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CHAPTER

(a) Dynamics of SHM, Phase Difference

(b) Differential Equation for SHM, Condition for
Motion to be SHM

(c) Energy in SHM

(d) Spring Mass Systems

(e) Rotational SHM

Simple Harmonic

Learning Objectives
After reading this chapter, you will be able to understand concepts and problems based on:

(f) Simple Pendulum

(g) Compound Pendulum

(h) SHM in other Physical Systems
(i) Composition of SHM

(j) Damped Oscillations

(k) Forced Oscillations & Resonance

All this is followed by a variety of Exercise Sets (fully solved) which contain questions as per the latest JEE
pattern. At the end of Exercise Sets, a collection of problems asked previously in JEE (Main and Advanced)

are also given.

INTRODUCTION

In this chapter, we shall be studying a special type of peri-
odic motion called Simple Harmonic Motion (SHM). This
is a repeating motion of an object in which the object con-
tinues to observe to and fro motion about a mean position
at fixed time interval (under ideal situations). However, if
the time interval is not fixed, then the motion may be called
as Oscillatory. The back and forth movements of such an
object are called oscillations. We will focus our attention
on a special case of periodic motion called simple har-
monic motion. It is observed that all periodic motions can
be modelled as combinations of simple harmonic motions
and hence SHM forms a basic building block for more
complicated periodic motion.

PERIODIC MOTION

When a body or a moving particle repeats its motion along
a definite path after regular intervals of time, its motion is
said to be Periodic Motion and interval of time is called
time period or harmonic motion period T and its recipro-

cal is called the frequency v ie., v= % The path of peri-
odic motion may be linear, circular, elliptical or any other

curve. For example, revolution of earth about the sun,
rotation of earth about its own axis.

Mathematically, if any function of time f(t) can be
expressed as f(t+T)= f(t), then that function can be
regarded as periodic with period T.

OSCILLATORY MOTION

An oscillatory motion need not be periodic and need not
have fixed extreme positions. For example, motion of
pendulum of a wall clock (because the battery of the wall
clock wears out with time).

The oscillatory motions in which energy is con-
served can also be called as periodic. Oscillations in which
energy is consumed due to some resistive forces and hence
total mechanical energy decreases are called as Damped
oscillations.

The force /torque (directed towards equilibrium point) act-
ing in oscillatory motion is called restoring force/torque.

SIMPLE HARMONIC MOTION (SHM)

SHM is a special type of oscillatory motion in which the
restoring force is proportional to the displacement from
the mean position (for small displacement from mean
position). It is the simplest (easy to analyse) form of oscil-
latory motion. The amplitude of oscillations of the particle
is very small. At any instant the displacement of a particle
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in oscillatory motion can be expressed in terms of sinusoi-
dal functions (sine and cosine functions). These functions
are called harmonic functions. That is why an oscillatory
motion is also called a harmonic motion.

A simple harmonic motion can be expressed in terms

of one single sine or cosine function or a linear combina-
tion of sine and cosine functions.
If a particle is moving to and fro about an equilibrium
point M (called as the mean position), along a straight
line as shown in Figure, then we can call its motion
to be SHM, where A and B are extreme positions and
AM = MB = Amplitude (a)

A M B
*r—r—0

However, when a body or a particle is free to rotate about
a given axis executing angular oscillations, then this type
of SHM can be regarded as angular SHM.

Problem Solving Technique(s)

(a) All Simple Harmonic Motions (SHMs) are periodic but
all periodic motions may or may not be an SHM.

(b) All SHMs are oscillatory motions but all oscillatory
motions may or may not be SHM.

EQUILIBRIUM POSITION OR MEAN POSITION

In mechanical oscillations a body oscillates about its mean
position which is also its equilibrium position. At the
equilibrium position no net force (or torque) acts on the
oscillating body. The displacement (linear or angular) of
an oscillating particle is its distance (linear or angular)
from the equilibrium position at any instant.

When a body oscillates along a straight line within
two fixed limits, its displacement x changes periodically
in both magnitude and direction, its velocity v and accel-
eration 7 =X also varies periodically in magnitude and
direction. Since F = ma = mX, therefore, the force acting on
the body also varies in magnitude and direction with time.

In terms of energy, we can say that a particle execut-
ing harmonic motion moves back and forth about a point
at which the potential energy is minimum (equilibrium
position). The force acting on the body at any position is
given by

au

F=-22
dx

When a body is displaced from its equilibrium it is acted
upon by a restoring force (or torque) which always acts
to accelerate the body in the direction of its equilibrium
position as shown in Figure.
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(@ A body of mass m oscillates harmonically between
points x; and x, about the equilibrium position O.

(b) The potential energy of the body as a function of
position. The force acting on the body is

au

dx

(c) The force acting on the body as a function of position
x. Note that the force is always directed toward the
equilibrium position.

F:

DYNAMICS OF SIMPLE HARMONIC MOTION

The restoring force for small displacement x is given by
F = —kx, where k is called the force constant of the system.
Force constant is defined as the restoring force per unit
displacement. Its SI unit is Nm . If m is mass of the body
and a is its acceleration, then for simple harmonic motion

F = ma=-k¥
2

= m—§+kx=0
dt

= —+—x=0
arr m

2
= —§+m2x:0

dt
=  ¥+’x=0,where = [k/m

This is the differential equation of SHM.
The general solution to this equation is

x=asin(@t+¢)
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where a is the amplitude, of + ¢ is the phase (also called as
instantaneous phase), ¢ is phase constant or initial phase
angle (in radian) also called as epoch.

Equilibrium
position
1

1
! Extreme

Extreme | : > I position
position ILD—Q !
1 1 1
B A
— Amplitude —»+— Amplitude —»

'J

Consider a particle to execute SHM and assume that the
path of the particle is on a straight line, then x is the dis-
placenment of particle from the mean position at that
instant. The displacement of a particle executing SHM at
time f is given by

x=asin(wt+¢)

Also, note that the displacement of a particle executing
SHM at time ¢ can be given by

y=asin(@t+¢)

Amplitude, 2 or A, is the maximum value of displace-
ment of the particle from its equilibrium position i.e.,
mean position. So, amplitude of SHM is half the separa-
tion between the extreme points of SHM. It depends upon
the energy of the system. o

Angular frequency, ® of SHM is @ = —=2nf and its SI
unit is rads . T

Frequency, f or v is the number of oscillations completed

PR 1 o L

in unit time interval, so we have f = v=—=-—.Its unitis
-1 T 2=

sec  or Hz.

Time period, T is the smallest time interval after which

oscillatory motion gets repeated, so time period T given by

T_l_l_z_”_zﬂ\/g
v f o k

Mathematically at t = T, the displacement x of SHM must
satisfy x(t+T) = x(t). For example,

sin[m[t+2ﬂﬂzsin(mf)and

@

Cos{m(Hzc:H =cos(wt)

Find the period of the
y =sin(wt)+sin (2wt )+sin(3wt).

SOLUTION

function,

The given function can be written as

Y=Yty +Y3

2
where, y; =sin(ot), T; = L
@
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¥, =sin(20t), T, = 22 % _T and
20 @ 2
2 T
=sin(3wt), Ty =—=—
Y3 5730 3
We see that, T, = 2T, and T; = 3T,
2
So, time period of the given function is T, =T = —E,
o

_— 2r . . :
because in time T = —, first function completes one oscil-
®

lation, the second function two oscillations and the third
function completes three oscillations.

ILLUSTRATION 2

Calculate the amplitude and initial phase of a particle in
SHM, whose motion equation is given as

x =asinot + b cos ot

SOLUTION
Since x = asin (wt)+bcos(wt) (1)
In this given equation, we can write

a=Acos¢ ...(2)
and b= Asing ..(3)

So, the given equation (1) transforms to
x=Asin(ot+¢) ..(4)

Equation (4) is a general equation of SHM having ampli-
tude A and ¢ is the initial phase of the oscillating particle
att=0.
Squaring and adding equations (2) and (3), we get ampli-
tude as

A=a®+b*

Dividing (3) by (2), we get initial phase as

’cam;):E
a

= (D:tanl(é)
a

PHASE AND PHASE DIFFERENCE

Phase is the physical quantity which represents the state
of motion of particle (e.g., its position and direction of
motion at any instant).

The arqument (ot +¢) of sinusoidal function is called
instantaneous phase of the motion. It gives the position and
direction of motion at any instant.

The constant ¢ in equation of SHM is called phase
constant or initial phase or epoch. It depends on initial
position and direction of velocity.

If ¢ = 0, then the body is initially at the mean position
or starts from the mean position, then we have x = asin at,
because att =0, x =0.
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Similarly, if ¢ = %, then the body is initially at the positive

extreme position or starts from the positive extreme, then
we have x = acoswt, because at t =0, x =a.

Also, note that there is a phase difference of T between the
sine and the cosine forms. 2
If two particles perform SHM and their equations are
y; =asin(ot+¢; ) and y, = asin(wt+¢, )
then, phase difference is given by

Ap=(wt+g,)-(wt+e )=, - ¢

The phase changes with time as
2
Ap= AL =21 fAt = %At

We may also define the period T as that time in which the
phase changes by 27.

CASE-I: Same phase or In Phase
Two vibrating particles are said to be in same phase, if the
phase difference between them is an even multiple of 7

L . . T .
or time interval is an even multiple of 5 because 1 time
period is equivalent to 27 rad.

CASE-II: Opposite phase or Out of Phase
When the two vibrating particles cross their respective
mean positions at the same time moving in opposite direc-
tions, then the phase difference between the two vibrating
particles is 180°.

Opposite phase means the phase difference between
the particle is an odd multiple of 7 (i.e., 7, 37, 57, 7x...) or

the time interval is an odd multiple of ;

ILLUSTRATION 3

The position of a particle moving along x —axis is given
by x =0.8sin(12¢+0.3) m, where t is in second. Calculate
the amplitude and the period of the motion. Also, find the
phase, position, velocity and acceleration at f = 0.6 s.

SOLUTION

On comparing the given equation with the standard equa-
tion of SHM i.e., x = Asin(of +¢), we see that the ampli-
tudeis A = 0.8 m and the angular frequency @ =12 rads ™.

= Tzzi:(l524 s.
o
Velocity and acceleration at any time are given by

d
v= d—’f‘ — 0.96c0s(12t+03) ms™

a= % =—-11.5sin(12f+0.3) ms >

Att=0.6 s, the phase of motion is
wot+¢=(12)(0.6)+0.3 =75 rad.

When this is used in the above expressions, we get

x=0.75m,2=0333ms ' and a=-10.8 ms >

EQUATION OF SHM AND PHASE

Consider the equation, x = Asin(of + ¢ ), where ¢ is initial
phase.

x=-A x= A x1=0 x=A X=+A
12 1
I I I
1 1 1
1
! =0 3 _n
| ! 6 =3
_3n :TH :' _-5]1
_Nn ¢=2r
4)_6

. . A
For example, phase difference between two particles at 5 from
Y . . . St m© 2m
meanpositionmoving oppositetoeachotheris A = %6 = 3
Also, we note that

T
(a) a particle executing SHM takes ik to move from

extreme position to half way between extreme and
mean position. T
(b) a particle executing SHM takes 78 to move from

mean position to midway between mean and extreme
position.

(c) when two particles executing SHM with time peri-
ods T) and T, (< T, ) start at the same time, then the
particles will be in phase after # oscillations of T, and
(n-1) oscillations of Ty, if

nT, =(n-1)T,

ILLUSTRATION 4

Two particles move parallel to the x-axis about the origin
with the same frequency and amplitude a. At a certain

. . a .
instant they are found at distances 3 from the origin on

opposite sides but their velocity is found to be in the same
direction. Calculate the phase different between the two
particles.

SOLUTION
Let x; = asinof and x, = asin (ot + ¢ ) be two SHMs.

= %:asina)t and —%: asin(of + @)

= sinwt= % and sin(f+¢) = _%

= — +./1-=—si -__
CDSQ) Sln@ 3
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= 9cos’ p+2cosp-7=0

24VA+4x7x9 7

= —]_’
18 9

= cosf=

= §=180° or5=cosl(g]

Now ©; = awcosot, v, = awcos(®+¢). When we substi-
tute ¢ =180° we find that v; and v, are of opposite signs.
Hence ¢ = 180° is not acceptable.

o] Z)
= ¢=cos (9

ILLUSTRATION 5

Two particles execute SHM with same amplitude a and
same angular frequency @ on same straight line with
same mean position. During oscillation, if they cross each
while going in opposite direction when at a distance a/2
from mean position, then calculate the phase difference
between the two SHMs.

SOLUTION

Let particles P (moving up) and Q (moving down) cross

a - P
each other at > from mean position as shown in Figure.

These two respective particles P and Q in SHM along with

their corresponding particles P” and Q” in circular motion
are shown separately in the two Figures below.

r b
/2 ,\ - 2
Y
! al2| 9. 1o 1 NG \o
T fo) i T /6 [0 i
1 ! \ i
\ / \ /
N // \\ /,
Nane 3nr

At this instant, phase of P is

(3

Similarly, for particle Q, phase is

fpz—ﬂ—sin"l(%)—n—E—S—x
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Since both are oscillating at same angular frequency, so
their phase difference remains constant and is given by

St m 2«

Mp=by-ty=" =

6 3
ILLUSTRATION 6

Calculate the phase difference between two particles 1 and
2 executing simple harmonic motion with the same fre-
quency if they are found in the states shown in Figure at
four different points of time.

M 1— M 1—
E;m---- ~-0Q--E, Ef----+-0--F,
al2 a2
— 2 M 2 —»
E;--0-—=+----- E, Ep---M ----- E,
ale
(@) {b)
1 — 1 —
E;----- ©----- E, E----- o-—--- E,
M M
M2 —2 M
E----- --0--E, E--O-=---—-- E,
a2 a2
{c) (d)
SOLUTION
. (a2 T
(@) For particle 1, ¢, =sin 1(—) =—
a 6
) (a2 7n
For particle 2, ¢, = 7 +sin 1(—) iy
a

ia,lg -7 a6 !
pl) S iz /
\\\HH_I__-’/’
L
13n/2
n
= Ad=0,-0 =?——=7rrad1an

| ,_1 6/2: llO
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3t m 4n
= A¢=¢’z-¢1=7-g=?

(c) For particle 1, ¢, =0

/2
For particle 2,0, =m— sin‘l ( a-‘_ )
a

12
S 1 ~
2 gz~ 02 "
|I: \‘ia I ¢' \‘
e e o,
L 1 [
\ 1 !
\ 1 ,’
\\ : }l
Mo 1 ’
S 1 -
N
-k
13n/2
T 5m
= ¢2: —_—— = —
6 6
5m
= Ap=—
6

(d) For particle 1, ¢, =0

For particle 2, ¢, = +sin”" (— J = ’%T
2

“““““

From figure ¢ = ﬂ+g e

ILLUSTRATION 7

Two particles are executing SHM of same amplitude and
frequency along the same straight line. They pass one
another when going in opposite directions, each time
their displacement is half of their amplitude. Calculate the
phase difference between the particles.

SOLUTION

Let two simple harmonic motions are x = Asin(wf) and
x=Asin(ot+9)

A
In the first case, we have > = Asin(wt)

J3

1
= sin(wot)=—= OR cos(wt) = —
sin ’ CcOos 5

In the second case, we have

4. Asin(ot+0)

2
1 . .
= Ezs1n(mt)cos¢+cos(wt)sm¢
1 1
= —=—costp+£sin¢
2 2 2

= 1—cos¢:\/§sin(b

—_— —_— —_— —_—
—_
|
(e
Q
w
=

=
= 4cos¢p=-2
= Cosp=-——

DIFFERENTIAL EQUATION FOR SHM

Let us consider a mass m attached to a spring of force
constant k oscillating along a straight line. The potential
energy of this mass varies with x as

U(x)z%kxz (1)
The force F acting on the particle is given by
au _ kdg,
Fee—=-c—|x" )=k (2
dx de(x ) * @

Such an oscillatory motion in which restoring force act-
ing on the particle is directly proportional to the small
displacement x from the equilibrium position is called
Simple Harmonic Motion. The potential energy function
of such a particle is represented by a symmetric curve as
shown in the Figure.

X O m
Ulx)
E

X o m
Fx)

; ALY

—X4 o] +X4
X
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Note that the limits of oscillation are equally spaced about the
equilibrium position. Applying Newton’s Second Law in
equation (2), we get

F =ma=—-kx
. .. d’x
Since accelerationis = —=—=
dt  dr*
2
= md—zx = —kx
dt
dz—x+[£)x =0 (3)
dat? m)

This equation (3) is called the characteristic differential

equation of SHM. It gives a relation between a function of
2

the time x(t) and its second derivative i.e., accelera-

dt’
tion (= ¥). To find the position of the particle as a function
of the time, we must find a function x(t) which satisfies
this relation.

It is obvious from a simple experiment in which an
oscillating particle traces a sinusoidal curve on a moving
strip of paper as shown in Figure.

U

In general, the equation of a simple harmonic motion may
be represented by any of the following functions

x=Asin(ot+9¢)
x=Acos(@t+¢)
x = Asin(wt)+Bcos(awt)

All the above three equations are the solution to the dif-
ferential equation ¥+ ”x = 0

EQUATION OF MOTION OF A SIMPLE
HARMONIC MOTION

Let us consider a particle of mass m (moving along the x
direction) on which a force F = —kx acts, where k is a posi-
tive constant and x is the displacement of the particle from
the assumed origin as shown in Figure.

0 v v
—~——0———1-0 —9—0—'—»1
— —_—
X X

The particle then executes SHM with the centre of oscilla-
tion i.e., mean position at the origin. We wish to calculate
the displacement x and the velocity v of the particle as

Chapter 3: Simple Harmonic Motion 3.7

function of time. Initially, let position of particle be x; and
its velocity be v, so at = 0, we have x = x, and v = v;,. The
acceleration a of the particle at any instant is given by

a= F - _(ij— —w"x, where @ = JE
m m m

dv dv 5 { dv dv}
= — =-0°x v =p—
dt a’x dt dx

=  vdo=—’xdx

Integrating within appropriate limits, we get

v X
Jvdv = I—wzxdx
Ty X
£)
:> —
2

o2
= v=o S+x |-
0]
Since v, x,, @ are constants, so we can write
o \2
(—”] +x2=A? ()
®

The above equation becomes

v=mJA?-x* .2

= d—x:a)\/Az—xz { v—d—x}
dt dt
o ..3)

\/AZ —x?

Since, the displacement is x,, initially and at time f the dis-
placement is x, so on integrating equation (3), we get
t

j o

Since

A
= [ (3] -
- sinl(%)—sinl(%”)—wf (4

Writing sin~ [Z ) 0, equation (4) becomes

Sin_l(x)—a)t+5
A

=t
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= x=Asin(wt+6) ...(5)

The velocity at time f is
U:Z—j:Amcos(a}HS) ...(6)

In equations (5) and (6), d is the initial phase (can also be
represented by ¢;) and @t +6 = ¢ is called instantaneous
phase.

CHARACTERISTICS OF SHM

In equation x= Asin(wt+¢), the argument (of+¢) is
called the phase, where ¢ is called the phase constant.
Both the phase and the phase constant are measured in

radians. The value of ¢ depends on the position where-
from we start measuring time.

