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CHAPTER

Work, Energy, Power
and Conservation of

Learning Objectives
After reading this chapter, you will be able to understand concepts and problems based on:

(a) Explore the Concept of Work, Its Relation (c) Concept of Power

to Kinetic Energy
(b) Energy Associated with Motion of Objects

(d) Conservation of Energy
(e) Motion of Body in a Vertical Circle

All this is followed by a variety of Exercise Sets (fully solved) which contain questions as per the
latest JEE pattern. At the end of Exercise Sets, a collection of problems asked previously in JEE (Main

and Advanced) are also given.

WORK, ENERGY, POWER AND LAW OF CONSERVATION OF ENERGY

INTRODUCTION

In Mechanics-I, we had analysed motion by using
concepts such as position, velocity, acceleration, and
force. However, after learning these concepts we may
find difficulty in describing some types of motion by
applying Newton’s laws directly e.g. a block sliding
down a curved slope may be difficult to describe
using Newton’s Laws. So, in this Chapter, we shall
be analysing motion using the concepts of work
and energy. Unlike force, which is a vector physical
quantity, work and energy both are scalar physical
quantities and they can be associated with particles as
well as the systems of particles. These new concepts
of work and energy will provide us with powerful
methods to solve a wide variety of problems.

WORK DONE BY A CONSTANT FORCE

The work W done by a constant force F when the
point of application of force undergoes a displace-
ment Ar is defined as

W = FArcos® (1)

where 6 is the angle between F and A7 as indicated
in Figure.

Only the component of F along A7, that is, Fcos#,
contributes to the work done. Strictly speaking, the
work is done by the source or agent that applies the
force. Work is a scalar quantity and its SI unit is the
joule (J). From equation (1), we see that

17=1Nm

From (1) we can also conclude that, work done is also
defined as the dot product of force and its displace-
ment as given by the following equation (2)

W =F-AF ..(2)
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In terms of rectangular components, the two vectors
are

F=FEi+F,j+Fk and AF = Axi + Ayj + Azk
Hence, equation (2) may be written as
W =F-AF = FAx+F,Ay+ F,Az ..(3)

The work done by a given force on a body depends
only on the force, the displacement, and the angle
between them. It does not depend on the velocity
or the acceleration of the body, or on the presence of
other forces.

Since the work is a scalar, its value also does
not depend on the orientation of the coordinate axes.
Since the magnitude of a displacement in a given
time interval depends on the velocity of the frame
of reference used to measure the displacement, the
calculated work also depends on the reference
frame.

Work done by a force is defined as the dot prod-
uct of the force (F) and the displacement (A7) of
the point of application of force with respect to the
observer calculating the work.

Mathematically work done by a force is given by

W:f-AF=?'-(Tr;—F{)
If a number of forces ﬁ . F"Z, 133 F’n are acting on a

body and it shifts from position vector ¥, to position
vector T, , then

W=(ﬁ+?2+...+ﬁn)-(F2—F1)

ILLUSTRATION 1

A box is moved over a horizontal path by applying
force F=80 N at an angle 6=60° to the horizontal.
What is the work done during the displacement of
the box over a distance of 0.5 km.

SOLUTION

By definition, W = FArcosf

Here F=80 N, Ar=05km=500m, §=60°
=  W=(80)(500)cos(60°) =20 kJ

ILLUSTRATION 2

Aload of mass m = 3000 kg is lifted by a winch with

an acceleration a =2 ms™. Find the work done dur-
ing the first one and a half seconds from the begin-
ning of motion.

SOLUTION
The height to which the body is lifted during the first

t second is 1 = %atz

JLT

at

P
The tension in the rope is given by

T=mg+ma

Work done by tension is given by
W =Thcos(0°) = m(ngu)(;atz )
Here m=3000 kg, a=2 ms"z, g=10 ms"z, t=15s

= w=(3000)(10+2)B(2)(1.5)2]
= W=81k

ILLUSTRATION 3

A block of mass m=4kg is pulled by a force
F=20N upwards through a height h=2m as
shown in Figure.

i

Calculate the work done on the block by the applied
force F and its weight. Take ¢ =10 ms™.

SOLUTION
Weight of the block is mg =(4)(10)=40 N
Work done by the applied force Wy = Flicos(0°)

The angle between force and displacement is 0°, so

W =(20)(2)(1)=40]
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Similarly, work done by the weight of the block is
W, = (mg)(h)cos(180°)
= W, =(40)(2)(-1)=-80]

Negative sign indicates that work is done against
the gravitational pull of the earth.

ILLUSTRATION 4

Two unequal masses of 3 kg and 2 kg are attached
at the two ends of a light inextensible string passing
over a smooth pulley as shown in figure.

3 kg
2 kg

If the system is released from rest, find the work done
by string on both the blocks in 2 s. Take g =10 ms ™.

SOLUTION

The acceleration of the blocks in the system is

iy —m
a=| 2 o
1y + 1,

= u=(3_2)10=2 ms™
3+2
Displacement of both the blocks in 1 s is

S =lat2 = 1(2)(2)2 =4m
2 2

Free body diagram of 2 kg block is shown in figure.

a
|
3kg Ta : fa
2kg @2 kg

39
2g 20N

Using X F =ma, we get

T-20=2a
= T=24N
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Work done by string (tension) on 2 kg block in 2 s is
W, =(T)(S)cos(0°)
= W=(24)(4)(1)=96]

Similarly, work done by string on 3 kg block in 2 s
will be

W, =(T)(S)(cos180°)
= W, =(24)(4)(-1)=-96]

POSITIVE AND NEGATIVE WORK

Work done by a force may be positive or negative
depending on the angle 6 between the force and
displacement.

When the angle 6 is acute (6<90°), then
the component of force is parallel to the displace-
ment and the work done is positive as shown in
Figure (a).

When the angle 6 is obtuse (6> 90°), then the
component of force is antiparallel to the displacement
and the work done by force is negative as shown in

Figure (b).
6<90° F 6>90°
F
.cié, s 0 | s

S S P
(@) ()
Positive work done Negative work done
by a force F by a force F
ZERO WORK DONE

Since we know that W = FArcos@, so the work done
by a force is zero when

(a) EITHER F=0

(b) OR Ar=0

() OR cosf=0 ie.0=90°

N

A We=0,--=~
’ AY
/ \
\

I F
WN=0| —»V \ /
— . J

~ -

(a) (b)

When the force and the displacement are perpendicu-
lar, the work done by the force is zero.

T
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(a) the normal reaction N is perpendicular to dis-
placement, therefore, Wy, = 0.

(b) the centripetal force is perpendicular to displace-
ment, thus Wi = 0.

ILLUSTRATION 5

Two blocks having masses M and m are placed on
a smooth horizontal floor and a horizontal force F is
applied on the system as shown. Calculate the work
done by normal reaction (between the blocks) on two
blocks as the system moves to the right through a dis-

tance d.
=T

SOLUTION

Work done by normal reaction acting on the block of
mass M is

Wy = Ndcos(180°) = —-Nd

T

M |

E -
—a

Work done by the normal reaction acting on the block
of mass m is

W,, = Ndcos(0°) = Nd

—————

N T
m m
[

Total work done by normal reaction (acting between
two blocks) on the system of two blocks is

Wnet = AWrm + Avvm
= W, =Nd+(-Nd)
= Wnet = 0
WORK DONE BY FRICTION

There is a misconception that the force of friction
always does negative work. In reality, the work done
by friction may be zero, positive or negative depend-
ing upon the situation.

In figure (a), when a block is pulled by a force
F and the block does not move, the work done by
friction is zero.

In figure (b), when a block is pulled by a force F ona
stationary surface, the work done by the kinetic fric-
tion is negative.

s=0 s
—> —»
B, B
fk
(0)

In figure (c), block A is placed on the block B. When
the block A is pulled with a force F, the friction force
does negative work on block A and positive work
on block B . The kinetic friction and displacement are

oppositely directed in case of block A while in case
of block B they are in the same direction.

S
»

P B BT
(c)

WORK DONE BY STATIC FRICTION

CASE-1:

Consider a block of mass M is placed on a rough
horizontal surface. Let a pulling force F act horizon-
tally on the block as shown in Figure.

M=
When the applied force F is less than or equal to
maximum possible frictional force between block
and the surface i.e. limiting friction f,, then the block
will not slip on the surface and the work done by fric-

tional force acting on the block will be zero because
the displacement of block will be zero.

F<f
1, >
CASE-2:

When the surface is accelerating towards the right
with an acceleration 2 and the block does not slip on
the surface, then the frictional force f (which may be

-
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static or limiting) on the block will be in the direction
of motion of the block and work done by frictional
force to move the block through a distance d is

W = fdcos(0°) = fd

f
A )

d
—

CASE-3:

When another block of mass m is placed on the block
of mass M placed on a smooth surface and the block
of mass M is pulled by a force F through a distance
d as shown in Figure.

f <
LM F F_ky
e |~ 7

d d
N T

In the case of no slipping between the two blocks,
work done on the lower block by the frictional force
f (which may be static or limiting) applied due to
the upper block is

W = fdcos(180°) = - fd

Similarly, work done on the upper block by the
frictional force f (which may be static or limiting)
applied due to the lower block is

W = fdcos(0°) = fd

WORK DONE BY KINETIC FRICTION

Consider a block of mass M is placed on a rough
horizontal surface. Let a pulling force F act horizon-
tally on the block as shown in Figure.

G-

When the applied force F is more than the limiting
friction f;, then the block will move on the surface
and the friction between the block and surface will be
kinetic given by

fi =N

This f, will be directed opposite to the direction of
motion of the block w.r.t. the surface.

When the block gets displaced by distance d,
then the work done by kinetic friction acting on the
block is given by

Chapter 1: Work, Energy, Power and Conservation of Energy 1.5

W = f,Ncos(180°) = -y, Nd

—————

ILLUSTRATION 6

A block of mass 5 kg is placed on a rough horizon-
tal ground with coefficient of friction 0.1. It is being
pulled by means of a light horizontal rope, with a

constant speed of 3 ms . Calculate the work done
on the block due to the tension in the rope, the force
of friction and normal reaction, when the body moves
through 5 m. Take g=10 ms™.

SOLUTION

The free body diagram (FBD) of the block is shown
in the Figure.

N
1
I
|
R
e
5kg T o
fi 4 . | L
—— 5m—M
v 1

Since the body moves with a constant speed, so its
acceleration is zero.

= N=mg=50N
= T=f,=uN=01x50=5N
So, work done by tension T is
Wy =T x5xcos(0°)=25]
Work done by kinetic friction f; is
Wi = fi x5xcos(180°) =-25]

Work done by gravitational force mg is
W, =(mg)(5)cos(90°) =0

mg

Work done by normal reaction N is
Wy =(N)(5)cos(90°)=0
Please note that the total work done is

W=25-25=0

Since we observe that the block is moving with con-
stant speed, therefore, there is no change in kinetic
energy and hence in accordance with Work-Energy
Theorem, work done by all forces acting on the block
is zero.
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DEPENDENCE OF WORK ON FRAME OF
REFERENCE

Work as defined, depends on frame of reference also.
When we change from one inertial reference frame
to another inertial reference frame, the force does not
change, while displacement may change, so the work
done by a force will be different.

FOR EXAMPLE

(a) When a porter with a bag on his head moves up a
staircase, work done by the upward lifting force rela-
tive to him will be zero.

///

This is because, the displacement of the porter with
respect to himself is zero. However, relative to a per-
son on the ground, the work done by the porter will
be mgh.

(b) Suppose a person is pushing a box in a moving train
(in the same direction as the movement of train) by
applying a force F on it. In the reference frame of
the train, the work done by the force will be F -7
where 7 is the displacement of the block with
respect to the train. But in the reference frame of the
earth the work will be F (7 +7, ) where , is the dis-
placement of the train with respect to the earth.

WORK DONE BY GRAVITY

Consider a block of mass m which slides down a
smooth inclined plane of angle 6 as shown in Figure.

Let us assume the coordinate axes as shown in the
figure, to specify the components of the two vectors -
although the value of work will not depend on the
orientation of the axes.

= —mgj
and the displacement is given by

Now, the force of gravity, F,

A7 = Axf+Ay}+Azi€
The work done by gravity is
W, =F, - AF = ~mgj - Axi + Ayj + Azk)

= W, =-mghy {v7i=0j]j=1]jk=0}

Since Ay =y, -y;=-h
The work done by gravity is

W, =—mg (s —y;)=+mgh
If the block moves in the upward direction, then the

work done by gravity is negative i.e., work is done
against the gravitational pull and is given by

Wg = —mgh

(a) The work done by the force of gravity depends
only on the initial and final vertical coordinates,
not on the path taken.

(b) The work done by gravity is zero for any path that
returns to its initial point.

When several forces act on a body one may calcu-

late the work done by each force individually. The net

work done on the body is the algebraic sum of indi-
vidual contributions.

Wnet=ﬁ-Aﬁ+f—"2-AF2+ +F AT
= W =W+ W, + ..+W,

WORK DONE BY PSEUDO FORCE

When a body is being displaced under the action of
a force and we are observing this from a non-inertial
frame, then to calculate the total work done, we have
to also consider the work done by pseudo force(s).

ILLUSTRATION 7

A block of mass M=5kg is placed on a smooth
horizontal surface and a force F=25N starts act-
ing on it parallel smooth to the plane. Calculate the
net work done on the block as seen by an observer
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who is accelerating in the direction of the force with
an acceleration of 2 ms™ if the block gets displaced
by 5m in the direction of the force with respect to

the observer.
F
Smaots @-/
—pa;=2ms?
Observer
SOLUTION

FBD of the block w.r.t. the observer is shown in Figure.

N
A d=5m
—»
Fp=Ma < >
(pseudo force) L+ 1 ____

v %—»a =2 ms2
mg

Observer

Work done by weight of the body and the normal
reaction force will be zero.
Since, work done by the applied force F is

W = Fdcos(0°)= Fd=(25)(5)=125]
and work done by the pseudo force F, is

W, = Fdcos(180°) = ~F,d

ps

Since, F,, =ma=(5)(2)=10N

= W, =-Fd=-(10)(5)=-50]

'[JS
So, net work done W is given by
W=W, +W

ps

= W=125+(-50)=75]

ILLUSTRATION 8

Two blocks of masses m; and m, are placed one
above the other. There is no friction between the
lower block and ground. The lower block is being
pushed by a constant horizontal force F as shown
in Figure.

e [m Rough

—)
SO

There is sufficient friction between the blocks so
that they do not slip over each other. Draw the free

my
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body diagram of the upper block with respect to the

ground frame and with respect to the frame attached

to the lower block. Find the work done by various

forces on the upper block in the two frames, as the

arrangement moves through /.

SOLUTION

Since the two blocks move together, so
F=(my+my)a

where a is their common acceleration.

F

= a=

As long as the blocks move together, friction between
the blocks will be static or limiting.
FBD of m, with respect to ground

A

N =m,g (equilibrium along vertical)
It f be the friction between the blocks, then
f=mya (by Newton’s 2™ law).

Wy =0, W

Myg

=0 and

m,Fl
1y + 1,

Wi, = (mya)lcos0°=

FBD of m, with respect to m,

N
A
moa «4 m,
(pseudo) >t
v
myg

In the frame attached to m,;, the mass m, does
not move. Therefore, work done by all the forces is
Zer10.
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WORK DONE BY A VARIABLE FORCE

When the magnitude and direction of a force vary in
three dimensions, it can be expressed as a function of
the position vector E(r), or in terms of the coordi-
nates F (x,y,2). The work done by such a force in an
infinitesimal displacement d7 is

dW = E.d7

The total work done in going from point A to point
B as shown in the Figure is

A particle moves along a curved path subject to a
variable force F. The work done by the force in a dis-

placement ds is dW = F-d7.
B B
Wz =IF-dF=J(Fcosﬁ) dr
A A
In terms of rectangular components,

F=FEi+F,j+Fk and dF =idx+ jdy+kdz

X LJ:] Ip
= Wy ;= J.dex+ JPydy+ JdeZ
XA Ya ZA

ILLUSTRATION 9

A force F =(5+2x+3x2) acts on a particle in x-
direction where F is in newton and x in metre. Find
the work done by this force during a displacement
from x=1mto x=2m.

SOLUTION

As the force is variable, we shall find the work done
in a small displacement from x to x+dx and then
integrate it to find the total work. The work done in
this small displacement is

dW=Fdx=(5+2x+3x2)dx

2 2
Thus, W = J‘a’W=J(5+2x+3x2 )dx

1 1
S W=Gre?+) =5(0)+(4-1)+(8-1)

= W=15]

ILLUSTRATION 10

A force varying with distance is given as F =ae”
acts on a particle of mass m moving in a straight line.
Find the work done on the particle in its displace-
ment from origin to a distance d.

bx

SOLUTION

Since the applied force varies with displacement, so
the work done by the force is given by

d d
W= JFdx = jae'b“'dx
0

0

ILLUSTRATION 11

A force F= —ﬁz(x #0) acts on a particle in x-direc-
X

tion. Find the work done by this force in displacing
the particle from x=a to x =+2a, where k is a posi-
tive constant.

SOLUTION

+2a

v ()

+4a

+2a

_k
2a

+a

Problem Solving Technique(s)

It is important to note that work comes out to be neg-
ative which is quite obvious as the force acting on the

XZ

displacement is along positive x-direction (from x =a
to x=2a)

particle is in negative x-direction (F:—L) while
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ILLUSTRATION 12

An object is displaced from point A(2,3,4)m toa
point B(1,2,3) m under the influence of a constant
force F= (2?+3f+4f€) N. Calculate the work done
by this force in the process.

SOLUTION
f
W=J.Fdf
(1,2,3)m
- W= j (27 +3]+4k)- (i +dj + k)
(2,3,4)m
> W=(2ee3y+a)| 7" =)

ALTERNATE SOLUTION:

Since, F = constant, we can also use W =F - A

Here, Ar =

—

re—

A7 =(i+2j+3k) (2] +3]+4k) = (- - j-k)

ILLUSTRATION 13

An object is displaced from position vector

= (2§+3}) m to position vector 7, = (4?+6}) m
under a force F = (3x2§ + 2y}) N. Calculate the work
done by this force.

SOLUTION
)
W= [E-d7, where dF = idx+ iy + kdz
1
n

= W= (3x22+2y})-(;dx+;dy+};dz)

i
)
= W= I(szdx+2ydy)

n
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= owe [ () [ af)olee)
(2.3) (2.3)

= W=83]

ILLUSTRATION 14

An object is displaced from a point A(0,0,0) to

B(1m,1m,1m) under a force F= (yf+x})N.
Calculate the work done by this force in this process.

SOLUTION
B

W= | F-dF , where dF = idx + jdy + kdz

2 st

(yz?+xjﬁ')o(fdx+}dy+?2dz)
A
B

A

(1,1,1

= W=(xy)‘(0,0’n)
= W=1]

WORK DONE BY SPRING FORCE

If x be the displacement of the free end of the spring
from its equilibrium position then, the restoring force
(FS ) in the spring is given by Hooke’s Law

FS =—kx

where x is the extension or compression of the spring.
The negative sign signifies that the restoring
force is always opposite to the extension (x>0)
or the compression (x<0) in the spring. In simple
words, the force tends to restore the system to its
equilibrium position as shown in Figure.
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The work done by the spring force for a displacement
from x; to x; is given by

.\'f xf

WS = JFSdXCOS(18OO) = —kadx

X:

i X

1

= W :—;k(xf: —xz)

i

Problem Solving Technique(s)

(a) The work done by a spring force is negative

(b) The work done by the spring force only depends
on the initial and final points.

