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CHAPTER

(a) Newton's Laws of Motion
(b) Pseudo Force

Newton’s Laws of
Motion

Learning Objectives
After reading this chapter, you will be able to understand concepts and problems based on:

(c) Friction
(d) Dynamics of Circular Motion

All this is followed by a variety of Exercise Sets (fully solved) which contain questions as per the
latest JEE pattern. At the end of Exercise Sets, a collection of problems asked previously in JEE (Main

and Advanced) are also given.

DYNAMICS: AN INTRODUCTION

In kinematics, we studied the motion of a particle,
with emphasis on motion along a straight line and
motion in a plane and simply described it in terms
of vectors 7, v and 4. Now comes the time when
we shall be discussing about the cause producing
motion. This treatment, happens to be an aspect of
mechanics, known as dynamics. In this chapter, we
shall be primarily discussing the forces along with
their respective nature and properties that account for
the motion of a body. As done before, the bodies will
be treated as if they were single particles. However, in
the later chapters, we shall be extending the proper-
ties of this chapter to discuss the motion of a group of
particles and extended bodies as well. So, this branch
of Physics dealing with motion along with the cause
producing motion is called Dynamics.

FORCE

Force is a pull or push which changes or tends
to change the state of rest or of uniform motion or

direction of motion of any object. Force is the inter-
action between the object and the source (providing
the pull or push). It is a vector quantity. Its SI unit is
newton (N) and cgs unit is dyne

1N =10 dyne
A force acting on a body

(a) may change only speed.

(b) may change only direction of motion.

() may change both the speed and direction of
motion.

(d) may change size and shape of a body.

Unit of Force

SI unit of force is newton (N) and 1N =1 l<gms_2
cgs unit of force is dyne (dyn) and 1 dyne =1 gems ™

Also, 1 newton =10’ dyne.

The dimensional formula of force is [MLT'2 ]
Another commonly used unit of force is kilo-

gram force (kgf). It is the force with which a body

of mass 1 kg is attracted towards the centre of the
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earth. So 1 kgf can also be thought as the weight
corresponding to a body of mass 1 kg is the weight

1kgf=9.8 N and 1 gf =980 dyne

Aforceisavector quantity. Since we know that a vector
quantity is a quantity which has both magnitude and
direction. To fully describe the force acting upon an
object, you must describe both the magnitude (size or
numerical value) and the direction. Thus, 10 N, is not a
full description of the force acting upon an object. In
contrast, 10 N, downwards is a complete description
of the force acting upon an object because, both the
magnitude (10 N) and the direction (downwards) are
given.

NEWTON'’S LAWS OF MOTION

Newton gave three laws of motion, based on which
motion associated with a particle can be explained
easily.

(a) The First Law or The Law of Inertia

(b) The Second Law (F = mﬁ)

(¢) The Third Law or The Action - Reaction Law

NEWTON'S FIRST LAW OR LAW OF INERTIA

A body continues to maintain its state of rest or of
uniform motion or of direction unless and until
some external unbalanced force acts on it. If there is
an interaction between the body and objects present
in the environment, the effect may be to change the
“natural” state of the body’s motion.

EXAMPLES:

(a) When a bus suddenly starts/stops, the passengers
tends to move backward/forward.

(b) A carpet is beaten with a stick to remove its dust.

() A coin kept on a cardboard on a glass tumbler, on
striking hard the cardboard, the coin falls into the
glass tumbler.

(d) Athlete runs some distance before making a jump.

In other words, an object at rest tend to stay at rest
and an object in motion tend to stay in motion with
the same speed and in the same direction unless acted
upon by an unbalanced force.

The behaviour of all objects can be described by
saying that objects tend to keep on doing what they
are doing (unless acted upon by an unbalanced force).
There are two parts of the statement to Newton’s
First Law.

(@) one which predicts the behaviour of stationary
objects and

(b) the other which predicts the behaviour of
moving objects.

These two parts are summarized in the following
diagram.

Forces are Balanced|

! !
A 1
Objects at Rest Objects in Motion
(v=0) (v#0)
[a=0] [=0]

Stay at Rest

Stay in Motion
(Same speed and direction)

It has been a common observation that every object
resists any effort to change its velocity (both in
magnitude and direction). This property expressing
the degree of insusceptibility of a body to any change
in its velocity is called the property of inertia.
Different bodies reveal this property in different
degrees. A measure of inertia is provided by the
quantity called mass. A body possessing a greater
mass has more inertia i.e., if equal forces are applied
on two different bodies, the body with the greater
mass possesses smaller acceleration.

MOMENTUM (p)

It is observed that more the mass of the body, the
more is the momentum possessed by it. Similarly,
the more the velocity possessed by a body, the more
is its momentum. In simpler words, actually the
momentum is a measure of the amount of motion
possessed by a body. It is defined as the product of
mass and velocity or momentum is just equal to
the mass times velocity. The momentum is always
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directed along the velocity of the body whose
momentum is being measured. Mathematically,

-

p=mov

It is a vector quantity with SI unit kgms™ and
dimensional formula MLT ™.

