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CHAPTER

Rotational Dynamics

Learning Objectives
After reading this chapter, you will be able to understand concepts and problems based on:

(a) Moment of Inertia
(b) Parallel and Perpendicular Axis Theorem
(c) Rotational Kinematics

(d) Combined Effect of Rotation and Translation

Motion
(e) Instantaneous Axis of Rotation
(f) Pure Rolling
(g) Conservation of Energy
(h) Concept of Torque

(i) General Motion of a Rigid Body
(j) Concept of Toppling
(k) Shifting of Normal Reaction
) Work-Energy Principle
(m) Modified Newton's Second Law for Fixed

Axis Rotation

(n) Uniform and Accelerated Pure Rolling
(o) Angular Momentum and its Conservation
(p) Rolling with Slipping.

All this is followed by a variety of Exercise Sets (fully solved) which contain questions as per the
latest JEE pattern. At the end of Exercise Sets, a collection of problems asked previously in JEE (Main

and Advanced) are also given.

INTRODUCTION

In the previous chapters we have studied the trans-
lator motion. In this chapter we will study the rota-
tional motion of a rigid body about a fixed axis.

Translation + Rotation

Rotation

Translation

Arigid body is defined as an object that has fixed size
and shape. In other words, the relative positions of
its constituent particles remain constant. In actual, a
rigid body does not exist — it is a useful idealization.
By the term fixed axis, we mean that the axis must be

fixed relative to the body and fixed in direction rela-
tive to an inertial position.

MOMENT OF INERTIA (1)

Moment of Inertia (MI) of a rigid n-particle system
about an axis shown in Figure is the sum of the
products of the masses of the particles with the square
of their respective distances from the axis of rotation.

QAxis of rotation
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A discrete system of particles
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= I= m]r]2 + n12r22 +..+ mnr,f = mei

where 1, is the mass of the i’ particle and 7, is

the perpendicular distance of the i particle from the
Axis of Rotation (AOR). It is a tensor quantity with SI
unit kgmz.

Moment of Inertia depends upon the mass of
the body and the manner the mass is distributed in
the system with respect to the AOR. So, the moment
of inertia depends on the location of the axis, that is,
on how the mass of the body is distributed relative
to the axis. Thus, a body does not possess a unique
moment of inertia and different axes through the
body are associated with different moments of inertia.

The role played by MI in rotational dynamics is
actually the same as that played by inertia in linear
dynamics. Moment of Inertia opposes any change in
rotational motion and hence is also called rotational
inertia.

To find the Moment of Inertia of a continuous
mass distribution, we consider an element of mass
dm at a perpendicular distance r from the AOR as
shown in Figure.

The moment of inertia of this infinitesimal element is
dl, given by the moment of inertia of the whole body
is given by

= J.rfdm = J.rzdm

where 7, is the perpendicular distance of the element
dm from the axis of rotation.

The integration has then to be carried within specified
limits.

RADIUS OF GYRATION (k)

Consider the Figures shown. Figure (A) has the
system with masses m;, m,, ..., m, at distances
i, ..., 1, from AOR. If we take a point mass
M =Xm=ny +m, +...+m, and place it at a distance

k from AOR, then we must get same value of Moment
of Inertia from both the cases. So,

Tmr? = Mk

2 2 2
myr + sty .+ 1T
k:\/ 11 272 n'n

M
So, radius of gyration for a system is that distance
from the AOR, where if the entire mass of the system
is placed, then we get same value of MI as obtained
from the original mass distribution.

AOR

Il
=
ng|
3

SI unit of k is metre.
Further, for a symmetrical mass distribution we have

my, =My =...=m, =m (say)

M=Xm=nm

' 2 2 2
- k= " +r2 ++r”
n

So, for a symmetrical mass distribution, the radius of
gyration equals the Root Mean Squares (RMS) of the
distances of the particles from the AOR.

(The operation Root Mean Square is always to be
read as Root of Mean of Squares).

Finally, in general for a system of total mass M rotat-
ing about an axis, we have

k= |—
M

ILLUSTRATION 1

Two balls with masses M and m are connected by a
rigid rod of length L and negligible mass as in Figure.

>
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For an axis perpendicular to the rod, show that the
system has the minimum moment of inertia when the
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axis passes through the centre of mass. Show that this

is the

moment of inertia is [ = ul”*, where p =

reduced mass of system. m+M

SOLUTION
[=Mx*+m(L-x)

For I to be minimum, j—I =0

x
o & =2Mx-2m(L-x)=0
dx
mL
= x= = (Centre of Mass of System )
M+m
X
A
>

=X —pie— | — x—

MI about an axis passing through x is

mL ) m YV
ICM=M( ) +m[1— )13
M+m M+m
Mm 1\, 2 Mm
= oy = [~ =ul", where u=
M (_M+m) s : M+m

So, we see that the moment of inertia of the system is mini-
mum about the axis passing through the axis of rotation.

PERPENDICULAR AXIS THEOREM

This theorem is distinct for a 2-D body (such as a
lamina or a planar body) and a 3-D body (such as
cube, prism etc).

For a Lamina: The theorem states that the moment
of inertia of a lamina about an axis perpendicular to
the plane of lamina (say z-axis) is equal to the sum of
the moments of inertia of lamina about two mutually
perpendicular axis lying in its own plane (say x and
y-axis ) intersecting each other at the point where the
two perpendicular axis meet.

If I, and I, be the moment of inertia of lam-
ina about two mutually perpendicular axis x and y
lying in its plane and I. be the moment of inertia of
lamina about third axis perpendicular to lamina and
passing through intersection of x and y, then

I=L,+1,

Chapter 3: Rotational Dynamics 3.3

v Known

,=7
? Unkown

Proof of Perpendicular Axis Theorem

Consider a lamina that lies in x-y plane. So, z axis
will be perpendicular to x, ¥ and hence normal to
lamina. Now consider a particle of mass m lying at

the point P(x, y)
Now, MI of particle about x axis is my2
MI of body /lamina about x axis is

I = Emyz (1)

Similarly, MI of particle about y axis is mx?
MI of body/lamina about y axis is

a2
I, =Xmx .(2)
y
m A
iy
LY P
i . : X Al
—_— me--=-- ]

— my?
Iy_mx

Finally, MI of particle about z axis is mr?
MI of body/lamina about z axis is

x__.m

I, ==mr? (3
Since, r* =x* +y°
= I = Tmx® + Emy2

= L=I,+],
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For a 3-D body: The theorem, here states that the
sum of the moments of inertia of a three-dimensional
body about three mutually perpendicular axes is
equal to twice the summation ¥mr? about the origin,
where 2 =x? +y2 +22

Mathematically,

2
I+, +1, =22mr

= o+l 4], =25m(xP +y? + 2

PARALLEL AXIS THEOREM

This theorem has the same statement for a pla-
nar (laminar) body as well as a three-dimensional
body.

1=?

""V

=v

It states that the moment of inertia of a body about
any axis is equal to its moment of inertia about a par-
allel axis through its centre of gravity (CG) (or centre
of mass (CM)) plus the product of the mass of the
body and the square of the perpendicular distance
between the two parallel axes.

Mathematically, I = I, +(Zm)d*
= I=I;+Md

where, M is the total mass of the body, I;; is the MI
of body about CG and d is the perpendicular dis-
tance between two parallel axes.

Proof of Parallel Axis Theorem

Consider a body of mass M having centre of gravity
G. Let I be the MI of body about an axis passing
through the centre of gravity (G) . Let us find the MI
of the body about another axis parallel to axis pass-
ing through centre of gravity (G) at perpendicular
distance d from it as shown in Figure.

For this let us consider a particle of mass m lying at
apoint P at perpendicular distance x from G. Then

I=1I;+Md*
MI of particle about G is mx*
MI of body about G is I; = Zmx” (1)
MI of particle about O is m(x+d)’
MI of body about O is [ = Zm(x+d)’ ..(2)

= I=Zm(x2+d2+2xd)
= [=YXmx*+Imd® +Xm(2xd)
= [=I;+d*Tm+2dZmx ..(3)

Now, since a body always balances itself when held

from centre of gravity (CG), i.e., net torque due to

weights of all the particles about CG is zero. Hence
X(mg)x=gZmx=0

= Zmx=0

= I=I +Md? {from equation (3)}

The moment of inertia of a body is minimum about
an axis that passes through the centre of mass. So

dl
o 0 will give the location of the centre of mass of

the system.

For example, if the moment of inertia | of a system

varies with x as |=(8x? —4x+5) kgm?, then to find

the location of the centre of mass of the system, we have
dl
—=0
dx

o D(g2_axs5)=0
dx

= 16x-4=0
= x=4m
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MOMENT OF INERTIA OF A THIN RING

CASE-1: About an axis passing through centre
perpendicular to plane of ring

iy

P
I
I
I
I
I
I

Consider an element of mass dm on perimeter of
ring. Then MI of element about said AOR is

dl = R%dm
= I= szdm = MR?

CASE-2: About an axis tangential to ring and
perpendicular to the plane of ring

®

I
I
} dm
I

| |
V=7 'l =lg= MR?

Using Parallel Axis Theorem, we get
I=1I.+Md*
= I=MR*+MR?=2MR?

CASE-3: About the diameter

Consider two diameters mutually perpendicular to
each other i.e., along x and y axis (say) as shown
in Figure.

——

z
I, = MR?

Then by Perpendicular Axis Theorem, we have

[, =1, +I, (by perpendicular axis theorem)

Chapter 3: Rotational Dynamics 3.5

Since both diameters are identical, so

I=1,=I,

Also, I, = MR*
= MR*=1,+I,

= I =;MR2

CASE-4: About an axis tangential to ring lying in
its plane

A
| Ig =3 MR?

Using Parallel Axis Theorem, we get
[=1I;+Md*
. 1,
Since I; = EMR

= I= %MR2+MR2 = %MRZ

MOMENT OF INERTIA OF A THIN DISC

CASE-1: About axis passing through centre perpen-
dicular to its plane

Consider a disc of mass M, radius R having surface

M
mass density o{=?). Consider a circular con-
T

centric element of inner radius x and outer radius
x+dx (i.e., thickness dx) as shown in Figure.

|AOR

If dm be the mass of element of area dA, then

dA = (2mx)dx
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¢ 2nx »

Mass of element is

£aIA:ﬂz(21r:ra1!x)

dm=cA= 5
7R 7R

= dm= —zxdx

So, MI of infinitesimal ring element about the speci-
fied AOR is

dl = (dm)x*

= d1:2—2x3dx
R

R
0

4
X

4

R 4

2M|[ R
=— |70

0 R 4

= I=%MR2

CASE-2: About an axis tangential to disc perpen-
dicular to disc

[=? |l =5 MR®
1

Using Parallel Axis Theorem, we get
I=1I;+Md*

= I=;MR2+MR2=§MR2

CASE-3: About the diameter

[=1
y 'd
A

-

=2 MR?

Using Perpendicular Axis Theorem, we get

I+, =1,

1
= I+ =5MR2

= I =1MR2

CASE-4: About an axis tangential to disc lying in
its plane

_ 1 e
S lo=7 MR

Using Parallel Axis Theorem, we get

I=1I;+Md*
1
= I=ZMR2+MR2

= 1=§MR2
4

\}/ Conceptual Note(s)

Moment of inertia of a part of a rigid body
(symmetrically cut from the whole mass) is the same
as that of the whole body. e.g., in Figure (a) moment of
inertia of the section shown (a part of a circular disc)
about an axis perpendicular to its plane and passing

: 1 N
through point O is EMRZ as the moment of inertia

o 1
of the complete disc is also EMRZ.

o

(a) (b)
This can be shown as in Figure. Suppose the given

5

1
section is —th part of the disc, then mass of the disc
n

will be nM .
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1
liee = =(NM)R?
disc )

11,
= fsection = ;’disc = EMR

MOMENT OF INERTIA OF A THIN ROD

CASE-1: About axis passing through centre perpen-
dicular to its length

Consider a thin uniform rod of mass M, length |
having mass per unit length A.

G

2 2

S

I

e

—_—— e ——-——

-

Consider an element of length dx, mass dm at per-
pendicular distance x from AOR. If dm be the mass
of this element, then

dm = Adx=¥dx

Moment of inertia due to this element about said axis
is

dI=x2dm=x2(%dx)

M I’.‘"Z M 3 Iffz
= I=— J o T [
rJ -2
-2

Il 3
I_M[i_[_iJ“_M[i)
3/ 8 8/ 31\4
_ M
12

CASE-2: About an axis passing through end and
perpendicular to its length

1 a2

| 1 IG:—Mf
< T

I 1

! /2 'G 2

[ [ ]

I 1

I 1

1 I

1 1

I 1

1= |
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Using Parallel Axis Theorem, we get

I=1I,+Md*
M2 (1 )2 M2 MP
= [J=—q% | =
12 2 12 4
2
= 1’:ﬂ
3

CASE-3: About an axis passing through centre,
inclined to the rod at an angle 6.

1= M2 = L mi2sin%e

12 12

Consider an element of length dx at a distance x
from centre of rod. If dim be mass of element then

dm=f‘fdx

Now, when the rod rotates about the said AOR, then
the element rotates about AOR in a circle of radius
r, =xsinf . Since

dl = (dm)r}

where, dm = %dx

= dl= %f sin” Qdx
112
= I= Msin2 0 J. x*dx = Mlz sin’ @
l 1 12
_/2

S I= L MUsing? =L M2,
12 12




ICON

3.8 JEE Advanced Physics: Mechanics - ||

Similarly, if the axis would have passed through one end of

rod as shown, then [ = %Ml:l sin’ @

®I=% mi?sing

(o= (SING

(_')I:%mfgﬁ - %mfzsir';ze

MOMENT OF INERTIA OF A SHELL ABOUT
DIAMETER AND TANGENT

Consider a uniform shell of mass M, radius R. Let
us find the moment of inertia of shell about diameter
shown. For that, let us consider an infinitesimal ring
element of radius 7(= Rsin®) thickness Rd0 having
mass dn. Then

dm = M2 (Area of Element)
47R
= dm= M2 (27r)(Rd6)
4R
M .
= dms= - (27Rsin@)(Rd0)
47R

The moment of inertia of this ring element about
diameter is

dl = r2dm = (R? sin? 9)(%@9.::{9)
T
-[sin3 040

0

2
> 1=fa=22

2 T
= I=%J.(1—coszt9)sin9d8
0
Since, d(cos@)=—sin6do

MR [

= I=- 5 I(l—COSzﬂ)d(CDSB)

=

b n
MR2 3
= I=- Id(cos@)—J.d[cos 9)
0

MR F 1 "
= JI=- cosf| —=cos’ @
2 0 3 0
.
o p=-MR -2-1(-2)]:MR2(1-1)
2 L7 3 3
= I=EMR2
3

Applying Parallel Axis Theorem, the MI of the shell
about the diameter is

2
I=1_ +Md* = gMR2 +MR® = gMRz

MOMENT OF INERTIA OF A SPHERE ABOUT
DIAMETER AND TANGENT

Consider a uniform sphere of mass M and radius R.
Let us find the moment of inertia of the sphere about
diameter as shown in Figure.

L@

For that, let us consider an infinitesimal shell element
of inner radius x, outer radius x +dx and mass dm.
If p be the mass per unit volume of sphere, then

M 3M
§ER3 47R’
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e R
If AV be the volume of infinitesimal shell element, M( M( R
then = I:—Jx dﬂ=— I

RP\5
dm=pdV = p(47rx2dx)
2

M M =ZMR?
= dm=( 3 3)(4er2dx)p=(3—3)(x2dx) = 1 5MR
K . Applying Parallel Axis Th he MI of the sph
) . ) pplying Parallel Axis Theorem, the Ml of the sphere
If .dI be the moment of inertia of element about said about the diameter is
axis, then
2, 52 2
7 2(3M "M I=1I_ +Md*==MR*+MR
dI=—(dm)x2=—(3—3x2dx)x2=—3x4dx o 5
3 3\ R R 7
= I=-MR*
5
TABLE : MOMENT OF INERTIA OF DIFFERENT BODIES
. . Diagram Showing Axis of Moment of
Body Axis of Rotation Rotation Inertia
|
. |
1. Uniform thin bar a) Through_ centre of gravity and ( I ' M_12
perpendicular to length. | D
|
1
b) Through one end and C}!’ ) Mi?
perpendicular to length. ' 3
Passing through its C.G. and S
2. Rectangular lamina | perpendicular to its plane of length M(2+b?)
and breadth. ‘gyg 12
e
. a) Passing through its centre and
S5 BTS00 perpendicular to its plane. @ MR’
S
MR?
b) About diameter. BN
er
4 Disc a) Passing t'hrough i.ts centre and MR?
perpendicular to its plane. P

(Continued)
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ae
. . Diagram Showing Axis of Moment of
Body Axis of Rotation Rotation Inertia
=&
MR’
b) About diameter. 4
R i d1§c/ Passing through its centre and
AUTIEL CRE S erpendicular to its plane M (R2 +R} )
radii R; and R, PetP prane. [T I= 12 2
2
6. Solid cylinder a) About its own geometric axis. : “' %
b) Passing through C.G. and
pe}'pendicular to its geometric —l ( 2 R? )
axis. Ml —+ 2
12 4
7. Hollow cylinder a) About its own geometrical axis. i -' MR2
b) Passing through C.G. and —
perpendicular to length. l ( > R )
M| —+—
12 2
%
8. Thin spherical shell |a) About diameter. 2
=~ MR’
) 3
' > MR?
3

b) About tangent.

(Continued)
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L]
. . Diagram Showing Axis of Moment of
Body Axis of Rotation Rotation Inertia
s
, . 2,2
9. Solid sphere a) About diameter. EMR
/ 7 5
b) About tangent. , EMR
i
. . Passing through centre of gravity ___r__acG miy .2
10. Diatomic molecule and perpendicular to bond length. m, ‘: m my + 1,
I

ILLUSTRATION 2

The density of a sphere of mass M, radius R, varies

r
with distance r from its centre as p= pg(1+—) ,

R

where p, is a positive constant. Calculate the moment
of inertia of this sphere about its diameter.

2

dl ==(dm)+r*
3 m)r
2 r

dl==p,| 14— |47r*d
3p°[ R) na

dl = 87py ridr+ 870, rdr

SOLUTION 5 .
= 8mpy [ R 8mpy [ R
Consider an infinite shell element of mass dm having T3 ? + 3R ?
inner radius r and outer radius r+dr i.e., thick- 5
ness dr. If dV be the volume of the element, then [= %(Lrl)
dV = 4nr’dr 3 \5 6
5
= dm=pdV I= 887poR” ..(2)
. 90
2
= dm=p, ( 1+ E)Mr dr ~() " However, from (1), we get, on integrating
i R 3
v M=jdm=42rp0 Jrzdr+JrEdr
0
3 p3
ﬁ = M=47rp0[i+i)
7 7
= M=4nmp,R’ (E) = gprR3
. . 3 3M

If dI be the moment of inertia of this element about = 7pR” = - -.(3)

diameter, then



ICON

3.12 JEE Advanced Physics: Mechanics - Il

Substituting (3) in (2), we get

1=@(ﬁJR2

90\ 7

5 =2 uR
105

MOMENT OF INERTIA OF A HOLLOW CONE

To calculate the MI of a hollow cone of mass M,
radius R and height H, we consider elemental strips
of vertical width dx at a distance x from the vertex
of the cone as shown in Figure.

0 -
o m—— ax H

—

R

The actual width of this strip is dxsec, where 8 is
the half angle of the cone. So, area dA of the strip is

dA = (27r)(dxsech)

where, r is the radius of the ring. Since,

tanf =

- (2}

If the cone mass has a mass M , then mass dm of the
elemental strip ring is given by

==
T | =

M
dm = odA = ( J(errdx secf)
7TRVR? + H?
The moment of inertia of this ring is
dl = r2dm
H He oy
= I= J.rzdm = JJ( RH}; )dA
0 0

H
= I=0'[JJX2 (27rdxsech)
0

H
270R® J(\/Rz +H? ij%x

= I=
H? H
0
R 1S )(\/R2+H2J(H_4)
7RH’VR? + H? H 4
H H
2MR* [ ., 2MR*( x*
I= I xdx= |
H' H* \ 4],
T Ve
2

MOMENT OF INERTIA OF A SOLID CONE

To calculate the moment of inertia of a solid cone of
mass M, radius R and height H, we consider an
infinitesimal disc at a distance x from the vertex of
the cone as shown in Figure.

O -

—

R

The mass dm of this disc is

2
dm= % (ﬂ:rzdx)=(3hfr )dx
nR°H/3 R°H

where, r is the radius of the infinitesimal disc. Since,

tanf =

T >

r
X

- (2}

The moment of inertia of this infinitesimal disc about
the specified axis of rotation (AOR) is

d1=l(dm)r2
2

Moment of inertia of complete cone is evaluated by
integrating the above expression for the total height
of the cone. So, we get

I= Jdl = %J.(dm)rz =%J.(%)r4dx



e
T103M \(Re} . 3MR?

- e
2\R?°H/)\ H 2H*

0 0
I_3MR2[£) _3MR2(H_5)
2H* \ 5 2H* \ 5
= 1=3MR2
10

ILLUSTRATION 3

A rod of length [ is pivoted about an end. The lin-
ear mass density of rod varies with distance x

from its one end as }L=(ax2 +b) kgm_l. Calculate
the moment of inertia of the rod about axis passing
through this end and perpendicular to the rod.

SOLUTION

Since linear mass density of the rod varies with dis-
. M

tance, so here we cannot use the expression T

because it is only applicable for uniformly distributed
mass along the length of rod pivoted at an end.

So, let us consider an infinitesimal element of mass
dm, length dx from the AOR at a distance x as
shown in Figure.

Since, dm = Adx
= dm=(ax>+b)dx

During rotation of rod about the specified AOR, this
dm revolves in a circle of radius x, hence its moment
of inertia dI is given by

dl = x*dm

= dl= (ax2 +b)x2dx

The moment of inertia of the whole rod is obtained by
integrating the above expression within limits from
zero to [ . So, we get

!

[= J(axz +b)x2dx
0
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ILLUSTRATION 4

Find the moment of inertia of a semi-circular annular
half disc (of mass M, outerradius R,,innerradius R,),
about an axis passing through its centre and perpen-
dicular to its plane as shown in Figure.

SOLUTION

Consider an infinitesimal half ring of radius x, width
dx and mass dm as shown in Figure.

KA

M dm R,
So, dm:O'dA=[ﬁJ(7rxdx)
2 Ty

Moment of inertia of this elemental half ring about
the specified is given by
dl = x*dm
R,

= I=Jd1= % J.xadx

Ry

R
M

M 1’4)2 4 p4
I=| =——= || — =— R, -R
i = O = CE

= I=iM(Rf+R§)

ILLUSTRATION 5

Calculate the moment of inertia of a rod whose linear
density changes from A to nA from the thinner end
to the thicker end. The mass of the rod is equal to M
and length L. Consider the axis of rotation perpen-
dicular to the rod and passing through the thinner
end and express your answer in terms of M, L and 1.
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SOLUTION

Consider an element at a distance x from thinner end
of width dx, we use its mass dm as

dm = [MHT_nx+it}dx

Total mass of rod is
x+A de

= fonl 2T

2
VU 1)[L) AL
L 2
Aln-1
o mo AL
2
1
= M=El(n+1)L (1)

Moment of inertia of element is
dl = x*dm

Moment of inertia of rod is
L
Aln-1
I=Jdl=J[k+ (7? )x}xzdx
L
WA

0
3 L 4

I=

1.3
[=—AL (3n+1 (2
= " (3n+1) @)

Substituting equation (1) in (2), we get

I=1ML2{E)
6 n+1

ILLUSTRATION 6

Find moment of inertia of the half cylinder of mass
M shown in Figure, about the axis AA”.

SOLUTION
From Parallel Axis Theorem, we have
I=I_ +Md

The moment of inertia of the half cylinder about the
axis through its centre of mass at distance 4R/37
from the axis passing through the centre of mass is

2
L, =1—M(ﬁ) , where 1= 1mr2
3r 2
= Icm=1MR2 EMR = MR (1—1—62)
2 97 2 9x

The moment of inertia about axis AA” is again calcu-
lated by using the parallel axis theorem.
4R 4

2
= =1 +M[R—3—) —Icm+MR2(1—3—)
ya T

1 16 16 8
= Lu=MR}|=-— |+[1+—=-—
a [(2 9]1'2) ( 97’ 376)}

M otvowconeeps

1. Many molecules have a simple diatomic, dumb-
bell structure. Let us find the moments of inertia
about four axes. We treat the bodies as point par-
ticles with mass m; =3 kg and m, =5kg. Take
d;=1m and d, =2 m in Figure.

Based on Moment of Inertia and Applications

(Solutions on page H.147)
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Four-point masses lie at the corners of a rectangle
with sides of length 3m and 4 m, as shown in
Figure. Find the moment of inertia about each of
the diagonals. Take M =Tkg.

Ba A
HaM 3 ¢y
m -
S ks
RN s
* \“\ ,’C\
3m \ >N
\S\/ \-.\\ \\\
- SO
' ~
. ‘Q:
M oM

Calculate the moment of inertia of the two uni-
form joint rods having mass m each about point
P as shown in Figure using parallel axis theorem.

4

s P

A non-uniform rod AB has a mass M and length 2L.
The mass per unit length of the rod varies with the
distance x fromtheend A as A =/A,x where 4,
is a positive constant. Find the moment of inertia
of this rod about an axis perpendicular to the rod

(a) through A

(b) through the mid-point of AB.

If I, is the moment of inertia of a thin rod about
an axis perpendicular to its length and passing
through its centre of mass and I, the moment of
inertia of the ring formed by the same rod about
an axis tangent to the ring and perpendicular to

the plane of the ring. Then find the ratio t—1
2
Find the difference between I, and I,, where I,

and I, moment of inertia of a rigid body mass m
about an axis as shown in Figure.

| |
| 1
YR
| |
I I
l |
1 b:
da
I I
|
|
I
|
I
|
I

L b

7.

10.

11.
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Four particles with equal masses m are connected
by rods of negligible mass. Find the moment of
inertia, about the indicated axis, of

(a) the cross in Figure (a)

(b) the square in Figure (b)

Ny

(@) (b)

A canis a hollow cylinder of radius R and height
h. Its ends are sealed and it has no seams. The
can is made from sheet of surface mass density o
Calculate the moment of inertia about the central
axis of symmetry?

Two solid spheres of mass m and radius R are
stuck to the ends of a thin rod of mass m and
length 3R . Find the moment of inertia of the sys-
tem about the axis at the mid-point of the rod and
perpendicular to it, as shown in Figure.

R m

i
I
|
3R !
I
|

Yy

<
L

A uniform sphere of radius a has a concentric
spherical cavity of radius b. Find the moment of
inertia about a diameter. The mass of the object is
M.

A uniform disk of mass M and radius R has a
hole of radius a drilled through it, as in Figure.
The center of the hole is at a distance b from the
centre of the original disk. What is the moment of
inertia of the disk about an axis through the center
perpendicular to its plane?
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<

12. Calculate the moment of inertia of a semi-circular
disc about an axis passing through its centre of
mass and perpendicular to the plane.

13. Three masses m;, m, and m; are located at the
vertices of an equilateral triangle of side length
a. Calculate the moment of inertia of the system
about an axis along the altitude of the triangle
passing through m, ?

14. The radius of gyration of a uniform disc about a
line perpendicular to the disc equals to its radius R.
Find the distance of the line from the centre.

15. A circular lamina of radius R and centre O has
a mass per unit area of kx’, where x is the dis-
tance from O and k is a constant. If the mass of
the lamina is M, find in terms of M and R, the
moment of inertia of the lamina about an axis
through O and perpendicular to the lamina.

16. Three identical thin rods, each of length L and
mass m , are welded perpendicular to one another
as shown in Figure. The assembly is rotated about
an axis that passes through the end of one rod and

-

is parallel to another. Find the moment of inertia
of this structure.

[—N

'QJ s \x

17. Three rods each of mass m and length ( are
joined together to form an equilateral triangle as
shown in Figure. Calculate the moment of inertia
of the system about an axis passing through its
centre of mass and perpendicular to the plane of
the triangle. Also, find the radius of gyration of sys-
tem about said axis.

oCM

J

COMBINED TRANSLATIONAL AND
ROTATIONAL MOTION OF A RIGID BODY

It has been observed that frequent attempts have been made
by JEE Advanced paper setters to ask questions related to
combined translational and rotational motion of a rigid
body. The combined translational and rotational
motion of a rigid body can be thought to be made up
of two parts.

1. Pure translational motion in which centre of mass
has velocity v, =v and acceleration a_, =a.

2. Pure rotational motion about an axis passing
through the centre of mass with angular velocity
@ and angular acceleration o.

In this type of motion, different particles of the rigid
body will possess different linear velocities and linear
accelerations. The following discussion is about find-
ing the linear velocity and linear acceleration of any
general particle P on the rigid body in such a motion.

LINEAR VELOCITY OF A GENERAL POINT P
UNDER COMBINED TRANSLATIONAL AND
ROTATIONAL MOTION OF A RIGID BODY

Now consider a rigid body having centre of mass at
C having velocity of centre of mass v and angular
velocity @ as shown in Figure.

Velocity of point P w.r.t. centre of mass C is Upc. By
definition

Upc =Up — 0
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= UP = UPC + UC

Upc | = ro, perpendicular

is actually the magnitude of

Now |3 |=|dcy|=7 and
to the line CP. So,
the resultant of @~ and 9 as shown in Figure. If 6

ﬁ[}

is the angle between ©p- and 7., then

= \jvz +rie* +2U(rm)COSB

"E}IJ

For uniform pure rolling i.e. rolling without slipping,
we must have the velocity of point of contact to be
zero.

F
Y 3‘:

Rw Vem

P P

Vp=Vem t+ Vtangentr’al

LINEAR ACCELERATION OF A
GENERAL POINT P UNDER COMBINED
TRANSLATIONAL AND ROTATIONAL
MOTION OF A RIGID BODY

Now consider a rigid body having centre of mass at
C having velocity of centre of mass v and angular
velocity @ and angular acceleration & as shown in
Figure.
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Acceleration of point P w.rt. the centre of mass C is
ipc, given by

IIPC = aP _aC

Now |d¢ |=|dcy | =a and in the frame of the centre of

mass, the point P has tangential acceleration a, = Rex
perpendicular to the radius and the radial accelera-
tion a, = rw” along the radius towards the centre. So,
net acceleration of the point P is the vector resultant of
a, a, and a,. For different particles of the body, we
observe that 2, ® and o are the same, whereas r
may be different, so different particles of the body
possess different linear accelerations.

(a) Linear Motion or Rectilinear Motion in which all
particles move with the same translational veloc-
ity that equals the velocity of centre of mass.
Also, angular velocity @ =0 for the case of pure
translational motion as shown in Figure.

Vem

Vem

Vem

(b) Rotational Motion in which the velocity of centre
of mass of the particles is zero because the dia-
metrically opposite points have velocities equal
in magnitude but opposite in direction as shown
in Figure.

Vem = Ro
lw
Vem = Ro

(c) Pure Rolling Motion in which the centre of mass
has a velocity v, and the body has an angular
velocity @ such that velocity of the point of con-
tact equals the velocity of the surface on which the
body is rolling.