Asing¥ 7\ '\ /

> wf

—A -

The characteristic differential equation i.e., ¥ + @°x =0 of
SHM does not represent one single motion but a group or
family of possible motions which have some features in
common but differ in other ways. In this case @ is com-
mon to all the allowed motions, but A and ¢ may differ
among them. The amplitude A and the phase constant
¢ of the oscillation are determined by the initial position
and speed of the particle. These two initial conditions will
specify A and ¢ exactly. One very important distinctive
feature of SHM is the relation between the displacement,
velocity and acceleration of oscillatory particle.

x=Asin(ot)

V= dx wAcos(wt) = mAsin(mHE]
dt 2

d*x 24 24
a= 7 ~0”Asinwt = 0" Asin(wt + 1)
Substituting value of x in above equation, we get

d2
dt

d*x
= —o+ex=0
dt

This is the standard characteristic differential equation of
SHM. Notice that the maximum displacement is A, the
maximum speed is A and the maximum acceleration is

®”A. The displacement, velocity and acceleration versus
time graphs have been plotted in Figure.

A

"\m__

<

A

<

-wA

A

v
—_

—0%A

The velocity function is g ahead of the displacement func-

. . . /1
tion and the acceleration function is — ahead of the veloc-
ity function. 2

CONDITION FOR MOTION TO BE SHM

For SHM is to occur, following three conditions must be
satisfied.

(@) There must be a position of stable equilibrium also
called as MEAN POSITION.
At the stable equilibrium potential energy is mini-
2
mum ie., d_U =0 and d—l,_,l >0
dx dx
(b) There must be no dissipation of energy
(c) The acceleration is proportional to the displacement
and opposite in direction, i.e.

a= —mzx

ILLUSTRATION 8

If a particle moves in a potential energy field
u=u, —ax+bx?, where a and b are positive constants,
obtained an expression for the force acting on it as a func-
tion of position. At what point does the force vanish? Is
this a point of stable equilibrium? Also Calculate the force
constant and frequency of the particle.

SOLUTION

Since, the force and the potential energy are related to each
other by the relation
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F:—d—u:a—2bx
dx

= F:(),atx:i
2b

2
= d—g:2b>0
dx

. a . . .. .
Le,x= o is a point of minimum potential energy. Hence,

the equilibrium is stable. So, k = 2b and
L[
2rN\m 2w \'m

VELOCITY OF A PARTICLE IN SHM

Let, x = Asin(wt), then velocity of a particle is

dy d .
- = A t
o= df[ sin(wt)]

= v=Awcos(ot)

= ov=y,coslwt)

where, the velocity amplitude is
vy = Aw

Also, v = Awcos(ot)

=  v=Awy1-sin’(wt)

[ 2
= v=A® 1—%:mVA2—x2

= v =0’A’-0’Y’
= P +o'y = 0*A?
S
P
which is the equation of an ellipse.

Velocity vs Displacement curve must be an ellipse

= 1

ILLUSTRATION 9

A point moves along the x-axis according to the law

x = asin’ ( ot - z) Calculate the amplitude and period

of oscillations and draw the plot x vs t. Also calculate the
velocity projection v, as a function of the coordinate x and
draw the plot v, vs x.

SOLUTION

. L . ﬂ?
Given equation is x = asin’ ( ot - Z)
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1-cos2
Sirwu:esinziﬁi:&‘Ei
2
= x—E—Ecos(Zwt—E) ...(1)
2 2 2

From equation (1) the amplitude of SHM is %’ time period
is  with mean position at x = g. Plot of x vst is shown
®

in Figure.

o

]

o[-

1
1
1
|
L
4o 20

|
SIE]

I~
=]

Differentiating equation (1), we get

v= ExZwsin(IM)t—E): awsin(Zwt—E)
2 2 2

2 2
a a

= u.=20 (—) —[——x)
2 2

= ol =40’x(a-x)

- (B) (3-8

a
2 —=X
(am) a/2

Equation (2) is an equation of ellipse as shown in Figure.

Vi

ILLUSTRATION 10

A particle executes SHM in a straight line. The maximum
speed of the particle during its motion is v,,. Find the aver-
age speed of the particle during its SHM.

SOLUTION
Let x = Asin(ot), so v = Awcos(ot)
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T

Ivdt .

A
= Up=t—-= Ta)jcos(a)t)dt

Jdt 0

T/2
= T J.cos wt)dt|+ Jcos(wt)dt
0 T/2
vm,:%(2+2):ﬁ:41‘£:2A—6u
T T 2 T
Since, v,.,, =7, = A®
2A0 2o,
= U,=—=—"
T T

POTENTIAL ENERGY OF A PARTICLE IN SHM

The potential energy U at a displacement x is the work
done against the restoring force in moving the body from
the mean position to this position.

y
PE=U= J‘kxdx = %kx2

1 1
= U= Ema)zx2 = Ema)zzﬂl2 sin” (ot)

The maximum value of potential energyisU .

1
= —ma* A
2
at the extreme position i.e., at x = £A and minimum value
of potential energy is U,;,

x=0.

=0 at the mean position i.e., at

KINETIC ENERGY OF A PARTICLE IN SHM

If x = Asin(wt), then v = Awcos(ot), so kinetic energy K
of a particle executing SHM is given by

KE=K= %mvz = %ma)z/fl2 cos’ (ot)

= K:%ma)z(Az—xZ)

. o . 1

The maximum value of kinetic energy is K, = Ema)zA2
at the mean position i.e., at x =0 and minimum value of
kinetic energy is K,;, =0 at the extreme position i.e., at

x=%A.

min

MECHANICAL ENERGY OF A PARTICLE IN SHM

The mechanical energy E of a particle executing SHM is

E=K+U= zmm 2A?% = constant

So, we observe that total mechanical energy is a constant.
The variations of U, K and E with time are shown in Figure.

Energy

;—m'mz.ll2 <7

The variations of U, K and E with displacement are shown
in Figure.

At x=0, U=0 and the energy is purely kinetic ie.,
E=K,,, = %m (@AY’ At extreme points or turning points
of the SHM, kinetic energy is zero and the energy is purely
potentiali.e., E=U,,, = %m (wAY.

Note that the frequency of vibration of the kinetic and potential
energy is twice that of the frequency of oscillation.

The instantaneous total mechanical energy of the spring-
mass system may be written as

E= lmvz + lkx2 = constant
2 2

Differentiating it w.r.t. time, we get

£ Ind (e li()

dt 2 dt 2 dx
= 0= mvd—v-»-kxd—x
dt dt
2
Since, d—jand% iz , therefore,
2
d—x+£x—0
> m

This is the differential equation of SHM.

ILLUSTRATION 11

In an SHM, at the initial moment of time, the particle’s
displacement is 4 cm and its velocity is —3 ms ™. The parti-
cle’s mass is 4 kg and its total energy 50 J. Write down the
equation of the SHM and find the distance travelled by the
particle in 0.314 s from the start.

SOLUTION

Total energy of the particle is 50 J, so

1
—ma’ A =50
2
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4
Since v° = w* A% — @*x*

(=3)% = 25— ?x?

=
= wx*=25-9
= wx=+16=4
= w(0.04)=4
= ®=100rads "
Since Aw=>5

= A:i:0.0Sm:SCm
100

To calculate the initial phase, we shall map the SHM on a
circle as shown in Figure.

P P \
W] B
cm [ TN

L ° e

Since sinf = %’ ie 6=53°

So, initial phase is ¢ = 180° - 53° = 127°
Also, 180° = r radian

=  $=127x-" radian
= ¢=22radian
Equation of SHM is given by

y= 0.05sin (100t +2.2) metre

Time period of SHM is T = m_ 0.0628 s
(0]

Number of oscillations in 0.5 s are
N2 0314

0.0628
Hence, total distance travelled in 5 oscillations is

1=5(4A)=20A=20(0.05)=1m

ILLUSTRATION 12

A particle of mass m is oscillating in SHM along x-axis
about its mean position O with angular frequency @ and
amplitude A. At the instant when the particle is passing

the position x = % and going away from O, an impul-
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sive blow is given to it in the direction of motion. The
impulse of this blow is of magnitude | = mA®. Calculate
the new amplitude of vibration in terms of A.

SOLUTION

Velocity of particle at x = @ is

v=VA? —x* :A—zm

Applying impulse momentum theorem, we get
J=mv - mo

= mA®=myy —m(@]

2

= Uf :éACO
2

If A" be the new amplitude, then we have

vy = VA —x?

= gAm:w A’Z—gzﬂx2
2 \ 4

= 2A2—(A’2—§A2)
4 4

= A'2=(2+§)A2=3A2
4 4
= A'=\3A

ILLUSTRATION 13

The potential energy of a particle oscillating on x-axis is
given as

U=20+(x-2)

Here U is in joules and x in metres. Total mechanical
energy of the particle is 36 J.

(a) State whether the motion of the particle is simple
harmonic or not.

(b) Find the mean position.

(c) Find the maximum kinetic energy of the particle.

SOLUTION
@ F=-_5(x-2)
dx
Let us substitute x —2 = X, then we get
F=-2X
Since, < -X
The motion of the particle is simple harmonic
(b) The mean position of the particleis X=0or x-2=0,
which gives x =2 m
(¢) Maximum kinetic energy of the particle is,
Kiax = E=Upy, =36-20
Kpax =167

Ui, 18 20 ] at mean position or at x =2 m
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Problem Solving Technique(s)

CALCULATING ANGULAR FREQUENCY OF A
PARTICLE IN SHM USING TAYLOR’S METHOD:

If mathematical function is given by y=f(x), then by
Taylor's theorem, we have
2 3

F(x) = F0)+xf(0)+ X F7(0)+ X f(0)+.. .(1)

2! 3l
If x is taken as the displacement of a particle from its mean
position and the restoring force F acting on the particle
depends on this x, then this restoring force F = f(x) acting
on particle at a distance x from mean position can be writ-
ten by using Taylor’s expansion series as
32

F:f(x):f(0)+xf(0)+af”(0)+... -(2)
In this case, f(0)=0 because at x=0 or mean position
restoring force is zero and for small displacements of par-
ticle higher powers of x can be neglected. Hence restoring
force F is given by using equation (2).

= F=-xf"(0)
= mi=-[f(0)]x
= X+(@)x=0

m

Comparing this equation with general differential equation
of SHM e, X + ’x =0, we get

_[F@
m

I L

o) f'(0)

However, if mean position is at x,, (instead of x =0), then

(x
oo (%)

m

ILLUSTRATION 14

A particle of mass m is located in a uni-dimensional
potential field for which the potential energy of the parti-
cle depends on the coordinate x as U (x) = U, (1-cosCx);
U, and C are constants. Using Taylor’s method, calculate
the period of small oscillations that the particle performs
about the equilibrium position.

SOLUTION
The potential energy of the oscillating particle is given by

U=Uy(1-cosCx)

Force on particle is given by
du
dx
= F=U,Csin(Cx)

This force is given as a function of displacement of particle

x from its mean position, so angular frequency of its SHM
from Taylor’s method is given by

F=

0= w ...(1)
m
where, f7(0) = il I UyC* cos(Cx)
dx o x=0

= f(0)=U,C?

Substituting in equation (1), we get

U.C2
0= ¢
m

m
u,C?

ILLUSTRATION 15

The potential energy (U) of a particle varies as a function

= T=2r

. : . . a b
of x-coordinate in a given force field as U = — ——, where
X X

a and b are positive constants. Calculate the period of
small oscillations of the particle about the mean position
(in the field).

SOLUTION

Given that U :iz—g
¥ x

: 2a+b
P

du
ax
At mean position say x =x,, F=0
b
S

2a

= Xn = —
0
b

According to Taylor’s Theorem, we have

oo \/F’(x(, ) \/F’(Za,f'b)

P:

=0

20 b
Now, F=—-—+—
Pt
6a 2b
= F=—b-—
Dl
J[(2a)  6a 2b
F ? _(2 / 1 1103
a/b)"  (2a/b)
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[ ] ]
(2) 3wt ot bt
= —_— _— g —
b 8q4° 4a3 84°
\/ 2afb \/b4
=
8ma’

3
= T=2r Smf
b

_A4na
= b2 ——/2ma
ILLUSTRATION 16

Aparticle moves with simple harmonic motion in a straight
line. In the first second after starting from rest, it travels a
distance x; and in the next second it travels a distance x,
in the same direction. Find the amplitude of the motion.

SOLUTION

Starting from rest implies that the particle starts from
extreme position as shown in Figure.

M
-A A
——b—
X X
SO, xl = A_xl
= x,=A-Acos(wt)
So,att=1s,x, = A(1-cosm) (1)
Similarly, at f =2's, x; + ¥, = A(1-cos2w) ...(2)
From equation (1), we get
Cos@W=—

A
From equation (2), we get

Xy +X2 = 2ASin2 ®

X1+,
2A

= sin‘w=

Since, sin” w+cos’ w =1

(x]+x2 J_{A—xl )2 1
2A A

= Ax;+Ax, +2A7 +2xF —4Ax, =247

2
2x

= A=
3x;—x,

ILLUSTRATION 17

A particle executes simple harmonic motion. If the veloci-
ties at distances of 4 cm and 5 cm from the equilibrium
position are 13 cms™ and 5 cms™ respectively, calculate
the period and amplitude.

Chapter 3: Simple Harmonic Motion 3.13

SOLUTION
Since, v = @V A% - x?
Atx=4cm,v=13 cms

= 13=0VA’-16 (1)

-1

-1

Atx=5cm,v=5cms

= 5=wpJA’-25 .2

Divide equation (1) by (2), we get
[E ]2 _A'-16
5) A?-25

169A% —4225 =5A% - 80

=
= 164A% = 4145
= =252

= A=502cm

Substituting value of A in equation (1), we get

13=wVA%*-16

= 13=wv25274-16
13

= ©=——=3925rads™
3.312

= T—Zﬂ 628 =16s
[0} 3925

ILLUSTRATION 18

At the moment t=0, a particle starts moving along
the x axis so that its velocity projection v, varies as
v, =35cos(7t) ems !, where t is expressed in seconds.
Calculate the distance covered by this particle during
2.80 s from the start.

SOLUTION
Time period of particle is
T= n_ 2s
o

T
So,in25sie., SE, particle covers distance 5A

Since, maximum speed of the particle is

35=Aw
:ﬁzﬁzn.m cm
o 314
In remaining 0.3 sec, particle covers a distance s given by
s=5A+x, (1)
Since v* = 0 (A —x?) (2)

where v at 2.8 s is

v =35c0s(3.14x2.8) = —28.22 cms "
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Substituting in (2), we get
(2822)" = (3.14)° [ (11.14)* - ]
=  8077=(1114) -x*
= x*=4333
= x=659m
Hence distance covered is
Xg=A-x=11.14-6.59
= x;=455wm
So, from (1), we get
s=5A+x,

= 5=5(11.14)+4.55=60.25 cm

ILLUSTRATION 19

In SHM, the distances of a particle from the mean position
of its path at three consecutive seconds are observed to be
x, y and z. Calculate the period of oscillation.

SOLUTION

Let x = Asin(ot), so we get
x=Asinw (att=1s)
y=Asin20 (att=2s)
z=Asin3w (att=3s)

Now, x+z = A(sinw+sin3w)

= x+z=2[Asin(20)]cos®

= x+z=2ycosm

-1 X+z
= w=cos | —
(2y ]

w 1 X+z
cos | ——

( 2y )
ILLUSTRATION 20

A particle executes SHM with amplitude A and angu-
lar frequency . At an instant when particle is at a dis-
tance A/5 from mean position and moving away from it.
Find the time after which it will come back to this posi-
tion again and also find the time after which it will pass
through mean position.

SOLUTION

The SHM is drawn on circular mapping as shown in
Figure.

For calculating time taken by particle to return to same
position, we see that

A/5
6=cos ' (—)— cos ! (1]
A 5

-1 1
L8 _cos (1/5)
® ®
2cos™ (1/5)

= tpg}p'ZZf:
(]

For the particle to cross the mean position, we have again
drawn SHM on circular mapping as shown in Figure.

/2

so 1= 8 _T-a_msin(1/5)
(0]

[0} [0

ILLUSTRATION 21

Aparticle performing SHM is in equilibriumat f = 1 second
and has a speed of 0.25 ms™ at t = 2 second. If the period
of oscillation is 6 second, calculate the amplitude of oscil-
lation, initial phase and velocity of particle at 6 second.

SOLUTION

Method-I
Lety = Asin( @t + ¢ ) be theequation of SHM, thenatt =15,

y =0 (because particle at mean or equilibrium)

= 0=Asin[o(1)+¢]

N sin(§+¢]—0

T
= ¢:_§



L]
Hence initial phase is ¢ = —% radian

Now v :%: Awcos(ot+¢)

Att=2s,v=025 ms™"

= O.ZS_A(E)COS[z—E—E]
3 3

Att=6s, we get

ICON
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Method-II
2 2n «w 1

Given that, ®=—=—=— rads
T 6 3

Since 6 = ot = w(1), so from Figure, we get

v=Awcos(6w+9)

- 2N (3)

v=(05)(0.5)=0.25 ms™

0.25= AwcosH

and solve further.

st vour conceptst

Based on SHM Properties

An object of mass 0.8 kg is attached to one end of a
spring and the system is set into simple harmonic
motion. The displacement x of the object as a function
of time is shown in the figure.

x(m)
b
0.080 T T 1
1 I I 1
1 1 1 1
1 1 1 1
Y2 o 4
T T
i W Time(s)
1 I I 1
1 1 1 1
~0.080———— !

With the help of given data, calculate the
(a) amplitude A of the motion,

(b) angular frequency o,

(c) spring constantk,

(d) speed of the objectatt=1.0 s and

(e) magnitude of accelerationatt=1.0s.
Prove that x=Ae'™
i=V-1.

Describe the motion of a particle acted upon by a force
(a) F==2(x-2)* (b) F==2(x-2)*

is an equation of SHM, where

(c) F=-2(x-2)

A particle in simple harmonic motion is at rest a dis-
tance of 6 cm from its equilibrium position at time t =0.
Its period is 2 s. Write expressions for its position ¥, its
velocity v, and its acceleration a as functions of time.

5.

(Solutions on page H.178)

When a particle is executing SHM. Calculate the ratio
of mean velocity (during motion from one end of the
path to the other) and the maximum velocity. Also cal-
culate the ratio of average acceleration (during motion
from one extreme to the centre) to the maximum
acceleration.

(a) The potential energy of a harmonic oscillator
of mass 2 kg in its resting position is 5], its total
energy is 9 ] and its amplitude is 1 cm. Calculate its
time-period.

(b) A particle of mass 5 g lies in a potential field
v =(8x*+200) erg per gram. Calculate its time
period.

Two particles describe SHM of the same period and

same amplitude along the same line about the same

equilibrium position O. At a moment when they are at
the same displacements their velocities are 1.6 ms ' in
opposite directions. At another moment when their dis-
placements are equal in magnitude but on either side
of O their velocities are 1.2 ms~'in the same direction.

Find the maximum speed of the particles and the phase

difference between them.

A particle starts its SHM from mean position at t =0. If

its time period is T and amplitude A. Calculate the dis-

tance travelled by the particle in the time from t =0 to
5T

t .
4
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10.

11.

12

13.

14.
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A block is executing simple harmonic motion on a fric-

tionless horizontal surface with a amplitude of 0.100 m.

At a point 0.060 m away from equilibrium, the speed of

the block is 0.360 ms ™.

(a) What is the period?

(b) What is the displacement when the speed is
0.120ms™'?

(c) Asmall object whose mass is much less than the mass
of the block is placed on the oscillating block. If the
small object is just on the verge of slipping at the end
point of the path, then find the coefficient of static
friction between the small object and the block.