(c) The net work done by the spring force is zero for
any path that returns to the initial point.

(d) The work done by the spring when the displace-
ment of its free end changes from x; to x; is the
area of the trapezoid.

W, =—%k(xf —x,-z)

Xi  Xg

» X

Graphically, the work done by the spring force in
a displacement from ; to x;is the shaded area (as
shown in the figure) which is the difference in the
areas of two triangles.

WORK DONE AS AREA UNDER F-X GRAPH

In general, the work done by a variable force F(x)
from an initial point x; to final point x; is given by
the area under the force - displacement curve as
shown in the figure.

Fix)
A

(@) The work done by a non-constant force is
approximately equal to sum of the areas of the
rectangles.

(b) The area under the curve is given by the integral

W—JF(x)dx

Area (work done) above the x-axis is taken as posi-
tive, and below the x-axis is taken as negative.

ILLUSTRATION 15

A gardener pushes a lawn roller on a rough surface.
He applies a force of 150 N over a distance of 5 m.
After some time, he gets tired and his applied force
reduces to 75 N linearly with distance. The total dis-
tance moved by the gardener is 10 m. If the frictional
force offered by the ground to the gardener is 75 N,
then plot the graph of force applied by the gardener
against the displacement. Also calculate the work
done by the two forces over a distance of 10 m.

SOLUTION

The plot of force F applied by the gardener and the
opposing frictional force f =75 N vs displacement is
shown in Figure.

At x=10m, F=75N(#0) and the frictional force

isalso f = m =75 N. So, the frictional force opposes
motion and acts in a direction opposite to F. Taking
the direction of F as positive, the frictional force f
is therefore shown on the negative side of the force
axis.

The work done by the gardener is

Area of Area of
Wi =| rectangle [+]| trapezium
ABHO BCDH

5 WF:(150)(5)+%(150+75)(5)

= Wy =750+5625=13125]
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[ ] ]
Work done by frictional force f is
Wf = Area of rectangle ODEG
= W;=(-75)x10=-750]

ILLUSTRATION 16

Aforce F acting on a particle varies with the position
x as shown in Figure.

» x(m)

(L)) Sp—_—

Find the work done by this force in displacing the
particle from

(@ x=-2mtox=0
(b) x=0tox=2m

SOLUTION

(@) From x=-2m to x=0, displacement of the
particle is along positive x -direction while force
acting on the particle is along negative x-direc-
tion. Therefore, work done is negative and given
by the area under F-x graph.

= w=—%(2)(10)=—10]

(b) From x=0 to x=2m, displacement of particle
and force acting on the particle both are along
positive x -direction. Therefore, work done is pos-
itive and given by the area under F-x graph, or

W=%(2)(10)=10]
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ILLUSTRATION 17

The force exerted on an object is F= Fn(i—l).

X0
Calculate the work done in moving the object from
x=0 to x=3x, by plotting the F(x) graph and then
calculating the area under the graph. Also calculate
the work by evaluating the line integral of force.

SOLUTION

The graph shows F as a function of x is shown in
Figure.

Fi)
A

2Fy

0 ¢ — X
/‘0 2xy 3xp
_FO

Since, F =F, (i —1) , so the work done is negative
Xy

as the object moves from x =0 to x =x; and positive
as it moves from x =x; to x = 3x,. Since work done
is the area under F-x graph so

1 1 3
W= ‘Epnxo +E(ZFU )(2%)) =EFUXU

The line integral of the force is the work done, so

3%

W= J Po(i-l]dx
0 Xo

2 3xp
X
= W=E){E_x} Xk
0

0

K rest Your Conceptst

1. A ball dropped from a height h strikes the ground
with a speed of k\/g_h where k <+/2 . Calculate the
work done by air drag.

2. Ablockis pulled a distance ¢ along a rough hori-
zontal table by a horizontal string. If the tension in

Based on Work Done by a Constant and Variable Force

(Solutions on page H.3)
the string is T, the mass of the block is m, the nor-
mal reaction is N and frictional force is f. Find the
work done by each of these forces.

3. A particle is pulled a distance 7 up a rough plane
inclined at an angle 6 to the horizontal by a string
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inclined at an angle ¢ to the plane (6+ ¢ <90°). If
the tension in the string is T, the normal reaction
between the particle and the plane is N, the fric-
tional force is f and the mass of the particle is m.
Find the work done by each of these forces.

4. The spring is unstretched at the position x = 0.

Under the action of a force P, the cart moves from
the initial position x; = =150 mm to the final posi-
tion x, =80 mm. Calculate the work done on the
cart by

Unstretched
position

(a) the spring and

(b) its weight.

. In aresearch apparatus, one of the forces exerted
on a proton is F=-ax’i, where o has unit of

Nm2. Calculate the work done by F, when the

proton undergoes a displacement along the

straight line path

(a) from the point (0.1, O)m to the point
(0.1,04)m

(b) along the straight-line path from the point
(0.1, 0)m to the point (0.3, 0)m

(c) along the straight-line path from the point
(0.3, 0)m to the point (0.1, 0)m

6. The 100 kg block is being dragged across the

smooth surface by means of a car. If the towing
cable passes over a small pulley at A, calculate the
work done on the block when 8= 60°. The block is
at rest when 6=30° and the car exerts a constant
force F=500 N on the cable.

A B

=y N

8m
9 l
C

7. Aforce f:(3x2f+2yj)N displaces an object from

position vector ﬁ:(25+3j)m to = (4f+6j‘) m.
Calculate the work done by this force.

8.

A cutting tool under microprocessor control has
several forces acting on it. One force is F= —axy? ],
a force in the negative y-direction whose magni-
tude depends on the position of the tool. The con-
stant is or=1.5 Nm™>. Consider the displacement
of the tool from the origin to the point (2, 2)m.

(a) Calculate the work done, in joule, on the tool
by F if this displacement is along the straight
line y = x that connects these two points.

(b) Calculate the work done on the tool by Fif
the tool is first moved out along the x-axis to
the point (2, 0)m and then moved parallel to
the y-axis to (2, 2)m.

(c) Compare the work done by F along these two
paths. Is F conservative or non-conservative?

Force acting on a particle varies with displacement

as shown in figure. Find the work done by this force

on the particle from x=—4 mtox=+4 m.

F(N)

A
10

10. A 5 kg block moves in a straight line on a hori-

11.

zontal frictionless surface under the influence of a
force that varies with position as shown in the fig-
ure. Find the work done by this force as the block
moves from the origin to x=8 m.

d_

GX » x(m)
_____ [ -

A child applies a force F parallel to the x-axis to a
block moving on a horizontal surface. As the child
controls the speed of the block, the x-component
of the force varies with the x-coordinate of the
block as shown in figure. Calculate the work done
by the force F when the block moves

O
n

-5

—_
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(a) fromx=0tox=3m
(b) fromx=3mtox=4m
(c) fromx=4mtox=7m
(d) fromx=0tox=7m

12. Force acting on a particle varies with displacement
as shown in figure. Calculate the total work done
by the force.

F(N)
20

10+---,

> s(m)

Ny .
olb————

o

13. A force F=—k(yi +x)), where k is a positive con-
stant, acts on a particle moving in the xy plane.
Starting from the origin, the particle is taken along
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the positive x-axis to the point (a, 0) and then par-
allel to the y-axis to the point (a, a). Calculate the
total work done by the force on the particle.

14. The force versus displacement graph for a body is
shown in the Figure.

Calculate the work done by force to displace the
body from zero to
(@) 10m
(b) 20m
() 30m
15. A block of mass m is suspended from the ceiling
of a lift by a light rope. The lift is going down with
g

an acceleration 7 Calculate the work done by

various forces acting on the block as it goes down
through h.

- )
ENERGY u, Yy
The capacity of the body to do work is called Energy. N i m E 5 om
Energy can be of many types like kinetic energy, ™
potential energy heat energy, light energy, sound > A
¢ r g

energy, electrostatic energy, magnetic energy, atomic
energy, nuclear energy etc. However, for this chap-
ter we restrict ourselves to the study of Mechanical
Energy, which is the sum of kinetic energy and the
potential energy.

The Kinetic Energy is the energy possessed by a
body by virtue of its motion.

The Potential Energy is the energy possessed by the
body by virtue of its position or configuration.

CONCEPT OF KINETIC ENERGY AND WORK
ENERGY THEOREM (OR THE CLASSICAL
WORK ENERGY (CWE) THEOREM)

Consider a block of mass m undergoing a displace-
ment Ar and a change in velocity under the action of
a constant net force F, as shown in Figure.

Let the block the given an infinitesimal displacement
dx under the influence of the force F. If dW is the
work done, then

dW = Fdx cos(0°) = Fdx

= dW=m(%)dx { F=md—v}

= dW= m(d—x)dv= modv
dt

= W= JdW = m'[vdv

u

1 1
= W=Emvz—5mu2=FAr (1)
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where, the terms

%mvz = Final Kinetic Energy of the block and

%muz = Initial Kinetic Energy of the block

Also, from (1), we observe that the work done by an
external force acting on the block equals the change
in kinetic energy of the block, i.e.

(W, AK {Work Energy Theorem|

ext )total -

The quantity K= %mvz is a scalar and is called the

Kinetic Energy of the particle which is the energy
possessed by a particle by virtue of its motion.
Thus, the equation (1) takes the form

WZKjr—KJ'ZAK .(2)

The work done by a force changes the kinetic energy
of the particle. This is called the Work-Energy
Theorem.

In general, the net work done by the resultant
of all the forces acting on the particle is equal to the
change in kinetic energy of a particle. So, we have

W, = AK .03)

hal

(a) The kinetic energy of an object is a measure of
the amount of work needed to increase its speed
from zero to a given value.

(b) The kinetic energy of a particle is the work it can
do on its surroundings in coming to rest.

(c) Since the velocity and displacement of a particle
depend on the frame of reference, the numeri-
cal values of the work and the kinetic energy also
depend on the frame.

ILLUSTRATION 18

The velocity v of a particle of mass m moving along

x-axis is given by v= b«/;, where b is a constant.
Calculate the work done by the force acting on the
particle during its motion from x=0 to x=4m.

SOLUTION

Initial velocity (u) of the particle is the velocity at
x=0 ie.

u=vl,g=by0=0

Final velocity (v) of the particle is the velocity at
x=41ie.

V=0l y = b4 =2b

According to Work-Energy Theorem, we have

W=AK=Kf—Ki =lmvz—1mu2
2 2

= W= %m(Zb)2 = 2mb?

IMPORTANCE OF THE WORK ENERGY
THEOREM

The work kinetic energy theorem does not represent
a new independent law of mechanics. The theorem
is useful for solving problems in which the work
done can be easily computed and in which we are
interested in finding the particle’s speed at certain
positions.

One method to do that is to apply Newton’s
Law of Motion and find out the acceleration of the
particle from where we can get its speed. However,
this method is lengthier and particularly not use-
ful when we are interested only in speed and not in
acceleration of the particle.

The other method is to use the Work-Energy
Theorem because it has the advantage that it does
away with all intermediate steps (i.e. what is happen-
ing during the motion). We have to simply calculate
the sum of the works done by individual forces and
equate that to the change in kinetic energy of the par-
ticle. This discussion also applies to the Conservation
of Mechanical Energy principle which will follow the
article on potential energy.

ILLUSTRATION 19

A particle of mass 0.01 kg travels along a curve with a
velocity given by 4i +16k ms " . After some time, its
velocity becomes 8i+20j ms™ due to the action of
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a conservative force. Calculate the work done on the
particle during this interval of time.

SOLUTION

Since, work done equals the change in kinetic energy,
S0

W=AK=K —K-=lmvz—1rlr1u2
foT 2

where, 1 =+4% +16% =272 and
v=+8"+20% = \/464

= W=%m(02—u2)—1

= 5)(0.01(464—272) =096]

ILLUSTRATION 20

A small block of mass m is released from the top of a
rough inclined plane as shown in Figure.

f

H

A

— —>

The coefficient of friction between the block and
inclined plane is u. Apply Work-Energy Theorem to
calculate the speed of block as it passes the lowest
point.
SOLUTION
The FBD of the block is shown in Figure.

i N

N

Ay
\ .
_mgsin 6

N

mg cos @
The initial speed is zero and let the final speed of the
block as it passes the lowest point is v. According to
Work-Energy Theorem, we have

1
Wrops = AK = Emvz -0

Let us now find Wy, by calculating the work done
by each force.
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!

H

AL 5

— | ——>

Work done by normal reaction N is Wy =0

Work done by mgcosf is W, 0

mgcos@

Work done by mgsin® is
Wiygsing = (mgsin8)(L)cos(0°) = mgLsin®

H
Since sinf = T

= W

H
mgsing — mg[f)(’[‘) = mgH
Work done by kinetic friction f; is

W =(uN)(L)cos(180°) = —umgLcos 6

Since cosf = 1
L

!
= W= —,umg(i)(L) = —umgl
So, the total work done W is given by
W =mgH — umgl
Applying Work-Energy Theorem, we get
%mvz =mgH - umgl

= o0=,2¢(H-ul)

ILLUSTRATION 21

A running man has half the kinetic energy that a boy
of half his mass has. The man speeds up by 1 ms™' so
as to have same kinetic energy as that of boy. Find the
original speed of the man and the boy.

SOLUTION

Let mass of the man be M, then

1
( K.E. )man = E ( KE. )bny
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o =YY (M)g]
2 202\ 2

%
= = — 1
oy =2 M)
Further, lM(’E}m +1)2 = E(M)’Uﬁ
2 2\ 2
Up
= 0,+l=—F (2
nt1=7 )
Solving (1) & (2), we get

v, =2(v2+1) =482 ms™

0, =2+1=241ms™

ILLUSTRATION 22

The graph between the resistive force F acting on a
body and the distance covered by the body is shown
in the figure. The mass of the body is 25 kg and ini-
tial velocity is 2 ms . Find the kinetic energy when
the distance covered by the body is 5m .

A

N
o

F(Newton)
2

p x(m)

o
N e 2

SOLUTION
Initial kinetic energy of the body is

K; =1mu2 =1><25><(2)2 =50]
2 2

Since Work done equals the change in kinetic energy,
S0
W = AK = K f - K i

Now, work done against resistive force is equal to the
negative of area under F-x graph, so

K, =50—%x4x20=50—40=10]

ILLUSTRATION 23

A system consists of two blocks having masses M;
and M,, (where M, > M;) connected by a light
inextensible string passing over a smooth pulley as
shown in Figure.

[i2,]]

Calculate the acceleration of the blocks by applying
the Work-Energy Theorem.

SOLUTION

Since M, > M, so when the block M, moves down
by a distance /i, then the block M; will move up
through the same distance /1. The speed of M; and
M, at this instant will be the same, say v as shown
in figure.

I S e
"T J vl ______ i 2___1_’_'

Net work done on M, is
W, = Thcos(0°)+ M, ghcos(180°)
= W =(T-Mg)h
Net work done on M, is
W, = M,g cos(0°)+ Thcos(180°)
= Wy=(Myg-T)h
So, total work done is
W =W, +W, = (M, - M, ) gh
According to Work-Energy Theorem, we have

W=AK
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1 1
M, -M
= pr=p 21 gh
M, +M,
Comparing with v* =2ah, we get

()
a=| —— ¢
M, +M,

CONSERVATIVE AND NON-CONSERVATIVE
FORCES

StatementI: Force is said to be conservative in nature
when the work done by the force is independent of
the path followed between any two points.

AN
N

Mathematically, if for a force we have

Waspg = Wasp = W4
Path | Path II Path I1I

then F (the force) must be conservative in nature.

Statement II: Force is said to be conservative in
nature when the work done by a force in a closed
loop is zero.

Mathematically, if for a force we have

Wasp+ W0 =0,
then F (the force) must be conservative in nature.
Statement III: Force is said to be conservative in
nature when the line integral of the force i.e. JF dl

(which is also the work done) is independent of the
path followed between any two points.
Mathematically, if for a force we have

jm: j Fldi = j £

Path [ Path II Path III

then F is a conservative force
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Statement IV: Force is said to be conservative in
nature when the line integral of a force over a closed
path/loop is zero.

Mathematically, if for a force we have

gﬁﬁ-dizo

then [ is a conservative force.

EXAMPLE

(a) Electrostatic forces, gravitational forces, elastic
forces, all constant forces are conservative forces.

(b) All forces which do not obey the above specified
conditions are called non-conservative forces.

(c) Frictional force, air drag, viscous drag i.e. all dissipa-
tive forces.

POTENTIAL ENERGY

When we throw a ball upwards with an initial veloc-
ity, it rises to a certain height and becomes stationary
for a moment.

What happens to the lost kinetic energy?

We know with our experience that the ball returns
to our hands with a speed equal to its initial value
(assuming air drag to be absent). The initial kinetic
energy is somehow stored and is later fully recovered
in the form of kinetic energy.

The ball must have some energy at the new
height that it does not have at the previous level.
That new energy by virtue of its position is called the
Potential Energy.

Potential energy is the energy associated with
the relative positions of two or more interacting
particles.

Potential energy fits well to the idea of energy
as the capacity to do work. The gravitational poten-
tial energy of an object raised off the ground can be
used to compress or expand a spring or to lift another
weight. As a coil spring unwinds, or a straight spring
returns to its natural length, the stored elastic poten-
tial energy can be used to do work.

EXAMPLE

If a block is attached to a compressed spring, the elas-
tic potential energy can be converted into kinetic energy
of the block as shown in figure. The block gains kinetic
energy when the compressed spring is released.
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Rest v 4—

In the above discussion we have seen that in the
case of gravity and elastic spring the kinetic energy
imparted initially is stored as potential energy for a
short time which is regained, later on. But this is not
true in all cases.

The forces, such as gravity and spring force,
which do work in a reversible manner are called
Conservative Forces. In contrast, the force, such as
frictional force, which does work in an irreversible
manner are called Non-Conservative Forces.

EXAMPLE

Consider block placed at rest on a rough horizontal sur-
face. If we impart it some initial kinetic energy, it starts
sliding on the surface, the frictional force does negative
work on the block, decreasing its kinetic energy to zero.
But it does not come back to our hand no matter how
long we wait! The frictional force has used up the kinetic
energy in a non - reversible way.

Wy =mgd sin6, W; = -fd

A block slides up and down on a rough inclined plane.
In the complete trip, the work done by gravity is zero
whereas the work done by friction is negative.

THE POTENTIAL ENERGY IS DEFINED
ONLY FOR CONSERVATIVE FORCES

The change in potential energy as a particle moves
from point A to point B is equal to the negative of
the work done by the associated conservative force

AU =Uy-U, =W
Using definition of work

B

Ug-U, = —ch dF

A
From this equation, we see that, starting with poten-
tial energy U, at point A, we obtain a unique value
Up at point B, because W has the same value for
all paths. When a block slides along a rough floor,
the work done by the force of friction on the block
depends on the length of the path taken from point
A to point B. There is no unique value for the
work done, so one cannot assign unique values for
potential energy at each point. Hence, non-conserv-
ative force cannot have potential energy.