Pure rolling can be regarded as the combined
effect of translational motion and the rotational
motion as shown in Figure.
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v..+Ro B
|Iﬁ"(:l'l‘l ch - Rw 2ch .
@ © \
+ = Vem
Vem Vom=Ro P vp=0 Vem A Raw
Translation Rotation Rolling

If the surface is at rest on which the body is in Solving (1) and (2), we get

pure rolling motion, then Ro=4ms™ and v, =2ms™
o So, velocity of point C, i.e., centre of massis 2 ms~,
\ leftwards

P

Vpoint of contact = Vsurface = 0

= Vo —R0=0

= V., =Ro

Uniform pure rolling can also be taken as pure ~ Now, for the point F, we have

rotation of body about the point of contact, so 0} = 0%, +R20” +2(0gy ) (R@)cos(90° +30°)
velocity of point of contactis v, =0

velocity of CM is v, =Ro = v§=4+16+2(2)(4)(—%)

velocity of topmost point is v, =(2R) @
ty oftopmost p Q = 2=4+16-8

= 0 =\/ﬁ=2\/§ms‘l
F

Due to slipping, points A and B on the rim of m COnceptual Note(s)
the disk have the velocities shown. Determine the

velocities of the centre point C and point F at this This problem will give the same result even when we
instant. would have taken v, rightwards. In that case equa-
tions would be

w=6ms' B
—

Vem +R®=2 and
Ro—-v., =6
Solving, we get

Rw=4 ms™ and Ve =—2 ms™’

SOLUTION The negative sign with v, indicates that it is directed
leftwards.

Since v >v,,s0 @ should be counterclockwise and Ro—v
.., should be leftwards. Hence, we have

Vg =0V T RO =6 (1) v =

and v, =Rw-v,,=2 (2) v+Ra
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ILLUSTRATION 8

Consider a hoop of radius R having centre of mass
velocity ©,. Let the hoop roll on a surface without
sliding. Assuming a point P on the hoop to be at
the origin initially. Find the velocity of this point as
a function of time. Also find the acceleration of this
point P. Prove that the trajectory followed by this
point is a cycloid and the total distance travelled by
this pointis 8R (in one complete cycle).

SOLUTION

Since the hoop is rolling without slipping, therefore
the arc length AP is equal to the displacement PA
from the origin to point A ie., vyt

(at origin)

L

— X ——»
1?13=vnt
= RO=ny,t
vyt
= Hzi ...1
. (1)

Co-ordinates of P at t are (x, y) where

x =0yt —Rsinf

= x=vot—Rsin(vit) (2
R
yy=R-Rcosb
= y=R—Rcos(%) (3)

The (2) and (3) combination of x and y will give rise
to the trajectory called Cycloid.

d t
g Uy —E[Rcos(vi):l
dt R R

t
= vx=vo—vocos(%) ..(4)

Since, v, =
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d [ vyt
and vy=d—‘z=vosm(%) ..(5)

Since 1=0, = 0,1 +0,]

and \ﬁ|=vp=,}vi+vj
t t t
= Up=7 1+cosz(vo)—2cos(%J+sin2(%)
'R R R

= Up=7 2—2cos(r%t)

f t
= ’UP=\/§’UU 1—cos(vi)
R
N
= v_,:\/iv f2sin2[i)
F 0 ZR

t
= vp =27 sin( ;TR)

t
Since 6= %°
R
Upt g
Up = 20, Sin i)=2’U sin(—) ...(6
i 0 ( 7R 0 2 (6)
Now let us calculate the acceleration of the point P.
Since
do, d ( UOtJ
= =—| Uy — Uy COS| —
g a0 PTTUR
§ 2v,
|
’ (4
: (
1 1
1 1
l 1
P
0=0° f= E O=n
2 -2 3
P vpz2v03in(—) Vp =2V, 8in 2
Vp =2V,
Vp =2V,
dv, g [ ot )
— n —
*dt R R @
Similarly

dv, d oot 0 vyt
b)) -

- _ (2,2
Since, a=/ay +a,
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02
= a= Eﬂ 9)
Vp
ar
= 2zR >
In time dt,
dr = vpdt

t
= dr=2v, sin(ﬂi)dt
2R

2R

27R
Uy —COS(W) %
vt
= r:ZZJUJ-sin(i)dt:Z’U __\2RJ

2R ! (ﬁ)
0 R .

= r=-4R| cos &x@ —cos0
2R v,

= r=-4R(-2)=8R
= r=8R

(a) Curve Rectification

= (dr)* =(dx)* +(dy)’

dv 2
= dr= 1+(—y) dx
dx

= dr=+1+m?dx

f 2
r=Jdr=jv1+m2dx=j 1+(j—y) dx
X

i

ar
dy

dx
i
(b) Ifat t=0, the point P lies at the bottom of the
hoop, then

Vp =2V, sin(%)=2vosin(g)

t
= Vp =2V, sin(ng)

where, 6 is the angle between the point P at
time t and the vertical line passing through the
centre of the hoop.

(c) Ifat t=0,the pointP lies at the top of the hoop,
then

t
Vp =2vy cos( ;LR) =2v, cos(g)

t

where 0 is the angle between the point P at
time t and the vertical line passing through the
centre of the hoop.

UNIFORM PURE ROLLING

Uniform Pure Rolling or simply “pure rolling” means
that no relative motion exists at the point of contact
between the body and the surface. Let a disc of radius
R rolls without slipping on a horizontal stationary
surface/ground. For the disc to roll without slipping,
we must have

0]
Y

(Unet ) P = Usurface
= v,-Ro=0
= U4, =Ro

So, v, = Rw is the condition for a body to be in pure
rolling on a stationary horizontal surface/ground.
It is sometimes simply called as ROLLING.

CASE OF FORWARD SLIPPING
If v, >0,

= Uy —-Ro>0

= U, >Re
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CASE OF BACKWARD SLIPPING (also called
FORWARD ENGLISH)
If v, <7,

= Uy -Ro<0

=  Um <Ro

ILLUSTRATION 9

Arod AB of length [ is lying as shown in the Figure.
At the instant shown, the point A has a speed V,
and acceleration a,. Calculate the acceleration of
point B and angular acceleration of the rod.

B

SOLUTION
By definition of relative velocity, we have
gy = fig; — s
= g =dpy +isg
The angular velocity @ of the rod is
_Va
[sin@

The components of the accelerations along the rod
and perpendicular to the rod are shown in Figure.

a,cosf

N
chose//
!

a,sing |

So, we have
agsin@-a, cosd = la’ (1)

and a,sin@+ag cosf=lo (2)

4, cosf+10’ _( Vi
Isin®

1
+a,cos0 [—...(3
sinf ] 4 ) )

sinf”
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Substituting the value of a; from equation (3) in
equation (2), we get

2

1 Vv
a==|a,sinf+| —A—+4 cosﬂ}cotﬂ}
I[ / (lsinzﬂ A
o = Vs
Isin® @

In ground frame, net acceleration of point B will be
the vector sum of all the three accelerations shown in
Figure.

fa / loa

ILLUSTRATION 10

A bobbin having inner radius r and outer radius R
is placed on a rough horizontal surface. A light string
wrapped on its inner core connects a block with the
bobbin as shown in Figure.

Now system is released from rest and bobbin moves
on the horizontal surface without sliding. If the string
does not slide from bobbin, calculate a/A.

SOLUTION

Since the bobbin is in pure rolling, point P should be
instantaneous centre (IC) of zero velocity. So, for pure
rolling acceleration of the point of contact is zero,
hence we have

&-I}:O
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= Ra-A=0
= A=Ro ..(1)

Acceleration of the point Q with respect to the centre
of mass C is shown in Figure.

&

agc=-fe Q A

laJ = A = R, |BQ|=3={I(R—I')
ﬁQC=ﬁQ—ﬁC

where, a5 =4, a5c =-ra and 4. = A=Ra
ag=a=A-r=(R-r)a

Since point Q is directly connected with block, it
means the magnitude of acceleration of the point Q
should be equal to the acceleration of the block

ag=a=0(R-r) ..(2)

From Equation (1) and (2), we get

a_R—r_ r

A R R

ILLUSTRATION 11

As the particle moves along x-axis, its position vector
turns clockwise, thus decreasing the angle 6. The

time rate of change of this angle, i.e. d_ﬂ equals the
angular velocity. So, dt

(dB)s
_(#0);
@ (_dt)

Since y = xtanf

= x=ycotd

= dx =0= (—ycosec:zﬁ)—‘9

{ ;;{cotﬂ) = —coseczﬂ}

;2
= d_9=_vsm 9: ’Uy2 { sinf= Y }

dt y _x2+y x2+y2

B, W\
= 0=- k
(f+f)

_d
Also, angular acceleration & = d_cto

= a =—nyc\[(—1)(x2 +y2)_2(2xd_xﬂ

dt
2
= 5( = Lyz;;
(¥ +y7)
RIGID BODY CONSTRAINT

A particle of mass m is moving in x-y plane with a
speed v, along x-axis. At a given instant of time, its
position co-ordinates are (x, y ). Calculate the angu-
lar velocity of the position vector of the particle and
the angular acceleration of the particle with respect
to origin.

SOLUTION

The position of x and velocity of the particle are
shown in Figure.

W

Consider a rigid body on which two points A and
B having velocities v, and U are taken as shown
in Figure.

Since the body is rigid, so the distance between points
A and B is constant and hence the component of
velocity of A and B along the line joining A to B
must be equal, i.e.

v, 086, =vp cosO;
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However, the perpendicular components may or not
be equal.

If v,sin@, #vysinf and if we observe the
motion of the rigid body from the frame of point A,
then the only possible way in which point B and all
other points on the body can move is in a circle with
A as the centre.

VgSinBg — v,sind,

- —

In the reference frame of point A

So, angular velocity of the line AB (or angular)
velocity of the body is given by

= Up SmBB—UA SiDGA
/

Angular velocity of the body means the rate of change
of orientation of any line drawn on the body. Now let
us try to find the angular velocity of the body from the
frame of point B.

| @ = (VgSinfg — vusinB,)/1

Thus, it can be concluded that angular velocity of the
body remains same for all the points on the body.

ILLUSTRATION 12

Arod AB of length | has its one end lying on the
horizontal floor and the other end leaning against the
vertical wall as shown in Figure.

B
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If the point A is moving with a speed V,, calculate
the speed of point B and angular velocity of the rod
at this instant.

SOLUTION

Let us consider the point B to move downwards with
speed V. According to the rigid body constraint, the
component of velocity of A and B along the AB
must be equal. So, we have

Vysinf =V, cosf

sin@
= VB =VA cotf (1)

The components of velocity of A and B perpendic-
ular to the rod will contribute to the rotation of the
body, so we have

Vgcost /

V,sing

g A\ V,coso

_ ('Urel )l _ Vpcosf+V,sinb
! )
Using equation (1), we get
(VA cos” 6+ Vy sin’ 8)/1
sinf

v
= wp=—2
[sin@

Also, we see that, tanf = J
X

= x=Icosf

dx de
2 singl =
= L isin (dtj
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Uy
Isin@

= |ol=

Both the methods fetch us same results.

ILLUSTRATION 13

Arod ABoflength I is lying as shown in the Figure.
The end A of the rod has speed V, as shown in
Figure.

Calculate the speed of point B and the angular
velocity of the rod

SOLUTION

Since we observe that the velocity of the point C is
along the rod, so by using the rigid body constraint,
we get

V, cosd5° =V,

Since AC = /1V/2, so the angular velocity © is
V,sin45° V
o= Yasin 5 Vy

w2 o 2
Once we know the angular velocity, then we can cal-
culate the speed of point B by using the concept of
relative motion and the rigid body constraint.

BC=r=(1—y3h) 2B

(1 -mV2)o

So, the linear tangential velocity of the point B is
ro= (l— h2 )a) and hence speed of point B is

Vy = (V2 +(1-12)

2

RIGID BODY CONSTRAINT FOR
ACCELERATION

Just like we saw the constraint relation between the
velocities of any two points on a rigid body, we can
also find some relations between the acceleration,
angular acceleration, velocity and angular velocity.

Consider two points A and B, separated by a
distance /, having accelerations a, and a; as shown
in Figure.

T

Since, B is moving in a circle with angular velocity
@ when observed from reference frame attached to
A. So, we have

1, cosf, —apcosfyp #0

As a matter of fact, a,cos8, —aycosfy directed

radially inverse provides centripetal acceleration or
normal acceleration and hence

a, cosf, —ay cosfy = lo’

The components of accelerations perpendicular to the
line joining A to B will provide the tangential accel-
eration ¢ to the body, so tangential acceleration of B
in frame of A is

‘QAS]..HBA _aB 511‘198|=l(1

Just like angular velocity, it can also be proved that
angular acceleration of the body remains same in the
frame of all the points on the rigid body.

ILLUSTRATION 14

The angular velocity and angular acceleration of the
pivoted rod are @ and o respectively. Calculate the x and
1y components of acceleration of the end B of the rod.
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SOLUTION

The acceleration of the point A is zero. The tangen-
tial and radial accelerations of the point B w.rt. the
point A are

_ 12
(ap4 )p =lo and (ag, ), =lo
Since, by definition, we have
dgg =g —ly
=  dp =gy t+iiy

Then resolving the vectors in x and y directions, we get

|
I
I
|
I
I
I
|
I lw’sing B racosd

(a5), = lorcos6—lw” sin@

and (a )y = losinf+1w? cos 6

ATWOOD'’S MACHINE (SIMPLY PULLEY)

It is a simple pulley, hinged at the centre so as to turn
freely without friction. The pulley has amass M, radius
R and it can be in the shape of a disc or a ring or a
cylinder. Sufficient friction is present between the rope
and the pulley surface so that the rope passing over
its surface does not slip on the pulley surface. Due to
this, the speed of the rope will be same as the speed of
a point on the surface of the pulley as shown in Figure.
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Since, v=R®
d
do _pdo
dt dat
= a=Ro

So, acceleration of the ends of rope is related to angu-
lar acceleration of the pulley as a = Ra.

COAXIAL PULLEYS

Consider an arrangement of two pulleys fixed on
the same shaft (co-axial). When the shaft turns with
angular speed ), the two pulleys will also turn with
angular speed . Consider the following Figure.

=

(0]

As the shaft turns, the two pulleys also turn with
same angular speed ®.

DISCS CONNECTED BY A ROPE OR CHAIN

Consider two discs/wheels of radii #n and n,
mounted on two separate fixed shafts turning with
angular speeds @, and ,. Let the two discs be con-
nected to each other through a rope or a belt or a
chain as shown in Figure.

If the rope or belt or the chain does not slip over the
two discs, the linear speed of any section of the rope
is same as that of a point on the periphery of the two
discs. So, we have

= 0)1?”1 = 0)2?”2 and a= alfl = azrz

ILLUSTRATION 15

Two wheels 1 and 2 of radii  and r, are connected
by a belt as shown in Figure.
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P

P Q

If the wheel 1 is rotating with uniform angu-
lar velocity @ and the belt does not slide over the
wheels, calculate the speed of a point on the belt, the
angular velocity of the wheel 2 and acceleration of the
point P with respect to the point Q.

SOLUTION

Since the belt is not sliding, so we have

A Va
B
P Q
X
ap =o' 4=

Since ® is constant, so tangential acceleration of any
point on the wheels is zero and hence we have

A A

ip =n0* (i) and d = 0} (-i)

So, acceleration of point P w.r.t. point Q is

- - - n\»
h

ACCELERATION AND VELOCITY OF ANY
POINT ON A RIGID BODY

Consider a rigid body moving in space such that at
any instant, the velocity of its centre of mass is 7,
and angular velocity is @. To describe the motion of
any point A with respect to a stationary point (or
ground) we must understand that in a rigid body,
the relative position of the points cannot change. This
simply implies that, the relative velocity of point A
(or any other point that lies on the body) w.r.t. centre
of mass is tangential and is given by

ae
= Uy~ Ty = DXTyp
= 5A=5cm+a-‘)X?Ao
Differentiating, we get
d . v d,_
Gy=—(0.. +OXFsn )= —2+—(@XT
A dt( cm AO) dt dt( AO)
L dw P
= ﬂA=ﬂcm+—txrA0+wXF

= &AZ Cm+fi>< AO+@X5A;;’cm

Also, we note that the velocity of any point A w.rt.
B is given by

UAB =UA —UB :erAB

where, 7, =7, — 1 is the position vector of A w.r.t. B.

In general, we can say that the general motion
of a body can be called as a combination of rotational
motion and translational motion.

ILLUSTRATION 16

A thin uniform rod AB of mass m and length L is
placed on a smooth horizontal table. A constant hori-
zontal force of magnitude F starts acting on the rod
at one of the ends AB. Initially, the force is perpen-
dicular to the length of the rod. Taking the moment
at which force starts acting as f = 0, calculate the dis-
tance moved by centre of mass of the rod in time ¢,
magnitude of initial acceleration of the end A of the
rod.

SOLUTION

Consider therod tobe placed in x-y plane (horizontal)
with initial orientation along y-axis. Further, assum-
ing that force acting on the rod is along the x-axis as
shown in Figure.
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o0
Att=0 Att=t,
4 y-axis 4 y-axis
Al——FFi : .,
! o
)%A—’F =Fi
> X-axis Y > X-axis
0 ﬂo
il B!
B Xcm 1
|

The acceleration of centre of mass is given by

- F F-
a., = —=—1=constant
m.m
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The displacement is given by

{0, = constant }

The initial acceleration of end A of the rod is

f'iA:5cm+5£X-AO {'-' 0):0}
. F» [ 6FA) (L)
Ay =—i+| ——k |X| =]
m mL 2
. 4F-
ﬂA:—l
m

@ Test Your Concepts-Il

Based on Rotational Kinematics, Combined Effect of Rotation and Translation Motion

The angular position of a point on the rim of a
rotating wheel is given by 6=4t -3t* +t°, where
6 isin radian and t is in second

(a) Calculate the angular velocity at t=2s and
t=4s.

(b) Calculate the average angular acceleration for
the time interval that begins at t=2s and
endsat t=4s

(c) Calculate the instantaneous angular accelera-
tion at the beginning and the end of this time
interval.

A uniform disc of radius r spins with angular

velocity @ and angular acceleration . If the cen-

tre of mass of the disc has linear acceleration q,

calculate the magnitude and direction of accelera-

tion of the points 1, 2, 3 and 4.

2
y

Calculate the linear acceleration of the particle

P at t=1s if a=2ms™, w=(2t)rads™ and
CP=1m as shown in Figure. Express your result
interms of i and .

4.

5.

6.

(Solutions on page H.150)

A disc starts rotating with constant angular accel-

eration of 7 rads™ about a fixed axis perpendicu-

lar to its plane and through its centre.

(a) Find the angular velocity of the disc after 4 s.

(b) Find the angular displacement of the disc
after 4 s and

(c) Find the number of turns accomplished by the
discin 4 s.

Arod AB of length | is supported against smooth

horizontal surface. The rod is inclined at angle

6 with horizontal. Now it released so that end

A starts sliding on horizontal surface. Find the

velocity of centre of mass of the rod in terms of its

angular velocity .

A flywheel of radius 20 cm starts from rest, and has
a constant angular acceleration of 60 rads™ Find
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(a) the magnitude of the net linear acceleration of
a point on the rim after 0.15 s
(b) the number of revolutions completed in

N

a and A respectively. Calculate the ratio of the
acceleration of the bobbin to the acceleration of
the block.

this kinetic energy is called rotational kinetic energy

0.25s 9. Adiscofradius R startattime t=0 movingalong
7. A particle A moves along a circle of radius the positive x-axis with linear speed v, and angu-
R=10cm so that its radius vector 7 relative lar speed . Find the x and y co-ordinates of
to O rotates with constant angular velocity the bottommost point at any time t.
w, =02 rads™' . Find the modulus of the veloc- y
ity of the particle and modulus and direction of its t
total acceleration.
A CC‘ VU
0] )
0 » X
10. A uniform rod of length | is spinning with an
. v
S ) ) angular velocity @=— while its centre of mass
8. A bobbin with inner radius r and outer radius R _ | _
is arranged with light strings and a block as shown moves with a velocity v. Calculate the velocity of
in Figure. theend A of the rod.
— A
0}
30°, ,
R B
e\ c M 11. Calculate the linear velocity of particle P shown in
‘ Figure, if v=2ms™', @=5rads™ and CP=1m.
2 Express your result in terms of i and j.
yT—s
The string does not slide over the cylinder and X
when the system is released from rest, then the
block and bobbin move down with accelerations
ROTATIONAL KINETIC ENERGY (R.K.E.) (>Mi5 of rotation
. . 1 I
Consider a system made of Rarhcles of masses 11, 1m,, . " om,
My, My, ..., m, placed at distances #, r,, ..., , from my (O——
the axis of rotation. Let the particles rotate about the LS om,
axis of rotation with uniform angular velocity @ mi0 I i
such that the tangential velocities of the particles are ' !
vy, Uy, ..., U, respectively. From above consideration !
we conclude that the system possesses kinetic energy A discrete system of particles
due to rotational motion of the particles and hence 1 , 1 1,
= Krotational = KK = Emlvl +Em202 + ""+Emnvn

denoted by Kj.
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But v, =n0,v,=n0,..,v,=10

n n

2

1 2 2 2

= Ki= %Imz

For a system rotating about a point, we must keep in mind
that the translational kinetic energy of a rigid body having
mass M and centre of mass velocity v, is given by

1

K =K, = EMU’S‘“

translational

and the rotational kinetic energy of the body about its
centre of mass is

1 2
So, the total energy of a body in rotation about an axis
can be written as

ILLUSTRATION 17

Arod of mass m and length [ is connected with a
light rod of length I. The composite rod is made to
rotate with angular velocity @ as shown in Figure.

m

I |
“~_/ £ (

Calculate the translational kinetic energy, rotational
kinetic energy and total kinetic energy of rod.

SOLUTION

Translational kinetic energy of rod,

2
MUy

K

translational — 7
2

Velocity of centre of mass is

(21
Ve = 0| =1
2

30/2 -
w
po) R -
v_/ N C
(0]
VC
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The translational kinetic energy of rod is

2
K KT=lm(3TwIJ =2ma)212

translational — 2 3

The rotational kinetic energy of rod is

1 1( ml? 1
Krotational = E’Icm602 = E( E)wz = Emaﬂlz

Total kinetic energy of the rod is
Ktotal =K

translational + Krotatirmal

= Kgw = 2 P + L m?? = L P
8 24 6

The total kinetic energy of the rod can also be thought
to be the rotational kinetic energy of the rod about the
fixed axis. Hence, we have

1
Ktotal = EIP(HZ

where I}, is the moment of inertial of the rod about
the axis passing through the point P. According to
parallel axis theorem, we have

2
Ip =1, +md* =Icm+m(%l)

2
Ip =£+2m12 =zmlz
12 4 3

Hence total kinetic energy of the rod is

Ky = 1( - )a)2 —"
283 6

MODIFIED WORK ENERGY THEOREM
(MWET) AND CONSERVATION OF
MECHANICAL ENERGY

It W, is the work done by external forces, W, is
the work done by non-conservative forces, WPS is the
work done by pseudo forces and W, is the work
done by internal forces, then according to Modified

Work Energy Theorem (MWET) studied earlier, we
have

W,

ext

+ W, +WPS + W, =AU +AK
However, in the absence of dissipative (non-conservative),

external, pseudo forces, work done by thems is zero and
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if work done by internal forces is zero, then the total
mechanical energy of a system is conserved, i.e.

AK+AU =0
= Kf+Uf=Ki+Uj

= (U+K) ... =(U+K)

initial

ILLUSTRATION 18

A uniform circular disc of mass m, radius R and cen-
tre O is free to rotate about a smooth, horizontal axis
which is tangential to the disc at a point A. The discis
held in a vertical plane with A below O and is then
slightly displaced from this position. Find the angu-
lar velocity of the disc when its plane is next vertical.

final

SOLUTION

By Law of Conservation of Mechanical Energy, we
have

Loss in Gravitational Gain in Rotational

Potential Energy of | | Kinetic Energy of
Centre of Mass | Disc about the said
of the Disc Axis of Rotation

Finally
A

Initially

1 5
= meh==Iw
& 2
= mg(ZR)=%(imR2+mR2)a)z

= a)=4i

SR

ILLUSTRATION 19

A uniform disk of mass M and radius R is pivoted
so that it can rotate freely about a horizontal axis
through its centre and normal to the plane of the
disk. A small particle of mass m is attached to the
rim of the disk at the top directly above the pivot. The
system is given a gentle start and the disk begins to
rotate.

(a) What is the angular velocity of the disk when the
particle is at its lowest point?

(b) At this point, what force must be exerted on the
particle by the disk to keep it on the disk?

SOLUTION
(a) By Law of Conservation of Mechanical Energy,
we have
Loss in Gain in
Gravitational | Rotational
Potential Energy | | Kinetic Energy
of Particle of disc + Particle

= mg(ZR)=%(%MR2+mR2)wZ

8mg
(2m+M)R

(b) If F be the force exerted by disk on the particle
(upwards), then

m
.:‘.’.
m

Initial Finally
F-mg= mRw*
8m2g
= F=me+——5=—
e (2m+M)
mg (10m+ M)
F="o———
(2m+M)

ILLUSTRATION 20

ABC is a triangular framework of three uniform rods
each of mass m and length 2I. It is free to rotate in its
own plane about a smooth horizontal axis through
A normal to the plane ABC.Ifit is released from rest
when AB is horizontal and C is above AB, find the
maximum velocity of C in the subsequent motion.

SOLUTION

Iy=1Iap+ 10+
1 21 2 (1 2 z)
= Li=—m(20) +=m(20) +| —m(2¢)" +md
A=3 (2¢) 3 (27) 5 (2¢)

where d = /3¢
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o0
= I, =§m£2+§m£2+(%m€2+m(f\/§)2)

= I, =6m’

Assume the horizontal line passing through A to be
the zero Potential Energy Level (ZPEL) as shown in
Figure.

Then initially CG is %(f\@ ) above ZPEL and finally

i.e, when C attains maximum velocity, the CG is
2
g((\/g ) below ZPEL. So, in the process the CG has

fallen through
2 1
h= 5({J§)+§(!\/§)= (3
Applying Law of Conservation of Mechanical Energy,
we get

Loss in Gain in
Gravitational | | Rotational
Potential Energy Kinetic Energy

of CG of system

R (3m>g(f\/§)=§(6mmwz

So, velocity of C at this instant is

ve = (20)w=2\g(\3

ILLUSTRATION 21

A uniform rod of mass m and length [ is pivoted
smoothly at O. A horizontal force acts at the bottom
of the rod.
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> F

Calculate the angular velocity of the rod as the func-
tion of angle of rotation 6 and the maximum angular
displacement of the rod.

SOLUTION

According to modified work energy theorem, we
have W, = AU+ AK, where

ext
E

ext

=FAr =Flsinf

AL

' [fsinf
AU is the rise in potential energy of the centre of
mass of the rod, so

Al = mg(é)(l—cos@)

AK is the rotational kinetic energy of the rod about
rotational axes passing through hinge and can also be
called as the total kinetic energy of the rod, so

1.
AK==1,0
20

2
= Flsin@= Lgl(l—cost?ﬂl(ﬂ)a)z
2 2\ 3

. w:JGFSInB—s—g(l—cosﬂ) (1)
ml [

At maximum angular displacement, the angular
velocity of the rod is zero. Substituting w=0 in
equation (1), we get

3
0 =‘jgsin9——g(1—cosﬂ)
ml [
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F 3
= 6—sin9=—g(1—cost9)
ml l
= g[%m(g)cos(gnzg(Zsinz(g))
m 2 2 2
(9) 2F
= tan| - |=—
2) mg

= 8=2tan‘1[£]

mg
ILLUSTRATION 22

A block of mass m =4 kg is attached to a spring of

spring constant (k=32 Nm™") by a rope that hangs
over a pulley of mass M =8 kg. If the system starts
from rest with the spring unstretched, find the speed
of the block after it falls 1 m. Treat the pulley as a

1
disc, so [ = EMRz.

SOLUTION

Since the rim of the pulley moves at the same speed
as the block, the speed of the block and the angular
velocity of the pulley related by v = @R.

When the block falls by a distance x, its potential
energy decreases, so AU, =-mgx, the potential

energy of the spring increases, so AU, = +%kx2,
both the block and the pulley gain kinetic energy, so
AK = %mvz +%I o”. Applying Law of Conservation
of Mechanical Energy, we get

AK+AU =0,
= %mvz +%I(%)2 +%ka -mgx =0

= E m+M 02+1kx2—mgx:0
2 2 2

Please note that in this problem, the radius R was
not required. Substituting m=4kg, M=8kg,
k=32Nm™ and x=1m, we get

1[4%)@%%(32)(1)2-(4)(10)(1):0

2
= 40 +16-40=0

= 0=24ms |

TOTAL ENERGY OF A BODY IN PURE
ROLLING

When a body rolls without slipping, then it possesses
simultaneous translational motion (of the CM) and
rotational motion of the entire body. So,

Total K.E. = Rotational K.E. + Translational K.E.

1 1
= Total KE. =E= EICMCOZ + EmUéM

v=ro=(2R)w
Vv
N v

TAOR

I

1/
IcY
s

Axis normal to the plane of
rolling body and passing through IC

= E= 110)2 +lmvz
2 2

= E=1(mk2)w2+1mvz
2 2

= E= %(mkz)co2 +%m(Ra))2

= E=%(mk2+mR2)w2 (1)
Version I
2
E_l(mkz)[HR—z]wz
k
2
= E——Im2(1+—2]
k
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Version 11

E=1mk2(1+§][v—i)
2 k R
\)/ Conceptual Note(s)

If K stands for rotational kinetic energy and K for
translational kinetic energy, then we have

1 1
Kg= Elcma)2 and Ky = Emvfm , then

(i) for aring, K—R=1
KT

K
(ii) for a disc, —* = 1
K, 2

(i) for a cylinder, Ky = 1

K, 2

(iv) for a shell, Ke = z
KT

(v) for a solid sphere, Ke 2
K, 5

ILLUSTRATION 23

A hoop of mass m and radius R rolls without
slipping with velocity ;. Find its kinetic energy.

SOLUTION
METHOD I:

K= %mvcz + %Ica)z
K= 1mir)o2 + 1(mRz)(ﬂ2
2 2
Since v, = @R
1 1
= K=§mv§ + Emvg
= K= mvﬁ
METHOD II:

K= %100)2 where I, = I +mR*
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= Iy =mR*+mR* =2mR*

= K= %(sz2 )a?