Two particles are in SHM with the same amplitude and

frequency along the same line and about the same

point. If the maximum separation between them is NE]
times their amplitude, calculate the phase difference
between them.

A particle of mass m free to move in the x-y plane is

subjected to a force whose components are F, = —kx

and F, =—ky where k is a constant. The particle is
released when t=0 at the point (2,3). Prove that
the subsequent motion is simple harmonic along the

straight line 2y —3x = 0.

The position of a particle is given by x = 4sin(2t), where

x is in metres and t is in seconds.

(a) What is the maximum value of x and at what time
first after t = 0 is this maximum?

(b) Find an expression for the velocity of the particle
as a function of time. Also find the initial velocity of
the particle.

(c) Find an expression for the acceleration of the particle
as a function of time. Also find the initial and the
maximum value of the acceleration of the particle.

Two particles executing SHM with same angular

frequency and amplitudes A and 2A on same straight

line with same mean position cross each other in oppo-
site direction at a distance A/3 from mean position.

Find the phase difference in the two SHMs.

A 0.2 kg object hangs from an ideal spring of negligible

mass. When the object is pulled down 0.1m below its

equilibrium position and released, it vibrates with a

period of 1.80 s.

(a) Find its speed as it passes through the equilibrium
position.

(b) Find its acceleration when it is 0.050 m above the
equilibrium position.

(c) Findthe time required by the particle (when moving
upwards) to move from a point 0.05 m below its
equilibrium position to a point 0.05 m above it.

(d) If the motion of the object is stopped at the mean
position and the object is removed from the spring,
then find the length by which the spring shortens.

15.

16.

17.

18.

19.

20.

21.

22,

23.

A linear harmonic oscillator has a total mechanical

energy of 200 ) Potential energy of it at mean position is

50 J. Find,

(a) the maximum kinetic energy

(b) the minimum potential energy

(c) the potential energy at extreme positions.

A point particle of mass 0.1kg is executing SHM of

amplitude of 0.1m. When the particle passes through

the mean position, its kinetic energy is 8x107 .

Obtain the equation of motion of this particle if this ini-

tial phase of oscillation is 45°.

A particle of mass m is located in a unidimensional

potential field where the potential energy of the particle

depends on the coordinate x as U( x )(1-cosbx ); U, and

b are constants. Find the period of small oscillations that

the particle performs about the equilibrium position.

A tray is moved horizontally back and forth in simple

harmonic motion at a frequency of f =2.00 Hz. On this

tray is an empty cup. Obtained the coefficient of static

friction between the tray and the cup, given that the

cup begins slipping when the amplitude of the motion

is5.00x107% m.

A1x107% kg block is resting on a horizontal frictionless

surface and is attached to a horizontal spring whose

spring constant is 124 Nm™". The block is given an ini-

tial speed of 8 ms™' parallel to the spring axis, while the

spring is initially unstrained. What is the amplitude of

the resulting simple harmonic motion?

The period of an oscillating particle of amplitude A is

8s Att=0itisin its equilibrium position.

(a) Calculate the distance it travels in the first 4 s.
Compare with the distance it travels in the next 4 s?

(b) The distance travelled in the first 2 s and the next 2 s?

(c) The first second and the next second?

When the displacement of a body oscillating on a spring

is half its amplitude, what fraction of its total energy is

its kinetic energy? At what displacement are its kinetic

and potential energies equal?

A plank with a body of mass m placed on it starts mov-

ing straight up according to the law y=a(1-coswt),

where y is the displacement from the initial position,

®=11rads . Find:

(a) the time dependence of the force that the body
exerts on the plank.

(b) the minimum amplitude of oscillation of the plank
at which the body starts falling behind the plank.

Aparticlehasdisplacement x given by x = 3cos( 57t + 1),

where x is in metres and t in seconds. Find the

(a) frequency f and the period T of the motion.

(b) greatestdistancethe particle travelsfromequilibrium.

(c) position of the particle at time t=0 and at time

1
t=—s.
2

J
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UNDERSTANDING SHM FOR PHYSICAL
SYSTEMS

Whenever we have to prove that a particular physical sys-
tem follows SHM, then we proceed through the following
series of steps.

STEP-1 Locate the mean position of the system.

STEP-2 Give the system a small displacement {linear or
angular} from the mean position.

For that extremely small displacement find the
restoring force (or restoring torque).

This restoring force (or torque) must be directed
towards the mean position.

This restoring force (or torque) must be directly
proportional to the displacement (or angular
displacement) from the mean position.

On positive confirmation of all the five steps we can
say that the system follows simple harmonic motion
and then time period (T ) is given by STEP-6.

STEP-6 T = 2ﬂJ70RT 2:1:\/7

MASS-SPRING SYSTEM

STEP-3

STEP-4

STEP-5

When a spring is compressed or stretched by a small
amount, a restoring force is produced in it, which is
proportional to the displacement x. So, we have

F=—kx
The constant k is called the spring constant or the force
constant of the spring,.

Horizontal Oscillations

Consider a light spring of constant k, one end of which
is fixed rigidly to a wall and the other end is attached to
a body of mass 1, which is free to move on a frictionless
horizontal surface. The equilibrium position of the system
is shown in Figure.

A | F=0
b {1 DT

I X 1 I

m

1
I
1
W |
1
1

When the body is pulled to the right by a deforming force
(not shown in Figure), the restoring force exerted by the

Chapter 3: Simple Harmonic Motion 3.17

spring on the body is directed to the left. When the body
is pushed to the left, the restoring force is directed to the
right.

= F=-kx

=  m¥=-kx

= jr'+£x:0
m

= T=2n i—z;:\/i
V| 3] k

When the body is released it executes SHM with time

period T =27 \/f .

Also, we know that the instantaneous total mechanical
energy of the spring-mass system may be written as

E= lmv2 + lkx2 = constant
2 2

Differentiating it w.r.t. time, we get

dE_1 d(2)+1kd( 2)

dt 2 dt 2 dx
= 0= mvd—v-s-kxd—x
dt dt
2
Since, v = d—xan dv d , therefore,
dat dat
2
d—f+£x:0
dr= m

This is the differential equation of SHM.

Vertical Oscillations

Consider a light spring suspended vertically from a fixed
support, having a mass m connected to its lower end as
shown in Figure.

.

In this case the equilibrium position of the spring is that
position in which the spring is stretched by a length I such
that the restoring force balances the weight mg. Hence,

=mg
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P

!
When the body is pulled further from this position through
a distance y, it executes SHM. If F be the restoring force,
then

=

F=k(I+y)-Mg
= F=ki+ky-Mg
= F=Mg+ky-Mg
= F=-ky
Negative sign indicates the restoring nature of force.

= mij=-ky

= y+%y=0

= T—Zn\/%—h\/%

It should be noted that the time period in vertical oscilla-
tions is same as that in horizontal oscillations. It does not
depend on g.

ILLUSTRATION 22

Two masses n1; and m, are suspended together by a mass-
less spring of spring constant k. When the masses are in
equilibrium m; is removed without disturbing the system.
Find the angular frequency and amplitude of oscillation
of m,

m

SOLUTION

As m, is removed, the mass 1, will oscillate and so

T=22 ™ ie, =% = *
k T ,

Furthermore, the stretch produced by m;¢ will set an
amplitude, "
i'e‘l mlg =kA i.e., A= (TLg]

ILLUSTRATION 23

For the arrangement shown in the figure, find the period
of oscillation.

SOLUTION
Obviously, when the block is displaced down by x, the

spring will stretch by ;

kx/2

From the free body diagram of the pulley,
kx

—=2T
2
= T:E
4

The net restoring force on the block is T.
Using the Second Law of motion, we get

2
md—gz—T:—k—x
dat 4
x ( k
= o+ — |x=0
dt Am

Thus, the period of SHM is given by

T:27t1/4%m
k

Note that we have not taken gravity into account as it does
not affect the time period.

ILLUSTRATION 24

A horizontal spring block system of (force constant k) and
mass Mexecutes SHM with amplitude A. When the block
is passing through its equilibrium position an object of
mass m is put on it and the two moves together. Find the
new amplitude and frequency of vibration.

SOLUTION

Since initially mass M and finally (m+ M) is oscillating,
so we have

1 [k , 1 k
I =2\ ™ = (e
fr M

= T (me M)
. M

= f'=f s ) (1)
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Now by Conservation of Linear Momentum
Mo =(m+M)V’
At equilibrium, v = Aw = 2 Af

M(2rfA)=(m+M)2nfA’
A M f
7oA (m+M)[f]
M
(m+M)

ILLUSTRATION 25

A 2 kgmass is attached to a spring of force constant

{vo=2xf}

= A=A

{from equation (1)}

600 Nm ' and rests on a smooth horizontal surface.
A second mass of 1 kg slides along the surface toward the
first at 6 ms™.

(a) Find the amplitude of oscillation if the masses make
a perfectly inelastic collision and remain together on
the spring. What is the period of oscillation?

(b) Find the amplitude and period of oscillation if the col-
lision is perfectly elastic.

(c) For each case, write down the position x as a function
of time f for the mass attached to the spring, assum-
ing that the collision occurs at time { = (. What is the
impulse given to the 2 kg mass in each case?

SOLUTION

(a) From Conservation of Linear Momentum,
1x6=(1+2)v

= p=2ms "

] -1
—— 6ms 2kg AT —

B
By Law of Conservation of Mechanical Energy, we
have
= 1”,”)2 = 1kA2
2 2

- )

= A=014Im=141cm

= T—ZE\/E—ZR' fi:0.44s
k 600

(b) For perfectly elastic collision, we have

o = My — 1y " 2my .
= 1
My + 11y 1y + 11y

V5 —0+(2X1)><6=4rns_1
1+2
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= A—(\/E}Jﬁﬂl 2
k 600

= A=023m=23cm

= T= 2?1'( 211'/ =036
600

(c) In the first case, w = — = —— =14.28 rads™
T 0.44

and amplitude A =14.1cm
= x=Asinot=(14.1cm)sin(14.28¢)

In the second case, @ = n 02;{6 =17.45 rads ™"

and amplitude A =23 cm
= x=23sin(17.45t) cm
Impulse, J; = AP =2x2 =4 Ns in the first case

and |, = 4x2=8 Ns in the second case.

ILLUSTRATION 26

A2 kgblockisattached to a spring for which k =200 Nm ™.
It is held at an extension of 5 cm and then released at ¢ = 0.
Find

(@) the displacement as a function of time

(b) the velocity when x = + %

. A
(¢) the acceleration when x = + 0
SOLUTION

(@) We need to find 4, o, and ¢ in equation. The ampli-
tude is the maximum extension; thatis, A =0.05 m
We know the angular frequency of the spring-mass

system is given by o = \/E =10 rads™
1

To find ¢ we note that att = 0 we are given x = +A and
v=0.

Thus, from the equation of displacement and velocity,
we get

x=Asin(wt+¢)
= Asin(0+¢)
v=0A(0t+¢)
= 0=10Acos(0+¢)
Since sing =1 and cos¢ = 0, it follows thatt,‘b— > rad.

Thus, x = 0.05 sin[ 10t + ’;J n (1)
(b) In order to find the velocity, we have to find the time
t, when x = g Equation (1) yields % = sin( 10t + g),

from which we infer that
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(10t+f)=f
2 6

The velocity is given by

OR (10t+f]:5—”
2) 6

vzd—x=0.5cos(10t+£)
dt 2
T -1
= U—D.SCOS(EJ—HMS ms  OR

U= D.5COS( %) =043 ms™

At a given position, there are two velocities of equal
magnitude but opposite directions.

(c) The acceleration at x:é may be found from the
equation, 2

a= —Ex =—’x = —(10 rads™ )2(% m)
m 2

a=-25ms”

SHM OF FREE BODIES IN ABSENCE OF
EXTERNAL FORCES

We know for oscillations of a body restoring force must
be there due to which the body oscillates about its mean
position. In some special cases, it is possible that a system
oscillates due to only internal forces and internal forces
of system provide the required centripetal force for
oscillations. We take an illustrative example to explain
such situation.

ILLUSTRATION 27

Two masses m; and m, are connected by a spring of force
constant k and are placed on a frictionless horizontal sur-
face. Show that if the masses are displaced slightly in oppo-
site directions and released, the system will execute simple
harmonic motion. Calculate the frequency of oscillation.

SOLUTION

Let masses m; and m, be displaced by x; and x, respec-
tively from their equilibrium position in opposite direction
so that the total extension in the spring will be x = x; +x,.
Due to this stretch a restoring force kx will act on each
mass and so equation of mass n; will be

=X =X
3 k 3
P |™ M 1
2 2
d k
my k= —kx ie, = —— (1)
dt dt my
while that for 2, will be
d’x, d’x k
My, —2 = —kx, i.e., —2=——x (2
: da? ar 1My @
dx  d*x,  d
Butas x=x; +x, i.e.,—x fh,iln ..(3)

TR
So, substituting equation (1) and (2) in (3)

2
d_x:_(i.ki)kx

dr? my  m,
dx  k 1 1 1
= —5=-—xwhere —=—+—
dt m moomy o M,
P
= X0 where 0’ = k
dt?

f‘iﬁ_i k(my +my)
“2t\m 2z My,

ILLUSTRATION 28

A block with a mass of 2 kg hangs without vibrating at
the end of a spring of spring constant 500 Nm ™', which
is attached to the ceiling of an elevator. The elevator is

moving upwards with an acceleration % Attime t =0, the
acceleration suddenly ceases.

(a) What is the angular frequency of oscillation of the
block after the acceleration ceases?

(b) By what amount is the spring stretched during the
time when the elevator is accelerating?

(c) What is the amplitude of oscillation and initial phase
angle observed by a rider in the elevator?

Take the upward direction to be positive. take ¢ =10 ms™.

SOLUTION
(@ Angular frequency o = \/E
m

500
w=,|—
2

= ®=15.81rads
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(b) Equation of motion of the block (white elevator is
accelerating) is,

kx

=

mg

8

kx-mg=ma=m=
J 3

Lo dmg _(9)(2)(10)
© 3k (3)(500)
= x=53cm

() (i) In equilibrium when the elevator has zero accel-
eration, the equation of motion is,

=0.053 m

kx
mg
kx, =mg
= X, :E:(Z)(lo)zﬁ.(}&m
k 500
= Xg=4cm

So, amplitude A =x-x;,=53-4.0
= A=13cm

(ii) Attime f =0, block is at x = - A. Therefore, substi-
tuting x = —A and f = 0 in equation, we get

ﬁ x=+a

Mean position

—_——————

<

x=Asin(ot+9¢)
So, the initial phase is

an

=3

ILLUSTRATION 29

With the assumption of no slipping, determine the mass
m of the block which must be placed on the top of a 6 kg
cart in order that the system period is 0.75 s. What is the
minimum coefficient of static friction u, for which the
block will not slip relative to the cart if the cart is displaced
50 mm from the equilibrium position and released. Take
g=98 ms ™.
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600 Nn" Hs
1000000 6 kg
SOLUTION

Since, T =27 fm—%
600
= 075=2n ’m_-|-6
600

(0.75)* x 600
m=-————
(27)

Maximum acceleration of SHM of amplitude A is

{ Tzzxﬁ}

—6=255kg

_ 2
A =0 A
So, maximum force on mass m is mw*A which is being

provided by the force of friction between the mass and
cart. Therefore,

mg > ma* A
2
= P:SEM
g
= # >(2_E)2£
S T g
2 2(005)
— | | =— w A=50
= u 20358

Thus, the minimum value of p, should be 0.358

COUPLED SPRING SYSTEM

Springs in Series

Suppose two springs of force constants k; and k, are con-
nected in series to a mass m. Let m be displaced to the
right through a distance y. If the extensions of the two
springs are y; and y, respectively, then

Yy=n+y
If F is the restoring force, then
F=-kiy, =-kyy,
= y=-—andy, -
1 k,
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This shows that the effective force constant of the two
springs is given by

= —+4+—
kl k2

Keories = kg = or
series S
ky+ky  Keeries

ki ko

ks ko F

.

such that k;, 2kg, k,are in Harmonic Progression
The time period of oscillation is

T=2n E:ZE m m
ks kyky

If ky = k, = k(say), then kg = —

M| =

Springs in Parallel

In this case, if mis displaced to the right through a dis-
tance y, the extension produced in each spring is the same.
If F, and F, are the restoring forces produced in k;and k,,
respectively, then

Pl = _kl_‘/ and F2 = _ka
The total restoring force F is

F=F+F=—(k+k )y

ky

m
b H

This shows that the effective force constant is

k k, =k +k,

parallel =

The time period of oscillation is

T=21 [t =op [
kp K +ky

If k; =k, = k(say), then kp = 2k.

(a) If n springs are connected in series, then
1T 1 1 1
— =t — .+ —
ke ky k, k

(b) If nsprings are connected in parallel, then

n

kp =k]+k2 +...+kn

(c) If a spring of spring constant k, natural length ¢, is
divided into parts, then

k(= constant
= k]f‘l =k2£2 =...=kn£n =kf

where {1+ 0, +..+{,=(

Mass Connected Between Two Springs

If the body is displaced to one side, one of the springs gets
extended and the other gets compressed. The restoring
forces due to both, say F, and F,, are in the same direc-
tion. The total restoring force F is F, + F,. Now, if y is the

displacement of the body, then
k, ky
m

= F=—(k+k)y

Thus, showing that the effective force constant is

keff - kl +k2

ILLUSTRATION 30

A mass m is connected to a spring of mass m,_and oscillates
in SHM on a smooth horizontal surface. The force constant
of the spring is k. Find the time period of oscillation.

SOLUTION

Let ! be the length of the spring. Let V be the speed of mass
in its displaced position y. Since the spring is not massless,
so it will also have some kinetic energy. To find this kinetic
energy consider a segment of spring of length dx at a dis-
tance x from the fixed end. As the velocity of different seg-
ments will be different in an oscillating spring, we assume
that velocity of the segment is directly proportional to its
distance from the fixed end, so for this segment, we have
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dm= %dx and v —(?)V

. S
_den_
I 1 v
[} 1 —
1 1 -
—
y

So, the kinetic energy of this segment is given by

I PPRVEINR (E PR E S
dKS—z(dm)(v )—2( I dx)[ IV)

1

= K, = Jsz
0
Integrating we get,
K, = 1 mSV2
6

The mechanical energy of the system in displaced position
of the block will be,

Kinetic Kinetic ElaStl.C
Potential
E=| Energy |+| Energy
f Mass ) | of Sprin Energy
© PHNE ) | of Spring
= E= lsz + lmSV2 +1J'cy2
2 6 2
Since, E =constant
dE
—=0
dt
d
= mV(d—V)+lmsVd—V+ky—y =0
dt ) 3 dt dt

Substituting Z—Y =a and b V, we get

dt
( mu] y
m+— la=—
3

= o=y

Therefore, motion is simple harmonic in nature, with time
period

y

a

ILLUSTRATION 31

A particle of mass m is attached to three identical springs
A, B and C each of force constant k as shown in figure. If
the particle of mass k is pushed slightly against the spring
A and released, find the time period of oscillations.

T=2m =2

Chapter 3: Simple Harmonic Motion 3.23

SOLUTION

When the particle of mass m at O is pushed by y in the
direction of A, spring A will be compressed by y while
B and C will be stretched by y"=ycos45°, so the total
restoring force on the mass m along OA is given by

F =(F, +Fy cos45°+ F- cos45°)
= F=—(ky+2(ky")cos45)
=  F=—(ky+2k(ycos45)cos4d5)
= F=-k'y,where k" =2k

= T= 271'\/E = Zn\/E
K 2k

ILLUSTRATION 32

Calculate the angular frequency of vertical oscillations of a
block of mass m attached to a spring of spring constant k.
(Assume spring to be light).

