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CHAPTER

Centre of Mass,
Conservation of Linear
Momentum and Collisions

Learning Objectives
After reading this chapter, you will be able to understand concepts and problems based on:

(a) Newton's Second Law and Concept of Centre (d) Work Energy Theorem for System of Particles

of Mass

(b) Centre of Mass for Various Bodies and

Configurations

and its Applications from Centre Of Mass
Reference Frame (C-frame)

(e) Conservation of Linear Momentum, Variable

(c) Concept of Motion of Centre of Mass Mass Systems
(f) Collisions: Head on and Oblique

All this is followed by a variety of Exercise Sets (fully solved) which contain questions as per the
latest JEE pattern. At the end of Exercise Sets, a collection of problems asked previously in JEE (Main

and Advanced) are also given.

CENTRE OF MASS

INTRODUCTION

In the previous chapters, we had been discussing
motion for the point objects. However, we come
across mechanical systems which are actually not
point objects. A mechanical system is either a group
of particles (such as atoms of a gas enclosed in a
container) or an extended object (such as an acrobat
following a projectile motion after being fired from
the human canon). The motion of amechanical system
can be easily described in terms of a special point
called the Centre of Mass of the system. We shall
also see that the centre of mass of the system moves
as if the entire mass of the system were concentrated
at that point. Furthermore, if a resultant force F. , acts
on the system and the total mass of the system is M,
then acceleration of the centre of mass of system is

ext

dcy = ——. So, we observe that the system moves as

if the resultant force was being applied to a single
particle of mass M, placed at the centre of mass.
In simple words the centre of mass is the point
from a chosen origin where the entire mass of an
extended system can be assumed to be concen-
trated and instead of discussing about the motion
of the particles of the system individually (to study
the motion of the system) we can directly discuss
about the motion of the centre of mass to get the
same results.

CENTRE OF MASS AND NEWTON'S
SECOND LAW

Consider a mechanical system formed by a Colle_ction
of particles m,, m,, mjy,...., m,. Let a force f; be
applied on particle 1, f, on particle 2 and so on such
that their respective accelerations are 4, a,, ds,....,
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i, . Now, according to Newton's Second Law, the net
force F acting on the mechanical system is given by

F=fi+fr+.tf,

= F=myi, +myiy+...+mi, (1)

If M be the total mass of the system and @ be the
acceleration of the system, then

F = Mi = myii, + myi, +....+m, i, (2)
where, M = m; +m, +...+m,

Let 0y, Uy, ..., 0, be the respective velocities of the par-
ticles at an instant and @ be the velocity of the system
at that instant. Then

doy az=dﬂ,..., i, LT
dt m dt at

So, from equation (2), we get
8
dt

M(d—v)= ml(@)+m2[d&)+....+m”
dt dt dt

d
M
= 5 (M)=

Integrating both 51des, we get

=l

1:

(mlvl+mzvz+ A m,T, )

M0 =m0y + my0y +.....+m, 0, ..(3)

L0, MUy F e+ M, T
= b= 1¥1 2V2 nvn (4)

my +my +....+m

Further, if 7, 7,, ..., 7, be the respective position
vectors of the particles (from the selected convenient
origin) at any instant f and 7 be the position vector of
M, then

di - _dn _odr, . dr
_’Uz __,’U”=—”U=_

dt dt dt dt

So, from (3), we get

(d?) [dr) (d") dr,
M| — +m +otm, —
dt dt dt dt

d
= —(MF)=
dt

0=

d,
—t(‘m]r] +MyTy + .t 1, T, )
Integrating, we get

MF = miy + myty +...+m, T,

/(Y R [ Y P e o 1
= 7= 11 2'2 n'n

My + 1My + ...t 1,

This position vector of the combined mass M, is
called as the centre of mass of the system of parti-
cles, denoted by 7|

ae
A
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Furthermore, 7, is actually the velocity of centre of

mass and 4., is the acceleration of the centre of mass.
Hence, we have
z m.i;
g Ml + a5

a =
cm
my+m,+....+m E
1 2 n m;

1
2
N M0y + M0y + ...+ 11,0,

5 = _ i
cm
my + 1y + ...+ 1, Z m,
E m;T;
_ R AT A A,

T
cm
my +my +...+m, E m;

i
These equations help us to reduce a many particle
mechanical system to a single particle system (of
mass M) placed at a position vector 7.

DEFINITION OF CENTRE OF MASS

Consider a system of n discrete particles having

position vectors 7, 75, ....... , T, as shown in Figure.
y
Y
m, M,
)
fn my
fy
X
0
The position vector for the centre of mass 7., is
M7y + Moty + .. +m,T,
B R (T +1m,

(1)

where, M = Zm; is the total mass of the system.
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The components of equation (1) are defined as
L S
M M

(@) The location of the centre of mass is independent
of the reference frame used to locate it.

(b) The centre of mass of the system of particles
depends only on the masses of the particles and the
positions of the particles relative to one another.

(c) The centre of mass has a tendency to shift towards
the heavier side of the system.

(d) The above formulae are equally applicable for
collinear and non collinear systems.

(e) However, it must be noted that to locate the
position of the centre of mass an Origin of conve-
nience has to be selected first.

ANY SYSTEM CAN BE THOUGHT OF AS
A TWO PARTICLE SYSTEM

Dear Students, please remember that any particle
system can be reduced to a two-particle system.
As an example, let us consider a four particle system,
then its CM is given by

B myr +m2r2 +m3r3 +m4r4

F (1
o 1y + My + g + 1, M

Now, if we want that particles 1, 3 should be a single
particle and 2, 4 should be another single particle,
then equation (1) can be re-written as

M1y + s T Moty + 11,7
L83 (ml+m3)+ —22 44 (m2+m4)
1y + 1, My + 11,

(my +my )+ (g +my )

- (chofl&S)(mlerS)Jr(chon&ZL)(m2+m4)

= Ip=
1y + My + 15+ 1y

cm

ILLUSTRATION 1

Find the center of mass of the four point masses as
shown in figure.
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SOLUTION

The total mass M =12 kg, from equation, we have

_(2)B)+(#)B)+G)(A)+HM)(3)_ 5

Fom = 2+4+5+1 12
QUGG s
o 2+4+5+1 12

The position of the cm is 7, = ( —0.42i + 2.3} ) m

ILLUSTRATION 2

Two particles of mass 1 kg and 2 kg are located at
x=0 and x=3 m. Find the position of their centre
of mass.

SOLUTION

Since, both the particles lie on x-axis, the cm will also
lie on x-axis. Let the cm is located at x = x, then

m; =1kg CM m,=2kg
O O
= X= 3

r, = distance of cm from the particle of mass 1 kg
and r, = distance of cm from the particle of mass 2 kg

= rn=03-x)

Using L .M
h

x 2

3-x 1

= x=2m

Thus, the cm of the two particles is located at x =2 m

ILLUSTRATION 3

A thin rod of length 3L is bent at right angles at a
distance L from one end. Locate the centre of mass
of the arrangement with respect to the corner. Take
L=12m.

SOLUTION

The centre of mass of each arm lies at its midpoint.
The centre of mass of the two arms can be found
by treating each arm as a point particle placed at its

L
centre of mass. From the diagram we see that x; = >
vy, =0andx, =0, y, =L.
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Since the distribution of the mass of the rod is uni-
form so the masses of the parts that are bent are m
and 2m which have the respective lengths as L and
2L. By definition, we get

_mXp+myx, L

™M 6
Yo = My iy, 2L
o M 3

The position of the centre of mass is given by
= (-02i+08]) m

Note that the centre of mass may not necessarily have
a physical mass present at it and may lie within or
outside the body.

ILLUSTRATION 4

Four particles of mass 1kg, 2 kg, 3 kg and 4 kg are
placed at the four vertices A, B, C and D of a square
of side 1 m. Find the position of centre of mass of the
particles.

SOLUTION

Assuming A as the origin, AB as x-axis and AD as
y-axis, we have
Y

A -———+X
B

my =1kg at (xl,yl) ( 0)
my =2kg at (x,, y,)=(1,0)

(
m3=3kg at (JCS,yg) )
and m, =4kg at (x4,y4) ( )

Co-ordinates of their cm are

_ M Xy + My Xy + 13Xy + 11y Xy

Fem = 1y + 1y + s + 1y
' _(1(0)+2(1)+3(1)+4(0)
o 1424344
= Cm=£=lm=0.5m
10 2

MYy + 1Y, + 1Y + 1My Yy

_(1(0)+2(0)+3(1)+4(1)
Yam = 1+2+3+4

Similarly, vy, =

Yem = Em 0.7 m

= (Xas Yem )=(0.5,0.7) m

Thus, position of cm of the four particles is as shown
in Figure.

D@ : @C
6(0.5,07)
________ :rdl\ﬁ_““
AQ® ' ©B

So, we see that the centre of mass of a system has a tendency
to shift towards the heavier side of the system.

CENTRE OF MASS FOR THIN SHEETS AND
LAMINAR BODIES

For thin sheets or laminar type (2-dimensional)
bodies, mass is directly proportional to area A, so the
formulae for finding the position of centre of mass is
modified and is given by

L A+ A0+ + AT,

nn

T =
T A A LA,

CAx A, LAY

n-n

= X =
o A+Ay+..+A,
= y — Alyl +A2y2 +""+Anyn and
o A+ A+t A,
Az + Az +...+A Z
- 42T AyZy non

z =
o A+ A+t A,
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ILLUSTRATION 5

A uniform lamina ABCDE is made from a square
ABDE and an equilateral triangle BCD. Find the centre
of mass of the lamina.

Y

B

o
1
1
1
1
1
1
1
I
1

P
1
1
1
1
I
1
1
)
1
1

\d

¢

SOLUTION

Here, A, = area of square ABDE = (a)(a) = a*

V3 a) V3 2
2 4

Coordinates of centre of mass of square is (x, y; )=

A, = area of triangle = —( )(

a .
(—, U) and coordinates of centre of mass of the

triangle is (x,, y2)=(ﬂ+%,0)

Now. 1 =A1x1+A2x2
A+ A,
55 55)
Xem = N =0.74a
24332

Yom = 0 as y; and v, both are zero.

Therefore, coordinates of cm of the given lamina are
(0.74a, 0).

CENTRE OF MASS FOR A SYSTEM HAVING
A CAVITY

Consider a body of mass 1, having its centre of mass
at 7; from a fixed origin O (say). If a portion of mass
m, having its centre of mass at 1, is removed from this
body, then the centre of mass of the remaining body
is given by

- _ I =i OR 7 _AITI_AZTZ
cm _ rcm_ A —A
my =iy 1~ 4
My X, — M, X Ax; — Ax
. xcmzll 220Rxcm:11 2%9
my =1y A-Ay
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= Yo = MYy =My, OR y,, = Ay = Ay
My =1y A -4y

= .= Mz =Mz, OR z = Az) = Ayzy
My —ny A -4

Please note that here A is the area of the correspond-
ing portion if the body is in the shape of a lamina.

ILLUSTRATION 6

A disc of diameter a is removed from a uniform disc
of radius 4. Locate the position of centre of mass of
the left out lamina shown in figure.

(B

SOLUTION
Coordinates of centre of mass of large circle are
(x1, ¥1)=(0, 0) and coordinates of centre of mass of

small circle are (x,, y, )= (%, 0). Since

= Ay - Ayxy

where, A is area of complete circle, i.e. A; = a* and

2 2
A, is the area of cavity, i.e. A, = 71'(;) = %

. —(na®/4)(a2) a8 4
X = — = _—ﬂ = ——
T —(szjél) 34 6
and y,, =0 as y; and y, both are zero.
Therefore, coordinates of cm of the lamina shown in

figure are (—g, 0). Please note that Centre of Mass

has a tendency to shift towards heavier side of system.

ILLUSTRATION 7

From a uniform disc of radius R, a disc of diameter R
has been cut out from the left part and this removed
part is then placed opposite to the cavity such that
centres of the full disc, cavity and the removed disc
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all lie in the same line and the removed disc just
touches it cavity. Locate the centre of mass of the
resulting disc assuming the origin to be at the centre
of the full disc.

SOLUTION

Since the arrangement is symmetric about x-axis, so
centre of mass of the system lies on the x-axis. Also,
due to uniform thickness, mass is proportional to area.

The x-coordinate of centre of mass of the system is
= Alxl —A2x2 +A3X3
T A A+ A

where, A; = 7R’ is the area of the full disc,

RY aR?
Ay=Ay = JT( E) = ET is the area of cavity
Xy, X, and x; are the x coordinates of the centre of mass
R
of full disc at origin, the removed disc at(—z, 0)

and the removed disc when placed opposite to the

. ) R
cavity tangentially at (E , 0 )

o) 5)( )3

mR> #R?
_+_

4 4

Hence the coordinate of centre of mass of system will

be(g, 0).
4

ILLUSTRATION 8

A square metal plate of side a from which a square

plate of side I(<a) has been cut as shown in the

figure. Calculate the ratio (?) so that the centre of

mass of the remaining L-shaped plate coincides with
the point A.
y
!

SOLUTION
For centre of mass to lie at point A, we have
Temn = (Xems Yem ) = (L1)
y

4

>

Mass distribution "~
is symmetrical
about this line AN

R

N

I
Hooos i Cutout part
o) X

“(5)-()
_ A=Ay, _ 2 2 iy

ycm AI—AZ az_lz

= &A-P=2(?-1)

= (a=1)(2+P*+al)=21(a+1)(a=1)

= af-al-1F=0 (1)
Solving equation (1), we get

g_\/g—l
1~ 2

CENTRE OF MASS OF EXTENDED BODIES

Arigid body, such as a meter stick, can be thought of
as a system of closely packed particles and hence it
also has a centre of mass. Since the number of particles
in the body is very large and their spacing is extremely
small, so we can treat the body as a continuous distribu-
tion of mass. For continuous distribution of mass, the
centre of mass is defined as

1
fon = ijdm

where 7 is the position vector of the centre of mass of
an infinitesimal mass element dmn. The components of
this equation are
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Often, we deal with homogeneous objects having a point, a
line, or a plane of symmetry. Then the centre of mass will
lie at the point, on the line, or in the plane of symmetry.
For example, the centre of mass of a homogeneous
rod will lie at the centre of the rod, the centre of mass
of a homogenous sphere will be at the centre of the
sphere, the centre of mass of a cone will be at the axis
of the cone, etc.

dm

> X

0

In the above formulae we have taken an infinitesi-
mal point element of mass dn placed at a distance dx
or dy or dz from the selected convenient origin O at
respective distance x or y or z from O.

Please note that, the same set of formulae cannot be extended
to systems where we have to find the centre of mass of the
extended system with the help of the elements that them-
selves are extended systems and are not point elements,
like a disc where the infinitesimal elements are taken
in the form of concentric rings which are not point
like. In that case we modify the above formula as

1 (. for infinitesimal |
— | Fdm
M elements
fem = J‘ for extended
¥em of the dm
M infinitesimal elements
element

ILLUSTRATION 9

If a homogeneous thin rod of mass m and [ is given,
from symmetry, we know that its centre of mass coin-
cides with the geometrical centre (mid-point) of the
rod. Prove this by calculation for the centre of mass
of the rod.
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SOLUTION

Let us choose the x-axis along the length of the rod
and origin at the left end of the rod, as shown in
figure. A differential mass element of the rod having
mass dm and length dx is also shown in the figure at
a distance x from the origin.

Mass of the element, dim, equals to the linear mass

density (mass per unit length 4 = ?) times the length
of the element, dx. Therefore,
dm = Adx = ?dx
dm
ol | "

— X —» dX le——

If x_,, be the coordinate of the centre of mass of the

rod, then
I

_dem_.!x(?)dx
_ Jdm -2

1[ 1 2
Xy = —jxdx=—[—)
l I\2
0

oo

Hence, the centre of mass of the rod lies at the mid-
point of the rod.

ILLUSTRATION 10

A rod of length L is placed along the x-axis between
x=0 and x=L. The linear mass density, 4, of the
rod varies with the distance x from the origin as
A=Ay +ax. Here, 4, and a are constants. Find the
position of centre of mass of this rod.

SOLUTION

Mass of element PQ of length dx situated at x = x as
shown in figure is
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dm = Adx = (A +ax)dx

The cm of the element has coordinates (x, 0, 0).
Therefore, x-coordinate of cm of the rod will be

L L L
dem J‘x(/’tdx) J‘(x)(AU +ax)dx
0 0 0
jdm jﬂdx J(lo +ax )dx
0 0 0
L
[%_XZE)
2 3 ), 3AL+2al’

[ v ) b 6y +3al
AUX‘F 7

The result obtained can be rearranged to obtain

0

L( 3A,+2dL

X =
cm
2

) 3
2
In the above expression numerator of the term within
square bracket is greater than the denominator.
L
Hence, x_, > >

The y-coordinate of cm of the rod is

Jydm
Yom =77 0
Ja‘m

Similarly, z_, =0

fasy=0}

Hence, the centre of mass of the rod lies at

(3aL+2bL2 )
6a+3bL

ILLUSTRATION 11

Find the centre of mass of a thin semi-circular ring of
radius R.

SOLUTION

From symmetric distribution of the body we see that
the centre of mass must lie along the y-axis, so x,,, = 0.
In this case it is convenient to express the mass
element in terms of the angle 6, measured in radian.
The element, which subtends an angle d6 at the
origin, has a length Rd6 and a mass dm = Rd6.

Coordinates of the infinitesimal element dm are
x=Rcosf and y = Rsin®

So, after finding these coordinates for the infinitesimal
element we use the fundamental formula to calculate
the centre of mass according to which we have

1 1
__| q d =—\ud
Xem xdm and Y, Iym

So, we get x,, =0and

2AR?

T
1 AR?
Yem = MJARZ sinfdd = ﬂ(—cose)‘g =
0

The total mass of the ring is M =7RA and hence

2R
Ym = ?

ILLUSTRATION 12

Locate the centre of mass of a homogeneous semi-
circular disc of radius R and mass M.

SOLUTION

A semi-circular disc can be subdivided into large
number of semi-circular ring elements, as shown in
Figure.

According to result obtained in the last Illustration,
all these elemental rings have centre of mass on the
symmetrical axis of the disc (i.e., on the y-axis for
chosen reference frame).

Now, if we replace all these elemental rings by points
masses placed at their centre of mass position, then,
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given disc reduces to a system of large number of
particles distributed on the y-axis. So, to locate the
centre of mass of the disc, centre of mass of these
particles can be found and used equivalently.
Consider an infinitesimal semi-circular ring of radius
r having thickness dr and mass dm, then

M
dm = m(mdr)

dm = i—Afrdr (D
The centre of mass of the chosen extended element of

radius r, thickness dr is at the point C,, as shown in the
same figure, then, coordinates of C, can be given as

x=0 and ..(2)
2r

- (3

y=2 ©

Now, the chosen element can be treated as a point
mass placed at the point C, If we consider all
elemental rings shown in figure in a similar way,
then, the coordinates of the centre of mass of the
given semi-circular disc, X and Y, can be obtained by
using equation. Therefore,

J.xdm
J.dm -
o (2
o J.dm ‘[dm
i]{.r(i‘f)(rdr) <
0

4
= ycm = M = ERZ J.TZdT

0
[i)(ﬁ)_ﬂ
aR* )\ 3 ) 3rm

Hence, the centre of mass of the given semi-circular
disc lies on the symmetrical axis of the disc at a dis-

{using equation (2)}

Xem =

and

{using equation (3)}

= Y

4R )
tance of 3— from its centre.
T
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Centre of mass of a complete circular disc (uniform)
lies at the centre of the disc.

While choosing elements, you must take care the
following:

(a) the centre of mass of the element itself must be
known. (If your chosen element is a point mass
then its centre of mass coincides with its position.)

(b) by using simple integration techniques your
element must be able to cover the entire body.

lj?‘dm, for infinitesimal
ro=|M
Cl

1

elements
—j Fmofthe  |dm, for extended elements
M infinitesimal

element

ILLUSTRATION 13

Locate the centre of mass of an annular semi-circular
disc of inner radius R, and outer radius R, as shown

in Figure.
A‘

R,

SOLUTION

Let o be the mass per unit area of the disc. To locate
the centre of mass of the annular disc, we consider
a half ring of radius x width dx having mass dm, then
we have

dm = 0dA = o(mxdx)
Centre of mass of this infinitesimal half ring is at

) 2x I
a distance — from O as shown in Figure.
T

—»
A
R, R
= ycm—J(oﬁxdx):i;:=i;- 2dx
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Rl J

We can also find the centre of mass of this object by
considering it to be complete half disc of radius R,
and a then removing a smaller half disc of radius R,
from it. If y,, be the centre of mass of this disc, then
we have

- =2_0[£
Yo = a2 R 2\ 3

4(R3-RY)

7 TR R

_ Mgy (}/ cm )full ~ Mremoved (ycm )removed
cm

M) = Mremoved
(07R3 )(4R, /37)~(0nR? ) (4R, /37)
(7R -7R? )2

4 (R -R’
= Yom = (2 1}

= Y =

3r| RZ-R?

ILLUSTRATION 14

Calculate the distance of centre of mass (from O) of
the uniform circular arc subtending an angle ¢ at the
centre O as shown in Figure.

Or:j;b

SOLUTION

Let the mass of the arc be M. Consider an infinitesi-
mal element of mass dim subtending an angle d6 at the
centre of the arc as shown in Figure.

Its x coordinate is R cos 6 and its mass is

dn'z:(M)dB
0

So, centre of mass of arc is given by

+¢/2

1 1 M
Xem =MJAde=M J (RCOSB)(;dQ)

-¢/2

ILLUSTRATION 15

Find the distance of centre of mass from point O of
a thin uniform plate having the shape of a sector of
a circular disc of radius R subtending an angle 26 at
the centre O as shown in Figure.

R

0

SOLUTION

Let M be the mass of the sector of the disc. Consider
an elemental arc AB of radius r and width dr as shown
in Figure.

=

If o be the surface mass density of the disc, then the
mass /m of the arc AB is given by

dm=o(2r6dr)=20r0dr

As derived in the earlier ILLUSTRATION, due to
symmetry the centre of mass of this arc must be on
lie on the angle bisector i.e. on x-axis at distance

rsin® )
x= from O. The centre of mass of sector is

X = %J‘xdm, where M = 6| R2(26)]

R

= X = lj( rsmg)(z::rrﬂdr)
M 0

0
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R

S or - 1 J.(rsme)@o'redr)
20R%0 0

0

R

sin| [ , sing | r°
=— | |7 = o |y
R0 R )\ 3

[sinG)[R?’) Rsin®
= xcm= —_— — | =
R* )\ 3 30

ILLUSTRATION 16

A quarter circular disc of radius a is removed from
a square plate of side 2 as shown in Figure. Find the
coordinates of centre of mass of the remaining part.

y

A

me

RJ
0

SOLUTION

The centre of mass of quarter disc taken out from the

square plate lies at the point Cl(:ii,;i). Let the

centre of mass of the remaining part be at C, (x,y)
such that the combined centre of mass of the quarter
disc and the remaining part must be located at centre

. a a
of square, i.e. at (—,—).
2°2

0

Since, we know that for the full square plate (made
up of quarter circular disc and the remainder plate),

L aa
the centre of mass is given by (5 5 ) Sowe get

mquarter (me )quarter + mremainder (xcm )remainder

a_
2 M

L BN

a a (4—%)
= —=—+ x
2 3 4

2a
3(4-7)

= x=

Similarly, we get y =

ILLUSTRATION 17

Find the centre of mass of a uniform solid cone of
height /1 and semi-angle &, as shown in the figure.

a
3(4-1)

SOLUTION

We assume the apex of the cone at the origin. It is
clear that the centre of mass will lie along the y-axis.
We divide the cone into disc of radius x and thickness
dy as shown in Figure.

The volume of such a disc is
AV = nx’dy = 11'(};’:;:11r16£)2 dy
The mass of the disc is dim = pdV
Let us first find the total mass M of the cone

h
M= J.dm = mptan’ aJ.yzdy
0

h3
= M=(nptan2a)(?) (1)

The position of the centre of mass is given by
h

Yem = ﬁj‘ydm = ﬁiz:,otan2 ajy?’dy
0
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h
= Ym= ﬁ:rp’cam2 ajy3dy
0

1 , ([t
= ycm=(ﬁﬂ:ptan a)(z) .-(2)
Equating equations (1) and (2), we get
_3h
Yem = I

ILLUSTRATION 18

Locate the centre of mass of a uniform thin hemi-
spherical shell of radius R from its centre O.