When the forces within a system are conserva-
tive, external work done on the system is stored as
potential energy and is fully recoverable.

Note that the potential energy is always defined
with respect to a reference point.

CONSERVATIVE SYSTEM AND CONCEPT
OF POTENTIAL ENERGY (V)

For a conservative system, since work done is inde-
pendent of the path followed between any two points
or it just depends upon the final state and initial state
of the body. So, there must exist a certain scalar physi-
cal quantity such that the work done by this conserv-
ative force (W, ) is equal to the decrease in the value

of this new scalar quantity. This scalar quantity is
called the Potential Energy, U. So

WC = —AU = U,- —Uf

EXAMPLE

Just think of a body being dropped from a height h to
the ground, then U, =mgh and when it lands on
the ground then U;,,, =0. Also, the work done by the
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gravitational force (a conservative force) is equal to mgh
and this happens to be the decrease in potential energy
of the falling body.

So, we can simply conclude that the work done by a con-
servative force (W,) is equal to the decrease in potential
energy. Hence, we have

Decrease in

¢~ ( Potential Energy) = Uipitial — Upinas = —AU

GRAVITATIONAL POTENTIAL ENERGY
(NEAR THE EARTH'S SURFACE)

The work done by gravity on a particle of mass m
whose vertical coordinate changes from y, to yp is

W, =-mg(y~ya)
Since, we know that Wg =-AlU= —(UB -Uy )

Thus, gravitational potential energy at the point B
near the surface of the earth is given by

Up =U4 +mgh

If we assume potential energy at the point A to be
zero, then potential energy at the point B is given by

Ug =0+mgh =mgh

(a) It is very important to assign a Zero Potential
Energy Level (ZPEL) before we calculate the
potential energy of a particle.

(b) Gravitational Potential Energy U depends upon
the choice of ZPEL but Gravitational Potential
Energy Difference AU is independent of the
choice of ZPEL.

(c) If one point lies above ZPEL and other below
ZPEL, then

U;=+mgh,, U, =-mgh, with respect to the
specified ZPEL. However,
U’I _U2 = AU: mg(h1 +h2 )

irrespective of the location of ZPEL.
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SPRING POTENTIAL ENERGY OR ELASTIC
POTENTIAL ENERGY

The work done by the spring force when the displace-
ment of the free end changes from x; to x; is given

by

1 2 2
WS=—Ek(xI—x )
By deﬁnition W5=—AU5 =U,-—Uf
u,=u +1k( F-x7)
= FEY; ) Xf—xi

If we assume the potential energy stored in the
spring at equilibrium is zero and all the extensions
to be measured from equilibrium, then x; =0 and
U; = 0. Thus, final energy stored in the spring, when
Xp=% is

1
u f = US = E kx 2
The potential energy function for an ideal spring is a

parabolic function of extension or compression x as
shown in figure.

Use

ILLUSTRATION 24

A uniform rod of mass M and length L is held verti-
cally upright on a horizontal surface as shown in the
figure.

Calculate the potential energy of the rod if the zero
potential energy level is assumed at the horizontal
surface.
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SOLUTION

Since the parts of the rod are at different levels with
respect to the horizontal surface, therefore, we have
to use the integration to find its potential energy.
Consider a small element of length dy at a height y
from the horizontal as shown in Figure.

dy W am

y

oL

If dim is the mass of the element, then

— <—>

M
dm=—d
m=—dy
Its potential energy dU is given by

dU = (dm)gy =%gydy

Integrating, we get

L
M Me| 4*
u=_3J'ydy Mg !/?

0

= U=%MgL

Note that the potential energy of the rod is equal to
the product of Mg and height of the center of mass

(%) from the surface.

POWER

Power is defined as the rate at which work is done. If
an amount of work AW is done in a time interval At,
then the average power is defined to be

W AW
P =
oot At

The SI unit of power is Js™' which is given the name
watt (W) in the honour of James Watt.

Thus, ITW=1]s

Instantaneous power is the limiting value of P,
when Af — 0, so we have

_dW
ins — E
The work done by force F on a object that has an
infinitesimal displacement d7 is dW =F-d7 . The
instantaneous power may be written as

p=dﬂ=ﬁ.ﬂ

dt dt
= P=F.7 { 5=d—"}
dt

Since the work and energy are closely related, a more
general definition of power is the rate of energy trans-
fer from one body to another, or the rate at which
energy is transformed from one form to another.

potE
dat

ILLUSTRATION 25

A particle of mass m is moving in a circular path of
constant radius r such that its centripetal accelera-
tion a, is varying with time ¢ as a, = k*rt*, where
k is a constant, Calculate the power delivered to the
particle by the forces acting on it.

SOLUTION

Let the instantaneous speed of the particle be v, then
centripetal acceleration is given by

According to the problem we have a, = k*rt*, so we
get

2
v

=  —=k*?
r

= ov=krt
The tangential acceleration is given by
do

a,—a—kr
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The tangential force is F, = ma, = mkr
Hence, power delivered is

P =Fov=(mkr)(krt)
= P=mk*r’t

ILLUSTRATION 26

An elevator that can carry a maximum load of
1500 kg (elevator + passengers) is moving up with a

constant speed of 2 ms™. The frictional force oppos-
ing the motion is 3000 N. Calculate the minimum
power delivered by the motor to the elevator in kilo
watt and in horse power. Take ¢ =10 ms ™.

SOLUTION

Since the elevator is moving up with a constant speed
of 2ms™, so the net downward force on the elevator
is

F=mg+f
= F=(1500x10)+3000
= F=18000 N

The motor must supply enough power to balance this
force. If P be the power required for this purpose,
then

P =Fo=(18000)(2) = 36000 W

= P=36kW
Since 1hp =746 W
P 36000 h
746
= P=483hp

ILLUSTRATION 27

Ablock of mass m is pulled by a constant power P
placed on a rough horizontal plane. The friction co-
efficient between the block and surface is ;. Find the
maximum velocity of the block.

SOLUTION

Power P = Fv = constant

= F=—
v
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= fol
v

as v increases, F decreases.
when F = umg, net force on block becomes zero, i.e.,
it has maximum or terminal velocity, so

P =(umg )0y
P
pmg

ILLUSTRATION 28

A particle is moving along x-axis under the action of

= 0, =

. o . 1
a force F which varies with its position x as F e T
X
Calculate the variation of power due to this force
with x.

SOLUTION

Since, Focx '

-1/4
= foex !

/4

= a=ke"* (where ks a proportionality constant)

Since a—@—ﬁd—y—vd—v
"UU At dtdx dx
= vd—v=kx-1/4
dx

= odo=kxVdx

Integrating, we get

Jvdv = kJ‘x_l'qu
0 0

2 3/4
v x>
= —=k=—
2 3/4
/
= Pyt
/i
= Doyl
Since P=Fv
~1/4\( _3/8
= Poc(x / )(x’)
= Pocy!®
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@ Test Your Concepts-II

Based on Kinetic Energy, Potential Energy and Power

(Solutions on page H.5)
. An engine working at a constant power P drawsa 7. A particle is moving along x-axis under the action
load of mass m against a resistance force f. Find the of a force F which varies with its position x as
maximum speed of the load and the time taken to Foc l f the power due to this force is propor-
attain half this speed. Jx
. Anautomobile of mass m accelerates, starting from tional to x". Calculate n.
rest. The engine supplies constant power P. 8. A body of mass 5 kg is placed at origin. A force
(a) E:nd the_ velocity of the automobile as a func- starts acting on the body given by Fo(243%)]
tion of time. . . L
. » . where x is the distance of body from origin in
(b) Find the position of the automobile as func- _
: . meters. Calculate the speed of the body as it passes
tion of time.
. Aparticle moving in a straight line is acted upon by through x =5 m.
9. A particle of mass 0.5 kg travels in a straight line

a force which works at a constant rate and changes
its velocity from u and v over a distance x. Prove

) L 3(u+v)x
that the time taken in it is ¥

2062 +v? +uv)

. A baseball having a mass of 0.4 kg is thrown such
that the force acting on it varies with time as shown
in the first graph. Also, the velocity of the ball act-
ing in the direction same as that of force varies with
time as shown in the second graph. Determine the
power applied as a function of time and the work

with velocity v=axyx where a=5m7%"

Calculate the work done by the all forces when the
particle is displaced fromx=0tox=2m.

10. A wind-powered generator converts wind energy

into electrical energy. Assume that the generator
converts a fixed fraction of wind energy intercep-
tion by its blades into electrical energy. For wind
speed v, the electrical power output will be pro-
portional to v". Calculate n.

11. A pendulum bob has potential energy U, when
doneint=04s. : . " _
held taut in a horizontal position. The bob is
F(N) v(ms™) allowed to fall until it is 30° away from the hori-
4 zontal position, when it has potential energy U,. It
800 _I\ P10 ) continues to fall until the string is vertical, when it
P t(s) > 1(s) . U -U,
of 02 04 0l 0.4 has potential energy Ug. Calculate U U
. The 50 N collar starts from rest at A and is lifted _ _ . ATE
with a constant speed of 0.6ms™ along the 12. A spring acquires a potential energy of 30 ] when
smooth rod. Determine the power developed by stretched by a length of 20 cm. If the spring is now
the force F at the instant shown. stretched further by 40 cm, calculate the additional
amount of work required to do so.
—0.9 m—pi
o 13. Power of the engine of a motor boat is 50 HP. If

6. A train has a constant speed of 40 ms™' on a level

road against resistive force of magnitude 3x10* N.
Find the power of engine.

resistance force F of water increases with speed v
(in ms™') of the boat according to F=20v (in kN).
Calculate the maximum speed of this motor boat
in kmh™".

14. On attaching a 4 kg mass to a spring of length

30 c¢m, the spring stretches by 20 cm. Then the
mass is pulled down until the length of the spring
becomes 60 cm. Calculate the amount of elastic
energy stored in the spring.
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15. A brick of mass 5 kg and dimensions (in cm)
20x10x5 lies on the ground on its largest face.
If it is made to stand on its smallest face. Calculate
the change in its gravitational potential energy.

16. A metre scale of mass 0.1 kg pivoted at the top end
is turned from vertical position so that it is inclined
at 30° with the horizontal in the vertical plane.
Calculate the work done by gravity. )

LAW OF CONSERVATION OF MECHANICAL
ENERGY

Since, for a conservative system we have

W, = AK (1)
Also, we know that
W. =-AU (2)

Equating (1) and (2), we get
AK =-AlU

= A(K+U)=0

=  K+U = constant

= K£+U:‘ =Kf +Uf

Total Initial B Total Final
= Mechanical Energy - _Mechanical Energy

Let us discuss few fundamental examples where we
apply the Law of Conservation of Mechanical Energy
to systems.

CASE-1: OBJECT FALLING FREELY
When an object falls from height H, its potential
energy is converted to kinetic energy. At height H,

2
max*

the energy is E=mgH. Just as it lands, E = ;mv

£ eeeee E=0+mgH
Energy
] A
PR IS E=§mv2+mgy E=K+U,
y i o U
I 1 > g
E=— manax+0 > -
x e 0 ENAIN

The potential energy and the kinetic energy vary
linearly with vertical height y.

At any instant, the mechanical energy E remains
constant. So,

E=K+U=%mv2+mgy=constant

CASE-2: MASS ATTACHED TO A SPRING
When a mass m is attached to a spring of force con-
stant k, then at maximum extension in the spring

(called the amplitude), KE=0 and PE = %kAz.

T £=0+ L ka2
P 2
A
v

L ——{T ) E=1me2ilie
e 2 2
1 X

Vmaxd—: ’

1,2
E_émvmax+0
x=0

At extension x, we have

KE= 1mvz and PE= lkx2
2 2
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At mean position, we have

PE=0 and
1
KE= Emvfmx

Here too, at any instant, the mechanical energy E
remains constant. So, we have

E=K+U-= %mvz +%ka = constant

Problem Solving Technique(s)

To solve problems using the concept of
Conservation of Mechanical Energy we can follow
the series of steps mentioned below.

(a) Draw diagrams of the system showing initial and
final configuration and assume a coordinate
system.

(b) Specify the reference level for potential energy.
In case of spring, it is advisable to assume zero
potential energy at the natural length of the
spring. In case of gravity, any convenient level
can be chosen as reference frame.

(c) Looking at the initial configuration, ask yourself
What forms of energy are present in the
system?

(i) if the particle is moving, include %mvf

(ii) if the particle is not located at the reference
level, include mgy;
(iii) if the spring is stretched or compressed,

include lkx,2
2

(d) Looking at the final configuration, ask yourself
What forms of energy are present?

(i) if the particle is moving, include ;mv?

(i) if the particle is not located at the reference,
include mgy;

(iii) if the spring is stretched or compressed,
include lk,\()%
2
(e) Equate the initial and final total energies
&+M:&+w
Lin? 4 may, + 202 = 22+ may, +~ko

(f) Solve for the unknown.

ILLUSTRATION 29

A rope of length /=80 cm and mass m=2kg is
hanging from the end of a plane so that the length [,
of the vertical segment is 50 cm as shown in Figure.

L MMMEEMZMEIIU

The other end of the rope is fixed by a nail. At a cer-
tain instant, the nail is pushed out, what is the veloc-
ity of the rope at the moment it completely slides off
the plane? Neglect the friction.

SOLUTION

We assume the Zero Potential Energy Level (ZPEL)
at the horizontal plane. Assuming the rope to have
amass m and a length [. If A is the mass per unit

lmgh&&mmmﬂMnA:?.ﬂmmMMMﬁﬁml

configuration of the rope are shown in Figure.

, L ZPEL
'E vlo2 I
(CM)initial 2
(-Cl\_/l-)final

Initial kinetic energy of the rope is
K‘,‘ =0
Initial potential energy of the hanging portion of the

rope is obtained by locating the centre of mass (CM)

of the hanging portion of the rope, which lies %)

below the ZPEL.

m ] mi?
U. =0+ —I (_ﬂ)z__ﬂ
i (l 0)8 ) by 8

Please note that, the part of rope lying over the table
i.e. ZPEL, has zero potential energy.

Let v be the final velocity of the rope at the
moment it completely slides off the plane. Then final
kinetic energy of the rope is

K= 1 mo’
S 2
Final potential energy of the rope is obtained by locat-

ing the centre of mass (CM) of the fully hanging rope,
which lies % below the ZPEL.
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|
[ — e
f mg(zJ

Using the Law of Conservation of Energy, we get
Kf + Uf = Kf + Uj

12
= 1mvz —mg(i)=0—M
2 2

> o= H{P-E)

Substituting /=08 m, [;=05m and ¢=10 ms 7,
we get

v=\5ms? =224 ms!

ILLUSTRATION 30

Auniform rope of mass m and length L is placed on
the top of a smooth hemispherical surface. The rope
is held at rest and released such that it slides down
along the curvature as shown in Figure. Calculate the
speed of the chain, as it moves through angle ¢ on
the surface.

R

i‘l

SOLUTION

Let 6, be the angle subtended by the rope at the centre
of the sphere, then 6, = % As the rope slides down,
it loses potential energy and gains kinetic energy. At

any instant, the angular position of the rope is shown
in the Figure.

Let us first calculate the gravitational potential energy
of the rope. For that, consider a small element of
length dI, having mass dm and subtending an angle
d¢ at the centre as shown in Figure.
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Taking the Zero Potential Energy Level (ZPEL) at the
bottom of the hemisphere, the gravitational potential
energy for this infinitesimal element is given by

du = (dm) gh

where, 1 =Rsin¢ is the height of the element above
ZPEL.

m m
dm=—dl=—(Rd
" L L( 9)

= dU= %gR2 singdg .

At the instant the upper end of the rope makes an
angle 6 with the vertical, the lower end of the rope
makes an angle ¢ = g—(BJrBO) with the horizontal
and at the same instant the upper end of the rope
makes and angle ¢ = g— 0 with the horizontal.

So, to get the potential energy of the rope (with
respect to ZPEL) at the instant mentioned, integrat-
ing by applying limits on ¢ from the lower end of the
rope to the upper end of the rope, we get

T o
2
U:%gk2 J sin ¢d¢
5-(6+)
R 2
= U=mgL (—cos¢)
g-(ewu)
R2
- u=2 {—COS(£—9)+COS(£—(9+90))}
L 2 2
ng2
= U= [ sin(6+6;)-sind | (1)

PE of the rope, when it is just released, can be cal-
culated by taking 6=0 in the above expression i.e.
equation (1). Thus, we have



ICON

1.26 JEE Advanced Physics: Mechanics - |1

2
u; = 18 sin 6y
L

By Law of Conservation of Mechanical Energy, we
have

(Loss in GPE of Rope ) = ( Gain in KE of Rope)
= U,“Uf=Kf—KJ;

ng2

[sinﬁo ~(sin(6+6, )—sinB)]=%mv2

2
- \/%[Sinf’o +sinf—sin(6+6,)]

L
where 6, = 2

ILLUSTRATION 31

One end of a light spring of natural length 4 and
spring constant k is fixed on a rigid wall and the
other is attached to a smooth ring of mass m which
can slide without friction on a vertical rod fixed at a
distance d from the wall. Initially the spring makes
an angle of 37° with the horizontal as shown in
Figure.

_ Ring

Rod

When the system is released from rest, find the speed
of the ring when the spring becomes horizontal. Take

sin(37°)=%.

SOLUTION
Ring
A = |/ = 0
/
h
37T
» Vv
B
4——d —p| Rod

If | is the stretched length of the spring, then from
figure, we have

?=c05(37°)=

SIS

_5d
T4

So, the extension in the spring is

x=|!—a!=%—al=E and
4 4

h=[sin(37°)=(EJ(§)=E

4 )\5 4

!

Now taking point B as reference level and applying
Law of Conservation of Mechanical Energy between
Aand B,

(U+K), , =(U+K)

at B

At A, h=%and x=E
4 4

At B, h=0 and x=0

1 1
= mthrEkxz:E 2

mo
2
= Errigaw—lk(g =1mvz
4 2 \4 2
= v=d 3—g+L
2d  16m

ILLUSTRATION 32

A small block of mass m is released from a height h
above the free end of a light spring of spring constant
k as shown in Figure. Calculate the

]l L

(a) speed of the block at the instant when the com-
pression in the spring is x.

(b) maximum compression in the spring.

(c) compression in the spring when the block is in
equilibrium.

(d) acceleration of the block in situations (a) and (b).
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SOLUTION

(@

(b)

(c)

(d)

When the spring has been compressed by x, the
block has moved down by a distance (/+x). Let
v be the speed of the block at this instant, then
by Law of Conservation of Energy, we have

mg(h+x)=;kx2+;_mvz ..

2
= t,w=112<¢g(h+x)—ki
m

When compression is maximum, speed of the
block is zero, so we have

1
mg(h+x)=5kx2

2
= x° —(ﬂ)x—zmgh =0
k k

Solving the quadratic equation, we get

2.2 2 ”1
=8y T8 T and
k k2 k
mg m2g2 2mgh

X2=7_ -

+
k k* k

Rejecting the negative value x, of the maximum

compression x,,.. , we get
2,2
mg |m°g~ 2mgh
Ypax =X =— -+ _2+—
k k k

When the block is in equilibrium, net force on it
is zero. If x,, be the compression in the spring at
equilibrium, then

mg = kxgq

m
= x=xeq=Tg

At any instant, the forces acting on the block are
(i) Weight mg, acting downwards and

(ii) Spring force kx, acting upwards

If a be the acceleration of the block, then

mg —kx

a= , downwards

mn

For situation in (a), we have

n=g- E x, downwards
m

ILLUSTRATION 33
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For situation in (b), we have

k
A=8——Xpax =8~ X
m m
2.2 2 h
L g K| me, (g 2mgh
m\ k k? k

[ 2 2kgh
= a=- g2+—g
m

The negative sign shows that the acceleration is
in upward direction.

