1)A=20 ..(2)

Also, between Q and S, we have

A
(2”3 —1)1215

= (2n3-1)A=60 ..(3)
From Equations (1) and (2), we get
m__160_g (4
2n,-1 20
and from Equations (1) and (3), we get
i 160 8
12 ...(5)
2n,-1 60 3

For minimum frequency n,, 1, and 1 should be least from
Equations (4) and (5)

So,weget,n; =8,n,=1,n;=2

20

A= 1 =20 cm {from Equation (2)}
= A1=02m
v 8000
n=—=——=40kH
= fmll‘l l 0‘2 Z

Next higher frequency corresponds to
1 =24,1n,=2and ny =5

=120 kHz

PROBLEM 23

An aluminium wire of length L=60cm and of cross-
sectional area 0.01 cm” is connected to a steel wire of the
same cross-sectional area. The compound wire is loaded
with a block of mass 10 kg, as shown in the figure, so that
the distance L,, from the joint to the supporting pulley
is 86.6 cm Transverse waves are set up in the composite
wire by using an external source of variable frequency.
Density of aluminium is 2.6 gem™ and density of steel is
7.8 gem™.
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L =0.6 mse—L,=0.866 m—»

| Auminium Steel

10 kg

(@) Find the lowest frequency of excitation for which
standing waves are observed such that the joint in the
wire is a node.

(b) What is total number of nodes observed at this fre-
quency excluding the two at the ends of the wire?

SOLUTION

The distance between two consecutive nodes is equal to
A/2. The whole wire vibrates with the frequency of the
tuning fork. The velocity of the wave in each part of the
wire is \/T/j . Since the mass per unit length in both the
wires are different, so velocity of the wave in two parts of
the wire is also different. Hence the wavelength is differ-

ent in both parts of the wire (because frequency cannot be
different)
Area of cross-section, A =0.01 cm? =10 m?

For aluminium wire, p; = 2.6 gem ™ = 2.6x10° kgm™
So, mass per unit length is

1 = pA=(26x10°)(10°) =2.6x107 kgm™
For steel wire, p, =7.8 gem ™ =7.8x10% kgm™
So, mass per unit length is

Uy = pA=78x10°x10"° =7.8x10~° kgm ™

Let the aluminium wire vibrate in 7, harmonic, and the
steel wire in 71, harmonic. Then

For Aluminium Wire

nl(%)—LIi.e., m =21,

f _u_m [T
 =-1=
Ao 20\
For Steel Wire

A
5 (22] = Lz i.e., 1’12/12 = 2[2

= fzzv_l‘:n_Z E
Ay 2L\

Since tension T, = T, and whole wire vibrates with same
frequency, so we have

f1:f2
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Pl ZLZ\/;
=
2x06\l26x10 3 2x866\l78x10 -3

= L==
fy 5

Therefore, the lowest frequency of excitation causes,

n =2 and m,=5

(@) Now, the lowest frequency of excitation is

_m [T __2 !10X9'813:323.74Hz
2L\ 2x0.6Y2.6x10°

(b) The vibrating looks as shown in the figure

\.___/\.___/\.,___/\_@

=

Therefore, total number of nodes observed is 6.

PROBLEM 24

The air column in a pipe closed at one end is made to
vibrate in its second overtone by tuning fork of frequency
440 Hz. The speed of sound in air is 330 ms™". End correc-
tions may be neglected. Let I, denote the mean pressure at
any point in the pipe and AP, the maximum amplitude of
pressure variation.

e L,

(a) Find the length L of the air column.

(b) What is the amplitude of pressure variation at the
middle of the column?

(c) What are the maximum and minimum pressures at
the open end of the pipe?

(d) What are the maximum and minimum pressures at

the closed end of the pipe?