SOLUTION

Consider a hollow hemispherical shell of mass M and
radius R. Let us consider an elemental circular strip
of angular width d6 at an angular distance 6 from the
base of the hemisphere as shown in Figure.

This strip will have an area dA = (27Rcos8)(Rd6)
The mass dm of this strip is

dm=ocdA = ( M
2nR

Due to symmetry, we observe that centre of mass lies
on y axis. So, x,,, = 0. Also,

_ 1 [(Mass of \( y coordinate of
Jem =31 )\ Strip CM of strip
Here y coordinate of this strip of mass dm can be
taken as Rsin®, so we have

5 J(zichosﬂ)(RdG)

r/2

Yem =$ (Rsin®)dm
)
o/
1 M
= Ym=— ( > 27R? cos@d@)RsinH
M ‘E] 2nR
nf2
= Y = RJ sin@cos 640

=

ae
/2 nf2
= Yem =§ J. (2sinBcosf)do = % J sin(26)de
0 0
R
=  Yem =E

So, centre of mass of hemispherical shell lies at y axis

at a distance g from O i.e. centre of shell.

ILLUSTRATION 19

Locate the centre of mass of a uniform solid hemi-
sphere of radius R.

SOLUTION

For a solid hemisphere, the mass is distributed uni-
formly over its volume. Consider an infinitesimal
hemispherical shell of radius r thickness dr having
mass dm as shown in Figure.

Y
A
s
X
> X
(0]

Also, we note that from symmetry, x, =0

. ) . r
Now, centre of mass of a hemispherical shell is at —
from centre, so we have 2

1 ]i Mass of \( y coordinate
Yon =311 JU shell )| of CM of Shell
L 0
(R
J. (ycm shell ) dm

L 0

1
= Yem =M

where, dm = pdV = [

)(Zﬂrxzdx)

27R%/3
= dm=(¥)x2dx
R
R R
1 _[(SM 5 Jx 3 [t
= Ym =77 —xdx |- [=—| —
M R? 2| 2R*\ 4
0
3R

= Yem =?
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ILLUSTRATION 20 SOLUTION

Asolid generated by the rotation of a parabolaiscalled ~ To find centre of mass of object A, we consider a small
a paraboloid. Find the location of centre of mass of  elemental disc of width dx at a distance x from the
such a paraboloid (from O) of uniform density formed  centre C as shown in Figure.

by rotating a parabola x = ky2 about x-axis. Assume

that the height of object is / as shown in Figure. — 4
e e
H‘\\ X fff R
C

SOLUTION
Radius r of this elemental disc is

To find centre of mass of a paraboloid, let us consider
an infinitesimal disc of radius y, width dx, mass dm at r=vR*-x*
a distance x from origin as shown in Figure. If p be the density of the sphere, then mass of the
elemental disc will be

dm=pdV = p(mzdx) = xp(R2 -x° )dx

Mass of object A can be obtained as

3 3 3
.
3 2 M4 24

A small part A is cut from a solid sphere by a plane = Y= 5

R
ILLUSTRATION 21 24 J
R/2

. R . -
at a distance 5 from its centre as shown in Figure.

2.2 4
Find the location of centre of mass of object A from =y = 24( R _Z)

the centre of the sphere. 5R°\ 2 R/2
12|(., R*) (R* R*
= Yem = 53 e
5R 2 4 32
= Yem = z R
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ae
@ Test Your Concepts-|
Based on Centre of Mass
y (Solutions on page H.69)
There are two masses m; and m, placed at [
a distance / apart, let the centre of mass of this )
system is at a point named C. If m, is displaced by \
¢, towards C and m, is displaced by ¢, away from or . x
C. Find the distance, from C where new centre of 0
mass will be located.
Two particles having masses m;and m, are placed at =

a separation r between them. Let m, be displaced
away from m, by a distance x. By what distance, m,
should be displaced in order to keep the position
of centre of mass unchanged.

The position vector of three particles of
mass m;=1kg, m,=2kg and m;=3kg
are 7=(i+4j+k)m H=(i+j+k)m and
%:(Zf—}—z.ﬁ)m respectively. Find the position
vector of their centre of mass.

A ring of mass 3m, radius 2R and a particle of
mass 2m are kept as shown in Figure such that

the centre of mass of the combination lies at the
origin. Calculate x.

y

'

3%
2m
° O—X

2R

Consider a rectangular plate of dimensions a xb.
If this plate is considered to be made up of four

. : a_b
rectangles of dimensions EXE and we now

remove one out of four rectangles. Find the posi-
tion where the centre of mass of the remaining
system will be.

Determine the coordinate of centre of mass of
a thin homogeneous plate having the form of
a rectangle with sides r and 2r from which a semi-
circle with a radius r is cut out.

10.

7

The coordinates of a triangle ABC are A(1, 2),
B(4, 6) and C(-3, —2). Three particles of masses
Tkg, 2 kg and m kg are placed the vertices of the
triangle. If the coordinates of the centre of mass are

(g 2 J calculate the mass m.

Half of the square plate shown in figure is made
of a material of density p, and the other half of
density p,. The length of the plate is L. Locate the
centre of mass of the plate.

Py 2]

+—

L

A square sheet, a disc and an equilateral triangle
having same surface mass densities are placed as
shown in Figure. Find the coordinates of centre of
mass of the three bodies.

y

3

O

The linear mass density of a thin rod of length

{ varies with the distance x from one end as
2

l:/lo%. Find the position of centre of mass of

rod.
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11. Find the centre of mass of the system of a L-shaped
rod of mass m and a particle of mass m attached at
the end of the rod as shown in Figure.

y

h

» X

0 L

12. A uniform square plate of side a and a disc of
diameter 2a having same mass per unit area are
kept in contact as shown in Figure. Locate the
position of the centre of mass of the system from
the centre of square.

\.
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13. A square portion is removed from the disc as
shown in Figure. Locate centre of mass of the
remaining portion from the centre of the full disc.

(¢>7

14. Arod of length L, having negligible thickness, has
a linear mass density that increases linearly with
distance from one end of the rod from A;to 4, at
the other end. Locate the centre of mass of the rod
from the lighter end.

VELOCITY AND ACCELERATION OF CENTER
OF MASS

The instantaneous velocity of the centre of mass is

=
givenby 7, = ﬁ From definition, we have

Doy = L}Z[m, ﬂ) = i():mjﬁi )
dt ] M

The total momentum of a system of particles is equiv-

alent to that of a single (imaginary) particle of mass

M = Zm; moving at the velocity of the centre of mass

Uop- S0, we have

psythm = pl '+' pz + ............. + p”

= Psystem = MU +1505 F e +m v

-

= psystem =M7

cm

Using the concept of centre of mass, we may deal
with the translational motion of extended objects or
systems of particles, as if they were point particle
with all the mass concentrated at the centre of mass.

Differentiating equation, with respect to time, we get
_ Ima; by

cm M M
Since the internal forces cancel in pairs, therefore,

SF=F

ext

a

= F

ext

=Mai,

The centre of mass accelerates as if it were a point particle
of mass M = Xm; and the net external force were applied
at this point.

QUICK RECAP

L ME+myG+.mT
cm =

m+m, +..+m,

mX; +myX; +...+myX,

cm

my+m, +..+m,

_ My +myy, ..+ myy,

Ve my+m, +..+m,

Mz +myz, +..+m,z,
e mAmy+.+m

L mih+myV, o Amy,
T mAmy . m,

P =P1t P+t Py
L md+myd, +..+myd,

and
o m;+m, +..+m,

=

F

cm =

Fi+F+..+F,



ICON

2.16 JEE Advanced Physics: Mechanics - Il

ILLUSTRATION 22

Two particles one of mass 1 kg and the other of 2 kg
are projected simultaneously with the same speed
from the roof of a tower, the one of mass 1 kg verti-
cally upwards and the other vertically downwards.
What is the acceleration of centre of mass of these two
particles?

SOLUTION
In this Problem, students generally get three answers, i.e.

g

g, 3 and zero. However, the correct answer is g.

mydy + myi,

Since, 4, =
1y + 1,
where, 4, =d, = ¢ {downwards)
(1)(g)+(2)
= Ay, = w =g {downwards}

ILLUSTRATION 23

A gun whose barrel is inclined at some angle to the
horizontal fires three shells of mass 2 kg, 5 kg and
4 kg which move in different directions as shown in
Figure.

2ms™

1
1
‘L 1375
1
4 kg 5 kg

If the centre of mass of the three shells moves along
the direction in which the barrel points, then calculate
the angle made by the gun’s barrel with the horizon-
tal. Take cos(53°) = 3/5.

SOLUTION

The x and y components of velocity of centre of mass
of the shells are given by

(0 )=(2)(3)+(5)(5sin37°)+(4)(0)
om x 44542
L () SHEE) 2
x 4+5+2 11

ae
(00 :(2)(0)+(5)(5C0537°)+(4)(2)
7y 4+5+2
(25)(4/5)+8 28 _
= )= sy ™

If 0 be the angle which the gun’s barrel makes with
the horizontal, then we have

anstr {22 -4

= 0=53°

ILLUSTRATION 24

A wedge of mass m, is placed at rest on a scale as
shown in figure. A small block of mass m; slides
down the frictionless incline of the wedge. Find the
scale reading while the block slides.

SOLUTION

Acceleration of m; in the vertical downward direc-
tion, i.e. along y direction will be

a, = gsin6(sinf) = gsin” 0
in%6+0 in” @
- (g )=m1gsm +0 _ mygsin
oy my + iy my +m,

The free body diagram of the system is shown in
Figure.

F m gsinfcosd
/ L
| I
1 gsing
\\ gsin0
System ~-- _—"
(M +m)g

The scale reading will be the force exerted by the
wedge on the measuring scale or vice versa. Applying
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Newton’s Second Law to the centre of mass of the
system in the vertically downward direction, i.e.
along the y direction, we get

(my+my ) g =N, = (my +my )(ag )y
N, = (my +my ) g—mgsin® @
N, =m1g(1—sin29)+m2g

N, = g cos” 0+1m,g

L T

Ny:(mlc0528+m2)g

ILLUSTRATION 25

A uniform rod of mass M and length L is tied to
a vertical shaft. It rotates in horizontal plane about
the vertical axis at angular velocity ®. How much
horizontal force does the shaft exert on the rod?

falh/

M, L
——

SOLUTION
Let T be the force applied horizontally on the rod. The

) . (LY » -
acceleration of centre of mass is | — |®” because it is

moving in a circle of radius >

A= %m2

T+ 0 ]

CM

Using I:“ext = M, we get

T=M(£)w2
2

So, the horizontal force exerted is

1
T=Mr_o" = EMLcoz

m

ILLUSTRATION 26

In the arrangement shown in figure, 7, =2 kg and
myp =1kg. String is light and inextensible. Find the
acceleration of centre of mass of both the blocks.
Neglect friction everywhere.

Chapter 2: Centre of Mass, Conservation of Linear Momentum and Collisions
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SOLUTION

Net pulling force on the system is

(my—mp)g=1(2-1g=g

Total mass being pulled is m, +my = 3 kg

e Net pulling force ¢

Total mass 3
Now, 7., = M Al 4 + Mglig
m, + Mg
i ‘_(2)(a)—(1)(a)_g
o 142 3

8

= | |= o downwards

Alternate Method:

Free body diagram of block A is shown in figure.

Ta

il

mag =29
2¢-T=my(a)

= T=2¢-mya

o T=2g—(2)(§)=i’—g
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Free body diagrams of A and B both are as shown in
figure
T Ta

67 [G

mug mpg

- Net force on both the blocks

Since, |d, |=
M, + My
‘_ | (mA+mB)g—2T 3g—(8gf3)
=, _ _
o 2+1 3
= \&Cm| 8

= o downwards

ILLUSTRATION 27

In the arrangement shown in Figure, calculate the
acceleration of centre of mass of the system. Take
g=10ms™.

—_————

3 kg

p=05

SOLUTION

The limiting friction between the 3 kg block and the
surface is

fi=uN=(05)(3)(10)=15N

The weight of the 2 kg block, i.e. 20 N provides the
driving force to the system, due to which magnitude
of acceleration of both masses is given by
i 20-15 5 _
2+3 5
So, for m; =3 kg, we have i, = 1i ms™ and that for

1ms™

m, =2 kg, we have i, = —13 ms . Since

_ i, +myd,

cm
my + 1,

3i-2j 3, 2.

acm - ]
342 5 5
Magnitude of acceleration of CM is given by

T B

The direction of motion of centre of mass is calculated
from the Figure shown.

3/5

y
o 1
254\ | L. X
aCI’TI

Since, tana = E = 2

3/5 3

(2 .

= o=tan 5 , below the horizontal

ILLUSTRATION 28

A small block of mass m starts sliding down from
rest along the smooth surface of a fixed hollow hemi-
sphere of same mass m. Calculate the distance of
centre of mass of block and hemisphere from centre
of hemisphere C when block m separates from the
surface of hemisphere.

m

M=4m

SOLUTION

When m starts from rest, it breaks off at an angular
displacement of 6= cos‘l(g) with the vertical. At

this point, if the centre of mass of block and hemi-
sphere is located at a point P (X, , Y, ) With origin at
C, then we have

~ m(\/gR;‘fS)+4m(0) R

o 5m 35
v = m(2R/3)+(4m)(R/2) 8 °
5m 15
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So, the distance CP of centre of mass is

r me + ycm
64 [69 F
= r,=R /— = /
5 225 \225 75

ILLUSTRATION 29

Two particles A and B of mass 1 kg and 2 kg respec-
tively are projected in the directions shown in
figure with speeds u, =200 ms™ and u, =55 ms™'
Initially they were 90 m apart. Find the maximum
height attained by the centre of mass of the particles.
Assume acceleration due to gravity to be constant
during entire motion and take ¢ =10 ms ™.
I B

Ug

90m
Up
e

Let us first find location of centre of mass of system.
Assume origin at A, we get

_(1)(0)+2(90)

rcm 3
= Iy =60 cm from A

SOLUTION

i.e.,, cm is at height 60 m from the ground at time
t=0
Since i, =dp =g

. Myd, +mpip

= d,=—+——=¢=10 ms 2, downwards
My + g
Also, i = 141l 4 + mplip
i = (1)(2001)—2(2)(55) _ 30 ms™), upwards
_+_

If hh be the height attained by centre of mass beyond
60 m, then since

2 _ .2
Uy = Uy + 20,1

cam

= 0=(30)"-(2)(10)h
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h=@=45m
20

Therefore, maximum height attained by the centre of
mass is

H=60+45=105m

MOTION OF THE CENTRE OF MASS

Now we can discuss the physical importance of
the centre of mass concept. Consider the motion of
a group of particles m, m,, ......, m, and whose total
mass is M = Zm; which is a constant. From the defini-
tion of the centre of mass, we have

Mrcm =m1r1+m21‘2+ ............. +m T

-

dr . . . :
where v; = d_? is the velocity of the first particle, etc.,

—

and v, = — is the velocity of the centre of mass.

Differentiating the above equation wrt time, we obtain
Macm =mm + My, +on +m, a

where 4, is the acceleration of the first particle, etc.,

and 4, is the acceleration of the centre of mass. Now,

from Newton’s Second Law the force F, acting on the
first particle is given by F, = md,. Likewise, F, = 11,
etc. We can then write above equation as

Mi =F+F+...+F

m 1

Among all these forces the internal forces are exerted
by the particles on each other. However, from
Newton’s Third Law, these internal forces will occur
in equal and opposite pairs, so that they contribute
nothing to the sum. The right hand sum in the above
equation then represents the sum of only the external
forces acting on all the particles (system). We can then
rewrite the above equation as

-

Ma. _ =%F

cm external

This states that the centre of mass of a system of
particles moves as though all the mass of the system is
concentrated at the centre of mass and all the external
forces were applied at that point.
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Problem Solving Technique(s)
In one such important situation when we have
2“'Ete)(ternal =0

then, v, = constant

Further if we have a two particle system initially
at rest (or both its particle to be at rest), then as
a consequence of the above result we have

(ch )final - (ch )initial -

= I, =constant

= AF, =0

For a two particle system, this result can be inter-
preted as

A M + My, -0
m, +m,
= mAF+m,AR =0
where, Ar, and A7, are the displacements of the par-

ticles m; and m, with respect to the ground. The dis-

placements Ar, and Ar; are in opposite directions.

DISPLACEMENT OF CENTRE OF MASS OF
A SYSTEM OF PARTICLES

Consider a system of n point masses n,, m,, ms,....,
m,, whose position vectors from origin O are given by
fi, 5, 3., T, respectively. Then, the position vector of
the centre of mass of the system is given by

L R My ot m T
fn= (1)
My + My + ..+ 1M,

It A, Ar,, A, ..., AT, be the displacement vectors of
the particles of system, then the displacement vector
of centre of mass of this system of particles can be
directly given by

AP, = AR + My AT, +ma AT, +...+ m, AT, Q)
my +my +my + ..+ m,
If net external force on the system in a particular direction
is zero and initially the centre of mass of the system is
at rest, then the centre of mass will not move along that
particular direction even though some particles (or bodies)
of the system may move along that direction.

ILLUSTRATION 30

Ablock of mass 1 is released from the top of a wedge
of mass M as shown in figure. Find the displacement
of wedge on the horizontal ground when the block
reaches the bottom of the wedge. Neglect friction
everywhere.

-
MB)L.X

Here the system is wedge + block. Net force on the
system in horizontal direction (x-direction) is zero,
therefore, the centre of mass of the system will not
move in x-direction. Hence when block moves to the
right the wedge moves to the left. So, we can apply,

SOLUTION

mpAxy = m; Ax; =x;m; (1)
Let x be the displacement of wedge to the left. Then
Ax; = displacement of wedge towards left = x
m; =mass of wedge = M
Axp = displacement of block with respect to
ground towards right = hcot0—x
and my =mass of block =m
Substituting in equation (1), we get
m(hcot®—x)=xM
- mhcot@
T M+m

ILLUSTRATION 31

A wooden plank of mass 20 kg is resting on a smooth
horizontal floor. A man of mass 60 kg starts moving
from one end of the plank to the other end. The
length of the plank is 10 m. Find the displacement of
the plank over the floor when the man reaches the
other end of the plank.

y

Fy

10m
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SOLUTION

Method I:

Here the system is man + plank. Net force on this
system in horizontal direction is zero and initially the
centre of mass of the system is at rest. Therefore, the
centre of mass does not move in horizontal direction.
Let x be the displacement of the Plank. Assuming the
origin, i.e., x = 0 at the position shown in Figure

x = 0 "——10 m— Initial Position

—»X

l-X»4—10 -x—>» Final Position

As we said earlier also, the centre of mass will not
move in horizontal direction (x-axis). Therefore, for
centre of mass to remain stationary.

X; =Xf

(60)(0)+20(%) (60)(10—x)+20[%—x)
60+ 20 60+20
Please note that the centre of mass of the plank lies at

its centre.

10
5 6““‘””(7”) 60— 6x+102x
= —= =
4 8 8
= 5=30-3x+5-x
= 4x=30
30
= x=—m
4
= x=75hm
Method II:

In this situation discussed above we can also apply
Tmgxg = Znmx; (1)

where, Xy x, is the summation of product of x and m
of the particles (or bodies) which are moving towards
right (R) and i, x; is the summation of product of x
and m of the particles (or bodies) which are moving
towards left (L).
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However, remember the following two conditions while
using the above equation.

(i) This equation can be applied when centre of
mass does not move in x-direction and no exter-
nal force is acting along x-direction.

(ii) In the above equation x is the displacement of
particle relative to ground.

Here, displacement of plank towards left is x; =x,
mass of plank is m; =20 kg, displacement of man
relative to ground towards right is x; =10-x and
mass of man is my = 60 kg. From (1), we get

(10-x)(60)=20x

= x=30-3x
= 4x=30
= x:£:7.5m

ILLUSTRATION 32

A man of mass ny; =60 kg is at the rear of a station-
ary boat of mass m, = 40 kg and length 3 m, which
can move freely on the water, as shown in the Figure.

2m
—

W o %
CM

boat

3m

The front of the boat is 2 m from the dock. What
happens when the man walks to the front? Treat the
boat as a uniform object.

SOLUTION

Since there is no net external force, so x_,, is fixed. We
treat the boat as a point particle whose mass is con-
centrated at its centre. In terms of the initial positions,
the centre of mass is

mx, +myx, (60)(5)+(40)(3.5)
(Icm )initial - M - 100
= (X )y =44 M .(1)

The initial position of the centre of mass is indicated
by a star as shown in Figure.
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|
1
|
1 1
V: o
: CMDO&tI
i !
i Xem "E
| ! y
! |
! |
i ! L
| | O
e d > i
1
: i
%F | * o
CMsystem

When the person walks relative to the boat, the position
of the center of mass of the system remains unchanged.

After the man walks to the front end or the opposite
end of the boat, then let the front end be at a distance
d from the dock.

In terms of the new positions,

myd+m, (d+1.5
(xcm )ﬁnal = : ];E) ) . (2)
On equating (1) and (2), we get

d=38m
The negative displacement of the man is accompa-
nied by a positive displacement of the boat such that
the centre of mass stays fixed. The total momentum
of the system remains zero at all times.

ILLUSTRATION 33

Two men A and B are standing at the ends of a 10 kg
plank of length 10 m. The plank is resting on a smooth
horizontal surface. The system is initially at rest and
masses are shown in Figure.

A

40 kg 50 kg

Plank (P)

om Smooath

Find the displacement of plank when both A and B
interchange their positions. Also find the displace-
ment of the plank if both A and B move towards each
other to finally meet at the middle of the plank.

SOLUTION

Let us consider man A, man B and plank as a system,
then there is no external force acting on system in
horizontal direction. Since the system is initially at
rest, hence the displacement of centre of mass should
also be zero.

maAX , +mpAxy +mpAxy
Ax. =0= ABXY pAXp Pty

cm

(1

My +mg +mp @
When both A and B exchange their position, then
let the plank be displaced rightwards through x as
shown in Figure.

—®D Axg=(10-x) . |
] an:
l B !
A | !
| |
| I
I 10m |
— o
I | P :
I B i
I A
I
i
I
I
|
) P
| Axy=(10+x) i

So, displacement of A is

Ax, =10+x, rightwards

and displacement of B is
Axy =—(10-1x), leftwards

From Equation (1), we get
40(10+x)+50(~10+x)+10(x)

40+50+10
= -100+100x=0

= x=1m

=0

Hence the plank will move 1 m towards right.
When both A and B move towards each other to
finally meet at the middle of the plank, then too the
displacement of the centre of mass will be zero, i.e.

Axcm =0

Let the displacement of the plank in this case be x’
rightwards as shown in Figure.
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[ ] ]
Axg
i L\.XA | |
1 1 B
A I
1
|
1
I
. |
P
| 19 B
A
i
1
1
1 1
| |
I D |
| i P
—

>

So, displacement of A is

Ax, =5+x, rightwards
and displacement of B is

Axp = —(5-2x"), leftwards
_40(5+x")+50(-5+x)+10x" _

= Ax,, 0
40+50+10
= 50+100x" =0
, 1
X'=—m
2

Hence the displacement of the plank will be 1 m
towards right. 2

ILLUSTRATION 34

Calculate the displacement of M when the sphere
reaches the bottom of the groove shown in Figure.
Assume all surfaces to be frictionless.

r 0

m |
IR
I

M

SOLUTION

Since no force acts on the system in the horizontal
direction, so the x position of the centre of mass of the
system remains fixed. When the sphere reaches the
bottom of the groove, let the mass M move towards
the left by x, then displacement of the sphere will
be (R—r—x). Since, for centre of mass not to move,
we have

my Axy = m,Ax,
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where Ax; and Ax, are the displacements of M and
m with respect to ground and both displacements
are in opposite directions.

= Myx=m(R-r-x)

_m(R-r)
M+m

ILLUSTRATION 35

A small sphere of radius R is held against the inner
surface of larger sphere of radius 6R (as shown in
figure). The masses of large and small spheres are 4M
and M respectively. This arrangement is placed on
a horizontal table. There is no friction between any
surfaces of contact. The small sphere is now released.
Find the coordinates of the centre of the large sphere,
when the smaller sphere reaches the other extreme
position.