Consider the situation shown in Figure, where the
Mass of block A is m and that of block B is 2m.
The force constant of spring is K. Friction is absent
everywhere.

(T

The system is released from rest with the spring
unstretched. Calculate

(a)
(b)

()

the maximum extension of the spring x,,.
the speed of block A when the extension in the

- ] x.’”
spring is x = EE
net acceleration of block B when extension in the

: 3 — x.’”
Spring1s x = I .

SOLUTION

(a)

At maximum extension in the spring, the blocks
come momentarily to rest, so

() A= DB = 0
Applying Conservation of Mechanical Energy,
we have decrease in gravitational potential
energy (GPE) of the block B must be equal to the
increase in elastic potential energy (EPE) of the
spring i.e.
Decrease in GPE | _ ( Increase in EPE
ofblock B | {  ofspring
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2
= mﬁgxm me
= 2mgx,, = —Kx;,
4m
: xh"[ = Kg
X

(b) At x= % = 2% , both the blocks move with the

same speed, so v, = vy = v (say).

Applying Law of Conservation of Mechanical
Energy, we have

Decrease Increase Increase
inGPE |[=| inEPE [|+| inKEof
of block of spring } | both blocks

= mﬁgx=%Kx2+%(mA +1mg )0’

= ng(Z?;g) %K[zzg) 2(3m)v

= = Zg\/?f(

(c) At x= % = % , net upward force on block B is

Kx or mg and net downward force on block Bis
2mg

= F o =2mg-mg=mg (downwards)
E
= = net — g
my+mg 3m
= g= % (downwards)

ILLUSTRATION 34

A block of mass m is moving on a smooth horizon-
tal surface with speed v, towards a vertical wall as
shown. A light spring of spring constant k is attached
to the wall such that the block compresses the spring
as it moves closer to the wall. The natural length
of the spring is [,. Calculate the speed of the block
when the spring has been compressed through x.
Also calculate the maximum compression produced
in the spring.

— | —>

SOLUTION

By Law of Conservation of Energy, we have
AU+AK =0
When the block collides with the spring then loss in

kinetic energy of the block equals the gain in elastic
potential energy of the spring. So, we have

1 1 1
—muy —=mv* = ~kx’
2 2 2

2 k 2
m

= 7=

When compression in the spring is maximum i.e.
X = Xpay, then the block comes momentarily to rest
i.e. =0 and we can say that the total kinetic energy
of the block is converted as the elastic potential
energy of the spring. Hence

1
= mvD kx

max
vao f

ILLUSTRATION 35

Two blocks A and B each having mass of (.32 kg
are connected by a light string passing over a smooth
pulley as shown in Figure. The horizontal surface on
which the block A slides is smooth. The block A is
attached to a spring of force constant 40 Nm™ whose
other end is fixed to a support 0.40 m above the hori-
zontal surface. Initially, when the system is released
to move, the spring is vertical and unstretched. Find
the velocity of the block A at the instant it breaks off
the surface below it. (Take g=10ms™ )

max/’




ICON

SOLUTION

Let the block breaks off the surface when it travels a
distance x as shown in figure.

So, the block A starts loosing contact with the sur-
face below it at point A" after travelling a distance
x. In this process the block B will shift from B to
B” such that BB’ = AA” = x (as string is inextensible)
and so there is a loss of gravitational potential energy
of block B equal to mgx.

This energy is partly stored as elastic potential
energy in the spring which is stretched by AL and
partly appears as kinetic energy of blocks A and B.
So, by Conservation of Mechanical Energy, we have

1 1 1
mgx = —mv* +—mov* +—k(AL)?
2 2 2

2 k 2
=qox——(AL (1
= =g Zm( ) 1)

Now, for vertical equilibrium of block A at A”,
N+Fcosf=mg (2

But for spring F = kAL and for breaking off, we have
N = 0. So, the above equation reduces to

kALcos6 = mg ...(3)

where, AL:L—L=L(L—1) ...(4)
cosf cos@

So, substituting the value of AL from Equations (3)
in (4) and solving for cosf, we get

oeg o1 M8 032x10 4
40x0.40 5

KL
. AL:(L-L)J“S

cos@

-04=0.1m and

x=Ltan9=(0.4)(%)=0.3m
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Substituting these values of AL and x in Equation (1),
we get

40%(0.1)°

=4/3-0.625 =+/2.375
2x0.32 v v

U=J10XU.3—

= v=154ms"

ILLUSTRATION 36

A system consists of two identical cubes, each of mass
m, linked together by a compressed light spring of
force constant k as shown in Figure.

The cubes are also connected by a thread which is
burnt at a certain moment. At what values of initial
compression x; of the spring, will the lower cube
bounce up after the thread is burnt through?
SOLUTION

Let x be the elongation in the spring when it returns.
Then by Law of Conservation of Mechanical Energy,
we get

%kxé = %kx2 +mg(x+x,)

= kx® +2mgx —kxg +2mgx, =0
=  kx=-mg*(mg—-ky,)
= kx=—kx, or kx=kx, -2mg
Since kx=-kx, gives x=-x, and this is not
acceptable.
kx =kxy —2mg

The lower cube will bounce up if kx >mg (the weight
of the lower cube)

= kxy-2mg=mg

= xoz%%

Thus, for all values of x;, greater than 3% the lower

cube will bounce up.
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ILLUSTRATION 37

A small disc A slides down with initial velocity
equal to zero from the top of a smooth hill of height
H having a horizontal portion as shown in Figure.

A
H B
) N
1
s

What must be the height of the horizontal portion
to ensure the maximum distance s covered by the
disc? What is it equal to?

SOLUTION

In get the velocity at point B, applying the Law of
Conservation of Energy. So,

(Loss in Gravitaﬁonal) - (

Gain in
Potential Energy

~ | Kinetic Energy
1 5

= mg(H—h)=Emv

= U=,/2g(H—h)

Since y=uyt+%ayt2, where u,=0, a,=¢ and

1
=h,s0 h== gt
Y 28

2h

t= &=

g

. 1
Since x =u,t+~a,t*, where u, =0, a,=0and x =5
2 :

= s=vxt:,/2g(H—h)x\/%
= s=4h(H-h) ()

For maximum value of s or s*, we have —(52)= 0
%(4Hh—4h2)=0

= 4H-8h=0

= h:E

2

A

Substituting = —, in Equation (1), we get

{5 e

ILLUSTRATION 38

A block A of mass m is held at rest on a smooth
horizontal floor. A light frictionless, small pulley is
fixed at a height of 6 m from the floor. A light inexten-
sible string of length 16 m, connected with A passes
over the pulley and another identical block B is hung
from the string. The initial height of B is 5 m from the
floor as shown in Figure.

When the system is released from rest, B starts to
move vertically downwards and A slides on the
floor towards right.

(a) Ifatan instant, string makes an angle 6 with the
horizontal, calculate relation between velocity u
of Aand v of B.

(b) Calculate v when B strikes the floor.
Take ¢ =10 ms™ and cos(37°)=0.8

SOLUTION

(@) From the figure, we observe that

y+AP=16

= y+ x*+36=16
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Differentiating with respect to time, we get

x Bl

—_— 0
dy
Here, —=v=7v
dt b
As t increases, x decreases, hence
_d_x =U=0
dt A

= -ucosf@+v=0
= u=ruvsech
(b) When B strikes the floor, ¥ =6 m, then
AP=16-6=10m

Now, sinf = ( E)
10

= §=37° {+ sin?(37°)+cos? (37°) =1}

Now, according to Law of Conservative of
Energy, we have

Loss in ~ Gain in Gain in
PEofB) | KEof A )T\ KE of B

= mg(5)=%mu2+%mvz

But u=1vsec(37°)= Z—v

-1

Solving, we etv—(ﬂ) ms
gweg Ja

ILLUSTRATION 39

An ideal light spring S can be compressed 1 m by a
force of 100 N . This spring is placed at the bottom of
a frictionless inclined plane which makes an angle of
30° with the horizontal as shown in Figure.

Chapter 1: Work, Energy, Power and Conservation of Energy 1.31

A 10 kg mass is released from rest from the top of
the incline and is brought to rest momentarily after
compressing the spring 2 m . Calculate the distance
through which the mass slides before coming to rest.
Also calculate the speed of the mass just before it hits
the spring.

SOLUTION

For the spring S, we have F = kx,

Since it is given that, for F =100 N, the spring can be
compressed by x, =1m, so, we have
k= =100 N
Yo
If spring compresses through x=2m by the mass,
then by applying Law of Conservation of Energy, we
have

[ Loss in GPE)

of the Body

Gain in EPE
of the Spring

= mgsin@(Hx)—%kx2 =0

= (10)(10)(0.5)(l+2)—;(100)(2)2=0
= [+2-4=0
= [|=2m

So, the total distance through which the mass slides
before coming to rest is

[+x=2+2=4m

When mass hits the spring, then by Law of
Conservation of Energy, we have

Lossin GPE) ( Gain in KE
of the Body ) | of the Body

= %mvz =mgh=mg(lsin9)

= v=,/2¢lsinb

= =20 ms™
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@ Test Your Concepts-IlI

1. An object of mass m is tied to a string of length |
and a variable force F is applied on it which brings
the string gradually at angle 6 with the vertical.
Find the work done by the force F.

AV

I
I
I
|
I
I
S~ ! -

“-""m

2. Two blocks with masses m; =3 kg and m, =5kg
are connected by a light string that slides over a
frictionless pulley as shown in figure. Initially, m, is
held 5 m off the floor while m, is on the floor. The
system is then released. At what speed does m, hit
the floor?

[m.]]
iy

3. In the arrangement shown, calculate the speed of
the bodies T and 2 having masses 0.5 kg and 2 kg
respectively at the moment the block m, hits the
wall AB. Assume that the bodies are released from
rest. Take g=10 ms™.

B

4. The 130 kg carriage has an initial velocity of 3 ms™'
down the incline at A, when a constant force of
575 N is applied to the hoisting cable as shown.
Calculate the velocity of the carriage when it
reaches B, a distance of 3 m above A on the incline.
Show that in the absence of friction this velocity
is independent of whether the initial velocity of
the carriage at A was up or down the incline. Take

g=10 ms™.

Based on Conservation of Energy and Work Energy Theorem

(Solutions on page H.8)
575N

5. Inthearrangementshown, we have k, = 1500 Nm ™",
k, =500 Nm™', m, =2 kg and m, = 1 kg. Calculate
the

(a) potential energy stored in the springs in
equilibrium.
(b) work done in slowly pulling down m, by 8 cm.

Take g=10 ms™

6. A block of mass m is dropped onto a spring of
constant k from a height h. The second end of the
spring is attached to another block of mass M as

shown.
o
h

Find the minimum value of h so that the block
M bounces off the ground if the block of mass m
sticks to the spring immediately after it comes into
contact with it.

7. Asphere of mass m held at a height 2R between a
wedge of same mass m and a rigid wall, is released.
Assuming that all the surfaces are frictionless, find
the speed of both the bodies when the sphere hits
the ground.
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ae
(c) kinetic energy and
@ S (d) speed of the astronaut just before reaching the
? helicopter.
m 2R
o | 4 Take g=10 ms™

11. The system is released from rest with the spring ini-
8. A 0.5 kg block attached to a spring with length tially stretched 76 mm. Calculate the velocity v of
0.6 m and force constant k=40 Nm™' is at rest the block of mass 50 kg after it has dropped 12 mm.
with the back of the block at point A on a friction- The spring has a stiffness of 1000 Nm™. Neglect

less, horizontal table. The mass of the spring is neg- the mass of the small pulley.

ligible. The block is pulled to the right along the
surface with a constant horizontal force F=20 N.

F.__
A B 50 kg
—p—>
06m 025m 12. A 1.5 kg block is initially at rest on a horizontal
(a) Whatis the block’s speed when the back of the frictionless surface when a horizontal force in the
block reaches point B, which is 0.25 m to the positive direction of x-axis is applied to the block.
right of point A? The force is given by F(x)=(25-x2)i N, where
(b) When the back of the block reaches point B, x is in metre and the initial position of the block is
the block is set free. In the subsequent motion, x=0. . o _
how close does the block get to the wall where (a) What is the kinetic energy of the block as it
the left end of the spring is attached? passes through x =2 m?
(b) What is the maximum kinetic energy of the
9. The flexible bicycle type chain of length ™ and block between x=0and x=2m?
2 13. A certain spring is found not to obey Hooke's Law.
mass per unit length A is released from rest It exerts a restoring force F, (x)=—ax—fx* when

with 8=0° in the smooth circular channel and
falls through the hole in the supporting surface.
Determine the velocity v of the chain as the last link
leaves the slot.

stretched or compressed, where =80 Nm™' and
=24 Nm™ . The mass of the spring is negligible.

(a) Calculate the potential energy function U(x)
for this spring. Let U=0when x=0.

(b) An object with a mass of 2 kg on a frictionless
horizontal surface is attached to this spring,
pulled a distance 1 m to the right (the +x
direction) to stretch the spring and released.
Calculate the approximate speed of the object
when it is 0.5 m to the right of the x = 0 equi-
librium position?

14. A block rests on an inclined plane as shown in
figure. A spring of force constant k to which it is
attached via a pulley is being pulled downward
with gradually increasing force. The value of .
is known. Calculate the potential energy U of the
spring at the moment when the block begins to
move.

10. A helicopter lifts a 80 kg astronaut 15 m vertically
from the ocean by means of a cable. The accelera-

tion of the astronaut is % . Calculate the

(a) work done on the astronaut by the force from
the helicopter

(b) work done on the astronaut by the gravita-
tional force




ICON

1.34 JEE Advanced Physics: Mechanics - |1 se

15. Block A has a mass of 30 kg and block B has a mass
of D 5 kg. Calculate the distance A must descend 17, A block of mass m is pushed against a spring of

. . 1
from rest before it obtains a speed of 2ms". spring constant k fixed at one end to a wall. The
Neglect the mass of the cord and pulz!eys. Assume block can slide on a frictionless table. The natural
friction to be absent. Take g =10 ms ™. length of the spring is L, and it is compressed to

half its natural length when the block is released.
Find the velocity of the block as a function of its
distance x from the wall.

18. A smooth narrow tube in the form of an arc AB
of a circle of centre O and radius r is fixed so that
A is vertically above O and OB is horizontal. Two
particles P and Q of mass m and 2m respectively
are connected to each other with a light inexten-

ible string of length [ - | are placed inside th
16. Two blocks with masses m, = 2 kg and m, = 3 kg sible string of lengt o ) are paced Insi e the

hang on either side of a pulley as showp in figure. tube with P at A and Q at B and released from rest.
Block m, is on an incline (6=30°) and is attached Assuming the string remains taut during motion,
to a spring whose stiffness constant is 40 Nm™", calculate the speed of particles when P reaches B.

The system is released from rest with the spring in

its natural length. Find

(a) the maximum extension of the spring

(b) the speed of m, when the extension is 0.5 m.
Ignore friction and mass of the pulley.

N J
MODIFIED WORK-ENERGY THEOREM
(MWET) \}/ Conceptual Note(s)
If external forces, pseudo forces, non-conservative (a) Work done by internal forces may or may not be
forces and internal forces are present in the system zero.
and the work done by the respective forces be W,,,, (b) If pseudo forces, non-conservative forces are
W,, W, and W, , then according to Modified Work- absent, gxternal forces_are present and if work
done by internal forces is zero, then we have
Energy Theorem (MWET), we have
W, = AU+ AK
Weye +Wis + Wi + Wiy = AU +AK (c) If external forces, pseudo forces are absent, non-

conservative forces are present and if work done
by internal forces is zero, then we have

W.. =AU+ AK
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LAW OF CONSERVATION OF MECHANICAL
ENERGY
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WORK-ENERGY THEOREM FOR
NON-CONSERVATIVE SYSTEM

If external forces, pseudo forces and non-conserva-
tive forces all are absent, then we have

AU+AK =0

which simply implies that total mechanical energy
(U+K) is constant i.e.

(U + K )initial = (U + K )ginal

Since, for a conservative system we have

W. = AK (1)
Also, we have

W, =-AU ..(2)
Equating (1) and (2), we get

AK =-AU

= A(K+U)=0
K+ = constant
= K£+U£:Kf+Uf

U

Total Initial B Total Final
Mechanical Energy ~\ Mechanical Energy

Since, any non-conservative system has got both con-
servative nature and a non-conservative nature, so
using Work-Energy Theorem, we get

W=W.+W, =AK
and W, =-AU
= -AU+W, =AK
= W,=AU+AK
= wnc=(uf—ui)+(f<f—1<i)

= Wm=(u)c+Kf)—(ui+Ki)

Total Final Total Initial
= W, =| Mechanical |-| Mechanical
Energy Energy

So, to conclude we can say that the Modified Work-
Energy Theorem (MWET)

Wy +Wos + Wi + Wiy = AU+AK

is a handy tool to solve problems.

For a non-conservative system, if W is the total work
done (due to conservative and non-conservative
nature of the system) then

W =W, +W, = AK =K, - K,

A non-conservative system is bound to have a con-
servative part attached to it (It is impossible to have
something that is purely impure like, purely impure
milk or purely impure honey etc.). Hence for a non-
conservative system we have

Wootal =We + Wy =AK

Since, we know that the work done by a conservative
force is given by
W, =-AU
= -AU+W, =AK
= W,=AU+AK

= W, =(U, -1 )+(K, K,

Total Final Total Initial
= W, =| Mechanical |-| Mechanical
Energy Energy

(a) So, to conclude we can say that work done by a
non-conservative force is the sum of change in
potential energy and change in kinetic energy or
work done by a non-conservative force equal the
change in value of total mechanical energy.

(b) However, if we have a non-conservative system
on which some external force is also acting, then,
from Work Energy Theorem, we have

Wtotal =AK
= W.+W, +W,,=AK (1)

This formula happens to be the master key to be
used for any kind of system.
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ILLUSTRATION 40

A particle is launched straight up with a kinetic
energy K up a rough inclined plane of inclination
6 and coefficient of friction u. Prove that the work
done against friction before the particle first comes to
uKcoso

Sin@+ prcosf

rest is

SOLUTION

Let us consider the mass of the particle to be m, the
normal reaction on the particle exerted by the plane
to be N, the initial velocity of the particle to be v
and the distance travelled by the particle up the plane

before it first comes to rest be |.
N Momentarily
at rest
LN

v
[ mg

Since W,. = AU +AK
. 1 2 1,
= —(uN)l=mglsinf+ Em(ﬂ) o

v=0

l
K

|
i!sina
] |
= —umglcos®=mglsind—-K
= K=mglsin0+ umglcoso
= K=mgl(sin@+ ucosh)
The work done Wjr
f=UuN = umgcosf is given by

against friction force

UK cos6

W, = uNI = umglcos = ———
r=H Hs sinf+ pcos@

Please note that when we write “work done by friction
force” then we shall be applying the negative sign
with the work done but when we write the “work done
against friction”, then we do not apply a negative sign
with the work done.