NEWTON'S SECOND LAW OF MOTION

The external force applied on a body is equal to the
rate of change of momentum of a body.

E_Fo dp
dt
= p d, .
F= —(mo)
dt dt

For constant mass system(s)

- do -
F=m—=ma

dt
For variable mass system(s)

Special Case

If V =constant, then ;£=6

|F|—v—
dt

Thrust ==

dm’
v—
t

e.g., Rocket propulsion

ILLUSTRATION 1

The velocity of a particle of mass 2 kg is given by

7=ati+ bt2}. Find the force acting on the particle.
SOLUTION
From Second Law of Motion

dp d
dt dt

E= —(mo)
di o~ o
F=2—\ati +bt
= dt(m ])

=  F=2ai +4blj
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(a) The Second Law is obviously consistent with the
First Law as F =0 implies a =0.

(b) The Second Law of motion is a vector law. It is
actually a combination of three equations, one
for each component of the vectors.

d
=
-dpy-ma
Y dt ¥

d
= Fz=%=maz

This means that if a force is not parallel to the
velocity of the body, but makes some angle with
it, it changes only the component of velocity
along the direction of force. The component of
velocity normal to the force remains unchanged.

(c) The Second Law of motion given above is strictly
applicable to a single point mass. The force F in
the law stand for the net external force on the
particle and a stands for the acceleration of the
particle. Any internal forces in the system are not
to be included in F.

NEWTON'S THIRD LAW OF MOTION

To every action there is equal and opposite reaction
and both must act on two different bodies. In other
words, all interaction forces exist in pair, a pair which
has two forces of equal magnitude, opposite direction
and acting on different bodies along a straight line
connecting them. Also the two forces comprising the
pair have the same nature.

i.e., FAB = _?BA ...(1)
F; = Force on body A due to B

FB 4 = Force on body B due to A
From (1), we get

= mAﬂA =mBﬂB

maa
= aB: A4

g
It my «<mp, then az >0 (Think of apple-earth
example)



ICON

6.4 EE Advanced Physics: Mechanics - |

EXAMPLE:

A block is being pulled by means of a rope. | have charac-
terised some action-reaction pairs and have shown them
in figures. Please see these figures carefully.

F RB F BR F RM FMH
-—

e

ey
%{E

~ = = _ Man
Fer  Frg  Rope  Fpy Fyp
J_‘:‘_"

We also have, Fgg = —Fog and Fey = —Fype

Action reaction forces always act on different bodies
and their line of action is the same.

Block

FUNDAMENTAL FORCES IN NATURE

All the forces observed in nature such as muscular
force, tension, reaction, friction, elastic, weight, elec-
tric, magnetic, nuclear etc., can be explained in terms
of only following four basic interactions.

Gravitational Force and Properties

The force of interaction which exists between two
particles due to their masses is called gravitational
force. The gravitational force between two masses
m; (called the source mass S) and m, (called the test
mass T) separated by a distance r is given by

r

SO QT

- mym,
F=-G—L27

r
where, 7 is position vector of test particle T with
respect to source particle S and G is universal
gravitational constant whose value is given by

G=6.67x10"" Nm’kg ™.

The negative sign tells about the attractive nature of
the gravitational force as the test mass is always attracted
towards the source mass (i.e. opposite to 7).

(i) Itis the weakest force and is always attractive.

(i) Itis a longrange force as it acts between any two
particles situated at any distance in the universe.

(iii) Gravitational force between two bodies is
independent of the presence of other bodies and
it is also independent of the nature of intervening
medium (i.e. medium present between the
bodies).

(iv) Itis a central force i.e. it acts along the line joining
the centres of the two bodies.

(v) It is negligible for lighter bodies, however it
dominates in case of planetary bodies and their
motion.

(vi) Gravitons are exchange particles between two
bodies and are responsible for the gravitational
interaction between them.

Apple

Earth

Consider an apple to be falling freely as shown in
figure. When it is at a height h, force between earth
and apple is given by
GmM,  GmM
r’ (R, +h )2

_ e

where M, is the mass of earth, R is the radius of earth.
It acts towards earth’s centre. Now rearranging above
result, we get

GM,\( R, Y

F=m
R* \R,+h
2
= F=mg R,
R +h

4

R
¢ .1

For h«R,, we have
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= F=mg

This is the force exerted by earth on any particle of
mass m near the earth surface.

The value of ¢ = 9.81 ms2=10ms 2= 7 ms >
=32 fts % It is also called acceleration due to gravity
near the surface of earth.

Electromagnetic Force

It includes the electrical and the magnetic forces
which may be attractive or repulsive. Photons are
exchange particles for electromagnetic interactions.
So, force exerted by one particle on the other because
of the electric charge on the particles is called electro-
magnetic force.

Following are the main characteristics of electromag-
netic force

(@) These can be attractive or repulsive.

(b) These are long range forces.

(c) These depend on the nature of medium between
the charged particles.