= K=mR*o" =mv]

ILLUSTRATION 24

A carpet of mass M of inextensible material is rolled
along its length in the form of a cylinder of radius
R and is kept on a rough floor. The carpet starts
unrolling without sliding on the floor when negligi-
bly small push is given to it. Calculate the horizontal
velocity of the axis of the cylindrical part of the carpet

. . R
when its radius reduces to E

SOLUTION

Let M be the initial mass of the carpet of radius R
and length | (say), then

M=(zR%)p

When the gentle push is given to the carpet and it
unrolls such that its radius reduces to R/2, then the
new mass of the rolling portion is

2
M’=n(5) Ip=E
2 4

By law of conservation of energy, we have

Lossin ) ( Gainin Gain in
GPE of CM ) = | RKE of CM ) 7| TKE of CM
M
M4,
oA
(cm),) M
Initially Finally

= MgR-M'gR’'= [%I’mz )%M'agm

2
= ZMgR=1(1M’R’2)(UC“‘)+(1(M]vfm)
8 2\2 R’ 20 4
= —MgR=—(M)U§m+(M)Uén
8 2\ 8 8

- (22
8 8 J\2
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ILLUSTRATION 25

A small steel sphere of mass m and radius r rolls
without slipping on the surface of a large hemisphere

of radius R(>> r) whose axis of symmetry is vertical.
It starts at the top from the rest.

(a) What is the kinetic energy at the bottom?

(b) What fraction is the rotational kinetic energy of
the total kinetic energy?

(c) What fraction is the translational kinetic energy
of the total kinetic energy?

(d) Calculate the normal force that the small sphere
will exert on the hemisphere at its bottom. How
the results will be affected if r is not very small
as compared to R.

SOLUTION
Dotted line is the axis of symmetry, which is vertical.

m,r !

(@) In pure rolling (on stationary ground) work done
by friction is zero. Hence, mechanical energy
remains conserved. So

K.E. at bottom = decrease in P.E.= mg(R-r)

(b) In pure rolling % = % (for a sphere)

T
K
- e _2
Ke+Kp 7
K 5
(0 L=
Ke+Ky 7

(d K; =; (Total energy)

The normal reaction will still be gmg even if r

is not very small as compared to R.

ILLUSTRATION 26

A uniform solid cylinder of mass M and radius 2R
rests on a horizontal table top. A string is attached by
a yoke to a frictionless axle through the centre of the
cylinder so that the cylinder can rotate about the axle.
The string runs over a pulley in the shape of a disk
of mass M and radius R that is mounted on a fric-
tionless axle through its centre. A block of mass M is
suspended from the free end of the string. The string
does not slip over the pulley surface and the cylinder
rolls without slipping on the table top. After the sys-
tem is released from rest, what is the magnitude of
the downward acceleration of the block?

SOLUTION

When the block moves down by h (say), in time t,
then it loses potential energy. This potential energy
lost by block is gained as

(a) translational kinetic energy, ;MUZ by the block

(b) rotational kinetic energy, ;Ila)lz by the pulley
disk

(¢) rolling kinetic energy, %MUZ-I-%IEO.J% by the
cylinder

So, by Law of Conservation of Energy, we get

1., 1 4 (1 2 1 2)
Mgh=—Mv"+=L0; +| =Mv* +=L,»
g ’ ) 5120

1
where h==at*, v=at, o) .
2 R

I = %MRZ and I, = %M(2R)2
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L] )
So, we get
2 2 2 2
o )-tarpE() E)
2 4 \R 4 \2R

a a
= g:2a+§+5

= a=%
3

ILLUSTRATION 27

A uniform spherical shell of mass M and radius R
rotates about a vertical axis on frictionless bearing.
A light cord passes around the equator of the shell,
over a pulley of rotational inertia I and radius r and
is attached to a small object of mass m that is other-
wise free to fall under the influence of gravity. There
is no friction of pulley’s axle and the cord does not
slip on the pulley. Calculate speed of the object after
it has fallen a distance h from rest.

M, R

SOLUTION

By law of conservation of energy, we observe that
the loss in gravitational potential energy of the block
equals the sum of gain in kinetic energy of the block,
gain in rotational kinetic energy of the pulley and the
gain in rotational kinetic energy of the shell.

2
ZN;R )(w’ P

= mgh= %mvz +%Iﬂ)2 +%(

v v
where, w=— and ©'=—
r R

After substituting these values in the above equation
and solving, we get
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ILLUSTRATION 28

A semi-circular track of radius R=625cm is cut
in a block. Mass of block, having track, is M=1kg
and rests over a smooth horizontal floor. A cylinder
of radius r =10 cm and mass m = (0.5 kg is hanging
by thread such that axes of cylinder and track are in
same level and surface of cylinder is in contact with
the track as shown in Figure.

When the thread is burnt, cylinder starts to move down
the track. Sufficient friction exists between surface of
cylinder and track, so that cylinder does not slip.

Calculate velocity of axis of cylinder and veloc-
ity of the block when it reaches bottom of the track.
Also find force applied by block on the floor at that

moment (g =10 ms™ )

SOLUTION

Using Law of Conservation of Linear Momentum, we
get

mv, = Mo, (1)
Applying Law of Conservation of Mechanical Energy,
we get

I o, 1 5, 1. 5
me(R—r)=—mv; +—Iw" +—Mv (2
8 27 272 @

where, [ = %m*r2 and 0= , where v, is the veloc-
T
ity of cylinder axis relative to block

v, =0+, ..(3)

Vo

Solving equations (1), (2) and (3) with given data, we
get

0, =2ms™
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and v,=15ms"
Further, we have

r

R-r
2
r

N-mg=

(05)(3.5)

= N=mg+—r=(05)(10)+
R-r 0525

= N=16.67 N

AN OBSERVATION
For a body in pure rolling motion, we have

E:%(mk2 +mR? ) ?

Now (mk?+mR?) is actually moment of inertia of
body (in combined effect of rotation and translation)
about axis that passes through the point of contact P,
which happens to be at rest (in case of pure rolling), so

E= %(’aboutP )(OZ = %(mkz +mR2 )wZ

Ro Vem

\v

Rw v
ICdo cm

This axis passing through P is always normal to the
plane used to represent motion and the intersection
of this axis with the plane is the location of instanta-
neous centre of zero velocity (IC).

— (2R)o=2v

X
15

If l40r is the Moment of Inertia of body about
Instantaneous Axis of Rotation (IAOR), then

hhor = lcg +md” = mk® + mR?

1
KE = E(".'AOR )“’2

The Instantaneous Axis of Rotation (IAOR) passes
through a point called the Instantaneous Centre
of Zero Velocity (IC).

So, from above we conclude that pure rolling is equiv-
alent to the case of pure rotation about a new axis
(called Instantaneous Axis of Rotation, IAOR) that
passes through the point of contact (because it was
the only point which is at rest in pure rolling).

INSTANTANEOUS AXIS OF ROTATION
(IAOR)

The combined effect of translation of the centre of
mass and rotation of a rigid body about an axis
through the centre of mass is equivalent to a pure
rotation with the same angular speed about an axis
passing through a point of zero velocity. Such an
axis is called the Instantaneous Axis of Rotation
(IAOR).

Ve po

Pure rotation
about JAOR
passing
through IC

So, (Rotation )+ (Translation) =

1 1
= E:EmvfmeEIcmwz

= E= %(mkz +mR? )a)2 = %IIAOR(UZ
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Problem Solving Technique(s)

WORD OF ADVICE

(a) Although the concept of IC is conveniently used
to determine the velocity of any point in a body,
however generally, IC does not have zero
acceleration and therefore, it should not be
used for finding the acceleration of any point
in the body.

(b) When a body is subjected to general plane
motion, the point determined as the instanta-
neous centre of zero velocity for the body can
only be used for an instant of time. Since the
body changes its position from one instant to the
next, then for each position of the body a unique
instantaneous centre must be determined. The
locus of points which defines the IC during the
body’s motion is called a centrode. Thus, each
point on the centrode acts as the IC for the body
only for an instant of time.

LOCATION OF THE IC

The location of the IC is determined by using the fact
that the relative position vector extending from the
IC to a point is always perpendicular to the veloc-
ity of the point. Then the following three possibilities
exist.

CASE-1

When the velocity of a point (generally the centre
of mass) on the body and the angular velocity of the
body are known.

Combined Effect of
Rotation & Tranlation

Single Effect of
Rotation about /C
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When v and @ are known, then IC is located along
the line drawn perpendicular to @ at CM, such that

the distance from CM to IC is, 7 = E.
®

Note that IC lie on that side of CM which causes
rotation about the IC, which is consistent with the
direction of motion caused by @ and 7.

CASE-2

When the lines of action of two non-parallel
velocities are known.

Consider the body shown in Figure where the line of

action of the velocities 7, and U are known.

STEP-1: Draw perpendiculars at A and B to these
lines of action.

STEP-2: The point of intersection of these perpen-
diculars, locates the IC at the instant considered. If
v, and vy originate at perpendicular distances 1,
and ry from IC, then

Vg =T40
and vg =10

CASE-3

When the magnitude and direction of two parallel
velocities are known.

When the velocities of points A and B are paral-
lel separated by perpendicular distance d and have
known magnitudes v, and v, then the location of
the IC is determined by the following steps.

STEP-1: Always draw the velocities to the scale.
STEP-2: Join the points of origin of the two velocities
i.e., tails of velocity vectors by a straight line.
STEP-3: Now, join the heads of the two velocity
vectors by straight line.

STEP-4: IC is located at the intersection of the lines
in STEP-2 and STEP-3.
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To locate position of IC in (a), we have

(a) When velocities are anti-parallel

v, =x0 and vy =(d-x)o

To locate position of IC in (b), we have

(b) When velocities are parallel

v, =x0 and vy =(d+x)@

As a special case, if the body is translating, v, = vy
and the IC would be located at infinity, in which case
=0.

Q. Whydo we use the concept of IAOR for bodies
in combined rotation and translation?

A. When a body is under the combined influence
of rotational and translational effect, then there
exists a point (on the body or off the body) which
happens to have zero net velocity, see diagram.
This makes us think about a point called
Instantaneous Centre (IC) of zero velocity
and the axis passing through IC, normal to
plane of motion, is called Instantaneous Axis
of Rotation (IAOR). So, the combined effect
of rotation and translation is just equivalent to
a single effect of rotation about IAOR (as if the
body is pinned to IC and is just rotating about IC.

Combined Effect Single Effect of
So, of Rotation =| Rotation about
and Translation IC or JAOR

Hence, if IC is at a distance x from centre of

mass, then (v, ) =0 ie, v, —x0=0

V
= y=-tm

w
Vem
_Vem
=

IC lies in the portion or IC lies towards
the portion that rotates opposite (i.e., has
tangential velocity opposite) to v, .

ILLUSTRATION 29

A hoop of radius R rolls over a horizontal plane
with a constant velocity v without slipping. Find the
velocity of point A of the loop as shown in Figure.

A

SOLUTION

The velocity of the point A can be obtained by two
methods.

METHOD I:
Velocity of point A w.rt. centre of mass C is 7,¢
given by

Uac =04 —Tc
= ’E_’:A = 5AC + T-}C
Now |9 |=|9cm|=v and |3, |= Ro, perpendicular

to the line CA. So, |74 is actually the magnitude of

the resultant of 7, and @ as shown in Figure.
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/\ = 2VCOSa

I8

o

If 6 is the angle between ¥, and 7, then 0 =20

= |i,]= \/vz +R*@* +20(Rw)cos(2ar)

For pure rolling condition, v =R

= ‘UA|—\/?) +v° +20° cos(2a)

= |0,4|=0vy2(1+cos2a) =v 2><2cos

= |9,|=2vcosa

METHOD II:

Abody in pure rolling can be considered to be in pure
rotation about a point having zero velocity (in this
case the point of contact), i.e. instantaneous centre
(IC) of zero velocity. So, we have

vy =ro = (2Rcosa)o

(2Rcosa)w=2(Rw)cos o

{ Very

= vy, =20c0s0

ILLUSTRATION 30

Awheel of radius R is moving on the ground. If v,

=v=Ro}

be the velocity of centre of mass of the wheel and

cm

[
=
4R

be the angular velocity of the wheel, then
locate its instantaneous centre of zero velocity.

SOLUTION

Let the instantaneous centre of zero velocity be
located at a distance x from the centre of the wheel
as shown in Figure.
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V;
w=-""

4R

v

I
|
xl !
I
¢IC

Since velocity of IC is zero, so we have v;- =0

= Uy -x0=0

= Ucm=x(1‘:;)

Problem Solving Technique(s)

If the body is placed on a surface which is in motion,
then for no slipping, the point of contact must
move with the velocity of the surface.

(vp),, = velocity of surface

ILLUSTRATION 31

The disc of mass m, radius r is confined to roll with-
out slipping at A and B. If the plates have the veloci-
ties shown, determine the angular velocity of the
disc. Also find the velocity of centre of mass of disc,
the location of instantaneous centre of zero velocity
and total energy of the disc.

ve—{_ ]

2v

SOLUTION

Let v, be the velocity of centre of mass and @, the
angular velocity of the disc as shown in Figure then,
for no slipping at A and B, we have

(vg )net =20
= Uy-rey; =20 (1)
(UA )net =0
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=  Uytrey=-0 (2)
Solving (1) and (2), we get
3v

v
wy,=—-—and v, ==
O or )

Also, we ca directly find the value of ® by using

(),

w=
1 separation between the velocities
3v
= 0=—
2r

Now let IC be located at a distance x from A or
(2r—x) from B, then

V=X
x= U =£,fr0mA
3v/2r

OR (2r-x)= %, from B
The total energy of the disc is

E=1mv§+11w2
2 2

1 (#) 1(1 2)(%#)
= E=—-m|— |+ -mr || —
2 La) 22 472

mv*  9mo* 11 2
=—+ = —1mu
8 16 16
Alternatively, we have
1
E= E(IIAOR )wz

= E

where Ij,op = I +md*

where I =lmr2 and d=r—g=£
2 3 3

ILLUSTRATION 32

A uniform disc of mass m is fitted (pivoted smoothly)

with a rod of mass % If the bottom of the rod is

pulled with a velocity v, it moves without chang-
ing its angle of orientation and the disc rolls without
sliding. Calculate the kinetic energy of the rod disc
system.

m/2

SOLUTION

Rolling can be considered as pure rotation about
point of contact, so

1
Krolling = 511’0)2

1( mR*
= Kioling = E(mTerRz )wz = %mRza)2 (1)

The rod translates with the velocity v, hence velocity
of centre of disc will also be v.

= =0k Q)
From (1) and (2), we get Km]ling = 1mvz
Kinetic energy of the rod is

Kmd:i(i)” e .0)
= Ktntal = Krolling + Krod = m,UZ
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ILLUSTRATION 33

A rotating disc moves in the positive direction of the

x-axis. Find the equation y(x) describing the posi-
tion of the instantaneous axis of rotation, if at the
initial moment, the centre ¢ of the disc was located
at the point O after which it moved with constant
velocity v while the disc started rotating counter-
clockwise with a constant angular acceleration «.
Assume the initial angular velocity to be zero.
y

A

SOLUTION

The position of disc at time { is x = vt
X

= ft=-
v

Since the disc is rotation with constant angular accel-
eration @, so
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= w=oa=— { @, =0}

O % |

—— X —»

Now, if IC is located at a distance y from centre of
disc, then we have

= yo-v=0

ox/v  ox

2
v

= Xy =-—=constant
o

This is the desired x-y equation. This equation repre-
sents a rectangular hyperbola.

@ Test Your Concepts-Ill

1. A uniform ball of radius r rolls without slipping
along the loop-the-loop track in Figure. It starts
from rest at height h above the bottom of the
loop. If the ball is not to leave the track at the top
of the loop, what is the least value h can have
(in terms of the radius R>>r of the loop)? What
would h have been if the ball were to slide along
a frictionless track instead of rolling?

Based on Instantaneous Axis of Rotation, Pure Rolling and Conservation of Energy

(Solutions on page H.152)
2. Asolid ball rolls down a parabolic path ABC from
a height h as shown in Figure. The portion AB of
the path is rough while BC is smooth. How high
will the ball climb in BC?

A (o

— 5 —

B

3. Arod of mass m is kept on a cylinder and sphere
each of radius R. The masses of the sphere and
cylinder are m;=4m and m, =5m respectively.
If the speed of the rod is v, find the KE of the
system. Assume that the surfaces do not slide rela-
tive to each other.
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Rod

A uniform sphere of radius r starts rolling down
without slipping from the top of another sphere
of radius R. Find the angular velocity of the sphere
after it leaves the surface of the larger sphere.

A bead of mass m is welded at the periphery of
the smoothly pivoted disc mass m and radius R.
Find the speed of the bead at its lowest position.

m
C

A uniform rod of length 2/ and mass m s free
to rotate in a vertical plane about a smooth fixed
horizontal axis perpendicular to the rod through
one end of the rod. Initially, the rod is held in
horizontal position and is then released. Find the
maximum angular velocity of the rod in the subse-
quent motion.

A uniform disc of mass M and radius R is pivoted
about the horizontal axis normal to its plane and
passing through its centre C. A point of mass m
glued to the disc at its rim, as shown in Figure, is
released from rest. Find the angular velocity of the
disc when m reaches the point B.

L

m

B

A uniform rod of mass m, length [ is kept on a
smooth horizontal surface. The ends A and B of
the rod move with speeds v and 2v respectively
perpendicular to the rod as shown in Figure.

10.

11.

12

v+ A

Calculate the angular velocity of the rod, linear
velocity of centre of mass of the rod and the
kinetic energy of the rod.

A uniform ring of radius a and mass m is free to
rotate in a vertical plane about a fixed smooth axis
which is perpendicular to the plane of the ring and
passes through a point A on the ring. A particle of
mass m is attached to the ring at B, where AB is
a diameter. When the ring is hanging in a position
of stable equilibrium the particle is struck a blow
which gives it a velocity 3Jg_a. Find the vertical
height above A to which the particle rises.

A solid disk is rolling without slipping on a level
surface at a constant speed of 2 ms ™. How far
can it roll up a 30° ramp before it stops? Take
g=10 ms ™.

A disc of mass m and radius R has a spring of
constant k attached to its centre, the other end of
the spring being fixed to a vertical wall (shown in
Figure). If the disc rolls without slipping on a level
floor, how far to the right does the centre of mass
move, if initially the spring was unstretched and
the angular speed of the disc was ®,?

)

The 9 kg cradle is supported as shown by two uni-
form disks that roll without sliding at all surfaces of
contact. The mass of each disk is m=6 kg and the
radius of each disk is r=80 mm. Assuming that
the system is initially at rest, find the velocity of
the cradle after it has moved 250 mm.

ml |

AN \_/B




ICON

TORQUE

The rotational effect of force is called Torque. It is
also called as the rotational analogue of force. Force
acting on a body provides linear acceleration to it and
correspondingly torque acting on a body provides
angular acceleration to it.

It is an axial vector whose direction can be
found by using the Right-Hand Thumb Rule. To
find the direction of torque simply curl the fingers of
the right hand in the sense of rotation in which the
force tends to rotate the system about a given axis,
then the direction of the thumb gives the direction of
the torque.

Mathematically, the moment of force is called
torque i.e. torque is equal to the product of force
and the perpendicular distance of the force from the
axis of rotation (AOR). Mathematically, if 6 is angle
between 7 and F, then

t=Fr, =F(rsinf)

where r, is the perpendicular distance from the
origin to the line of action of the force as shown in
Figure. It is also called the lever arm.

(AOR) !
O R N

The above definition of torque i.e. 7=rFsinf, may
be also be interpreted as

t=r(Fsin@)=rF,

The turning effect of a force about the origin is
produced only by the perpendicular component

(F, =Fsin®) as shown in Figure.

F

' F =Fsind
F”=Fcose

(AOR) |
O |

Vectorially,
F=FxF

So, if 7=xi+ y}+ zk and F= Pxf + Fy}+ PZ.!E, then
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¢ 9 ¢
]k
t=FxF=|x y z
E E E

In the most simplest manner, if we know the sense
of rotation (Clockwise or Anticlockwise) then, to find
the direction of 7 we just curl the fingers of Right
Hand along the sense of rotation and then the thumb
gives direction of 7.

For a system with moment of inertia I having an
angular acceleration ¢, we have

=l

In Magnitude 7=Ie (Direction can be found by
using Right Hand Thumb Rule). This is also called
Newton'’s Second Law of Rotational Motion.

ILLUSTRATION 34

The position vector of point of application of force
F=(i+2/-3k) N about O is 7=(2i+3]j-k)m.
Calculate the torque of a force about a point O.

SOLUTION
ik
Torque"=FxI3= 2 3 -1
1 2 -3

= T=i(-9+2)+](-146)+k(4-3)

= ?=(—7f+5}+1€) Nm

(a) Cases for zero torque
Since, |7|=rFsin@
So, for |7|= 0, we have the following three cases:
CASE-1:
F=0 i.e, no force acts on system
CASE-2:
r=0 ie, force acts at AOR
CASE-3: .
F#0, r#0 butangle between F and 1 is either
0° or 180° i, F acts along 7' or opposite to
r. Such forces are called Radial Forces. So,
torque due to Radial Forces is always zero.
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(b) Slunitof |7 is Nm (not joule)
() 7=r

xF, s0 7 is L to 7 as well as F ie,
7.F=0and 7-F=0

FORCE COUPLE

A pair of forces each of same magnitude and acting in
opposite direction is called a force couple. The torque
due to couple s the product of magnitude of either force
and the perpendicular separation between the forces.

F
& d > d >
[]
F
Torque ) ( Magnitude L Distance
dueto (= ofone [x]| between their
couple force lines of action
= t=F(2d)

(a) A couple does not exert a net force on an object
even though it exerts a torque.

(b) Net torque due to a force couple is same about
any point.

Rigid body

Torque about A is 7, = x;F + x,F
= T,=F(x+x,)=Fd
Torque about B is 75 = y;F — y,F
= 13=F(y;-y,)=Fd
(c) If net force acting on a system is zero, torque is

same about any point.
(d) A consequence is that, if F. =0 and 7., =0

about one point, then 7., =0 about any point.

ILLUSTRATION 35

Calculate the torque about point O and A due to the
force as shown in Figure.

A .E=5J§f+5f

Q|
b
vs]

SOLUTION
Torque about point O

t=7 xF, 7 =i+], F=5J3i +5]
= (z+]) (5\/_;+5]) ( \/5)12

Torque about point A
=j, F=5J3i +5]

=5(—3)k

-

T=7xF, T,
= f=fx(5\@§+5})

ILLUSTRATION 36

Calculate the torque about point A, O and B due to
the force as shown in Figure.

y
A

35 -
A¥-—------- —>F=10i

0,5) i

|

I

|

I

|

:

‘ X
i L S
0 B

(3.0

SOLUTION
Torque about point A

t, =7y xF, 7, =3i, F=10i
=  T,=3ix10i=0
Torque about point B

#y =7y xF, 7, =5], F=10i

= Ty =5/x10i = -50k
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Torque about point O
%, =7, xE, iy =3i+5], F=10

= 7,=(31+5])x10i = -50k
(3 +57)

ILLUSTRATION 37

A particle having mass m is projected with a velocity
v, from a point P on a horizontal ground making an
angle 6 with horizontal. Calculate the torque about
the point of projection acting on the particle when it
is at its maximum height.

SOLUTION

When the particle reaches the maximum height as
shown in Figure, then

—»
r,=R/2

T=Fr = mg(g) = mg( % sinZB}
. 2 29

B mvg sin 20
-2

ILLUSTRATION 38

A uniform bar of mass m and length [ is hinged at one
end and held in the position shown by applying a con-
stant force F at the other end, perpendicular to the rod.

=

F

Calculate the magnitude and direction of the force
exerted by the hinge on the rod.

SOLUTION

The two known forces that act on the rod are its
weight mg acting vertically downward and the
applied force F. Let the force applied by the hinge be
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having two components, the horizontal component
P, and the vertical component P,. Then

P= P +P]

Please note that the force due to the hinge can be
assumed to be in any direction. The forces acting on
the rod are drawn in the FBD shown in Figure.

F FcosO

Please note that, P, and P, have been assigned arbi-

trary directions. If the answers for P, P, or both

come out to be negative, then the direction will be
opposite to the direction assumed.
For translatory equilibrium, we have

LFE=0and XF, =0
When Y. F, =0, we get
P, +Fsin6=0
= P,=-Fsinf (1)

Negative sign simply shows that P, is directed to the right.
When X F, =0, we get

P, +Fcosf-mg=0
= P, =mg-Fcost ..(2)

To calculate P,, we must find the angle 6. For that, let
us apply the condition for rotational equilibrium. For
rotational equilibrium, we have

z1=0 (about any point)

So, lets calculate the net torque acting on the rod
about the hinge, then we get

—(mg)(écosﬂ)ufl =0

= P=%cos€ ..(3)

From equations (1) and (3), we get

4F° F =5 03
P, =-F |1- 2g2 =— Ig\}m g"—4F

m mn
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ILLUSTRATION 39

Calculate minimum coefficient of friction between a
thin homogeneous rod and the floor for which a per-
son can slowly lift the rod upwards without slipping
on the floor by applying a force perpendicular to the
rod.

SOLUTION

Consider the equilibrium of the rod when itis inclined
at an angle o with the horizontal. The forces acting
on the rod are shown in Figure.

Let us consider torque about the point of intersec-
tion O" of the force of gravity mg and the force F
applied by the person perpendicular to the rod. Since
the torque due to these forces about this point O is
zero, so doing this eliminates the unknown force F.
At equilibrium, we have

(Zr)aboutO' =0

Since, moment arm for N about O is Icos ¢, while

+lsina)
sin o

that for friction about O’ is (

1 .
= Nlcosa—ﬂ(_—Jrsma):O
sino

cos o sin o cosasino
1+sin” o 2sin” ot +cos” o

1
- )
2tanocoto
Since, f <uN
Moot )emy
2tanocoto
>; (D)

#e 2tana +cota
For u to be minimum, we must have

2tan ¢ +cotax = MAXIMUM

= i(2tan|fx+cot0t)=0
do

=  2sec’ a—cosecio =0

1
= tano=—=

V2

Substituting this value in equation (1), we get
1
Mmin = m

ILLUSTRATION 40

Consider two heavy right circular rollers of radii R
and r respectively at rest on a rough horizontal plane
as shown in Figure.

The larger roller has a string wound around it to
which a horizontal force P can be applied. Assume
the coefficient of friction y has the same value for
all surfaces in contact, calculate the necessary condi-
tion under which the larger roller can be pulled over
the smaller one. Assume the smaller cylinder should
neither roll nor slide.

SOLUTION

Let N, be the reaction between the two cylinders and

N, be the normal reaction between the smaller cyl-
inder and the horizontal surface. The forces acting on
the smaller cylinder have been shown in Figure.

At equilibrium, we have

Y.F =N, cosa— N, - uN; cos(90-e)=0 ...(1)
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ae
Also, torque about O, (centre of smaller sphere) is
zero, so we get
2T=UNyr—uN,r=0
= N,=N, )
Substituting equation (2) in equation (1), we get
UN; + uN; sinax =N, cosa
= ul(l+sine)=cosa ..(3)

Also, we see that

) R-r
sinot = ,|—
R+r
2JR
= cosa=v1-sin’a = !
R+r
Substituting these values in equation (3), we get
( R-r ) 2Rr
Ul 1+— 1=
R+r R+r

= uet
. R
Hence the required condition is y 2

ILLUSTRATION 41

A uniform rod of length L and mass M is pivoted
freely at one end as shown in Figure.

1=

(a) Find the angular acceleration of the rod when it
is at angle 6 to the vertical.

(b) Assuming the rod to start from the vertical
position, find the angular velocity as the function
of 6.

(¢) Find the tangential linear acceleration of the free
end when the rod is horizontal.

SOLUTION

(a) Figure shows the rod atan angle 6 to the vertical.

|

()

(0]
l4— =sinf —p

P~

(b)

()
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Net torque about the point O is
L.
To = Mg(zsmﬂ)
Using the Second Law of Motion 7, = I

Mgl MI2
P8 Gno=" g
2 3

3esi
o= gsin@
2L
From above, we have
3esi
e gsin@
2L

dw 3gsinf
= 0—-=
a6 2L

= wdo= 3—gsin 046
2L

Integrating within appropriate limits, we get
) 3 0
dea) = —gjsin(?dﬂ
2L
0 0
2

® 3¢

6
= —=—-—2(0s0| = 3—g(1—C059)
2L

0

3
= 0= Tg(l—cose)

The above result can also be obtained by using
the Law of Conservation of Mechanical Energy,
where we use,

( Loss in GPE ] [Gain in RKE)

of CM of Rod of Rod
= MgE(l—cosé))=lM)2 = 1(lML2 Ja)z
2 2 213

= 0= Tg(l—cosﬂ)

When the rod is horizontal 8= g, S0 o= i—i So,

the tangential linear acceleration is

3
a,=aLl= %8
2
This is greater than the acceleration of an object

falling freely.
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ILLUSTRATION 42

A thin rod of mass M and length [ is pivoted at one
end. Initially the rod makes an angle of 60° with the
vertical and is then released. Calculate the magnitude
and direction of the force on the pivot when the rod
is horizontal.

SOLUTION

Let @ be the angular velocity of rod in horizontal
position, then

[
Mo ) —
a=—=( Py _ss (1)
I Mm* 21
3

By Law of Conservation of Energy

Loss in GPE of B Gain in RKE
CMofRod ] | of the Rod

I 1.,
Mg| Zsin(30°) |==1
= g(zsm( )) S0

= g5 )

i L aniane
;Qsm(SO}

el on( )

Mg -F, =Maf=M(a)(%

ae
Mg
= F =M¢g-—M¢g=—=
Fy
\
Fxﬂ—{ill ]
&K
Mg
So, F= FXZ+F;=@Mg
4
. (&)
_y_\4)_1
tano = ) 3M3J 3
4

ILLUSTRATION 43

A thin uniform rod of mass m and length [ is placed
on smooth horizontal surface. It is acted upon by a
force F as shown in Figure.

MA
F y
o
ol C X
UB

Calculate linear and angular acceleration of the rod.
Find the location of a point on the rod which has zero
acceleration.

SOLUTION

According to the problem, the external force is acting
on rod along the x-direction, hence the centre of mass
of the rod will accelerate along the x-direction.

Also, we observe that due to this force, a net torque
will act on the rod in clockwise sense. Hence the
motion of the rod will be combined rotational and
translational.
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ae
A
F y
/4
o C 09—'acm X
X o
o| P ax+—e—3a
p cm
- B

According to Newton’s Second Law for translational
motion, we have

F=ma
F
= a=— ()
m

According to Newton’s Second Law for rotational
motion, we have

=10
2
4 12
= oc=E ..(2)
ml

Point of zero acceleration on the rod should be
between C and B, as the vectors due to acceleration
due to translation and acceleration due to rotation act
in opposite directions as shown in Figure.

Atpoint P, a, =0

F [313)
= gy —ox=—-— |x=0
m \ml

= x=—
3

ILLUSTRATION 44

A rod of mass m and length [ (hinged at O) is
released from the rest from horizontal position as
shown in Figure.

When the rod makes an angle of 30° with the vertical,
calculate the angular acceleration, velocity of point P,
acceleration of centre of mass and the horizontal com-
ponent of force applied by hinge.
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SOLUTION
Torque about hinged point is

1
Tnet = ng = mg( éSin 300) = %

1 i fan®
23|n(30 )

2
Since 1, = IHx :(%)a

S N (1)
Io, m*/3 4l

By conservation of mechanical energy, the loss in gravi-

tational potential energy of the centre of mass of the rod

equals the gain in rotational kinetic energy of the rod.

Loss of potential energy of the centre of mass of the

rod is
-AU = mg( é)cosBO" - mgl?