SOLUTION

Let the extension in the spring at equilibrium be /. Then,

(1)

At any instant, let further extension in the spring be x and
v be the velocity of block as shown in Figure.

mg = kh

Natural length

Mean position

Total mechanical energy of block at this instant is
1 -1 2
E=—mv"+—k(x+h)" —mgx
5 5 (x+h)" —mg

Since total mechanical energy (E ) is constant, so
dE
“E o0
dt
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= %(%mvz+%k(h+x)2—mgx]—0

m( . dv) k( dx dx
—| 2v— |+—=| 2(h+x)— |- — =0
- 2[ Udt) 2( ( X)dt] mg(dt)
2
= mv%+k(h+x)v—mgv=0
2

nz‘;f+kh+kx—mg_o 2

Substituting equation (1) in (2), we get
2

md—f+kx:0
dt
x k

= —+—x=0
dt= m

Comparing withstandard equation of SHMi.e., i + w*x = 0,
we get
k
0= |—
m
Since block is given an initial velocity v, at mean position,
so we have v, = Aw, where A is amplitude of oscillations

0 m
ivenby A= =g, ™.
glVEI"l y p 0 k

ILLUSTRATION 33

Figure shows a system consisting of a massless pulley, a
spring of force constant k and a block of mass m. If the
block is slightly displaced vertically down from its equi-
librium position and released, find the period of its verti-
cal oscillation in cases (a), (b) and (c).

SOLUTION

(@) Inequilibrium kx, = mg (1)
When further depressed by an amount x, net restor-
ing force (upwards) is,

Xo

F:—[k(x+x0 )—mg]
= F=-kx

k
= a=-—X

m
= T:er\/?: ZE\/E
a k

(b) In this case if the mass m moves down a distance x
from its equilibrium position, then pulley will move

{~ kxg =mg}

down by % So, the extra force in spring will be k( % ]

2

k
Now, as the pulley is massless, this force Ex is equal

kx . . .
toextra 2T or T = T This is also the restoring force of
the mass. Hence,

Pk
4
k
= g=—-—2x
4m
= T=2n|~-|=2n ﬁ
a k

(c) In this situation if the mass m moves down a distance
x from its equilibrium position, the pulley will also
move by x and so the spring will stretch by 2x.

2 kx 2 kx

4 kx

(m]
Therefore, the spring force will be 2kx. The restoring
force on the block will be 4kx. Hence,

F = —4kx
= a=—| — |x
m
= T=2r i =2r mn
a \ 4k
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ILLUSTRATION 34

In the arrangement shown in figure, pulleys are small light
and springs are ideal. k, k,, k; and k, are force constants of
the springs. Calculate period of small vertical oscillations
of block of mass .

SOLUTION

When the mass m is displaced from its mean position by a
distance x, let F be the restoring (extra tension) force pro-
duced in the string. By this extra tension further elongation

in the springs are E, E, 2t and = respectively. Then,
ok ks

x:2£+2E+2E+2E
Ky ky ks ks

4 4 4 4
Fl —+—+—+—|=—x
(5

Here negative sign shows the restoring nature of force

X
= a=
4 4 4 4
mf —+—+—+—
ko ko ko Ky
1 1 1 1
= T=2n/—|=4r |m| —+—+—+—
a ki ky ks ky

ILLUSTRATION 35

Consider spring block pendulum system hanging in equi-
librium. A bullet of mass m/2 moving at a speed u hits
the block of mass m from downward direction and gets
embedded in it as shown in Figure.

Natural length
of spring =~

UT 0 mi2

Calculate the amplitude of oscillation of the block. Also
find the time taken by the block to reach its upper extreme
position after being hit by bullet.
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SOLUTION
When the block is in equilibrium, then let the spring have
an extension /1, such that

mg = kh ...(1)

When the bullet of mass /2 gets embedded in the block,
then the new mass of block becomes 3#/2. The new mean
position of the block will be at a depth /; from the old
mean position, such that

%mg:k(hﬂil) (2

From equations (1) and (2), we get
=18
bk
Just after impact, due to inelastic collision, the velocity of

block becomes v, then by law of conservation of momen-
tum, we get

()5 )

u
= p=-—

3
Since the block now executes SHM and at ¢ =0, the block

mg

is at a distance h; = e above its mean position having a

velocity % If amplitude of oscillation is A, then we have

u m 2

3 ok { v:m\}Az—xz}

Also, for this new spring block system, we have

k /Zk
w= - = —_—
3m/2  \3m
9 3m 4k2

A= ’”—“2+(ﬁ)2 ..3)

6k 2k

The time taken by particle to reach the topmost point can
be obtained by drawing the circular motion representation
of SHM as shown in Figure.
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This figure shows the position of block P and its corre-
sponding circular motion particle P* at t = 0. Block P will
reach its upper extreme position when particle P” will trav-
erse the angle 6 and reach the topmost point. As P* moves
at constant angular velocity o, it will take a time given by

2k

t= L4 where, ¢ = cos_l[h—1] and w =
@ A 3m

3m ( mg )
f= — —-
Ve (24
ILLUSTRATION 36

A heavy particle is attached to one end of an elastic string,
the other end of which is fixed. The modulus of elasticity
of the string is such that in equilibrium the string length
is double its natural length. The string is drawn vertically
down till it is four times its natural length and then let
go. Show that the particle will return to this point in time

i ( 4?75 +243 l where [ is the natural length of the string.

8
SOLUTION

Let k be the equivalent force constant of string, then at
equilibrium we have Mg = k(2/-1).

Further extension by 2/, so that total length becomes 4/, will
make the particle shoot upwards (on being released) upto
natural length of spring. Time taken by particle is obtained
by drawing the phase diagram as shown in Figure.

1 77/2
A
LT
»” 1 ~
. i N
S Be------ :bt:t1
! :".‘ J// \\
__;______f’z@'m___ 10
‘/T'\ 0 |
\ : "
‘\\ :2F l,’
AN 1 P
~ 1 7
AL
3n/21t=0
3t m 4r
Here M=%~

Time for particle to go from Ato B is

b= %, where 0 = \/g
© [

ar |1
= tl:_x —

3\g
At position B, speed of particle is

0= (21 =(1)?
= U:\/gwlz\/ia’_gn’

After point B, the string will slack and particle will be in
free fall motion, so time taken by it to go up and come back
to point B is given as

2,/3¢l
tz——g—Z\/g\/z
8 g

Thus, total time after which particle will come back to
point A is

T:t1+t2:\ﬁ(4—ﬂ+2\ﬁ)
gl 3

ILLUSTRATION 37

A block of mass m=1kg is attached to a free end of a
spring whose other end is fixed with a wall performing
simple harmonic motion as shown in Figure.

y
wall
—Xﬂ
=TT~ m j} Ih:BO cm
o] > X

The position of the block from O at any instant is
1
x= 2+Esin(2t) where x in meter and f is in second.

A shell of same mass is released from smooth the circu-
lar path at a height /1 = 80 cm. The shell collides elastically
with the block performing SHM and finally reaches up to
height 5 cm along circular path. Neglecting friction, find
where the collision takes place.

SOLUTION
Initial speed of shell before collision is
v =2¢h =v2x10x08 =4 ms™
Find speed of shell after collision
vy =28, =V2x10x0.05=1ms™'

Since, masses of block and shell are equal and they collide
elastically, so v, is the block velocity just before collision
which is given as

v:d—x: 2cos(2t)=1
dt

= cos(2t)=

tol-
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ae

= 2t:£0r7—:rr
4 4
T 7n

= t=—or—
8 8

Position of block at f = % is

1 T 1
Xy =2+—=sin| — |=2+—=-=25
! ﬁ51n(4) -

Position of block at f = 7%{ is

X, —2+isin(%)—2—%—l.5m

V2
ILLUSTRATION 38

A spring block system is hanging in equilibrium. The block
of system is pulled down by a distance x and imparted
a velocity v in downward direction as shown in Figure.
Calculate the time it will take to reach its mean position.

Equilibrium
position

SOLUTION

When the block is pulled down by x (from the mean posi-
tion) and is given a velocity v downwards, then it executes
SHM of amplitude A (say) and @ = ,/k/m. The velocity of
block at distance x from the mean position is

= a?(a?—22)=K(a2_2)

Taking downward direction as positive, the mapping of
this SHM on circular motion is shown in Figure. (The con-
cept behind this mapping is that initially the particle is at
distance x from the mean position).

LA B @
/’ \\
// \b
[OF - ————
‘/r' ol A "IPIX
& Fandd U
@y /
\ 7
A /
A /
N s
~ s
N
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Time taken by the particle to go from start to mean posi-
tion is

where ¢ =sin™" [i)

- el

ILLUSTRATION 39

Ablock of mass m lying on a smooth horizontal surface is
attached to one end of a spring of force constant k.

The block is now pulled towards right by a distance x,
and released. When the block passes through a point at
a displacement x,/2 from mean position, another block
of same mass is gently placed on it which sticks to it due
to friction. Calculate the new amplitude of oscillation, the
time taken by it to reach its mean position and extreme
position on the left side.

SOLUTION

Velocity of block at %ﬂ from mean position is

v=wJA* —x*, where ® = \/E

m
2
= v=0 xg—x—ﬂzﬁxnm {~A=x}

4 2
Uzﬁx‘)\/i .(1)
2 m

Now, when another block of same mass is placed on this
block, then the new angular frequency of system is

, f k
a) — [
2m

If A" be the new amplitude of oscillations of combined
system of blocks, then we have

v = A -(%”]2 @

where, by law of conservation of linear momentum we get

(m+m)v" =mo

’

= 0=

[y
2 .(3)
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Substituting (3) in equation (2), we get

(&) (£ )(+=-%)

Using equation (1), we get

el
16 °\m )" 2m 4
2

305
80 4

- w5

Initially the combined blocks are at a distance %0 from

— A!Z

the mean position moving towards the mean position. So,
mapping this situation on a circle shown in Figure, we get

1
f, 1 \\
PG----- t K
ﬂ IIA‘\‘\ ¢P ‘I
2y g Oy L
ay IO' '

Similarly, time taken by P to reach the other extreme is

POR™ " Nk |2 5

ILLUSTRATION 40

A block B of mass m resting on a smooth horizontal sur-
face, attached to a spring of force constant k which is
rigidly fixed on the wall on left side is shown in Figure.

RIGID
K B WALL
m

— [ —

At a distance / to the right of block there is a rigid wall. If
block is pushed toward left so that spring is compressed
by a distance 5//3 and released, it will start its oscillations.
If collision of block with the wall is considered to be per-
fectly elastic. Find the time period of oscillations of the
block. (Assume size of block to be small compared to [).

SOLUTION

Since the block is released from rest at a distance 5//3 from
o . g 51
its mean position, so amplitude of oscillation is A = — and
[k . . .
® = ,|—. However, on the other side the distance avail-
m

able is 1(< 51/ 3) due to presence of rigid wall. So, block
will move a distance / (away from mean) collide elasti-
cally with wall to return to mean position. This situation is
mapped on the circle shown in Figure.

I
I
P

‘/1’} 1
P I
I
1

. r W agw
final ! initial

Time taken to go from initial to final is

—2(I+t1)
4

T
b= =4t +1 +
4 1 1

where ¢ 9 sin 1([ A) sin” (3 5)
e ® ®
= = %sml(%]

= t—\/%[n+231n"1(%ﬂ (1)

Please note that, we can also calculate the time period of
oscillation by subtracting time to go from P to Q from T.

2cos ' (3/5
= t=T-t, where tb o= 29 = —(/)
(0] [0}

= t=‘j%[21r—2c05_1[%)} (2)

(Both these equations (1) and (2) will give same numerical
value).

ILLUSTRATION 41

A spring block system is hanging in equilibrium. If a
velocity v, is imparted to the block of mass m in down-
ward direction, calculate the amplitude of SHM of block
and the time after which it will reach a point at half of the
amplitude.
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-
-
—
-
-
-

"=
>

Natural length - z- --&5-----
h[

Mean position

SOLUTION
Initially in equilibrium, we have mg = kh

The velocity v, imparted to the block at the mean position
simply implies that this velocity is the maximum velocity,
hence v, = Aw

where A is amplitude of SHM and @ = JE
m

0, m
) \ k

Since the particle starts from the mean position, so we have

x=Asin(wt)

Atx= %, we havengsin(aJt)

1
= sin(ot)=—
sin 5

T
=  wt=—

6

T T (m
= =—=—_[—

60 6Vk

We can also calculate this result by mapping the SHM on a
circle as shown in Figure.

R S
/ AT
! A/2 Y i\| IAI'Q
\ ]
\ i
\ /
% J
. A2 @
¢=5|n 1[L):_
A 6
T
. ede
®w 6w

ILLUSTRATION 42

Ablock B of mass m is resting on a horizontal smooth floor
at a distance | from a rigid wall. Block is pushed to the
right by a distance 3//2 and then released. When the block
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passes from its mean position, another block of mass M is
placed gently on it such that both stick to each other due to
friction. Calculate the value of M/m so that the combined
block just collides with the left wall. (Ignore size of block
compared to /).

l— [ —»

SOLUTION

Amplitude is A = %l but available space on left is / ( < 3?1]

When block B executes SHM, then m—\/E . Applying
m

conservation of linear momentum (at the mean position),
we get

m(Aw)=(M+m)A'®’

Since the combined block just collides with the left wall
so, A'=1

= nz(?ﬂ)\/?—(M+m)I} k
2)\m M+m
= %Ja:«fMHn

= 9m=4(M+m)

= 9m=4M+4m
= 4M=5m

M 5
= —==

m 4

ILLUSTRATION 43

Initially the springs are unstretched as shown in Figure.

2k k
m

—>

A

The left spring is now compressed by 2A by moving the
mass m (which is always attached to it) and then released
calculate the time to touch right spring, maximum com-
pression in right spring and equilibrium position of
mass 1.

SOLUTION

When left spring is compressed by 24, then amplitude of
oscillations will also be 2A. On being released, the block
will hit the right spring (in time {) when its displacement
from the mean positionis A i.e., x = A.
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Since, x _2Asin(mt+g)_ 2Acos(wt)
= A=2Acos(wt)

1
= ot)==
cos(at) >

T
= @l=—
3

f_i_i\/i
30 3\2%

Now when the mass m strikes the right spring, then it
moves under combined influence of both the springs. Let
the mass m be in equilibrium when the right spring is
compressed by say x,,. Then

Zk(A—x(, ):kXQ
2A

= Xy=—
0
3

If x,, be the maximum compression in the right spring,
then by Work-Energy Theorem, we have

] 2 1 2 1 2
—(2k)(2A) ==(2k)(A-x,, ) +=kx
2( )(2A) 2( )( ) o
= 8kA% = 2kA? + 2kx?

i

= 3x% -4Ax, -6A*=0

m

— 4kAx, +kx?

i

:4Ai\/16A2—4(3)(—6A2)

m 2(3)
4A +88A% ( 44222 )
= x,= = A
6 6
( 24422 )
= Xy = 3 A

ILLUSTRATION 44

Two light springs of force constant k;, k, and a block of
mass m are in one line AB on a smooth horizontal table
such that one end of each spring is fixed on rigid supports
and the other end is free as shown in Figure.

— g —»

i} gy [

A c D B

The distance between the free ends of the springs is d. If
the block moves along AB with a velocity v in between
springs, calculate the period of oscillation of the block.

SOLUTION

During motion, the block oscillates as a spring block
system while in contact with both left and right spring
for half the oscillation. So, the time it is in contact with
springs is the sum of half time period of each spring,
hence we have

At] = E + E = I?_I +T TI_‘!
2 2 k, ky
Between points C and D it moves uniformly, so

Atzzi
v

Total period is T = Af; + At,

m m | 2d
= T=xn |—+ |— |+—
k, \k, v

0‘7 Test Your Concepts-II

1. A block with mass M attached to a horizontal spring
with force constant k is moving with simple harmonic
motion having amplitude A, At the instant when the
block passes through its equilibrium position a lump of
putty with mass m is dropped vertically on the block
from a very small height and sticks to it.

(a) Find the new amplitude and period.
(b) Repeat part (a) for the case in which the putty is
dropped on the block when it is at one end of its path.

2. Inthe shown arrangement, both the springs are in their
natural lengths. The coefficient of friction between m,
and m, is i There is no friction between m, and the sur-
face. If the blocks are displaced slightly, they together
perform simple harmonic motion. Obtain

Based on Spring Mass Systems

(Solutions on page H.181)

ky
[? my
my

(a) Frequency of such oscillations.

(b) The condition if the frictional force on block m,
is to act in the direction of its displacement from
mean position.

(c) If the condition obtained in (b) is met, what can be
maximum amplitude of their oscillations?

3. Amass M attached to a spring oscillates with a period of

2 s. Ifthe mass is increased by 2 kg, the period increases

by one second. Calculate the initial mass M.
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A mass m is attached to a cart of mass M by a spring of
force constant k as shown in Figure.

00000000

5% 5%

If the friction between m and surface of cart as well as
between cart and floor is neglected, calculate the time
period of small oscillation of cart-block system.

A 0.2 kg object hangs from an ideal spring of negligible

mass. When the object is pulled down 0.1m below its

equilibrium position and released, it vibrates with a

period of 1.80 s.

(a) Find its speed as it passes through the equilibrium
position.

(b) Find its acceleration when it is 0.050 m above the
equilibrium position.

(c) Find the time required by the particle (when mov-
ing upwards) to move from a point 0.05 m below its
equilibrium position to a point 0.05 m above it.

(d) If the motion of the object is stopped at the mean
position and the object is removed from the spring,
then find the length by which the spring shortens.

A 1x107 kg block is resting on a horizontal friction-
less surface and is attached to a horizontal spring whose
spring constant is 124 Nm . The block is given an ini-
tial speed of 8 ms™' parallel to the spring axis, while the
spring is initially unstrained. What is the amplitude of
the resulting simple harmonic motion?

A mass m, sliding on a frictionless horizontal surface

is attached to a spring of force constant k. It oscillates

with amplitude A. When the spring is at its greatest
extension and the mass is instantaneously at rest, a sec-

ond mass m, is placed on top of m,.

(a) What is the smallest value of coefficient of static
friction 1, between the two masses so that m, does
not slip over m.

(b) Explain how the total energy E, the amplitude A, the
angular frequency @, and the period T are changed
by placing m, on m, in this way, assuming no slip-
ping. Check your results with the expression for the

1
total energy, E= EmmzAz.

A block of mass m is attached to one end of a light
inextensible string passing over a smooth light pulley
B and under another smooth light pulley A as shown
in the figure. The other end of a string is fixed to a ceil-
ing. A and B are held by springs of spring constants k;
and k,. Find angular frequency of small oscillation of
the system.

9. An object of mass m is supported by a vertical spring

10. A block of mass m is tied to one end of a string which

11. A spring mass system is hanging from the ceiling of an

12. Aspring with force constant k =150 Nm™" is suspended
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with force constant 1800 Nm™". When pulled down
2.5 cm and released, it oscillates at 5.5 Hz. Find the

(a) mass m.

(b) equilibrium stretching of the spring.

(c) expressions for x(t), v(t), and alt).

passes over a smooth fixed pulley A and under a light
smooth movable pulley B. The other end of the string is
attached to the lower and of a spring of spring constant
k. Find the period of small oscillations of mass m about
its equilibrium positions.

elevator in equilibrium. The elevator suddenly starts
accelerating upwards with acceleration a, find

(a) the frequency
(b) the amplitude of the resulting SHM

from a rigid support. A 1 kg mass is attached at the

bottom end and released from rest when the spring is

unstretched.