6R

(L 0
4M

SOLUTION

Method I:

Since all the surfaces are smooth, no external force
is acting on the system in horizontal direction.
Therefore, the centre of mass of the system in hori-
zontal direction will remain stationary.

y y
)

oo Mty (4M)(L)+M(L+5R)

: my +m, 4AM+M

= x,=L+R (1)
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Let, (x,0) be the coordinates of the centre of large
sphere in final position. Then x-coordinates of cm in
final position will be

=(4M)(x)+M(x—5R)=

-R (2
K 4M+M (x=R) @
Equating equations (1) and (2), we get
x=L+2R

Therefore, coordinates of large sphere, when the
smaller sphere reaches the other extreme position,
are (L+2R,0).

Method II:
Since no force is acting along the x direction and ini-
tially the system is at rest, so the displacement of the
centre of mass of the system along the x direction is
zero due to which we get

my Axy = m,Ax,

So, when M moves to left, i.e. to the other extreme,
then 4M moves to right, say by x. Consequently M
moves effectively to the left by (10R - x) such that

M(10R-x)=(4M)x
= x=2R

So, new coordinates of centre of big sphere are
(L+2R, 0).

ILLUSTRATION 36

A projectile is fired at a speed of 100 ms ' atan angle
of 37° above the horizontal. At the highest point, the
projectile breaks into two parts of mass ratio 1:3,
the smaller coming to rest. Find the distance from
the launching point to the point where the heavier
piece lands.

SOLUTION

At the highest point, the projectile has horizontal
velocity. The lighter part comes to rest. Hence, the
heavier part will move with increased horizontal
velocity. In vertical direction, both parts have zero
velocity and undergo same acceleration. Thus, both
will hit the ground together. As internal forces do
not affect the motion of the centre of mass, the centre
of mass hits the ground at the position where the
original projectile would have landed. The range of
the original projectile is,

. - 2usinfcosh 2(10*)(3/5)(4/5)
cm g 10

m

= X =960m

The centre of mass will hit the ground at this position.
As the smaller block comes to rest after breaking, it
falls down vertically and hits the ground at half of the
range, i.e., at x = 480 m. If the heavier block hits the
ground at x,, then

_ myxq +m2x2
cm

=960 m

(1m)(480)+(3m)(x;, )

(m+3m)
= 1, =1120m

If a projectile explodes in mid-air, the path of the
centre of mass remains unchanged. This is because,
during explosion no external force (except gravity) acts
on the centre of mass. The situation is shown in figure.

= =

B\I Explosion

-

N -

Path of COM

Path of centre of mass (cm) is ABC, even though
the different parts travel in different directions after
explosion.

ILLUSTRATION 37

A rope thrown over a pulley has a ladder with a man
A on one of its ends and a counter balancing mass M
on its other end. The man whose mass is m, climbs
upwards by Ar relative to the ladder and then stops.
Assuming the masses of the pulley and the rope to
be negligible, pulley to be frictionless at the axis,
calculate the displacement of the centre of mass of
this system.

SOLUTION

Counter balancing mass M applied at the other end
means that

M=m+ Madder
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= Mpgge =M-m
=0

Displacement of man with respect to ladder is

mpulley = mrope

ymﬂ =Ar

When man moves up by Ar, then let ladder move
down by y and hence counter weight moves up by y.
So, effective displacement of man is (Ar—y ).

The displacement of CM is given by

_ mAry +m,, Ar, +mAr,

Ar
o m, +m,, +m,
(M=-m)y+m(Ar—y)+M(-y)
= o =
o M-m+m+M
= A =m/_'\r

m = upwards

ILLUSTRATION 38

A raft of mass M with a man of mass m aboard stays
motionless on the surface of a lake. The man moves
a distance [, relative to the raft with velocity v, and
then stops. Assuming the water resistance to be
negligible, find the displacement of the raft / relative
to the shore. Also calculate the horizontal component
of the force which the man acted on the raft during
the motion.

SOLUTION

Since, centre of mass will remain stationary, so when
man moves /, relative to the raft (say forward), then
raft moves backwards, say by x. Hence effective dis-
placement of man with respect to ground is (I, —x).

=  m(ly-x)=Mx

ml,

= x= , opposite to motion of man.
m+M
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Ao o= (o ) (Y
dt  dt\m+M m+M ) dt

m . .
= 0= ( )vﬂ, opposite to velocity of man
m+M

- {8
dt M+m )\ di

Twoladders are hanging from ends of a light rope that
passes over a light and smooth pulley. A monkey of
mass 2m hangs near the bottom of one ladder whose
mass is M —2m. Another monkey of mass m hangs
near the bottom of the other ladder whose mass is
M —m as shown in Figure.

Ladder 1
Ladder 2

The monkey of mass 2m moves up a distance | with
respect to the ladder. The monkey of mass m moves
up a distance //2 with respect to the ladder. Does
the centre of mass of the system change? If so, then
calculate the displacement of centre of mass of the
system. Also calculate the displacement of ladder.

SOLUTION

In this problem let us consider both the monkeys
and the ladders as a system. When the monkeys are
at rest, the tension force in the string is balanced by
the weight of the system. However, when a monkey
starts moving up, then he pulls the respective
ladder in downward direction due to which the
tension in string increases. Hence, there will be a net
upward external force acting on the system and the
displacement of centre of mass of the system will be
in upward direction.

Let the displacement of Ladder 1 in this process
be y upwards, then the displacement of Ladder 2 will
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be y downwards (because both the ladders are con-
nected together by a single string). During this time

the displacement of Monkey 1 will be (I+1y ) and that

of Monkey 2 will be (%— y ) as shown in Figure.

The displacement of the centre of mass of system is
given by

_ 1 Ay + my Ay, +mgAys +my Ay,

AY (D

1y + My + 1My + 11y
where, m; = M —2m is the mass of the Ladder 1
Ay, =y is the displacement of the Ladder 1
m, = 2m is the mass of the Monkey 2
Ay, =1l+y is the displacement of the Monkey 2
s = M —m is the mass of Ladder 2
Ay, = -y is the displacement of Ladder 2

my =m is the mass of Monkey 2
Ay, = é— y is the displacement of Monkey 2

On substituting these values in equation (1), we get

(M—Zm)y+2m(l+y)—(M—m)y+m(%—y)

Ay =
Yem (M=2m)+2m+(M—-m)+m
= Aycm=5—m]
AM

To calculate the displacement of ladder, let us con-
sider ‘Ladder 1 and Monkey 1" as System 1 and
‘Ladder 2 and Monkey 2’ as System 2.

ae
Ay, = ny ) \1573 =y
IJ T \\ n'l T \\
! \ i \
! \ ! \
i ‘. l |
' M=2m)  M-m] 4%,
Ay2=f+.'yT | | IAy4=—-y
| A P
i I 1 I
1 ] 1 ]
311 2(” f‘ 1 ‘\ m: J’a2
\\ ’I \\ If
\\ i ,/ \\ * ’I
Mg Mg
System 1 System 2

Since both the systems have equal mass and equal net
external forces, and initially both are at rest, so the
displacements of centre of mass of both the systems
should be equal.

We can also think of this situation by using Newton's
Second Law applied on Systems 1 and 2 separately.
For System 1, we have

T—Mg=Ma, -(2)
For System 2, we have
Mg-T =Ma, -(3)

Also, both systems are connected by inextensible
string, so we have a,=a, =a (say)

From equations (2) and (3), we get
a=a,=a=0
= 4.,,=0
Since initially the system is at rest, so the position of
the centre of mass of the system remains fixed along
the vertical direction.
= (M ), = (AYem ),

my Ay, + Ay, _ M3 Ay, +my Ay,

m, + 11, my +1my

Taking the upward direction as positive, we get

y(M=2m)+2m(l+y) —y(M—m)+m[ %_y)
(M=2m)+2m - (M=m)+m

= (M—Zm)y+2m(!+y):—(M—m)y+m(%—y)

= My—2my+2ml+2my=—My+my+m?j—my
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ml

= My+2ml:—My+?

3ml
oMy =-"—
4 2

A cubical block of ice of mass m; and edge L is
placed in a large tray of mass m,. If the ice melts,
how far does the centre of mass of the system ice
plus tray come down?

Figure shows a fixed wedge on which two blocks
of masses 2 kg and 3 kg are placed on its smooth
inclined surfaces. When the two blocks are
released from rest, find the acceleration of centre

of mass of the two blocks.
O

Block A has a mass of 5kg and is placed on the
top of smooth triangular block B having a mass
of 25 kg. If the system is released from rest, deter-
mine the distance B moves, in metre, when A
reaches the bottom. Neglect the size of block A.

h=103m
B
30°

Two masses m; =4 kg and m, =2 kg are released
fromrestat t =0 as shown in Figure. Calculate the
distance travelled by centre of mass and its speed
whent=9s.

my=4kg
my=2Kg

2kg

2.27

4M

The negative sign indicates that displacement of the
ladder is in the downward direction.

5.

9.

o\/ Test Your Concepts-Il

Based on Motion of Centre of Mass

(Solutions on page H.72)
A dog of mass 10 kg stands on a stationary boat
of mass 40 kg so that heis 20 m from the shore.
He then walks 8 m on the boat towards the shore
and halts. How far is he from the shore now?
Assume that there is no friction between the boat
and water.
Find the displacement of the wedge when m
comes out of the wedge of mass 4m. Assume
friction to be absent everywhere and the base
angle of the wedge to be 60°.

Two men A (mass M) and B (mass 2M) are
standing on the two opposite ends in a boat of
mass 4M and length | on a frictionless water

i | )
surface. Man A travels a distance of E relative
to the boat towards its centre and man B moves a

. 3l . )
distance Z relative to boat and meet A. Find the

distance travelled by the boat on water till A and

B meet.

Two balls with masses m;=3 kg and m, =5kg

have initial velocities v;=v,=5ms™' the

directions as shown in the figure. They collide at

the origin.

(a) Find the velocity of the centre of mass 3s
before the collision

(b) Find the position of the centre of mass 2s
after the collision

A block is released on the convex surface of a

hemispherical wedge as shown in figure. Calculate

the displacement of the wedge when the block

reaches the angular position 6.
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Smooth
surface

10. A ladder AP of length 5 m inclined to a vertical

wall is slipping over a horizontal surface with

velocity of 2 ms™', when A is at distance 3 m from
ground. Calculate the velocity of centre of mass at
this moment.

-1
2ms

A (0]
e—3m—>

11. Arod of mass M —mand length | carries an insect of

mass m at its bottom end. The top end of the rod is
connected with a string which passes over a smooth
pulley and other end of the string is connected to a
counter weight of mass M as shown in Figure.

Rod
Counterweight

(M —m) M
¢

Insect

Initially the insect is at rest. Consider insect, rod

and counter weight as a system.

(a) Calculate the net external force acting on the
system initially.

(b) If the insect starts crawling up on the rod with
constant velocity, will the centre of mass of the
system accelerate or not?

(c) If the insect moves up with acceleration, does
the centre of mass of the system accelerate?

(d) Calculate the displacement of centre of mass
of the system and that of the rod when insect
reaches the other end of the rod.

12.

13.

14.

15.

Atoneinstant, the centre of mass of a system of two
particles is located on the x-axis at x=3m and
has a velocity of (6 ms™ )_,' One of the particles is
at the origin, the other particle has a mass of 0.1 kg
and is at rest on the x-axis at x =12 m.

(a) Calculate the mass of the particle at the origin.
(b) Calculate the total momentum of this system.
(c) Calculate the velocity of the particle at the

origin.

Acartof mass M isatrest on africtionless horizon-
tal surface and a pendulum bob of mass m hangs
from the roof of the cart. The string breaks, the
bob falls on the floor, makes several collisions on
the floor and finally lands up in a small slot made
on the floor. The horizontal distance between the
string and the slot is L. Find the displacement of
the cart during this process.

!

st

o354

A stone is dropped at t=0. A second stone, with
twice the mass of the first, is dropped from the
same pointat t =200 ms.

(a) How far below the release point is the centre
of mass of the two stones at t=400 ms?
(Neither stone has yet reached the ground).

(b) How fast is the centre of mass of the two-stone
system moving at that time?

Take g=10 ms™*

Figure shows a flat car of mass M on a friction-
less road. A small massless wedge is fitted on it as
shown. A small ball of mass m is released from the
top of the wedge, it slides over it and falls in the
hole at distance | from the initial position of the
ball. Calculate the distance that the flat car moves
till the ball gets into the hole.
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16. Initially a platform at rest at x=0 has a man of
mass m; and a woman of mass m, standing at
the extreme corners of the platform of mass m,
and length | as shown in Figure.

y
3
¢ N
i |
m, my 1
|
m,
Ol

The man and the woman start to move towards
each other. If x; be the displacement of the man
relative to the platform, then obtain an expression
for the displacement s of the platform as function
of x; when the man and woman meet.

17. Two balls with masses m; =3 kg and m, =5kg
have initial velocities v, =v, =5 ms™" in the direc-
tions shown in figure. They collide at the origin.

N
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Calculate the velocity of the centre of mass 3 s
before the collision. Also calculate the position of
the centre of mass 2 s after the collision.

Y
A
—eY
37° !
/J/ v1
/, ;X
A V2
om,

18. Two particles having masses m and nm start
simultaneously from the intersection of two
straight line with velocities nv and v respectively.
It is observed that the path of their centre of mass
is a straight line bisecting the angle 6 between the
given straight lines. Calculate the magnitude of the
velocity of centre of mass.

J

CENTRE OF MASS REFERENCE FRAME OR
CENTROIDAL FRAME OR C-FRAME OR
ZERO MOMENTUM FRAME

A reference frame carried by the centre of mass of an
isolated system of particles (i.e., a system not subjected
to any external forces) is called as the Centre of Mass
Reference Frame or Centroidal Frame or C-frame or
zero momentum frame.

In the centre of mass reference frame or the centroidal

frame,

(a) the position vector of centre of mass is zero, i.e.
the origin is taken at the centre of mass.

(b) the sum of mass moments is zero, i.e. Tn,7, =0

(b) the velocity of centre of mass of system is zero.

(¢) the linear momentum of centre of mass of
system is also zero, i.e. Zm;v;, =0. This means
that neither the internal forces nor the external forces
can change the momentum of the system relative to
centre of mass.

(d) the acceleration of centre of mass is also zero.

(e) for a system of two particles, the momentum of
the particles are equal in magnitude but opposite
in direction.

KINETIC ENERGY OF A SYSTEM OF
PARTICLES

Consider an n particle system having masses 1, m,,
My, ...... , m, moving with respective velocities 7, 7,
Ugy eenee , 0,. If U, =0, be the velocity of the centre
of mass, then with respect to the centre of mass the

velocity of each particle is
Ve =01 70,
Upe =0 =7

U5 = U3 — 0, and so on.

For some i particle, we have

’Eic = 5! - 56
= ’5‘,‘ =5ic+ﬁc (1)
So, velocity of each particle can be written as sum of
velocity of centre of mass 7, and the velocity of par-

ticle relative to centre of mass 7. The kinetic energy
of this i" particle is given by
1.

| S
K = Em,-vf =M (0, +7,)

2
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The total kinetic energy of the system is obtained by
adding (or summating) these energies and hence,
we get

K=3K, = %zmiv? -
1 L -
= K=§Emj(vjc+vc)A(U- +7,)

i

-~ K= %(Em,@f +Imo? )+ (3, - Zm;3, )

In the last term we have removed o, =7, from the
summation because it is same for each particle. The
quantity Zm,0,. =0, because the total momentum of

the system relative to the centre of mass is zero.
1 2 1 2 1.5
K= E(Emi )vcm + Eszvic = EMvcm +K

= K=K, +K4

where, M is the total mass, K, is the kinetic energy
of the centre of mass of the system, K., is the kinetic
energy of the particles relative to the centre of mass
of the system which is also called as the Internal Kinetic
Energy of the system. The term K, may involve transla-
tion, rotation or vibration relative to the centre of mass.
So, we conclude that the kinetic energy of a system of
particles can be written as the sum of two terms,

(a) the kinetic energy associated with the motion of

cm’

1 .
centre of mass, K = EMDZ where M is the

total mass of the system and
(b) the kinetic energy associated with the motion of
the particles of the system relative to the centre of

1 . .
mass, K, = EZm,-U‘-zC where, 7, is the velocity of
the ith particle relative to the centre of mass.

When there is no external force, 7, is constant and
the kinetic energy associated with bulk motion, i.e.

K _= %Mf)fm does not change. Only the relative

cm

kinetic energy (K, ) can change in isolated system.

If a frame is attached to the centre of mass, then
kinetic energy of the system is minimum, because
K., =0 and hence

K =K., =K

system — ““min rel —

K

internal

This makes us conclude that the internal kinetic
energy of the system does not depend upon the refer-
ence frame and is the internal property of the system.

KINETIC ENERGY AND MOMENTUM OF
TWO PARTICLE SYSTEM WITH RESPECT
TO CENTRE OF MASS

Consider a system of two masses 71, and m, having
velocities v, and ©,. If U, be the velocity of the
centre of mass, then we have

1,0y + 1,0,

Vo =0, = ..(1)
my + 1,
Velocity of m, with respect to centre of mass is
- . My .
U15=Ul—vc=( )(Ul—f)z) (2

Momentum of m; with respect to centre of mass is

. . mym I .
P1c=m1”1c=[ = J(”l‘”2)=ﬂ(vl‘vz)

my + 1,
= P =u(7,-7,) ..(3)
mm, .
where, u = is called as the reduced mass of a

my + 1,
two particle system.
Velocity of m, with respect to the centre of mass is

- T, m -
UZC=UZ—UC=[ ! ](02—01) ..(4)

my + My

Momentum of m, with respect to centre of mass is

- - mym . - -
P2c=mzvzc=( Lt )(02‘3’1)=1U(3’2‘Ul)

1y + 1y
= Py =p(0,-7) ..(5)
So, from equations (3) and (5), we get
Pre P =0

Hence, we see that the total linear momentum of a two par-
ticle system with respect to the centre of mass is zero or
we can also say that in the centre of mass reference frame,
the two particles have momentum equal in magnitude but
opposite in direction.

Similarly, we have the kinetic energy of the system
with respect to the centre of mass given by

I . 1 5
K = =m0y, + = myvs, ..(6
5 Mtie T 5 1h 0 (6)

Substituting the values of 7, and @, from

equations (2) and (4) in equation (6), we get

1 L 1 .
Kcm=E(ﬁ::fj;2)(01_32)2=5ﬂ|vrel|2 (7)




ICON

L] )
myy
where, [t = ——— is the reduced mass of the system
and 0, =7, -0, is the relative velocity of the masses

with respect to each other.
If velocities are in same direction, then equation (7)
can be re-written as

1

1y, m 1
Kcm =E( mll‘|‘;72 )(Ul e )2 B E,u‘vrel ‘2

If velocities are in the opposite direction, then
equation (7) can be re-written as

1 1
Kcm =_( L )(Ul +UZ )2 = E-u‘vrel ‘2

2\ my +my

ILLUSTRATION 40

Aparticle of mass m; =4 kg moves at 5i ms~}, while

m, =2 kg moves at 2i ms™. Find

(a) the kinetic energy of centre of mass and

(b) the kinetic energy with respect to centre of mass.
SOLUTION

The velocity of the centre of mass is
_ v + 10y _ (4)(5)+(2)(2)

=4ms™
o my; +m, 4+2

The velocities relative to centre of mass are shown in
Figure.
cMi— 4 ms™

1

5ms” 2ms’ 1ms' 2ms™

Oo—

m, ms m;  *cm mj

(a) Laboratory Frame (b) Centre of mass Frame

The velocities of two particles and of their center of mass
(a) relative to the laboratory and (b) relative to the frame in
which the center of massis at rest.
-1
U1 jem = 01 =V =1 M8
-1
U)/em = Uy —Un = —2 MS
The two terms for the total kinetic energy are

@@ K., = %(ml +11, )05, =48]

(b) Kyortom = %ml (01/em ) +%mz (027m ) =6]

Please note that the kinetic energy with respect to
the centre of mass is equal to

1( mm 2
K Y L UL T TP
wrt cm 2(ﬂ11+?112 )(ul MZ)
1 (4)(2)) 2
K =—| —— [(5=-3) =6
= Ruwrtem 2( 12 )03 =0]
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GRAVITATIONAL POTENTIAL ENERGY OF
A SYSTEM OF PARTICLES

Consider a system of particles having masses n1, , m,,
Mgy ... , m,, at heights or distances h, h,, hy, ...... ,
h, from the Zero Potential Energy Level (ZPEL) as
shown in Figure.

ZPEL

For this system of discrete distribution of particles, let

us take i" particle of mass m; situated at a height I,

from ZPEL. Then the gravitational potential energy
of m; is given by

U; = m;gh;
The total potential energy of the system is obtained
by summing up the potential energy of all particles.
So, total potential energy of the system is

U =ZXU; = Zm;gh; = gZm;h; (1)
Zm;h;
U=Mg| —— |=Mgh

m;h;

z
where &1, = is the height of centre of mass of

the system from ZPEL.

WORK-ENERGY THEOREM FOR A SYSTEM
OF PARTICLES

The work-energy theorem for a system of particles
must include the works done by external as well as
internal forces. So, we have

W + W = AK, +AK 4

ext int
Since all the basic interactions are conservative, one
can always express internal work by the change of
internal potential energy.

Vvint = _Auint

W, = AK o, +(AK  + AU,

int

) = AKcm + AEint

rel

So, from this equation, we conclude that external work
done on a system of particles can change translational
kinetic energy of centre of mass (CM) of system and can
change the internal energy of the system (in whatever form

possessed by it).
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Please note that the internal energy may include
the elastic potential energy, gravitational potential
energy, thermal energy, electrostatic potential energy,
electromagnetic energy, nuclear energy, chemical
energy and so on.

WORK ENERGY THEOREM FROM THE
CENTRE OF MASS REFERENCE FRAME

Since we know that most important tool for solving
mechanics problems is the Work Energy Theorem,
which can be applied from any frame of reference.
However, when Work-Energy Theorem is applied
from the centre of mass reference frame, then we have
“the work done by all forces (internal or external) is equal
to change in kinetic energy of the system calculated with
respect to centre of mass”. Mathematically, we write

W, 1= AKcm

tota
= I/vinternal + Wexternal = AKcm

= I/vinternal + Wexternal = (Kcm )final - (KCm )initial

For a two particle system, we can re-write

1 2 2
W;nternal + Wexternal = Elu( Viel —Urel )

where, v, is the final relative velocity, u,, is the initial
relative velocity of the particles and u is the reduced
mass of the two particle system.

TOTAL WORK DONE BY PSEUDO FORCES IN
CENTRE OF MASS REFERENCE FRAME OR
CENTROIDAL FRAME

Let acceleration of centre of mass relative to an iner-
tial frame is a,. Pseudo force on ith particle of mass
n; in centroidal frame is

Fpseudo =m; (_Ec ) = _miac

Let displacement of ith particle in a time interval
be A7, relative to the centroidal frame, then total
work done by pseudo forces on all the particles in

centroidal frame can now be expressed as
W = Foeudo - F = (~Zmji, ) A, = =i - 2 (m;AF, )

seudo

The displacement of the centre of mass in the
centroidal frame is zero, so we get

W=-i.-0=0

So, the total work done in centroidal frame on all the
particles of a system by pseudo forces due to acceleration of
centre of mass is zero.

ILLUSTRATION 41

Two small discs of masses m; and m, are connected
by a weightless spring resting on a smooth horizontal
plane. The discs are set in motion with initial
velocities v; and v, whose directions are mutually
perpendicular and in the same horizontal plane. Find
the total initial energy E of this system with reference
to the frame fixed to the centre of mass.