Gain in rotational kinetic energy of the rod is

297 2\ 3
2
- mglﬁ=(ﬂJ2
4 6
IR {E]

4]

’6\@;
= 0=, —=
4]

J l

= Up=la)= #

The tangential acceleration of the centre of mass of
the rod is

o-la-(L)Z)-2
2 2\ 4l 8
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The centripetal acceleration of the centre of mass of
the rod is

o5

So, total acceleration of centre of mass of rod is

2 v - 17

a>+af =

cm

To find the x and y components of 4., we know that
Ay = 0. +4d, , where
a.=a, (—cos 60°f+sin60°})
1= 28 (4 )
and d, = —q, (cos 30% +sin 30"})
= 4, =-25( i)
N )

U

=0 +aB )i+ (050, )]

L g, - 23 15
16 16

) M3+225  gV117
=t =8\ "0 =75

If horizontal component of force applied by the hinge
is H and the vertical component force applied by the
hinge is V, then from Newton’s Second Law, we have

i+—=j

93 15¢ 4 )
6 8

= —Hf+V}—mgj=m[

ae

: 4 —mg\/_¢ 15mg +
= -Hi+(V- = +

i ( mg)} T i g j
Comparing, we get

V—mg = 15mg’ He mg\/g
8 16
o V= 23mg’ _ mg\/§
8 16

ILLUSTRATION 45

A uniform rod of mass n1 and length [ which can rotate
freely in vertical plane without friction, is hinged at its
lower end on a table. A sphere of mass m and radius
one third the length of the rod is placed in contact with
the vertical rod and a horizontal force F is applied at
the upper end of the rod as shown in Figure.

_’F

|0

Calculate the acceleration of the sphere just after the
force starts acting. Also, calculate the horizontal com-
ponent of hinge reaction acting on the rod just after
force F starts acting.

SOLUTION

The forces acting on the rod and the sphere are shown
in Figure.

; »F
—cb ib
14 C M
P .—.aP _€
1@/3 ,- P
' —»l
N, 0

The torque equation for rod about O is

l
t=FI-N| - |=1,c
(3) 0

2
FI—E ﬂa
3 3
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mo_p N (1)

3 3
The motion of the sphere is translational only, so the
acceleration (1) of the sphere equals the acceleration

of point P, i.e.

lot
a=— (2
3 )
From equations (1) and (2), we get
N
ma=F—-— ..(3
3 (€)
For sphere, N = ma ...(4)
Substituting equation (3) in (4), we get
a= SF and N = Ll
4 4

Acceleration of centre of mass of rod is
. - (i ) u=38_ 9
oo\2 2 8m
If the horizontal component of hinge reaction is N, ,
then for the rod we have

F—%+Nx = My,

F—£+NX =m(9p)
4 8m

N 9 _F_T7F

T8 4 8

ILLUSTRATION 46

A rod of mass m and length | is hinged about its
one of the ends. The rod is released from horizontal
position. When the rod becomes vertical, find the
angular speed of the rod and the hinge reaction

SOLUTION

Applying conservation of mechanical energy, we see
that the loss in gravitational potential energy equals
gain in rotational kinetic energy.

Chapter 3: Rotational Dynamics 3.51

(F)25
= mg|l=|==|—|®
2) 20 3
S 0%

L

Since the centre of mass of rod is moving in a circular

L
path of radius > so we have

L
T -mg=mw* =
mg = ma 5
= T=mg+m(£)[3—g)
2V L
= T=4mg

ILLUSTRATION 47

A light rod is connected rigidly with two identical
particles each of mass m. The free end of the rod
is smoothly pivoted at O. The rod is released from
rest from its horizontal position at t =0 as shown in
Figure.

m m
0 0
{ f

-
0Z

Calculate the initial angular acceleration of the rod
and the initial reaction offered by the pivot.

SOLUTION
The net torque about O is

To = mgl+mg(21) = 3mgl

m m
O_.\. \ 0 0)
p >4 ] /
S
mg mg

This torque produces an angular acceleration «
given by the relation

T

o0=—
Io

where, I = ml> +m(21)* = 5ml
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3mel 3
I
5ml= 5l
Initially just when the rod is released, then =0 but
3
o= —g, S0
51

R, =mlo* +m(2)0* =0

The various forces acting on the rod are shown in Figure.

l L
(pfx - 1 - 2
v

mg mg

mg +mg —R, =ma, +ma,
where 4, =la and a, = 2la

= R, =m(2g-3la)

Substituting o = z—‘;’) , we get
mg
Ry = ?

ILLUSTRATION 48

A uniform cylinder of radius R and mass M can
rotate freely about a stationary horizontal axis O.
A thin cord of length | and mass m is wound on
the cylinder in a single layer. Calculate the angular
acceleration of the cylinder as a function of the length
x of the hanging part of the cord. Assume that the
wound part of cord has its centre of mass at the axis
of the cylinder.

SOLUTION

At any instant, let m” be the mass of cord hanging
from the cylinder as shown in Figure.

The mass of the cord wound on the perimeter of the
cylinder will be

m”=?(l—x}R2

Let tension at the upper end of the cord in contact
with the cylinder be T and its downward accelera-
tion be 4, then according to Newton’s Second Law,
we have

B A !

When the cord accelerates downwards, the cylinder
will be rotating with an angular acceleration

o=—
R

The tension in the string provides necessary torque to
the cylinder to rotate, so we have

t=TR=Ia .2)
where, [ is the moment of inertia of the cylinder plus
the part of cord wound on it, so

r= iR R = LR -0 R2 L 3)

2 2 l
Substituting equation (3) in (2), we get
TR=(;MR2 + o (1-2)R? )a

T=($+?(I—x}1€)a @)

Substituting equation (4) in (1), we get

(?xg)—(%+%(l—x)li)a=[?X)Ra

e 2mgx
" (2m+M)RI

ILLUSTRATION 49

A uniform solid cylinder A of mass m; can freely
rotate about a horizontal axis fixed to a mount B of
mass 111,. A constant horizontal force F is applied to
end P of alight thread tightly wound on the cylinder
as shown in Figure.

=
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The friction between the mount and the supporting
horizontal surface is supposed to be absent.
Calculate the acceleration of this point P and the
kinetic energy of this system f seconds after begin-
ning of motion.

SOLUTION

Applying Newton’s Second Law to the cylinder
mount system, we get

F=(m+my)a

F
= a=
For cylinder, we have

T=FR=Ia=(%m1R2)a

Acceleration of point P is

ap =a+Ra
F 2F
= ap= +—
m+m, m
F(3my +2m
N ap=( 1 2)

iy (1my +111y )

In ¢ seconds, displacement of point P is
1
2

The kinetic energy of system equals the work done by
external force, so we get

AK=K-0=Fs
o kop| Y EGmt2m))
2\ my (my+m,)
- F*? (3my +2m, )

2my (1 +1m, )

ILLUSTRATION 50

A uniform cylinder of mass m, radius R is spun
about its axis to the angular velocity @, and then
placed into a corner, as shown in Figure.
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The coefficient of kinetic friction between the corner
walls and the cylinder is p. Calculate the normal
reaction imparted by the wall to the cylinder, by the
ground to the cylinder. Also calculate the angular
acceleration of the cylinder and the number of turns
accomplish by the cylinder before stopping.

SOLUTION

Let us draw the free body diagram for the situation
shown.

Since the centre of mass of cylinder does not
accelerate, so

-uN; =0
Also, Ny + uN, -mg=0
= N, =uN, (1)
N, +uN, =mg .(2)
From (1) and (2), we get
N, = ng and N, = ﬂmgz
1+u 1+u

S0, Tem =(UN7 )R+(uN, )R

)
(1 o
= > mR o = umgR

. a(%){ﬁ_ﬂ)
R N 1+u

_2u(l+p)g

(1447 )R

= = /,ngR[

)

, clockwise sense
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7]

Since, ®” -] =200

= 02—(0(2,:2 M 0
(1+2)R

B (1+,u2)Rw§
du(l+p)g

(1+4* )Ra}
ny = —————
" 8mu(1+u)g

GENERAL MOTION OF A RIGID BODY

Till now, we have been learning ways to analyse the
rotatory motion of a rigid body about a fixed axis of
rotation. Now, let us describe the motion of a rigid
body free to move in a plane. The basic laws of
dynamics are applicable in this case also. You can use
the following two results.

1. ):Fnet = My,
2. YT =la

Please note that the second result must be applied about
an axis taken through the centre of mass. This is so as the
points on the body are accelerating and thus non-inertial.
Although centre of mass also accelerates but the torque due
to pseudo force about the centre of mass will be zero

ILLUSTRATION 51

A uniform rod AB of mass m and length 2 is sus-
pended by two strings OA and OB of equal length
attached to a fixed point O. The rod is at rest in a
horizontal position and each string makes an angle
o with the horizontal. If the string OB is cut, in
what ratio the tension in OA will be instantaneously
reduced?

0

ae
SOLUTION
Initially 2T:sino = mg
- T=_% (1)

2sino

When the string OB is cut, let the tension in string
OA be Ty, then equations of motion for centre of
mass of rod are

Tf cos o
a, = .(2)
m
(0]
Tisino:
A
T; l—’x
o C\OE
> | 1 y
T,cosal ¥ B
mg
mg—T,sina
a, = I el ..(3)
m

If o be the angular acceleration of the rod about its
centre of mass C, then

_(Tfshla)[_?)Tfsina @

m(21) ml
12

At the instant OB is cut, point A moves perpen-
dicular to OA, so acceleration of point A along AO
should be zero, so

a, coso+losino =a, sina

Substituting the values, we get

Ticos’a 3I;sin’a (mg-T;sina)sine
+— =
m m m
for
/,I‘
I’\a .
1/ a)(
a

Solving this equation, we get

mg sin o
T,=— ..(5)
I cos? a+4sin o
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From equations (1) and (5), we get
T

T. cos’a+4sino 1+3sina

ILLUSTRATION 52

Auniform rod of mass m and length [ is acted upon
by the forces F and 2F as shown in Figure.

2sin’ o 2sin’ o

A >2F

02

X

P—F

BY

Calculate the linear and angular acceleration of the
rod. Also find the value of x for which the point P
does not accelerate.

SOLUTION

Applying Newton’s Second Law for translational
motion, we get

2F+F=ma

_3t
m

a

(1)

Applying Newton’s Second Law for rotational
motion to get the torque equation about centre of
mass, we have

2
zp(i)_H=(ﬂ)a
2 12

12F(1-x)
Q=Tx (2)

If point P does not accelerate, then we have
dp =iip, c +ic =0

= ap=0=-0x+a

= ox=a
12F(I-x)x 3F
= ——=—
ml? m

)

= xXx=-

2
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The uniform 50 kg pole ABC is balanced in the ver-
tical position. A 500 N horizontal force is suddenly
applied at B. If the coefficient of kinetic friction
between the pole and the ground is 0.3, determine
the initial acceleration of point A. Take g =10 ms 2.

A_

4m

B| —»500N

SOLUTION
N =mg =500
500 - uN =ma,
_ 500-uN
m

(500)-(0.3)(500) 2
a, = =7 ms
50
Now, let us calculate torque due to forces about the
centre of mass or centre of gravity G of the rod, then

7=(500)(1)-(0.3)(500)(3)

= 7=500-450=>50 Nm
A_

fy

I O%R
- |
_/

mg
—»500 N

AN

50
1 2
E(SO)(ﬁ)

1
= @=-rads™
3

So, acceleration of point A is

a,=a, —30(:7—(3)(%):6 ms ™ (to the right)
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ILLUSTRATION 54

A hemisphere of radius r and mass M is pulled
by means of a string (Figure) so that it moves with
a uniform velocity. If u is the coefficient of friction
with the surface, find the angle of inclination of the
hemisphere. Given that the centre of gravity of the

. . ) 3r
hemisphere lies at a distance E from centre.

SOLUTION

The hemisphere is moving with uniform velocity.
Hence, it is in equilibrium, both rotational as well as
translational. So,

N=mg (D)
F=uN (2

/
£

G /
7

,;ngTN

For rotational equilibrium about the bottom-most
point,

2 Thottom-most = 0

point
. 3r
= F(r—rsm9)=mg(83m9) ..(3)
Solving equations (1), (2) and (3), we get
sinf = Bu
3+8u

ILLUSTRATION 55

A rough uniform rod, of mass m and length 4a, is
held on a horizontal table perpendicularly to an edge
of the table, with a length 3a projecting horizon-
tally over the edge. If the rod is released from rest
and allowed to turn about the edge without slipping
then find its angular speed after turning through an

angle 6. Assuming that the rod has not started to slip,
deduce an expression, in terms of 6, for the angular
acceleration, and hence determine the reaction nor-
mal to the rod. Show that the rod begins to slip when

tan@ = %, where u is the coefficient of friction.

SOLUTION

Let C be the centre of mass of rod then by Law of
Conservation of Mechanical Energy, we have

%Ioaf =mg(asin®)

1[1%(4&)2

+ma® )a)z = mgasin 6
2 12

7
= gaa)z =gsinf

I [6gsin®
7a

Since, o=~ = ”TE;WCOSG _ 3gcos

LA 7a
3

Applying Newton’s Second Law for translation
motion along y-axis, we get

EFy =ma,

= mgcost—N =ma,

Since a, =ra=acx
=  N=mgcosf—ma, =mgcosO—m(ac)

3Imgcost 4

= N=mgcosf- =§mgc089

Rod begins to slip when
UN —mgsin@ = ma,
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Since a, = ro” = 1w’
- .
= ;,umgcos@— mgsin @ = m(aw?)

= gymgcosf)—mgsinﬂ _ fmgsing

- 13 .
= E,umgcos@ = 7mgsm8

= tanf= 4—‘”
13

ILLUSTRATION 56

A uniform slender bar AB of mass m is suspended
as shown from a small cart of the small cart of the
same mass m. Neglecting the effect of friction, deter-
mine the accelerations of points A and B immedi-
ately after a horizontal force F has been applied at B.

m

DF

SOLUTION

Let the acceleration of bar be 4, cart be 2’ and « be
the angular acceleration of the bar, then

Fe—pB
for the bar, we have
F-F' =ma (1)
for the cart, we have
F'=ma’ (2

Applying the torque equation for rod about the centre
of mass, we get

2
(F+F')£=£a
2 12
o pep Mo .(3)
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The acceleration of point A on the rod will be same
as the acceleration of the cart, so we have

EA=EAC+'§C
, oL
= -1'=—-a
2
La
'=g-— 4
= a=a > 4)
Solving equations (1), (2), (3), and (4), we get
7F 18F
£I=—,Ot=—
5m 5mL
= ‘ﬂf‘=|aA|=a_L_a=_£
2 5m
La 16F
= |og|=a+—=—
2 bm
CONCEPT OF TOPPLING

In our practical life, we have observed that when a
force F is applied on a block A of smaller width
and greater height, it is more likely to topple down
before sliding in comparison to another block B of
broader base/bigger width and lower height where
the chances of sliding are more compared to toppling.

»F

So, let us analyse these situations with the help of
examples using basic concepts of torque. For this let
us consider a block PQRS having centre of mass at C.

N
A
S R
5
Ce i
B SRNR
P QF
A\
mg

Let a force F be applied normally to face QR at
height i above ground. Let the frictional force f
be sufficient enough to prevent sliding. Now, if we
say that the normal reaction also passes through C,
then we have to face a problem that in spite of the fact
that translational equilibrium exists i.e., F=f and
N =mg, we have an unbalanced CW torque due to
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F about the point Q. This unbalanced CW torque has
a tendency to topple the block about point Q. So, to
cancel the effect of unbalanced torque due to F about
the point Q, the normal reaction N shifts towards the
right, say by [, such that

(mg)I=Ph
N
A
S R
Cyets ’
h
f suliR |
P 2k a

mg

Now, if F or I (or both) are increased then corre-
spondingly [ also increases, however cannot go
beyond the right side of the block (QR). So, in the
extreme case the normal reaction passes through
and beyond this the block will topple down.

N
A
S R
F

C
h
P
PlQ

Now, if F or h (or both) are further increased, then
the block will topple down. It is due to this reason,
that the block with broader base has less chances of
toppling in comparison to a block of smaller base
because the larger base has more margin to accom-
modate the shifting of the normal reaction.

Why rolling is easy in comparison to sliding?
From arguments and reasons discussed, we observe
that in case of a rolling body the normal reaction has a
zero margin to shift. So, even if the body is in transla-
tional equilibrium (F=f and N=mg), still an unbal-
anced torque (due to F and f) is left behind that
rotates the body in clockwise sense. The instant the
body starts rolling, the force of friction gets adjusted
in magnitude and direction such that pure rolling
starts (if it is sufficient enough) or the body starts slid-
ing if it is not sufficient enough).

C9

-t

ILLUSTRATION 57

A uniform cylinder of height # and radius r is
placed with its circular face on a rough inclined plane
and the inclination of the plane to the horizontal is
gradually increased. If 1 is the coefficient of friction,
then under what conditions the cylinder will

(a) slide before toppling
(b) topple before sliding.

SOLUTION
(@) The cylinder will slide if
mgsin@ > yumg cos@

= tanf>pu (1)

mg cosé

The cylinder will topple if
(mgsinﬂ)g >(mgcos@)r

= tan9>% ..(2)
Thus, the condition of sliding is tan6> i and
condition of toppling is tanf > % Hence, the

cylinder will slide before toppling if

s
<7

(b) The cylinder will topple before sliding if

g
H>7
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ILLUSTRATION 58

A uniform cube of side a and mass m rests on
a rough horizontal table. A horizontal force F is
applied normal to one of the faces at a point directly

above the centre of the face, at a height % above the

base. What is the minimum value of F for which the
cube begins to topple about an edge?

SOLUTION

In the limiting case normal reaction will pass through
O. The cube will topple about O if torque of F
exceeds the torque of mg.

N
A

ro|)
~

S
o

3a a
F_ _
- (4)>mg(2)
2
= F>-
3"

So, the minimum value of F is %mg

SHIFTING OF NORMAL REACTION AND
TOPPLING

When a surface comes into contact with other surface
then one surface applies normal reaction on other
surface. The normal reaction does not act only at one
point but it is distributed over the whole surface in
contact. Consider a uniform block lying on a horizon-
tal surface. Then the normal reaction is distributed
uniformly over the surface as shown in figure (a).
Now as the body is in translatory and rotatory equi-
librium thus the net force and torque on the body
should be zero.

M !
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To balance the torque and force of gravitational pull, nor-
mal reaction should have magnitude equal to the weight
of the block and effectively normal reaction should pass
through the centre of the block as shown in figure (b).

ILLUSTRATION 59

A uniform square block of side # and mass m is
lying on a horizontal surface. A small block of mass
m 1is placed on the top corner of the block. Find the
distance by which normal reaction is shifted.

SOLUTION

For translational equilibrium of the system, we have

N, =2mg

I
By

For rotational equilibrium of the system, we have

T, =(le—mg%)=0

a
(‘mgi) a

= x= =—
2mg 4

Here the normal reaction is still distributed but now
its distribution is non uniform as shown in Figure.

w1

A cubical block of side a is held at rest, against
a rough vertical wall by applying a force F acting
along the centre. The mass of the block is . Taking
acceleration due to gravity as g, calculate the
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(@) minimum coefficient of friction between block
and the wall.

(b) torque by normal reaction about centre of mass.

SOLUTION

The situation is shown in the Figure.

B
>

_____ I_____‘_

Let C be the centre of mass of the block. For equilib-
rium of the block, we have

SE,=0 =  F-N=0 (1)
IF, =0 = fo=mg .-(2)
=0 = —fs(%)+‘rN=U .03)

While writing equation (3), we have taken clockwise
torque to be negative.

Please note that the normal reaction N due to the wall on
the block does not pass through the centre C.

= N=Fand f,=mg

(@) Since f, <uN
= mg<uF

mg
ST g
M=

(b) -fs(f)w =0
2
a a ,
Ty = fi X S =M (in counter clockwise sense)

TOPPLING

Consider a square plate shown in figure. A force is
applied at the top as shown in figure. Now normal
reaction will shift to balance the torque produced by
F and friction about centre of mass. Now if force F
increases then normal will shift further but shifting

of normal has a limit. It cannot shift beyond point
A. Now if F is further increased then normal can-
not shift further to balance the torque. Hence now the
block will start rotating about point A. This is called

toppling.

Y

ILLUSTRATION 61

A square plate of side # and mass m is lying on a
horizontal floor. A force F is applied at the top. Find
the maximum force that can be applied on the square
plate so that the plate does not topple about A.

SOLUTION

For translational equilibrium of the system, we have

N =mg
f=F

A 4

0
}
mg

For rotational equilibrium of the system, we have
a

a a
t7=0=F—+f——N
0 2 fz 2

a
= Fa=mgo—
82

F=25

2
We can also think that when the body is in complete
equilibrium, then net torque will be zero about any
point taken. So net torque about the point A is zero.

=

a
= Fa=mgo—
82
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ILLUSTRATION 62

Aforce F is applied at the top most point of a cylin-
der of radius r and height /i as shown in Figure.

F el

l

(a) If the cylinder remains at rest, then find distance
of line of action of normal reaction from centre of
mass.

(b) Find coefficient of friction required so that the
cylinder topples before sliding.

holod

SOLUTION
(a) Since body is at rest, it is in translational
equilibrium
f=F
F .
ff
—
mg
f=F

For rotational equilibrium,
Tpet =0

et (about centre)

= F—h+F—h—Na=0
2 2

{ fr:‘F}

Fh Th
= g=—=—
N mg

(b) For toppling about point O

Tp > ng

= Fh>mgr
mgr

= F>—"°2>
h

.
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To avoid sliding, F < umg
= % <F<umg

= Lo
h#

WORK DONE BY A TORQUE

If a torque 7 rotates a body through infinitesimal

displacement 46 then the infinitesimal work done is
AW =7-d6

If 7 and d6 are in the same direction, then

dW =1d6
)
= W= de = J-rdﬁ
B

It a constant torque 7 acts on the body, then

W=1(6,-6,)

= W=1Af8

STRING CONSTANT (TORSIONAL CONSTANT)
AND ENERGY STORED IN A STRING

If a string is given an angular displacement 6
(measured in radian) then the torsion produced tries
to restore it to its original configuration and this
torque (torsion produced) is directly proportional
to 6. Mathematically,

T<0
= 1=-C0

where, C is called the Torsional Constant or the
String Constant of the string. The negative sign shows
that the torque is restoring in nature.

If dW is the infinitesimal work done to give the string
an angular displacement 6, then

AW = 1d6cos(180°) = —-7d0
= W=JdW=%C(9§ -6?)
If 91 =( and 92 = 6, then

W=Lce?
2
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ILLUSTRATION 63

Auniform cylinder of mass M and radius R, initially
at rest is mounted so as to rotate freely about a hori-
zontal axis that passes through the central axis of the
cylinder. A constant force F acts on the cylinder as
shown in Figure.

F

Calculate the angular velocity of the cylinder as it
rotates by an angle of 7.

SOLUTION
Work done by a constant force F is W = erﬂ, where

T=Fr, =FR
n
= W= J.FRdG = PRJdH =FRx
0
According to Work-Energy theorem, we have
W= llw}% L2
2 72

1
= EI cu} =FRr {cylinder was initially at rest}

o \/21:12::_ 2FRm \/4?12;:
TN MR?2 \ MR?

4Fn

“r VMR

POWER

The rotational power or simply the Power is defined
as the rate at which work is done by a torque. The SI

unit of power is watt and here too 1W =1 Js!
W 0
Average Power P, = n = r( n ) =10,

Instantaneous Power P, = i—vj =7 d—f =70

ILLUSTRATION 64

A motor rotates a pulley of radius 25 cm at 20 rpm.
Arope around the pulley liftsa 50 kg block, as shown
in Figure. What is the power output of the motor?

SOLUTION

The tension in the rope is equal to the weight since
there is no acceleration. Thus, T =500 N.

v/

Therefore, 7=TR =(500)(0.25)=125 Nm..

Angular velocity, ® = 27N
60
2r(2
o= 7(20) 2 rads™
60 3

The power required is

P=10=(125Nm™ )(2?” rads™! ) =260 W

WORK-ENERGY PRINCIPLE

According to this theorem, work done by a torque
equals the change in rotational kinetic energy.

1 1
ie. W=10=—Io"-~Iwj
2 2

So, in complete analogue to the Work Energy Theorem
studied in Translational Motion, we can say that the
net rotational work done by the forces is equal to the
change in rotational kinetic energy of the body.

Wrot = A‘Krot

For a rolling body, we have, work done equals the
change in total energy possessed by the rolling
body. So,

2
Wiota =AK =(;mvz —:12mu2 IH;]
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MODIFIED NEWTON'S SECOND LAW FOR
FIXED AXIS ROTATION

Since torqueis arotational analogue of force, therefore,
Newton’s Second Law for rotational motion is given

by

il
Tnet = Icma = Icm ( ;n )

It is valid in two situations.

(a) The axis is fixed in position and direction.
(b) The axis passes through the centre of mass and is
fixed in direction only.

The equation 7, =1, ¢, is valid even if the centre
of mass is accelerating.

MOTION OF A POINT MASS ATTACHED TO
A CYLINDER WITH A THREAD

Consider a point mass m attached to a thread wound
over a cylinder of radius R, mass M, moment of

inertia I(= %MRZJ and radius of gyration k. The

point mass ascends down with acceleration 7 and
the cylinder rotates while the thread unwinds. The
tension in the thread provides necessary torque to the
cylinder to rotate with angular acceleration . So,

‘ \\ AOR
-’ (L to plane of page)
mo

Front view

mg
Cross Sectional View

7=TRsin90=TR

Further 7=1¢

= TR=I¢
= TR=I(£) {'.'a=£}
R R
In
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Further,
mg—T =ma
= mg- I—i =ma
R

Special Case
If both the cylinder and the point mass possess equal
mass, then m=M and hence,

T=% and a=2—g
3 3
ATWOOD'S MACHINE

The free body diagrams of the pulley and the blocks
are shown in Figure. Note that tensions on two sides
of the pulley are different. Why? Applying Newton's
Second Law on the pulley, we get

t=TR-T,R=(T,-T,)R

Since, 7=

Ty T

T, myg mig

Therefore, (T, - T, )R =Ia
In
R
Applying Newton's Law on the blocks, we get

= TNL-T

T, —myg =mya ..(2)

mg-T, =ma ..(3)
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Solving equations (1), (2), (3), we get
ml - mz

A= ——— |8

If the pulley had no mass, then

I=%MR2—>O

1y, — 1ty
)
For pulley (generally assumed to be a disc or a

cylinder)

1=1MR2
2

= o=

APPLICATION OF NEWTON'S SECOND LAW
IN ROLLING MOTION

a

n

(a) Ignoring Rotation, write F,, =Ma,, for the
object as if it were a point-mass.

(b) Ignoring Translation, write 7=/,0 as if the
object were only rotating about the centre of
mass.

(c) Use of no slip condition ie. v.,,=Ro or
a.m, =Ra

(d) Solve the resulting equations simultaneously for
any unknown.

ILLUSTRATION 65

A solid cylinder of mass M has a string wrapped
several times around its circumference. The free end
of string is attached to the ceiling and the cylinder is
released from rest. Find the acceleration of the cylin-
der and the tension in the string.

Mg

ae
SOLUTION
Mg-T =Ma (1)
Also, 1=TR=1u
= 7= where 1= MR?
R 2
MRa
T=—— (2
; @
Condition of no slipping, 4= ar ..(3)

Solving equation (1), (2) and (3) we obtain

a=2?g and T=%

ILLUSTRATION 66

A thread is wound around two discs on either side.
The pulley and the two discs have the same mass and
radius. There is no slipping at the pulley and no fric-
tion at the hinge. Find out the accelerations of the two
discs and the angular acceleration of the pulley.

SOLUTION

Let R be the radius of the discs and T; and T, be
the tensions in the left and right segments of the
rope.

T I

W W

ay a

Acceleration of disc 1,

-T;
n="t—1 (1)
m
Acceleration of disc 2,
-T
g =82 Q)

m
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Angular acceleration of disc 1,

1 mR>

Similarly, angular acceleration of disc 2,

2T,
oy = —— “aa 4
2= 2 (4)
where, both ¢; and @, are clockwise.
W
Angular acceleration of pulley,
1 mR2 mR
For no slipping, R, —a; =a, - Ra, = R ..(6)

Solving these equations, we get

2g

=0 and a1=az=?

OBSERVATION

Since, both the discs are in identical situation, T, =T,
and a=0, i.e, each of the discs falls independently
and identically.

ILLUSTRATION 67

Find the acceleration and tension in the system
shown. Assume that the cylinder remains straight
and the strings are same.

e
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SOLUTION

The forces acting on the system are shown in Figure.

b7

L

9

Applying Newton’s Second Law for rotational
motion, we get

2(TR) =1«
Ia
= 2T=F (1)

Applying Newton’s Second Law for translational
motion, we get

Mg -2T = Ma

I
= Mg—R—i=Ma

M
= = g}
(M)
1, 52
Since, I = —MR
M 2
P
M+— 3
2

= 2T=M[2—g) {-.-1=1MR2}
203 2
M

= T——g
6

ILLUSTRATION 68

The arrangement shown in Figure consists of two
identical uniform solid cylinders, each of mass M,
radius R on which two light threads are wound
symmetrically. Find the tension of each thread in
the process of motion. The friction in the axle of the
upper cylinder is assumed to be absent.
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)

SOLUTION

If a be the acceleration at which the thread from the
upper cylinder is released and A be the total accel-
eration of the lower cylinder, then

Acceleration Acceleration at
| ofCM which thread
| of lower is being released
cylinder by upper cylinder

il

TY TY

= A=Ra+Ra=2a=2Ra

Applying Newton’s Second Law for rotational
motion, we get

1=(2T)R=1I«
In
= 2T=? (1)

Applying Newton’s Second Law for translational
motion, we get

Mg-2T = M(A)=M(2a)

In
= Mg—F=2Ma
= Mg—%a=2Ma

= Mg=(2M+%)a

o‘/ Test Your Concepts-IV

1. A uniform rod pivoted at its upper end hangs
vertically. It is displaced through an angle of 60°
and then released. Find the magnitude of the force
acting on a particle of mass dm at the tip of the
rod when the rod makes an angle of 37° with the

vertical. Given, cos(37°)=% and g=10ms™.

2. A thin horizontal uniform rod AB of mass m
and length ¢ can rotate freely about a vertical
fixed axis passing through its end A. At a certain
moment the end B starts experiencing a constant
force F which is always perpendicular to the orig-
inal position of the stationary rod and directed

Based on Torque and Applications

(Solutions on page H.155)
in the horizontal plane. Find the angular velocity
of the rod as a function of its rotation angle ¢
counted relative to the initial position.

3. The system in Figure is released from rest. The
30 kg body is 2 m above the floor and is con-
nected through an ideal string passing over the
pulley (a uniform disk with a radius of 10 cm and
mass 5 kg ) to another body of mass 20 kg. Find
the speed of the 30 kg body just before it hits the
floor and the angular speed of the pulley at that
time, the tensions in the strings and the time it
takes for the 30 kg body to reach the floor.
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A slender rod of mass m and length ¢ is released
from rest at 6=0°. Calculate the normal and fric-
tional forces, which are exerted on the rod by the
ground as it falls downward as a function of 6. Is it
possible for the rod to slip as it falls? Give reason in
support of your answer.