(a) How far down does the mass move before it starts
up again?

(b) How far below the starting point is the equilibrium
position for the 1 kg mass?
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(c) What is the period of the oscillation?

(d) Relative to this equilibrium position, what is the
total energy of the mass-spring system?

(e) What is the speed of the mass when it first reaches
the equilibrium position? How long after starting
does the mass have this speed?

(f) If instead of being attached to the spring the mass
had been dropped, when would it have reached
the (previous) equilibrium level and what would its
speed be? (g =98 ms™ )

13. A spring stretches by 0.018 m when a 2.8 kg object is
suspended from its end. How much mass should be
attached to this spring so that its frequency of vibration
is f=3.0 Hz?

14. A block of mass m resting on a smooth horizontal
ground is attached to one end of a spring of force con-
stant k in natural length. Another block of same mass
moving with a horizontal velocity u towards right is
gently placed on the block such that it sticks to it due

\_ to friction. Calculate the time it will take to reach its

extreme position. Also find the amplitude of oscillations
of the combined mass 2m.

|
i m (4—u
i
m
ST

15. Find the time period of oscillation of M in the arrange-
ment shown in the figure. The pulleys are smooth and
massless.

J

ROTATIONAL SYSTEMS OR ANGULAR SHM

In rotational systems executing SHM, we first give a small
angular displacement 6 to the system about the mean posi-
tion and then calculate the restoring torque 7 of the system
about the mean position as a function of 6. If 7 is propor-
tional to this small & and is directed towards the mean posi-
tion, then we can say the motion is SHM. Mathematically

7=-C0

where, C is a constant of proportionality. If I be the

moment of inertia of the system about the specified axis of
2

rotation, then 7 =1 F

2
= Id—fz-ca
dt
2
= d—9+(£)9—0
a2 I

2
= d—9+m29: 0, where m = \jg
dt? I

Also, we can calculate the total mechanical energy E of the
system at some intermediate instant and since for SHM

E = constant

dE

Zo0
dt

Following illustrations demonstrate the above written
methods to calculate the time period of SHM executed by
rotational systems.

ILLUSTRATION 45

A pulley block system in which a block A is hanging on
one side of pulley and on other side a small bead B of mass
m is welded on pulley as shown in Figure. The moment
of inertia of pulley is I and the system is in equilibrium
when bead is at an angle o from the vertical. If the system
is slightly disturbed from its equilibrium position, find the
time period of its oscillations.

SOLUTION

Let M be the mass of hanging block. In equilibrium, torque
due to tension is balanced by torque due to m as shown in
Figure. So, we have
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TR =(mgsinet)R
= Mg=mgsina
= M=msinx ..(1)

Let the bead be given a small angular displacement 6 in
the counter clockwise sense. On being released, the pulley
rotates in clockwise sense and block moves upwards with
an acceleration a as shown in Figure.

Applying Newton’s Second Law for translational motion,
we get

T"-Mg=Ma ...(2)
Applying Newton’s Second Law for rotational motion, we
get

mgsin(0+a)R-T'R=Io

= .0

= mgsin(0+a)-T"

where, I, is moment of inertia of bead and pulley about
the axis of rotation i.e., I = mR* +1

Substituting (2) in (3), we get
(M+%)a:mgsin(9+cx)—Mg ..(4)

Since 6 is small, so sinf = 6 and cos@ =1

sin(6+ o) = sin B cos ¢ +cos Bsin o
= sin(6+a)=0cosao+sina ...(5)
Substituting value of (5) in (4), we get

I
(M+R—“2)a—(mgcosa)9+ mg sin o — Mg

I
= (M+R—“2Ja:(mgcosa)9 {* M=msina}
g COS O
- QZ_LOE}%
i)
R
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Negative sign indicates that acceleration (and hence
restoring force is directed towards mean position).

. mg cos o
= i=-

R(M+m+%)

1
R(m+msina+—02)
X R
= T=2n|—=2n
VIl

mg cos o

ILLUSTRATION 46

A simple pendulum of length L and mass m has as spring
of force constant k connected to it at a distance /1 below its
point of suspension. Find the frequency of vibrations of
the system for small values of amplitude.

SOLUTION

Let the pendulum be given a small angular displacement
6 about the mean position as shown in Figure.

0
i
I
~
/0 [
/
L/ h
!
/ ky,

e
mg

— Y —»
Then, the spring will stretch by y = htan 6.

So there restoring torque about O will be due to both force
of gravity and elastic force of the spring.

= T:—(mg(Lsin9)+k(htan9)h)
Now for small 8, tanf = sinf = 0
= t=—(mgL+ki’ )6 (1)

Since restoring torque is linear, so motion is angular SHM.
2

Also, 7=l =mI? a9 where I = mI*

dar*’
,d%0 2
= ml E+(mgL+kh )o=0 {from (1)}
2 : 2
= d—§+m29: 0, where ©* = {W]
dt mL

o 1 /m L+ ki?
= f:z_:_ g—2
T 2 mL

ILLUSTRATION 47

A7 kg disk is free to rotate about a horizontal axis passing
through its centre C. Determine the period of oscillation
of the disk if the springs have sufficient tension in them to
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prevent the string from slipping on the disk as it oscillates.
The radius of the disk is 10 cm and spring constant of both
the springs is 600 Nm ™.

SOLUTION

Let the angular displacement of the disk be 6. Angular
velocity of disk at this instant is @ and compression and
elongation in the springs is,

x=R0O

Mechanical energy of the system in this position is,

E= %Imz +1ka +1kx2
E= 1(1mR2 )m2 +kx?
212
= E= imRZm2 +kR*0*

. . dE
Since, E is constant, so E =0

= 1mR2m[d—‘”]+2kR29(@) =0
2 dt dt

Substituting % = and 6;—(;) = =0, we get

mb+4k6 = 0 ..(1)

Since, « or 6 is proportional to — 6, the motion is simple
harmonic, the time period of which is,

7] 6 m
T=2 —|=2 fzz — f 1
ﬂ"a ﬂ’|9\ :r1/4k {from (1)}
7
= T=2n =034s
4x600

ILLUSTRATION 48

A solid cylinder of mass M and radius R is attached to a
spring of stiffness k as shown in the figure. The cylinder
can roll without slipping on a rough horizontal surface.
Show that the centre of mass of the cylinder executes SHM
and determine its time period.

SOLUTION

Consider the situation when the spring is extended by x.
The total energy of the cylinder plus spring system is

1 1 1
E==M0o*+=Iw” +—kx* = constant
2 2 2
1 2 v
where, | = —MR* and w = —
2 R
§M02 - 1kx2 = constant
4 2

. . dE
Since, E is constant, so E =0

dr _

3 dv 1

—M(2v)—+—-k(2 0
= M@)ok

. dx dv  d’x
No’rmgthatU:EandE:F

d’x 2%k
= gt

> 3M

= T=2n ﬂ
VZk

ILLUSTRATION 49

A 14 kg uniform cylinder can roll without sliding on a 30°
incline. A belt is attached to the rim of the cylinder and a
spring holds the cylinder at rest in the position shown in
Figure.

k =500 N/m

30°

If the cylinder is moved 50 mm down the incline and
released, calculate the of small oscillations and the
maximum acceleration of centre of cylinder.

SOLUTION

Let x, be the extension in the spring in equilibrium position

and f the force of friction in the direction shown in figure.
lkXO

98"}?5

Then for the equilibrium of cylinder

kx, + f = mgsinf (1)

and (ky,)R=fR 2)
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From these two equations, we get
2kx, = mgsin6 ...(3)

Now, suppose the centre of the cylinder is now pulled
down by a distance x, this will further stretch the spring
by 2x. Let v be the linear speed of the centre of the cylinder
at that instant, then the angular speed of the cylinder at

this instant will be o = % Total mechanical energy of the
system at this instant will be,

E= %k(xn +2x)2 —mg(xsin9)+%mvz+%10)2

1)

= E= %k(xn +23c)2 —mgxsir18+%mv2 +

1(1
2(2
2

= E= %k(xn +2x) —mgxsin9+%mv

. . dE
Since, E is constant, so — =0

dt
dx dx 3 dv
Dk(xg +2x) - 8 2 =0
= (xo+ x)dt mg sin dt+2m "
Since, dx =7, d—? =a and 2kx; = mgsin@

dt
3
= —ma=—4kx
Since, # o< —x, motion is simple harmonic

= T:Zn\/?:br /3—"’:2;:! 3x18 003 s
2 8k 85000

Maximum acceleration of centre of cylinder is

Aoy = w*A

= amax—(zTﬂJAwhereA 50 mm =0.05m

2
= tmax = 003

ILLUSTRATION 50

Calculate the frequency of small oscillations of a thin uni-
form vertical rod of mass m and length | hinged at the
point O as shown in Figure.

2
) (0.05) = 47.9 ms >

The combined stiffness of each of the spring is equal to k.
The mass of the spring is negligible.
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SOLUTION

When the rod is displaced by a small angle 6 as shown in
Figure, then both the springs are deformed by a distance
=16.

We observe that the left spring is stretched and the right
spring is compressed, so that both the springs will exert a
torque on rod in same sense as the restoring torque. The
net restoring torque on rod is given by

[(ka) ]sm9)+(mg)( Ismﬁﬂ

Since 6 is small, so sinf = 6 = %

19
- (2k 19+ & ]
2
= r——(2k1‘29+%m) {'.'leﬂ}
= (mz ’”3"')
2

Negative sign indicates restoring nature of force. If rod has
an angular acceleration ¢, then, restoring torque is

T=Io
(%)
= 1=|— |«
3
2
where, [, = — is the moment of inertia of rod about an
axis passing through O
2
N ﬂ (2k12 mgl)
2
[ 2K +(mgl2) 2 .
= 2 8150 { So= d—? = 9}
ml*/3 dt
12kl
R ( +3mg 0
. f:L _’ _ 1 [12K+3mg
a\lel 2n 2ml

ILLUSTRATION 51

Apulleyblock system is initially in equilibrium. If the block
is displaced down slightly from its equilibrium position
and released, calculate the time period of oscillation of the
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system if the pulley has radius R and moment of inertia I.
Assume there is sufficient friction present between pulley
and string so that string will not slip over pulley surface.

SOLUTION

Initially, in equilibrium let extension in the spring be h.
Then, we have

mg = kh ..(1)

When the block is released, then at any instant let it be at
a distance x below the mean position and moving with a
velocity v towards it as shown in Figure.

Total mechanical energy of block at this instant is
1 2 1 2 1 2
E=—mv"+—lo" +_k(x+h)" —mgx (2
YR 2 8 2)

For no slipping of string on pulley surface, we have
v=Rw ...(3)
So, equation (2) becomes
1

Elmv2+—1(i)+lk(x+h)2—m X
" TN R )T &

].. I 2 1 2
= E:Z(an-Rsz +Ek(x+h) —mgx

E
Since E is constant, so we have = =0

[ \odo
= (m+F)E+kv(x+}T)—mgT)—0

I \d*x
= m+— |—+kx+kh-mg=0 ...(4)
( Rz)dtz 8

Substituting equation (1) in (4), we get

2
(m+%)d—f+kx—0
R* ) dt

= i+

ILLUSTRATION 52

Calculate the time period of oscillations of the system
shown in Figure. The bar is rigid and light. The springs
are also light. Initially in equilibrium bar is horizontal.

SOLUTION
Initially in equilibrium, let k; and h, be extensions in
springs, then

(kohy Ya = (kyhy )b (1)

(2)

When mass m is displaced slightly by x (downwards),
then let further extensions in the springs be x; and x,.
Given that the bar is light, so we have

kl(xl +h1)a=k2(x2+h2)b

Also, kyhy = mg

=  kxa=kx,b (3)
Also, when left spring extends by x;, then the end B moves

downby x; [ b), due to which total extension x is given by
a

x—x2+x](%] ..(4)

27 (k,b? /kya?)

Restoring force (F) acting on mass 1 is

Negative sign indicates that F is directed towards the
mean position.

F=e| —2—— x-
- |:1+(k2b2:.-"k]a2]x e
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= ¥=- _ bkt X+
m(ka® +k,b?) §

= jc':—mzx+g

2r k,k,a*
= m:—* —2
m(kya® +k,b? )

_2n m(ka +k2b2)
kik,

ILLUSTRATION 53

A smooth horizontal disc rotates about the vertical axis O
with a constant angular velocity . A thin uniform rod AB
of length | performs small oscillations about the vertical
axis A fitted to the disc at a distance a from the axis of the
disc as shown in Figure. Calculate the angular frequency
of these oscillations.

SOLUTION

In plane of disc, let the rod be tilted slightly by an angle 6
as shown in Figure.

The restoring torque (7) on the rod is
, l
T= —[(mrcm2 )sm(B—q))]E

Since, a¢ = %(B—gﬁ)

16)2
= ST -

Also, 1o =a+ % {6 is small }

2
_mreorl
2

(6-9) -(2)
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Substituting equation (2) in equation (1), we get

2 ]
r:_mrca)l 1- lf.‘2‘ 0
2 a+(1/2)

2
_( mlw a]e
2
: 2
= 9+[m]2a;a)9:0 {'.'I:Ié}

where, | is the moment of inertia of the rod about A ie.,
2
ml
I=—

3
2
= 0+ LM’Z? 9=0
Z(mI ;"3)

: 2
= é+[30"’)9=0
2l

If w, is the angular frequency of oscillations, then

:\/@: 3w’a
Ve T\ 2

ILLUSTRATION 54

A uniform rod AB of mass m is suspended by two identi-
cal strings of length [ as shown in Figure.

= 1=

C
A L B

The rod is turned through a small angle in horizontal plane
about and the vertical axis is passing through its centre C.
In this process the strings are deviated by a small angle 6,
from vertical. The rod is then released so that it starts per-
forming angular SHM. Calculate the angular frequency of
oscillations and the rod’s oscillation energy.

SOLUTION

When the rod is twisted through an angle 6, then let the
string deviate through an angle ¢ as shown in Figure.
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Assuming length of rod to be L, we have

L
—0=1 (1
~0=10 )
Since the rod is in vertical equilibrium, so
2T cos ¢ =mg
where, T is tension in each string holding the rod.

For small ¢, cos¢ =1, so 2T = mg

mg
T:_ e 2
= 5 (2)

The component of tension T sin ¢ acting on each end of rod
produces a restoring torque given by

T= —(2Tsin¢)(;)

Negative sign shows that restoring torque is directed
towards mean position. For small ¢, sin¢ = ¢
= 1=10=-TLp

Using equations (1) and (2), we get

k-5

2 2

L
g 6=0, where [ = mi”
I 12

: 2
= :§+["/’5'L ]9—0
4l

12 12
o we ‘jmg _ mgr _ S_g
ar - \ai(mi2hz) VI

Since it is given that initially strings are deflected by an
angle 6, so if f3 is the angular amplitude of oscillations,
then

= 16+

% B=16, {from equation (1)}
21
= 5=(Z)a

The total energy of oscillation of rod is E = %I o’p?

mP\(3¢g)4? ,) 1,
EZE(EJ(T)( %)=

@ Test Your Concepts-Ill

1. A solid sphere of radius R rolls without slipping in a
cylindrical trough of radius 5R. Find the time period of
small oscillations.

! 5R
1

R
1
1

2. The disk has a weight of 100 N and rolls without slip-
ping on the horizontal surface as it oscillates about its
equilibrium position. If the disk is displaced, by roll-
ing it counter clockwise 0.4 rad, determine the equa-
tion which describes its oscillatory motion when it is

released.

3. A massless rigid rod is hinged at O. A string carrying a
mass m at one end is attached to point A on the rod. At
another point B of the rod, a horizontal spring of force
constant k is attached as shown in Figure.

Based on Rotational SHM

(Solutions on page H.183)

Calculate the period of small vertical oscillations of
mass m around its equilibrium position. Consider that
the rod is initially vertical and is in equilibrium at that
instant.

4, Determine the natural period of vibration of the 50 N
semi-circular disk. Given that the centre of mass of

. - . 4r
a semi-circular disk lies at a distance of e from the
centre. T

0.15m
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5. Calculate the time period of small oscillations of the
spring loaded pendulum. The equilibrium position is
vertical as shown in Figure. The mass of the rod is negli-
gible and treat the mass as a particle.

6. A solid uniform cylinder of mass M performs small
oscillations in horizontal plane if slightly displaced from
its mean position shown in Figure.

Initially springs are in natural lengths and cylinder does
not slip on ground during oscillations due to friction
between ground and cylinder. If force constant of each
spring is k, then calculate the time period of small oscil-
lations of cylinder.

N
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7. The pulley shown in Figure has a moment of inertia |
about its axis and mass m. Calculate the time period
of vertical oscillation of its centre of mass. The spring is
light, has spring constant k and the string does not slip
over the pulley.

8. AT bar of uniform cross section and mass M is sup-
ported in a vertical plane by a hinge O and a spring of
force constant k at A. Calculate the period for small
amplitude rotational oscillations in the xy plane.

L.

’T
|
o

/

SIMPLE PENDULUM

A simple pendulum consists of a point mass suspended
from a fixed point by a light inextensible string. In equi-
librium, the mass lies vertically below the point of suspen-
sion P. If it is displaced to one side and then released, it
oscillates about the equilibrium position.

Suppose at any instant the pendulum makes an
angle 6 with the vertical. The forces acting on the mass m
are its weight mg and tension T in the string. The weight
mg may be resolved into two components, the radial com-
ponent mg cos@ and the tangential component mgsin @ is
the restoring force. Hence

F=-mgsin6

Note that the restoring force is not proportional to & but
to sinf. The motion is, therefore, not simple harmonic.
However, if 8 is small, then sinf = 0

= F=-mg6

The displacement along the arc is y = 6 and for small 6
this is nearly straight-line motion. Hence

m

- rewe )

= y+§y:0

l
= T:Zn\/lzm‘ﬁ
|3 g

SHM OF A PENDULUM OF LARGE LENGTH

In the derivation of a simple pendulum, we had assumed
the length of the pendulum to be much less than the radius
(R) of earth so that the force myg is always directed verti-
cally downwards. However, if the length (L) of the pen-
dulum is large, then the force mg will be directed towards
the centre of the earth as shown in Figure.
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When bob is displaced by amount x, restoring force
towards mean position will be mgsin(6+ ). From free
body diagram (FBD), we have

F=ma=mi=-mgsin(6+a)

For small displacement, 6 is small, hence « is also small,
ie, (0+a)issmall, sosin(0+a)=~0+a

= ma=mi=-mg(0+a)

Lo (1.1
= ¥+g E+§ x=0

1 1 )

J— + —

L R
CASE-I:

When L <« R, when length of pendulum is small compared
to radius of the earth, then

1 1 8
g(LJrR)"L

= T:Zﬂr\/E
g

CASE-II:
When L > R, as in the case of infinite pendulum, then

1 1 8
g(LJrR)"R
= Tzzzr\/E
g

ILLUSTRATION 55

Aball is suspended by a thread of length L at the point O
on the wall PQ which is inclined to the vertical by an angle
o. The thread with the ball is now displaced through a
small angle § away from the vertical and also from the
wall. If the ball is released, find the period of oscillation of
the pendulum when (a) f< o (b) B> o.