Va

90°
i@
my my

SOLUTION

Let 9., be the velocity of the centre of mass. Then
the velocity of m; relative to the centre of mass is
O jem = U — U and that of m, is 0, =0, =0,
1 - e, 1 o
E=Eml|v1—vm‘ +Em2|v2—vcm| (1)
The velocity of the cm is given by

(11 + 11y ) Vo, = 11,0y + 1,

_ M0y +1m,0,
G My + M,
= 51—5cm=—m;(”:m”2)
1Ty
- - m - -
= ‘vl_ycm|=m +2m |5, =7, |
1+,

Since 7; and 7, are perpendicular to each other, so

‘77’1 —’5’2|=\/Uf+?)§

m m
S L N P B L 2, 2
= |5~ O |= |3, -7, |= U+
- - m
Similarly, |, =0y, | = ———+/v3 + 0]
my + 1,

So, from equation (1), we get

1| mym? + mom?
Ezilil 2 221 :I(U%+U%)
(m1+m2)
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= Ezl’mlmZ(WZ—}_Tl):I(Uf_l_v%)

2 (my +m, )

1y,

L 2 2
= E=—ulvi+vy |, where u=
2#( ! 2) . My + 1,

The quantity uis called the reduced mass of the system.
In general, for an n particle system the reduced mass
is defined as

1T 1 1 1 1
—=—t—t—F ot —
g omom m My
This character called as the REDUCED MASS has some

unique properties.

(a) The concept of reduced mass is to be introduced
for bonded systems where the particles forming
the system share a bond (may be physical or
chemical) between them and the motion of
the system has to be studied with ease. Like the
two masses connected with a spring, like CH,
molecule or H,O molecule, like a dumbbell
like situation, like the double star system (to be
studied in Gravitation and Satellites) and many
more situations that will be encountered as we
keep on studying further.

(b) This quantity has a value smaller than the lightest

mass of the system and hence we have used the
name reduced mass.
So, in bonded systems we can replace the entire
mass of the system by a single mass called the
reduced mass u to make the study of such a
system easier.

(c) Inthe event of a two particle system, if we have a
massive and a light body bonded together, then
the reduced mass of the system is approximately
equal to the mass of the light body. This can be
explained from the following argument.

Since for a two particle system we have

mm,  mM

m+m, m+M

where, m is the mass of the light body and M
is the mass of the massive body. Then in that
case we have m+M=M and hence the above
expression for a two particle system reduces to

U=m.
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ILLUSTRATION 42

A chain AB of length equal to the quarter of a circle
of radius R is placed on a smooth hemisphere as
shown in figure. When it is released, it starts falling.
Find the velocity of the chain when it falls of the end
B from the hemisphere.

SOLUTION

As chain slips off the sphere, fall in its centre of mass
height is

ILLUSTRATION 43

A block of mass m is connected to another block of
mass M by a massless spring of spring constant k.
The blocks are kept on a smooth horizontal plane.
Initially, the blocks are at rest and the spring is
unstretched when a constant force F starts acting on
the block of mass M to pull it. Find the maximum
extension of the spring.

v — k

‘ T M | +—F
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SOLUTION

Method I:

Let us solve the Problem in a frame of reference fixed
to the centre of mass of the system. The centre of mass
of the system (two blocks + spring) moves with an

acceleration a= . As this frame is accelerated

m+
with respect to the ground, we have to apply a
pseudo force ma towards left on the block of mass
m and Ma towards left on the block of mass M. The
net external force on m is

F
F=ma= n , towards left
m+ M
and the net external force on M is
F,=F-Ma=F- ME
m+ M

= k= mi\/l , towards right
m+

Please note that the centre of mass is at rest in this frame
(i.e. centroidal frame) and when the blocks move in oppo-
site directions then at maximum extension, the blocks come
to instantaneous rest and hence their final relative velocity
is zero.

Assuming the left block to be displaced through a
distance x; and the right block through a distance
x, from the initial positions, then total work done by
the external forces F, and F, in this period are

mF

W, 7M(xl+x2)

ext = Ry + B, =

Fy ‘ W M [5—F,

Since work done by pseudo forces in the centroidal
frame is zero, so this work done should be equal to
the increase in the potential energy of the spring as
there is no change in the kinetic energy.

2

1

2mF

= x1+x2=xmax=m

Method II:

As a force F starts pulling M, it accelerates. This
increases the length of the spring, developing a restor-
ing force in the spring. Due to this restoring force, m
also accelerates towards M. The length of the spring

will increase till the velocity of M with respect to m
is directed away from . When this velocity becomes
zero, the elongation acquires a maximum value.

a
_2’

a4
o S TNl
L~

Let at any instant, x be the elongation in the spring.
The forces and accelerations are shown here.

fex F—kx
g, =— and a, =
m M
The acceleration of M w.r.t. m is
F—-kx kx
a, = -—
M m
If v, be the relative velocity of M w.r.t. m, then
_ v do,
"odx
where, x is elongation in the spring.
vdv, F

[ 3i)
=—-| —+— |x
dx M \m M

= 0dv, =£dx—k(M+m)dx
M M

m

= Jvrdvr = J.idx —Jde
M mM
0 0 0

Initially, v, =0 and when elongation is maximum,
then too v, = 0. So, we have

U m
(ﬁ) _i(x)x”'_k(m+M)(ﬁ)x
2mF

X =
" m+M

ILLUSTRATION 44

A block of mass m; is projected with a velocity v,
so that it climbs onto the smooth wedge of mass 1,.
If the block does not leave the wedge, find the maxi-
mum height attained by the block.
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SOLUTION

According to Work-Energy Theorem applied from
CM frame, we have

I/vintemal + Wexternal = (Kcm )final - (Kcm )imﬁal . (1)

Initial kinetic energy of system wrt CM is

1 1( mm 2

1{ mm
= (Kgy ) = o M2 |2
initial 2 m +mz

When the block attains a maximum height, then the
final relative velocity v, (between block and wedge)
becomes zero, i.e. v, =0, so the final kinetic energy
of system wrt CM is also zero.

1
= (Kcm )f‘mal = E#Urzel =0

In this case, W, =0 but W, = —mgh

From equation (1), we get

-mgh+0= —E{M)US
2\ my+m,

2
7y

m
2( 1+—L ) g
my
ILLUSTRATION 45

Ablock of mass m is pushed with a velocity v, along
the surface of a trolley car of mass M. If the horizon-
tal ground is smooth and the coefficient of kinetic fric-
tion between the block and plank is k, then calculate
the minimum distance of relative sliding between the
block and plank.

= h=

m v,

M

Lo

SOLUTION

According to Work-Energy Theorem applied from
CM frame, we have

I/vinternal + Wexternal = (Kcm )final - (KCm )initial h (1)
Initial kinetic energy of system wrt CM is

1 1( mM 2
(Ko o = 00 = 5 225 24 -0)
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1( mM \ ,
= (Kcm )initial - E( m+ M )UU

Finally, when both move together, then the final rela-
tive velocity, i.e. v, = 0, so the final kinetic energy of
system wrt CM is zero.

1
= (Kcm )final = Euvfel =0
Due to friction, work done is
Wi = frxcos(180°) = —kmgx

So, from equation (1), we get

1{ mM
—k =0-= 2
0+( mgx) 0 2(m+M)vU

U=k}

2
[0

m
21 1+ — |k
(+M)g

ILLUSTRATION 46

Two smooth blocks of masses m; and m, attached

= x=

with an ideal spring of stiffness k and kept on a hori-
zontal surface. If m; is projected with a horizontal
velocity 7, find the maximum compression of the
spring by applying the Work-Energy Theorem with
respect to the centre of mass frame.

Yo

R

m, m,

SOLUTION

When seen from the frame attached to the centre of
mass, we observe that the linear momentum of sys-
tem from CM frame is zero and no external force
is acting on the system. According to Work-Energy
Theorem applied from CM frame, we have

Vvinternal + Wexternal = (Kcm )ﬁnal _(Kcm )initial . (1)

Initial kinetic energy of system wrt centre of mass is
1 , 1 ( 1,

(Kem )initial - E‘u”rel D) |

1({ mm
= (K)o == ——2 0§
initial 2 ml +m2

Finally, both the blocks move with a common velocity,
so the final relative velocity

v 0

rel =
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ae
Hence, the final kinetic energy of system wrt centre ~ Using equation (1), we get
of mass is zero. -
1 (——kx2 ) 0- L
= (K )fll"l’\l #UfEl 0 ( My + 1, '
1, 5 1( mm, u
Smce W W‘iprmg AU = —Ekxmax = X=7 E m =7 ?
0‘7 Test Your Concepts-lil
Based on Work Energy Theorem for System of Particles and
its Applications from Centre of Mass Reference Frame
(Solutions on page H.76)

1. Two small balls of masses 600 g and 300 g are
connected by a light spring resting on a smooth
horizontal plane. The balls are set in motion with
initial velocities 5v3 ms” and 5ms™ whose
initial directions are mutually perpendicular and
in the same horizontal plane. Calculate the total
initial kinetic energy of this system with reference
to the centroidal frame.

4. The block A and B of masses m and 3m are
connected by an ideal spring of force constant k.
Now both the blocks are given impulse in

52 ms™! opposite direction so that they started moving

with velocities v, and 3v, as shown in Figure.
Find the maximum stretch of spring.
5ms’ B k A 3y,

600 g 300 g ‘VL . o>
m

2. A heavy, flexible, uniform chain lies in a
smooth semi-circular tube AB of radius R. The 5.
cross-sectional radius of the tube is much smaller
than the radius of the tube (R). Assuming a slight
disturbance to start the chain in motion, find the
velocity with which it will emerge from the end B
of the tube.

Two blocks A and B having masses 6m and 3m
respectively lying on a smooth horizontal surface
are connected by light spring of spring constant
k. If the spring is stretched through x and then
released, calculate the relative velocity of the
blocks when the spring comes to its natural length.

6. Two constant forces F, and F, act on two smooth
blocks having masses m; and m, interconnected
by a light spring of stiffness k placed on a smooth
horizontal surface as shown in Figure. Calculate
the maximum elongation in the spring using work
energy theorem from the centre of mass reference
frame.

3. Ablock of mass 3m is projected to the right with
a speed v, onto a smooth wedge of mass 6m
which is simultaneously projected due to the left
with a speed 2v,,. If the particle attains the highest
point of the wedge, calculate h.
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Fie—] H—F,
= _im, m, 2

A small block of mass m is projected with velocity
v, on a very long rough plank of mass 3m placed
on a smooth horizontal surface as shown in Figure.
Calculate the work done by friction when slipping
stops.

v Rough
0

3m

Smooth

A uniform chain is held on a frictionless table with
one third of its length hanging over the edge. If
the chain has a length | and a mass m, how much

work is required to pull the hanging part back
slowly on the table?

Two beads having masses 6m and 12m are
connected with a light spring. The beads can slide
over two frictionless parallel horizontal rails as
shown in Figure.

6m— v,

12m

The lighter bead is given an initial velocity v, in
horizontal direction. Calculate the maximum
extension produced in the spring.

J




ICON

CONSERVATION OF LINEAR MOMENTUM AND

COLLISIONS

CONSERVATION OF LINEAR MOMENTUM

According to Newton’s Second Law, we have

- - dp
Fext =F= £
dt
If we observe that F. , =0
dp -
- F_3
dt

=  p = constant (both in magnitude and direction)

= Z Pinitial = 2 Pfinal

So, total initial momentum = final momentum (if
F ext = ﬁ )

LAW OF CONSERVATION OF LINEAR
MOMENTUM

So, in the absence of an external force, the linear
momentum of a particle (or the body) remains
constant. This is called the Law of Conservation of
Linear Momentum. The law can be extended to a
system of particles or to the centre of mass of a system
of particles.

If net force (or the vector sum of all the forces) on
a system of particles is zero, the vector sum of linear
momentum of all the particles remain conserved. So,
when

F=E+E+E+...+E =0
= P +P+D;+...+ P, = constant

The same is the case for the centre of mass of a system
of particles, i.e., when

ch =0, f’cm = constant

Thus, the law of conservation of linear momentum
can be applied to a single particle, to a system of
particles or even to the centre of mass of the particles.

Please note that the law of conservation of linear
momentum enables us to solve a number of problems
which cannot be solved by a straight application of the

relation F = ma.

EXAMPLE:

Suppose a particle of mass m initially at rest, suddenly
explodes into two fragments of masses m; and m,
which fly apart with velocities v, and v, respectively.
Obviously, the forces resulting in the explosion of the
particle must be internal forces, as no external force
has been applied. In the absence of the external forces,
therefore, the momentum must remain conserved and
we should have

mv = my,; + my,

—

Since, the particle was initially at rest, so =0 and
therefore,

my;+myv, =0

m,

= ﬁz—Eﬁz
S [l _m
AN

Showing at once that the velocities of the two fragments
must be inversely proportional to their masses and in
opposite directions along the same line. This result could
not possibly be arrived at from the relation F=md,
since we know nothing about the forces that were acting
during the explosion. Nor, could we derive it by using the
Law of Conservation of Energy.

Also, note that partial conservation of momentum
alongeither of x, y or z direction does not guarantee total
conservation. However, total conservation guarantees
partial conservation.

FORCE MOMENTUM
FELFR | B | P Py P p
0|0 o0 C C C C

0 | 20 | 20 C NC NC NC
£0 0 | 20 NC C NC NC
£0 |20 O NC NC C NC
C C C NC

=0 | =0 | #0

Conserved (C), Not Conserved (NC)
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Problem Solving Technique(s)

While solving problems, we will come across
situations where a force is acting on a particle/system.
However, if on careful observation, we find that along
a particular direction, the component of the external
force is zero, then along this direction, momentum
is conserved. However, total momentum is not
conserved.

EXAMPLE: Take the case of oblique projectile where
the only force acting on the particle is its own weight
which has no component along the horizontal.
So, momentum of the projectile is conserved along
horizontal direction. However, total momentum is not
conserved.

However, in situations where some external
force is acting on the system, then momentum is not
conserved and instead we can also make use of the
Impulse-Momentum Theorem to get the desired results.

t
mv—mu = Jﬁdt

0

ILLUSTRATION 47

A plank of mass 5kg is placed on a frictionless
horizontal plane. Further a block of mass 1kg is
placed over the plank. A massless spring of natural
length 2 m is fixed to the plank by its one end. The
other end of spring is compressed by the block by half
of spring’s natural length. The system is now released
from the rest. What is the velocity of the plank when
block leaves the plank? (The stiffness constant of

spring is 100 Nm ™).

1 kg AN
5kg

— 4m —»

SOLUTION

Let the velocity of the block and the plank, when the
block leaves the spring be u and v respectively. If M
is mass of plank, m is mass of block, then by Law of
Conservation of Energy, we get

lkx2 = 1mu2 + lM'U2
2 2 2
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= 100 =u*+50° (1)
By Law of Conservation of Momentum, we get
mu+Mv=0
= u=-5v ..(2)
Solving equations (1) and (2), we have
300% =100

o,
= v=,— ms
3

From this moment until block falls, both plank and
block keep their velocity constant. So, when block

falls, velocity of plank is \/? ms™.

ILLUSTRATION 48

Aball of mass m when dropped from certain height
strikes a wedge kept on smooth horizontal surface
and move horizontally just after impact as shown in
diagram. If the ball strikes the ground at a distance d
from its initial line of fall, determine the amplitude of
oscillation of wedge after being hit by the ball.

SOLUTION

Since, h= % gt?

t= =
8

Let v, be the horizontal velocity of ball after collision.
Then

= 7 :gzd £
t 2h

Suppose, v, be thevelocity of wedgejustafter collision.
Then from conservation of linear momentum, we
have,

Mo, =my,
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m md |8
M \2h
By Law of Conservation of Energy, we have

_kAZ__M 2

|sM
= Amplitude, A= UZ\/T md gh

ILLUSTRATION 49

Ablock of mass M with a semi-circular track of radius

R rests on a horizontal frictionless surface shown
in figure. A uniform cylinder of radius r and mass
m is released from rest at the point A. The cylinder
slips on the semi-circular frictionless track. How far
has the block moved when the cylinder reaches the
bottom of the track? How fast is the block moving
when the cylinder reaches the bottom of the track?

SOLUTION
Applying xgmy = x;m; we have
m(R-r—x)=Mx

Here x = displacement of block towards left

_m(R-r)
M+m
By Law of Conservation of Energy, we get
Loss in Gravitation Gain in Gain in
Potential Energy |=| KE.of [+| KE.of
of Cylinder Cylinder Block
1 -, 1, 5
= mg(R—r)=§mv +EMV (1)

Also, by Law of Conservation of Linear Momentum,
along the horizontal we have

mv =MV (2
So, from (1) and (2), we get
yomo_ 2¢(R-r)

M M(M+m)

ILLUSTRATION 50

Two identical buggies move one after the other due
to inertia (without friction) with the same velocity v,.
A man of mass m jumps into the front buggy from
the rear buggy with a velocity u relative to his buggy.
Knowing that the mass of each buggy is equal to M,
find the velocities with which the buggies will move
after that.

SOLUTION

If we take rear ‘buggy + man” as system. There is no
external force acting on system in horizontal direction.
Hence linear momentum of the system should be
conserved. Let v be the velocity of rear buggy just
after man of mass m jumps to the front buggy, then
velocity of man just after jumping will be (vg +u).

Initial momentum of rear buggy is
p!' — (M +m )UU

When the man jumped into the front buggy with
velocity u (relative to rear buggy), then momentum
of rear buggy along with the man (in air) is

= m(u+vg )+Mog
By Law of Conservation of Momentum, we have
m(u+og )+ Mog =(M+m)o,

mu
(M+m)

Similarly, initial momentum of front buggy along
with the man (in air) is

p;i = Moy +m(u+vg )
Final momentum of front buggy is
pr= =(M+m)o;
By Law of Conservation of Momentum, we have

=  Moy+m(u+vg)=(M+m)og

= ’U—( M )v+( m )(uﬂf)
g M+m "\ M+m K
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Substituting the value of v, we get
Mmu
(M+m)

ILLUSTRATION 51

A railroad car of mass M with a man of mass m
is moving with a velocity v;. The man jumps in the
direction of motion of car with a velocity u with
respect to the car. Find the final velocities of the man
and that of the car after jump.

Ur =Uﬂ+

SOLUTION

Taking ‘man and car’ as a system, we observe that
there is no external force acting on this system along
the horizontal direction. Due to this, the linear momen-
tum of the system is conserved along the horizontal
direction. After the man jumps, the car attains a
velocity v, in the same direction, which is less than v,
due to backward push of the man for jumping. After
the jump, the man attains a velocity (#+v,) in the
direction of motion of car with respect to ground.

. Cy

Just before jumping Just after jumping

Applying the Law of Conservation of Linear
Momentum, we get

(M+m)v; = Mo, +m(u+0,)
So, velocity of car after jump is
(M+m)o, —mu

UZ =
M+m
and velocity of man after jump is
(M+m)v, + Mu
u+ Uz =
M+m

ILLUSTRATION 52

Two trucks each of mass M each (including the content
it carries) are moving in opposite direction on adja-
cent parallel tracks with same velocity 1. One truck is
carrying potatoes and other is carrying onions. Each
bag of potatoes has a mass 1, and that of onions has
a mass 1m,. When trucks get close to each other while
passing, the drivers exchange a bag each from their
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truck by throwing it towards the other one. Find the
final velocity of each truck after the exchange of bags.

SOLUTION

At the time of exchange of bags, momentum in the
direction of individual motion remains conserved.
The situation is shown in Figure.

u ilm] M
_______________ ‘_ R
M iy u @ 99
__—j" — e -

_Q@ @

When a bag of potatoes having mass n1; is thrown
from the first truck in a direction perpendicular to its
motion, towards the second truck, then during the
throw, the bag has a velocity u in the direction of
motion of the first truck as shown in figure.

When a bag of onions having mass m, is thrown
from the second truck in a direction perpendicular
to its motion, towards the first truck, then during the
throw, the bag has a velocity u in the direction of
motion of the second truck.

Similarly, when the second truck driver throws
the onion bag of mass m,, towards the first truck,
it brings a momentum #n1,u in the direction of the
second truck.

Applying Conservation of Momentum on first truck
carrying potatoes, we get

(M=my Ju-myu=(M-m,+m,)o,

So, velocity of first truck after exchange is
_ Mu—myu—myu
= M-m;+m,

Applying Conservation of Momentum on second
truck carrying onions, we get
(M=my )u—mpu=(M-m,+m)v,
So, velocity of second truck after exchange is
Mu —mu—myu

Uy =
M—-m, +m
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INSTANTANEOUS IMPULSE

IMPULSIVE TENSIONS

There are many occasions when a force acts for such
a short time that the effect is instantaneous, e.g., a bat
striking a ball. In such cases, although the magnitude
of the force and the time for which it acts may each
be unknown but the value of their product (i.e.,
impulse) can be known by measuring the initial and
final momenta. Thus, we can write

J= J.?df =Ap=p;—p;
Regarding the impulse it is important to note that
impulse applied to an object in a given time interval

can also be calculated from the area under force-time
(F-t) graph in the same time interval.

ILLUSTRATION 53

A sphere of mass m slides with velocity v on a
frictionless surface towards a smooth inclined wall
as shown in Figure. If the collision with the wall is
perfectly elastic, find

(a) the impulse imparted by the wall on the sphere,
(b) the impulse imparted by the floor on the sphere.

SOLUTION

As the collision is elastic, so the sphere will rebound
with the same speed after collision. The impulses
acting on the sphere are shown in Figure.

Jo
' v
—
Jycoso
Y J1
Jycosd
Jycos0=], (D)
-mv+ [, sinf=mv ..(2)

Solving equation (1) and (2), we get
], =2muvcotd

J; = 2mvcosect

When a string jerks, equal and opposite tensions
act suddenly at each end. Consequently, equal and
opposite impulses act on the objects to which the two
ends of the string are attached. There are two cases to
be considered.

CASE-1: One end of the string is fixed

The impulse which acts at the fixed end of the string
cannot change the momentum of the fixed object
there. The object attached to the free end however
will undergo a change in momentum in the direction
of the string. The momentum remains unchanged
in a direction perpendicular to the string where no
impulsive forces act.

CASE-2: Both ends of string attached to movable
objects

In this case equal and opposite impulses act on the
two objects, producing equal and opposite changes
in momentum. The total momentum of the system
therefore remains constant, although the momentum
of each individual object is changed in the direction
of the string. Perpendicular to the string however, no
impulse acts and the momentum of each particle in
this direction is unchanged.

The velocities of two objects moving at the ends
of a taut string are not independent. The relationship
between them is understood by taking a taut string AB
and particles A, B which are moving with velocities
as shown in the Figure. The important components of
velocity are those along the string AB.

v4sin 64 V,C086,

q

A B2 A V4C0s0; V,sin 6,

If v, cos, > v, cos, the string is not taut and

If v,cos6,>v,cos6, the string is snapped ie.,
it breaks

Hence, for the string to remain taut and unbroken,
we must have

v, c080, = v, cos,
Hence, we conclude that the two ends of a taut string

have equal velocity components in the direction of
the string.
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ILLUSTRATION 54

Two particles A and B of equal mass m each are
attached by a string of length 2/ and initially placed
over a smooth horizontal table in the position shown
in figure. Particle B is projected across the table with
speed u perpendicular to AB as shown in figure.

'y A

B
Y u

Find the velocities of each particle after the string
becomes taut and the magnitude of the impulsive
tension.

SOLUTION

When the string becomes taut, both particles begin
to move with equal velocity component v along the
direction AB’

A
u cos 60° v

u cos 60°

B’ B
u sin 60°

Velocities just before
string is taut

Velocities just after
string is taut

Perpendicular to AB” there is no impulse on either
particle, velocity components in this direction are
therefore unchanged.

Applying the Law of Conservation of Momentum in
the direction AB’, we get

0+ musin(60°) = mo + mo

V3

= v=—1
4

So, just after the string becomes taut, we have

(a) Velocity of mass A is v, = TSu along AB’
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(b) Velocity of mass B is

2
Ug =\/(ucos60°)2+[§u) =gu

e , _1( ucos60°
In a direction inclined to AB’ at tan 1( ),
v

ie., at tan_](i)
e, N
The magnitude of impulsive tension () is found by
calculating the change in momentum of one of the
particles.

For the mass A, in the direction AB’, we have

J=Apy =mv-0

V3

= ]=Tmu

ILLUSTRATION 55

A string AB of length 2] is fixed at A to a point
on a smooth horizontal table. A particle of mass m
attached to B is initially at a distance / from A as
shown in figure.

T A

!

e,

The particle is projected horizontally with speed u
at right angles to AB. Find the impulsive tension |
in the string when it becomes taut and the velocity of
the particle immediately afterwards.