In the arrangement shown in Figure the mass of
the uniform solid cylinder of radius R is equal to
m and the masses of two bodies are equal to m,
and m,. The thread slipping and the friction in the
axle of the cylinder are supposed to be absent.
Find the angular acceleration of the cylinder and

) i T, . .
the ratio of tensions T—1 of the vertical sections of
2
the thread in the process of motion.

A horizontal force F is applied to the sphere

shown in Figure. Calculate the

(a) value of F required to hold the sphere in
equilibrium.

(b) frictional force of the incline on the sphere.

7.

10.
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A uniform solid cylinder of mass m and radius
a is free to rotate about its axis which is smooth
and vertical. A light inextensible string is wrapped
around the cylinder and its free end is pulled hori-
zontally with a constant force 2mg. Calculate the
angular velocity of the cylinder when the free end
of the string has moved through a distance 4a.

A uniform cylinder of mass m; and radius R is
pivoted on frictionless bearings. A string wrapped
around the cylinder connects to a mass m,, which
is on a frictionless incline of angle 6, as shown in
Figure.

This system is released from rest with m, at a
height h above the bottom of the incline. Find
the acceleration of m,, tension in the string, total
energy of the system when m, is at height h, total
energy when m, reaches bottom of the incline
with speed v and the speed v.

A solid hemisphere rests on a truck as shown in
Figure. If the coefficient of friction u is just suf-
ficient to prevent slipping, calculate the accelera-
tion of the truck.

Truck
(6] o]

A uniform rod of mass m and length ¢ is held
horizontally by two vertical strings of negligible
mass, as shown in Figure. Immediately after the
right string is cut, find the

Ed

Ed
X
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11.

12.

13.

14.

(a) linear acceleration of the free end of the rod.

(b) linear acceleration of the centre of mass of
rod.

(c) tension in the left string.

A uniform cylinder of mass M and radius R has a
string wrapped around it. The string is held fixed
and the cylinder falls vertically, as shown in Figure.
Calculate the acceleration of the cylinder and ten-
sion in the string.

A uniform solid cylinder of mass m and radius
a starts rotating from rest freely about its axis of
symmetry under the action of a constant torque
4mga. Find the angular velocity of the cylinder at
t=4s from the start.

A cord is wrapped around the rim of a solid cylin-
der of radius 0.25 m and a constant force of 40 N
is exerted on the cord as shown in Figure.

&

&

If the cylinder is mounted on frictionless bearings

and moment of inertia of cylinder is 4 kgm’, then

(a) use the work-energy principle to calculate the
angular velocity of the cylinder after 5m of
cord have been unwound.

(b) if 40 N force is replaced by a 40 N weight,
calculate the angular velocity of cylinder after
5m of cord has unwound.

Take g=10 ms™

40N

Two identical uniform discs A and B each of mass
m and radius R are held, as shown in Figure with
the help of a long massless string which is wrapped

15.

16.

around the discs in opposite directions. Disc A is
attached to the ceiling in such a way that it can
rotate freely about its axis. The disc, B, initially
held at same height as A, is then released to fall
so that string unwinds from both the discs. Find
the angular and linear accelerations of falling disc
and tension in the string. Assume that string does
not slip and motion is confined in the same verti-
cal plane.

A ring of mass m and radius r has a particle of
mass m attached to it at a point A. The ring can
rotate about a smooth horizontal axis which is
tangential to the ring at a point B diametrically
opposite to A. The ring is released from rest when
AB is horizontal. Find the angular velocity and
the angular acceleration of the body when AB

has turned through an angle g .

A uniform slender bar is released from rest in the
horizontal position as shown in Figure. For what
value of x the angular acceleration is maximum?
Determine the corresponding angular accelera-
tion a.

r Y
=
Y
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ACCELERATED PURE ROLLING

Till now we had been discussing uniform pure roll-
ing where v and ® are constants. However, if an
external force is applied to a rigid body, then the
motion no longer is uniform pure rolling. Now for
pure rolling on a stationary rough ground we must
have

v=Rw (D)
Taking derivative on both sides of (1) w.r.t. time f, we
get

io_y(d0)

dt dt
= a=Ra ..(2)

So, inaddition to v = R@ to be obeyed at every instant
of time, the relation a=Ro is also obeyed for pure
rolling to take place and this is called Accelerated
Pure Rolling.

Problem Solving Technique(s)

Here friction plays an important role in maintain-
ing the pure rolling. The friction sometimes may act
backward and sometimes may act forward or under
certain conditions may also be zero, because the
basic nature of friction is to self-adjust (up to a cer-
tain maximum limit) and it has a tendency to stop the
relative motion between the two surfaces / bodies in
contact.

Let us now have a more clear understanding of this
concept by applying a force F to the top most point
of a rigid body of mass M, radius R and moment of
inertia [ about an axis passing through its centre of
mass, as shown in Figure.

F F

Now, this applied force F produces in the body a/an

(a) linear acceleration (a) and

(b) angular acceleration ()
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Now three cases arise

(i) If 2= Re, then no need of friction and f = 0.

(ii) If 2 < Ra, then to support the linear motion and
to oppose the angular motion, friction f acts
forwards (along a).

(iii) If a> Re, then to support the angular motion
and to oppose the linear motion, friction f acts
backwards (opposite to a).

So, we observe that the friction f can be zero, forward
or backward depending upon value of I, M and R.
Applying Newton’s Second Law for linear motion,
we get

F+f=Ma .3)

Applying Newton’s Second Law for rotational
motion, we get

T=Io
= FR(CW)+ fR(CCW)=1Ia
= FR-fR=l« ..(4)
For pure rolling to take place, we have
a=Ra
- PR—fR:I(”)
R
5 P—f:(%)a )
From (3) and (5), we get
2
(1)

From (6), we observe that if we have

(i) I=MR? ie, a force F is applied at top of a
ring, then f=0 and the ring will roll without
slipping.

(i) 1<MR’ ie., a force F is applied at top of a
solid sphere, a shell, a cylinder or a disc, then f
is positive i.e., f acts forwards.

(iii) If 1> MR ie, f acts backwards. Although for
the axis passing through CM, we cannot have
I>MR”.

So, we conclude that f is either zero or forwardsi.e.,
along F and so it supports linear motion.
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ILLUSTRATION 69

A force F is applied at centre of a uniform round

object of mass m radius R and moment of inertia

1
cm — k)
mR*

about its centre of mass I_,,. Find (if

(@) Acceleration of centre of the round object if it
rolls without slipping.

(b) Minimum coefficient of friction required so that
the round object rolls without slipping.

SOLUTION
Equation for translatory motion

F-f=ma (D)
Equation for rotatory motion

R=I,a (2
Condition for no slipping

a=Ra ..(3)

f

By solving the equations

Folamf

=ma
2
R

o F F T
I, m[1+1““] m(1+k)
mR?
I F kF

TR (1+k) (14K

f

kF
Thus Hppin Mg = m

- _(L)i
Hnin 1+k /) mg

ILLUSTRATION 70

Aforce F is applied on a disc at its centre. Find accel-
eration of centre of mass in the case of pure rolling
and also find minimum coefficient of friction required
for pure rolling.

(mass =m)

SOLUTION

Let the friction force acting on disc be f,, acceleration
of centre of mass is 2 and angular acceleration is ¢.
We have three unknowns

f

M a @a O f
We require 3 equations to solve them
Translatory Motion
F—f. =ma (D
Rotatory Motion
2
mr
rf,=——a (2
=" @
Condition of no slipping
a=ra ...(3)
By solving (2) and (3)
ma 3ma
=—, F = —
fr== 5
2F m_2F F
= =3y fr =55y fr =3
Now, f, <uN
= E Sum
3° Hmg
F
= puz—

- 3mg



ICON

Chapter 3: Rotational Dynamics 3.71

Problem Solving Technique(s)

(@)

(b)

()

In accelerated pure rolling the velocity of the
bottommost point is zero but despite the rela-
tion a=Re, the acceleration of the bottommost
point is not zero. Because acceleration of any
point P can be given as

Here, dpe has two components:

Tangential acceleration a,=ra (which s
perpendicularto CP ) and radial or normal accel-

eration a, =rw’ (which is along PC)

/—»a), o

—>v,a

Since, dpc =dp —dc

= @p =dc +(dpc ), +(dpc ),

For the bottommost point, dc +(dpc ), =0
Because d- =a {in forward direction}
and (dpc ), =Rax {in backward direction}
and since, a=Ra therefore, dc +(dp ), =0

But (dpc ) #0, because it is R’ towards cen-
tre. Thus, acceleration of bottommost point is

Rw’ towards centre.
If a.,, is acceleration of CM of A then accelera-

tion of Bis also acy, = a.

T
&7

Similarly, in the problems like shown in Figure,
it is wrong to say that acceleration of point P is
equal to acceleration of block A. Although we
can write,

a,=a+ra

(d)

(e)

In case of pure rolling, problems can also be
solved by using the energy conservation prin-
ciple (provided no other dissipative forces are
present). So, in this case we can also use the Law
of Conservation of Energy to get

Decrease Increase Increase in
inGPE |=| inKE [+]KEof Rolling
of A of A of Spool

If ac,, is acceleration of CM of spool, then accel-
eration of B is

Acceleration at

Acceleration . .
: which thread is

ag = of CM :
8 being released
of spool
from spool
Ay =dcy, + 1o
B
)
If aqy,=a
ag=a-+ro

In this particular case,
dg=-a+ro
{CM of spool moves backwards}

In cases where pulley is having some mass and
friction is sufficient enough to prevent slipping,
the tension on two sides of the pulley will be dif-
ferent and rotational motion of the pulley is also
to be considered.
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(f) Ata given instant the value of @ for arigid body
will be same for every point.

(g) The torque equation (7=Ie) can be applied
only about two points. These are,

(i) centre of mass
(ii) point about which body is in pure rotation.

ILLUSTRATION 71

A thin light thread is wound on a reel of mass 3 kg
and moment of inertia 0.6 kgmz. The inner radius
is R=10cm and peripheral radius is 2R =20 cm.
The reel is placed on a rough table and the friction is
enough to prevent slipping. Find the acceleration of
the centre of reel and of hanging mass of 1kg.

SOLUTION

Let, 1, =acceleration of centre of mass of reel
a1, = acceleration of 1 kg block
o = angular acceleration of reel (clockwise)
T = tension in the string

and f = force of friction

Free body diagram of reel is as shown where, only
horizontal forces are taken.
Equations of motion for reel are

T-f=3a (D)
T f(ZR)—TR - 02f-0.1T ~ i_z )
I I 0.6 3 6
Free body diagram of mass is also shown here.
T
—h, T
_____ »a
@ r laz
f '
10N
Equation of motion for mass is
10-T=a, ..(3)

ae
For no slipping condition, we have
1 =2Ra
Since 2R =02 m
= 4,=020 ..(4)
and 4, =0, -Ro
= a,=0-0la ...(5)

Solving equations (1), (2), (3), (4) and (5), we get

a, =027 ms™ and a, =0.135 ms™

ILLUSTRATION 72

A uniform solid cylinder of mass M and radius R
rolls a rough inclined plane with its axis perpendicu-
lar to the line of greatest slope as shown in Figure.

M

0

As the cylinder rolls it winds up a light string which
passes over a light and smooth pulley and attached to
a mass 11, the part of the string between pulley and
cylinder being parallel to the line of greatest slope.
Prove that the tension in the string is

. _[(3+4sin9)Mmg)
- 3M +8m

SOLUTION

If cylinder rolls down at acceleration a4, mass m goes
up at acceleration 2a so we use

T —mg=m(2a) (1)

Mgsin6-T - f=Ma (2)
Lyl

fR—TR—zMR (R) ...(3)

Adding equations (2) and (3), we get

Mgsin6-2T = EM@

2 .
= a=-gsinf-——
3 3M

From equation (1), we use
4T

T-mg= Zm(%gsinf)—gﬂ)
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a0
4 8m
= T-mg=-= ind—-——T
mg 3mgsm M
8m

= T(1+—J= mg(isinfh—l)
3M 3

. Mmg(4sinf+3)
3M+8m

BODY ROLLING WITHOUT SLIPPING ON AN
INCLINED PLANE

METHOD I: Using the concept of Newton's Second
Law (for translation and rotation motion)

Consider abody of M radius R and moment of iner-
tia I rolling without slipping on an inclined plane
(making an angle 6 with the horizontal). For the
body to roll without slipping necessary friction ( f)

must be present. From the Figure we observe that all
forces (other than friction) are acting along the radius
and hence will not produce torque in the body.

However, friction being a tangential force will
produce a torque 7 given by

7= fRsin90
= 71=/R
Further
t=Io
= la=fR
a
= I—==
R »ﬂa
In
= f:E (1)
Further
Mgsinf— f = Ma

= Mgsin@—%: Ma

= Mgsin9=(1§—2+M)u

Chapter 3: Rotational Dynamics 3.73

_ Mgsin6

If k is the radius of gyration of the rolling body, then

I = Mk?
. gsinf 0
k2
[“F]

METHOD II: Using the concept of IAOR
At the point of contact velocity is zero, so the net
torque due to the various forces about the IAOR is

T= (Mgsinﬂ)R=ImORa

= (MgsmH)R=(MR2+Mk2)%

gsin6R”
= A="573
R +k
. a:gsmﬂ
kZ
HF
In (MR?) gsinf
= f=_2= 2 2
R R k
[“?J
Mosi
S f- gsin6
R’
[szJ
If u be the coefficient of friction, then
,u:£,where N = Mgcosd
Using (3), we get
tan@
= ()
R
[szJ
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CONDITION FOR A BODY TO ROLL For a body rolling on a surface,

WITHOUT SLIPPING
(a) if the surface is smooth, then, a = gsiné if surface
For a body to roll without slipping, the force of fric- is smooth
tion f calculated above must be less than or equal to (b) if pure rolling takes place, then friction must
the maximum value of friction i.e. uMgcos®. be sufficient enough to prevent slipping, ie.
Mgsin® 1> Ui then
= < Mg cos@ _ _
( R gsing gsin@
1+—- a= =
k* | K2
1+ ) 1+—
tan@ MR R?
= pu2 o "
mgsin
(1+k—2) and f= ng
==
For various rolling bodies 4, f and the condition to ( S )
roll without slipping are shown in the table. : : U
() if the surface is rough, but friction is insufficient

From table, we conclude .2
to prevent slipping i.e. u<u.;, then forward

slipping will take place and maximum friction will
act in this case and then the acceleration of the
body is a =gsin@ - ugcos@

AspyERE =~ Apisc = ACYLINDER = 4SHELL = 9RING

Hence fopyere <tpisc = feyinper < fspern <fring

i.e. the sphere reaches the first and the ring reaches

the last down an incline (while rolling).
The various parameters for bodies of different shapes are

OBSERVATION given in the Table.
M,R, |
a/
0
Ring Disc Cylinder Shell Sphere
Condition to Roll K2 K2 1 K2 1 k2 o K2 o
- - - - = 1 — = —_— — =m —_—
Without Slipping ( R ] [ R 2) [ 2 2] (Rz 3J ( e 5)
- §5in 1 2 2 3 5
(1"';_22) a= gsing azggsinﬂ azggsine azggsinﬂ a=_gsing
Mgsing
f=r"—== 1. 1. 1. 2 2.
R f==-Mgsin | f=—-Mgsind | f=—Mgsinf | f=-Mgsind | f=—Mgsinf
1+ 2 2 3 3 5 7
Condition to Roll
without Slipping is 5 7
R? f=tan”'(2u) | O=tan”'(3u) | O=tan”'(3p) than_l[?'u) 9:tan_1(7’u)
O=tan"'| y| 1+ —
12
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ILLUSTRATION 73

A shell is released from the top of an inclined plane
of inclination 6. Calculate the minimum coefficient
of friction between the shell and the plane to prevent
sliding. Assuming the friction coefficient between the
shell to be half the calculated minimum value, then
calculate kinetic energy of the shell as it moves a
length | down the incline.

SOLUTION
For pure rolling of shell, we have
mgsin® - f =ma,
gsin@
1+(k2/R?)

kZ
For hollow sphere 2 =3 so we get

where, a4, =

mgsh19—f=m( ,

2
= f=gmgsin9

For no sliding to take place, we must have
f < fi(= umgcosB)

= %mgsin9< pmg cos 6

= >gtan8
#>3

= étan 8, then friction on shell is

1
f=umgcos6 = gmgsinﬂ
Acceleration of shell is

a=gsinf-ugcosf= ggsinﬂ
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Angular acceleration of shell is
1 )
R g mgRsinf
I 3 MR
3

Time of sliding is

t_\/g_ 51
a \2gsin®

Speed attained by shell as it travels a distance [ of
inclined is

_ 3 gsind
10 R

ov=at

= v=‘/§glsm9

Angular speed attained by shall as it travels a dis-
tance [

o=ol
o= 3gsin@ | 5l
10R Y\ 2gsin6

[6glsin®
w= 2
40R
Final kinetic energy of balls is

K=lmvz+11w2
2 2

o Ke lm( 8glsm9)+l(%mR2 )(9glsm8)
2 5 2\3 40R?

= K=(£+i)glsin8
5 40
7 )

= K=§mgfsm9

ROLLING WHEEL ON A MOVABLE PLANK

Till now we have seen round objects rolling on a fixed
surface. Surfaces being either horizontal or inclined
but fixed. But what if the surfaces themself move.

Yo

-,
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Consider a round body of radius R moving on a plank.
Let the centre of the round object has velocity v, and the
round object has angular velocity ®. The plank is mov-
ing with a speed v, as shown. Now for pure rolling, the

two points in contact should have same velocity. Thus
and a,-Ra=a,

where 4, is acceleration of centre, ¢ is angular accel-
eration and 4, is acceleration of plank.
For forward slipping, we have
vy —Ro>v,
2y —Rer>a,
if vy, ® and v, satisfy the relation v) -Ro =1,
For backward slipping, we have
v —Ro<v,
ay—Ra<a

p
if v), @ and v, satisfy the relation vy -Rw =1,

ILLUSTRATION 74

Consider a disc of mass m and radius R placed ona
rough plank of mass M which in turn is placed on a
smooth horizontal surface.

l —F

Now plank is pulled by a force F and disc starts to
roll on the plank. If there is no friction anywhere then
calculate the force of friction acting on the disc. Also
calculate the angular acceleration of the disc.

SOLUTION

Let us apply Newton’s laws on disc in horizontal
direction

Qf a

T
lMg

L

f=

For plank, we have

F-f=Ma (2)
Applying torque equation on disc about its centre of
mass, we get

T=lo

R2

= fR= ’””T o -(3)
For pure rolling, we have

a,=a+Ra ..-(4)
Solving the four equations, we get

Fm 2F
f= and = ——
m+3M (m+3M)R

ILLUSTRATION 75

In the arrangement shown a spool of mass m,
moment of inertia I is placed on a plank of mass M.
There is no friction between the plank and the surface
inclined at an angle 6. If friction between spool and
plank is sufficient enough to prevent slipping, find
the angular acceleration of the spool and the value of

ratio ( %) for which plank will

28

(i) ascend
(ii) descend
(iii) will remain stationary

SOLUTION

The free body diagrams for spool and plank are shown
here. According to Newton’s Second Law, we have

AN

mgsinB

T

mgsinf



ICON

(] )
for m, mgsin@+ f - T =ma, (1)
for M, Mgsinf- f = Ma, (2

Taking moment of forces about centre of spool, we
get

T(R)-f(2R)=1Ia ..(3)
For no slipping at point B, we have
1 -Ra=0 ..(4)
For no slipping at point A, we have
1'11 —ZR(I:LIZ .-.(5)
From equations (4) and (5), we get
32 = —RO.’ . .(6)
Solving above equations, we get
(m—M)gsin®
=\ 1 e R
mR™+MR" +1
CASE-1:
. m
For m< M i.e, (—)<1
M
o — negative, a, — positive
So, the plank will descend.
CASE-2:
, m
For m> M i.e, [—)>1
M
o 1s positive, a, is negative
So, the plank will ascend.
CASE-3:

RT
@RT

a4

For m=M ie, —~=1,
M

a=0,a,=0

So, the plank will remain stationary.

ILLUSTRATION 76

A sphere of mass 10 kg is placed on the inclined sur-
face of a rough wedge of inclination 30°. If the mass
of the wedge is also 10 kg, calculate the acceleration
of the wedge when sphere is allowed to roll down

Chapter 3: Rotational Dynamics 3.77

without slipping. Neglect friction between ground
and wedge. Take ¢ =10 ms .

30°

SOLUTION

When the sphere rolls down without slipping on
the wedge, the wedge exerts a normal reaction N
on sphere. Consequently, the sphere exerts the same
force N on wedge as shown. Furthermore, if friction
f on the sphere due to the wedge is tangentially
upwards, then friction on wedge due to sphere acts
tangentially downwards as shown. Also N’ be the
normal exerted on wedge by horizontal frictionless
ground and mg be the weight of the wedge. Due to
these forces, if 2 be the acceleration of wedge towards
left a, be the acceleration of centre of mass of sphere
down the plane relative to wedge. o be the angular
acceleration of the sphere.

Free body diagrams for the wedge with respect to
ground and the sphere with respect to wedge are
shown in Figure.

fcos(30°) Nsin(30°)

fsin(30°)
mg

For wedge, the equations of motion are
N’=Ncos(30°)+mg+ fsin(30°)
N'sin30° - f cos30° = ma

= E—ﬁ=10a
2 2
= N-3f=20a (1)

For sphere, the equations of motion are, (m=10kg)
F, = ma,

= mgsin30°+macos30°— f =ma,

= 50+5V3a-f=10a, .(2)

Also, IF, =0
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=  N+masin30° = mgcos 30°

= N+52=5013 .3
Further, cx=z= ZfR =i ...(4)
ngz =

For no slipping between the wedge and the sphere,
we have

a, =Ra ..(5)

Solving equations (1), (2), (3), (4) and (5), we get

a1=211ms"

ILLUSTRATION 77

In the arrangement shown in Figure, the string is
wrapped around a uniform cylinder which rolls with-
out slipping. The other end of the string is passed
over a light, frictionless pulley and is connected to
a falling weight. Find the acceleration of the falling
mass m in terms of only the mass of the cylinder M,
the mass m and g¢.

M

]

SOLUTION

Let T'be the tension in the string and f the force of (static)
friction, between the cylinder and the surface. If 4, be
the acceleration of centre of mass of cylinder towards
right a, be the downward acceleration of block m and
o be the angular acceleration of cylinder (clockwise)

T
A
P
& gt
f
mg
For block, mg—T = ma, (1)
For cylinder, T+ f = Ma, .-(2)
_(T-F)R ..3)
i

2

Since the string attached the mass m to the highest
point of the cylinder, so

v, =0cy +R@
Differentiating we get

1, =a; +Ra ..(4)
For M to roll without slipping, we have

1, =Ra ...(5)
Solving equations (1), (2), (3), (4) and (5), we get

0= 8mg
2 3M+8m

ILLUSTRATION 78

A cylinder of mass M, radius R is sandwiched
between two planks having masses M and 2M. Two
constant horizontal forces F and 2F are applied on
the planks as shown. Determine the acceleration of
the centre of mass of cylinder, top plank and bottom
plank if there is no slipping at the top and bottom
of cylinder. Also find the friction between the planks
and cylinder and the angular acceleration of the
cylinder.

M

SOLUTION

fa

Fe—(———*
2M  a,
—

Equations of motion

for plank M is, F+ f; = Mg, (1)
for cylinder M is, f,+ f, = Ma, ..(2)
for plank 2M is, 2F - f, = 2Ma, ...(3)
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Further for the cylinder, we have

(fi-fo)R

1MR2
2

= azi‘z(%{m ()

For no slipping condition, at the points of contact A
and B, we have

and a4, -Ra=un, ...(6)
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We have six unknowns, f;, f,, @, a, a; and 0.
Solving the above six equations, we get

21F F 23F
&1 - 7 612 - 7 a3 =
26M’ "2 26M 26M
5F 3F 11F
==—, = — d =
h=-2g =33 ™ 13MR

Negative sign with f, indicates its direction is oppo-
site to the direction shown in Figure and negative
sign with o shows it is in CW sense.

0\7 Test Your Concepts-V

1. Aheavyroll of wrapping paper of mass M, radius R,
in the form of a solid cylinder is resting on a hori-
zontal tabletop. If a horizontal force F is applied
uniformly to the paper, as shown in Figure, find
the linear acceleration of the centre of the roll and
the angular acceleration around the centre of the
roll. The coefficient of kinetic friction between the
paper and the table is 1. Assume the roll of paper
does slip on the surface.

»
L

_pF
—

—

2. A spool of thread of mass m is placed on an
inclined smooth plane set at an angle 6 to the
horizontal. The free end of the thread is attached
to the wall as shown in Figure. Find the accel-
eration of the centre of mass of the spool, if its
moment of inertia about its axis is | and the radius
of the wound thread layer is .

Based on Uniform and Accelerated Pure Rolling

(Solutions on page H.159)
3. In Figure the cylinder of mass 10 kg and radius
10 cm has a tape wrapped round it. The pulley
weighs 100 N and has a radius 5 cm. When the
system is released, the 5kg mass comes down
and the cylinder rolls without slipping. Find the
acceleration and velocity of the mass as a function

of time.

20 ch . @

5kg

4. A lawn roller in the form of a thin-walled hollow
cylinder of mass M is pulled horizontally with a
constant horizontal force F applied by a handle
attached to the axle. If it rolls without slipping, find
the acceleration and the friction force.

5. Asolid cylindrical wheel of mass M and radius R
is pulled by a force F applied to the centre of the
wheel at 37° to the horizontal. If the wheel is to
roll without slipping, what is the maximum value
of |F|? The coefficients of static and kinetic fric-

3
tion are ug =0.40 and p = 0.30. sin(37°):§.

6. A sphere, a disc, and a hoop made of homoge-
neous materials have the same radius (10 cm)
and mass (3 kg). They are released from rest at
the top of a 30° incline and roll down without
slipping through a vertical distance of 2 m.
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(a) What are their speeds at the bottom?
(b) Find the frictional force f in each case.
(c) If they start together at t=0, at what time
does each reach the bottom?
7. A Yo-Yo of mass M has an axle of radius b and

a spool of radius R. Its moment of inertia can be
2

taken to be % The Yo-Yo is placed upright on

a table and the string is pulled with a horizon-
tal force F as shown. The coefficient of friction
between the Yo-Yo and the table is . What is the
maximum value of F for which the Yo-Yo will roll
without slipping?

8. A cylinder of mass M and radius R is lying on a
rough horizontal plane. It has a plank lying at its
top as shown in Figure. A force F is applied on
the plank such that the plank moves and causes
the cylinder to roll. The plank always remains
horizontal. There is no slipping at any point of
contact. Find the acceleration of the cylinder and
the frictional forces at the two contacts.

F
LI 4

M

9. A block of mass m=Tkg slides down the surface
of a smooth incline as shown in Figure. The block
\.

is tied to a string which is wrapped around a disk
capable of rotating about a horizontal axis. The
disk has a mass M=5kg and a radius R=0.2 m.
Initially the string is taut. If the mass is released,
calculate its acceleration. Take g=9.8 ms™

30°

10. Find the acceleration of the cylinder of mass m
and radius R and that of plank of mass M placed
on smooth surface if pulled with a force F shown
in Figure. Given that sufficient friction is present
between cylinder and the plank surface to prevent
sliding of cylinder.

m

9 .

11. A ball of mass m and radius r rolls along a cir-
cular path of radius R. Its speed at the bottom
(9=0) of the path is v,. Find the tangential and
the normal force exerted by the path on the ball as
a function of 6.

/

ANGULAR MOMENTUM (L)

The rotational effect of linear momentum is called
Angular Momentum. When a body rotates about
some point/axis, then the momentum associated
with the body due to its rotation is called Angular
Momentum. An external torque is required to change
angular momentum just like an external force is
required to change the linear momentum.

CASE-1: Angular Momentum of a Particle About
Some Point

Angular Momentum, [ ofa particle about an arbi-
trary point O is the moment of linear momentum
taken about that point.

[ = Linear L Distance of
~ | Momentum pfromO

= L=pr
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= L=prsing {in magnitude}

where 1, =rsin# is called the moment arm.

Vectorially
L=Fxp
= L=m(Fxd)

If 7= xi+yj+zk and 7= 0, +v,j+0,k, then

® ¢ ¢
1]k
L=m|x y z
U Uy T,

The direction of L is also found by Right Hand
Thumb Rule.

0 ir = rsing -»
The SI unit of angular momentum is kgms ™.

Please note that angular momentum is defined
always with respect to a point.

CASE-2: Angular Momentum of a Rigid Body
Rotating About a Fixed Axis

The total angular momentum L of a system of parti-
cles relative to a given origin is the sum of the angular
momentum of the particles.

A rigid body rotating about a fixed axis
L=2(7xf;)
Since 7, and p; are perpendicular, so
L=Zr,p;, where p; = m;v; = m;r,»
= L= (Emmz )0)

= L=Iw,where [ = Xmr’
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CASE-3: Angular Momentum of System in
Combined Rotation and Translation

If a body is in combined rotation and translation like
rolling and we are asked to find the angular momen-
tum of the body about any fixed point or a reference
point, then

Liotal = Lom + M(FCM X Tem )

ie, total angular momentum of system/body is
equal to the sum of the angular momentum of the
CM about that point and the angular momentum of
the system about the CM.

So, for a rigid body undergoing linear and rota-
tional motion, the total angular momentum may be
split into two parts

(a) the orbital angular momentum, L, and
(b) the spin angular momentum L, .

The orbital angular momentum is the angular
momentum of the centre of mass motion about an
origin O in an inertial frame.

The spin angular momentum is the angular momen-
tum relative to the centre of mass.

The orbital term treats the system as a point
particle at the centre of mass, whereas the spin term is
the sum of the angular momenta of the particles rela-
tive to the centre of mass. The total angular momen-
tum relative to the origin O in an inertial frame is the
sum of both the angular momenta i.e.,

L= LOrbital + LSpin = J|T*O + Lcm

ILLUSTRATION 79

A particle of mass m is projected from origin O with
speed u at an angle 6 with positive x-axis. Positive
y-axis is in vertically upward direction. Find the
angular momentum of particle at any time { about
O before the particle strikes the ground again.

y

[y

<i

)
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SOLUTION

L=m(7x3)

~

Here, F(t)=xf+yf=(ucosB)tﬁ(utsinﬂ—igtz);

A A

and ﬁ(t)=vx§+vy] = (1cos8)i +(usin—gt)]

i j k
= L=m(Fx%)=m|(ucosh)t (1,tsin(‘))t—;gt2 0
ucosf usinf-gt 0

A

= I:=—;m(ucosﬂ)gt2k

ILLUSTRATION 80

Assolid sphere of mass M and radius R rolls without
slipping on a horizontal surface as shown in Figure.
Find the total angular momentum of the sphere with
respect to the origin O fixed on the ground.