SOLUTION

(a) Frequency of second overtone of the closed pipe

fS_[ ] 440 Hz

5v
= m
4 x 440

[{Given)

x=0,AP=0

_______ X =X, AP = +AF, sin (kx)

Substituting v = speed of sound in air = 330 ms™'

_5x330 _15
Taxa 16

15
5e)
= ,'L—4L—i:§ m

5 5 1

(b) Since, open end is a displacement antinode, therefore,
it would be a pressure node. So, at x = 0; AP =0
Hence, pressure amplitude at x = x can be written as

AP = +APsin (kx)

where k = Zx_ZiZB_n -
A 34 3
Therefore, pressure amplitude at

15

x:£:—6 m:E m will be given by
2 2 2

AP—iAPDSIH(S—”J(E] iAPU Sln(s—ﬂ)
3 /32 4

AP,
2

(c) Open end is a pressure node, i.e., AP =0

= AP=+—

Hence, P, = Py, = Mean pressure(F )

(d) Closed end is a displacement node or pressure anti-
node, so we have
Pax = Py + AR

Pmin :PU_APD

PROBLEM 25

A string of length 1m fixed at one end and on the
other end a block of mass M =4 kg is suspended. The
string is set into vibrations and represented by equation

y= 651n(%)-c05100ﬂt where x and y are in cm and ¢

-

in seconds.

(@) Find the number of loops formed in the string.

(b) Find the maximum displacement of a point at

5
r=— cm.
3

(c) Calculate maximum kinetic energy of the string.
(d) Write down the equations of the component waves
whose superposition gives the wave.



ICON

SOLUTION
(@ Comparing the given equation with
y = Asin(kx)cos(wt), we get

T o —10n(m)
A 10

A=20cm=02m
= &:lOcm
2

Number of loopsis p = - =10

R | o] —~

(b) A(x)—ésin(%)

. . 5 .
Maximum displacement at x = — cm is

A(x)=6sin|:(%)(g”=3cm

(c) Considering an elemental length dx of string at a dis-
tance x from the left end. Maximum kinetic energy of
this element is given by

1 A
dK = —(udx)| = |(a?)
2(;J x)( 2) @
= dK:%(,uabf)(/—‘Lsin.kx)2n&)2
= dK—l(yAzsinzkx)(zkz]dx { wz—zkz}
2 u u

= dK= iTAzk2 (1-cos 2kx )dx
So, total kinetic energy of the string is
!
K= J.dK

0
1

= K= éTAkaj(l—cos(ka))dx
0
!

= K—lTAzkz(x——SiHka)
4 0

21.2

. K:TA4kl

Substituting the values, we get

_ (4x10)(6x102)* (102)* (1)
4

K

=142.12]
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(d) The equations of component waves are given by

X
=3sin| —-1007xt
y =3sin{ 1001
and y, = 351n(ﬁ+100?rt)

PROBLEM 26

The linear mass density of a non-uniform wire under con-
stant tension decreases gradually along the wire so that an
incident wave is transmitted without reflection. The wire
is uniform for —eo < x <0. In this region, a transverse wave
has the form y(x, t)=0.003cos(25x - 50t ) where y and x
are in metres and t is in seconds. From x=0 to x =20 m
the linear mass density decreases gradually from y; to
/4. For 20 < x < oo, the linear mass density is u =y, /4.
Calculate

(@) the wave velocity for large value of x.
(b) amplitude of the wave for large value of x.
(©) y(x,t)forx>20m.

SOLUTION

(@) Speed of wave for x =0 is, @ % =2ms "’

k

Since U‘]fie vmi
I ﬂ r \/ﬁ

1
For x > 20 m, u becomes 1 th its value at x = 0. Hence,
speed of wave will become two times.
So, for x > 20 m, speed of wave will become 4 ms .

(b) Equating the average power at x = 0 and for x > 20 m,
we get

1T 90 1) 2,0

= A, =24, |2 =2%0003, /2
(] 4

= A,=0.0042m

(¢) For x >20 m, w will remain same while k will become
half so that speed becomes two times, because
v=w/k. So, for x>20m, we have A=0.0042m,

k= 22—5 =125m™, w=50 rads™".

= y(x, t)=0.0042cos(12.5x - 50t)