SOLUTION
When the string becomes taut AB" =2/
= ZB’AB=60°

u cos 60°

Bf
u sin 60°

Just before the string becomes taut, the components
of the velocity of particle parallel and perpendicular
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to AB’ are usin(60°) and ucos(60°) respectively.
When the string becomes taut the length of AB is
fixed and particle cannot travel further along the
direction AB’. So, after the string becomes taut, the
velocity of the particle is, therefore, perpendicular to
AB’ (as it cannot move any further along AB’).
Since, we know that Impulse = Change in
Momentum, so

(@) Along B’A, we have
J =0—(-musin(60°))
NE)

= J=—mu
J 2

(b) Perpendicular to B’A (no impulsive component)

= 0=mv—-mucos(60°)

= v=1ucos(60°)=—

Hence, the velocity of the particle just after the string

. u . .
becomes taut is Y perpendicular to the string.

ILLUSTRATION 56

A particle of mass V5 kg is attached to a string of
length 5 m attached to a fixed point O. The particle
is released from the position shown in Figure.

3m
f——|

M
0

P

—o

Calculate the impulse developed in the string when
it becomes taut, the velocity of the particle just after
the string becomes taut and the impulse developed in
this string PQ at this instant.

SOLUTION

When ball is released from rest from M then it
falls to N, a distance 4 m below M, due to which
an impulse will be developed in the string ON as
shown in Figure.

Velocity of ball just before string becomes taut is

u=+2x10x4 =\/8_Oms'1 =4\/§ ms .

Velocity of ball in direction perpendicular to the
impulse will remain the same just before and after
and the impulse is developed.

v=usin9=(4\/§)(%)=% ms™

= J=mucosf= \/5(4\/5)(5)=16 kgms ™

= ['=]sinf= (16)(;) 8 kgms
and impulse imparted by earth is

]"=]cos9=(16)(§)=% kgms ™

CONSERVATION OF LINEAR MOMENTUM
FOR A TWO PARTICLE SYSTEM

Consider two bodies A and B having masses m,
and m, moving with initial velocities i; and i, (as
shown).

O O OO

(U-I > U2
Just before impact

A B
(: 9—'?1 (: 5—'?2

Just after impact

During impact

Let the bodies collide such that during impact a force

Eyp actson A due to B and a force Fyy acts on B
due to A. Then by Newton's Third Law

ﬁAs =_-’BA (1)
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Let 9, and U, be the velocities of the two bodies
just after impact. Let us now calculate the change in
momentum of A and B ie., Ap, and App.
For A, we have
t
Ap 4 =m0y —myiiy =JPABdt ..(2)
0
For B, we have

t
0

For A+B system, by adding (2) and (3), we get
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Y
s
X-axis
Pe+—
o mg -~
v’ 0% =2(gsina)! {~ a=gsina}
= 0v=,/2¢lsina
Initial momentum along x-axis is (p; ) =mov
g g Final momentum along x-axis is (p; ) =Pcosa
X
Change in momentum along x-axis ie,

0 0

CHOICE OF A SYSTEM

We observe that momentum is not conserved for
A (because of force F,; acting on it) and also not
conserved for B (because of force F, acting on it).
However, for A+B system net external force
acting is zero, hence momentum of (A+B) system
is conserved.

ILLUSTRATION 57

A cannon of mass m starts sliding freely down a
smooth inclined plane at an angle o to the horizontal.
After the cannon covered the distance I, a shot was
fired, the shell leaving the cannon in the horizontal
direction with a momentum P. As a consequence, the
cannon is stopped. Assuming the mass of the shell
to be negligible, as compared to that of the cannon,
determine the duration of the shot.

SOLUTION

To start with, let us calculate the velocity of the
cannon when the shot was fired.

Ap, =(Pcosa—mv)
Since, Force = Rate of Change of Momentum

(Pcoso—mo)
t

. Pcosa—mov _ Pcoso—m,[2glsina

mgsino mgsina

= mgsina=

Please note that the normal reaction will have no
component along x-axis.

ILLUSTRATION 58

A thin hoop of mass M and radius r is placed on
a horizontal plane. At the initial instant, the hoop is
at rest. A small washer of mass m with zero initial
velocity slides from the upper point of the hoop along
a smooth grove in the inner surface of the hoop.
Determine the velocity u of the centre of the hoop at
the moment when the washer is at a certain point A
of the hoop, whose radius vector forms an angle ¢
with the vertical (figure). The friction between the
hoop and the plane should be neglected.
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SOLUTION

_ M, mio, 5
Let v, be the velocity of washer relative to centre = mgr(l+cosg)= ?H +E(vr Ut = 2uo, cosq))

of hoop and u be the velocity of centre of hoop. ..(2)
Applying Law of Conservation of Linear Momentum

along the horizontal, we get Solving equations (1) and (2), we get

—u)=M (1 2gr(1+
1"."1(0r cos ¢ u) u (1) = meose gr( COSQD-) :
Applying Law of Conservation of Mechanical Energy, (M+m )(M +1m1sin gD)
we get

Lossin Gain in Gainin
GPEof |=| KEof [+| KEof
‘Washer Hoop Washer

0\/ Test Your Concepts-IV

Based on Conservation of Linear Momentum
(Solutions on page H.78)

1. A man of mass m, is standing on a platform of
mass m, kept on asmooth horizontal surface. The
man starts moving on the platform with a velocity
v, relative to the platform. Find the recoil velocity
of platform.

2. Arailroad car of mass M is at rest on a frictionless

!

Calculate the velocity of particle just after

track with aman of mass m standing at its que. collision, impulse provided by the plane to the
If the man jumps off from the car towards right particle and loss in kinetic energy of the particle
with an initial velocity u, with respect to the car, due to impact.
find the velocity of the car after its jump. 5. AS50 N projectile is fired from ground level with an
3. A small cube of mass m slides down a circular initial velocity of 24 ms™' making an angle of 60°
path of radius R cutinto a large block of mass M, with the horizontal. When it reaches its highest
as shown in figure. M rests on a table and both point, it explodes into two 25 N fragments. If one
blocks move without friction. The blocks are fragment is seen to travel vertically upward, and
initially at rest and m starts from the top of the after they fall, they are 45 m apart, calculate the
path. Find the horizontal distance from the bottom speed of each fragment just after the explosion.
of block when cube hits the table. Neglect the size of the gun.

6. Aprojectileislaunchedatanangle 6, with velocity
V- At the highest point of its path, it explodes in
two parts having mass ratio 1: 3. If the lighter mass
retraces its path, then calculate velocity of the

heavier part just after the explosion.
Iﬁfz 7. A wagon of mass M can move without friction
along horizontal rails. A simple pendulum
consisting of a sphere of mass m is suspended
from the ceiling of the wagon by a string of
length (. At the initial moment the wagon and the
pendulum are at rest and the string is deflected

4. Aparticle of mass m is released from height h on
an inclined plane. If after collision with the plane,
the particle starts moving horizontally as shown in
Figure.




10.

11.
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through an angle o from the vertical. Find the
velocity of the wagon when the pendulum passes
through its mean position.

Two particles, each of mass m, are connected by a
light inextensible string of length 2I. Initially they
lie on a smooth horizontal table at points A and
B distant | apart. The particle at A is projected
across the table with velocity u. Find the speed
with which the second particle begins to move, if
the direction of u is

(a) along the line BA,

(b) at an angle of 120° with AB

(c) perpendicular to AB.

In each case also calculate (in terms of m and u)
the impulsive tension in the sting.

Figure shows a small block of mass m which is
started with a speed v on the horizontal part of
the bigger block of mass M placed on a horizontal
floor. The curved part of the surface shown is semi-
circular. All the surfaces are frictionless. Find the
speed of the bigger block when the smaller block
reaches the point A of the surface.

A block of mass m and a pan of equal mass are
connected by a string going over a smooth light
pulley. Initially, the system is at rest, then a particle
of mass 2m falls on the pan and sticks to it. If the
particle strikes the pan with a speed v, calculate
the speed with which the system moves just after
the collision.

Two men, each of mass m stand on the edge of a
stationary buggy of mass M. Assuming the friction
to be negligible, calculate the velocity of the buggy
after both men jump off with the same horizontal
velocity u relative to the buggy,

12.

13.
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(a) simultaneously

(b) one after the other

A shell of mass m is fired from a gun of mass km
which can recoil freely on a horizontal plane, the
elevation of the gun is 45° Find the ratio of the
energy of the shell to that of the gun.

Asmall cube of mass m slides down a circular path
of radius R cut into a large block of mass M as
shown in figure. M rests on a table and both blocks
move without friction. The blocks are initially at
rest and m starts from top of the path. Find the
velocity v of the cube as it leaves the block.

14. A bob of mass M is suspended by an inextensible

string. A particle of mass m, moving with velocity
v, strikes the bob as shown in Figure.

~

mm‘vo

N
~

\\(6’
v
If the particle comes to rest just after collision,

then calculate impulse due to tension in the string,
velocity of the bob just after collision.

15. Aheavy mass M resting on the ground is attached

to a small mass m via massless inextensible string
passing over a pulley. The string connected to M is
loose. The smaller mass falls freely through a height
h and the string becomes taut. Find the time from
this instant when the heavier mass again makes
contact with the ground. Also obtain the loss in
kinetic energy when M is jerked into motion.

16. A right-angled wedge of mass M and base angle

0 is lying on a smooth horizontal surface. A small
ball of mass m, moving horizontally with velocity
vy collides with wedge on inclined surface as
shown in Figure.
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If after collision the ball starts moving in vertical,
upward direction, then calculate the impulse due
to normal reaction applied by wedge on the ball,
impulse due to normal reaction applied by ground
on wedge, velocity of the ball and wedge just after
collision. If coefficient of friction between ground
and wedge is u, then calculate impulse due to
frictional force.

17. A bullet of mass 0.25 kg is fired with velocity
302 ms™' intoablock of wood of mass m; = 37.5 kg.
It gets embedded into it. The block m, is resting

.

on a long block m, of mass m, =12.5 kg and the
horizontal surface on which it is placed is smooth.
The coefficient of friction between m; and m, of
0.5. Find the displacement of m; on m, and the
common velocity of m; and m,.

18. A body of mass M with a small box of mass m
placed on it rests on a smooth horizontal surface.
The box is set in motion in the horizontal direction
with a velocity u as shown in Figure. Calculate
the height relative to the initial level to which the
box will rise after breaking off from the body M.
Assume all surfaces to be smooth.

J

VARIABLE MASS

In our discussion of the conservation of linear
momentum, we have so far dealt with systems whose
mass remains constant. We now consider those
systems whose mass is variable, i.e., those in which
mass enters or leaves the system. A typical case is that
of the rocket from which hot gases keep on escaping,
thereby continuously decreasing its mass.

In such problems we apply a thrust force (IE, )
to the main mass in addition to the all other forces
acting on it. This thrust force is given by,

- (dm
Ft ZUrEI(E)

where, 7 is the velocity of the mass gained or mass
ejected relative to the main mass. In case of rocket
this is also called the exhaust velocity of the gases,

dm . . :
also m is the rate at which mass is increasing or

decreasing.

The expression for the thrust force can be
derived from the Law of Conservation of Linear
Momentum in the absence of any external forces on
a system.

Let at some time {, the mass of the body be m
and its velocity be 7. After some infinitesimal time
say f+df its mass becomes (m—dm) and velocity
becomes v+dv. Let the mass dm be ejected with
relative velocity v,. Absolute velocity of mass dm is
therefore (U, +7+d0 ). If no external forces are acting
on the system, then linear momentum of the system
will remain conserved, i.e.,

= Pi=Ps
=  mo=(m-dm)(G+do)+dm(7, +7+d0)

= mv =m0+ mdo—vdm—dmdo +
odm+v,dm+ dmdo

=  mdo=-0,dm
() -5)
=> m|—|=0,|-——
dt dt
do -
where, m(E)=Thrust Force (P,)

and —i—r: = Rate at which mass is being ejected from

system
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Problem Solving Technique(s)

(a) Make a list of all the forces acting on the main
mass and apply them on it. _
(b) Apply an additional thrust force F, on the mass,

(%)

(c) The direction of this thrust force E is given
by the direction of V. in case the mass is
increasing else it is the direction of —v, if the
mass is decreasing.

(d) Calculate the net force on the mass and apply
- av

5= m— (m = mass at that particular instant).

(e) Integrate it within proper limits to find velocity at
any timet.

the magnitude of which is

ROCKET PROPULSION

Let m, be the mass of the rocket initially (i.e., at time
t=0)and m be its mass at any later time f. Let v
be its velocity at time ¢ let the velocity of the rocket
be u at f=0.

u v

v=u m
m=my ‘ v

4

Initially
(att=0)

M

Exhaust velocity = v,
attime t

Further, let —Lfi—T be the mass of the gas ejected per
unit time and v, be the exhaust velocity of the gases.
Usually (_fj_f?) and v, are kept constant throughout

the journey of the rocket. Few equations which can be
used in the problems of rocket propulsion. At time f = ¢.
The forces that act on the rocket, at time # (say) are
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(@) Thrust force on the rocket due to ejection of
gases is

E=v, (—i—?) {upwards}
(b) Weight of the rocket is

W =mg {downwards}
(c) So, net force acting on the rocket is

E.=E-W {upwards}

dm
E.=0v|-—]|-
= net Ur( dt) mg

(d) Net acceleration of the rocket

F

a=—

m
dv
Si 7 Fne =m—-—
ince (=M m
do dm

= mE=—er—mg

dv vr( dm)
=5 —=—|-——1-¢
dt  m\ dt

dm
dv=ov,| —— |- edt
= Uv,[ m)g

v m t
= J.dv= v, J. —d—m—g'[dt
m
u 0

ny

m
—u=0.1 —0)—t
= v-u v,n(m g

= v=(u-gt)+o, ln[ﬂ)
m

(a) F= v,(—i—?) is upwards, as v, is downwards

and dm is negative
dt i
(b) If gravity is ignored and initial velocity of the
rocketu =0, then we get v=v, In(m].
m

(c) There can be many cases in which the mass of
system varies with time. In all the cases of mass
variation, we use momentum conservation at an
intermediate instant from time t to t+dt.
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ILLUSTRATION 59

Arocket, with an initial mass of 1000 kg , is launched
vertically upwards from rest under gravity. The
rocket burns fuel at the rate of 10 kgs_l. The burnt
matter is ejected vertically downwards with a speed
of 2000 ms™ relative to the rocket. If burning ceases
after one minute, find the maximum velocity of the

rocket. (Assume ¢ to be constant and have a value
10 ms™).

SOLUTION

Since, we know that

U=(u—gt)+vrln[ﬂJ

m

According to the problem, we have u=0, t=60s,
¢=10ms2, v, =2000 ms~", m, = 1000 kg

and m=1000-10x 60 = 400 kg

= 7= 0—600+20001n(m)
400

= 0=2000In(2.5)-600
The maximum velocity of the rocket is
0=200(10In2.5-3) =1232.6 ms™

ILLUSTRATION 60

A double stage rocket has an initial mass M;. Gas is

dm
exhausted from the rocket at a constant rate of E

and with an exhaust velocity u relative to the rocket.
When the mass of the rocket reaches the value M,
the first stage of mass m of which fuel is exhausted
is disengaged from the rocket. Then rocket continues
to the second stage at the same rate and exhaust
velocity as in the first stage, until it reaches a mass
M,. Calculate the rocket velocity at the end of the first
and second stage (if the rocket had started from rest).
Also calculate the final velocity of a single stage rocket
of same initial mass M, and having same amount of
fuel. Is this velocity greater or less than final velocity
of the double stage rocket?

SOLUTION

The rocket has constant exhaust velocity given by

d N
d—T during its motion. Since, we know that

ae
do dm
m—=—-0, —
dt dt
(4] M d
= Jdv =i am
m
0 M,

= =uln(£)
M

After a mass m is disengaged, the rocket mass
changes to (M—m) at the start of second stage and
hence we have

) M,
dm
jdv =-u J —
m
(2] M-m

5]
= v,-v,=uln

2

S [1(%)1(MM”

MI(M—m)}

2

= U= ulnl

However, if there is only single stage of mass M, then

the final mass after exhaust of fuel will be (M, +m).
Hence, we have

vy My +m
dm
Jdv=—u J. —
m
0 M,
M
= =uln 1

So, we observe that v, > v;.

LIQUID COMING OUT OF ORIFICE
IN A BEAKER

Aliquid of density p is filled in a container as shown

in Figure.
- Fr "\

—V

J

-
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The liquid comes out from the container through a
orifice of area a at a depth h below the free surface
of the liquid with a velocity v. This exerts a thrust
force in the container in the backward direction. This
thrust force is given by

(%)
o odt

Here, v, =v {in forward direction}
dm
and | —— [=pav
(%)
, av . .
Since, (E) = Volume of liquid flowing per second
(%)
= — | =40
dt
- ()AL
ar )P 7P
= E=v(paw)
= F=pa’ {in backward direction}

Further, we will see in the chapter of fluid mechanics
thatv=/2gh.

CHAIN FALLING THROUGH A HOLE OR
CHAIN BEING LIFTED VERTICALLY UP

Suppose, a chain of mass per unit length 4 begins to
fall through a hole in the ceiling as shown in figure (a)
or the end of the chain piled on the platform is lifted
vertically as in figure (b).

2558 t

(@) (b)

In both the cases, due to increase of mass in the
portion of the chain which is moving with a velocity
v at certain moment of time a thrust force acts on this
part of the chain which is given by

oo (%)
dt

d
Here, v, =v and d—T =Av
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Here, v, is upwards in case (a) and downwards in
case (b). Thus,

F = Av?

The direction of F, is upwards in case (a) and down-
wards in case (b).

ILLUSTRATION 61

A uniform chain of mass m and length | hangs on a
thread and touches the surface of a table by its lower
end. Find the force exerted by the table on the chain
when half of its length has fallen on the table. The
fallen part does not form heap.

SOLUTION

The force exerted by the chain on the table consists of
two parts,

(a) Weight of the portion BC of the chain lying on
the table,

W= % {downwards}

(b) Thrust force exerted on table by the falling part
of the chain, F, = 10*

where, A = mass per unit length of chain = ?

and v2=(\/§)2=gl

= =(2)(a0)=mg

So, net force exerted by the chain on the table is

{downwards}

F=W+F = % +mg = %mg {downwards}
So, from Newton’s Third Law the force exerted

by the table on the chain will be émg (vertically
upwards). 2
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Here the thrust force (F, ) applied by the chain on the

table will be vertically downwards. Since F; =v, ( ‘L_T) '

- : : dm .
and in this expression v, is downwards and — s
positive. Hence, F, will act downwards.

ILLUSTRATION 62

A flat car of mass m;, starts moving to the right due to
a constant horizontal force F. Sand spills on the flat car
from a stationary hopper. The rate of loading is constant
and equals to u kgs™. Find the time dependence of
the velocity and the acceleration of the flat car in the
process of loading. The friction is negligibly small.

Y
-

Initial velocity of the flat car is zero
ie,att=0,0v=0

Let v be its velocity at time t and m its mass at that
instanti.e.,

—_—sf ﬁq— —f v
7 \%75%)

SOLUTION

attime ¢, v=v and m=m,+ut {backwards}
dm
Here, v. =v and — =
r m u
dm
Thrust force, F, =v, i = v {backwards}
Net force on the flat car at time { is F,, =F-F,
= md—sz—,u’u (1)

dt

dv
= (m +#f)E=F—ﬂU

- [t

= = (n(F=po))] =+ )]

= ln( 3 )=ln(mﬂ—w)
F-uv my

Taking antilog both sides, we get
F omy+ut
F—uv - my
It
my + ut

m0+ut

= 0=

. dv X ) .
Since — =g, i.e. acceleration of flat car at time t, so

from equation (1), we get

_ Fut
dv _F-pov _ my+ut
it m _(m0+ut)
= g:iz
(my +put)

ILLUSTRATION 63

A chain of length | and mass m lies in a pile on the
floor. If its end A is raised vertically at a constant
speed v, express in terms of the length ¥ of chain
which is off the floor at any given instant.

P

f

y

(a) the magnitude of the force P applied to end A.
(b) energy lost during the lifting of the chain.

SOLUTION

(@) When the chain is raised with a constant upward
speed, then net force on it is zero. So,
P = Weight of length v of chain + Thrust force

= P=(?)gy+pv§ {herep=?}
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[ ] ]
= P=?( gy+v§)
Energy Lost Work done Il\izz;a;rfigl
(b) During =| by Applied |- Enerev of
Lifting Force o
m yYy I(m .,
-AE=Py—| — = |-=] —
= y zy)g[z) 2 zy)v“
2 2
my mgy~  myvj
= -AE=—(gy+ )
AR Ty
2
mgy m}/UU my
-AE = +7
- 2[ I J o (8 +70)

ILLUSTRATION 64

A tank car of mass M is at rest on a road. Att=0, a
force F starts acting on the tank car and also the rain
fall starts, in vertical direction, as shown in figure. The
rain is falling with a velocity v, with respect to earth
and the rate of collection of water in the tank is r kgs ™.
Find the velocity of the tank-car as a function of time f.

SOLUTION

The situation at time ¢ and also at time {+dt is
shown in Figure.
v+ dv
—_
Y, m+dm

t=0 t=t t=t+dt

At time f let mass of the car be m and its velocity be
0. In the duration dt, a further mass dm is added and
in this duration car gains a speed v+ dv.

By Impulse Momentum Theorem, we have

Fdt=(m+dm)(v+dv)—mo
=  Fdt =vdm+mdv
where, m=M+rt and dm = rdt
= Fdt=v(rdt)+(M+rt)dv

= (M+rt)do=(F-rv)dt
do  dt
F-rv M+rt
Integrating, we get
[ do [ dt
F-ro

M+t
0 0
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F M+t
= ln( )=ln( )
F-rv M

Frt
Mr+12t

= 0=

Dear Students, this example can be modified if we
consider rain to be falling at an angle 6 with the
vertical in the direction against the velocity of the car
as shown in figure.

¢k ek

1 I
vy ! VR vﬁv
_V. m+dm
t=t+dt

So, in this case we will add the momentum imparted
by the rain to the car in the opposite direction in time
dt. So, we get

th=(m+dm)(v+dv)—[mv—(vR sinﬂ)dm]

Now we can rearrange the terms of dv and dt
according to the conditions given in the problem and
then integrate it to get the velocity of car as a function
of time.

ILLUSTRATION 65

A particle of mass M, initially at rest starts moving
under action of a constant force Fi. It encounters
the re51stance of a stream of fine dust moving with
velocity —~0,i which deposits on it at a constant rate k.
Calculate the distance travelled by the particle when
its mass becomes M.

SOLUTION

Applying Impulse Momentum Theorem to the
particle, we get

Fdt = (m+dm)(v+dv) - ( Myv—vokdt)
= (F-kvy—kv)dt= (M, +kt)dv
0 t

J‘ dv dt
e =
0 0
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= Inf———|=In

F-ko,  M,+kt
F—kvy )M
= F—kvo—kv=m
M, +kt
Since, M = M, +kt (1)
F—kv, )M
= kv:(P_kUU)_m
M
1 M
= v=—(F-ko ——”)
o= +(F-fy ) 1- 2
LEE)l)
dt k M

From equation (1), we have M = M, +kt
=  dM=lkdt

at=M
k

So, equation (2) becomes

()2
i\ k M

= dx=(F_kU”)(l—%)dM
k2 M

Integrating, we get

l
z:de= Lf”””(p%)dm
k M
0

I= F_kv_(M—MU)—MUln(EH

M otvouwrconeepsy

1. A cart loaded with sand moves along a horizontal
floor due to a constant force F coinciding in
direction with the cart’s velocity. However, in this
process the sand spills through a hole in the bottom
with a constant rate i kgs™". Find the acceleration
and velocity of the cart at the moment t, if at the
initial moment t =0 the cart with loaded sand had
the mass m, and its velocity was equal to zero.
Friction is to be neglected.

2. A plate of mass M is moved with constant velocity
v against dust particles moving with velocity u
in opposite direction as shown. The density of
the dust is p kgm™ and plate area is A. Calculate
the force F required to keep the plate moving
uniformly.

Based on Variable Mass Systems

(Solutions on page H.83)

3. (a) Arocket set for vertical firing weighs 50 kg and
contains 450 kg of fuel. It can have a maximum
exhaust velocity of 2 kms™". What should be its
minimum rate of fuel consumption

(i) tojustlift it off the launching pad.
(ii) to give it an acceleration of 20 ms™.