SOLUTION
Let us assume the clockwise sense of rotation positive.
Orbital angular momentum about O is L, = MuR
Spin angular momentum about centre of mass is

L, =lo= %MR%
The total angular momentum is

2
L=l +Lay = MoR+ZMoR

For pure rolling, we have v = wR

= L=%M?}R

ILLUSTRATION 81

Adisc of mass M and radius R rotating at an angu-
lar velocity @ about an axis perpendicular to its

, R .
plane at a distance 5 from the centre, as shown in

Figure. Calculate the angular momentum of the disc
about the axis shown.

q

SOLUTION

The moment of inertia of the disc about the given axis
may be found from the parallel axes theorem, equa-
tion T=1I_ +Md’, where  is the distance between
the given axis and a parallel axis through the centre
of mass.

2
Here h= E, therefore, [ = 1MR2 + M(R) = §MR2
2 2 2 4

The angular momentum is L=Iw= ZMRZGJ

RELATION BETWEEN L AND 7

As force changes the linear momentum of a particle,
torque changes the angular momentum of a particle.

Since, L=7x (1)

The rate of change of angular with time is found by
taking the derivative on both sides of (1) with respect
to time. So

AL d

b G
di- =y = dB dA -

Usi ,—AxB)=A><—+—><B, t

smg dt( I il we ge
AL _ dp df .
— =FX—+—X]p
dtdt dt
. P
L rxE+oxp { —p=Fandd—r=5}
dt d dt
%=?xﬁ+m(ﬁxﬁ) [ p=md}

—=FxF=%
dt
= f—d—i
dt
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ILLUSTRATION 82

Show that the equation 7 = ar , can be applied to the
motion of a projectile.

SOLUTION
The change in angular momentum of the projectile
is produced by the torque exerted by the force of

gravity.
In Figure, we take the initial point as the origin. Ata

later time, 7 =xi +yj.

Since the force on the particle is F = —mgj , the gravi-
tational torque on it is

1= (xIA + yf)x (—mg}) = —mgxlz

The rate of change of the angular momentum

-

L=7rxp is
AL _ dp . db
— =P X—=MrxX—
dt dt dt

—

But the acceleration is % =—gj. 5o,

%=m?x%=m(x;+y})x(—8})=_(mgx)£

Hence the equation 7= Z—i is applicable here.

ANGULAR IMPULSE

In complete analogy with the linear momentum,
angular impulse is defined as

AL= J.fmdt
Since we know that linear impulse ] equals the
change in linear momentum, so we have

J = FAt=Ap=m(5;-5;)

In one dimension, we can simply write this as

I=AP=Pf‘Pf=””(Uf‘W:‘)
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If v; =0 and v; =0, then we have | =mv

= ==
m

Just like translational the impulse momentum
theorem in translational motion, we have angular
impulse angular momentum theorem in rotation
according to which angular impulse equals the
change in angular momentum of the body and hence

Angular Impulse (Al) = 7At = AL
= Al=tAt=AL=L;-L=I(0;-)
Since, T=Fr,
= Al=(Fr )At=]r, {~ FAt=]}
= Al=jr =L -L=1(0;-a;)

If I, =0, then L; = L=l
= Al=Jr =Io

Jr.

I
In Figure (a): A linear impulse | is applied at centre
of mass C of the rigid body.

= o=

T
3|

(a)
Just after hitting, it will have only translational
motion and its linear velocity will be given by

V="
m

In Figure (b): Alinear impulse | is applied at point P,
at a perpendicular distance r, = CP.

2
I

|
3|

Just after hitting it will have both translational and
rotational motion. Its linear velocity v and angular
velocity @ will be given by

J Jr,

v=— and w=—
m I
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If r, isincreased (keeping | to be constant) then v will
remain same but @ will increase. So, the translational
kinetic energy will have the same value but rotational
kinetic energy will be more.

Problem Solving Technique(s)
Since, Angular Impulse (Al) = 7At = AL
Now, following three cases can be considered.

(a) If torque is constant, then angular impulse (Al)
is obtained by directly multiplying this constant
torque with the given time interval.

(b) If torque is a function of time, then angular
impulse (Al) is given by

t

:
Angular Impulse (Al) = ert
{j

(c) If torque versus time graph is given, then angular
impulse (Al) can be obtained by the area under
that graph.

In all three cases, angular impulse is equal to the
change in angular momentum.

ANGULAR IMPULSE-ANGULAR
MOMENTUM THEOREM

This theorem is the rotational analogue of the Impulse
Momentum theorem studied already in Newton's
Laws of Motion. Using Newton’s Second Law for
Rotation Motion, we have

.l
ext = dt
dL = 7dt

- Ai:if—i,zf(é)—a‘)n)zjfdt

The net angular impulse acting on a rigid body is
equal to the change in angular momentum of the
body. This is called the Angular Impulse Angular
Momentum theorem for rotational dynamics.

Please be careful to understand and see the

hidden fundamental of the axis of rotation i.e. all E_f,
[. and 7 must be about identical AOR to use the

results as they are. Else suitable modifications have to
be made in the results.

LAW OF CONSERVATION OF ANGULAR
MOMENTUM

Since, by definition we know that

For no external torque acting on system, we have

=0

So, (1) gives
5-aL
dt

= L =constant (both in magnitude and direction)
So, for no external torque acting on the system L is
conserved both in magnitude and direction.

This law is the rotational analogue of the Law of
Conservation of Linear Momentum.

acts on system, then

If no external torque
=0

.

A\

-
L is conserved both in
magnitude and direction

.

{ ‘, 1

Im=constant | |mvyry=mvoryie.,| |1}

. systemabout | 2 MVt

= Lo, = Lo, | |vrsing = constant specified AOR f"-b X i
abou

specified
AOR

Analogy between Rotational and Linear Dynamics.

Quantity Linear Rotational
1. Inertia m )
Z m;r; or
Jrldm
2. NEWtOI'l’S Fext =ma Texf — Ia
Second
Law = dp - dL
ext E Te)(t = E

(Continued)
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L]

Quantity Linear Rotational
3. Work .

Wi :J.F-a'l Wmt:jrdf?

4. Kinetic 5 .

Energy Ky = Zmv Ky =~lo
5. Work Vvhn = AKlin Wrot = AKmt

Energy

Theorem
6. Impulse

I—IFextdt—Ap ]—J-‘L'extdt—AL

7. Momentum p=mv L=Iw
8. Impulse I= AP J=AL

Momentum

Theorem
9. Power P=F.% P=7-@

ILLUSTRATION 83

A disc of moment of inertia 4 kgm® is spinning
freely at 3 rads™. A second disc of moment of iner-
tia 2 kgm” slides down the spindle and they rotate
together.

(a) What is the angular velocity of the combination?
(b) What is the change in kinetic energy of the
system?

SOLUTION

(a) Since there are no external torques acting, we may
apply the conservation of angular momentum.

Ifwf :IJ;CO{‘
(6 kgmz)a)f = (4 kgm2 )(3 rads'l)

Thus, Wf = 2 rads™?
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(b) The kinetic energies before and after the collision
are

1
K; =EI"“’“'2 =18]

[,

The change is AK=K; -K;=—-6].

In order for the two discs to spin together at the same
rate, there had to be friction between them. The lost
kinetic energy is converted with thermal energy.

ILLUSTRATION 84

A man of mass m =80 kg runs ataspeed u =4 ms™

along the tangent to a disc-shaped platform of mass
M=160 kg and radius R=2m. The platform is
initially at rest but can rotate freely about an axis

through its center. Take [ = %MRZ.

Calculate the angular velocity of the platform after
the man jumps on. If the man now walks to the cen-
tre, then calculate the new angular velocity. Treat the
man as a point particle.

SOLUTION

Before trying to attempt this problem let us have a self-
analysis done and answer the following questions.

Q. Can we apply the conservation of linear
momentum?

A. No, itcannotbe applied because the axle exerts an
external force on the systemi.e. man + platform .

Q. Can we apply the conservation of angular
momentum?

A. Yes, since the axle does not exert any torque, we
may use the conservation of angular momentum.

Q. Can we apply conservation of kinetic energy
for the collision between the man and the
platform?

A. No.

Let us consider the origin to be at the centre of
platform. When the man runs in a straight line along
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the tangent, then his initial angular momentum about
this originis L=r,p, where r, =R so

L; =muR

After he jumps on, one must take into account his
contribution mR? to the moment of inertia. The final
angular momentum, L = lw, is,

Ly =(1MR2+mR2)m
2

By Law of Conservation of Angular Momentum, we
have Ly =L;, wo

nu

Substituting, m=80kg, M=160kg, u=4 ms'],
R=2m, we get

W= M =1rads™

(@H}O)Z
2

When the man reaches the center, his contribution
to the moment of inertia is zero. The final angular
momentum and the initial momentum in this case
are given by

w=

L= [ %MR2 +mR* )a)l = 640 kgm’s ™

MR
Lf =( 2 )0)2 =320&)2

Applying angular momentum conservation L, =L,
we get

®, =2 rads™

ILLUSTRATION 85

A homogeneous rod AB of length L=18m and
mass M is pivoted at the centre O in such a way
that it can rotate freely in the vertical plane (shown in
Figure). The rod is initially in the horizontal position.
Aninsect S of the same mass M falls vertically with
speed V on the point C, midway between the points
O and B. Immediately after falling, the insect moves
towards the end B such that the rod rotates with a
constant angular velocity .

.e
*s
1
tv
1
1
1
I
A 1 B
0 ® ¢ ]
(0] C

[ /2 — - L/A LA

(@) Determine the angular velocity @ in terms of V
and L.

(b) If the insect reaches the end B when the rod has
turned through an angle of 90°, determine V.

SOLUTION

In this problem we will denote angular momentum
by its standard symbol H because L has been used
for length of the rod.

M
0]
yV m
| 0 ] [ ) 0 ]
A 0O C B A ‘0O Cc B

L2 L4 L/4

Just before collision Just after collision

Angular momentum of the system (rod + insect)
about the centre of the rod O will remain conserved
just before collision and after collision i.e., H; = H .

2 2
. Mvéﬂm[ﬁm(&) }

4 12 4

= MV£=1ML2(:)
4 48
12V

= 0=—-— (1)
7L

Due to the torque of weight of insect about O, angu-
lar momentum of the system will not remain con-
served (although angular velocity @ is constant). As
the insect moves towards B, moment of inertia of the
system increases, hence, the angular momentum of
the system will increase.

Let at time f the insect be at a distance x from O and
by then the rod has rotated through an angle 6. Then,
angular momentum at that moment,

H=

2
ML +Mx? o
12
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{ @ =constant }

4

{0=0t}

w

dxdf g
Z a2
= a)d—x=ic039

e 2w

L T
2 g .
= x|, =—=sinf
L 9g? 0
2
> 0=%
L

Substituting in equation (1), we get

%8 _12v

L 7L
= V=%./Zg =%\/2x10x1.8=3.5m3'1

= V=35ms"

BALL ROD COLLISIONS

Consider a uniform rod AB of mass M, length L. Let
a ball of mass m moving with initial velocity v, hit
the rod at a point P (other than centre of mass of the
rod). Now two cases arise.

CASE-1: When the Rod is not Hinged
For Ball

mv—mu =—Ft (D)
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| >

D
O
>

(R

Cr=1r

B
Just before impact

FO)

During impact

Just after impact

For Rod
mu, —0=Ft ..(2)
From (1) and (2), we get

mo —mi = —mvy,

= MU =mug, +mo ..(3)
Total Initial Total Final
Momentum of |=| Momentum of
Ball +Rod Ball + Rod

The total linear momentum of Ball + Rod system is
conserved.

Using Angular Impulse - Angular Momentum
Theorem, we get

For Ball

(mo)l-(mu)l = -1t
= (mo)l—(mu)l=—(F)t @)
For Rod

lo-0=(FI)t ...(5)
From (4) and (5), we get

(mo)l-(mu)l=-Iw

= (mu)l=Io+(mo)l ...(6)
Total Initial Total Final
Angular Angular
Momentum Momentum
of Ball + Rod of Ball + Rod

So, the total Angular Momentum of Ball + Rod is
conserved.
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So, if the rod is not hinged, then we observe both
linear and angular momentum of Rod + Ball to be
conserved.

Subcase-1(a)
If the collision is elastic, then we have

Total Initial Energy | ( Total Final Energy
ofBall+Rod ) ( ofBall+Rod

= 1m’u2 +0= lmvz +1mvfm +11w2
2 2 2 2

Subcase-1(b)
If collision is inelastic

(v2), (), |
g(”z ),-, ~ (1 )” |

at the point of impact

[ (Vg +100) -0
L 0-u )

(Net velocity of rod at P will be v, +Iw, as it is
under combined influence of translation and rotation.

Subcase-1(c)
For perfectly inelastic collision, we have

e=0
= V=0, o
CASE-2: When the Rod is Hinged

For Ball
Using Impulse — Momentum Theorem, we get

mv—mu =—Ft (D)

Using Angular Impulse - Angular Momentum
Theorem, about hinge, we get

(mo)l=(mu)l = -1t =-(FI)t (2

For Rod
Using Angular Impulse - Angular Momentum
Theorem, about hinge, we get

lo—-0=(FI)t ...(3)
From (2) and (3), we get
(mu)l=(mo)l+Iw {about Hinge)

So, if the rod is hinged, then only angular momen-
tum is conserved only about the hinge because
7 due to the forces acting on the hinge about the
hinge is zero.

B

B B
Just before impact During impact

Just after impact

Subcase-2(a)
If the collision is elastic, then we have
L,

1
—mo* = = mo* +11w2
2 2 2

Subcase-2(b)
If the collision is inelastic, then we have

_ _[ (v )n -(o )n :l
(u2 )n _(ul )” at the point of impact
( la)—f))
= e=-
0-u
Subcase-2(c)

If the collision is perfectly inelastic, then

e=0

= o=l

ILLUSTRATION 86

Arod AB of mass M and length L is lying on a horizontal
frictionless surface. A particle of mass m travelling along
the surface hits the end "A” of the rod with a velocity v,
in a direction perpendicular to AB. The collision is elas-
tic. After the collision the particle comes to rest.

(a) Find the ratio n
M

(b) Apoint P on the rod is at rest immediately after
collision. Find the distance AP.
(c) Find the linear speed of the point P after a time

L ..
—— after the collision.
Yo
SOLUTION
(a) Let just after collision, velocity of centre of mass

of rod is v and angular velocity about centre of
mass is . Applying following three laws:
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a8

m vy

o A —
L
2

T4
*|CM “( ’m’ V—pX
L
2
Before collision After collision

(i) External force on the system (rod + mass) in
horizontal plane along x-axis is zero.

Applying  Conservation of Linear
Momentum in x-direction.
mv, = mo (1)

(ii) Net torque on the system about CM of rod is
Zero

Applying Conservation of Angular

Momentum about CM of rod, we get

2
my,| - |=1@
2

MI?
= My, -=——
2 12
ML
= mvo=Tm (2

(iii) Since, the collision is elastic, kinetic energy
is also conserved. So,

lmvfj = 1MUZ + 1Ia)2
2 2 2

2
= mo, =M’02+£a)2 (3)
12
From equations (1), (2) and (3), we get the follow-
ing results
m 1 mo, 6mu,
—=—,0= and =
M 4 M ML
(b) Point P will be at rest if xam=v
A

g
S
)
O X
gl POl
=
>

>
h
L ]
v
<
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= AP=£+E
2 6

= AP=%L
3

(¢) After time {= LL

30,

1>

angle rotated by rod, 6= ot = 6o, x—L
ML 3v,
= B:ZE(E):M(l)ﬂ:l
M 4 )M 4
= B:E
2

Therefore, situation will be as shown below:
So, resultant velocity of point P will be

m \/E [

5. =@=ﬁ(_)v _V2 %

; M) 4" 22
= |7, =0
22

ILLUSTRATION 87

A rigid massless rod of length L joins two particles
each of mass m. The rod lies on a frictionless table,
and is struck by a particle of mass m and velocity v,
moving as shown. After the collision, the projectile
moves straight back.
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Find the angular velocity of the rod about its centre
of mass after the collision, assuming that mechanical
energy is conserved.

SOLUTION

Applying Law of Conservation of Linear Momentum,
we get

mv, = 2mov; —mo,

Applying Law of Conservation of Angular
Momentum about centre of mass C of light rod and
the two identical particles, we get

(2 o))

Since the mechanical energy is conserved so, the col-
lision is elastic, hence e¢=1 at point of impact along
common normal direction

Relative Speed | [ Relative Speed
of Approach ) { of separation

L 1
= =0+t -0 || =
02 1(2 )(\/2)

oL
= Uy=0+0,+—— ...(3
o=t R €)
Solving equations (1), (2) and (3), we get
42 Uy
0=——
7 L

ILLUSTRATION 88

A boy of mass m runs on ice with velocity v, and
steps on the end of a plank of length | and mass M
which is perpendicular to his path.

1l

(a) Describe quantitatively the motion of the system
after the boy is on the plank. Neglect friction
with the ice.

(b) One point on the plank is at rest immediately
after the collision. Where is it?

SOLUTION

Let C be the centre of mass of boy plus plank. Let C
be at a distance x from the end where the boy steps
on the plank, then

m(0)+M(%)

xX=
m+ M

= BC=X=[ M )i
M+m)2

nA

* O

)
Ca—'v

m(HB

So, distance of centre of mass C from the middle of
therod (O) is

o(j:(i_x):( n )1
2 M+m )2

Applying the Law of Conservation of Linear
Momentum, we get

(M+m)v=mu,

= U=(Mn;m)vg (1)

Applying the Law of Conservation of Angular
Momentum about point C , we get

mu, (BC ) = Isystemw

mMu,l

m= lm(MAfm )Z(EJZJF
et (5
+m 4

L. D ,
Substituting, —— = from equation (1), we get
M+m
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o _ i ( dm+M )
o 6\ M+m
Now, we have the plank divided in two portions

(a) White portion, below C till the end B.
(b) Grey shaded portion, above C till the end A.

+m

Since v( = A:I”vo ) is actually the velocity of centre of

mass of boy plus plank and so every point of the boy +
plank system has a forward velocity v .
However, the lower white portion has a tangential
velocity r@ where r is measured from C to B. This
r@ is forward and so we cannot expect the resultant
of v and r® both forwards to be zero.

A

| AO

However, in the upper grey portion, all points move
forward with velocity v butsimultaneously the upper
grey portion has a tangential velocity backwards.
Now wherever (say the point P) the forward veloc-
ity v equals the backwards tangential velocity x@
(where x is the distance of point P from C), then at
that point net velocity is zero, so

V=X0
v
= x=—
®
= BP=BC+x

( M )(!) I(4m+M) 21
= BP = — |+— = —
M+mJ/\2) 6\ M+m 3

ILLUSTRATION 89

Two uniform rods A and B of length 0.6 m each
and of masses 0.01kg and 0.02 kg respectively are
rigidly joined end to end. The combination is pivoted
at the lighter end, P as shown in Figure, such that it
can freely rotate about point P in a vertical plane.
A small object of mass 0.05 kg, moving horizontally,
hits the lower end of the combination and sticks to it.
What should be the velocity of the object so that the
system could just be raised to the horizontal position?

Chapter 3: Rotational Dynamics 3.91

SOLUTION

System is free to rotate but not free to trans-
late. During collision, net torque on the system
(rod A+rod B+mass m) about point P i.e., hinge
is zero, so angular momentum is conserved about P.
If @ be the angular velocity of system just after
collision, then

L!' = Lf
= mo(2)=Iw

=0

CoE)

where, ] is the moment of inertia of system about P, so

I= m(2l)2 +mA{ﬁJ+mB (£+(£+IT J
3 12 \2
Given [=0.6m, m=0.05kg, m,=001kg and
g =0.02 kg.
Substituting the values, we get
1=0.09 kgm®

Therefore, from equation (1), we get

o 2ol (2)(0.05)(0)(0.6)
1 0.09

= w=067v (1)

Now, after collision, mechanical energy will be
conserved.

Decrease in

RKE =| GPEof CM

) Increase in
of both Rods

Therefore, (
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1 ! l
= EMJZ =mg(2])+mAg(E)+mBg(f+5)

ol o gl(4m+my +3my)

I
L 22 98)(06)(4x0.05+001+3x0.02)
0.09

= ®=42rads” ..(2)
Equating equations (1) and (2), we get

42

U=——ms
0.67

= 0=63ms"

ILLUSTRATION 90

An ice cube of mass M and with sides of length
is sliding without friction across a countertop with a
speed v, when it hits a ridge E at the edge of the
counter (see the Figure). This collision causes the
cube to tilt as shown. Show that the minimum value
of vy needed for the cube to fall off the table is given

by
vy = 4/1.1ag

Given that the moment of inertia of the cube about an
axis passing through its centre of gravity and parallel

) L1
to horizontal surface is g Ma*

/’

«—a—»

SOLUTION

By Law of Conservation of Angular Momentum
around the axis through E, we get

Lj = Lf

= Mvﬂ(%)=fﬂw=(MTaz+M(%)z}w

Further by Law of Conservation of Energy, we have

Loss in RKE B Gain in GPE
of Block about O ] ~ | of CM of Block

= ;Iaf:Mg(Ah)

where Al = g

A

2
2

1(2 2)(3%) (a a

S Ema? | 20| = M| 222

- 2(3 “ N4 272

= v,=,/llag

A rod of mass M and length L is falling vertically
with speed v. Suddenly its one end gets stuck in a
frictionless hook. Find the angular velocity of the rod
just after its end gets stuck.

v
[ =]

M, L l u_|

Since all the impulse forces during the impact are
applied by the hook so they don’t produce any torque
about the hook and hence angular momentum of the
rod about the hook is conserved.

Initial angular momentum about hook is

H; =mor, = M’U[%)

SOLUTION

Final angular momentum about the hook is

2
3

MoL ML’
2 3
3v

= 0=—
2L
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ILLUSTRATION 92

Two discs of radii R and 2R are pressed against each
other. Initially disc with radius R is rotating with
angular velocity @ and another disc was station-
ary. Both discs are hinged at their respective centres
and free to rotate about them. Moment of inertia of
smaller is | and bigger discis 21 about their respec-
tive axis of rotation. Find the angular velocity of the
bigger disc after long time.

Let R;, R, be the horizontal and vertical components
of the reaction offered by the first hinge to the pulley
and R, R, be the horizontal and vertical components
of the reaction offered by the second hinge to the
pulley. The only force which is producing any torque
about the centre of first disk is friction as shown in

Figure.
Ryt f
R,
Ry Ry
—> N N
f msg,
mig v

Let the disc rotate with angular velocity @, and @,
as shown in Figure.

Since v is same at the point of contact, so we have

SOLUTION

@R =w,(2R)
L -l
)

Now, total angular impulse provided by the friction
is equal to change in angular momentum of the disc.
So, for disc 1, we get

J‘ﬂ{dtﬂ(w—a)l)

Chapter 3: Rotational Dynamics 3.93

For disc 2, we get
Jf(m)dr: 2w,

= 21(0)—0)1)=21(1)2

U

0+, =0

= 20,+0,=0

= 0)2=_
3

ILLUSTRATION 93

A uniform rod AB of length 2] and mass 2m is sus-
pended freely at A and hangs vertically at rest when
a particle of mass m is fired horizontally with speed
v to strike the rod at its mid-point. If the particle is
brought to rest by the impact, calculate the impulsive
reaction at A, the initial angular speed of the rod and
the maximum angle the rod makes with the vertical
in the subsequent motion.

SOLUTION

At the instant of collision, if impulsive reaction at
A is | and impulse between particle and rod be |,
then we have

‘—_m_
J
o Xy
m Ty 'J1
|"|I1
2m

by impulse-momentum theorem
Jy =mv

and by angular impulse-angular momentum theorem

om(21)
I= 0]
Ji 3
N R 4
8ml 8l
For rod, we have
-] =2m(lw)
3v) mv
=], =2ml| — |=—
= 1=k ’”(&') 1
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If rod gets displaced by an angle before coming to
rest, then by law of conservation of energy, we have

=

=

ILLUSTRATION 94

1 5
—lw" =mgh
2 g

1((27;1)(21))2(3@:

2
5 ; 8]) =2mgl(1-cos¢)

2
cosg=1- S
3241

2
¢=cos " 1—3L
3241

A thin uniform square plate with side / and mass
M can rotate freely about a stationary vertical
axis coinciding with one of its sides. A small ball of
mass m flying with velocity v at right angles to the
plate strikes elastically at centre of the square plate.
Calculate the velocity of the ball v" after the impact
and the horizontal component of the force which the
axis will exert on the plate after the impact.

SOLUTION

Applying conservation of angular momentum, we get

[E) (z) MI?
mo| —|=mv| —|+—@
2 2) 3

(] |
, 2
=  my=my +§Mla) (1)
Since collision is elastic, so we have
wl
V=—- U' es 2
5 @

From equations (1) and (2), we get

=

=

mv=mv'+§M(v+v')(2)
mv—éMf):(m-l-EM)’U’
3 3

, (3m—4M)
v’ = v

3m+4M

From, equation (2), we get

=

2 20 3m—-4M
wo==(v+0")==| 1+
[ l 3m+4M

12mov
0=—
1(3m+4M)

Force due to axis on the plate is

! ) 2 72Mm’v’
I(

F=M(— 0] 5
2 3m+4M)

@ Test Your Concepts-VI

Based on Angular Momentum and Its Conservation

Asmall ball is suspended from a point O by alight
thread of length (. Then the ball is drawn aside
so that the thread deviates through an angle 6
from the vertical and set in motion in a horizon-
tal direction at right angles to the vertical plane
in which the thread is located. What is the initial
velocity that has to be imparted to the ball so that

it could deviate through the maximum angle of T
with the vertical in the process of motion?

A uniform rod of length L rests on a frictionless
horizontal surface. The rod is pivoted about a
fixed frictionless axis at one end. The rod is initially
atrest. A bullet travelling parallel to the horizontal

3.

(Solutions on page H.162)
surface and perpendicular to the rod with speed v
strikes the rod at its centre and becomes embed-
ded in it. The mass of the bullet is one-sixth the
mass of the rod.
(a) What is the final angular velocity of the rod?
(b) What is the ratio of the kinetic energy of the
system after the collision to the kinetic energy
of the bullet before the collision?
A wheel of moment of inertia | and radius R is
rotating about its axis at an angular speed .
It picks up a stationary particle of mass m at its
edge. Find the new angular speed of the wheel.
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A uniform circular disc of mass m and radius a
is rotating with constant angular velocity @ in a
horizontal plane about a vertical axis through its
centre A. A particle P of mass 2m is placed gently

on the disc at a point distant % from A. If the par-

ticle does not slip on the disc, find the new angular
velocity of the rotating system.

A pulley in the form of a uniform disc of mass 2m
and radius r, is free to rotate in a vertical plane
about a fixed horizontal axis through its centre.
A light inextensible string has one end fastened to
a point on the rim of the pulley and is wrapped
several times round the rim. The portion of string
not wrapped round the pulley length 8r and car-
ries a particle of mass m at its free end. The par-
ticle is held close to the rim of the pulley and level
with its centre. If the particle is released from this
position find the initial angular velocity of the pul-
ley and the impulse of the sudden tension in the
string when it becomes taut.

T

4r

|

A horizontally oriented uniform disc of mass M
and radius R rotates freely about a stationary ver-
tical axis passing through its centre. The disc has a
radial guide along which a small body of mass m
can slide without friction. A light thread running
down through the hollow axle of the disc is tied to
the body. Initially the body is located at the edge
of the disc and the whole system is rotated with an
angular velocity @, . Then, by means of a force F
applied to the lower end of the thread the body is
slowly pulled towards the axis of rotation. Find the
(a) angular velocity of the system in its final state.
(b) work performed by the force F.

A particle is projected horizontally along the inte-
rior of a smooth hemispherical bowl of radius r
which is kept at rest. Find the minimum initial
speed v, required for the particle to just reach the
top of the bowl. The initial angular position of the
particle is 6.

10.

11.
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A uniform rod AB of length 2/ and mass m is
rotating in a horizontal plane about a vertical
axis through A, with angular velocity ®, when
the midpoint of the rod strikes a fixed nail and
is brought immediately to rest. Find the angular
impulse exerted by the nail.

The assembly of two discs as shown in Figure is
placed on a rough horizontal surface and the
front disc is given an initial angular velocity .
Determine the final linear and angular velocity
when both the discs start rolling. It is given that
friction is sufficient to sustain rolling in the rear
wheel from the beginning of motion.

A man of mass m, stands on the edge of a hori-
zontal uniform disc of mass m, and radius R
which is capable of rotating freely about a station-
ary vertical axis passing through its centre. The
man walks along the edge of the disc through an
angle 6 relative to the disc and then stops. Find
the angle ¢ through which the disc turned by the
time the man stopped.

The axis of a cylinder of radius R and moment
of inertia about its axis | is fixed at centre O as
shown in Figure. Its highest point A is in level with
two plane horizontal surfaces. A block of mass M
is initially moving to the right without friction with
speed v, It passes over the cylinder to the dot-
ted position. Calculate the speed v, in the dotted
position and the angular velocity acquired by the
cylinder if at the time of detaching from cylinder
block stops slipping on it.

Vi
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12. A uniform rod of mass m and length / rests on a
smooth horizontal surface. One of the ends of the
rod is struck in a horizontal direction at right angles
to the rod. As a result, the rod obtains velocity v,
Find the force with which one half of the rod will
act on the other in the process of motion.

13. Arod of mass M, length ¢ lies on horizontal table
and is free to move on the table. A ball of mass m,
moving perpendicularly to the rod at a distance
d from its centre with speed v collides elastically
with it as shown in Figure. What quantities are
conserved in the collision? What must be the mass
of the ball so that it remains at rest immediately
after collision?

.

14. A uniform rod AB, of mass m and length 4a, is
smoothly pivoted ata point O of its length, where
AO=a and hangs at rest in equilibrium position
with A above pivot O. A horizontal impulse of
magnitude J isimparted to the rod at its centre of
mass. Find the initial angular velocity of the rod. If
the rod describes complete revolutions in the sub-
sequent motion, find an inequality for J in terms
of a, m and g.

15. A smooth rod rotates freely in a horizontal plane
with the angular velocity @, about a stationary
vertical axis O, relative to which the rod’s moment
of inertia is /. A small ring the mass m is located
on the rod close to the rotation axis and is tied to
it by a thread. When the thread is burned, the ring
starts sliding along the rod. Find the velocity v,
of the ring relative to the rod as a function of its
distance r from the rotation axis.