ILLUSTRATION 41

Ablock slides along a track from one level to a higher
level, by moving through an intermediate valley as
shown in Figure. The track is frictionless until the

block reaches the higher level, where a frictional force
stops the block after it covers a distance d. If the coef-
ficient of kinetic friction between the block and the
rough surface is 0.6, the initial speed of the block is
v, =6 ms !, the height difference /1 =1.1 m, then cal-
culate d. Take g =10 ms .

SOLUTION

According to Modified Work-Energy Theorem, we
have

W,. =AU+ AK
Applying this for the motion of block till it stops, we
get

—umgd = mgh —%mvé

L g -2t
2ug
= 36_2X10X1'1=1.167m
2x0.6x10

ILLUSTRATION 42

A body of mass m was slowly hauled up the hill
as shown in the figure by a force F which at each
point was directed along a tangent to the trajectory as
shown in Figure.

Calculate the work performed by this force, if the
height of the hill is /, the length of its base is I and
the coefficient of friction is p.
SOLUTION
Four forces are acting on the body

1. the external applied force (F)

2. weight (mg)
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3. normal reaction (N)
4, friction ( f ]
Using Work-Energy Theorem

I/vtotal =AK
= W.+W_ +W,,=AK

= W, .+W, =AU+AK
Since the body is hauled up slowly, so

Kf =K!' =0
= AK=0
= W,_+W, =AU (1)

Since, AU = -mgh and at all instants, the normal reac-
tion is perpendicular to displacement at all points, so
work done by the normal reaction is Wy, =0.

To calculate the work done by the non-conserv-
ative force i.e. friction, let us consider a very small
displacement dr given to body. The magnified view
of this is shown here in Figure.

AT
: !

VY ' —

Since, f = pmgcos®
Also, (dWyp ), =~ fis

= (dWyy), =—(umgcos8)ds

f

= (dWy )f = —umg (dl) {" dscos@=dl}

I
= W= —pmgjdl = —umgl

0
Substituting these values in Equation (1), we get

Wi =mgh+ pumgl

ILLUSTRATION 43

A particle of mass m is attached to one end of a light
elastic string whose other end is fixed to a point O on
an inclined plane having inclination angle 45° with
the horizontal. The natural length of the string is / and
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its force constant is g . The particle is held on the
inclined plane so that the string lies just unstretched
along a line of greatest slope and then released from
rest as shown in Figure.

45°

(a) If the inclined plane is smooth, then find the low-
est position that can be reached by the particle.
Also locate the equilibrium position.

(b) Assume that the inclined plane is rough enough
with coefficient of friction between the particle
and the plane to be p. If the particle stops in first
descend after covering a distance d along the
greatest slope, then find d .

Please note that all the positions have to be measured
with respect to the point O.

SOLUTION

(a) When the particle reaches the lowest position,
then it momentarily comes to a stop. If x_,. be
the extension of the string when the particle is at
its lowest position

X
T, N = Xppay SIN(A5°)

m .

By Law of Conservation of Energy, we have

( Loss in GPE ) ~ (Gain in EPEJ

of the particle of the string

201 )
= Ny = V2

So, the lowest position is located from O at a
distance

L =l+x,, =1+21=(142)1
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For equilibrium of the particle, the component of
the weight acting down the incline is balanced by
the elastic force.

= mgsin(45°) =(¥)xeq

/
= Xy ==
eq \/E
So, the equilibrium position is located from O at
a distance

L =T+x, :I+%:l[1+%)

(b) According to Modified Work-Energy Theorem,
we have

= W,.=AU+AK
= W, =(AU, +AU, )+ AK

where Aug is the change in gravitational poten-

tial energy of the mass and All, is the change in
elastic potential energy of the string. Please note
that the initial velocity and the final velocity of
the mass both are zero and hence AK =0.

Rough
surface

3

= —umgdcos(45°) = —mgdsin(45°) +%kd2

= %(?)dz + umgd cos(45°) = mgdsin (45°)

d pn 1

=

TN
= d=«/§[(1—y)

ILLUSTRATION 44

A horizontal plane supports a plank with a bar of
mass 1 kg placed on it and attached by a light elastic
non deformed cord of length 40 cm to a point O as

shown in figure. The coefficient of friction between
the bar and plank is 0.2. The plank is slowly shifted to
the right until the bar starts sliding over it. It occurs at
the moment when the cord deviates from the vertical
by 30°. Calculate the work done (in millijoule) that
has been performed by that moment due to friction
force acting on the bar in the reference frame attached
to the plane.

0]

SOLUTION

The intermediate force diagram of the system, when
the cord makes an angle 6(< 30°) is shown in Figure.

At this instant, the extension in cord is

x:L—I:I(seCB—l) ..(1)
cos6

If the force constant of the cord is k, then the tension
developed in the cord is given by T = kx
The bar will start sliding when

kxsin6= f; = uN (2)
where N +kxcos@=mg
= N=mg—kxcosé
Substituting this value of N in equation (1), we get
kxsin@ = p(mg - kxcos6)
=  kx(sin0+pcos@)= umg

pmg

= k=
x(sin@+ pcos)

Substituting the value of x from equation (1), we get

pmg

= =
I(secO—1)(sin@+ pcos@)
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L]
According to Modified Work-Energy Theorem
(MWET), we have

W, = AU+ AK

where, AU = %kxz and AK=0

1 kx?
= Wnc = Ekx2 = T

Alternatively, you can also think that in the process
of shifting the plank slowly (AK =0), the total work
done against friction just increases the elastic poten-

tial energy of the cord by AU = %kxz. So, work done

against friction is equal to the increment in potential
energy of the spring

pmgl* (secf-1)

= =
" 2l(sec6-1)(sin6+ ucos6)

_ umgl(1-cosB)
2c0s0(sin6+ pcoso)

Substituting the numerical data, we get

W=0.09]=90 m]

ILLUSTRATION 45

a block of mass m is resting on a smooth hori-
zontal surface. It is connected to a rigid wall by a
light spring of spring constant k. The spring is in
its natural length and a constant horizontal force F
starts acting on the block towards right as shown in
Figure.

—pF
—

Calculate the speed of the block when extension in
the spring is x and when the block passes the equi-
librium position. Also calculate the maximum exten-
sion produced in the spring.
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SOLUTION
According to the Modified Work-Energy Theorem
(MWET), we have

Wext:Au+AK (1)

When the applied external force F displaces the
block through x, then the spring also extends by x.
If v is the velocity of the block at this instant then,
we have

1 1
W = Fx, AU =EkXZ , AK =Emu2

Substituting these values in equation (1), we get

1
Fx==kx’ +lmz)2
2 2

[ 2
I 2Fx —kx Q)
m

When the block passes the equilibrium position, then
net force on the block is zero as shown in Figure.

N
A
v
—>
kXeq 4 »F

v

mg
=  F=kxy
_F
= xeq = E

Since from equation (2), we have

2Fx —kx?
’U=1’—
m

I3
Substituting x,, = E in this equation, we get

At the maximum extension, speed of the block
becomes zero, so from equation (2), we get at
X=Xy, 0=0.
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ae
oF o sphere. Now, due to this force the block is displaced

— £ Xmax ~K¥max _ 0 to the left by Rsin6 as shown in Figure.

m

m

2F Tede———r 3
= Xpax = h=R(1-cos6)

k M3 d—tg e

ILLUSTRATION 46

A block is lying at the top of a smooth sphere of
radius R . The sphere begins to accelerate with a con-
stant horizontal acceleration a . Calculate the speed
of block when it is at an angular position 6 from the
initial position relative to the sphere.

According to Modified Work-Energy Theorem

SOLUTION (MWET), we have
First of all, we need to understand that since the block Wiseudo = AU +AK

lies on the sphere, so let the speed of the particle be 1
v with respect to the sphere (that happens to be the = E, Ax = —mgh +imp?
ground for the particle). However, the sphere is accel- 2
erating and hence it becomes a non-inertial frame for

. ) = lfrmesir'lEiz—ng(l—cost?)+1nfm2
the particle due to which a pseudo force Pp 2

seudo — Ma

acts on the block opposite to the acceleration of the = 4= \/ R(asin8+ g(l—cos@))

@ Test Your Concepts-IV

Based on Work Energy Theorem for Non-conservative Systems
(Solutions on page H.13)

1. A box of mass m is gently placed on a conveyor (a) the force of friction
belt that moves at a constant speed v. The coef- (b) the speed of the block as it leaves the spring.
ficient of kinetic friction is . 3. The block of mass M shown in figure initially has a
(a) What is the work done by friction? velocity v, to the right and its position is such that
(b) How far does the box move before reaching the spring exerts no force on it, i.e., the spring is nei-
its final speed? ther stretched nor compressed. The block moves to

(c) When the box reaches its final speed, how far
has the belt moved?
2. Ablock of mass m=0.2 kg is held against, but not

attached to a spring (k=50 Nm™) which is com-

pressed by x, =20 cm, as shown in figure. When the right a distance [ before stopping in the dotted
the block is released, the block slides d =50 cm up position shown. The spring constant is k and the
the rough incline before coming to rest. Find coefficient of kinetic friction between block and
the table is .

d (a) What is the work done on it by the friction

force?
(b) What is the work done on it by the spring

force?
37° (c) Are there other forces acting on the block and

if so, what work do they do?
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(d) What is the total work done on the block?
(e) Use the work-energy theorem to find the value
of lin terms of M, vy, i, g and k

A block of mass M slides along a horizontal table
with speed v,. At x = 0 it hits a spring with spring
constant k and begins to experience a friction force.
The coefficient of friction is variable and is given
by u=bx where b is a constant. Find the loss in
mechanical energy when the block has first come
momentarily to rest.

g} i

In a truck-loading station at a post office a small
package of mass m = 200 g is released from rest at
point A on a track that is one quarter of a circle with
radius R =2 m. The size of the package is much less
than 1.6 m, so the package can be treated as a par-
ticle. It slides down the track and reaches point B
with a speed of 4 ms™'. From point B it slides on a
level surface a distance of | =4 m to point C, where
it comes to rest.

t—/—»

(a) What is the coefficient of kinetic friction on
the horizontal surface?

(b) How much work is done on the package by
friction as it slides down the circular arc from
AtoB?

Take g=10 ms™

A5 kg block is attached to an unstretched spring of
constant k=2000 Nm™". The coefficients of static
and kinetic friction between the block and the
plane are 0.6 and 0.36, respectively. If a force F is
slowly applied to the block until the tension in the
spring reaches 100 N and then suddenly removed,
determine

k
5kgl—»F

(a) the velocity of the block as it returns to its
initial position,
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(b) the maximum velocity achieved by the block.
Take g=10 ms™

An object of mass 5 kg falls from rest through a
vertical distance of 20 m and reaches a velocity of
10 ms™". Calculate the work done by push of the
air on the object.

Take g=10 ms™

Two blocks of masses m; and m, connected by a
light spring rest on a horizontal plane. The coeffi-
cient of friction between the blocks and the sur-
face is equal to 1. What minimum constant force
has to be applied in the horizontal direction to the
block of mass m, in order to shift the other block?
A disc of mass 50 g slides with the zero initial veloc-
ity down an inclined plane set at an angle 30° to
the horizontal. Having traversed a distance of
50 cm along the horizontal plane, the disc stops.
Find the work performed by the friction forces over
the whole distance, assuming the friction coeffi-
cient 0.15 for both inclined and horizontal planes.
Take g=10 ms™.

In the arrangement shown in figure m, =4 kg and
mg =1kg. The system is released from rest and
block B is found to have a speed 0.3 ms™" after it
has descended through a distance of 1 m. Find the
coefficient of friction between the block and the
table is u. Neglecting friction elsewhere and taking

g=10ms™,

©
(T

A body of mass m =1 kg was slowly hauled up a
rough hill having friction coefficient 0.5 by a force
F, which at each point was directed along a tangent
to the trajectory. Calculate the work done against
friction.
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RELATION BETWEEN Fc AND U

Any conservative force F. equals the negative gradi-
ent (V) of the potential energy U . So,

F=—§’u=—(fau+}au+§w)

Problem Solving Technique(s)

(a) Gradient is represented by the symbol V. (Read
as Del Operator or Nabla Operator).

(b) Geometrically it gives slope of a scalar function in
3-D space.

(c) Gradient can only be applied on scalar functions
and never on vectors.

(d) Once gradient is applied on a scalar function the
result thus obtained is a vector.

(e) Mathematically, V=i O ;i w2
dx “dy oz
- o U -dU -~dU
S0, F=-VU=—|i—+j—+k—
[ ax Ty oz )
where,
Partial Derivative of U w.r.t.x
du : o
™ =| ie. Derivative of U w.rt.x
X
keeping y and z constant
U Partial Derivative of U w.r.t.y

I.e. Derivative of U w.rt.y

dy keeping x and z constant
3 Partial Derivative of U w.r.t.z
U : L
—=| e Derivativeof Uw.rt z
dz keeping x and y constant
EXAMPLE
If U=kxy, k is a constant, then
= U -dU -~dU
F=—|i—+j—+k—
( x Ty )
ou au Ju
Now, —=ky, —=kx, —=0
x Yy TNy

So, F= —k( yf+xj‘) is the force corresponding to
potential energy function U = kxy.

ILLUSTRATION 47

The potential energy function for a particle in a region
of space is given by U= 2+ 3y3 +2z, in joule.
Calculate the force acting on the particle at the point
(1,2,3) m. Assume that x, y and z are expressed in
metre.

SOLUTION

Since we know that,

= F=—(dxi 49y +2k)

= (41 +36]+2k) N

at (1,2,3) m

ILLUSTRATION 48

Force acting on a particle in a conservative force field

is F= (2x§+3y2}). Find the potential energy func-
tion, if it is zero at origin.

SOLUTION
(v, y,z) (x,9,2)
du=- | F.dr
(0,0,0) (0,0,0)
(x.1,2)
== J (2xf+3y2})'(dxf+dy}+dzk)
(0,0,0)
(x.y.2)
= U(x,y,2)-U(0,0,0)=- J. (2xdx+3y2dy)
(0,0,0)

Since, we are given that U(0, 0, 0) =0
= U(x,yz)= —~(* +%)

ILLUSTRATION 49

The potential energy function for the force between
two atoms in a diatomic molecule can be expressed

approximately as u(r)=-L where 2 and b

Ty
276
are constants and r is the separation between the
atoms.
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(@) Determine the force function F(r).
(b) Find the value of for which the molecule will be
in the stable equilibrium.

SOLUTION
(@) The force between the two atoms is given by
du
F(r)=-22
' dr
122 6b
= F { ¥ ) = rF - r—?
—_ au
(b) For stable equilibrium F(r)=0 and 2 0
r
12a  6b
Thus, + F - r—;, =0
20 \"°
= r=|—
(5
POTENTIAL ENERGY CURVE

A graph plotted between the potential energy of
a particle and its displacement from the centre of
force is called potential energy curve. Figure shows
a graph of potential energy function U(x) for one
dimensional motion.

Ut

NATURE OF FORCE

Since the negative gradient of the potential energy
gives force i.e.

du
dx
(a) Attractive Force: On increasing x, if U increases,

F=

du . . .
then — = positive i.e. F is negative and hence
x

force is attractive in nature. In graph this is repre-
sented in region BC.

(b) Repulsive Force: On increasing x, if U decreases,

dl o e
then ol negative, i.e. F is positive in direction
X
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i.e. force is repulsive in nature. In graph this is
represented in region AB.
(c) Zero force (OR Equilibrium): On increasing x,

if U does not change, then ii_u =0 ie. F is zero
x

Points B, C and D represent the point of zero
force or equilibrium is attained by the particle at
these points.

TYPES OF EQUILIBRIUM

If net force acting on a particle is zero, it is said to be
in equilibrium. Since the force acting on a particle is
dau
dx
So, for equilibrium, we have
au
dx

However, equilibrium of particle can be of three types
as explained.

F=

0

Stable

When a particle is displaced slightly from a position,
then a force acting on it brings it back to the initial
position, it is said to be in stable equilibrium position.
In stable equilibrium, the potential energy is mini-
mum i.e.

du d*u

F= _E =0 and F = positive

i.e. rate of change of i—u is positive.
X

&

A marble placed at the bottom of a hemispherical bowl.

EXAMPLE:

Unstable

When a particle is displaced slightly from a position,
then a force acting on it tries to displace the parti-
cle further away from the equilibrium position, it is
said to be in unstable equilibrium in which potential
energy is maximum, i.e. when
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2
F= _d_U =0 and d—u = negative
dx dx*

i.e. rate of change of Z—u is negative.
x

EXAMPLE:

A marble balanced on top of a hemispherical bowl.

Neutral

When a particle is slightly displaced from a position
then it does not experience any force acting on it and
continues to be in equilibrium in the displaced posi-
tion, it is said to be in neutral equilibrium in which
potential energy is constant, i.e. when

2
F=—d—u=0 and d—f=0
dx dx

i.e. rate of change of i—u is zero.
X

EXAMPLE:

A marble placed on horizontal table.

ILLUSTRATION 50

The potential energy of a conservative system is

given by U =ax” -bx, where a and b are positive
constants. Find the equilibrium position and discuss
whether the equilibrium is stable, unstable or neutral.

SOLUTION

In a conservative field F = _‘i{_u
X

= F=—i(ax2—bx)=b—2ax
dx

ae
For equilibrium F =0
= b-2ax=0
b
= x=—
2a
2
From the given equation we can see that el =2a
X

(positive), i.e.,, U is minimum. Therefore, x = % is
a

the stable equilibrium position.

ILLUSTRATION 51

The potential energy of a particle of mass 1 kg free to

2
move along x-axis is given by U (x)= (% - x) joule.

If total mechanical energy of the particle is 2 ], then
calculate the maximum speed of the particle. Ignore
all other forces and assume that the conservative
force corresponding to above potential energy is only
acting on particle.

SOLUTION

The total mechanical energy of the particle at any
instant is sum of kinetic and potential energy of the
particle. So, we have

KE+PE=2]
2
= 1nfnf)z+(x——1«f)=2
2 2
= 0P=2r-x"+4 (1)

For maximum speed v, we have

d( -

fadl =0

dx(v)
= 2-2x=0
= x=1m

So, the speed is maximum at x=1m and this maxi-
mum speed is obtained by substituting x=1min
equation (1).

v =2-1+4

max

_ -1
= Umax - \/5 ms
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Test Your Concepts-V

Based on Relation Between Conservative Force and
Potential Energy and Types of Equilibrium

(Solutions on page H.15)
1. The potential energy function of a particle in a

) Ui
region of space is given by U= (2xy+yz) ), where
X,y and z are in metre. Calculate the force acting on
the particle at a general point P(x, y, z).
2. Suppose that the potential energy U in some region
)

of space is given by

) U ) Uk
U(x, y, z)=Uqexp(-az)cos(ax), ¥
where a is a positive constant. Find the force cor-
responding to this potential energy.
3. Find the potential energy function U(x,y) cor-

. =4 T 2 2\~
responding to a force F=2axyi +“(X -y )J 7. Anparticleis placed at the origin and a force F = kx
where a is a constant. Assume that the potential is acting on it (where k is a positive constant). If
energy at the origin is U,. U(0)=0, the graph of U(x) versus x will be :

4. A force s given by !?:—4(y?+x}). Calculate (where U is the potential energy function)

the potential energy at (2, 3) m assuming that the (A) H(X) (B) Uk)
potential energy at the origin is —4 .