Assume the collision on the wall to be perfectly elastic.
SOLUTION

The motion of simple pendulum is angular SHM; so, its
equation of motion will be
6 =6, sinwt with a):\/%
(@ When i< q, i.e., when angular amplitude f is lesser
than o, the pendulum will oscillate with its natural
frequency, so that

lez—"’zzx\ﬁ (1)
® g

(b) When > ¢, time taken by pendulum to move from B
to C and back to B,

tlzzzi[zn L] L @
2 2 g g

Now asin case of simple harmonic motion, 8 = 6, sin wt
So, time taken by the pendulum to move from equilib-
rium position B to A,

i.e., for 8 = @ when 6, = f3, will be given by o = sin ot,

ie,t= lsirf1 (E]
o B

So, time taken by pendulum to move from B to A and

back to B,
tz=2t=2\ﬁsin"l(g] {since wz\/g}
8 B L
So, time period of motion,
Tz = tl +t2 = F(E+Zsin_l[2]]
8 p
Figure shows two identical simple pendulums of length I.
One is tilted at an angle & and imparted an initial veloc-
ity v, toward mean position and at the same time other is
projected away from mean position with a velocity v, atan

initial angular displacement . Calculate the phase differ-
ence in oscillations of these two pendulums.

SOLUTION

Given that first pendulum bob is given a velocity v; at a
displacement /o from mean position.

Since, v* = w? (A% —2?)

= o =oyA -(la)
where, A, is the amplitude of SHM of this bob
g

For simple pendulum, @ = n
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1
2o + 245 ()

Similarly, if A, is the amplitude of SHM of second pendu-
lum, then we have

U2 :m\;Ag ‘(!)3)2

242 ’()21
= A= [Pp+2 . (2)
g
,fl’ \\\ f{// \\\
¥ \ 1 ¢, \
2
. LN
& . k i '
\ fak > A1 ! \ A?r’ B ,",
N\, t>————=d \tr:————a J

First Pendulum Second Pendulum

¢, =2m—sin” [EJ
¢, =m+sin (]
Ay

= A¢p=m+sin” [ﬁJ 2n+sin‘1[;—a)

= A¢=sin" o) gt (B
Al AZ

ILLUSTRATION 57

A trolley of mass M that can slide on frictionless rails
has a pendulum bob of mass m connected to it through
a massless inextensible string of length I. The pendulum
can swing in the vertical plane. Calculate the time period
of oscillation of the pendulum if it is left free after giving a
small displacement.

M

SOLUTION

Since there is no external force in the horizontal direction,
the centre of mass (CM) will not move along the horizon-
tal direction.

Since the CM is at a distance I’ = from .

M+m
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The pendulum can be considered to be oscillating from the
point of suspension i.e., CM and having string of length I”.
So, its time period is

T=2rx I—:271' S
g (M+m)g

TORSIONAL PENDULUM

On rotating a body from its position of equilibrium, a
restoring torque proportional to angle of rotation comes
into play, the body executes angular (or rotational) SHM If
7 is torque when the angle of rotation is 6, then

T B

= 1=-C0, whereC is called torsional constant.
wire

disc

=N
"/ :6 ~
I

If I is the moment of inertia of the body about the specified
axis of rotation and « is the angular acceleration, then

2
r:Ia:Id—?*—CB
dt
2
Z—f+C9 0

This is the differential equation of angular SHM the time
period is clearly

T:2ﬂﬁ:2ﬂf
HES

A typical torsional pendulum is a disc suspended by a
wire attached to the centre of mass of the disc. When the
disc is rotated, the wire gets twisted and a restoring torque
is produced in it. The disc, therefore, executes angular
oscillations on being released.

ILLUSTRATION 58

A torsional pendulum consists of a uniform disc D of mass
M and radius R attached to a thin rod of torsional con-
stant C as shown in Figure.
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Calculate the amplitude and the energy of small torsional
oscillations of the disc, if initially the disc was imparted
angular speed a.

SOLUTION
For a torsional pendulum, we have m:\/?, where

1= MR S0, 0= /z—cz
2 MR

Since the disc is imparted an angular speed @, (at mean
position), so if B is the angular amplitude, then

2C
wy = Pfo=p VRE

MR?
R T

For angular SHM, assuming U, =0, the total energy of
oscillation is given by

2
F=Liop zl[zMRz)(g)[@mgj
2 212 MR* )\ 2C

= E= iMRzmg

PHYSICAL PENDULUM OR COMPOUND
PENDULUM

Any rigid body mounted so that it is capable of swinging in
a vertical plane about some axis passing through it is called
a physical pendulum. It is an example of angular SHM

Consider a body of irregular shape pivoted about a horizon-
tal frictionless axis passing through P and displaced from
equilibrium position by angle 6. The equilibrium position
is that in which the centre of gravity G lies vertically below
P.If M is mass of body and I, the moment of inertia of the
body about an axis passing through pivot P, then
7=—(Mg)(Isin6)
= la=-(Mgl)o {6 small, so sin® = 6)

= 10+(Mgl)o=0

= 5+(MTgl]9—0

= T=2rx \/g =2r \/Mzgl

Further by Parallel Axis Theorem,
I=1I;+Mi*

= I=MK*+MP { 1,=MK?}

where K is the radius of gyration of body.

2 2
=~ T=o2r1 MK* + Ml
Mgl
2
= T=2n 1(1+K_]_23\/m
g l Q
KZ

lg =1+ T is also called the effective length of the com-
pound pendulum. When /=0, then T — e .
The period of oscillation T of the physical pendulum is

minimum when T is minimum ie., %(Tz ) =0

g di\ 1
K2

= ]._I—ZZO

= [=%K

The period of oscillation T of the physical pendulum is mini-
mum when the distance of the point of suspension from the cen-
tre of mass of the pendulum is equal to the radius of gyration K
of the body.

2
T = 21 /A[Kﬁ_]_zﬂ X
8 K 8

Experimentally, the plot of T vs [ is shown in Figure.

We observe that in a compound pendulum when a
straight line AA” is drawn passing through the centre of
gravity of the body as shown in Figure, then there exist
four points 1, 2, 3, 4 on this line about which if a body is
suspended, then the time period of small oscillation of
body remains same.
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This can also be seen from the plot of T vs [ discussed earlier.

ILLUSTRATION 59
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In the given case

2
1= andd=>

= T=2n Ei.e.,w—‘/g
3¢ 2L

Initially angular displacement of rod is 6, and it is
imparted an angular velocity w,. If angular amplitude be
B, then we have

op =B = [ B F 5

2L}

B= +6;

38

Arod of mass M and length L is pivoted about its end O as

shown in the figure. Find the period of SHM.

SOLUTION

Restoring torque is 7

Using Newton'’s Second Law and the small angle approxi-

mation, we get

d*e L

L2 MeZo=0
0z Ty

L
Mg —sin6
g5 sin

Mean kinetic energy of rod during oscillation is

<K>=%1m2ﬁ2

2 2
. <K>_1(M)(33)(2Lwo+ag]
40U 3 J\2L )\ 3¢

2
= <K)—@[2M’U +9§]
8 3g

ILLUSTRATION 61

A uniform rod of mass m and length | performs small
oscillations about the horizontal axis passing through its
upper end. Find the mean kinetic energy of the rod aver-
aged over one oscillation period if at the initial moment
it was deflected from the vertical by an angle 6, and then
imparted an angular velocity Q.

ML MLI ML SOLUTION
where, I = + =
12 4 3 Angular frequency o of a physical pendulum is
0 (3
= d2+( g)e_o mgd
dat 2L 1
2L 12
= T_Zn\/% where d = :mT
%
= 0=,
A uniform rod of mass m and length L performs small 21

oscillations about a horizontal axis passing through its  Let 8 be angular amplitude of rod, then
upper end. Find the mean kinetic energy of the rod during

its oscillation period if at f =0 it is deflected from vertical Q= @\jﬁz - 9&
by an angle 6, and imparted an angular velocity . Q2
SOLUTION = B'= e 6

This rod oscillates like a physical pendulum whose time Mean kmetlc energy of rod is

I
period is given by T =27 [——, where I is moment of
Mgd

mi? 35) Q*(21)
2 2 2
K)_ wh = (3)(21( 3¢ +9“)

inertia of rod about axis passing through point of suspen-

sion, d is separation between centre of mass of rod and the = {(K)= 1mg19§ + l ml2Q>

point of suspension.
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0\7 Test Your Concepts-IV

Based on Pendulum Systems

A pendulum is secured on a cart rolling without friction
down an inclined plane of inclination a. The period
of the pendulum on an immobile cart is T,. How will
the period of the pendulum change when the cart rolls
down the slope?

Pendulum A is a physical pendulum made from a thin,
rigid and uniform rod whose length is d. One end of
this rod is attached to the ceiling by a frictionless hinge,
so the rod is free to swing back and forth. Pendulum B
is a simple pendulum whose length is also d. Obtained

T, o _—

the ratio T_A of their periods for small-angle oscillations.
B

Determine the period of small oscillations of a math-

ematical pendulum, that is ball suspended by a thread
{=20cm in length, if it is located in a liquid whose
density is n1=3.0 times less than that of the ball. The
resistance of the liquid is to be neglected.

A simple pendulum 50 cm long is suspended from the
roof of a cart accelerating in the horizontal direction
with a =7 ms ? (figure). Find the period of small oscil-
lations of the pendulum about its equilibrium angle.

r

50m

m

SO on

A ball is suspended by a thread of length | at the point
O on the wall, forming a small angle ¢ with the vertical
as shown in Figure.

Then the thread with the ball was deviated through a
small angle (> o) and set free. Assuming the colli-

sion of the ball against the wall to be perfectly elastic,
find the oscillation period of such a pendulum.

6.

10.

(Solutions on page H.185)
A simple pendulum of length ( is suspended from the
ceiling of a cart which is sliding without friction on an
inclined plane of inclination 8. What will be the time
period of the pendulum?
Two pendula begin to swing simultaneously. During the
first fifteen oscillations of the first pendulum the other
pendulum makes only ten swings. Determine the ratio
between the lengths of these pendula.
A uniform disc of mass M and radius R is hanging verti-
cally with the help of an axle passing through its centre.
A small amount (mass m) of mud is stuck at the bottom
end B near rim of the disc. If the disc is now given small
angular displacement, find the period of its oscillations.
What is the equivalent length of simple pendulum?

Bm

The angular displacement of simple pendulum is given
by
. T
9—0.1::5|n(21rt+g) rad

The mass of the bob is 0.4 kg. Calculate

(a) the length of the simple pendulum; and

(b) the velocity of the bobatt=0.25s

A ring radius r is suspended from a point on its cir-
cumference. Determine its angular frequency of small
oscillations.
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OSCILLATIONS OF A FLOATING POLE

Consider a pole of cross-sectional area A and mass M
floating in a liquid of density p. If the length immersed
in the liquid in the equilibrium position is L, then using
Archimedes’ Principle and Laws of Floatation, the weight
of the body is balanced by the upthrust acting on the body,
so we have

Mg = ALpg
= M=ALp

If the pole is now pushed down slightly by a distance y,
it experiences an additional upthrust equal to yApg. This
provides the restoring force, tending to bring the pole back
to the equilibrium position. So,

F=-yApg=—(Apg)y
= Mij=—(Apg)y

- {2

= T—275\/1—2n ﬂ—271'\/E
7]\ Apg g

where, L is the equilibrium length of the pole immersed
in liquid.

ILLUSTRATION 62

A cylinder of mass M, radius r and height /1 is suspended
by a spring whose upper end is fixed. The cylinder is sub-
merged in water such that in equilibrium, the cylinder sinks
to half its height. At a certain moment, the cylinder was sub-

merged to % of the height and then with no initial velocity

started to move vertically. If the spring constant is k and den-
sity of water is p, then calculate the period of oscillations.

SOLUTION

In equilibrium, the cylinder (of area A) is submerged to a

depth g and if spring elongation is x;, then we have

kx0+(AZ)pg:Mg (1)
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If cylinder is displaced down further by x and released,
then its equation of motion is

—[k(x[, +x)+(g+x)Apg—Mg:l—Ma

M

The negative sign indicates the restoring nature of force,
so we get

_ [lxl
w=,—
X

2

= aziz—[m)x

Since A =71, so we get

2
o k+(mr )pg

M

M
= T:Z—E:ZE 5
® k+rmropg

LIQUID OSCILLATING IN A U-TUBE

Consider a U-tube of cross-sectional area A containing a
liquid. Let L be the length of the liquid in each limb of
tube. In equilibrium the level of liquid in the two limbs is
same. Let the liquid be depressed by a distance y inlimb 1.
Then it rises through the same distance in limb 2.

—r—

Therefore, the liquid level in limb 2 becomes higher by
2y than that in limb 1. The restoring force, which tends
to bring the liquid back to the original level in limb 2, is
given by

F=-2yApg =-(24pg)y
= Mij=-(24pg)y

= (2L)Apij=—(2Apg)y

8
L

= T:Zﬂ\/i:br\jz
il Ve

ILLUSTRATION 63

Calculate the period of small oscillations of mercury of
mass m poured into a bent tube whose right arm forms an
angle 6 with the vertical as shown in Figure.

= j+=y=0
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The cross-sectional area of the tube is A and viscosity of
mercury is to be neglected.

SOLUTION

Let the mercury be displaced in tube by a distance x as
shown in Figure.

Xcos6

The excess pressure due to level difference is
AP =(x+xcos8)pg
Thus, restoring force acting on mercury is
F=ma=-A(AP)
Negative sign tells that the restoring force is directed
towards the mean position.

= a:jc':—[@(1+c059):|x

m
= T=2rn é:Zfr S
Vil Apg(1+cosh)

ILLUSTRATION 64

Suppose a tunnel could be dug through the earth from
one side to the other along a diameter, as shown in figure.
Show that the motion of the particle is simple harmonic
and determine its time period.

SOLUTION

The gravitational force on the particle at a distance r from
the centre of the earth arises entirely from that portion of
matter of the earth in shells internal to the position of the
particle. The external shells exert no force on the particle.
The value of gravity at a distance r is given by

i3

M
where g = % is gravity at the surface of earth.

The net force on the particle is

F=-mg’'= —mg(%)

Using Newton's Law,

2
P—md—z——(m—g)r
dt R

2
= d—:+(§]r—0
dt R

This is the differential equation of SHM and period of
oscillation is

]":271'\/E
8

Since R=6.4x10° m and ¢ =9.81 ms™
= T=842min

BALL OSCILLATING IN THE NECK OF AN AIR
CHAMBER

Consider an air chamber of volume V, having a neck of
cross-sectional area A and a ball of mass m fitted smoothly
in the neck. If the ball is pressed down slightly by v, the
volume of air decreases by Ay.

If B is the Bulk’s modulus of air the excess pressure dP

produced is given by
CBe_ dP
avjv

ir=-5( 2]
Vv

A restoring force F having magnitude AdP, comes into
play and is directed upwards. Thus

BAZ]
F=—] 2
(%)
= m"——(ﬁ)
Y v ¥
= +(B—Az) =0
Y mV Y

= T=2r i:ZJr KZ
i VBA
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L] )
- Y
\}/ Conceptual Note(s) = BV] =P(V,-Ax)
S PV
(a) If the pressure volume relation is isothermal, then = K :ﬁ
X
Bisa=Patm=P VU?(I—_)
Vo

= T=2ﬂ"fm—\g Ax 4

(b) If the pressure volume relation is adiabatic, then 0

Bog = VPam = YP = D=L (1+ %) [ ? is small quantity)

0 0
= T=2n m_Vz
YPA For Left Part

RV] =PV} =P, (V, + Ax)’

A closed and isolated cylinder contains ideal gas. Anadi- - p =00
abatic separator of mass m, cross-sectional area A divides v (1 N Ax )y
the cylinder into two equal parts, each with volume V[, and 0

pressure P in equilibrium. Assuming that the separator

can move without friction, find the oscillation frequency _, P, = pU[ _ﬂ)

R OV()Y

0

when the separator is slightly displaced. Vo
Net restoring force acting on the piston is
P = —(PRA—PLA)
Fo Vo R,V
o = r=|p (147 ) a-p (14745 )a
Vo Vo
1 | 2
X = P—mi——[zPOYA )x
Vo
A n ( zpeyAz}
Vym
Comparing with ¥+ ’x = 0, we get
2
SOLUTION = [21’0)’1‘1 _2n_ 2 f
Let the piston be displaced by a small distance x towards Vorn T
right. 1 1 [pyaA?
Volume of the right part is Vi =V}, - Ax = f=—=— (4
T 2\ Vym

Volume of the left partis V; =V}, + Ax

[ ILLUSTRATION 66

A simple pendulum consists of a small sphere of mass m
RA | | A carrying a charge +7 suspended by a thread of length I. The
pendulum is placed in a uniform electric field of strength E
directed vertically upwards. Calculate the period of small
oscillations of the pendulum, if the electrostatic force act-
ing on the sphere is less than the gravitational force.

SOLUTION

As the cylinder is isolated from surroundings and separa-
tor is adiabatic (non-conducting), the process is adiabatic.
A simple pendulum with bob of mass m having charge
+q with electric field E in the region directed vertically
BV] = RV{ upwards is shown in Figure (a).

For Right Part
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Figure (a)

Figure (b)

When bob is in equilibrium, tension in string is
T=mg—-qE

When the bob is given a small displacement x from its
mean position as shown in Figure (b), then the restoring
force on it is given by

F =—(mgsin6-qEsin®)

where, 0 is the angular displacement of bob from mean
position.
For small oscillations, sin = 6 = x/I

= F=-(mg—qE)6
x

= P:(mg—qE)T

If a is the acceleration of bob, then

o=t (MO,

m ml
I
X ml
= T:Z—ﬂ:Zﬂ: il =2r I -
® mg —qE (mg—qE)/m

This result can be written as T = 27 fi
g eff

E
where, ¢4 =¢ 1" is the effective value of acceleration
m

due to gravity under the influence of electric field.
Similarly, if in this problem electric field E is reversed in direc-
tion i.e., acts in downward direction, then net effective force on

bob in downward direction is increased and effective gravity can
be written as

_ o, IE
et =8+ m

So, in this case, the time period of a pendulum is written as

T=2m L:ZE IqE
\ Sett A e
3+m

ILLUSTRATION 67

A light wooden rod fixed at one end is kept horizontal.
Aload of mass 0.4 kg tied to the free end of the rod causes
that end to be depressed by 6 =2.5cm. If this load is

disturbed slightly (in vertical direction) from mean position,
then calculate the period of oscillations. Take ¢ =10 ms ™.