J

ROLLING WITH SLIPPING (v, > R@,)

CASE-1: When, v, > R,

Since v, > Rw,, so the point P has a tendency to slip
forward and hence sliding friction (later on called as
friction) acts backwards as shown.

ve=0,f£0

Finally at time ¢
(Pure Rolling)

Initially att =0

ROLE OF FRICTION

Since f is acting opposite to v, therefore it will have
a tendency to decrease v, Also, when f acts back-
wards then it will provide a torque that will be acting
in the clockwise sense and hence will have a tendency
to increase @, i.e., at some later time, t (say), we can
have v=ro

Since, v, > R, {at t=0}

So, to attain v=Rw at some later time t, f must be
directed such that the role of f is

(a) todecrease v, to v (say)
(b) toincrease @, to @ (say)

such that at t, we get v=Rw (condition for pure
rolling)

From impulse momentum theorem and angular
impulse angular momentum theorem, we get

mo —muvy = — ft (1)

lo-lwy =+tt=(fR)t ..(2)
But at t, we have

v=Rw ..(3)

So, we use (1), (2), (3) to get the desired results. Also,
work done by friction equals change in KE, so

1 1 1 1
Wy :(Emvz +51a)2 )—(Emvé +§Ia)§) ..(4)

w=0/R

wy#v/R



ICON

Since, f=uN =umg, retardation a= KN =g, SO
m

distance travelled in time { is

s=vﬂt+;(—a)t2=U(]t+;(—T)t2 ...(5)

If 6 is the total angle traversed, then

B=wﬂt+1at2
2

1(7),
O=mpt+—| - |t wr=l
@, 2(1) {w 1=la}
where 7= fR=1Io
= a:ﬂ:MR
I I
R
So, 6= w0t+;(!mf)t2 .(6)

CASE-2: When, v, < R,

Since 7, < Rw, so the point P has a tendency to slip
backward and hence sliding friction acts forward, as
shown in Figure.

Initially att=0 Finally at time t
(Pure Rolling)
Ray, 4—’3—» Yo
ROLE OF FRICTION

Since f is acting along v,, so it will have a tendency
to increase v,. Also, when f acts forwards, along v,
then it will provide a torque that will be acting in the
counter-clockwise sense and hence will have a ten-
dency to decrease m,, i.e., at some later time, t (say),
we can have v=rm
Since, vy <Ra, {at t=0}

So, to attain v=Rw at some later time t, f must be
directed such that the role of f is

(a) toincrease v, to v (say)
(b) to decrease m, to @ (say)

Such that at t, we get v=Ro (condition for pure
rolling)

Chapter 3: Rotational Dynamics 3.97

From impulse momentum theorem and angular
impulse angular momentum theorem, we get

mv —muv, = ft (1)

lo-lwy=-tt=—(fR)t (2
But at t, we have

v=Rw ..(3)

So, we use (1), (2), (3) to get the desired results. Also
work done by friction equals change in KE, so

1 5,1 2) (1 2 1 2)
= W,=|-mo"+_-lo" |-| -myy+_-Iw ..(4
[ (zmv 5 ) 211100 5 15 (4)

o=0v/R @y #0/R

N
Since, f=uN=pumg and a= A ug, so distance
travelled in time t is "

1
s=upt+ E( a)t? {-+ f accelerates v, }

= 5=Uot+%(%)tz ...(5)

If 6 is the angle traversed, then

1
6‘=(1)0f+50!t2

_ o T ol
= G—a)ot+2( I)t [ 1=Ia}

where, 7= fR=Iua

R (umg )R

I I

R
~ omagl{58)
2 I

ILLUSTRATION 95

A sphere of mass m and radius R is placed at rest
on a plank of mass M which is placed on a smooth
horizontal surface as shown in Figure. The coefficient
of friction between the sphere and the plank is u. At
t =0, a horizontal velocity v, is given to the plank.
Find the time after which the sphere starts rolling.

= o=

2 ..(6)

m
R
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SOLUTION
For the Sphere:
S
b= HE
Lo SR 5K
I ngz 2R
5
N
m
G ) G
a
f
mg
After time t
v, =at=pugt
w=ot= gu—gt
2R

The velocity of the point of contact is
v=0,+0R= ,ugt+;ugt= %‘ugt

For the Plank:

Retardation a = S pmg
M M

m
Instantaneous velocity v =1, — ‘u—gt

Condition of pure rolling

7 g
=L uot=p, -5
v =R Ty

Uy

3
Y Mg

ILLUSTRATION 96

A wheel is held by a handle on its axle and given an
initial angular velocity ;. The wheel is then placed
in contact with the ground. At first the wheel remains

= f=

stationary, spinning in place. After a short time it
begins to move forward and eventually reaches the
point where it rolls without slipping. Find the final
velocity of the wheel in terms of the initial angular
MR?

velocity . Take I =

SOLUTION

We assume that wheel is initially rotating clockwise.
Let the wheel starts rolling after a time .
Then, Using Impulse Momentum Theorem

For translation:

Impulse=Ap=p; -p;
= ft=Mv-0 (1)
For rotation:

Angular Impulse=AL=L; -L;

= —ﬂ{t= Iﬂ)‘l(l)ﬂ

Note that clockwise angular momentum is consid-
ered as positive.

: MR?
Since [ =

MR?

~(fR)t=— -(2)

2
v=0
D y
v L
f X
Initially at t =0 Finally at time ¢

For the condition of pure rolling, we have
v=0mR ..(3)
Using equations (1), (2) and (3), we get

-MoR? = MR®

(@-ay)

The linear velocity of the wheel is v = Ro = %



ICON

ILLUSTRATION 97

Abilliard ball of radius R, initially at rest, is given a
sharp impulse by a cue. The cue is held horizontally a
distance 1 above the centre line as shown in Figure.
The ball leaves the cue with a speed v, and because
of its forward English (backward slipping) eventu-

ally acquires a final speed gvo. Find h.

E
h

SOLUTION

Let @, be the angular speed of the ball just after it leaves
the cue. The maximum friction acts in forward direc-
tion till the slipping continues. Let v be the linear speed
and o the angular speed when slipping ceases, so

Fmax
v=Rw
v
= w0=—
R
. 9
Given, v = =% (1)
9
= w== % ..(2)
7 R
Applying impulse momentum theorem, we get
Fdt = my, ..(3)

Applying angular impulse angular momentum theo-
rem, we get

7dt = lw,
2 2
= tht=ng @, ...(4)

Angular momentum about bottommost point will
remain conserved, so

= lwy+mRvy =Iw+mRo

= ngz% +mRu, =EmR2[gv—D)+9mRUO ...(5)
5 5 7R) 7
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Solving equations (3), (4) and (5) we get,

h=2R
5

ILLUSTRATION 98

A solid sphere of radius r is gently placed on a rough
horizontal ground with an initial angular speed @,
and no linear velocity. If the coefficient of frictionis 1,
find the time ¢ when the slipping stops. In addition,
state the linear velocity v and angular velocity @ at
the end of slipping.

SOLUTION

METHOD I:

Let m be the mass of the sphere. According to the
problem v, < r@y, so it is a case of backward slipping
and hence force of friction is in forward direction.
Limiting friction will act in this case.

Linear acceleration a = i = Hmg =g
m m
Angular retardation o = T_ fr _2K
I 2 2 27
g mr

Slipping ceases when v =r®

= (at)=r(wy-at)

5 pgt
= ygt=r(a)0—57g)
7
= —ugt=ray
2
= t:gﬂ
7 ug

= v=at=,ugt=§ra)0

2
and a)=3=—coﬂ
r 7
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METHOD II:

Net torque on the sphere about the bottommost point
i.e., the point of contact is zero. Therefore, angu-
lar momentum of the sphere will remain conserved
about the bottommost point.

LJ; = Lf

= o, =Ilo+mro

2 2.0 _2 2
= gmr a)o=gmra)+mr(a)r)

2 2
= 0=-0)and v=ro=—-r0,
7 7

ILLUSTRATION 99

A solid sphere of radius R is projected along an
inclined plane as shown in Figure.
o9

4

N

45°

If coefficient of friction is i =0.5 then calculate the
time when linear velocity of the sphere becomes zero.
Also calculate the angular velocity of the sphere at
that instant.

SOLUTION

Velocity of lower most point is not zero, hence it is
not the case of pure rolling and friction between the
sphere and the incline is kinetic in nature. Since veloc-
ity of lower most point in forward direction therefore
friction will act in backward direction.

Let retardation is # and angular retardation is &

f, = Q.F?a} . Re
(trans) ~ (rot)

mg

Free body diagram
of sphere

N

= mgsin6+ umgcos6 =ma

= a=g(sin9+ycose)=i(1+0.5)=@ )

V2 V2

(] |
Now, 7 due to friction is
7=R(umgcoso)
rumgcos@) 5 0
L g lmest)_sguco
< mR? 2R
5
5¢(05)(1/
L (05)(1/42)
2R
58
= of=—— (2
4RV2 @

For translatory motion
v =v—at=Rw—at
When v’ =0, then

_Ro_Ro3_\3( Ro
a 15¢g 15\ g

For rotatory motion, we have

t

o' =w-ot
W w 4\/§Rm
= t‘:—: =
o 5¢ 5¢
4R\2

Linear velocity of sphere becomes zero before angu-
lar velocity become zero

Angular velocity at time t when linear velocity is
Zero.

[}
o

v

= o)’=a)—(

ILLUSTRATION 100

A uniform round object of mass m, radius R and
moment of inertia about its centre of mass [, is
thrown with speed v, without any rotation on a
rough horizontal surface of coefficient of friction p.

cm

X2 =k, calculate the time after which
m

Assuming
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slipping stops. Also calculate the speed and angular
speed of the object when the slipping stops.

SOLUTION

The direction of friction is such that it opposes the
translational motion of object and provides torque
that supports the rotational motion of the object as
shown in Figure.

=0

f

-
<+

attimet=0

attimet

Applying Newton’s Second Law for translational
motion, we get

f=uN = pmg
_f_
= ﬁ—m—#g
= v=vy-at=v,-ugt (D)

Applying Newton’s Second Law for rotational
motion, we get

R=I,a
o o MmgR
ICI’I‘[
R
= w=at:[’umg Jt
cm

For pure rolling, we have

v=Rw

_ RumgRt

= Uy-ugt I

cm

= UU=‘ugt(l+1)
k
ok
ug(1+k)
Substituting this value in equation (1), we get
I vk _U(Hk—k)
! ug(1+k),ug 14k

[y [y 0
0 n 0

vV=—o0

a):—:
1+k R R(1+k)
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ILLUSTRATION 101

A solid sphere starts to roll without slipping on a
rough inclined plane as shown in Figure.

M Solid
sphere

0

Calculate the friction force acting on the sphere, mini-
mum coefficient of friction y, for pure rolling of the

sphere and the work done by friction if i = K and
the displacement of centre of mass is x.

SOLUTION

Acceleration of centre of mass of the sphere is

e gsin® 5gsin6

1+g 7
5

f.

r
/

Mgsing ,/ Mgcosf

Applying Newton's Second Law for translational
motion, we get

Mgsinf- f, = Ma
5Mgsin6 ~ 2Mgsin6

= f, =Mgsinf-

7
2Mgsi
Since, fr=%ne£,ui\f
2Mgsi
%MSyMgCOSB
2
= >—tanf
U 7em
2
= y0=§tan6

If p<pi, then there will be slipping and hence
friction will be kinetic in nature, so we have

fr = uMgcos@ =(§¥)Mgcosﬂ



ICON

3.102 JEE Advanced Physics: Mechanics - 11

Mgsin6
= f= m
. Mg sin6
. Mgsinf-
M _ 8
- .- gsin® sz
M M
. a:13gsm9
14
R
- a=uA/21g C059=5,ugc059
“ MR2 2R
5
(SgcosE)J(ZsinB)(l) 5¢sin@
= o= _ — | =
- 2R 7 cosf J\ 4 28R
13gsin®
L A 14 =(13)(28R)R=26R
o 5gsin® \14 )\ 5 5
28R
Since, E=£=5.2R
0 «
= Z=52R
0
Work done by friction is

Wf T (Wf r )Rotation * (Wf ! )Trans
= W =(umgcos8)RO+(umgcosd)xcos(180°)

= W =umg(RE-x)cosf

= W= ,umgcosG(S%—x): —%(pmgcos@)x

21
= W, =——ume¢xcos6

ILLUSTRATION 102

A cylinder of mass m and radius R is resting on a
horizontal platform (which is parallel to xy plane)
with its axis fixed along the y-axis and free to rotate
about its axis as shown in Figure.

x =Acoswt

The platform is given a motion in the x-direction
given by x = Acos(t). There is no slipping between
the cylinder and platform. Calculate the maximum
torque acting on the cylinder during its motion.

SOLUTION

We must know that maximum torque will act on
cylinder when it is ta the extreme positions of oscilla-
tory motion. The cylinder moves under the influence
of pseudo force with respect to platform as shown in
Figure.

Thus, equation of motion of cylinder is

mAw* - f =ma,, ..(1)
and fR= lmR2 (am"“x) (2)
2 R -
Adding (1) and (2), we get
Am2 = éamax
2
2A0*
Opax = —F
3

Maximum angular acceleration is

Oy 2A0J2
max = "R T 3R

Maximum torque on cylinder is

Tmax = Iamax
1 Z(Zsz)
= Tpa = MR
2 3R
Tnax = 1‘n*tﬁd%(z)z
3

ILLUSTRATION 103

A plank of mass n7; with a uniform sphere of mass
n, placed on it rests on a smooth horizontal plane
as shown in Figure. A constant horizontal force F
is applied to the plank. Calculate the acceleration of
the plank and the centre of the sphere if there is no
sliding between the plank and the sphere.
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my

0,

m1| l_f

SOLUTION

FROM FRAME ATTACHED TO GROUND

For the two bodies, equations of motion from the
ground reference frame for accelerations @, and a,
shown in Figure are

my
Q - asphere ] 82
f

f — 830 = A4
T e
F-f=ma (1)
f=ma, ..(2)
ﬂ{=—gm2R2(MJ ..(3)
5 R
From (1) and (2), we get
F=ma, +mya, ..(4)
From (2) and (3), we get

Smiyay = 21,0, — 2150,
= T7a,=2n ...(5)

Using equation (4), we get

F=m1a1+mz(27ﬂ)

7F

= 4=—
7my +2m,

From equation (5), we get

2F

Iy = ———
7my +2m,

FROM FRAME ATTACHED TO PLANK

Since the sphere does not slip over the plank surface,
so it is the case of pure rolling and hence we can take
friction on sphere in any direction, say towards right
as shown in Figure.
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ay
-+ \a
Fpseudo =Myay ‘_@
f

4
—
—F
Also note that since friction on sphere is acting
towards right, so it must act on the plank towards left.
Let plank moves toward right with an acceleration a;,
due to which the sphere will experience a pseudo
force m,a, towards left, and hence it will roll towards
left with respect to plank with an acceleration a,.

Since we have used the concept of pseudo force, so
we must say that the acceleration 2, must be with

respect to the plank. Let the angular acceleration of
the sphere during rolling be , so we have

)

| m

1, = Rot
For translational motion of plank, we have
F—f=m1i11 ...(1)

For translational motion of sphere with respect to
plank we have

For rotational motion of sphere with respect to plank,
we have

R=Iua
o fine )
= f=§m2a2 ..(3)

From equation (2) and (3), we get

My — g Myly = My,

7
ﬂ al = g az res (4)
Using equations (1), (2) and (3), we get

= F—gma + 11,0 —gm (Ea )+ma
g M2l T = | 50 1
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7F

= 0= 77
my +2m,

From equation (4), we get

5 5 7F
7 7\ 7my +2m,

5F

= R -
m, +2m,

Since, a, is acceleration of sphere relative to the
plank, so net acceleration of the sphere is

2F

(anet )sphere “hTh = m

Please note that in the equation a, = Rot, a, is the accel-
eration of cylinder with respect to plank.

In problems where rolling of a body takes place in an
inertial (ground) frame or a non-inertial (accelerated)
frame, then in the equation a = R, the acceleration a
must be relative, i.e. with respect to inertial (ground)
frame or with respect to the non-inertial (accelerated)
frame.

ILLUSTRATION 104

Abilliard ball of mass m, radius R initially at rest is
given a sharp horizontal impulse by a cue. The cue is
held horizontally a distance h above the centre line
as shown in Figure.

T N
h . Q g
R _pVD —>v=?vu

The ball leaves the cue with a speed v, and because
of its forward English eventually acquires a final

speed of ;’UU, calculate the value of /.

SOLUTION

Let the impulse imparted by the cue to the ball be |
and initial angular speed of ball be @, then applying
the impulse momentum theorem, we get

| =my, (1)

Applying the angular impulse angular momentum
theorem, we get

Jh= %mRza)U (2)
From equations (1) and (2), we get
_ 5uyh
"R

Applying conservation of angular momentum about
point of contact P on the ground, we get

Linitial = Lfinal

: h
where, L . = ”TU(1R+( = )( - ) and

5 2R?
Lial = m(%)RJrszz(gﬂ)
7 5 7R
Pure Rolling

wV
9y,
M
Y 7
P f
t=0 t=t,

(o))
= |1+= = z+=
R 7 35

h:(g—lJR=ER
35 5

0‘7 Test Your Concepts-VII

1. A horizontal plank having mass m lies on a
smooth horizontal surface. A sphere of same mass
and radius r is spun to an angular frequency w,
and gently placed on the plank as shown in Figure.
If coefficient of friction between the plank and the
sphere is u, find the distance moved by the plank

Based on Rolling with Slipping

(Solutions on page H.165)
till the sphere starts pure rolling on the plank. The
plank is long enough.
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A disc of radius R and mass m is projected on to
a horizontal floor with a backward spin such that
its centre of mass speed is v, and angular velocity
is ;. What must be the minimum value of @, so
that the disc eventually returns?

A solid cylinder of mass m and radius R is set
in rotation about its axis with an angular veloc-
ity @, then lowered with its lateral surface onto
a horizontal plane and released. The coefficient of
friction between the cylinder and the plane is L.
Calculate the time for which the cylinder will move
with sliding and the total work done by friction.

A bowling ball is thrown straight down the alley.
When it starts, its centre of mass has a speed v,
and it is sliding without rotating. Determine how
far the ball moves down the alley before it starts
rolling without slipping. Express your answer in
terms of vy, g and .

A cylinder of mass m and radius R is rotated
about its axis with angular velocity @, (as shown
in Figure). It is lowered on a rough inclined plane
at an angle 30° with horizontal and having the

1
coefficient of friction p=—=. The point of initial

NE]
contact of cylinder and incline is at a height of 3R
from horizontal. Calculate the total time taken by
the cylinder to reach the bottom of incline.

A sphere of radius R, mass M is projected along
a rough horizontal surface (having coefficient of
friction w), with initial velocities shown in Figure.

v

If the final velocity of the sphere is zero, then
calculate (in terms of vy, R, @y, u and M) the

10.
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required magnitude of @, the time t required by
sphere to come to rest and the distance travelled
by sphere before it stops.

A bowling ball is thrown straight down the alley.
When it starts, its centre of mass has a speed v,
and it is sliding without rotating. Determine how
far the ball moves down the alley before it starts
rolling without slipping. Express your answer in
terms of vy, g and py.

A plank of mass M is placed on a smooth surface
over which a cylinder of mass m and radius R is
placed as shown in Figure.

O,

[ M—F

The plank is now pulled towards right with an
external force F. If cylinder does not slip over the
surface of plank, calculate the linear acceleration
of plank and cylinder. Also calculate the angular
acceleration of the cylinder.

A bowler projects a ball of mass M, radius R along
an alley with forward velocity v, and a backspin
o, . The coefficient of friction between the alley
and the ball is u. Calculate the time t at which the
ball will start rolling with slipping and the speed of
the ball at time t.

)
Vo

A uniform circular cylinder of mass m and radius
r is given an initial angular velocity @, and no
initial translational velocity. It is placed in contact
with a planeinclined atan angle & to the horizon-
tal. If there is a coefficient of friction u for sliding
between the cylinder and plane, find the distance
the cylinder moves up before sliding stops. Also
calculate the maximum distance it travels up the
plane. Assume 1> tana.

/
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Auniform rod AB of length 2/ and mass m is turn-
ing freely in a horizontal plane about a vertical axis

through A, with angular velocity i—v A particle P,

also having mass 1, is moving with constant velocity
v in the same horizontal plane. The particle and the
rod are moving towards each other and when AB is
perpendicular to the path of the particle, P collides
with point B of the rod. If the coefficient of restitu-

tion between the rod and the particle is 1 Find the
speed of the particle after impact.

SOLUTION

Angular momentum of the system about A is con-
served, so

lo-mv(2])=Io"+mv’(2])

Al) : \iB Al) v’(i)B

’

[0}

Before impact After impact

@ +2mv’l

m(ZI)2(3vJ m(21)?
— |=2mvl =
3

4 2 ’
= 2mv[=§mlw+2mvl

= 20=%1’w’+20’ ..(1)

= 2= %lm’+2'0’

At point B, we have

B Relative Velocity of Separation

e=
Relative Velocity of Approach

1 v =20 v’ =201
= —= =

2 U+(3}—U)(2l) v

= T7v=220"-40'

= 40'l=2"-7v ..(2)

SOLVED PROBLEMS

Solving equations (1) and (2), we get

, 13
=—0
8

Two heavy metallic plates are joined together at 90°
to each other. Alaminar sheet of mass 30 kg is hinged
at the line AB joining the two heavy metallic plates.
The hinges are frictionless. The moment of inertia of
the laminar sheet about an axis parallel to AB and
passing through its centre of mass is 1.2 kgmz. Two
rubber obstacles P and Q are fixed, one on each
metallic plate at a distance 0.5 m from the line AB.
This distance is chosen so that the reaction due to the
hinges on the laminar sheet is zero during the impact.
Initially the laminar sheet hits one of the obstacles
with an angular velocity 1rads™ and turns back. If
the impulse on the sheet due to each obstacle is 6 Ns.

A‘
(a) find the location of the centre of mass of the
laminar sheet from AB.
(b) at what angular velocity does the laminar sheet
come back after the first impact?

(c) after how many impacts, does the laminar sheet
come to rest?

v

SOLUTION

Let r be the perpendicular distance of centre of mass
from the line AB and @ be the angular velocity of
the sheet just after colliding with rubber obstacle for
the first time.

The linear velocity of centre of mass before and after
collision are

0, =(r)1 rads™)=r and V=10
where, U; and ¢, will be in opposite directions.
Now, by Impulse — Momentum Theorem, we have

Linear Impulse B Change in Linear
on CM ~ Momentum of CM
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ae
= 6=m(vf +vj)=30(r+ra))

= r(1+a)):% (1)

Similarly, by Angular Impulse — Angular Momentum
Theorem, we have

( Angular Impulse J _{ Change in Angular )

about AB ~| Momentum about AB

( Angular) ( Linear
= | =|.
impulse impulse

= 6(0.5n1)=IAB(a)+1)

distance of

Perpendicular
J
impulse from AB

(Initial angular velocity =1rads™)
= 3=(Igy +M?)(1+0)

= 3=(12+30")(1+0) .2)
Solving equations (1) and (2) for r, we get
r=04mORr=01m

But at r=04m, @ comes out to be negative
(-0.5 rads™" ) which is not acceptable. Therefore,

(@) r= distance of CM from AB=0.1 m

(b) Substituting r=0.1m in equation (1), we get
w=1rads ie, the angular velocity with which
sheet comes back after the first impact is 1 rads™.

(c) Since, the sheet returns with same angular veloc-
ity of 1 rads™, the sheet will never come to rest.

A uniform circular disc of mass M and radius a is
pivoted ata point O onits circumference so that it can
rotate about the tangent at O, which is horizontal, the
centre of the disc describing a vertical circle of centre
O in a plane perpendicular to the tangent. The point
diametrically opposite to O is A and the disc is just
displaced from rest when A is vertically above O.
Find the angular velocity of the disc when A is verti-
cally below O. At this instant a particle of mass M
travelling with velocity u in the opposite direction
of motion of the centre of the disc hits the disc at its
centre and adheres to it. Find the angular velocity of
the system immediately before and after the impact.
If the disc just reaches its initial position show that

u=(3\/§+\/§)\@
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SOLUTION
(i) By Law of Conservation of Mechanical Energy,
we get
Mg(2a)=%la)2 (1)

where, [ = %Maz +Ma® = ZMQZ

Substituting in equation (1), we get
2Mga = 1(51\/{5;2 )wz
214

:>a)=4i

5a

(ii) By Law of Conservation of Angular Momentum
about an axis through O, we get

Initially

® Outside the paper,
towards the reader

® Inside the paper, away Just Just

from the reader
Before Impact After Impact

Mu(a)—(%Maz)a) =(%Mﬂ2+Mﬂlz )0)'

’

5 9
= U-——w1=—-0'a
4 4

,  4u-50a 4[ 5 )
= =—| u——aw
9a Oa 4

Substituting the value of ® we get

a)'=;—a(u—5a %]=i(u—\/%)

9g

= o

(iii) Again, applying Law of Conservation of
Mechanical Energy, we get

2Mg(2a)=l(§Ma2+Ma2)(a)’)2
2\ 4

92 a2
= 4Mga= 2 Ma ()

= 32¢=9%(w')
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= w'=\/%=4‘/%
- -4
= u—\/57g=9 éag

= u=(3\/§+\/§)\/%

Asphere of radius r is projected up an inclined plane

for which p = (% )tan 6 with a velocity v, and initial

angular velocity @, such that, v, >rw,. Prove that
friction firstly acts down the incline and afterwards
acts down the incline. Further prove that the total
179, + 4rm,

time of rise is T = -
18¢sin6

e

]

SOLUTION

Initially i.e., at t = 0, we have v, > ra,, therefore, there
is forward slipping. Hence, friction will be down the
incline.

Once, v = rw, force of friction becomes up the incline, so

. pmgcosf+mgsing 8

= — - e
m 7851n
1
. — —tan®
{ H 7an}
A180’a=E=WLCOSB
12
—mr
5
= a=i85m9 {“ ‘u=ltan9}
14 7 :

o
a
S
2

@ f=umg|cos 0

Initially

This will last till pure rolling begins, so
V=10

= (v —at)=r(wy+at)

Substituting the values, we get

t =g(vo—ra)0)
'3 gsing

Smce U= UU - atl

= v=v()—(§gsin9)(g) UU_,—F%
7 3/\ gsin6

16

21 21
Once v=rw ie., the condition of pure rolling is
obtained, then minimum value of u required to

maintain pure rolling is

_ tan® tan® tan6

min ~ 2 -
TELANRTEAE
I 2

1 .
However, Uy, = 1= ?tané? and since Uyen < Ui

so slipping will occur even after that and so the force
of friction is upwards and maximum.
So, linear retardation is

a'=gsinf—- g cosf= ggsinﬂ

If t, be the further time taken by sphere to rise, then

0=v-at,
> v +16m)
A7 % T 5770y
L op=lo2
L PURNY:
78
_ 5uy +16ra,
>~ 18gsing
170, + 4ro,
So,weget,T=t1+t2=M
18¢sinf

A vertically oriented uniform rod of mass M and
length | can rotate about its upper end. A horizon-
tally flying bullet of mass m strikes the lower end of
the rod and gets embedded in it as a result of which
the rod swings through an angle o. Assuming that
m < M, find the
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velocity of the flying bullet.

(b) momentum increment in the system “bullet-rod”

(c)

during the impact and the cause that changes the
momentum.

distance x from the upper end of the rod the
bullet must strike for the momentum of the sys-
tem “bullet-rod” to remain constant during the
impact.

SOLUTION

(@

Applying Law of Conservation of Angular
Momentum about its upper end, we get

2 mor, = system O)

0 0 0
® AN
¢
= = i
m, ?
v
2
= (mv)l=(%)m (D)
_3mv
M

After the bullet gets embedded in the rod, the
rod swings through an angle «, so by Law of
Conservation of Energy we have

Loss in Gain in Gain in
RKE of =| GPEof |+| GPE of
Rod + Bullet CM of Rod Bullet

1

2
= Z(Ng )a) +ml? Z—Mgi(l—COSGf)+

mgl(1-cosa)

Since m<« M, so the underlined terms are
neglected

1 M) , I
— — =Mg—(1- (2
= 2( 3 ]a) gz( cosar) 2

Solving equations (1) and (2), we get

M2 . (a)
v=—,|=glsin| —
m\3 2
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(b) AP=P,-P = M( ) mo

(3111)(0)

- =—mv

l

= AP——m lsm —
\’ 2

= AP=M 1glsin(g)
6 2

Q

The force exerted by the support is responsible
for the change in momentum.
() For Angular Momentum to be conserved, we

have
Lf = Lf
2
= mux Im=(%)a) 3)
0 (0]

For Linear Momentum to be conserved, we have
b=P f
I
= mv=Mv. =M Ew ..(4)

From equations (3) and (4), we have

A uniform rod of mass m and length [ is suspended
by the two wires at P and Q. The wire at Q sud-
denly breaks. Find the tension T in the wire at P
immediately after the wire at Q is broken.

R S
\QQR\q {
P Q
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SOLUTION
Equation of motion for the centre of mass of rod are
R Tsi: 30°
T | o
P . X
Tcos30° P \Cl Q
mg y
Tcos30° 3T
a, = =— (D
m 2m
mg —T sin 30° T
ay=g—=g—— (2
m 2m

Angular acceleration of rod about its centre of mass
Cis
ooy
T (TSIH 30 )5 3T
ft=—
I ml* ml
12
Acceleration of point P immediately after the wire
Q breaks will be perpendicular to RP. Thus, along
RP its component should be zero. Further

e

dpc =dp —dc
= dp =d¢ +ipe
where, i has two components 4, and 4,.
Similarly dp- has also two components 4, and a,,

! .
where a, =0, because a, = Eﬂo2 and @ is zero at the

instant wire Q breaks. Now, 4, = —a in the direction
shown in Figure. 2

Since, acceleration of P along RP is zero so

a,sin(30°)+a, cos(30°) = a, cos (60°)

a
= lﬂ.’+£ﬂr=—y .(4)
4 2 72

Solving above equations we get,

2
T=—m
7 8

A uniform rod of length 4/ and mass m is free to
rotate about a horizontal axis passing through a point
distant ! from its one end. When the rod is horizontal,
its angular velocity is @ as shown in Figure. Calculate

D e

7D

(a) reaction of axis at this instant,

(b) acceleration of centre of mass of the rod at this
instant,

(c) reaction of axis and acceleration of centre mass
of the rod when rod becomes vertical for the first
time.

(d) minimum value of @ so that centre of rod can
complete circular motion.

SOLUTION

~ mgl _ig
@ o "7

- 2
m(4l) +ml?
12
If a, be the tangential acceleration of the centre
of mass of rod, then

3
a=la= - g {downwards}
V
A ‘\\
o, o \
x|l H 2
A>3 1B

1o,
! Sy
I

Let V be the vertical reaction (upwards) at axis
O, then

mg—V =ma, = 3mg
4
= V= - mg (1)
If H be the horizontal reaction (towards C) at
axis, then
H = ma, = mlo* (2

So, total reaction at axis is

2 2
N=+vH +V? = gmg'/1+[7;—mJ
§
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[ ] ]
(b) The acceleration of centre of mass of rod is
ac = \/atz + aﬁ
2
2
= a = (S—g) +(10?)
7
(c) Let @ be the angular speed of the rod when it
becomes vertical for the first time. Then by Law

of Conservation of Mechanical Energy, we have

%I(w’z—w2)=mgl

2mgl
o 0=+ 28
I
= ol=ot+ mgl= 2, 68
7 5 71
—ml
3
Acceleration of centre of mass at this instance is

ac =lw” =lo’ +6_g

Let V be the reaction (upwards) at axis at this
instant, then,
6mg

V—-mg=mac = mlo®* +T

= V=$mg+mla)2

(d) By Law of Conservation of Mechanical Energy,
we have

mgl = %Ia)fnm

= wmin= Zigl= glg'l:\/g
VT L 71
3

Ablock X of mass 0.5 kg is held by a long massless
string on a frictionless inclined plane of inclination
30° to the horizontal. The string is wound on a uni-
form solid cylindrical drum Y of mass 2 kg and of
radius 0.2 m as shown in Figure.