5. A particle is moving along x-axis has poten- X ?X
tial energy U=(2—20x+5x2)joule where x is / \

in metre. The particle is released at x=-3m.

Calculate the maximum value of x. () Ul (D) Ut
. . . . A A
6. A particle, which is constrained to move along
x-axis, is subjected to a force in the same direc- \ |/ . S | N

tion which varies with the distance x of the particle -
from the origin as F(x)=—-kx+ax’. Here, k and
a are positive constant. For x 20, the functional

form of the potential energy U(x) of the particle is
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MOTION IN A VERTICAL CIRCLE

MOTION IN A VERTICAL CIRCLE

Consider a particle of mass m attached to a string of
length r as shown in Figure.

H

- ~

]
i 1
! -4 | vi<u) cos g=r=h
1 } b
o (r-h) p
A
N { _____________ WP
N A
~h
_______________ i: z= =4
m
Zero Potential Energy Level L u g
(ZPEL)

Let the particle be whirled in a vertical circle (of
radius r), then the speed of the particle is different
at different points of the vertical circular path. Due
to this, the centripetal force on the particle and hence
the tension in the string changes continuously. Let the
particle have speed u at the lowest point L, v atany
point P and vy at the highest point H. At the point
P, the following forces act on the particle.

(i) the weight of the particle, mg, acting vertically
downwards.
(ii) the tension T, in the string.

VELOCITY AT THE POINT P

Let us consider an intermediate point P (between L
and H), such that it is at a vertical height / from the
lowest point. If this point makes an angle 6 with the
initial position of the string, then we have
cosf = r=h
B

Assuming the zero potential energy level (ZPEL) line
to pass through L (as shown) and using the Law of
Conservation of Mechanical Energy, we get

Version 11

(U+K), =(U+K)p

Version 1
Loss in KE = Gain in PE

1 1
=  —mu*-—mo*= mgh
2 2

0+ 1rmtz = mgh +lmi’)2
2 2

So, from both we get
v =u* -2¢h (1)

= ov=u’-2gh ..(2)

TENSION IN THE STRING AT ANY POINT P

The net force, T —mgcos@, acting radially inwards is
responsible for providing the centripetal force to the
particle to move in a circle of radius r. So, we have

i‘TIUz

T -mgcosf=— ..(3)

mg cos 6

mg

Inertial Frame

: r—h
Since cosf=—— and v” = u” —2gh, so we get
r

r

T—mg[;h)—ﬁ(uz—Zgh)

¥ r

= T:E(uz—Sgh+gr) ..(4)

r

We could have obtained the same result when
observed from the frame attached to the particlei.e, a
non-inertial frame as shown. From the frame attached
to the particle it appears as if the particle is in equilib-
rium, so we have

T=mgcosf+ v {same as (3)}
r
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TENSION AT THE LOWEST POINT L

At the lowest point L, 1 =0, so we get

TL=E(u2+gr) ...(5)

¥

TENSION AT THE HIGHEST POINT H

At the highest point H, h =2r, so we get
n
Ty =?(u2—5gr) ...(6)

So, from (5) and (6), we observe that

T, - Ty = 6mg - (7)

CONDITION FOR LOOPING THE LOOP

For “looping the loop” i.e., to just complete the loop,
we must have

T, >0
= u*-5gr20

TH>0

V5gr

= U=y =408

So, the minimum velocity (with which the particle
should be launched from the lowest point) such that
it just completes the circle is

UyN = 4087 .(8)

Unin = V5gr

1.47

Corresponding  to  this minimum  velocity

Uy = /587, velocity at maximum height H is

obtained by putting 1 =2r in v= Ju? -2gh ,so
v=,/5¢r-2g(2r) =\/§

TENSION AND VELOCITY AT THE POINT M
(MIDWAY BETWEEN L AND H)

At the point M, midway between L and H, we have
h=r,sowe get

Dy =AU —-2gr and Ty, = ?(uz —Zgr)

Now, from these equations, we observe that the
particle will reach M only when

u® > 2gr

= ux,/2gr

FOR 0 < u <./2gr (BETWEEN L AND M)

For u < /2gr, the particle will not reach M and will
oscillate between M and M.

H
r’-'-.-""-.
/’ \\
. ~
4 ~
rd N
4 A
’, N
/ A\

’ \
I \
! \
I \
I 1
1 1
Mo 0 oM
\ 1
\ J v=\u2-2gh

\ N
\ S
T
\
N + L,
\\g‘ e

L 0<u<\’2_gr

So, for u<,/2¢r, it will oscillate between P and

P’ with v=0 at P (and P’) and also everywhere
between P and P’ we observe T #0.
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u<~\N2gr

ie., for u<,29r we observe that v becomes zero
8

earlier than T and hence the motion is reversed at
P (or P’) when v=0 ie., the point of reversal of

motion.

FORu=2gr

For u=,/2gr , the particle will just be able to reach
M (or M’)i.e., it will still now oscillate between M
and M. Significantly, we observe that at M (or M")
we have v, =0 aswellas Ty; =0 ie., vy =7, =0

and Ty, =T, =0

FOR ./2gr <u <,/5gr (BETWEEN M AND H)

For this region we observe that T becomes zero
before v (as discussed and concluded from the pre-
vious discussion). Hence for this region, we observe a
point, say A, such that at this point A, tension in the
string is zero (just as if it was absent) and the velocity
of the particle at this point is non-zero.

Regionof T=0,v#0
for N2gr < u < \5gr

i
I
T=0,v=0
T ¢ for u = \2gr
1
\
\\‘ ,,’/ Regionof T#0,v=0
-o--
T+0 L for 0 <u <~2gr
v#0

Due to this non-zero velocity of the particle (and the
string being absent, T =0) at A , the particle behaves
like a projectile, launched from A (with a non-zero
initial velocity) and is then free to move under the
influence of gravity.

H
eV

]
1
\ Parabolic
‘\ path
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e
Applying Law of Conservation of Energy, we get
(U+K)yp = (U+K)qyn

2

1 1
= 0+Emu =mg(r+rsin¢))+imvz (1)

Now, at A, we have T =0, so we get

mgsing
mg
2
mgsing = e
’
= Uz=grsinq) -(2)

Further for an oblique projectile launched from
A, with initial velocity v at an angle of projection
o(=90-¢) we have

2

& .(3)

y=xtano—
20% cos’ o

2

QX
2v” cos” (90-¢)

= y=xtan(90-¢)-

= =xcotp- gxz
J 2(glsing)sin” ¢
= y=xcotp- gx2 ..(9)
2g1sin® ¢

Now, if we asked to find the condition for the projec-
tile to pass through (say),

(a) the point of suspension C, then we find the coor-
dinates of C(rcos¢, —rsin¢) and use equations
(1), (2) and (3) (or (4)) to get the desired results.

(b) the lowest point L, then we find the coordinates
of L(rcos,~r(1+sin¢)) and again make use of
equations (1), (2) and (3) (or (4)) to get the desired
conditions or results.

The following ILLUSTRATIONS make use of the fun-
damentals discussed above to have a smooth under-
standing of the concept.
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ILLUSTRATION 52

Abody weighing 0.4 kg is whirled in a vertical circle
with a string making 2 revolutions per second. If the
radius of the circle is 1.2 m. Find the tension

(a) at the top of the circle,
(b) at the bottom of the circle.

Given: g=10msand 7 =3.14
SOLUTION
Angular velocity
w=2 rev/s=4xrads” =1256 rad s™’
{++ 1rev=2r radian}
(@) At the top of the circle

mv2

T=—-mg
r

= T mra - mg =m{ra? —g)
= T=04(12x1256x1256-9.8) N=712N
(b) At the lowest point
T=m(ra)2+g)=80N

MOTION OF A BODY ON A SPHERICAL
SURFACE

Consider a small body of mass m, placed at the
top of a spherical fixed smooth surface of radius R.
When the body is given a horizontal velocity u, then
it moves some distance in circular path along the
spherical surface and at some point B, it breaks off
the surface i.e. loses contact with the surface (N =0)
and follows the projectile trajectory i.e. a parabolic
path. As shown in Figure.
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Let us first calculate the velocity of the body at
point B, when it makes an angle 8 with the verti-
cal position. This can be done by applying the Law
of Conservation of Mechanical Energy, according to
which, we have

Loss in GPE Gain in KE
of the Body | | of the Body

=  mgR(1-cos6)= %mv2 - % mu*

1 1
= Emvz = Emu2+ng(1—cosﬂ)

= U=\/u2+2gR(1—cosﬂ) (1)

When the body breaks off the surface, then the force
applied on the block by the sphere is zero i.e. N = 0.
At this point, the component of weight mg cos 6 act-
ing towards the centre of the circle provides the nec-
essary centripetal force to the body to move in a cir-
cular path, so we have

2
mo
mgcosf=——
& R

Substituting the value of v from Equation (1), we get
gRcos®=u” +2gR(1-cosh)
= 3gRcosf=u’+2gR

u2+ZgR
3gR

= cosf=

If the horizontal velocity u i.e. the velocity of projec-
tion of the body is given, then we can get the angle 6
with the vertical where the body leaves the spherical
surface and starts moving as a projectile.

ILLUSTRATION 53

A block of mass m is released from the top of a fric-
tionless fixed hemisphere as shown. Find

(a) the angle with the vertical where it breaks off.
(b) the velocity at the instant when it breaks off.
(c) the height where it breaks off.

SOLUTION

AtB, N=0
2

mo
= mgcosf=—"
R

= vg=,/gRcosd (1)

Now by equation of energy between A and B we
have,

0+mgR = %m'oé +mgh

Substituting v, from (1) and /1 = Rcosf, we get

Up = g gR and h= E from the bottom
'K 3

ILLUSTRATION 54

A small block of mass m is placed on the outer sur-
face of a smooth fixed sphere of radius R at a point
where the radius makes an angle ¢ with the verti-
cal. The block is given a small push such that it starts
moving on the surface of the sphere. Calculate the
distance travelled by the block before it leaves contact
with the sphere.

SOLUTION

When the block starts falling along the circular path,
then at the instant of breaking off the surfacei.e. when
the normal reaction force between the block and the
sphere is zero. Let 6 be the angle which radius makes
with the vertical at the instant when block leaves the
surface as shown in Figure.

h =R (cos ¢ —cos@)
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The necessary centripetal force is provided to the
block by the component of weight ngcos# i.e.

2
mo
—— =mgcosH
R g

= ©v=Rgcosb (D

where v is the instantaneous velocity of the block at
an angle 6 from the vertical. As the block falls from
rest through /i =R(cos¢—cos), then by Law of
Conservation of Energy, we have

Loss in GPE Gain inKE
of the Body | of the Body
=  me¢h= 1m:@z
§1=5
= v=,2gh
= v=\/2gR(cos¢—cost9) (2

Equating (1) and (2), we get
JRgcosf =/2gR (cosp - cosh)

= 3cosf=2cos¢

= 0= cos‘{%cosqﬁ)

Thus distance [ travelled by the box before leaving
the contact with the sphere is

1=R(6-9)

= l=R[cos'l(§cos¢)—¢}

ILLUSTRATION 55

A block is released from the top of a smooth vertical
track, which ends in a circle of radius r as shown in

figure.
T B

I A

A

(@) Find the minimum value of / so that the block
completes the circle.

(b) If /h=3r, find normal reaction when the block is
at the points A and B.

(c) If h = 2r, find the velocity of the block when it
loses the contact with the track.
SOLUTION

(a) For completing the circle, velocity at lowest
point of circle (say A) is ,/5¢r from energy

conservation
1 2
mgh = Em(,,‘Sgr )
= h= i
2
(b) h=3r
From energy conservation velocity at point A
and B are

mg(3r)= %mvi

= v, =.bgr

1
= mg(3r)=mg2r+ Emvﬁ

= UB=\/2?

Therefore, normal reaction at A and B is

2
muy

NA—mg=T

= N, =7mg

mvz

= NB+mg=—B
r

= Ny=mg

(c) h=2r
It loses contact with the track when normal reac-
tion is zero

m'oz

T=mgc059 (1)
From energy conservation

mgh=avrt(gfr(1+cos(ji)+%mv2 (2)
From (1)

and (2)
- [2g(h—r)_\/2_?
- 3 \3
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ILLUSTRATION 56

A heavy particle is suspended by a string of length |
from a fixed point O. The particle is given a horizon-
tal velocity v,. The string slacks at some angle and the
particle proceeds on a parabola. Find the value v, if
the particle passes through the point of suspension.

SOLUTION
Let the string slacks at point B as shown in figure.

h=1+Isinf=1(1+sin@) )
Applying Conservation of Mechanical Energy
between points A and B, we get

v =v[2)—2gh ..(2)
At point B, the string slacks, so we have

2
muv

T =0 and hence mgsinf = B

= = glsinf ...(3)

After B, path of the particle is a projectile and it
passes through O. Co-ordinate of point O with ori-
ginat B and x and y axes as shown in figure are:

(x,y)=(lcos®, —IsinB)

Angle of projection of the particle is o =90°-6 and
the velocity of projection is v. So, substituting the
above data in equation of an oblique projectile, i.e.,

gx’

y=xtano—
20% cos”

we get,

g([cos@)2
20% cos” (90°-0)

—Isinf=(lcos@)tan(90°-0)-

lcos’@ gl* cos’ 6

207 sin” 0

= —Isinf=—
sin®@

Substituting, v = g/sinf from Equation (3), we get

12 cos? 2

sind = gl* cos 6‘2 _lc?s 0
Z(glsine)(sin ) sind

=  2sin" 0=cos’ 6-2sin” Bcos’ O

= 2sin*6=(1-sin?0)-2sin’6(1-sin’6)
= 3sin’f=1

1

V3

From Equation (2), we get

= sinf=

v = 0" +2gh=(glsin®)+2g/(1+sin6)
= 92 =gl(2+3sin0)=gl(2++3)
= U= gl(2+\/§)

ILLUSTRATION 57

A particle is suspended vertically from a point O by
an inextensible massless string of length L. A vertical

line AB is at a distance of IE; from O as shown.

0]

-

=
o3

!

o
o

The particle is given a horizontal velocity u. At some
point, its motion ceases to be circular and eventually
the object passes through the line AB. At the instant
of crossing AB, its velocity is horizontal. Find u.
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SOLUTION

1 ., e
Let the string slacks at point Q as shown in figure. (Cosg_g) = sin’fcos§ = (1-cos”§)coso

From P to Q path is circular and beyond Q, path

is parabolic. At point C, velocity of particle becomes = cosf L cos0-cos’ 0
horizontal, therefore, QD is half of the range of the 8
projectile. = cosip=l

8

= cosf= E
2
= 6=60°
From Equation (1), we get
v* = gLsin@ = gLsin60°

h =L(1+ sin §) , 3
= v =7gL

Substituting this value of v* and 6=60° in
Equation (2), we get

u* =v" +2gL(1+sin @)

Now we have following equations: - u2=£ L42 L[l N ﬁ J
L G
(a) TQ=0
o2 = u2=@ L+2gL= L(2+ﬂ)
. ghtgL=¢
= mgsm6=T (1) 2 2
(b) v*=u®-2gh = u=1’gL(2+¥)=2.14\/g_L
v° =u’ -2gL(1+sin@) .(2)
1
(© QD= (Range) \)/ Conceptual Note(s)
2 o
. [Lcosg_%)J Sm22(90 ~6) Since u=214/gL = /464l
g
This value of u lies between /2gL and /5gL
1) v*sin20
= L|cosf@-—|= (3)
8 28

. . ILLUSTRATION 58
Equation (3) can be written as _

) Aheavy particle hanging from a fixed point by a light
( c0sf—1 ) _ { v ] sinfcosd inextensible string of length | is projected horizon-
8L tally with speed \/371 . Find the speed of the particle
From Equation (1), substituting value of and the inclination of the string to the vertical at the
) instant of the motion when the tension in the string is
{ U_J = sin@, we get equal to the weight of the particle.

gL
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SOLUTION

Let T =mg atangle 6 as shown in figure

h=1(1-cosf) ..

Applying Conservation of Mechanical Energy
between points A and B, we get

%m(uz—vz)=mgh

Here, u” = gl .-(2)
and v =speed of particle in position B
= v=u’-2¢h ..(3)

H’IUZ

Further, T —mgcos6 = e

2

= nig—mgcostE?:g (T=mg)

= 0" =gl(1-cosb) .4

Substituting values of ©*, u* and h from

Equations (4), (2) and (1) in Equation (3), we get
gl(1-cos@) = gl -2g1(1-cosh)

= cosé)=g
3

= 9=cos‘1(g)
3

Substituting cos6 = ; in Equation (4), we get

8l
3

=

CONDITION FOR LOOPING THE LOOP IN
SOME OTHER CASES

CASE-1: A mass moving on a smooth vertical circular
track.

Mass moving along a smooth vertical circular loop.
Condition for just looping the loop, normal at highest
point = 0. By calculation similar to article (motion in
vertical circle). Minimum horizontal velocity at low-

est pointis u,;, = /5¢!.

CASE 2: A particle attached to a light rod rotated in
vertical circle.

Condition for just looping the loop, velocity v=0 at
highest point (even if tension is zero, rod won't slack
and a compressive force can appear in the rod).

By energy conservation, velocity at lowest point

[

E My

=mg(2])

= Ui =48] {for completing the circle}

CASE 3: A bead attached to a ring and rotated.

) u

Condition for just looping the loop, velocity v=0 at
highest point (even if normal is zero, the bead will not
lose contact with the track, normal can act radially
outward).

By energy conservation, velocity at lowest point

%mufmn =mg(21)
min

= Uy, =48] {for completing the circle}
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CASE 4: A block rotated between smooth surfaces of
a pipe.

u
=

Condition for just looping the loop, velocity v=0 at
highest point (even if normal is zero, the bead will not

—y
@ Test Your Concepts-VI

1. A small body is allowed to slide on a frictionless
track from rest position as shown in figure. What
must be the minimum height in terms of R, so that
body may successfully complete the loop.

NG

2. A child revolves a stone of mass 0.5 kg tied to the
end of a string of length 40 cm in a vertical circle.
The speed of the stone at the lowest point of the
circle is 3 ms™' . Calculate the tension in the string
at this point.

3. Thebob of a simple pendulum of length L =2m has
amassm=2kgandaspeed u=Tms™ when the
string is at 37° to the vertical. Find the tension in
the string at
(a) the lowest pointin its swing
(b) the highest point
Given cos(37°)=0.8

4. The bob of a 2 m pendulum describes an arc of
circle in a vertical plane. If the tension in the cord
is 2.5 times the weight of the bob for the position
shown, calculate the velocity and the acceleration
of the bob in that position.

Based on Vertical Circle

Chapter 1: Work, Energy, Power and Conservation of Energy  1.55

lose contact with the track, normal can act radially
outward).
By energy conservation, we have

%mufmn =mg(2])

= Umin = \/4(?

So, the minimum speed, at the top, required to per-
form a vertical loop is 15.65 ms™.