SOLUTION

Due to elasticity in rod it sags by weight of load. If its
shear modulus of elasticity is 7, then for equilibrium of
system we have

_F/A

n—a

where, A is area of cross-section of rod.
Mg _nd
A l

When the load is depressed by x, then a restoring force F
is developed in rod such that

F-Mg=Ma ...(2)
F/A
here, = —1
e = s )
R p:%(am e

Substituting (3) in (2), we get

%(cﬂx}—Mg:Ma

= azﬁz(ﬁ]x
Ml

Since this acceleration a (i.e., ¥) is directed towards the
mean position, so we have

{)e(2)

Mi o

= T=2n izZ:r é
%] g

= T—ZﬂJE—B.Ms
10

COMPOSITION OF TWO SHM OF THE SAME
PERIOD ALONG THE SAME LINE

Let the two SHM's be

{~ of equation (1)}

¥, = Ay sinot and y, = A, sin(wf +¢)
The resultant displacement

Y=Y, +Y, = A sinot+ A, sin( ot +¢)

= y=A;sinwt+ A, sinwtcos g+ A, cos ot sing
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= y=(A,+A,cos¢)sinwt+ A, sin¢cos ot (1)
Let A, + A, cos¢ = Rcosf and A, sin¢ = Rsiné.
Substituting in (1), we get

y = R[cosBsin(wt) +sinOcos(wt) ]
= y=Rsin(ot+0)

Thus, the resultant motion is also simple harmonic along
the same line and has the same time period. Its amplitude
Ris

R= A2+ A2 +2A, A cos¢
and it is phase 6 ahead of the first motion, where
AZ Sin¢

tanf=————
A +A,cos¢

Problem Solving Technique(s)

If y;=asin(wt) and y, = bcos(wt ) are two SHM then by
the superimposition of these two SHM we get

Yy=Yit):
y =asin(ot)+bcos(ot)
= y=Asin(ot+¢)
This is also the equation of SHM, having

Amplitude A=+/a? +b? and Phase ¢=tan‘1(g)
a

COMPOSITION OF TWO SHM OF SAME PERIOD
AT RIGHT ANGLES TO EACH OTHER

Let the two motions at right angles be
x = Asin(ot) (1)
y =Bsin(ot+¢) ...(2)
along the x and y-axis respectively

Equation (1) gives

X
sin(wt)=—
A

2
= coslot)= 1—E

Equation (2) gives

%: sin(@t)cos ¢+ cos(wt )sin

: ﬁ 2
= %: (%)costﬁ[ 1—%151@’)

2

X
1-—sin¢
A

vy ox
=——cosp=
B A ¢ 2
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Squaring, we get

22 2
2x
Y +%c052¢——ycos¢=[l—%]sin2¢

B AB
y2 x’ 2xy
= B_2+E(C052 ¢+sin2¢)—ﬁcos¢ :sin2¢
2 2
= x—+y———ycos¢>:sin2¢)

This is the equation of an ellipse.

CASE-I: For =0
2 2

2x
The equation becomes —2+y—2——y20
A® B~ AB
= -2y
A B
= *Ex
Y=

This is the equation of a straight line. Thus, the resultant
motion is a SHM along a straight line, passing through the

origin, inclined at an angle tan " ( %) to the x-axis.

CASE-II: For ¢=x
The equation becomes
2 2

2
= x—2+y—2+ﬂ:0
A® B° AB
= £+£:O
A B

= = —(B)x
=\ a
The resultant SHM is along a straight line inclined at
4 [ -B ) ,
tan” | — | to the x axis.
A
CASE-III: For ¢ = m2

2 2
The equation becomes x—2+ y—z =1, which is an ellipse
A B

If A= B, the equation is x* +* = A%, which is a circle.

Problem Solving Technique(s)
A uniform circular motion may thus be regarded as a com-
bination of two similar simple harmonic motions at right

angles to each other and differing in phase by %

CASE-1V: For ¢ = w4
The equation becomes

2L 21 1
2

+__
A? B* AB\\2
2 2
2
I A -

A* B* AB 2
which is the equation of an oblique ellipse.
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Problem Solving Technique(s)

If two oscillations of different frequencies at right angles are
combined, then the resulting motion is more complicated.
It is not even periodic unless the two frequencies are in the
ratio of integers. The resulting curves are called Lissajous
Figures (not in syllabus).

ILLUSTRATION 68

So, resultant amplitude is A = (1+ 2 )a

Since, energy in SHM is proportional to square of the
amplitude, so we have

2
EResultant _(A) :(\/E+1)2:3+2\/§

ESingle a

DAMPED HARMONIC OSCILLATION

Two linear simple harmonic motions of equal amplitudes
a and frequencies @ and 2@ are impressed on a particle
along x and y axis respectively. If the initial phase differ-

. .
ence between them is 5 calculate the resultant trajectory
equation of the particle.
SOLUTION

Let x = acos(wt), then according to problem, we have
Y= acos(2mt+g)

= y=-asin(2wt)

= y=-2asin(wt)cos(wt)

- {5 )

= afyt =47 (a*-x%)

ILLUSTRATION 69

Three simple harmonic motions in the same direction
having the same amplitude a and same period are super-
posed. If each differs in phase from the next by 45°, then
find the resultant equation, resultant amplitude, phase of
the resultant motion relative to the first, ratio of the energy
of the resultant motion to that possessed by any single
motion.

SOLUTION

Let these three simple harmonic motions be represented by

asin(mf—ﬂ)
W 1

Y, =asinot and

—asin(mt-&-f)
Ys 1

On superimposing, resultant SHM will be
. T . . T
y= a[sm(mt——]+smwt+sm(mt+—ﬂ
4 4
. T
= Y= a(ZsmmtcosZ+smmt]

= Y= a(1+\/§)sinwt

A body set into oscillation continues to oscillate for ever
with the same amplitude if no dissipative forces are pre-
sent. Such oscillations are called free oscillations. In free
oscillations, as there is no dissipation of energy, so the total
mechanical energy remains conserved.

If frictional forces are present, the amplitude of oscilla-
tion gradually decreases because energy is dissipated. Such
oscillations are called damped oscillations. In most cases
the damping force is directly proportional to the speed,
e.g., viscous drag due to air. The equation of motion of a

damped harmonic oscillator can, therefore, be written as
F = —ky —bv, where b is damping constant
dy  dy
= m—+b—+ky=0
ar o ar Y

The solution of this equation for small bis

-t P b\
y:AeZ”f sin(m't+¢ﬂ),wherem’: _[)

m

Amplitude

We obtain the following results

(@) The amplitude of oscillations decreases exponentially
with time. Exponential fall means that if amplitude

1 . . . .
becomes — of initial value in { time, then in next ¢
n

time, it will become —- of its initial value and so on.
n

(b) The angular frequency of oscillation is

i)
o =,—| —
m 2m

So, linear frequency is given by

o 1 [k ¥

o 2x\m  4m?

f=

The frequency is slightly smaller than the frequency of
free oscillations, i.e., damping slows down the motion.
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(c) Ifb<<\/17c7n,thena)’:m:JE

m

(d) If we assume b=0, then all the equations of the
damped oscillator will reduce to the corresponding
equations of an undamped oscillator.

The mechanical energy of the undamped oscillator is
1
E= EkA2. However, for a damped oscillator, the ampli-
b
4=
tude is not constant and varies with time as A" = Ae (2"' ] .

So, we can say that the mechanical energy will have a
value given by

1 1 ( ,3)2 Lk
E'=—k(A’) ==kA?\e 2| =—kA%
2 2 2

This expression makes us conclude that the total energy of the
system decreases exponentially with time.

ILLUSTRATION 70

Consider the damped oscillator shown in Figure.

X

Rigid support

Spring
{2 Block

- Surrounding
“ o medium

—
If the mass 711 of the block is 400 g, k=45 Nm ™" and the
damping constant b is 80 gs™. Calculate the period of
oscillation, time taken for its amplitude of vibrations to

drop to half of its initial value and the time taken for its
mechanical energy to drop to half its initial value.

SOLUTION

Since, ki = 45x 0.4 =18 kgNm™ =18 kg’s~2
= Jkm=4243kgs™

Also, we are given that b =0.08 kgs ™

Sinceb<<\/ﬁ,sow’:m—\/E

m

T:27r\/E:2n: %=0.65
k \ 45
A

For A’ = o we have

bt

Ae 2m = —, where i = 008 =0.1
2 2m 2(04)
log(2) 0.
o o los(2) 0693 o

Cb2m 0.1
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For E' = %, we have
bt :
1kAZe_E = 1[1;{142 )
2 2\2

" where 2 _ 008 _

= —:ei"',where —= =0.2
2 m 04
Lo 105(2) _ 0693 —346 s
b/m 0.2

This time is just the half of the time in which amplitude
decays to half its initial value.

FORCED OSCILLATIONS AND RESONANCE

Suppose a system is made to oscillate by subjecting it to an
external periodic force. This is done by linking it in some
way with another oscillating system, which is generally
called the driver. When a periodic force is applied on
an oscillating body, then the body begins to vibrate with
the frequency of driving force and the oscillating body is
called driven harmonic oscillation. The resulting oscilla-
tions are called forced oscillations. The general equation
of a damped oscillator, oscillating under influence of an
external harmonic force F, sin(@"’t) is written as

dz d . rr
nzﬁ+bd—f+kyzﬁ, sin(w”'t)

The displacement of body from mean position is
y=A"sin(0"t-9)

where A" is amplitude, given by

AH — FU ﬂ"‘l‘lm
10272
\/( o -aw?) + 2 2b
m
"b/m)
=tan™ |:7( - :|
¢ o — "

and o = \/E is natural frequency of the oscillator.
m

Problem Solving Technique(s)

(a) The system oscillates with frequency of driver @”
rather than with its natural frequency .

(b) The amplitude of oscillation is small if @ is very dif-
ferent from w. As ®"" — w, the amplitude goes on
increasing. When @”” = m, the amplitude is maximum.
This situation is called Resonance. If in addition, the
damping force is absent, then the amplitude tends
to become infinite and the system will break down.
However, if some damping is present, the amplitude
becomes large but remains finite.
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@ Test Your Concepts-V

N

Based on SHM in Other Physical Systems, Composition of SHM,
Damped Oscillations, Forced Oscillations & Resonance
(Solutions on page H.186)
1. A simple pendulum consists of a small sphere of mass moving piston of mass M. The piston and the cylinder
m suspended by a thread of length (. The sphere car- have equal cross-sectional area A. Atmospheric pres-
ries a positive charge g. The pendulum is placed in a sure is Py and when the piston is in equilibrium, the vol-
uniform electric field of strength E directed vertically ume of the gas is V. The piston is now displaced slightly
upwards. With what period will pendulum oscillate if from the equilibrium position. Assuming that the sys-
the electrostatic force acting on the sphere is less than tem is completely isolated from its surroundings, show
the gravitational force? that the piston executes simple harmonic motion and
2. A particle is constrained to move on a smooth circular calculate the period of small oscillations.
wire frame of radius r which rotates uniformly about a . Find the displacement equation of the simple harmonic
diameter which is vertical. If in the position of relative motion obtained by combining the motions x,=2sinwt,
rest, the radius drawn to the particle makes an angle ¢ _ - _ T
with the vertical, find the period of small oscillations X =4sin ng and x; = 6sin mt+§ :
about this position. _— . G
P : o . . In damped oscillations, the amplitude of oscillations is
3. Calculate the period of small oscillations in a horizon- o
. reduced to half of its initial value of 5 cm at the end
tal plane performed by a ball of mass 40 g fixed at the I _ _ .
. . i ) of 25 oscillations. What will be its amplitude when the
middle of a horizontally stretched string Tm in length. i I
. T oscillator completes 50 oscillations?
The tension of the string is assumed to be constant and . L A
. Forthedamped oscillator shown infigure, k = 200 Nm
equalto 10N, and damping constant b= 40 gs™'
4. A point mass m is suspended at the end of a massless ping e
wire of length I and cross-section A. If Y is the young's X Riaid 1
modulus of elasticity for the wire, obtain the frequency 191e stippor
of oscillation for the simple harmonic motion along the Spring
vertical line. : s
5. Consider the earth as a uniform sphere of mass M o) I Block
and radius R. Imagine a straight smooth tunnel made ks .
. . . .7 Surrounding
through the earth which connects any two points on its  medum
surface. Show that the motion of a particle of mass m i —
along this tunnel under the action of gravitation would _ S o
be simple harmonic. Hence, determine the time that If period of oscillation in the abs.ence of damping is
a particle would take to go from one end to the other 0.5's, then calculate mass of block if b < vkm.
through the tunnel. 10. The amplitude of a damped oscillator becomes half in
6. Anideal gas whose adiabatic exponents s 7, is enclosed one minute. The amplitude after 3 minutes will be 1/x
in a vertical cylindrical container and supports a freely times of the original. Determine the value of x.

J
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Figure shows a solid uniform cylinder of radius R and
mass M, which is free to rotate about a fixed horizontal
axis O and passes through centre of the cylinder. One
end of an ideal spring of force constant k is fixed and the

other end is hinged to the cylinder at A. Distance OA is
equal to % An inextensible thread is wrapped round the
cylinder and passes over a smooth, small pulley. A block
of equal mass M and having cross sectional area A is sus-

pended from free end of the thread. The block is partially
immersed in a non-viscous liquid of density p.

If in equilibrium, spring is horizontal and line OA is verti-
cal, calculate frequency of small oscillations of the system.

SOLUTION

In equilibrium, we have

T+F=Mg (D)

When the block is further depressed by x, weight Mg
remains unchanged, upthrust F increases by pAxg and let
AT be the increase in tension.

T+F

@ F = Upthrust

Y

Mg

If a is the acceleration of block then,
AT + pAxg = Ma ..(2)

Restoring torque on the cylinder is given by

kx R kxR
T[zz )[4(“pxg))
2
= %MRZa—{HZ—B—(MRa—pAgRB)R}

2
= %MRza:[k%+pAgR2)9

SOLVED PROBLEMS
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(o)
-M
2
Here negative sign has been used for restoring nature of

torque. So, we get

L Je

f=2\8

/k 4pA
- fzzi +apAg
n 6M

A pendulum clock is mounted in an elevator which starts
going up with a constant acceleration a(< g ). Ata height h
the acceleration of the car reverses, its magnitude remain-
ing the same. How soon after the start of the motion will
the clock show the right time again?
{ h= 1at2 }
2

SOLUTION

[2h
Time of ascent t; = ,[—
a

= T

I3
~ |

= T

= AT—(T—T’)—T[l— [g]
g+a

Time gained in time ¢, is

= A= z?h[ f‘%”q] )

T’
If t, be the time of descent, then in this case, T - L
g—a

. L
V8
s
g+a
1|8
g+a

- T=T|%
g—ﬂ

= AT—T'—T—T[ IL—1J
g—ﬂ
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Time lost in time 1, is

AT
At, =| — |t
e

= At2=t2[1- /%] e

The clock will show the right time again if,
At = At

B{E (-

So, total time f =1, +1,

air==

In the figure shown pulley in massless. Initially the blocks
are held at a height such that spring is in relaxed position.
The block A is released. Find the

(a) amplitude and velocity amplitude of A.
(b) frequency of the oscillation of block B. There is no
slipping anywhere.
SOLUTION
(@) (i) Applying Law of Conservation of Mechanical
Energy, we get

Decrease in Increase in Increase in
Gravitational |=| Gravitational |+| Elastic P.E.
PE. of A PE.ofB of Spring

1
= mg(2x0):mgx0+5kx§ (D)

where, x, =displacement amplitude of A
Solving equation (1), we get
2mg
x A
"k

(ii) Again, Applying Law of Conservation of
Mechanical Energy at the mean position, we get

X, 1 X ? 1 1 v ?
0 0 2 m
mgx,=mg—+—k| — | +=mv,, +-m| =~
0 2 2 [ 2 ) 2 " 2 ( 2 )

where, v, =velocity amplitude of A

(b) Maximum velocity of B = ® (maximum displacement
of B)

= f —

:E:E 5m

Aand B both oscillate simple harmonically with same angu-
lar frequency @ but different displacement and velocity
amplitudes. Frequency or time period can also be obtained
by energy method as under.

1 2 1 2 1 X ]2
E=—m,vi+—mpVvs—migx, +mpgx, +—k| =2
S MAVatS MgV A9Xa ﬂgazk(2+xa

2 2
= Ezlmv2+lm(z) —mgx+mg£+lk(x—°+£)
2 2 \2 2 2\2 2

2m
where x, = Tg and x is the displacement (downwards) of
Afrom its mean position x,. Since E =constant
dE _
dt
So, we can calculate the desired frequency.

0

In the arrangement shown in figure, AB is a uniform rod
of length /=90 cm and mass M =2kg. The rod is free
to rotate about a horizontal axis passing through end
A. A thread passes over a light, smooth and small pul-
ley. One end of the thread is attached with end B of the
rod and the other end carries a block of mass m =1kg.
To keep the system in equilibrium one end of an ideal
spring of force constant K = 7500 Nm™ is attached with
mid-point of the rod and the other end is fixed such
that in equilibrium, the spring is vertical and the rod is
horizontal. If in equilibrium, part of the thread between
end B and pulley is vertical, calculate frequency of small
oscillations of the system.
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M=2kg
@)
A B

Also, calculate the maximum possible angular amplitude
of the rod so that block remains oscillating with the rod
without blocking of thread. ( g=10ms™ )

SOLUTION

m=1kg

In equilibrium, the spring is relaxed. When mass m is dis-
placed (downwards) by x from its equilibrium position,
then let F be the extra tension in the string. The spring will

stretch by %

Net restoring torque is given by

fc—[%)é—ﬂ (1)

(MF 2] k%9
= | —+ml” ja=——
3 4

Here negative sign has been introduced due to restoring
nature of torque. Since, o is proportional to —6, motion is
simple harmonic in nature. So,

1 o
f “2r\le
PRRLY
27
Further, 0’16, = ¢

8 10
NI 2

ol (155)"(0.9)
= 6, =988x10" rad

Two identical balls A and B, each of mass 0.1 kg, are
attached to two identical massless springs. The spring-
mass system is constrained to move inside a rigid smooth
pipe bent in the form of a circle as shown in figure. The
pipe is fixed in a horizontal plane. The centres of the ball
can move in a circle of radius 0.06 metre. Each spring

max
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has a natural length of 0.067 metre and spring constant
0.1 Nm . Initially, both the balls are displaced by an angle

0= g radian with respect to the diameter PQ of the circle

(as shown in figure) and released from rest.

(@) Calculate the frequency of oscillation of ball A.

(b) Find the speed of ball A when A and B are at the two
ends of the diameter PQ.

(c) What is the total energy of the system?

SOLUTION

(a) Given: Mass of each ball A and B, m=0.1 kg
Radius of circle, R = 0.06 m
Natural length of spring,

ly =0.06r =R {Half circle}

and spring constant, k = 0.1 Nm '

In the stretched position elongation in each spring
(x=R0)

Spring in lower side is stretched by 2x and on upper
side compressed by 2x.

Therefore, each spring will exert a force 2kx on each
block.

Hence, a restoring force, F = 4kx will act on A in the
direction shown in figure.

Restoring torque of this force about origin,

7=-F-R=-(4kx)R =-(4kRO)R

= 7=-4kR*> .0 (1)
Since, 7 < -6, each ball executes angular SHM about
origin O.

Equation (1) can be rewritten as

To = —4kR26 or (mR?) o = —4kR%0

= a——(zlk)e
m
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FQﬂ_
‘\4’

So, frequency of oscillation is given by

1
f=2

acceleration

displacement

1 /a 1 /41(
= f=—=|==—.\—
2r N0l 2a\lm

Substituting the values, we get

4x0.1 :le
0.1 e

f_

(b) In stretched position, potential energy of the system is

PE. —2(%1()(21)2 = 4kx?

and in mean position, both the balls have only kinetic

energy. Hence

KE.= 2( %mvz ) = mv*

By Law of Conservation of Energy, we get
(Loss in KE) = (Gain in PE)

= 4kx* = mo?

= U= 2x\/7 ZRB\/7

Substituting the values

0:2(0.06)(2) %

= 0=00628 ms™'
(c) Total energy of the system,
E =PE. in stretched position
E =K.E. in mean position
= E=mo’ =(0.1)(0.0628)" |
= E=39x107"]

Abead of mass M can slide on a smooth straight horizon-
tal wire and a particle of mass m is attached to the body by
a light string of length /. The particle is held in contact with
the wire with the string taut and is then left fall. When the

string is inclined to the wire at an angle 6, find the

(a) distance x slipped along the wire by the bead and
(b) angular velocity w of the string.