(b) What will be the speed of the rocket when the
rate of consumption of fuel is 10 kgs ™ after the
entire fuel is consumed? Take g =10 ms™.

4. A mass m, is connected by a very light cable
passing over a frictionless pulley to a container of
water, whose mass is m, at t=0. If the container
ejects water in downward direction at a constant
rate of bkgs™' with a velocity v, relative to the
container, then calculate the acceleration of m; as
a function of time.
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Determine the force P required to give the open

d
link chain a constant velocity v:d—)t/. The chain

has a total length L and mass per unit length A.
Neglect the small size and mass of the pulley and
any friction in the pulley.

8.

9.

2.55

where k is a constant such that kv, < Mg. Calculate
the time when rocket starts to lift.

Find the mass of the rocket as a function of time,
if it moves with a constant acceleration a, in
absence of external forces. The gas escapes with
a constant velocity u relative to the rocket and its
mass initially was my,

A cart loaded with sand moves along a horizontal
floor due to a constant force F directed along
the cart’s velocity. During this process, sand spills
through a hole in the bottom at a constant rate of

1 kgs™". Calculate acceleration and velocity of the
cart at time t, if initially the cart loaded with sand
had mass m, and zero velocity. Neglect friction.

Two blocks A and B each masses of mass M,
are hanging with the help of a light string, which
passes over a massless pulley. Mass of A starts
leaking out at a rate of u kgs™" with velocity v,
with respect to the mass A. Find the velocity of
block B as a function of time.

6. Arocketwithinitial mass M is launched by emitting
gas with velocity v, relative to the rocket down-
wards. The mass of the gas emitted per second isk,

TYPES OF COLLISIONS

Head on Collision

Whenever the colliding bodies have their velocities

along

the line joining their centres, then the collision

is said to be head-on.

0-6- 6-Q

(at rest)

Head-on Head-on

Oblique Collision

Whenever the colliding bodies do not have their
velocities along the line joining their centres, then the

collisi

on is said to be oblique.

€

Oblique

Oblique

WORD OF ADVICE

(a) These diagrams are drawn just before or just

after the collision.

(b) Based on energy, we divide collisions into three

categories
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(i) Elastic collision: In such type of collisions,
momentum and kinetic energy, both are
conserved.

(ii) Inelastic collision: In such type of collisions,
momentum is conserved. However, kinetic
energy is not conserved (k; <k; ).

(iii) Super-elastic collision: In such types
of collisions, momentum is conserved.
However, the final kinetic energy is greater
than initial kinetic energy (k;>k;). As an

example, a bomb initially at rest (KE=0) on

exploding, has its different fragments moving
in different directions with some finite kinetic
energy such that total final momentum of the
fragments is also zero (as a system). However,
final kinetic energy is greater than initial
kinetic energy (which was zero).

COEFFICIENT OF RESTITUTION (e)

The coefficient of restitution is only defined for elastic
and inelastic collisions. It is the measure of the degree
of elasticity of the collision and is defined as the ratio
of the impulse due to reformation and impulse due to
deformation of either body.

_ Impulse due to Reformation J.Frdf

e= =
Impulse due to Def ti
mpulse due to Deformation J' Edt

It can also be defined as the ratio of the relative
velocity of separation just after the collision to the
relative velocity of approach just before collision.

Relative velocity of separation
just after collision

Relative velocity of approach
just after collision

Uy =T U =0
- €=_( 2 1)=_( i 2)

In general, we have, 0<e<1

(a) For elastic (or perfectly elastic) collisions, e=1.

(b) For inelastic collisions, 0<e<1.

(c) For perfectly inelastic collisions, e =0.
In this collision, bodies move independently
before collision, but after collision stick to each
other and move as are single body.

= ([e]=M10T?)

WORD OF ADVICE

The definition of ‘e’ is applicable only for elastic
and inelastic collisions.

However, if we could have applied this definition of ‘¢’
to a super elastic collision, then e > 1.

So, can ‘e’ be greater than 17

If the definition of ‘¢’ can be applied to a super elastic
collision, then ‘¢’ can be greater than 1.

IMPACT PARAMETER (b)

Itis the perpendicular distance between the velocities
of the two colliding bodies.

[b] - MULlTU

G_"'BI:@

For, b =0, then collision is head-on and for

0<b<(n+r ), the collision is oblique

TYPES OF COLLISIONS

(@) Elastic Head-On: e=1 and b=0

(b) Inelastic Head-On: 0<e<1 and b=0

(c) Perfectly Inelastic Head-On: ¢=0 and b=0
(d) Inelastic Oblique: 0<e<1 and 0<b<(r+1,)

(e) Elastic Oblique: e=1 and 0<b< (rl +7 )
(f) Perfectly Inelastic: e=0 and 0<b<(r+1,)
(g) Super-Elastic Collisions: (K, > Kiiiar )
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SPECIAL CASES

B B
A A
Uy i Vq b2
my my

CASE-1: Colliding Bodies of equal masses
When colliding bodies are of equal masses, then

my =m, =m, then v; =u, and v, =1

Just Before Impact
(U1 >up)

Just After Impact

By Law of Conservation of Linear Momentum, we
have

Mty + Mylly = 140y + 1,0, (1)
(1, 1, v; and ¥, all are in same direction)

By Law of Conservation of Kinetic Energy, we have

%mluf + %mzug = %mlvf +%mzv§ ..(2)
From (1), m; (1, —v; ) =m, (v, —11,) (3
From (2), ml(uf —vlz)=m2(v§—u§) ..(4)
Divide (4) by (3), we get

U+ =1y +0, ..(5)
Rearranging (5), we get

Uy —ly =Ty =7 ...(6)

Relative velocity Relative velocity
of approach just |=| of approach just
before collision after collision

From (6) and by definition of ¢, we get
Uy —ih
From (5), wé get
Uy = Uy +0) — 1y ..(7)
Put (7) in (1), we get
Myl + Mgty = g0y + 1y (1 +0; =11y )
Rearranging, we get

(my +my Yo = (my —my )y +2myu,

My, —m 2m
my +m, my +m,

Simply replace subscript 2 by 1 and 1 by 2,

Velocity Momentum Kinetic Energy

Just Just Just

m,=m,

Before | After | Before | After | Before | After
Impact | Impact | Impact | Impact | Impact | Impact
I 5|1 5
Ball 1 U 1) iy ity Emu1 Emu;1
\ \ 1 2 1 2
Ball 2 iy 1 1y iy E ity E mily
Conclusion Velocity Momentum Kinetic Energy

Exchange Exchange Exchange

i.e. for a perfectly elastic head on collision, the
bodies exchange their velocity momentum and
kinetic energy just after impact.

CASE-2: Target body at rest
If u, =0, i.e. second body at rest, then

v =( =T Jul and v, =( 2 )vz
ny + 1, My + 1M,
CASE-3: Colliding Bodies of equal masses and
target body at rest

If my=m,=m (say)and u, =0
i.e., a body collides with an identical body at rest,
then, we get

v, =0 and v, =1

Velocity Momentum Kinetic Energy
my = :’2 Just Just Just
an
u.—0 Before | After | Before | After | Before | After
2 Impact | Impact | Impact | Impact | Impact | Impact
1 5
Ball 1 i /0 miy 0 Emu1 (U
N < -
Ball 2 0 1y 0 mily 0 Emul
Conclusion | 100% Transfer of | 100% Transfer of | 100% Transfer of
Velocity Momentum Kinetic Energy

So, we observe that in an elastic head-on collision
if one body is at rest and the two bodies have equal
mass then after collision hundred percent (100%)
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transfer of velocity/momentum/kinetic energy
takes place.

CASE-4: Massive body collides with a light body at
rest

When a massive body collides with a light body at
restie., ny > m, and u, =0

) m, —m 2m
Since v, =( L2 )ul and v, =( ! )ul

m, +m, my + 11,

So, for my > m,, we have ny, —m, = m,
and my +m, =m,
= v =u and v, =2

So, when a massive body collides with alightbody at
rest (elastic head-on) then, massive body continues
to move with the same velocity and the light body
moves with twice the velocity of massive body.

CASE-5: Light body collides with the massive body
at rest

When a light body collides with the massive body at
rest, then m, > m; and u, =0

my—m 2m
L 2 )ul and v, =( ! )ul

my +1m, 1y + 1,

Since v, =(

So, for m, > m,, we have
my —my =—my and my +my =1,
i
= v =-1 (rebound)and v, =2| — |v;
m
2

. .My ..
Since 11, < 1y, i.e. — is negligible
Mz
= 10,0

So, when a light body collides with massive body
at rest, then the light body rebounds and massive
body continues to be at rest.

CASE-6: Massive body collides with a light body
When massive body collides with a light body, then
my > m, and 1, # (. Since, we have

My, —m 2m
(S 1 2 u; + z Uy
m, +m, my +m,

2m M, — 1M

= v =2U,—uy and v, = u,

ILLUSTRATION 66

In an elastic head-on collision, if the second body is at
rest, then calculate

(a) fraction of kinetic energy lost by m,

(b) fraction of kinetic energy gained by m,

(c) fraction of kinetic energy retained by m;,

(d) the condition for which the fraction of kinetic
energy lost by m, is the maximum.

SOLUTION

m
u2=0,vl=(
my +m,

—-m 2m
2 |y, and v, = Ly
My + 1y

(a) Fraction of K.E. lost by m, is

1 1
() (), 3 - St

@ 1

2
L

flost by my =

2
!
= flostbyml =1_(J

i

2
ny —m
1 2
= =1-
flost by my ( my +m, )
4mym,
= flostby m o 2
(ml +m2)

(b) Since the collision is ideal,
So, fraction of K.E. gained by m, is equal to the
fraction of K.E. lost by m;
Hence,

B dmym,

fgained by my = flost ofmy — 2
(my+my )

(c) Fraction retained by my is (1 - flost of my )

_1- dmymy (my —m, )2

(1, +m, )2

= Jretained by my

(my +m, )
@ fiostbym, = MAX=1
dmym, _
(my +m, )
= (m-my) =0

= m=m,
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Two particles of mass m and 2m moving in opposite
directions collide elastically with velocities v and 2v.
Find their velocities after collision.

SOLUTION

. my—m 2m
Since, v, =| ——= |u; + 2 u,
"y +m, M, + 1,

2m My —m
and v, =  uy + | —— |,
my + 1, my + 1,

Here, v; = —v, v, = 20, m; = m and m, = 2m

2v v
gm* j:: —tVe g’ @—’3'“

Substituting these values, we get

e T

, v 8v
= Ul—§+?=3ﬂ
and U§=(2m_m)(2’v)+( 21 )—U)
m+2m m+2m
= vé:gv—§v=0

i.e., the second particle (of mass 2m) comes to a rest
while the first (of mass n1) moves with velocity 3v in
the direction shown in figure.

ILLUSTRATION 68

Two pendulum bobs of mass m and 2m collide
elastically at the lowest point in their motion. If both
the balls are released from a height H above the
lowest point, to what heights do they rise for the first
time after collision?

SOLUTION
Given, m; = m, m, =2m, v, =—,/2¢H and v, = \2¢H

Since, the collision is elastic.

2m M, —m
UZZ 1 u1+ # uz
ml+m2 m1+m2
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[

—

,/2gH+4 2gH=§@

3 3 3
, (2m-m
and ’02—(m+2m)(,/2gH)+(m+2m)(—,/2gH)
, _N28H 22H _ 2gH
2T T T3

i.e., the velocities of the balls after the collision are as
shown in figure.

—» Ve
2¢ @1 ¢ ¢
v T ‘5 IS
vy =Y2H v =5 o

Therefore, the heights to which the balls rise after the
collision are

(v7)’

h = i 2= 2—2 h
1 Zg {US]I‘lgU u g }
2
(301
S e
25 (v3)°

= h1=3H and h, =

R
9

2g

_\ 3 _
2g

Since the collision is elastic, mechanical energy of
both the balls will remain conserved, or

Ei:Ef

= (m+2m)gH =mgh, + 2mgh,

= BmgH:(mg)(%H)Hng)(%)

= 3mgH=3mgH

ILLUSTRATION 69

Two balls of masses m and 2m having momenta 4p
and 2p respectively collide as shown in Figure.

4p 2p

nQ _ Qu
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During collision, the value of linear impulse between
them is ]. Calculate the coefficient of restitution
e in terms of | and p. Find the condition for which
collision is elastic and the condition for which it is
perfectly inelastic.

SOLUTION

Before the collision, the directions of linear momenta
and during the collision, the directions of linear
impulses on the two colliding bodies are shown in
Figure.

. - SRR
nQ—' <Qen mOO2m

Before collision During collision

Linear impulse is equal to the change in linear
momentum, so for ball n1, we have

“J=ps-pi=ps-4p
= pp=—(]-4p), ie leftwards
for ball 2m, we have
J=ps=(2p)=ps+2p
= p;=]-2p,ie rightwards

Hence, momenta of the balls after collision are shown
in Figure.

J-4p J-2p
«— —
vie—)m om(—>ve
After collision

Let uy, u, be the velocities of balls before collision and
v, U, be the velocities of balls after collision.
linear momentum _ p

Since, v = =
mass m

Also, by the definition of the coefficient of restitution,
we have
_ Relative Velocity of Separation

e =
Relative Velocity of Aapproach

J-4p J-2p
U+ "m
o pTB _ _m
Uyt 4_P+2_P
m  2m
= g:ﬂ:i_

10p  10p

For elastic collision, e =1
34
10p

20
= =—

] 53 P

For perfectly inelastic collision, ¢ =0
A
10p

=

=

ILLUSTRATION 70

Two blocks A and B of masses m and 2m
respectively are placed on a smooth floor. They are
connected by a spring. A third block C of mass m
moves with a velocity v, along the line joining A
and B and collides elastically with A, as shown in
figure. At a certain instant of time f;, after collision,
it is found that the instantaneous velocities of A
and B are the same. Further, at this instant the
compression of the spring is found to be x;,. Determine
(i) the common velocity of A and B at time f, and
(ii) the spring constant.

Cc

A
g k| 2m

SOLUTION

Initially, the blocks A and B are at rest and C is
moving with velocity v, to the right.

As masses of C and A are same and the collision
is elastic the body C transfers its whole momentum
mv, tobody A and as a result the body C stops and
A starts moving with velocity v, to the right. At this
instant the spring is uncompressed and the body B
is still at rest.

The momentum of the system at this instant = my,
Now, the spring is compressed and the body B comes
in motion. After time , the compression of the spring
is x; and common velocity of A and B is v (say).
As external force on the system is zero, the Law of
Conservation of Linear Momentum gives

muy =mo+(2m)v

= v=—
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The Law of Conservation of Energy gives

1 1 1 1
—mvg = —mv* +=(2m)v* +=kxj
2 2 2 2
1 1
= Emvg—fmszrkag
1 3 (v, )V 1
mvé=m(”) +=kx§
2 2 3 2
1., 1 4, 1 ,
= —kx5=—mv; ——my
27 0T g
1., 1 5
= —kxs=—mv
270 3
2
L p2mg
3x§
INELASTIC HEAD-ON

Since collision is inelastic, so we use

{2

Uy =iy

Uy — Uy = elly —eli,

Uy = €lly —€lly + 7y ..(2)
Putting (2) in (1), we get

Myl + Mty =m0y +1m, (ev; —ev, +0; )

M0y + My = M0y + M,€0; —1M,€0, + 1M,0;

MUy + Mylly + 11,80, —My€0; = M0 + 11,7

o = u (my ‘m2€)+[(1+€)m2 :|v

| =

0 =|:(1+e)m1 :|“1 Jr|:m2 —emy :|u2
my +m, my +1,
CHECK POINT

Put e = 1 to get the results matching with those of
perfectly elastic collision.

(Loss in KE) = (Total Initial KE) - ( Total Final KE)

1 2.1 2) (1 2 1 2)
Loss =| —mquy +—myusy |—| =m0y +—=11,0
(2 171 2 242 7 1¥1 7 2Y2
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Loss = - (M] (1-¢2) (-,

2 \my+m,

\%‘_}
Reduced Mass
(discussed in CM)

CHECK POINT
If e=1, we observe
Loss=0

which is the case of a perfectly elastic collision.

ILLUSTRATION 71

A ball of negligible size and mass m is given a
velocity v, on the centre of the cart which has
amass M and is originally at rest. If the coefficient
of restitution between the ball and walls A and B
is ¢, determine the velocity of the ball and the cart
just after the ball strikes A. Also, determine the total
time needed for the ball to strike A, rebound, then
strike B and rebound and then return to the centre of
the cart. Neglect friction.

B A

—PVO

JnS ———

——  ———— —

SOLUTION
Applying conservation of linear momentum and
T [ |
-—— Ve
_ relative speed of separation’ ot
relative speed of approach
= myy, = Mo, -my, (1)
= U +0, =6y, ..(2)

Solving these two equations, we get,

eM—m e+1
U= Vg Up =1 (I

M+m M+m
The desired time is
4,2, 4
v ey ey,
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BALL GROUND INELASTIC HEAD-ON
COLLISION

For ball wall collision or ball ground inelastic head-
on collision, we have

I (P drop

e\2gh

0

Ground

-

2gh

[ —)
1 Impact

o U=y ) __ 0-7, __ Y
= v =-eJ2gh

So, for a ball colliding inelastically head-on with the
ground we observe that for the ball

( Speed just ) - ( Speed just ]
n-l n-l

after Collision ~ | before Collision

ILLUSTRATION 72

A ball of mass m is dropped from a height / to hit
the ground and then rebound to a certain height. The
process carries on and he ball continues to hit the
ground time and again. The coefficient of restitution
between the ground and the ball is e. Find the average
speed of the ball, the total momentum imparted to
the floor by the ball, the total distance travelled by the
ball before coming the rest and the total momentum
imparted to the floor by the ball.

SOLUTION
Velocity after 1 impact is v, = e,/2¢h
Velocity just before second impact is v; = e,/2¢h

Velocity just after second impact is

v, = ev, = e”\[2gh
2
Height after first impactis h; = ;—1 = e*h
8

Total distance just before second impact is 2/

Time taken between 1% and 2™ impact is

2e./2¢h
Ztlzz(a]zeidé?:zg\/i
8 8 8

Time taken between 2" and 3™ impact is
2¢* [2¢h

21, =2[2ﬂ]= 2N, |20

8 8 8

After every impact, the ball loses some momentum
which is gained by the grand. If Ap, is the change in
momentum after first impact.

891 |=|m (o287 - J2gh )
= |Ap|=m2gh(1+e)

If Ap, is the change of momentum of ball after second
impact, then

\Ap2|=‘m(—ez 2¢h —e Zgh)‘

= |Ap,|=eAp, =em 2gh(1+¢)
Ap3|=ezm@(1+e)

Total momentum imparted by the ball to the floor is

Similarly,

Ap = Ap; +Ap, + Aps...
= Ap=m.f2gh(1+e)(1+e+€2+€3+...)

= Ap=m,,i2gh(1+—e)
—e

Total time taken by the ball to come to rest is

t=\/g+2€\/@+232‘/g+293‘/g+....
8 8 g 8
= t=\/g+2€\/@(l+e+ez+...)
8 8
. f:\ﬁge\/ﬁ(l)
g g \1-e
\/ﬁ{ 2e] [1+e) 2h
= t= |—|1+—|=| — | |—
g 1-e 1-e g

Total distance travelled by the ball before coming to
rest is

s=h+2e*h+2e*h+2e%h....

= S=h+2€2h(1+€2+€4+...)
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o
2 2
= s=h+ 2¢ }; =h(1+ 2¢ 2)
1-e¢ 1-e
2
R s=h[1+€2}
1-e
The average speed v,, of the ball is given by

Total distance travelled

U =

Total time taken
h(lﬂzz )
f”’_ﬁ(m)
8
g_h(1+e ]
mJ_ ) 1

e
ILLUSTRATION 73

A simple pendulum is suspended from a peg on a
vertical wall. The pendulum is pulled away from the
wall to a horizontal position (see figure) and released.

The ball hits the wall, the coefficient of restitution

being % What is the minimum number of collisions

atter which the amplitude of oscillation becomes less
than 60 degrees?
SOLUTION

As shown in figure initially when the bob is at A, its
potential energy is mgl.

When the bob is released and it strikes the wall at B,
its potential energy mgl is converted into its kinetic
energy. If v be the velocity with which the bob strikes
the wall, then
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mgl=%mvz or v=/2gl (1)
Speed of the bob after rebounding (first time)

v; =ef2gl ..(2)
The speed after second rebound is

v, =6 2¢l
In general, after n rebounds, the speed of the bob is

v, =¢€"\2¢l ..(3)

Let the bob rises to a height / after n rebounds.
Applying the Law of Conservation of Energy, we have

%mv,f:mgh
2 (e™)(2g1
Lo e
28 28

- h=[[\2@)zn =1(:)n ()

If 8, be the angle after n collisions, then
h=I1-lcos6, =1(1-cosb, ) ...(5)

From equations (4) and (5), we have

4 n
= | I=1{1-cos@
(£ 10

= (%) =(1-cosb,)

1
For 6, to be less than 60°, i.e., cos@, is greater than 5

1
ie., (1-cos®, )is less than 5 we have

53

This condition is satisfied for n =4
So, required number of collisions is 4.

PERFECTLY INELASTIC HEAD-ON
COLLISION

CASE-1: Bodies moving in same direction
When the bodies are moving in the same direction
as shown in Figure, then by conservation of linear

momentum, we have
@—UJ @—uz
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ae
My ily + Mgty = M Ocomp  M30comp Myl + 11, (=1 ) = M0y + My Ucomp
= Mlly Myl = Doy (11 +111) = Myl — Myl = Voo (19 +11, )
My +myu _
= 0, = ATl S oo - iyl — My liy
my +1m, my +1m,
Also, loss in kinetic energy is
_ OPTION-I OPTION-II
-AK=K;-K;
If v =@, then If U.omp = @, then
— _AK= 1 mym, (1~ 1, )2 Veomb 15 along 1, Ueomb 1S along 1,
2\ my +m,
CASE-2: Bodies moving in opposite direction Also, loss in kinetic energy is
When the bodies are moving in the opposite direction ~AK =K, -K;
as shown in Figure, then by conservation of linear '
momentum, we have 1( mym 2
= —AK=-| —/2 |(u;+u,)
2\ my +m,

—b@
@_‘-‘J “JZ_@

@ Test Your Concepts-VI

Based on Head-On Collisions

(Solutions on page H.85)

1. A ball of mass m moving at a speed u makes 4. A particle A of mass m moving on a smooth

a head on collision with an identical ball at rest. horizontal surface collides with a stationary particle

The kinetic energy of the balls after the collision B of mass 2m directly, situated at a distance d

is 3/4th of the original. Find the coefficient of from a wall. The coefficient of restitution both
restitution.

. . . between A and B, between B and the wall is e = l
2. A ball of mass 4 kg moving with a velocity of 4

12 ms™ impinges directly on another ball of mass
8 kg moving with velocity of 4 ms™ in the same
direction. Find their velocities after impact and
calculate the loss of KE due to impact if e=0.5.

3. A ball is moving with velocity 2 ms™ towards a

Calculate the distance from the wall where they
collide again. Assume that the entire motion takes
place along a straight line perpendicular to the
wall.

5. A block of mass m;=2kg initially moving to

. . -1 .
heavy wall moving towards the ball with speed right with a speed of ty =4 ms " on a frictionless,
1ms™" as shown in figure. Assuming collision to horizontal track, collides with a light spring

be elastic, find the velocity of ball immediately attached to a second block of mass m; =Tkg
after the collision. initially moving to left with a speed of u, =2 ms™’

as shown in Figure.

; 1 u=4ms’ u,=2ms™
2ms” 1ms

L ] o)
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Calculate the velocities of the blocks when spring
again comes to original length.

6. A small block of mass m moving with a speed
v, collides elastically with an identical block kept
at rest. Now the second block after travelling a
distance d collides elastically with a heavy wall
moving towards it with velocity u. The coefficient
of friction between the blocks and the ground is p.
Find the maximum value of u for which no further
collision takes place between the blocks.

7. n identical spheres of mass m are suspended
with wires of equal length. The spheres are almost
in contact with each other. Sphere 1 is pulled aside
and released as shown in Figure.

Vi

If sphere 1 strikes sphere 2 with velocity u, find
an expression for velocity v, of the nth sphere
immediately after being struck by the one adjacent
to it. Assume that the coefficient of restitution for
each impact is e.