30°
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The drum is given an initial angular velocity such
that the block X starts moving up the plane.
(i) Find the tension in the string during the motion.

Take ¢=9.8 ms™.
(ii) At a certain instant of time the magnitude of the

angular velocity of Y is 10 rads ™. Calculate the
distance travelled by X from the instant of time
until it comes to rest.

SOLUTION

Mass of block X is m=0.5 kg
Mass of drum Y, M =2 kg
Radius of drum, R=02 m
Angle of inclined plane, 6 = 30°

Let ‘a” be the linear retardation of block X and o«
the angular retardation of drum Y. Then,

a=Roa
Since, mgsin30” —T = ma (1)
SN S — ..(2)
2
TR
Also (x=£= 1
~ MR?
2
2T
MR

Solving equations (1), (2) and (3) for T, we get

A
20 M+2m
Substituting the value, we get

=[1){(2)(0.5)(9.8)}=1.63 N

2 )| 2+(05)(2)

= T=163N
From equation (3), angular retardation of drum

2T (2)(163)

=== =8.15 rads™’
MR (2)(02) e

Linear retardation of block is
a=Ro=(02)(8.15)=1.63 ms™
At the moment when angular velocity of drum is

®, =10 rads™
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The linear velocity of block will be
v, =®,R=(10)(02)=2 ms™'

Now, the distance(s) travelled by the block until it
comes to rest will be given by
2
s=;—° {using v* =07 - 2as withv=0}
a

(2)°
§= m=122m
2(1.63)

A thin uniform rod of mass m and length | rotates
with the constant angular velocity @ about the verti-
cal axis passing through the rod’s suspension point O.
In doing so, the rod describes a conical surface with
a half aperture angle 6. Find the angle 6 as well as
the magnitude and direction of the reaction force N
at the point O.

~ -
hhhhhhh

SOLUTION

Let us consider the frame rotating about the verti-
cal axis along with the rod. In this reference frame,
the rod experiences not only the gravity mg and the
reaction force N but also the centrifugal force F,
directed radially outwards as shown in Figure.

N N=mg
)
|
N, 1O
P
16
I
_d__
e TaAT T
1 1 »C
: —»F,
mg

Since the rod is observed to be in equilibrium in the
given reference frame, the resultant torques of all
forces relative to any point and the resultant of all the
forces are equal to zero.

The gravity and the centrifugal forces are the only
torque producing forces relative to the point O. So,
if 7. is the total torque produced due to centrifugal
forces acting on the rod, then

ng =Tc
l
= %sin@zrc (1)

Let us now calculate 7, by integration

The elementary torque due to the centrifugal force
that acts on the infinitesimal rod element of length
dx located at the distance x from the point O and

having mass dm( = ?dx) is equal to,
dtc = (dE, )xcos®

where dF. =(dm)(xsin8) =(?dx)(xsin9)a)2

2
= dr :gsinﬂcosﬂxzdx

c

Integrating this expression over the whole length of
the rod, we get

2[2
T.= ma; sinfcos@ .(2)
From equation (1) and (2), we get
38
cosf=—— (3
2071 ©)
= Bf=cos (S_gz)
20°1

Further, writing equations for centre of mass of the
rod, we get

Ny =mg
and N, =ma, = mf[sinﬂ ..(4)
. 2
= N=\/N”2+7N2=J(mg)2+( lsin@)
xcosei_é
¢ "' xls:t;:z am  oF,

———————
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Substituting the value of 8 from equation (3), we get

2 2
Nl 78
2 40'P

For its direction, we observe that

,m
cos@ "

N
Substituting the values, we get

c0s0’ = 4cosOV9+7 cos* 0

The centrifugal force F. does not pass through point
C but below it. (Think, why?)

PROBLEM 10

Determine the maximum horizontal force F that
may be applied to the plank of mass m for which
the solid sphere does not slip as it begins to roll on
the plank. The sphere has a mass M and radius R.
The coefficient of static and kinetic friction between
the sphere and the plank are y, and y; respectively.

M

R

F

SOLUTION

The free body diagrams for the sphere and the plank
are shown in Figure.
_Hs Mg —
F

/'CE
s Mg

For sphere: Linear acceleration

uMg
= = ssse 1
.‘11 M psg ( )
Angular acceleration
M¢ )R
aJﬁ;_sig):ﬁﬂ;g 0
= MRZ 2 R
5
For plank: Linear acceleration
F- SML
gy = M8 .03)

m
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For no slipping, we have
a, =a, + Rt (4

Solving the above four equations, we get
F= psg(M+%m)

7
Thus, maximum value of F can be p, g[ M+ Em)

PROBLEM 11

Two thin circular discs of mass 2kg and radius
10 cm each are joined by a rigid massless rod of
length 20 cm. The axis of the rod is along the perpen-
dicular to the planes of the disc through their centres.
This object is kept on a truck in such a way that the
axis of the object is horizontal and perpendicular to
the direction of motion of the truck. Its friction with
the floor of the truck is large enough so that the object
can roll on the truck without slipping. Take X-axis as
the direction of motion of the truck and Z-axis as the
vertically upwards direction. If the truck has an accel-
eration 9 ms 2, calculate

G0

(i) the force of friction on each disc.

(i) the magnitude and direction of the friction
torque acting on each disc about the centre of
mass O of the object. Express the torque in the

vector form in terms of unit vectors 1, } and k
in X, Y and Z directions.

SOLUTION

Given mass of disc m =2 kg and radius R=0.1 m

(i) FBD of any one disc is
Frictional force on the disc should be in forward
direction.
Let a; be the linear acceleration of centre of mass
of discand « the angular acceleration about its
centre of mass. Then,

ao=£=£ (1)
_To RO 2
CTTwRR mR 2001 -9
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Since, there is no slipping between disc and

truck.
&‘a =9ms?
3 |
X
y
Therefore,

Acceleration of the B Acceleration of
contact point B the truck

= dqy+tRa=a

= (£)+(0.1)(10f)=a

=>§f=a

L 20y
3 3

= f=6N

Since, this force is acting in positive x-direction,
so in vector form,

f=(6i)N

le— 20cm =02 m—»

i

(i) 7=7x
where, )_f = (6; )N (for both the discs)

P, =7 =—0.1]-0.1k

and 7,y =7, =0.1j - 0.1k

Therefore, frictional torque on disk 1 about point
O (centre of mass).

£ = x f=(-01j-01k)x(6f |Nm
= (0.6k-06]

= 7,=06(k-]) Nm

and |7 |=1/(06)7 +(0.6)* =0.85 Nm
Similarly, 7, =7, x f = 0.6(~j k|
and |7,|=|7,|=0.85 Nm

PROBLEM 12

Show that if a rod held at angle 6 to the horizontal
and released, its lower end will not slip if the friction
coefficient between rod and ground is greater than

g( sin 20 )
2\ 1+3sin%6 )

SOLUTION

Point A is momentarily at rest, so

mg(1/2)cos _ 3gcosf
ml*/3 2

T
d=—=
I

If a, be the tangential acceleration of the centre of
mass of rod C, then

I 3
a =Ecx=zgcos€

Now, uN =ma, or uN =ma-sin@

= yN=%mgsin€cos€ (1)
Further, mg—N = ma,,

=  N=mg—ma, cosf

= N=mg—%mgcoszﬂ ..(2)
Dividing equation (1) by (2), we get

3.
Zsmﬁcosﬁ_ 3sinfcosd

|u= - 2
1_§C0529 4-3cos” 0
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- 3sinfcosh i( ZSinﬂcosﬂ)
1+3sin0 2\ 1+3sin%0

ﬂ_;( sin(26) )
2\1+3sin’ 0

PROBLEM 13

A uniform stick of length L, mass M hinged at one
end is released from rest at an angle 6, with the ver-
tical. When the angle with the vertical is 6, the hinge
exerts a force F, along the stick and F, perpendicular
to the stick. Calculate F, and F.

SOLUTION

Let C be the centre of mass of the rod and @ be the
angular speed of rod about point O at angle 6. By
Law of Conservation of Mechanical Energy, we have

L 1 MLz) )
Mg =(cosf-cos8y)==| — |0
gz(cos cos b ) 2( 3
238
= :T‘(cosﬁ'—cosﬁ‘ﬂ) (D)
, LY -
Since, F, - Mgcosf=M B ® ..(2)

From equations (1) and (2), we get

F = %Mg(SCOSG—?)COSBU)

Mgsin@ + F;

Angular acceleration of rod at this instant,

L .
K3 Mg(Esmﬂ) _3gsin@
T M2 2 L
3
Tangential acceleration of centre of mass C is

a,=ra=(a)[%)=%gsin9 ..(3)
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Now, F, + Mgsin6 = Ma, ..(4)

From equation (3) and (4), we get
F=- i Mgsin@

Here negative sign implies that direction of F, is
opposite to the component Mg sin 6.

PROBLEM 14

A man pushes a cylinder of mass m; with the help of
a plank of mass 11, as shown. There is no slipping at
any contact. The horizontal component of the force
applied by the man is F, find

F

my

m

(a) the acceleration of the plank and the centre of
mass of the cylinder, and

(b) the magnitudes and directions of frictional forces
at contact points.

SOLUTION

We can choose my arbitrary directions of frictional
forces at different contacts. In the final answer the
negative values will show the opposite directions.
Let the friction between plank and cylinder, i.e. at
contact point B be f, the friction between cylinder
and ground, i.e. at contact point A be f, accelera-
tion of the plank be a, =, acceleration of centre of
mass of cylinder be a. =4, and angular acceleration
of cylinder about its CM be .

Directions of f; and f, are as shown in Figure.

my —» 3,
F—>] le

fy
fi

Since, there is no slipping anywhere, so accelera-
tion of plank equals the acceleration of top point of
cylinder, so we have
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ay=2a,
as
0 =20, (1)
l«uso,al:"f1 ()
1,
_l_
az=—f1 fa .(3)
my

If I be moment of inertia of cylinder about CM, then

(fi-£)R_(A-£H)R

I mR> |2
= oz=M ...(4)
m R
= a2=Ra=2(f1T_f2) ...(5)
1

Acceleration of bottom most point of cylinder is zero.

(a) Solving equations (1), (2), (3) and (5), we get

8F 4F
g =———and gy =———
3m, +8m, 3m; +8m,
Ra a
3mF myF
b =f = 1 df,=f=—"—L__
® fs =1 3m, +8m, and fa=fy 3m, +8m,

Since, all quantities are positive, they are correctly
shown in the above Figures.

PROBLEM 15

A uniform rod AB of length 2/ and mass 2m has
a particle of mass m attached at B. The rod is free
to rotate in a vertical plane about a horizontal axis
through A. When the rod is hanging at rest, with B

below A, it is given an angular velocity %\E Find

the reaction at the axis when the rod first becomes
horizontal. Take ¢ =10 ms™.

SOLUTION

When the rod first becomes horizontal, this situation
is shown in Figure.

A %
f— [ —
Fy :
A '
2m / | P
Fy '
A
o, o
\J
m 2m}g Mg
Initially Finally

By Law of Conservation of Mechanical Energy, we
have

Loss in Gain in Gain in
RKE of =| GPEof |+| GPEof
Particle+ Rod CM of Rod Particle

= %IA((;)S —0)2)=(2m)gl+mg(21)

2 4
= 1{2#1(21) +m(21)2 )(E—a)zJ=4mgI
2 3 4]

22
201

In the horizontal position of the rod, we have

T=(2m)gl+mg(2!)=4mg]
Since 7=1Io

. a:%= 2mgl+mg(21) :%

2
[Zm(Zl) +m(21)2)

3
!

Let the CM of Rod plus Particle be at point P, a
distance r from A. Then

. (2m)l+m(21) _4_[
3m 3

41\( 3
= a, =4 :ra:(g)(s—f):ﬂﬁg

Since 3mg - F, = (3m)a,
= k= 3mg —3m(0.8g)

= Fy =0.6mg , upwards

Also, a, =a, = re* =(4—I)(%): 14.73¢
: 3 J\ 201
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L]
Force exerted by hinge in x-direction is
F,=F =(3m)a, =44.2mg

So, total hinge force is given by

F=Fl+F} =442 mN

PROBLEM 16

A solid sphere is released from a height of 49 m from
horizontal on an inclined plane as shown in Figure.
All the surfaces are smooth except AB which has

U= ; and length of AB is 49 m. After passing over

the rough surface, the sphere climbs to the right por-
tion BD of incline.

A B
l— 49 m—*

(@) Find the height from horizontal to which it climbs
on BD.

(b) Now the sphere returns and goes up the incline
AC. Find the linear velocity of sphere at A dur-
ing the left-out motion.

SOLUTION
From C to A we have, velocity at A is

vy =2xgxh =2x10x49 =31.3 ms™

From A to B, let pure rolling starts after time .
v=Rw

= Uy —at=R(ot)

umgR
= v, —-ugt=R| —— |t =2.5ugt
A~ HE (Zmrz,"S} Hg

f= Uy _ 31.3
3.5ug 3.5%(2/3)x10

=134s

Now, s =vAt—%(,ug)t2

_ 112 2
= s—(31.3)(1.34)—2(3)(10)X(1.34)
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= s5=36m

Since velocity v =v, —at, so we have
v=v, - ugt= 31.3—§x10x1.34 =2236ms "'

The remaining distance of 49 -36 =13 m the velocity
is maintained at 22.36 ms™}, because of pure rolling
the friction is zero. So, the height raised above the
horizontal is

2 2
v- (2236) o5 m

T2¢ 2x10

From B to A, let pure rolling start at time #, then
v" =R’
where ' =-w+at’ and v' =v-pugt’

= v-ugt'=-oR+oaRt’

, vtRo  2v
35ug 35ug
w (0]
&) &
» umg
A B
2x22.36

4

=0 =191
3.5%(2/3)x10

So, v'=v—pugt
= ¢'= 22.36—§><10 x1.91=9.62 ms™
= 5’=22.36><1.91—%x%xle(l.?)l)z

= §=3053m

Since s” is less than 49 m, velocity of sphere at A

during the remaining journey is 9.62 ms .

PROBLEM 17

A uniform disc of mass m and radius R is projected
horizontally with velocity V, on a rough horizontal
floor, so that it starts off with a purely sliding motion
at t=0. After f, second, it acquires a purely rolling
motion as shown in Figure.
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P

t=0 t=1y

(a) Calculate the velocity of the centre of mass of the
disc at £;.

(b) Assuming the coefficient of friction to be y, cal-
culate f;. Also calculate the work done by the
frictional force as a function of time and the total
work done by it over a time f much longer than
ty.

SOLUTION

Between the time f=0 to f=t there is forward
sliding, so friction f is leftwards and maximum, i.e.
pmg.

For time t >, friction f will become zero, because
now pure rolling has started i.e., there is no sliding
(no relative motion) between the points of contact.

P
Vy 4
f=fnax = Umg finax — Mg
t=0 t=ty

So, for time f < £y, the linear retardation and the angu-
lar acceleration respectively are

_f_ e
a=--=ug {~ f=umg}
_t_ R _2ug
o=—= — = —

I mR*2 R

Now let V' be the linear velocity and o, the angular
velocity of the disc at time =, then

2ugt
and ©=at, = ”If 0 o)

For pure rolling to take place
V=Rw

V

3ug

Substituting in equation (1), we get

v
V=Vo—ﬂg($}

2
= V==V
3
For t <t;, the linear velocity of disc at any time f is
2ugt
V =V, - ugt and angular velocity is @ = at = %

From work-energy theorem, work done by friction
up to time t equals the change in kinetic energy, so
we have

= W= %sz +1Ico2 —%mVﬂ2

2uet V1

1 1(1
= W:Em(Vﬂ—ygt)2+—(—mR2)( >

2\2

- W= %(Vﬂz + gttt 2V ugt+2u” gt — Vg )

W=MTW(3,ugt—2VU)

For t>t, friction force is zero i.e., work done in
friction is zero. Hence the energy will be conserved.
Therefore, total work done by friction over a time ¢
much longer then ¢, is total work done up to time ¢,
(because beyond the work done by friction is zero)
which is equal to

W=%gt0(3,ugfn—2‘fﬂ)

V
Substituting f, = —— , we get
3ug

mV,
W=TO(VU_2VO)
o We _Mﬂ/ﬂ2
6

PROBLEM 18

Asolid cylinder of mass m is rolling on a rough hori-
zontal surface with velocity ;. It collides elastically
with a cubical block of same mass at rest. The height
of centre of mass of both the bodies is same. Assume
that there is no friction between the cylinder and the
block and coefficient of friction between all other sur-
faces is y, find the
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(@) velocity of block when cylinder starts pure
rolling again.

(b) time after first collision at which the second
collision will take place.

SOLUTION

In head on elastic collision between two equal masses
velocities are exchanged.

Q & @&

f=umg ¢ s ’

Let the cylinder have radius R and let it start rolling
after time t,, then

v=Ro (D
where v =at; = (ug)t, and

W= w —at=(00—[ﬁ)t]

I
24

R
So, from (1) i.e., v = Rw, we get
2ugt
ugt :R(.U-’{J __If : )
0 2,ugt1)
= gt =R| Lot
ok (_R R
= tl=v—”
3ug

Since, v = ugt
% %
=13 = _ =
o=(s) 5 )%

During this time f;, the block moves forward under a
retardation pg, soif v” be the velocity of block when
cylinder starts pure rolling at #,, then

, vy 20
v =1 - Hgh =7, ‘§D=TD

After the first collision, we have

U, =0y, 4, =-2 ug
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. 1
Since, s=v,t, + Eartf

2 2 2
L oo N W 2%
3ug ug 9ug

After the cylinder starts pure rolling friction on cylin-

v
der becomes zeroand v, =0’ —v=-2, a, = -ug
r 3 r

Let the second collision takes place after time f,, then
1
-§= vrt+—a,t2

Substituting the values, we get

2
2

(\/EJFZ)UO

= t=h+h=
Sug

PROBLEM 19

Auniform thinrod of mass m andlength [ isstanding
on a smooth horizontal surface. A slight disturbance
causes the lower end to slip on the smooth surface
and the rod starts falling. Describe the trajectory of
the centre of mass. Find the velocity of centre of mass
of the rod at the instant when it makes an angle 6
with horizontal. Also find the velocity of centre of
mass when it touches the surface.

SOLUTION

Since the floor is smooth so the mechanical energy of
the rod will remain conserved. Further, no horizontal
force acts on the rod, hence the centre of mass moves
vertically downwards in a straight line. Thus, veloci-
ties of centre of mass and the lower end B are in the
directions shown in Figure.

A
.
o CM----- ¢
c Ih:§(1 sing)
f VGI PR
f I
7 Sing E
l o
B VB
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The location of IC at this instant is found by draw-
ing perpendiculars to 7~ and 0 at respective points
and IC is located at the point of intersection of these
two perpendiculars. So, the rod may now be assumed
to be in pure rotational motion about IAOR passing
through IC with angular speed ®.

Applying Law of Conservation of Mechanical Energy.
we get

Decrease in GPE
of CM of Rod

Increase in RKE
of Rod about IAOR

1
= mgh= EIIAORCUZ

2 2
= mgi(l—sinB) = l(ﬂ+ﬂc
2 2\ 12 4

0s* 9)0)2

Solving this equation, we get
oo [12¢(1-sin6)
l(l +3cos?8)

’55|:[£cosﬁ')w

Now,
2

5,|= \/Sgl(l—sinﬂ)coszﬂ
‘ (1+3cos?8)

When the rod touches the surface, then 8=10°, so

_ 3gl
e

PROBLEM 20

A uniform rod AB of mass m and length 22 has a
particle of mass m attached to theend B . Therod can
rotate in a vertical plane about a smooth axis through
A. If the body is slightly displaced from the position
in which B is vertically above A, find the magnitude
of the reaction at the axis, which is horizontal, when

the rod has rotated through g radians.

SOLUTION

By Law of Conservation of Energy, we get

Gain in Loss in Loss in
RKEof |=| GPEof |+| GPE of
Rod CM of Rod Particle

1[111(2{1)2
ﬂ -_—

2 3
mg(2a)(1-cos60°)+mg(a)(1-cos60°)

+m(2a)2 ]0)2 =

ae
— 8ma2 2=3mga
3 2
= a)zzig (1)
16 a
P N
Now, a=3=mg(ﬂ81n60 )+mg( asin60°)
I 6,
——ma
3
32 a

Now centre of mass of the system (point C) is at a
distance of 37” from point A. Acceleration of C has

two components 4, and a,, where

(3{1) 2743 (3.2) , 27
g = —|o=——gand g, =| — |0 =—g
2 64 2 32

QB |

= i B
:600
] , o)
A A

Force applied by hinge in x-direction

F, =2ma, = 2m(a, sin60°—a, cos60° )

273 2743
= FE=2m —-—|g
! 128
5443
= F=—+Hmg
128
a
c 2
3 L
> Reo° "‘—I
ansoi
F)( ' A ay y
Y
F

Similarly, F, +(2m)g= (Zm)ay

= F, =2m(a,sin60°+a, cos60°)-2mg

81 27 270
Eooml 22 e —ome =2 e -2
= by ”1(128 64)g ME= 108" T
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E =
y 1zsg

So, F= ,/ F, gﬁ

A rod of length | forming an angle 6 with the
horizontal strikes a frictionless floor at A with its
centre of mass velocity v, and no angular velocity.
Assuming that the impact at A is pertectly elastic,
find the angular velocity of the rod immediately after
the impact.

"

SOLUTION

If v be the linear velocity of rod after impact
(upwards), ® be the angular velocity of rod and |
be the linear impulse at A during impact, then by
Impulse — Momentum Theorem, we have

.1

{ /] v
T \G Vo \0
A A
During impact After impact
J=8p=ps—pi
= J=mo—(-muy,)
= J=m(v+vy) (1)

Further by angular impulse angular momentum
theorem, we have

2
](%cos@)=1a)=%a) ..(2)

Since the collision is elastic, so at the point of impact,
e=1

=
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Relative speed | [ Relative speed
of approach | | of separation

= vU:er%wcosB ..(3)

Solving equations (1), (2) and (3), we get
6v, cos@
1(1+3c0s” )

PROBLEM 22

A cylinder of mass M and radius R is rotated in
a uniform V shaped groove with constant angular
velocity @. The coefficient of friction between the
cylinder and each surface is y. What torque must be
applied to the cylinder to keep it rotating?

SOLUTION

The forces acting on the cylinder are shown in Figure.

1N,

UN;

For vertical equilibrium of cylinder, we have

N, cos45°+ N, cos45° + uN, cos45° =

UN, cos45°+ Mg

= Ny (1+p)+N,(1-u)=v2Mg e
For horizontal equilibrium of cylinder,

N, sin45°=N, sin 45°+ N, sin45°+ N, sin 45°
=  Ny(1-p)-Ny(1+u)=0 ..(2)
Solving these two equations, we get

2N (1+47 )= V2Mg (1+ 1)
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N, - Y2Mg(1+p)
2(1+42%)
From (2), we get
_VaMg(1-p)
214442
The required torque is,

7= uUN;R+uN,R = uR(N; +N,)

=

N,

\/EngR
(1442)

PROBLEM 23

A rectangular rigid fixed block has a long horizon-
tal edge. A solid homogeneous cylinder of radius R is
placed horizontally at rest with its length parallel to the
edge such that the axis of the cylinder and the edge of the
block are in the same vertical plane as shown in Figure.

There is sufficient friction present at the edge so that
a very small displacement causes the cylinder to roll
off the edge without slipping. Determine:

(a) the angle 6. through which the cylinder rotates
before it leaves contact with the edge.

(b) the speed of the centre of mass of the cylinder
before leaving contact with the edge, and

(c) the ratio of the translational to rotational kinetic
energies of the cylinder when its centre of mass is
in horizontal line with the edge.

SOLUTION

The cylinder rotates about the point of contact as
shown in Figure.

Hence, the mechanical energy of the cylinder will be
conserved i.e.,

(PE+KE)=(PE+KE),

= mgR+0= ngCOSB+lIﬂ)2 Jrlmv2
2 2

where, | =%mR2 and for no slipping at point of
v
contact, we have @ = 7

2
= ng=r.v:g]s’.cos(iH1 L2 |[ 2 | Lo
202 R*) 2

= 202 = gR(1-cosh)

4
= o'= EgR(l—cosE))

At the time of leaving contact, normal reaction N =0
and 6 =0, hence,
mo*

f=—
mgcosd=—y

2
v
—= 0 (2
= R = §cos (2)
From equations (1) and (2),

%g(l—cosﬂc)=gcos€?C
= ZCOSBC =1
4

4
=  cost, =z

PROBLEM 24

A spherical ball of radius r and mass m collides with a
plank of mass M kept on a smooth horizontal surface.
Before impact, the centre of the ball has a velocity v,
and angular velocity @, as shown in Figure.
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The normal velocity is reversed with same magni-
tude and the ball stops rotating after the impact. Find
the distance on the plank between first two impacts
of the ball. The coefficient of friction between the ball
and the plank is ;1. Assume that plank is large enough.

SOLUTION

The forces during impact are shown in Figure.

N Yo
C])_. Cg_. Y
uN vy T—»x
S s B S—
Let the horizontal velocities of the ball and the
plank be v; and v, in opposite directions as shown

in Figure, then by Law of Conservation of Linear
Momentum in horizontal direction, we get

mv; = Mo, (1)

According to Impulse Momentum Theorem,

Linear Impulse
of the ball in =
vertical direction

Change in
Linear Momentum
in vertical direction

= [=Ndt
= [=2my, (2
Linear Impulse Change in
on the ball in _ | Linear Momentum
horizontal in horizontal
direction direction
= pj=my ...(3)

According to Angular Impulse Angular Momentum
Theorem, we have

Angular Impulse Change in
on the ball about |=| Angular Momentum
Centre of Mass about Centre of Mass
2 5
= ([.I])P‘=Ia)0=(gmr )COU .(4)
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Solving equations (1), (2), (3) and (4), we get

2 m(2
() =gm)0 and v, = g”a’n

Now, actual path of the ball is a projectile whose time
of flight will be

zvy _ 20,

§ &

Relative velocity of ball with respect to plank in hori-
zontal direction is

M+m 2( M+m
Ur=U]+Uz= T U1=g T ray,

Therefore, the required distance is

T =

s=uv,T
S_E(MJF"?)UU”@U
5\ M g

PROBLEM 25

A uniform rod of length L and weight W stands
vertically touching a vertical wall (y-axis). When slightly
displaced, its lower end begins to slide along the floor
(x-axis). Obtain an expression for the angular velocity
(@) of the rod as a function of §. Determine the distance
moved by the lower end at which the rod no longer
touches the vertical wall. Neglect friction everywhere.

y

A

T

(

SOLUTION

The position of instantaneous axis of rotation (IAOR)
is shown in Figure.

A

Ake oo mmmmme

Y
>

A

\

\
A
wf------4-+%
° 3
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C E(icosﬂ, £sin@)
2 2

r= % = half of the diagonal

All surfaces are smooth. Therefore, mechanical
energy will remain conserved. So,

(Decrease in GPE) ~ ( Increase in RKE )

of CM of Rod of Rod about IAOR
[ 1
= mg—(1-sinf)=—Io’ (1
&7 5 1)
il
where, I = 573 +mr? {about IAOR]}
o mft_ml
12 4 3
Substituting in equation (1), we get
2
mg%(l—sin@) = %(%)a)z
3¢(1-sin)
= 0=,)—
/
I 3g(1—lsm9)
Differentiating w.r.t. time, we get
Za)(d—w)=—3—gc089(d—gj .-(2)
dt l dt
. do .
Since, m =0 {the angular acceleration of rod}
de .
and -7 {the angular velocity of rod}
Substituting in equation (2), we have
3
a:—z—fcosﬂ ..(3)

The x-coordinate of centre of mass at angle 6 is
!
X =—cos6
2

Differentiating twice w.r.t. time, we get

2
a =—w—lcosﬂ—gsin9 ...(4)
2 2

X

The rod will lose contact with the vertical wall at
the instant when normal reaction by the wall (along
x-axis) becomes zero. So,

J5

Substitute, a, =0 in equation (4), we get
~0* cos@—asinf=0

= —STgCOSQ(l—Sin9)+ i—fsin@cos@ =0

Solving this, we get
sin@ = 2
3

At this moment the lower end has moved a distance
d given by,

NG

d=1cosf=—1I
3

PROBLEM 26

A cylinder of mass M is placed on top of a block of
mass 2M. The friction coefficient between the block
and the horizontal plane is zero and the friction coef-
ficient between the cylinder and the top surface of
block is u. A small body of mass M travelling with
a velocity v, hits the block horizontally such that the
collision is completely elastic. Find the maximum
value of v, for which the cylinder does start pure
rolling before it topples from the top of the block.

M

@

—— d —>

Me—>v, 2M

SOLUTION

Let v be the velocity of block after collision. Applying
the equation of head on elastic collision between two
particles, we get

2M 2
Uy =-0
M+2M 3

The forces acting on the cylinder and the block till
pure rolling starts are shown in Figure.



ICON

o0
a4
;éMg GZ:JL{MQ
—»V do4— —»V

_ uMg
= ™ Mg

_ uMg _ug
Iy = ——=—=

2M 2

_ BMgR _ 2ug

o= — = —
MR*2 R

Let the pure rolling starts after time ¢, then

v—a,t =ayt+(at)R

0 v
= t: R= ‘ug
0 +a, +o e )
Hug ) Hg
o =22 - 2%
7ug  21ug

Now, d = (vt—laztz )—la]tz
2 2

= d=vt—;(al+a2)t2

L ogo w1
63ug 44lug
= 44lugd = 5605 -120;

= Mo]=441ugd

21 |ugd
> w3
_ 21 Jugd

= (U() )min - 2 11

PROBLEM 27

A uniform disc of radius 7, lies on a smooth hori-
zontal plane. A similar disc spinning with the angu-
lar velocity @, is carefully lowered onto the first
disc. How soon do both discs spin with the same
angular-velocity if the friction coefficient between
them is equal to .

SOLUTION

If I be the moment of inertia of each disc relative to
common rotation axis as shown in Figure.

Chapter 3: Rotational Dynamics 3.125

b 2]
&
Finally (at f5) when the

discs attain common
angular velocity

C i)
Q;

Initially (at t = 0)

Then by law of conservation of angular momentum
applied to the initial and the final situations, we get

T, =2lw

_ 0y
= o=—

2

The angular velocity of each disc varies due to the
torque 7 of the friction forces. To calculate 7, let us
take an elementary ring with radii » and r+dr as
shown in Figure.

Friction force

Mass = dm

The torque of the friction forces acting on the given
ring is equal to

dT:frJ_ =‘u(dN)F'=[#(dm)g]r

= = p[ﬂf’;)(zmr)r = (ﬂ}zdr

i N

where, m is the mass of each disc. Integrating this
with respect to  between 0 and 7, we get

2
T= 3 umgt, = constant

2umery /3) 4
= a=%=( KT, )= pg:constant

( mrgz ,-‘f?) ) 31

The angular speed of lower disc increases from zero

ay .
to — with constant angular acceleration «, so

&=0+at
2
_ 0y RIAON
20 8ug