M
[
0
(4
m

(a) Displacement of m relative to M is

x, =1(1-cos®)

SOLUTION

Let x be the displacement of M (towards left). Absolute
displacement of m will be x, —x (towards right). For
the centre of mass to remain stationary, we have

m(x, —x)=Mx

= x—( m )I(l—cosG)
M+m
(b) By Law of Conservation of Mechanical Energy, we get

mglsinf = %Mt)2 +%m[(ar sin 9—1))2 +27 cos 9].. (1)
Applying Law of Conservation of Linear Momentum,
we get

m(v,sinf-v)= Mo

_ mu,sin@
© M+m
From equations (1) and (2), we get

2¢lsinB(M+m)
M+mcos* 6

0, [28(M+m)sin®
! (M+mc0526)1

A thin rod of length L and uniform cross-section is pivoted
at its lowest point P inside a stationary homogeneous and
non-viscous liquid (as shown in figure). The rod is free
to rotate in a vertical plane about a horizontal axis pass-
ing through P. The density 4, of the material of the rod
is smaller than the density d, of the liquid. The rod is dis-
placed by small angle 6 from its equilibrium position and
then released. Show that the motion of the rod is simple
harmonic and determine its angular frequency in terms of
the given parameters.
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SOLUTION

Let S be the area of cross-section of the rod. In the displaced
position, as shown in figure,

The weight (W) and upthrust (F; ) both pass through its
centre of gravity G.

Here, W = (Volume)x ( Density of rod )x g
= W=(SL)(d,)g
The buoyant force F; is given by
Fy =(Volume) x(Density of liquid ) x g
= F=(SL)(d)g
Given that d, < d,. Therefore, W < F,
Therefore, net force acting at G is given by
F=F;-W=(SLg)(d, —d; Jupwards
Restoring torque of this force about point P is

r=Fxt, = (SLg)(d; - )(QG)

= 1=-(SLg)(d; —dl)(%sine)

Here, negative sign shows the restoring nature of torque.
Since 0 is small, so sinf = 0

Lg(dy-
T__(S 8(dy dl))e
2
From equation (1), we get

()

Toc—0
Hence, motion of the rod is simple harmonic.

2
Further, we know that 7=1 ? =la

Rewriting equation (1) as
0 [ S’g(d,—dy)
[—=-|—————=|¢
at’ 2
where, ] =moment of inertia of rod about an axis passing
through P given by

)
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i MI*  (SLd,)L*
33
Substituting this value of I in equation (2), we get
£o__(33(d-d1)),
dr? 2 dL
Comparing this equation with standard differential equa-
tion of SHM, i.e.,
7o
dt*

The angular frequency of oscillation is given by

0= 3g(d2 _dl)
24,L

A uniform plate of mass M stays horizontally and sym-
metrically on two wheels rotating in opposite directions
as shown in Figure.

=06

O O

I »

L

The separation between the wheels is L. The friction coeffi-
cient between each wheel and the plate is u. Find the time
period of oscillation of the plate if it is slightly displaced
along its length and released.

SOLUTION

In equilibrium the normal reactions due to two wheels
are equal. Hence, the frictional forces are also equal and
balance each other. When the plate is displaced by x
towards right, the normal N, due to right wheel increases
and N due to left wheel decreases. The resultant friction

1(N, — N, ) is towards left resulting in oscillatory motion.
In displaced position, N; + N, = Mg

N, e N,
Al . C B 2,
[ U ]
O~ L+
1
y Mg
Y - L/2 '

Balancing moments about A, we get
nig(£+xJ—N2L
2
1 x
= N,=Mg¢| —+—
’ g(z L)

Balancing moments about B, we get

1 x
=3
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So, restoring force F is given by

2uM
F:Mf:ﬂdM—Ng:—ﬁlgx
2
ot 28
L

= T=2r L
\ 2ug

Calculate the angular frequency of the system shown in
figure. Friction is absent everywhere and the threads,
spring and pulleys are massless. Given that m, = mp = m.

SOLUTION

Let x,, be the extension in the spring in equilibrium. Then
for equilibrium of block A and B, we have

T = kxy +mgsinf ..(1)
and 2T =mg ...(2)

where, T is the tension in the string.
Now, suppose A is further displaced by a distance x from
its mean position and v be its speed at this moment. Then

B lowers by % and speed of B at this instant will be % Total

energy of the system in this position is given by
2
1 2 1 1 v
E= Ek(x+x0 ) +§mﬂ2 +EmB(E) -
maghy —myghy

= E= %k(x+x0 )2 +%nrm2 +émv2 +mgxsin9—mg§

= E= %k(x+x0 )2 +gmv2 +mgxsin8—mg§

Since, E is constant, so

dE

oo

dt

de 5 (dv dx
=k(x+x))—+— — |+ i — |-
= 0=k(xem)y, 4m{ﬁ]’@ﬁmm[m)
m_(d_X)
2 \dt

oo dx .. dv .

Substituting, " ==X, n =g and from equations (1) and

(2), using kx; + mgsin@ = %, we get

§ma =—kx
4

Since, a =« —x, so, motion is simple harmonic, time period

of which is
T= 27::\/z =2, (@
a 4k
2 k

b4 /4
= n=—=_|—
T 5m

PROBLEM 10

One end of each of two identical springs, natural length
9 cm and force constant k=45 Nm™" is attached with a
small particle of mass m =30 g. Other end of right spring
is fixed with a wall and other end of left spring is attached
with a fixed block having a positive charge q=1 uC as
shown in figure. The particle rests over a smooth horizon-
tal plane and springs are non-deformed.

Calculate deformation of springs when positive charge
q=1 uCis given to the particle and equilibrium is attained.
Also calculate the frequency of small oscillations of the
particle.

SOLUTION

In equilibrium

(Net Repulsive Force ) = ( Total Spring Force )
1 s

47, (0.09+x)°

= x=00lm=1cm

= = 2kx

At a distance r, the electrostatic repulsion between the
particles is

1 qz
FE :4——2
MEY T
247
= dFf,=- q 3dr
4meyr

In equilibrium r=9+1=10cm=0.1m
When the particle is displaced by a distance y from equi-
librium position, we have

2
Net restoring force = —| 2ky + LB y
(4mey )r

202
= ma=- 2.1(+L3 y
(4me, )
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[ ] ]
L sl
2\ |y
Substituting the values, we get
30
=2 H
f = Hz

PROBLEM 11

Two blocks A and B of masses n1; =3 kg and m, =6 kg
respectively are connected with each other by a spring of
force constant k=200 Nm ™' as shown in figure. Blocks
are pulled away from each other by x; =3 cm and then
released. When spring is in its natural length and blocks
are moving towards each other, another block of mass
m=3kg moving with velocity v, =04 ms™ (towards
right) collides with A and gets stuck to it. Neglecting fric-
tion, calculate

Vﬂ — k E—

Ca w5 [

(a) velocities v; and v, of the blocks A and B respectively
just before collision and their angular frequency.

(b) velocity of centre of mass of the system, after collision,

(c) amplitude of oscillations of combined body,

(d) loss of energy during collision.

SOLUTION

1,2 1 5
Zkl=2
(a) 2 IU 2HT)r

where, 1 =reduced mass = LLEN 2kg
6+3

= Upelative = \/%xﬂ =( % J(le{)‘z)

-1
= Upelative = 0.3 Ms  =20+70
= v=01ms"

= v,=02ms 'and v, =0.1ms™"

Angular frequency o = \E = JZ%O =10 rads™
u

- oy + My Uy + M50y

b) v,

1y + My + 111,

~(3)(0.2)-(6)(0.1)+3(0.4)
3+6+3

cm T

= Uy, =0.1ms™ (towards right)
(c) After collision velocity of block A and C is
(3%0.2)+(3)(04)
3+3 -
and velocity of block B is v, =0.1 ms ™'

03 ms™!

Uy =
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—03ms' 0.1msl+—
cla 4mmm—|?|

The spring will compress till velocity of all the blocks
become equal to the centre of mass. Applying Law of
Conservation of Mechanical Energy, we get

1 1 1
5(3+3)(0.3)2 +E(6)(0.1)2 :§(3+3+6)(0.1)2+
%m2
= A=0048 m
= A=48cm

(d) AE:%(B)(OA)Z+%(3)(0.2}2—%(3+3)(0.3}2

= AE=0.24+0.06-0.27=0.03]

PROBLEM 12

A rectangular tank having base 15 cmx20 cm is filled
with water (density p=1000 kgm ) upto 20 cm height.
One end of an ideal spring of natural length 20 cm and
force constant k =280 Nm ' is fixed to the bottom of a
tank so that spring, remains vertical. This system is in an
elevator moving downwards with acceleration a = 2 ms .
Cubical block of side [ = 10 cm and mass m = 2 kg is gen-

tly placed over in figure.

~N r

Dla

20cm

(a) Calculate compression of the spring in equilibrium
position.

(b) Ifblockis attached to spring and slightly pushed down
from equilibrium position and released, calculate
frequency of its vertical oscillations. ( ¢=10ms™ )

SOLUTION

(a) Let in equilibrium compression of spring is x. Water
of volume I’x is displaced from its original position
and level of liquid in the tank rises by x’, then,

Pr=(A-1)x'
Substituting the values, we get
x"=0.5x
'\_“_ ___.(1 '
| X
ETE
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Equation of motion for the block is,
mg —upthrust — spring force = ma

= mg—(x+x")Ppg—ky=ma

Substituting the values, we get
1r=0.04m

= x=4cm

(b) If the block is slightly pushed downwards by the
amount y, both upthrust and spring force increase.

Net Increase Increase
Restoring |= in +| in Spring
Force Upthrust Force

=3 P:—[(y+0.5y)]2pg+ky]

Substituting the values, we get

F =-400y
4
= a:—%y:—ZOOy
S S PV
2m\|y T

PROBLEM 13

Consider a block of mass m to be placed on a wedge of
mass M, having wedge angle o. Assuming all the contacts
to the frictionless, find the angular frequency of wedge
and block system.

k
M
a
SOLUTION
In equilibrium, we have
kx, cosa = Nsina (D)
N =mgcoso .(2)
From these two equations, we get
mgsina = kx, ...(3)
Q@%\
kxg

When further displaced by x (downwards). Let v, be
the velocity of m w.rt. M and v be the velocity of M at
this instant. Applying Law of Conservation of Linear
Momentum in horizontal direction, we get
Mv=m(v, cosa—0v)

o, cos o
V=——""——

M+m

Further total energy E of system is given by

=

E= %k(x+x0 )2 —mgxsina+%Mv2 -
%m[(v, cosa—v)2+(v,, sina)z]

1
= E= Ek(x+x0 )2 —mgxsin o+

1 Mn? 1
—7]1'12:0&052 a+—m[vf +0° - 200, cosa]
2(M+m) 2

1
= E:Ek(x+x0)2—mgxsina+
1 m® 5, 5, 1 5, mvicosta
- v: cos” o+ —mu; - ————
2(M+m) 2 (M +m)

2
mcos” o | »
v

= E—lk(x+x0)2—mgxsina-s—lm{l—
2 2 M+m
.2
= E=lk(x+x0)2—mgxsina-&-lm[w]vf
2 2 M+m

Since, E =constant

dE
= ==
dt
.2
= ozk(x+x0)m‘+mvr(d%)(f\/f+mma)_
dt dt M+m
m sina(@)
g dt
Substituti_ng, mgsina:kxw%:vr aﬂd%:arr we get

s 2
,,,(w)ar__kx
M+m

—k(M+m)
m(M+msin o)

Comparing with a, = —w’x, we get

\j k(M+m)
= |——m@m
m(M+msin® o)

Please note that, here x is the displacement of block rela-
tive to the wedge.
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PROBLEM 14

Find the angular frequency of motion of block m for small
motion of rod BD when we neglect the inertial effects of the
rod BD. Spring constants are k; and k,. Neglect friction forces.

ky
D LY m

i

=
(s3]
— ) —pi—

SOLUTION

Let extension in springs be x; and x,. Then x; = cf but
x, #(b+c)8, because the block will also move towards
the right.

Suppose the block moves towards right by x, then

x=x,+(b+c)o (1)
Since, 7, =0
= kxc=kx,(b+c)
= k(cBc=k[x—(b+c)8](b+c)
= [klcz+k2(b+c)2]9:k2x(b+c)
ky(b+c)x

-2 Tee (2)
k2 +k, (b+c)
If F is the restoring force on the block, then
F

= Xy = — (3

2 % 3)
From equation (1), (2) and (3), we get

=L i(b+)e

2
F  (b+c)kyxy (b+c)
x=—+

_E ki
F  (b+c)F(b+c)
= Xz
k;k,c?

ke 4k, (b+c)?
So, the effective spring constant is given by
kyk,c?

Tk ky (btc)?

kyk,c?
= o=,%= — 2 5
m m[klc +k, (b+c) ]
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PROBLEM 15

One end of an ideal spring is fixed to a wall at origin O and
axis of spring is parallel to x-axis. A block of mass m =1 kg
is attached to free end of the spring and it is performing
S.H.M. Equation of position of the block in coordinate
system shown in figure is x =10+3sin(10-¢). Here t is
in second and x in cm. Another block of mass M =3 kg,
moving towards the origin with velocity 30 cmsec™
collides with the block performing S H.M. at f = 0 and gets
stuck to it. Calculate the

o)

(@) new amplitude of oscillations,
(b) new equation for position of the combined body,
(¢) loss of energy during collision. Neglect friction.

SOLUTION
(@ Since, »” = k { o= ﬁ}
m m

= k=mo*=(1)(10)* =100 Nm™

At t=0, block of mass m is at mean position
(x=10 cm) and moving towards positive x-direction
with velocity Aw or 30 cms™

By Law of Conservation of Linear Momentum, we get
(M+m)o=MI(30)-m(30)

30 cms™ 30 ¢cms™ v
ms_ <30

—
(]
Substituting the values, we have

v=15cms
= v=015ms '
By Law of Conservation of Mechanical Energy, we get

l(1\/I+m)zﬂ=1mz
2 2

1

M+m 4 Y2
p Jv—(m) (0.15)

= A=0.03m

oo

= A=3an

v=15cms™

m M

(b) co’:J K :,[@:5radsec_l
M+m 4

= x'=10-3sin5t
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_L 2,1 2 1 2
(c) AE—Z(I)(O.B) +2(3)(0.3) 2(4)(0.15)

— AE=0.135]

PROBLEM 16

A body A of mass m; =1.00 kg and a body B of mass
m, =4.10 kg are interconnected by a spring as shown
in figure. The body A performs free vertical harmonic
oscillations with amplitude a=1.6 cm and frequency
® =25 rads . Neglecting the mass of the spring, find the
maximum and minimum values of force that this system
exerts on the bearing surface.

SOLUTION

Maximum Force
k=w’m =(25)* (1) =625 Nm™!

Acceleration of centre of mass in extreme position,

2
Aoy = (upwards) = mo'A
my +m, 1y +m,
2
my°A
Now, N, — (1 + =t -
OW, INmax (ml mZ)g (ml+m2)x(m] ?ﬂg)

= Npax = (my +my ) g +mo’A
= N, =(1+410)98+(1)(257(1.6x1072)

= N =59.98 newton

Minimum Force

n,a

cm {downwards})

gty

Since, (#11; + 1y )§ = Nipin = (1117 + 1y ) acy
= Ny, =(m+m,)g-maw*A

= Ny =(1+410)9.8-(1)(257 (1.6x102)

= Ny, =39.98 newton

PROBLEM 17

As a submerged body moves through a fluid, the particles
of the fluid, flow around the body and thus acquire kinetic
energy. In the case of a sphere moving in an ideal fluid, the

total kinetic energy acquired by the fluid is % pVo? where

p is the mass density of fluid, V the volume of sphere and
v is the velocity of the sphere. Consider a 0.5 kg hollow
spherical shell of radius 8 cm which is held submerged
in a tank of water by a spring of force constant 500 Nm ™.

[

(a) Neglecting fluid friction, determine the period of
vibration of the shell when it is displaced vertically
and then released.

(b) Solve part (a) assuming that the tank is accelerated
upward at the constant rate of 8 ms™. Density of
water is 10° kgm ™.

SOLUTION

(a) Let F be the upthrust and W the weight of the sphere.
In equilibrium let x, be the compression of the spring,
then

IF+kxD

T

= kxy=W-F ...(1)

If the sphere is further compressed by x, then total
energy of the system is given by

E=—(W—F)x+%k(x+x0 )2+%mv2 -&-i,on2

Since, friction is absent, total energy remains constant,

hence
dE
=0
= 0= —(W—P)'%+k(x+x0)§—f+mv[i—?)+
%va(z—T) ..(2)

From equations (1) and (2), with substitutions L;—T: v

andd—v—jc'we et
a8
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tr—K __yg

[+
2
= Xoc—X

Oscillations are simple harmonic, time period of
which is given by

X m+1pV
Tzzfr\r:z;r 2
¥ k

J0.5+1x103x3xnx(0.08)3
= T=2n 3
500

= T=0352s

(b) Whenitis accelerated upwards with an acceleration a,
then

F(g+a)
g

F=

IF+ka

b

a
\IW
Now, F'+kxy —-W = H)a
g

= kx, —ﬂ-a+W—F[l+£)
g g

= kx[,:(W—P)+§(W—F)

= kxD_(W—F)(Ha] .3
8

When displaced downwards, total energy is given by
+a

E= —(W—P)Mx+1k(x+x0 )2 - lva2
¢ 2 2 4

Substituting f{—f =0

= 0=-(W-F)| 1+— @+k(x+x0)d—x+
g )dt dt

mv(%)+%va(fi—j] ...(4)

From equations (4) and (3) we get the same result as
was obtained in part (a), i.e.,

T=0352s

PROBLEM 18

A rod AB of mass M is attached as shown in figure to a
spring of constant k. A small block of mass m is placed on
the rod at its free end A. In equilibrium rod is horizontal,
i.e., spring is stretched.

a
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(@ If end A is moved down through a small distance d
and released, determine the period of vibration.

(b) Determine the largest allowable value of d if the block
m is to remain at all times in contact with the rod.

SOLUTION

d x
Since, — ==
(a) 1nce1 p

- {2

Unbalanced force (extra force) is given by

P—kx—k(?)d

: kb?
Restoring torque, 7=F-b= T d

2
= a(%+m12]:—(kb2)9 asd=10

2
ﬂ+m!2
= T=2n

0
—‘—271'

o kb?

(b) Maximum acceleration of block < ¢

kb*
max = 2 dmax
S
3

For m to remain in contact with the rod at all the times,
we have

Onax £ 8

kb*d,_.

= —— & _<g¢
2
(—Ml +mlz]
3

PROBLEM 19

Consider a solid homogeneous cylinder of radius r roll-
ing inside a fixed hollow cylinder of radius R. Find the
frequency of small oscillations of the inner cylinder about
the stable equilibrium position.
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SOLUTION a
For pure rolling to take place, we have Since, = ’ (3
v=mr (1) .
and a:—gsu';-‘? were [ = %mr2 .(4)
[0 1+ —
Y20 3

/

So, from equations (2), (3) and (4), we get

A
el
1

I

1

I

1

1

,  2gsinf
3(R-7)
Let 0" be the angular velocity of C w.rt. O, then For small oscillations sinf=6 and being restoring in
’ % ( r J nature, so
0'=——=0 —
R-r R-r , 296
a P
do’ r\do 3(R-7)
= dt - R-r E 2
PO U I N T
A 2z\l o1 2z\3(R-r)
= o= s o ..(2)