{for completing the circle}

(Solutions on page H.16)
5. A small block with a mass of 0.8 kg is attached to
a cord passing through a hole in a horizontal fric-
tionless surface. The block is originally revolving at
a distance of 0.4 m from the hole with a speed of
Tms™". The cord is then pulled from below, short-
ening the radius of the circle in which the block
revolves to 0.2 m. At this new distance the speed of
the block is observed to be 4 ms™. Calculate the
(a) tension in the cord in the original situation
when the block has speed v=1ms™".

(b) tension in the cord in the final situation when
the block has speed v=4 ms™.

(c) work that had to be done by the person pull-
ing the cord.

6. A spring of spring constant k is compressed and
suddenly released, sending the particle of mass m
sliding along the track shown. Determine the mini-
mum spring compression & for which the particle
will not lose contact with looping the loop track.
The sliding surface is smooth except for the rough
portion of length | equal to radius of the loop, R,
where the coefficient of kinetic friction is y,.

B
5
‘_
k
m —» —»
———P

I=R
Rough area g,
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7. Aparticle is projected along the inside of a vertical

hoop of radius r from its lowest point with such a
velocity that it leaves the hoop and returns to the

point of projection again. Find the velocity of pro- ol
jection and determine where the particle leaves the |
hoop.

. A bob B of mass m of the pendulum AB is given om

an initial velocity \/ﬁ in the horizontal direction.
Calculate the maximum height of the bob from the
starting point if AB happens to be a very light

(a) rod.

(b) string.

BO

. Two point masses each of mass m are connected
to the light rod of length [ which is free to rotate in
a vertical plane as shown. Calculate the minimum
horizontal velocity is given to mass so that it com-
pletes the circular motion in vertical plane.

10. You may have seen in a circus a motorcyclist driv-

11.

ing in vertical loops inside a death well (a hollow
spherical chamber with holes, so that the cyclist
does not drop down when he is at the uppermost
point, with no support from below. What is the
minimum speed required at the uppermost posi-
tion to perform a vertical loop if the radius of the
chamber is 25 m?

A stone tied to a string of length 5 m is whirled in
a vertical circle with the other end of the string at
the centre. At a certain instant of time, the stone is
at the lowest position and has a speed of 10 ms ™"
Calculate the magnitude of the change in velocity
as it reaches a position where the string is horizon-

tal. (Take g=10ms™’ )
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Two plates of masses m; and m, are connected by
a spring of force constant k. What force should be
applied to the upper plate such that when the force is
removed, the lower plate is just raised? Disregard the
mass of the spring.

SOLUTION

Let F be the required force applied on the upper
plate in the downward direction. If x; be the depres-
sion produced in the spring. Then for equilibrium,
under the influence of

(a) the downward applied force F,
(b) upward spring force kx and
(c) the weight mg always acting downwards

= F+mg=kxq (1)

When released, let the spring extend by x,. The lower
mass will be lifted if
kxy 2m,g ..(2)

Applying the Law of Conservation of Mechanical
Energy between the initial and final positions of the
spring, we get

. Energy
nersy Loss Gained Gain
Gained ) )
by Sprin + n = by + n
Y opring GPE Spring GPE
due to
i of my due to of my
compression .
extension

Since m, stays on the ground, initially and finally, so
we have not taken any term that involves the poten-
tial energy of the mass m, .

= %kx]2 — M gx; = %kx% +m,8%,

SOLVED PROBLEMS

= %1’0{12 = %kx% +mg(x; +2, )

= Kxl=Kx +(2m1gx1 +2m, gx, )k

= (kxl—mlg)z=(kx2+m1g)2

= kxl—m]g=(kx2+m]g)

= F+mg-mg=kx, +m,g) {using (1)}
= F=ko+mg

= ky=F-mg

For lifting the lower mass, kx, > m,g
= F-mgzmg

= Fzmg+mg

For just lifting, F = (m, +m, )g

A spherical ball of mass m is kept at the highest point
in the space between two fixed, concentric spheres
A and B (see figure). The smaller sphere A has
aradius R and the space between the two spheres
has a width d. The ball has a diameter very slightly
less then d. All surfaces are frictionless. The ball is
given a gentle push (towards the right in the figure).
The angle made by the radius vector of the ball with
the upward vertical is denoted by 6 (shown in the
figure).

Sphere B

Sphere A

(a) Express the total normal reaction force exerted
by the spheres on the ball as a function of angle 6.
(b) Let Ny and Ny denote the magnitudes of the
normal reaction forces on the ball exerted by
the spheres Aand B, respectively. Sketch the
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variations of N, and N as functions of cos &

in the range 0 <6<7 by drawing two separate
graphs, taking cos@ on the horizontal axes.

SOLUTION

()

(b)

h:(R+g)(1—cosﬂ)

Velocity of ball at angle 6 is

d
vz=2gh:2(R+E)(1—am9)g (1)

Let N be the total normal reaction (away from
centre) at angle 6. Then

mvz

(r+)

Substituting value of v* from Equation (1), we

get
mg cos@— N =2mg(1-cos6)

mgcosf—N =

= N=mg(3cosf-2)

The ball will lose contact with the inner sphere
when

N=0
= 3cosf-2=0

= 6=cos‘1(g)
3

After this it makes contact with outer sphere and
normal reaction starts acting towards the centre.

Thus, for 65(:05"1(%)
N; =0
and N, =mg(3cosf-2)

and for 6> cos ™ (%)

NA :0
and Ny =mg(2-3cosf)

The corresponding graphs are as follows:

t » cosd
-1 2/3
Ng
A
| 5mg
1
l
I
! 2 mg
|
¢ p cosf
-1 2/3 +1

Two blocks of mass my =2kg and m, =4 kg are
attached by light ideal spring of force constant
k=1000 Nm™". The system is kept on a smooth
inclined plane inclined 30° with horizontal. A force
F=15N is applied on n1; and system is released
from rest. The block m, is attached with a light
string whose another end is connected with a mass
ms =1kg. Assume initially the spring is at relaxed
position and the system is released from rest. Find the
maximum extension of the spring.
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SOLUTION

At some instant of time let m; be displaced down-
wards by x; and m, be displaced downwards by x,,
with x, > x;. Elongation of spring at this instant is
then given by

Writing equation of motion for m;, m, and m;, we
have,

For m, , we have

mgsin@+kx —F = ma,

i kx—F
- al=m1g51nnfi+ X )
1

For m,, we have
T +m,gsin@—kx = m,a, ..(2)

For m;, we have

myg —T = mya, .(3)
Adding (2) and (3), we get
inf-k
az:ngsmﬁ X +1M3g @)

Acceleration of m, relative to m, is given by

inf—k i kx—F
- a=m2gsm9 X+myg  mygsinf+kx

(my +my) My

Substituting the given values, we get

a=28.5-700x
U@ =8.5-700x
dx
D Xmax
= J.vdv = J (8.5—700x ) dx
0 0

= X =0024m

= Xpa =24 cm

A smooth circular tube of radius R is fixed in a verti-
cal plane. A particle is projected from its lowest point
with a velocity just sufficient to carry it to the high-
est point. Calculate the time taken by the particle to
reach the end of the horizontal diameter.
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SOLUTION

Minimum velocity of particle at the lowest position
to complete the circle should be ,/4gR inside a tube.

So, u= \/élgiR

At any instant, /1 has a function of 6 is given by
Since, = R(1-cos6)

= vr=ut- 2gh

= ©v*=4¢R-2gR(1-cosh)

= ©v*=2gR(1+c0s8)

= o'= ZgR(Zcosz(g))

= 0v=2 chos(g)

ds
Since v=—
dt

= ds=vuvdt
Since, ds = Rde

= Rdezzﬁcos(g)-dt

m/2

t
= Jdt=1 EJ‘sec(g)d(ﬂ
2\ g 2

0 0

R o o\’
= t= —[ln(sec—ﬂan—)]
8 2 27

. f:\ﬁln(nm
g

A heavy particle slides under gravity down the
inside of a smooth vertical tube held in vertical plane.
It starts from the highest point with velocity ./2ag,
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where a is the radius of the circle. Find the angular  [gi{el:]84/K3
position 6 (as shown in figure) at which the vertical A particle is constrained to move on a smooth vertical

acceleration of the particle is maximum. circular hoop of radius a. It is projected from the low-
vp = 2ag est point with velocity just sufficient to carry it to the

highest point. Find the time after which the reaction
between the particle and the hoop is zero.

SOLUTION
vy =+/4ga

v* =05 -2¢h= (\/@)Z —2ga(1+sin6)

SOLUTION
At position 0, we have
2.2
v =0, +2gh h=a(1 +sin6)
where h=a(1-cos6)

= 0 =(\/ﬁ)2 +2ag(1-cosb)

= 0" =2ag(2-cosh) (1)

2 o
Also, we have 0” =2ga(1-sinf)

2 mv2

N=0 at mgsin€=

N+mgcose=ﬂ -
a

0 ome (1
= N+mgcosf=2mg(2-cosh) = mgsinf=2mg(1-sinp)

.12
= N=mg(4-3cosh) = fO=sin 1(5)
Net vertical force acting on the particle is =  0=41.8° (with the horizontal)
F=Ncos0+mg=mg(4cosf-3cos* 0+1) Now, at angle &, (v')" =02 —2ga(1-cos ot)
This force (or acceleration) will be maximum when
i,
do

= —4sin@+6sinfcos8=0
=  sinf(—4+6c0s@)=0

OR ‘/ v

. . _ v,
Either sin0=0 cos b =§ 0
= 0=0 = (U’)2=(\/4ga)2—2ga(1—cosa)
(Not Acceptable) = O=cos’! ( g)
3 = (U’)2=2gﬂ(1+cosa)=4gacosz(%J

T -
Hence, the desired position is at 8= cos ( 3 o e 2COS( % ) Jz
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a
d B
= —a=2COS(E) b @ -
dt 2/\Na
—+0 ; 5
= J sec[%)dazz gJAt:HE Inital
0° " By Law of Conservation of Mechanical Energy,
/2460 we get
218t =21n] tan| Z+Z
= e Ny tan 4 4] Decrease in Increase in Increase in
Potential B Potential N Kinetic
. \/Ef _ ln[tan( TE, Q)] —ln[tan(fn Energy of Energy of Energies
a 4 8 4 4 mass 2m mass m of both
_ 8 B 1 (22)
= t=154 = ng(hs)—nzg(hA)+E(3m) v
a

= 2g(hy) =g () +50° 1)

The two particles of mass m and 2m respectively are
connected by a rigid rod of negligible mass and slide
with negligible friction in a circular path of radius r and hy =r(1-cos45°)=0.293r
on the inside of the vertical circular ring. If the system
is released from rest at 6 =0° determine

where hy =rcos45° =0.707r

Substituting the values, we get

(2)(0.707) gr = 0.293gr +1.50°

= v=0.864,[gr
(b) Atany angle 6, we have

(a) the velocity v of the particles when the rod
passes the horizontal position,

(b) the maximum velocity v,,,, of the particles and
(c) the maximum value of 6. hy = rsind
SOLUTION and h, =r(1-cos@)

(a) We observe that ZACB=90°

From constraint relations we conclude that 3
speeds of both the particles will be same. 2¢(rsinf)=gr(1-cosf)+ Evz

Hence equation (1) can be written as
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2

=0 =§gr(251n9+c059—1) (2

For v to be maximum, we have
2 (22)
—\v

ae
= 2cosf-sinf=0
= tanf=2

= Uy = \/igr(ZsinBJrcosB—l)

h%]

sing=—=

)

cosf=

&l

1

Substituting the values of 6 we get

Umax = 0.908, g7

(c) At 6=8,,,, velocity of both the particles will
momentarily be zero. Hence substituting v =0
in equation (2) we get

2sin@+cosf-1=0
Solving this equation, we get

0 =127°

max

A small object loops a vertical loop of radius R
in which a symmetrical section of 2a has been
removed. Find the maximum and minimum heights
from which the object after loosing contact with the
loop at point A and flying through the air, will reach
point B. Find the corresponding angles of the section
removed for which this is possible.

SOLUTION

Let v, be the speed of the object at point A. Between
A and B path of the object is a parabola, with

P

AB = Range
~  JRsina= 2u; sinorcos &
8
R
- =S (1)
cos o

By Law of Conservation of Mechanical Energy
applied at P and A, we get

mgH = mgR(1 +cos(x)+imv(2)

H vg
= —=14cosa+——
R 2gR

v 1
Since —> = —— {from equation (1)}

gR ~ cosa

H
= E=l+cosa+ =k {say}

2coso

= 2cos’a—-2(k-1)cosa+1=0

1
= cosza—(k—l)cosaJrE:O

= cosa=%(k—1i\/(k—1)2—2)

For roots to be real, the discriminant

(k-1 -220
= k=122
= k2(1+42) .2)
Also, we know that

cosar <1

= %((k—l)ﬂ/(k—l)z—Z)sl
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= (k-1)++(k-1)*-2<2
= J(k-1-2<2-(k-1)

= (k-1%-2<(2-(k-1))

= 4k<10
= k<25 ..(3)
Hence from (2) and (3), we get

1+42<k<25

= (14v2)R<H<25R {ask=%}
— 2414R<H<25R

For the limiting values of cosines we have for,

k=1+2
= k-1=42

2
= COs 0 =7

ie, o;=45% andfor, k=25
= k-1=15

_(15+05)
2

= cosa, =05 and cosoy =1

=  cosa,

= o,=60°and o5 =0°

So, 45° < <60°

A person rolls a small ball with speed u along the
floor from point A.If x =3R, determine the required
speed u so that the ball returns to A after rolling on
the circular surface in the vertical plane from B to
C and becoming a projectile at C. What is the mini-
mum value of x for which the game could be played
if contact must be maintained at point C. Neglect

friction.
C
|
: R
I
I
O—»u |
A B
e x ——P
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SOLUTION
(i) Let v be the velocity at the highest point, then

ot =u? -2¢h
= v’ =u’-4gR (1)
C
v -
l,f’ 1
! h=2R
/ I
(};b u E l
A B

M——3R—»!

After point C, path of the ball becomes projec-
tile with initial velocity in horizontal direction.
Hence substituting in

2
gx
=xtanf-———— (2
! 20 cos” 6 @
So, we get

g(3R)?
2(u? - 4gR ) cos? (0°)

—2R=3Rtan(0°)-

9¢R*

2R=————
- 2(u2—4gR)

= 4u° -16gR =9gR
2 25

= u" =—¢R
4g

{u >[5 gR}

(i1) Minimum value of v to maintain contact at C
is \/g_R . Hence substituting v = \/g_R in equation
(2), we get

2

“2R=xtan(0°)-— 5
2(gR)cos”(0°)
= 4gR2 = gxz
= x=2R

Hence minimum value of x is
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PROBLEM 10

A thin circular rod is supported in a vertical plane
by a bracket at A. Attached to the bracket and
loosely wound around the rod is a spring of constant
k=40 Nm™" and underformed length equal to arc
of the circle AB. A 0.2kg collar C, not attached to
the spring, can slide without friction along the rod.
The collar is released from rest at an angle 6 with the
vertical.

D
I
I
I
|
|
I
I
I

4

!

0,
|

I

I

I
B

(@) Make the equation for minimum value of 6 for
which the collar will pass through D and reach
point A.

(b) Determine the velocity of collar as it reaches point
A for minimum value of 6. (Take ¢ =10 ms ).

SOLUTION

(@) Compression of the spring in position C is

x=CB=R0=0.30 {R=03m}
The height difference between C and D is
h=R(1+cosf)=0.3(1+cosh)

By Law of Conservation of Mechanical Energy,
we get

1
—kx* = meh
) g

= ;(40)(0.39)2=(0.2)(10)(0.3)(1+c089)

= 6 =%(1+c056)

= 36> =1+cos@

(b) For the above angle, velocity of collar is zero at
point D. The height difference between A and
D is
h=R=03m

So, velocity of collar at point A is
v=\2gh =2(10)(0.3)

= 0=245ms"

PROBLEM 11

If the system is released from rest, determine the
speeds of both masses after B has moved 1 m. Neglect

friction and masses of the pulleys. ( g=10 ms > )

8 kg

SOLUTION

From constraint relations we observe that
3v, =2up

= vg=150,

= v —2U
A=
3

= s —25
A= 35
3

Now as the block B moves % m vertically down-

wards, block A will move % m along the plane or
%sin( 30°) vertically upwards.

By Law of Conservation of Mechanical Energy, we get

Decrease Increase Increase
in PE = inPE  |+| in KE of both
of block B of block A the blocks

= ©)(g)=(10)(g)| Zsin30° s

%(8)(95)%(10)(% P

5 so=%+%(8)(1.5%)%%uo)vg
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= 1§—O=llvi

= ©v,22ms " and v;=3ms"

PROBLEM 12

A block of mass m; is resting on a smooth horizon-
tal surface. A light spring of spring constant k is
attached to the block. Another block of mass m, is
moving with a speed u towards the stationary block
as shown in Figure. Calculate the maximum com-
pression in the spring.

u
k

—»
Ao 1)

Let us consider the motion of block m, as seen by
;. As the block m, approaches 1, it compresses
the spring and the spring opposes the motion of 1.
When the speed of 1, becomes zero relative to n,
then compression in the spring is maximum.

Atany instant, let the compression in the spring
be x, then at this instant, the block m; has an accel-
eration 4, given by

SOLUTION

kx :
1, =— , towards the right.
UL

The free body diagram of m, as seen from the refer-
ence frame attached to m; (i.e. a non-inertial frame) is
shown in Figure.

_’31

AN
(Pseudo) m
kx

kX = m1a1

Let speed of m, relative to m; be v.The force F act-
ing on m, at this instant is given by

F=m2a1+kx=mz(k—x)+kx
1

Work done by this force on 1, is given by

W = J. Fdxcos(180°) = —I(M)kmx

1y
0
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R W=_(ml+m2 )(lkxz)
my 2

According to Work-Energy Theorem, we have

1 1
W=AK= —mzvz - —mzuz
2 2

= 1rfnzvz—llrrrrzufz=— Lol (lkxz)
2 2 mny 2

When x=x_,,, then both the blocks move with the
same velocity and hence v=0.

1 + 1
= ——mu’= —[M)(—kxfnax)
2 m 2

mym; |1
= Xmax =W | — |+
k

where the term is called as the reduced mass

my +ny
u of the system.

PROBLEM 13

A bungee jumper of mass 50 kg attached to a light
elastic cord (bungee cord) of unstretched length L
jumps from a tall bridge of height 100 m. The cord
first straightens and then extends as the jumper falls.
This prevents the jumper from hitting the water.
Assume that the bungee cord behaves like a spring
with stiffness constant 100 Nm ™.

(@) Calculate the maximum allowed length L of
the unstretched bungee cord to keep the jumper
alive? (Assume that the stiffness constant of the
cord is constant throughout the fall of the bungee
jumper)

(b) Before the bungee jumper jumps off the bridge,
his instructor of same mass verified the stiffness
constant of the bungee cord by lowering himself
very slowly from the bridge to the full extent of
the cord and measured his remaining distance d
from the water surface. Calculate d.

Assume air drag to be negligible, no heat is dissi-
pated in the string, only gravitation and spring forces
to be present.