8. Asmall ball of mass m is placed on top of a super
ball of mass M and the two balls are dropped to the
floor from height h. How high does the small ball
rise after the collision? Assume that the collisions
with the superball are elastic and that m < M.

& |

¢

N
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9. Three balls having masses m;, m, and m; are
lying in a straight line. The first ball moving with
a certain velocity strikes the second ball directly
and itself comes to rest. The second ball collides
with the third and also comes to rest. If e is the
coefficient of restitution for each ball, find the
mass of ball m, interms of m; and m;.

10. A spring mass system is held at rest with the
spring relaxed at a height H above the ground.
Determine the minimum value of H so that the
system has a tendency to rebound after hitting the
ground. Given that the coefficient of restitution
between m, and ground is zero.

11. Two particles of masses m and 2m moving in
opposite directions collide elastically with velocity
2v and v, respectively. Find their velocities after
collision.

2m

m2v 1%
O—

12. A light spring of spring constant k is kept
compressed between two blocks of masses m
and M on a smooth horizontal surface. When
released, the blocks acquire velocities in opposite
directions. The spring loses contact with the block
when it acquires natural length. If the spring was
initially compressed through a distance x, find the
final speeds of the two blocks. )

OBLIQUE COLLISION

Physics of Oblique Collision

Before dealing with oblique collisions, we must keep
in mind the following steps so that the problems can
be solved with ease:

STEP-1: Draw a common tangent line (#-line) to the
colliding surfaces at the point of impact. This line is
called ¢ -line.

STEP-2: Perpendicular to the common tangent line
(t-line), draw the line of impact (also called # -line).
The impact forces will be acting only along #-line
(and have no component along f-line. In other
words, the impact forces are acting along the line
joining the centres of the two bodies.

STEP-3: Since impact forces have no components
along t-line, hence the individual momentum or
individual velocity of the particle must be conserved
along ¢ -line.
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For A:

1 .
Line of impact :
(n-line) '
. 1
(Perpendlcula}r tothe i common tangent line
tangent line) (t-line)
During impact
t
- 4
Z i
------------ % o

Just after impact

STEP-4: The total momentum of the system
(A+ B system ) remains conserved along 1 -line.

For A (along n-line)
Aps = JFABdt

= m[(3),-(# )n]=J.FAB (1)
For B (along n-line)

= m[(5),~(32), ]= [ Fouet e
{from Newton’s Third Law}

Slnce FAB = _PBA

= m(g )n — 1y (7 )n =1y (T, )n +111y (T, )n

= my (), +my(5,), =my(5;), +my(3y),

Total initial Total final
momentum of =| momentum of
A+B system  Jalong A+B system  Jalong
n-line n-line

STEP-5: For elastic oblique collisions,

1 oo 1 o, 1 5 1 5
— Uy + =M,y = =07 +—1,0
P 11 2 292 2 1%1 D) 2v2

STEP-6: For inelastic oblique collision (instead of
STEP-5), if e be the coefficient of restitution at the point
of impact, then

. _{ (02), = (1), }
(u2), (),

To summarise, we observe that we select two axis very
smartly, the t-axis and the n-axis. Along t-axis (or t-line)
no component of force acts, so individual momentum
of particles is constant along t-axis. Along n-axis (or
n-line) the net force on collective system is zero, so
total momentum of system is conserved along n-line.

ILLUSTRATION 74

A ball of mass m hits a floor with a speed v,
making an angle of incidence 6 with the normal.
The coefficient of restitution is e. Find the speed of the
reflected ball and the angle of reflection ¢ of the ball.

SOLUTION

Since impact force has got no component along t-line,
because it always acts along n-line, so the component
of velocity v, along common tangent direction
vy sina will remain unchanged. Let v be the velocity
of ball just after impact such that angle of reflection is
¢ with the vertical. So,

vsing =1v,sinf (1)
Also, we know that

_[(02 ), ~ (@ )n}
(”2 ),ﬁ(”l )n

Now think of 1 as Ball and 2 as Ground
Since ground is at rest finally as well as initially, so

(v2), =(u),=0
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0-vcos¢
= e=-| ——M—
0—(-vy cos )

vCos @

v, cosB

= vcosp=e(v,cosb) (2

n v
I
I
1
]
I

vsing
t > _t

Just After impact

vocoso

Just Before impact

To calculate the speed of ball after impact, squaring
(1) and (2) and adding, to get

. 2
v” =) sin” @+e (v, cosb)

= o= vD\/sin2 f+e” cos” O

To calculate the angle of reflection, divide (1) by (2),
to get

tan@
tang =

e
= ¢= tan”! (_ta:f))

ILLUSTRATION 75

A sphere, of mass m, impinges obliquely on a sphere,
of mass M, which is at rest. Show that, if m = eM, the
directions of motion of the spheres after impact are at
right angles.

SOLUTION

Let v; and v, be the components of velocity of m
before collision, then we have

Mass m Mass M
t-line | n-line |t-line |n-line
Before collision 7 v, 0 0
After collision Y v,=0 0 Uy
M—-eM
Uy = v, =0 {~- m=2m}
3 ( m+eM J 2
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M
and v, =(miti’\/l )02 #0
m

So, after collision m is along t-line while M along
n-line and since t-line is perpendicular to n-line, so
after impact both spheres move at right angles to
each other.

ILLUSTRATION 76

The coefficient of restitution between a snooker ball
and the side cushion is % If the ball hits the cushion

and then rebounds at right angles to its original
direction, show that the angles made with the side
cushion by the direction of motion before and after
impact are 60° and 30° respectively.

SOLUTION

Let the original speed be u, in a direction making an
angle 6 with the side cushion.

Y 5.
l‘f G \\
using ; N
K / ?—» ucos@
0 "
l’j—b ucos6 o
v
Using the law of restitution

1
=—(using)
v=7(usin

ucost 3cost
v sin@

After impact, tan6 =

= tan’6=3
= tan8=\/§
= 6=60°

Therefore, the directions of motion before and after
impact are at 60° and 30° to the cushion.

ILLUSTRATION 77

A projectile is launched with initial velocity # making
angle 6 with the horizontal. Assuming the coefficient
of restitution between the projectile and the ground
to be e, find the following:

(a) the total horizontal distance travelled before it
comes to rest.
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(b) the total time lapsed before it comes to rest.

(c) theaverage horizontal velocity during the tenure.

(d) the launch angle of the projectile just after n®
impact.

SOLUTION

About t-line, individual velocity of particle is
conserved, so we have

A

I
|
1
|
u u
v Vv wow i Vv
0 ONAS oNAe  aNAB B g
i i i
1 1 1
1*'Impact  2"Impact 3 Impact
VCoS ¢ =1ucost (D
WCoS o =TVCoSP =ucosh (2

About n-line

( Speed After)

Collision

Speed Before
along - Collision along

n-line n-line
After 1% Impact

vsing = e(usinf) ..(3)
After 2™ Impact

wsine = e(vsing) = e” (using) (4
After 3 Impact

' sinB=e( wsina)=e*( vsing)=e¢>(usind)...(5)

(@ Now, R, :E(Ltcosﬂ)(usin9)=R
s

| ro

and R, =—(vcos¢)(vsing)

= R, ="(ucosf)(eusinf)=eR

o% | og

Similarly, R, =e’R
Total horizontal distance travelled by the
projectile before it comes to rest is

x=R+eR+e¢’R+e°R+...

= x=R(1+e+e2+...)

ae
R
= X=—-
1-¢
2u’ sin(20)
= X=———
g(l—e)
Total time lapsed is
T=2usm9+2tismq)+2wsma+
8 g 8
= T=2usm9(1+e+ez+...)
8

T 2usin€(i)
g 1-¢

(c) Average Horizontal Velocities
( ) Total Horizontal Displacement
é) =

o lx Total Time Taken

2u” sin(20)
X g(1-e)
= (Um’)x_?_ [2usin9)

g(1-e)

Since sin(26) = 2sinfcosf
= (Up ), =1cos
(d) From (3) and (1), we get

tang =etan®

From (4) and (2), we get
tana =etan¢g = e’ tan @

So, after nth impact, we get
tan(6, )=e¢" tan

= 0, =tan”’ (¢" tano)

In an oblique collision between two bodies A and
B if body B is at rest, then after impact, the body
at rest i.e, B will move along the n-line (or the line
of impact). Because, for the body B, at rest, we have,
along t-line

(vg), =(ug), =0
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COLLISIONS

|Momen1um Conserved]

1

¥

¥
Elastic Inelastic Super Elastic
[ ] Kf=Kli [ ] Kf<K,u' L] K{)Kj

Vo — V.
ooo27%
Uy — Uy

Vo—V
ee=—|2"1
Up = Uy

e g=1

e 0<ec<t

Perfectly Inelastic Before)
Collision, bodies move
independently, but after

collision stick to each
other and move as one
single body. So, e = 0. y

Inelastic

O<e<1

y Y
[ Based on Impact Parameter Values, these can be further

categorised in two categories

\ 4 \

Oblique I

Y Y

When the velocities of When the velocities of
the colliding bodies are colliding bodies are not
along the line joining along the line joining

their centresi.e.,, b=0 their centres.

ILLUSTRATION 78

Aball is projected from a given point with velocity u
at some angle with the horizontal and after hitting a
vertical wall returns to the same point. If the distance

of the point from the wall is x, then prove that

ELIZ

X< ——
' (1+e)g

SOLUTION

, where ¢ is the coefficient of restitution.

The situation discussed in the problem is shown in
Figure.

-
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. X X 2usino
Since, + =T=
HCOSO! eUCoSU g
eu® sin 20
= Y=—
(1+e)g

At o =45° sin(2a) =1, so the value of x is maximum
and is given by
eu?

“(+e)g

xl’l’lﬂX

Hence, all other values of o will yield a value of x

E'Mz

that happens to be less than x,,

x_(1+e)g'
= X<Xp,,
e’
= x<
(1+e)g
2
eu
= X at 2a=90°

B (1+e)g

ILLUSTRATION 79

Two smooth spheres A and B, of equal radius but
masses m and M, are free to move on a horizontal
table. A is projected with speed u towards B which
is at rest. On impact, the line joining their centres is
inclined at an angle 6 to the velocity of A before
impact. If ¢ is the coefficient of restitution between
the spheres, find the speed with which B begins to
move. If A’s path after impact is perpendicular to its
eM-m

M+m’

path before impact, show that tan’ § =

SOLUTION

When B is struck by the impulse , it begins to move
in the direction of | as shown in the diagram.

usind(unchanged)

v
\\

B J AB Iy
BY—O0 oU—v

usine[ A B
20\, ucosf

Along the line of centres, we apply

J

i S

(a) Conservation of Linear Momentum,

ie., mucos@=MV -mo (1)
(b) Law of restitution,

ie., eucos@=V+v .(2)
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Solving equations (1) and (2), we get
_(eM—-m)ucosf

(M+m)
and V:Mﬂ
M+m
Hence, tan ¢ = usin® _ (M+m)tan®
v (eM-m)

But the paths of A before and after impact are at right
angles, therefore, cot¢ = tan 0
(eM-m) _ and
(M+m)tan6
eM —m
(M+m)

ILLUSTRATION 80

A ball of mass m=1kg falling vertically with a
velocity v, =2 ms™ strikesa wedge of mass M =2 kg
kept on a smooth, horizontal surface as shown in
figure. The coefficient of restitution between the ball

= tan’@0=

and the wedgeise = % Find the velocity of the wedge

and the ball immediately after collision.
m
b

30°

SOLUTION

Let, | be the impulse between ball and wedge during
collision and v;, v, and v, be the components of
velocity of the wedge and the ball in horizontal and
vertical directions respectively as shown in Figure.

V3

T

V4 — V.
< ;1 2

30°

J cos30° J

C—»Jsin30°
m

Since, Impulse = Change in Momentum

= Jsin(30°) = Mo, = mv,, along horizontal

= %:2{)]:[;2 (1)
Also, ] cos(30°)=m(v;3+7; ), along vertical
J3
?]=(03+2) ..(2)
. (2), =(w),
Since ¢ = ——2 — 1L
(“2 )n ‘(”1 )n
Relative Velocity Relative Velocity
of Separation just =e| of Approach just

after Impact _ before Impact

n line n line

= (v]+vz)sin(30°)+03cos(30°)=%(vncos(30°))

= 0, +0,+305 =43 ..(3)
Solving equations (1), (2) and (3), we get
v = ! ms™, v, =—— ms ™ and v; =0

V3 N
Thus, velocities of wedge and ball are
"and v, = 2 ms™' in horizontal

1 =
v, =—= ms
"B V3

direction as shown in Figure.

/
// common normal
r . N
’ direction

ms-

L
ms

N

Vi=

ILLUSTRATION 81

A ball moving translationally collides elastically
with another stationary ball of the same mass. At
the moment of impact the angle between the straight
line passing through the centres of the balls and the
direction of the initial motion of the striking ball is
equal to o =45°. Assuming the balls to be smooth,
find the fraction 1 of the kinetic energy of the striking
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ball that turned into potential energy at the moment
of the maximum deformation.
SOLUTION

Let a ball of mass m with velocity u collides with
stationary ball as shown in figure.

Y

> X
m m

Applying the Law of Conservation of Momentum
along x-axis, we have

MU COS O = MUy, + MUy,

At the moment of maximum deformation

U1y = Uy

=  UCOSO =Ty, +0;, =20,

_ucoso
or U1 = >
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Initial kinetic energy, K mu®

initial =
2

2

. o 1 5, 1 5 1
Final kinetic energy, K., = 2 muy, + 2 muy, + 5 moj,

1 1
= Ky = 2( 2 mvlzx )+ 2 mvlzy

mu® cos® o N mu® sin® o
4 2

= Kfinal =

2 2
mit mu .
= Ky = ——cos” 45° + ——sin” 45°
4 2

mu2 f’I’ILiZ 2

3mu
= Kfinal = 8 + 4 = 8
Therefore, potential energy at the moment of

maximum deformation is

w® 3mut mu

2 8 8
So, the desired fraction 7 is given by

=" :

2/,
8 1
= === 025
mu-/2 4

@ Test Your Concepts-Vii

1. Apoint P is fixed at a height H above a perfectly
inelastic smooth horizontal plane. A light
inextensible string of length L(>H) has one end
attached to P and other is attached to a heavy
particle. The particle is held at the level of P with
string just taut and released from rest. Find the
height of the particle above the plane when it is
next instantaneously at rest.

|

|

H

|

|
—_——

2. Asmooth sphere of mass m is moving on a hori-
zontal plane with a velocity 3i + j when it collides
with a vertical wall which is parallel to the vector .
If the coefficient of restitution between the sphere

and the wall is % find the velocity of the sphere

Based on Oblique Collisions

(Solutions on page H.88)

after impact, the loss in kinetic energy caused by
the impact and the impulse J that acts on the
sphere.

3. Aputty ball of mass m strikes a smooth stationary
wedge of mass M with a velocity v, making at an
angle 6 with the horizontal as shown in Figure.

me
Vo

& 3

If the collision is perfectly inelastic, calculate the
velocity of the wedge just after collision and the
loss in kinetic energy of the system.

4. A sphere of mass m is moving with a velocity
4i — j when it hits a wall and rebounds with veloc-
ity i+3). Calculate the impulse it receives. Also
calculate the coefficient of restitution between the
sphere and the wall.
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A ball of mass m, moving with a velocity u along
x-axis, strikes another ball of mass 2m kept at rest.
The first ball comes to rest after collision and the
other breaks into two equal pieces. One of the
pieces starts moving along y-axis with a speed v.
What will be the speed of the other piece?

A ball of mass m normally hits a wedge of mass
M lying at rest on a smooth horizontal surface as
shown in Figure.

If vy be the velocity with which the ball hits the
wedge, e be the coefficient of restitution between
ball and the wedge, then calculate the velocity of
wedge and ball just after collision.
A projectile is launched from point A has a
horizontal range L, as shown. If the coefficient of
restitution at B is e, determine the distance L,.
o PN
v S

L L,

A 0.5 kg ball is thrown horizontally from point A
with velocity v, =2 ms™". Determine the horizon-
tal distance R where the ball strikes the smooth
inclined plane. If the coefficient of restitution is
e=0.6, determine the speed at which it bounces
from the plane. Take g=9.8 ms™.

A 1
T —»Vy=2ms

9. A semi cylindrical frictionless track of radius Ris

10. A ball is released from rest relative to the elevator

11. Aballis projected from the ground with speed u at

centred at the point O. A particle is released from
point A such that OA=R/2 as shown in Figure.

R/2
—

Calculate the coefficient of restitution e, if after
collision with the track, the particle moves along
the track. Also calculate e if the velocity of particle
becomes horizontal just after collision with the
track.

at a distance h; above the floor. The speed of
the elevator at the instant ball is released is v,.
Determine the bounce height h, of the ball

(a) if v, is constant and

(b) if an upward elevator accelerationa = g begins
at the instant the ball is released.
The coefficient of restitution for the impact is e.

1

T.\\\ ,IT

hy

L]

QO
1]
|

- ——

Vo

an angle a with horizontal. It collides with a wall
at a distance a from the point of projection and
returns to its original position. Find the coefficient
of restitution between the ball and the wall.
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Two smooth spheres, A and B, of equal radius, lie on
a horizontal table. A is of mass m and B is of mass
3m. The spheres are projected towargls each other
with velocity vectors 5i+2j and 2i - respectively
and when they collide the line joining their centres

is parallel to the vector i. If the coefficient of resti-

tution between A and B is % find their velocities

after impact and the loss in kinetic energy caused by
the collision. Find also the magnitude of the impulses
that act at the instant of impact.

SOLUTION

Since, during impact, the line joining the centres is
parallel to the vector i so, the velocity components
of A and B perpendicular to i stay unchanged by
the impact.

*@T@ o L

Applying Law of Conservation of Linear Momentum
and the Law of Restitution, we get

(m)(5)+(3m)(2) =
and %(5—2)=v—u (2

J—OO—v

mu -+ 3mo (D

Solving equations (1) and (2), we get
u=2and v=3

The velocities of A and B after impact are therefore,
2i +2] and 3i - ] respectively
Before impact, the kinetic energy of A and B is

(K,), 229111

1
=-m(5’+2%) =
2?’”( )

(KB)_:l(Sm)(22+12):Em
"2 2

After impact, the kinetic energy of A and B is
(K,), = %m(z2 +2) = 4m
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SOLVED PROBLEMS

(K,), = :12(3171)(32 +1%)=15m

Therefore, the loss in K.E. at impact is

-AK = (K, +K;), - (K, +K;),

= —AK=(229m+125m)—(4m+15m)=3m

To find the value of ], we consider the change in
momentum along i for any one sphere.
For sphere B, we have

J=3m(3-2)

= [=3m

Aparticle P is projected from a point O on a smooth

plane inclined to the horizontal at tanl(l). The
particle is projected at tan™ (%) to the plane. It hits

the plane at higher point A and rebounds. Find the
possible range of the coefficient of restitution e if
the particle P continues to move up the plane after
the impact.

SOLUTION

Time of flight of the particle is
Y u ‘D X
! % 1/‘/‘3
2 B (0
0 % 2 2

3
2u, _2usino. 2 ”)(E) _ 3u
" gcosp geosp (g)(i) J5g
V5

At A, v =u +aT and v, =u +aT

Substituting values, we get
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u ooou

5 >J/ \/5
3

% "

Just before impact ~ During impact ~ Just after impact

From the Figure, we get u = e(% u)

Just after impact, the resultant velocity v" of P is
inclined to the plane at an angle 6, where

U
EEJ

3
e
u “I’i
5 o
}/

P continues to move up the plane if,

tanf =

0 < ¢, where ¢=g—ﬁ

= tanf< tan(g—[})

= tanb<cotp

= 3e<?2
2
= e<—
3

Since, we also know that ¢ > 0, so the possible range

of e is OSe<g
3

Two bars of masses 1, and m, connected by a light
spring of force constant k at restonasmooth horizontal
plane. Bar 2 is shifted a small distance x to the left and
then released. Find the velocity of the centre of mass of
the system after bar 1 breaks off the wall.

SOLUTION

When bar 1 breaks off the wall, its velocity is zero. Let
v, be the velocity of bar 2. Then the velocity of the
cm is given by

(m, +m,) v, =m, (0)+m,0,

m,o
— 272
= U,=—

m, +m,
Using the Law of Conservation of Energy

1 1
—kx* = =m0’
2 2
k
= U,=X|—
m,
m,x |k X
= 0, = —= km,
my+m, \m, m +m,

Since the system is free from external force, the accel-
eration of its cm is zero. So, the velocity of the cm is
always

x
(I Jkm,

m, +1m,

Ablock of mass m is released from rest from a height
h onto a smooth sledge of mass M fitted with an
ideal spring of stiffness k. Calculate the velocity of
the block and sledge just before the block touches the
spring. Also calculate the maximum compression in
the spring.

SOLUTION

Since no external force is acting along the horizontal
direction, so the linear momentum is conserved along
the horizontal direction. Let the velocity of block and
wedge be v and V respectively up to the case when
the block reaches on horizontal surface on the wedge.

mv =MV (1)
Mechanical energy is also conserved in this case
AK+AU =0
= (%mvz+%MV2—0)+(—mgh)=U ..(2)
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From equations (1) and (2), we get

2 2
2
= U=1,2Mgh and V=J—2m gh
M+m M(M+m)

We can also get the same result by applying the work
energy theorem from centre of mass reference frame

ngvity = AKcm
= mgh= 1( m )(U+V)2
2\m+M
Also, by conservation of linear momentum, we have
mv =MV
MV
= U=—
m
1( mM M Y
= mgh= —( m )Vz(—+1)
2\m+M m

2m*gh
= V=, |—
\ M (m+M)

Since initial linear momentum of the system is zero
and there is no external force on the system, hence at
the instant of maximum compression of spring, the
linear momentum of the system should also be zero.
So, the final kinetic energy of system is also zero.
By conservation of mechanical energy, we have

AU+AK =0 ...(3)
where, AK=K; -K; =0
So, equation (3), becomes

AU +AlU 0

gravity spring =

= -mgh+ %kx2 =0

. 2mgh
V' k

Auniform thin rod of mass M and length L is stand-
ing vertically along the y-axis on a smooth horizontal
surface, with its lower end at the origin (0, 0). A slight
disturbance at time =0 causes the lower end to slip
on the smooth surface along the positive x-axis, and
the rod starts falling.
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(a) What is the path followed by the centre of mass
of the rod during its fall?

(b) Find the equation of trajectory of a point P on
the rod located at a distance r from the lower
end. What is the shape of the path of this point?

SOLUTION

(a) As the flooris smooth, no horizontal forces act on
the rod.
So, centre of mass moves vertically downwards
or the path followed by centre of mass is a vertical
line along y-axis, i.e., x=0

(b) Atany instant for a point P on the rod.

x=l(%)—r]cosﬁ and y =rsin®

So, eliminating 6 between these, we get trajectory
of the point P as

2
Yy
7

m r

2
=1 which is an ellipse.

CM

A bead can slide on a smooth straight wire and a
particle of mass m attached to the bead by a light
string of length /. The particle is held in contact with
the wire with string taut and as shown in figure and
then let fall. If the bead has a mass 2m. Then when the
string makes an angle 6 with the wire, find the speed
of the bead and the distance it slides up to this instant.

| 2m |
| [ @ |

SOLUTION

When the system is released from rest, m starts
falling and due to tension in string bead starts sliding
to right. Since no external force is acting on system
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along the horizontal direction, so centre of mass of
the system will not displace in horizontal direction.
Consider the situation when string makes an angle 6
with the wire as shown in Figure.

Let centre of mass of system be at position C, then

initially the distance of mass m from C is % and

when it is at angle 8 from the wire its horizontal

distance from C is %LCOS@ and similarly that for

bead are ; and ;cosﬁ respectively. So, the distance
it slides is given by

L

L L
bead = 5——cose =—(1-cos0)

If at this instant the speed of block and bead are v,
(relative to bead) and v, then using work energy
theorem we get

1 1
mgLsin® = Em(v% +v3 —20,0, sin9)+z(2m)v§ (D

Using momentum conservation in horizontal direc-
tion as

Z 3 horizontal — 0
m(v, sin®-v,) = (2m)o, (2

Solving equations (1) and (2), we get
30

= v =—
sin@

From equation (1), we get

9
2¢Lsin@ = 2(1+——6)
ghSMu=1: sin’ O

oo [2¢Lsin’ 6
> V9-5sin’0

Two blocks of equal mass m are connected by an
unstretched spring and the system is kept at rest on a
frictionless horizontal surface. A constant force F is
applied on one of the blocks pulling it away from the
other as shown in figure.