SOLUTION

Given that, L is the unstretched length of the cord,
h=100 m, k=100 Nm'l, m=50kg. Let x denote
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the distance through which the bungee jumper has
fallen from the bridge

(a) We want to choose L so that the jumper comes
to a stop just before touching the water surface.
At this moment, the extension in the cord is
x=(h-L) and the jumper has fallen through #
as shown in Figure.

Bridge

Water

So, by Law of Conservation of Mechanical
Energy, we have loss in gravitational potential
energy of the jumper equals the gain in elastic
potential energy of the bungee cord.

= mgh= ;kxz

= mgh:%k(h—L)z

= L=h- Zm_gh
k

= L=69m

(b) The bungee jumper will hang freely at the dis-
tance 4 above the water when the weight of the
instructor is balanced by the spring force devel-
oped in the cord ie. at equilibrium. If x,, be the
extension in the bungee cord at equilibrium, then
we have

kx,, =mg
where x,, =h-L-d
= k(h-L-d)=mg
= d=h-1-2&
k

= d=26m

PROBLEM 14

In the arrangement shown in Figure, two blocks
of masses m;=M and m,=2M are taken. If
M =20 kg, the force constant of the spring (of natural
length 1)) is k =10 kNm™, ¢ =10 ms™?, the frictional
force between M and table is 80 N, the system is
held at rest with /=(l;+10) cm and then released.
Calculate the

l— [ —»

Potential
energy =0

(@) kinetic energy of the sliding block, when it has
moved 2 cm from its point of release.

(b) kinetic energy of the sliding block m when it first
slides back through the point where the spring is
unstretched.

() maximum kinetic energy attained by the sliding
block while it is sliding from its point of release
to the point where the spring is unstretched.

SOLUTION

(@) Before we arrive at any conclusion, we must first find
whether the block of mass M moves to the right or to
the left, when released.

For that purpose, let us draw the FBD of the block
M (imagining the friction to be absent) as shown

in Figure.
e

As of now, we do not know the direction of the
friction force too. So firstly, let us calculate the net
force acting on M in the horizontal direction.

The spring force F, acting initially on the block is

F, = kx=10000 Nm™ x0.1 m = 1000 N
The tension T acting on the block is
T=2Mg=2x20kgx10 ms > =400 N

Since, F, >T, so we conclude that the block M
goes to the left and hence the block 2M will go
upwards. The friction on M will act to the right
as shown in Figure.
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Fs <—| | H:: T
f
So, the net force that moves the block of M to the
rightis F, =T - f =1000-400-80=520 N

According to the Modified Work-Energy Theorem
(MWET) applied on the system, we have

W,. =AU +AK (1)
where AU is the sum of AU =AU, + AU,

where, W = —(80)(ij =-1.6]
100

For the spring, k=10 kNm ™ =10000 Nm "

Initial extension in the spring is
X1=10cm=0.1m

So, the initial elastic energy stored in the spring is

(Uc);:%

Final extension in the spring is
X, =(10-2) cm =0.08 m

So, the final elastic energy stored in the spring is

kxi =507

(u.), =%kx§ =32]

= AU, =32-50=-18]

The initial gravitational potential energy (GPE)
is assumed to be zero at the initial position of
mass 1, =2M. When the mass 2M moves up
by 2 cm its GPE increases by

2
(AU, )2M = ngh=(40)(10)(m) =8]

However, there is no change in the GPE of the
mass 11;.

So, AU, =8]

The initial kinetic energy of both the blocks is
Zero, SO

Finally, if v is the speed of each block, then

K; =1(M+2M)v2 =§Mw2
2 2

Since, we know that
W, = (AU, + AU, )+ AK

Chapter 1: Work, Energy, Power and Conservation of Energy

(b)

(c)

1.67

= —1.6=(—18+8)+%M02

= %Mvz =84

= 1z\/kﬂ:ﬁ:z.sj
2 3

When the spring attains its natural length after
the block m, =2M moves up by x; =0.1m i.e.
when [=];, then the elastic potential energy
stored in the spring is zero. So, U =0

Since, we know that

W, = AU+ AK
where, AU =AU, + AU,

AU, = (2M)gx, =2(200)(0.1)= 40 ]
AU, = 0—%kx12 =-50]

AK = %(M+2M)vz = %Mzﬂ and

W, =—fx; =-(80)(0.1)=-8]

Substituting the values in above equation, we get
%Mzﬂ +(40-50)= -8

3

= “Mv?=2
2

= Im?=2
2 3

Hence, the kinetic energy of the sliding block
when it first slides back through the point where

the spring is unstretched is % ]

Maximum kinetic energy is attained by the slid-
ing block when it passes through the mean posi-
tion (where net force on m, is zero), because at
the mean position potential energy is minimum,
so kinetic energy is maximum.

L »T=2Mg

> f

= kx, =2Mg+f

_2Mg+f
Yo ST
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2(20)(10)+80
X, =————————
EC,' k
4
Xeg = 480 m=0.048 m
10000

Again applying, W, = AU+ AK
where, AU =AU, + AU, and
AU, =-2Mg(0.1-x,, )=-400(0.1-0.048)

= AU, = —400(0.052)=-20.8 ]

= AU :%(10000)[(0.048)2—(0.1)2]

= AU, =-3848]
Since W, =~f(0.1-x,, )=-80(0.1-0.048)

= W,=-416] and

AK=%(M+2M)Z)2 =§v2

max max
2

Substituting these values in W, = AU+AK, we
get

1
~4.16=(-38.48-20.8)+ 3( EMUEW )

= 3(%Mvr2mx)=55.12
1 )

. _Mvrznax _ 55.12
2 3

Hence, the maximum kinetic energy attained by

the sliding block while it is sliding from its point of

release to the point where the spring is unstretched
is 18.4 ]

PROBLEM 15

A small ball of mass 0.1kg is placed on a smooth
plane surface OA which acquires a semi-circular
shape ABC of radius 2 m. The ball just touches a
light spring of stiffness 1000 Nm ™" The ball is pushed
to the left so as to compress the spring by a distance
x and is then released. This ball then starts moving
towards the circular track ABC as shown in Figure.
Take ¢ =10 ms™.

~184]

e B

1000 Nm-1 0.1kg

1
1

Smooth A

(a) Calculate the minimum work done by external
agent to push the ball to the left through 50 cm.

(b) If the ball is pushed to the left by 5cm and
released, then calculate the normal force on the
ball just after crossing A and the maximum
angle made by the ball with PA on the circular
track when it comes to rest.

(c) Find the minimum distance x,;,, through which
the ball should be pushed to the left and released
so that it can reach upto the point C.

(d) If the ball is pushed to left through 0.7x,; , then
calculate the reaction force between ball and track
at point B and the maximum height attained by
the ball above horizontal surface OA.

SOLUTION

(a) When the work done by external force to push the
ball against the spring is minimum, there must
be no kinetic energy associated with the ball. The
work done s solely responsible for increasing the
potential energy of the spring. So, we have

1
W = —kx?
2

1 5V
= W==x1000x| — | =1.25]
2 100

(b) When the ball leaves the spring, it moves to
the right with a speed v, such that the poten-
tial energy of the spring is converted to kinetic
energy of the ball.

L

1
= —mv® =—kx?
2 2

\F
= U=X,|—
m

Since, k=1000 Nm™, m=0.1 kg, x=5cm
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= 0v=0.05% 1/1000 5ms”
0.1

Chapter 1: Work, Energy, Power and Conservation of Energy 1.69
(3
= f=cos” [ —)
8
(c) Let the spring be compressed by x,,, and the

When the ball crosses the point A, then its path
becomes circular and it experiences a centripetal
acceleration

mg
N —mg = ma,
2
mo
N=mg+—
= mg R
(0.1)(5)°

= N=(0.1(10)+

= N=1+125=225N

As the ball rises on the track, its gravitational
potential energy increases and kinetic energy
decreases. When the ball comes to rest, then its
kinetic energy becomes zero. Let this happen at a
height /i as shown in Figure.

Then by Law of Conservation of energy, we get

mgh+0=0+1rrm2
2

02 52 25
Zg “2x10 20

2-h_2-125 075 3
2 2 2 8

=125m

Since, cosf =

(d)

speed of the ball after leaving contact with spring
be v, then by Law of Conservation of Energy, we
have

1
—mv? _Eerznin
= U= Xminy|
m
Now, to complete the circle, minimum

speed required by the ball at A should be

gk =10ms”

(Js?

in =0.1m

When the spring is compressed by
0.7Xpin = 0.07 m, then the speed acquired by the

ball while crossing the point A is

[k
V=0, =X, [—
m
= v, =0.07x /13010=71rn5'1

As the ball reaches B, its speed becomes v, such
that by Law of Conservation of Energy, we get

- mvz

2
= 0y = 0> —2gR = 4940

= 03=3ms"

= %mvﬁ +mgR

The FBD of ball at B is shown in Figure.

C---v.
\\
N
~
hY
AY
AY
\
Vg A
]
1
(084 N B
1
mgw
/
/
/
,
rd
;
.
P
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The radial acceleration of the ball at this instant is

2
L= % _ 2 ms ™
R 2
Applying Newton’s Second Law, we get
2
N="b ©OD9_ 458

Now as we see that the speed of the ball at the
lowest point A is 7 ms ' which is less than

5gR =10 ms_l, so the ball will leave the circu-
lar track say at D and follow a parabolic path.
Let OD make an angle 6 with OC and let v}, be
the speed of the ball at this position. If : be the
height of the ball at D, then

h=R(1+cosf)
By Law of Conservation of Mechanical Energy,
we get

%mvi —%mvé =mgR(1+cosh)

= %mvzzémv}é+mglﬁ(1+cosﬁ) (1)

FBD of ball at D, is shown in Figure.

As ball leaves the track at D, normal reaction is
zero and the component of weight i.e. mgcos@
acting towards the centre O provides the neces-
sary centripetal force to the particle. So, applying
Newton’s Second Law in radial direction, we get

2
muo
g=—2
Mg cos R
= vﬁ = gRcost (2

Substituting equation (2) in (1), we get

%nwz = %ngCDSB-I-ng(l+COSB)

= 0" -2¢R =3gRcosf
o’ -2gR 72-2(10)(2) 9

= 9: = =
COTETIR T 3(100(2) 60
= c056=i
20
= h=R(1+c058)=R(1+i)=@
20 20
= h=ﬁ=23
2
c
mgcosf
fol ¢ B

A

From point D, the ball moves in a parabolic path
under the action of gravity alone. We can also
think that the ball becomes an oblique projectile
at the point D, where it is launched with a veloc-
ity vp =,/gRcosf making an angle of 6 with
the horizontal. The height H (from this point
onwards) to which this oblique projectile rises
further is given by

H- Uf) sin” @
28
R in?
= H= 8Reosfsin"6 _ B(cos@sinze)
2¢ 2

Since cos@ = i
20

= Sinzf?:l—coszezl_i:ﬂ
400 400

(2)[ 3 )( 391) 1173
= H=|—-|| — || — |=———m
2120 /1400/ 8000

Maximum height /" above OA is

h = 2.3+% =245m
8000
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PROBLEM 16

A small body of mass m is located on a rough hori-
zontal plane at the point O. The body is given a hori-
zontal velocity u. Calculate the power developed by
the friction force during the whole time of motion, if
the friction coefficient between the block and the sur-
face is . Also calculate the maximum power devel-
oped by the friction force, if the friction coefficient
varies with distance x from the point O as p=ax,
where ¢ is a positive constant.

SOLUTION

The frictional force acting on the body
fie=umg

Retardation provided by this force is
a=pug

If ¢ is the total time taken by the body to come to rest,
then

O=u+(-a)t
= t=i
Hg

Magnitude of change in kinetic energy due to friction
is

|AK|=‘D—%mu2 2

1
= —mu
2

Power developed by friction during the whole time
of motion, i.e. the average power is given by

Change in kinetic energy

Average Power = - -
Total time of motion
| AK]|
Pfl"l’ = t
1
~ mu?
= P = =

) = = — mi,
HE

When friction coefficient is u = ax, the friction force
on the body when it is at a distance x from the point
O is

fr = oxmg
Retardation due to this force is

a=-0gx
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= f;d—v——a X
dx &

=  oudv=-ogxdx

Integrating the above expression to get the velocity at
a distance x from point O, gives

v

Jvdv = —J. ogxdx
0

= vz\,'uz—agxz

Instantaneous power P due to friction force at a dis-
tance x from point O is

P=F-p
= P=P, =-amgx (uz—agxz) ..(1)
) ) ) P
This power is maximum when d_ =0
x
omex ) oeex
d_P=( gx)(ag )—amg "uz—(xgx2=0
dx uz—oqu2
- x=—2 ()

Joog

Equation (2) gives the value of x at which instantane-
ous power is maximum. Substituting the above value
of x in Equation (1), we get maximum power to be

omug | 5 u*

Pmaxz_\/@ u _7

= P.,= —%muz\j@

PROBLEM 17

A small box of mass m is kept on a fixed, smooth
sphere of radius R at a position where the radius
through the box makes an angle of 30° with the ver-
tical. The box is released from this position. Calculate
the force exerted by the sphere on the box just after
the release. Also calculate the distance travelled by
the box before it leaves contact with the sphere. Given
that cos™ (0.577) = 54°




ICON

1.72 JEE Advanced Physics: Mechanics - |1

SOLUTION

At the instant of releasing the box, the speed of box
is zero. Hence the box will push the sphere with a
force that equals the component of its weight acing
towards the centre of the sphere i.e. mgcos6. So, we
have

N =mgcos(30°)

NG

= N=—m
) g

Let the box loose contact with the sphere at an angle
6 from the vertical as shown in Figure.

At this instant its normal reaction becomes zero, and
hence at this point, we have

2

my

—— =1mgcos@
R g

= ©v=,/gRcosf (D)

Velocity of particle (v) at this point can be given by
applying the Law of Conservation of Energy (as it has
fallen a distance /), according to which we have
Loss in GPE Gain in KE
of the Body of the Body

1
= mgh= Emvz

where, /= R(cos30°—cos8) =R(§—COS&9J

= v= 2gh=\/2gh[§—cosﬂ) .(2)
Equating (1) and (2), we get
V3 -2cos6
080 = ——-—

2

ae

= 3cosf8=43

1
= cosf=—

V3
= 9=c05'1(i)=cos'l(0577)

J3
= 0=54°

Angular displacement of the box before leaving the
sphere is

AQ=54°-30°=24°

Since, 180° =  radian

o Ag=24x T =%
180 15
So, distance travelled | by the box is given by
g=RA9=R(2_”)=@
15 15

PROBLEM 18

A smooth surface hemisphere is fixed on a ground as
shown in figure. From the topmost point of it, a small
block starts sliding with no initial velocity. Calculate
the distance s between the centre of base circle of
hemisphere and the point where particle strikes the
ground. Also find the time taken by the particle to
strike the ground.

SOLUTION

Let the block leave the contact with hemisphere at
point B, then at B, we have
N=0
2

muo
= mgcosp=—2=
R

= vp=,/gRcos¢ (1)
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Applying Law of Conservation of Energy between A
and B we get,

0+ng=%mv§+mgh

Substituting v from (1) and = Rcos ¢, we get

Ug = ggR

h= % from the bottom and

2
cosq)—g

Rsing

After the block leaves contact with the hemisphere, it
leaves the circular path and follows a parabolic path,
because at the instant of leaving the hemisphere, the

block has a velocity v =, /% gR and makes an angle ¢

below the horizontal.

If t is the time taken by the block to hit the
ground, then considering the origin at the point B, we
get

I=(vcosg)t (1)

Rcos¢=(vsinq))t+%gt2 .2

- t2+(2vsin¢]t_2Rcos¢=0 0
g 8
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where, v = J%gR,COS(P:%and sing = 1—§=?5
20sing _2 [2gR 5 _ [40R |2 [10R
g gV 3 3 27¢ 3\ 3¢
So, equation (3) becomes
24 g @ t—§=0
3V 3¢ 3¢

Solving this quadratic equation, we get

1 |10R 10R 4R
t=—— |—+ [—+—
\/35 \/273 38

p=_L [IOR 1 Jd6R

3\ 3¢ 3\ 3¢

I LY NN
3\3g

So, the distance s is given by

s=Rsing+/=Rsing+(vcosg)t

513 )
= =N Bdm )
= 5=§—7(4@+5\/§)

Method-2 (to find s)
Speed of particle at point B, where it leaves the hemi-
sphere is

2
= - R
0=, 3 g

For an oblique projectile launched with a speed at an
angle ¢ below the horizontal, the equation of trajec-
tory is given by

gx’
20% cos® 6
Since the launch angle is below the horizontal, so
6=-9

y=xtan6-

2
L (4

= =—xtang—
! ? 20 cos® 0
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Since, at the point where the block leaves the hemi-
sphere, we have

2

cosq)—g
G

= sing=—
3
= tan¢>=§

Substituting these values in equation (4), we get

J5 gx*

el BEy e

where, y=—Rcos¢>=—% and x =/

Substituting these values in equation (5), we get

2
2, N5
3 2 16R
= P %IR—2R2=O
27 81
45 R\/64><5 4x32 9
o [=-2p.=2 2
27 2\27x27 27x3 9

Distance s will be given by

s=Rsing+]

% R (25 -45)

- 5%(5@4@)

A particle of mass m approaches a region of force
starting from 7 — +o. The potential energy function
in terms of distance r from the origin is given by,

K
—(3az—r2), for0<r<a
, forr>a

Calculate the force F(r) acting on the particle and
find out whether the force is repulsive or attractive
in nature. Also, calculate the minimum velocity with
which a particle should be launched from infinity
towards the origin, such that it just crosses the origin.

Assuming that the particle is launched from

K
—, then

infinity towards the origin with a speed
ma

describe the motion of the particle.

SOLUTION
Since, we know that F = —i—f
For 0<r<a, wehave
U= ;: (302 -#2)
= F= K

In both the regions i.e. 0<r<a and r=a, we see
that on increasing r, the potential energy decreases.
Hence force is repulsive

Let the particle be launched from infinity
towards the origin with a velocity v,;,. Then by
Law of Conservation of Mechanical Energy, the total
mechanical energy at infinity must be equal to the
total mechanical energy at the origin O.

= U.+K,=Up+Ky

1 K
Where UMZU,KM: mm, UO=3— KO 0
2a
= U+1mvr2mn—%+0
2 2a
3K
= Umin =y

ma
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So, for the particle to just cross O, the minimum veloc-

K

ity it should be given at infinity is v,,;, = 3K
ma

However, if the particle is imparted a speed less

than the minimum speed, then instead of reaching

O, the particle will go closest to O and then starts

travelling back towards infinity.

. 2K
Since v =, |~ < Uy,
ma

Hence the particle will not be able to cross the origin.

PROBLEM 20

A car starts from rest in a circular flat road of radius
R with an acceleration 4. The friction coefficient
between the road and the tyres is . Find the dis-
tance car will travel before it start skidding.

SOLUTION

During the circular motion, the car will skid when net
force acting on it exceeds the limiting friction. Since,
tangential acceleration of car is @, so the speed of car
after travelling a distance s is given by

2as
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Corresponding to this speed v of the car, the centrip-
etal acceleration is

Net acceleration (a,,, ) of the car is

2a5
Ao = \faT + ac

Net force acting on car is given by

£ 2.:15

net — m‘gn

For the car to skid, this net force must be greater than
the limiting friction f, = uN = umg. Hence, we have