O
(a) Find the displacement of the centre of mass at
time £,

(b) If the extension of the spring is x; at time ¢, find
the displacement of the two blocks at this instant.

SOLUTION
(@) The acceleration of the centre of mass is
F
A, =—
2m
The displacement of the centre of mass at time f
will be
1 ., Ft
X=—a,t =—
2 dm

(b) Suppose the displacement of the first block is x,
and that of the second is x,. Then,

mx, +mx
y= 1 2

2m
Ft*  x+x,
am 2
= xl+x2=F_t2 (1)
2m
Further, the extension of the spring is x, - x, .
= X, -X =X, ..(2)

From equations (1) and (2), we get

1(FF ) 1(PF )
X, =—|—+x,| and x, =—| —-%,

2m 2\ 2m

A railroad car of length L and mass m, when empty
is moving freely on a horizontal track while being
loaded with sand from a stationary chute at a rate

d
d_T = A. Assuming that the car was approaching the

chute at a speed v,, determine

(a) the mass of the car and its load after the car has
cleared the chute,
(b) the speed of the car at that time.
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SOLUTION
(@) Attime t, m=(m,+Lt)

A

Vo F v
— >
— [ — — X —>
dm
Thrust force F, =10, i Av {backwards)
E Av
= 4,=—-=
m (my+At)

( dv) v

= —_— =

dt iy + A
1%do ¢ dt

= —|—==-

lj v -[m0+kt

T 0

1. (v) -1, (m,+M
= —In|—|=—In
Aoy, ) A m,

A m,

So, mass of car and its load after the car has
cleared the chute is
s
(my +At) = mge"™

(b) From equation (1) speed of car at that moment is
AL
vy

_ My _

AL 0

iyt
mye
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A system consists of two identical cubes, each of mass
m, linked together by the compressed light spring
of spring constant k. The cubes are connected by a
thread which is burnt at a certain moment. Find

[ V)
(a) at what values of x,, the initial compression of
the spring, the lower cube will bounce up after
the thread has been burned through;

(b) to what maximum height will centre of mass of
this system rise if the initial compression of the

7
spring Al= %

SOLUTION

(@) Let x be the elongation in the spring when
it returns. Then by Law of Conservation of
Mechanical Energy, we get

1 1
Ekxg =Ekx2 +mg(x+x,)

= kx* +2mgx —kx; +2mgx, =0
= kx=-mg+(mg—kx))
= kx=—kx, or kx=kx, -2mg
Since kx=-kx, gives x=-x, and this is not
acceptable.

kx = kx, —2mg
The lower cube will bounce up if kx >mg (the
weight of the lower cube)
= kx,—-2mg2mg
e

k
3mg

Thus, for all values of x; greater than —= the
lower cube will bounce up. k

(b) If the initial compression, Al :711% is greater

than 3’:‘?, the lower mass m also moves up.
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Let v be the velocity of the upper block at the
position when the lower block just bounces off
the floor, then by Law of Conservation of Energy,
we get

%mvz = %k[(Al)z _xt]- mg (Al +x)

2
Y { _g}
k k
Hence, the velocity of the centre of mass, at the
moment lower block just bounces off the floor is
mo+0 v
v, = ==
C 2m 2

If the centre of mass further rises to x’, then by

Law of Conservation of Energy

%(Zm)vf - (2m)gx’

f_i_i_i(ﬂmsz)_%
2¢ 8¢ 8g\ k k

= X

{00 = 8}
Before the break off of the lower mass, centre of
mass has already moved up by a distance
(A]+x)m+0=4mg [AI=7ﬂ}
2m k k
Hence, the maximum height attained by centre
of mass of the system

_4mg+4mg_8mg
Tk k k

h

PROBLEM 10

A particle of mass m is placed on top of a smooth
hemisphere also of mass m which is placed on a
smooth horizontal surface. If the particle begins to
slide down due to a negligible small impulse, show
that it will lose contact with the hemisphere when the
radial line through it makes an angle 6 given by the
equation cos’6—6cosf+4=0.

SOLUTION

Let v, be the velocity of particle as it leaves contact
with the sphere (N =0) and v the horizontal velocity
of sphere at this instant.

l—» v,cosf - v

v,sing

Absolute components of
velocity of particle

Applying Conservation of Linear Momentum in
horizontal direction we get,

mv =m(v, cosf-v)
= 2v=0,cos0 (1)

Conservation of Mechanical Energy gives,
1 1
mgr(1-cos0) = 3 mo’ + 3 m(v? +v* — 200, cos)

2
= gr(l—cos@)=vz+%—vv, cos9 ..(2)

Equation of Law of Motion gives,
2

mgcosf=—"
r
2
> gr= % (3)
cosf

Solving equations (1), (2) and (3), we get

cos’B—6cosB+4=0

PROBLEM 11

A gunof mass M (including the carriage) fires a shot
of mass m. The gun along with the carriage is kept on
a smooth horizontal surface. The muzzle speed of the
bullet v, is constant. Find

(a) the elevation of the gun with horizontal at which
maximum range of bullet with respect to the
ground is obtained.

(b) the maximum range of the bullet.

SOLUTION

Muzzle velocity v, is given to be constant

v,sind

L
9 4 cosf
m
0—0

Component of velocity
of bullet with respect
to gun

v,sind

1—-1/,0050 -V

Components of velocity
of bullet with respect
to ground
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From Conservation of Linear Momentum in

horizontal direction we have,

Mo =m(v, cos6-0)

o po MP.C0s8 (1)
M+m
Further, range of bullet on horizontal ground
R= M(vr cos0-v)
8
R 20,sin6 (Ur 050 cosB)
g M+m
_ 2Mv? sinBcos6
(M+m)g
2 .
- R=( M )U, sin20 e
M+m g

(a) From equation (2) we see that maximum range is
at 6 =45°

M )vz
8

(b) At6=45° R, =(M+m ’

PROBLEM 12

Two small spheres A and B of masses 2m and
m respectively, are connected with an inextensible
string of length | lie on a smooth horizontal plane.
The sphere A is given a velocity of v along the
horizontal plane perpendicular to line AB as shown
in Figure. Calculate the tension in string during their
subsequent motion by analysing the problem from
the centre of mass reference frame.

m
B

2m

SOLUTION

Since no external force is acting on the system of
particles (i.e. the two spheres), so velocity of centre of
mass of system remains unchanged and hence centre
of mass of system will move along the x-direction and
both spheres will move in circular path about centre
of mass of the system.
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In the centre of mass reference frame, the particles A
and B move along circular path with same angular
velocity, say o.

1 BO y

L.

}' CM | ch
T A O—DV
2m

Velocity of centre of mass is given by
0 = m(0)+(2m)v _ 2_1')
o 3m 3
Distance of centre of mass from the sphere A is

equal to the radius of the circle in which the sphere
A revolves, so we have

2m)(0)+ml _ 1
2m+m 3
In the centre of mass reference frame, the system is

shown in the Figure.

FA :-HB

Ta

| 1
Loy m :

R G

1 1

: i )
1 v

! © ERGC
| fOM :

wyl L,

i A 3 | CM Reference

! Frame

Velocity of mass 2m with respect to centre of mass is
given by

20 v
v, =0-—=—
3 3
Hence, the angular velocity of particle A is given by
0=3_"
131
2
= T=02mro’= (Zm)[l)[vg)
301
T 2mo*
3l

PROBLEM 13

Ablock A of mass 2m is placed on another block B
of mass 4m which in turn is placed on a fixed table.
The two blocks have the same length 4 and they are
placed as shown in figure.
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A 2m
v 4m
mQ—»-----z1-1 B e 2d
dI CM
P
t— 4 —»

The coefficient of friction (both static and kinetic)
between the block B and the table is |. There is no
friction between the two blocks. A small object of mass
m moving horizontally along a line passing through
the centre of mass of the block B and perpendicular
to its face with a speed v collides elastically with the
block B ataheight d above the table.

(a) What is the minimum value of v (call it ©v,),
required to make the block A topple.

(b) If v=12v,, find the distance (from the point P) at
which the mass m falls on the table after collision.

SOLUTION

If v, and v, are the velocities of object of mass
and block of mass 4m, just after collision then by
conservation of momentum,

mo = mo, +4mu,,
ie, v=0v +4v, (1)

Further, as collision is elastic
1

1 1
—mv’ = =mo; + E4mv§ ,

2
ie, v’ =v]+40] (2

Solving, these two equations we get either

2
v,=0 or vz=gv

2
Therefore, v, = gv

Substituting in equation (1)
3

v, =——0

5
when v, =0, v, = v,,butitis physically unacceptable.

(@ Now, after collision the block B will start
moving with velocity v, to the right. Since, there
is no friction between blocks A and B the upper
block A will stay at its position and will topple
if B moves a distance s such that

s>2d ..(3)

However, the motion of B is retarded by
frictional force f=p(4m+2m)g between table
and its lower surface. So, the distance moved by
B till it stops

0=0:-2 bumg s,
: 4m

2
ie., s= b
3ug

Substituting this value of s in equation (3), we
find that for toppling of A

v; > bgd

= §v> bLgd

ie, v >g bugd

= Umin = UG = g\'ﬁl‘lgd

(b) If v =20, =5,/6ugd, the object will rebound with
speed

v, =%v:3 6ugd

and as time taken by it to fall down

4 4

The horizontal distance moved by it to the left of
P in this time

x=v1t=6d@

(a) Toppling will take place if line of action of weight
does not pass through the base area in contact.

(b) v, and v, can also be obtained by using the
equations of head on elastic collision

, m,—m 2m
V)= 1~ vi+ 2 v,
m;+m, m;+m,

{ash=d}

PROBLEM 14

A 75 kg man stands at the rear end of a platform of
mass 25 kg and length 4 m, which moves initially at
4i ms™ over a frictionless surface. At f =0, he walks
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at 2ms™ relative to the platform and then stops at
the front end. During the period of walking, find the
displacement of the platform, the man and the centre
of mass

SOLUTION

Initially the man, the platform, and the centre of
mass have the same velocity, 4i ms™, as shown in the
Figure.

—» 4 ms™

/—b 4ms™

*cm —4 ms™!

—(2+V)

/—»v

(a) A person at the rear of a platform moving at 4 ms-1.
(b) The person walks at 2 ms™ relative to the platform.
The velocity of the center of mass does not change.

*om —» 4 ms™!

When he begins to walk forward, his increase in
momentum must be compensated for by a decrease
in the platform’s momentum. Let us say that the
velocity of the platform relative to the ground while
he is walking i.e.

Upe = vpf

The velocity of man relative to the ground is then
B = Byp + e = (240, ) (41)

From the conservation of momentum, we have
(75+25)4="75(2+1, )+ 250,

Thus, the velocity of the platform is v, =2.5ms™

and the velocity of the man is v,, =4.5 ms .

Since the velocity of man relative to platform is

2 ms’, therefore, it takes f= =25 to walk

2 ms™

from the rear to the front.
Displacement of platform is

x, = (v, )t =(25)(2) =5 ms™
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Displacement of the man is
Xy =(0y)t=(45)(2)=9m
Displacement of the centre of mass

X =(v,,)f=(4)(2)=8m

PROBLEM 15

Two persons A and B, each of mass m are stand-
ing at the two extremes of rail-road car of mass M.
Person A jumps to the left with a horizontal speed
u with respect to the car. Thereafter, the person B
jumps to the right, again with the same horizontal
speed u with respect to the car. Find the velocity of
the car after both the persons have jumped off.

A B
—+Ve

® 0 O

SOLUTION

Initial velocity of car=0
Let v, be the velocity of car (with person B) to the
right, when person A jumps off the car. Then by
Law of Conservation of Linear Momentum applied
relative to earth, we get

0=(m+M)v, +m(v, -u)
mu
= (1
M+2m @
Let v, be the velocity of the car to the right when the
second person B jumps off the car to the right with

velocity u relative to car. Then again applying Law of
Conservation of Linear Momentum, we get

Uy

(M+m)v, = Mo, +m(u+0,)

i
= TN )
Substituting the value of v, from equation (1), we get,
oo mu
' M+2m (M+m)
—mzu .
= 0v,= o) ) {towards right}
2
OR mh {towards left}

2= (M+2m)(M+m)
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PROBLEM 16

Aball of mass m moving horizontally which velocity
u hits a wedge of mass M. The wedge is situated
on a smooth horizontal source. If after striking with
wedge the ball starts moving in vertical direction
and the wedge starts moving in horizontal plane as
shown in Figure.

ol

Calculate the velocity V of wedge, the velocity (o)
with which the ball moves in vertical direction, the
impulse imparted by the ball to the wedge and the
coefficient of restitution e.

SOLUTION

Since no external force is acting on the system along
the horizontal direction, so the linear momentum is
conserved along the horizontal direction. So, we have

mu =MV
- v="22 (1)
M

There is no impulse on the ball in the direction parallel
to incline, so the velocity of ball along the incline, i.e.
along the common tangent or the f-line is constant

= ucosf=vsin
= ©v=ucoth (2

We can also find the values of v and V by using
the impulse-momentum theorem. When ball hits
the wedge, an impulse is generated (between ball
and wedge) along the direction perpendicular to the
incline, i.e. along the line of impact or the 7 -line.

/
/

Jsind
—_—

71
Joosd y Jcoso

/5

\\\Common

/
Common / TJ tangent

normal

ae
For ball, we have
mu—Jsin6=0
= JsinB=mu ..(3)
Also, Jcos6 =muv ...(4)

From equation (3) and (4), we get
v=1ucoth

From equation (3), we have
For the wedge, we have

Jsin = MV
ooy Jsin6
M
Using equation (3), we get
o
M

The velocities of ball, wedge before and after the
collision along the f-line and the n-line are shown in
Figure.

The coefficient of restitution is given by

o Vsinb—(-vcos6)

usin®-0
.- msin®0+ M cos> 0
Msin*6

m
= e=—+cot’0
M

PROBLEM 17

A gun of mass M fires a shell of mass m and recoils
horizontally. If the shell travels along the barrel with
speed v. Find the speed with which the barrel begins
to recoil when

(a) the barrel is horizontal
(b) the barrel is inclined at an angle 30° to the
horizontal.

In each case find the constant force required to bring
theguntorestin t=2s.
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SOLUTION

(@ Thespeed of the shellisv -V asitleaves the barrel,
because the barrel is recoiling with speed V.
Before firing the shell, the gun is at rest and the
total momentum is zero.

v

-—

L vV

Using conservation of linear momentum (in the
direction of the shell’s motion)

0=mv-V)-MV
= (M+m)V=mv

Therefore, the initial velocity of recoil is

+m
If a constant force F; brings the gun to rest, it
must exert in 2 second, an impulse equal to the
initial momentum of the gun, so

2, =M[ e J
M+m

So, the force required is F, = Mmo_

2(M+m)

(b) This time the shell leaves the barrel with a

velocity which is the resultant of two components
inclined at 150°.
That momentum is not conserved in the vertical
direction because the impulse exerted by the
ground on the gun is an external impulse which
does change the total momentum.

150°

Applying Law of Conservation of Linear
Momentum in the direction of recoil, we get

0=MV +m(V-vcos30°)

= %mmﬁ: (M+m)V

_ mo3
~2(M+m)
and the force, F, , required to stop the gun in two

second is found by using Impulse - Momentum
Theorem
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oF, = M(—m‘@ J
2(M+m)
So, the required force is F, = Mm_v«/g
4(M+m)

PROBLEM 18

A cylindrical solid of mass 10” kg and cross-
sectional area 10™m” is moving parallel to its axis
(the X-axis) with a uniform speed of 10’ ms™ in
the positive direction. At t =0, its front face passes
the plane x =0. The region to the right of this plane
is filled with stationary dust particles of uniform
density 107 kgm™. When a dust particle collides
with the face of the cylinder, it sticks to its surface.
Assuming that the dimensions of the cylinder remains
practically unchanged, and that the dust sticks only
to the front face of the cylinder, find the x-coordinate
of the front of the cylinder at t =150 s.

SOLUTION
Given, m, =107 kg, A= 10" m*, v, =10° ms™ and

pdust = p = 10_3 kgm_3

=X
1 VO Vv
A ——

x=0
|

Att=0 Att=t

At any instant mass of cylinder is = m, + mass of
dust collected so far = m, + Axp,.,

= m=m,+Axp

The linear momentum at =0 is
Po = My0,

and momentum at f is
p, = mo = (m, + Axp)o

By Law of Conservation of Linear Momentum, we
have

Po =P

= my, =(m,+Axp)o



ICON

2.84 JEE Advanced Physics: Mechanics - Il

= myu, =(m, +Axp)i—?

= (m,+Axp)dx = myv,dt

X 150
= J(mo + Axp)dx = myv, j dt
0

0

2\*
= (mox+Apx?) =(movot)‘;50

0

2
= mx+ Apx? =150m,v,

Solving this quadratic equation and Substituting the
values of m,, A, p and ©v,, we get a quadratic in
x, which on solving yields a positive value of x as
10° m.

= x=10"m

PROBLEM 19

Acar P is moving with a uniform speed of 5v/3 ms'
towards a carriage of mass 9 kg at rest kept on the
rails at a point B as shown in figure.

P
),_Q: }; vy =543 ms1
1

120m

at Sl

B

The height AC is 120 m. Cannon balls of 1 kg are
fired from the car with an initial velocity 100 ms™
at an angle 30° with the horizontal. The first cannon
ball hits the stationary carriage after a time #, and
sticks to it. Determine f,. At f,, the second cannon
ball is fired. Assume that the resistive force between
the rails and the carriage is constant and ignore the
vertical motion of the carriage throughout. If the
second cannon ball also hits and sticks to the carriage.
What will be the horizontal velocity of the carriage
just after the second impact? Take ¢ =10 ms™.

SOLUTION

Unless and until it is mentioned in the question, the
velocity is taken relative to ground, so velocity of the
cannon ball is relative to ground is 100 ms™.

Horizontal component of its velocity,

u, =ucos30° = 100(?) ms™ =50+/3 ms™

and vertical component of its velocity,
1
u, = usin30° = 100(2) ms™ =50 ms™

Vertical displacement of the ball when it strikes the
carriage is =120 m or

1
5, = uyHantz

= -120= (50t)+(%)(—10t2)

= 1 -10t-24=0

= t=12s or -2s

Ignoring the negative time, we get
t,=12s

When it strikes the carriage, its horizontal component
of velocity is still 504/3 ms™. It sticks to the carriage.
Let v, be the velocity of (carriage-cannon ball) system
after collision. Then applying Conservation of Linear
Momentum in horizontal direction

My Uy = (mbdll tm e}

carriagu)
= (1kg)(50v3 ms™)=(10kg)(v,)
= U2 = vcarriagu = 5\/5 msil

The second cannon ball is fired when the first cannon
ball strikes the carriage, i.e., after 12 second. In these
12 second the car will move forward a distance of
120, or 603 m. This ball will strike the carriage
only when the carriage also covers the same distance
of 60+/3 m in next 12's. This is possible only when
the resistive force is zero, because then only

-5J3 ms”

Vear = Ucarriage

1kg  10kg 5043 ms 11 kg
— — —>V
50+/3 ms-1 H H
Before collision After collision

Hence at the time of second collision, the
horizontal component of velocity of cannon ball is
u, = 504/3 ms™ and horizontal velocity of carriage
and first cannon ball is 5v/3 ms™.
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If v be the desired velocity of carriage after second
collision. Then Conservation of Linear Momentum in
horizontal direction gives

110 = (1)(504/3) + (10) (53) = 10043

D= % ms” =15.75 ms™

PROBLEM 20

A small ball of mass m is projected with a minimum
horizontal velocity v, on a smooth wedge of mass
M so that it will reach the highest point P of the
wedge as shown in Figure. Calculate v,.

M _—p

R-O

Q Voe—@m

SOLUTION

For ball to reach the point P, its velocity with respect
to wedge should be

P
P V= Vhall, wedge = JoR
H O V‘_' M O
Q Yo—0OM Q
A
Initially Finally

Applying work energy theorem from the centre of
mass reference frame at A and the highest point P,
we get

chxt +Vv'mt = cht +0 = AKcm
= ngvity = AKcm
1 mM
= -mg(2R)=—pu(v?, -1, ), where =
?ﬂg 2“’( rel l’Ll) IJ' ?TI"‘M
1 > 1,
= —2ng=Ep(V+U) —Epvo (1)

Since, no external forces are acting on the system
in horizontal direction, so linear momentum of the
system is be conserved. Hence, we have

mv, =m(V -0)+ MV
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m(v, +0
= V= (2, +0) ..(2)
m+M

From equations (1) and (2), we get

Uy = (5+4ﬁm)gR

PROBLEM 21

A liquid has been poured into a cylindrical vessel of
mass M (themass of the vessel bottom canbe ignored)
and height H. The linear density of the liquid, which
is, the ratio of the mass of the liquid column to its
height is denoted by o.. Calculate the height x of the
column of liquid at which the common centre of mass
of the liquid plus the vessel is in the lowest position.

H
Assume the centre of mass of vessel to be at — from
ground. 2

——— T ——»
—— X ———p]

SOLUTION

Distance of centre of mass of system (vessel plus
liquid) from the bottom.

(2
m T M)

For x_ tobe minimum,

X

Pan _
dx

(xxll

o (M+ax)(ax)-(Mﬂ+—)(a)=o
2 2

MHo o’x®

= Moux+o’x'———- 0
2 2

= ox’+2Mx-MH=0

e ~2M+4M® + 4MHo.

=
20,
JM(M+Ha) - M
= X=

o
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PROBLEM 22

A spring is connected with plank and other end of
spring is connected with a block of mass . Initially
spring is stretched by a distance x, and block is
connected with a thread which is connected to another
end of the plank as shown in Figure. If thread is cut,
calculate the maximum speed of the plank. Assume
friction to be absent everywhere.

Thread )

k
m

M

SOLUTION

Assume the system to be made of spring, plank and
bloc as shown in Figure.

System
e Thread -
/ \
/ k \
1 \
1 m 1
\ I
* M |/

No external force acts on the system
in horizontal direction.

Since no external force is acting on the system along
the horizontal direction. Both linear momentum and
mechanical energy will be conserved for the system.
Let speed of block be v and maximum speed of the
plank be V. Applying conservation of linear momen-
tum at this situation, we get

mo =MV (D
Applying conservation of mechanical energy, we get
AK+AU =0

[(%MVQ+%mvz)—0]+|:0—%kx§}=0 (2

From equation (1), we have
MV
m

[

Substituting this value in equation (2), we get

2
[1Mvz+1m(W) ]ka;
2 2 m 2

2
o Yot
2 m 2

an
= V2=Lx.§
Mm+ M?
mk
= V=x |—
"N M (m+ M)

PROBLEM 23

Three particles A, B and C of mass m, 2m and 3m
respectively lie on a smooth horizontal table at the
vertices of an equilateral triangle. A and B as well as
Band C are connected by light inextensible strings.
C is given a velocity v, parallel to AB as shown in
Figure.

Show that A eventually begins to move with a
veloci 2&
ty 19°

SOLUTION

For B-C, system, by Law of Conservation of
Momentum along y-direction, we have

0=3mu, +2muv,,

If v, and —v, be the x and y components of final
velocity of B, then v, =-v,

2

= Uy =710,

13

B J = Impulse

Now, applying Law of Conservation of Momentum
along x-direction, we get

3muv, = mv, + 2mv, + 3mo,
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= U,=70,+0, (1)
Components of velocities along BC for particles B

and C will be equal. Hence,

2
v, cos60° + v, cos 30° = v, cos 60° — 3 v, cos 30°

v, «/5'02 US_&U

= —+—2=2 )
2 2 2 6

= Ul—U3+%92=0 ..(2)

Now, since Impulse = Change in Momentum, so for
C, we have

Along x-axis, Jcos(60°) =3 (v, —v,)

I

= > =3m(v, —v;)
. 2
Along y-axis, ] cos(30°)= 3m(§ vz)

= —3] =2mv,
Solving equations (1), (2), (3) and (4) we get
2

0, =—=0,

19