(d) All macroscopic forces (except gravitational)
which we experience as push or pull or by contact
are electromagnetic, i.e., tension in a rope, the
force of friction, normal reaction, muscular force,
and force experienced by a deformed spring are
electromagnetic forces. These are manifestations
of the electromagnetic attractions and repulsions
between the atoms or molecules.

Nuclear Force

An attractive force, it is the force between two nucle-
ons. It is the strongest force that binds all the nucleons
in a tiny volume (corresponding to radius of order
of 1 fermi) inspite of large electric repulsion between
protons. Mesons are the exchange particles responsi-
ble for nuclear interactions. It acts within the nucleus
that too upto a very small distance. Radioactivity,
fission and fusion etc. result because of unbalancing
of nuclear forces.

Wealk Force

It exists between elementary particles and is
responsible for the change in nucleus . Under its
action a neutron can change into proton during

Chapter 6: Newton's Laws of Motion 6.5

negative beta decay by emitting an electron and a
particle called antineutrino. It is not the same force
as gravitational, electromagnetic or nuclear force.
The range of weak force is very small, in fact much
smaller than the size of a proton or a neutron.

It has been found that for two protons at a distance
of 1 fermi

Fy:FyyFy i Fo1:1072:107 :107%

CLASSIFICATION OF FORCES ON THE BASIS
OF CONTACT

On the basis of contact, forces can be classified as

Field Force

Force which acts on an object at a distance by the
interaction of the object with the field produced
by other object is called Field Force or Action at a
Distance Force.

EXAMPLES:
(a) Gravitation force
(b) Electromagnetic force

Contact Force

Forces which are transmitted between bodies by
short range atomic molecular interactions are called
contact forces. When two objects come in contact they
exert contact forces on each other.

EXAMPLES:
Normal Force, Mechanical Force, Force of Friction
Normal force (N) or Normal Reaction (N)

It is the component of contact force perpendicular to the
surface. It measures how strongly the surfaces in contact
are pressed against each other. It is the electromagnetic
force.

Atable is placed on Earth as shown in figure.

3 4

Here table presses the earth so normal force exerted by
four legs of table on earth are as shown in figure.
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Now a boy pushes a block kept on a frictionless surface.
Here, force exerted by boy on block is electromagnetic
interaction which arises due to similar charges appear-
ing on finger and contact surface of block, it is normal

force.
(by boy) N
e

A block is kept on inclined surface. Component of its
weight presses the surface perpendicularly due to which
contact force acts between surface and block. Normal
force exerted by block on the surface of inclined plane
is shown in figure. Force acts perpendicular to the

surface.
<

A g

Block

Frictional Force (f)

A contact force, it arises due to a contact between the
surfaces of the two bodies and comes into being when
there is a relative motion between the surfaces in con-
tact. Actually, it is the component of the reaction force
tangential to the surface on which the body is kept.

SYSTEM

Two or more than two objects which interact with
each other form a system. The classification of forces
on the basis of boundary of system are given.

Internal Forces

Forces acting each with in a system among its
constituents.

External Forces

Forces exerted on the constituents of a system by the
outside surroundings are called as external forces.

Real Force

Force which acts on an object due to other object is
called as real force.

Anisolated object (far away from all objects) does not
experience any real force.

CONCEPT OF IMPULSE AND IMPULSE AS
AREA UNDER F-t GRAPH

Whenever a large force (F) acts on a body for an
extremely small time (say dt), then we introduce the

concept of Impulse (7). 0, impulse is just defined as
the product of the large force with the small time.
= dl =Fdt
Impulse is also defined as the integral of force with
respect to time.
by

- j Edt
Since force is a vector and time is a scalar, the result of
the integral in above equation is a vector. If the force
is constant (both in magnitude and direction), it may

be removed from the integral so that the integral is
reduced to

I=FJdt=F(tf —t;)=FAt

Graphically, the impulse is the area between the force
curve and the F =0 axis, as shown in figure.

— —
dt

The SI'unit of impulse is Ns.

If more than one force are acting on a particle,
then the net impulse is given by the time integral of
the net force.
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f
Inet = J-Fnetdt

t

For example: A cricketer hitting a ball to score a six.
The bat hits the ball with the large force for a very
short time.

If F be the large force acting on a body for a small
time dt, then

dl = Edt
b

5 f=jdf=jm

b

Since |dI | = Area abcd = Edt
= |I| = J?dt = Area under a curve ina F-f graph.

ILLUSTRATION 2

Find the impulse due to the force F =a i+ bt;, where
a=2Nand b=4Ns", if this force acts from t, =0 to
tf = 03 S.

SOLUTION
b 0.3
f:J?dt:J(uhbt}}it
t 0
0.3 0.3
= I=m-l.df+bjjfdt
0 0
0.3
s T-ai s

= I=(2)(03)i+
= T=(0.6i+0.18]) Ns

ILLUSTRATION 3

Aball falling with velocity 3, =(-0.65i ~0.35] ) ms™

is subjected to a net impulse T :(0.6§+0.18;) Ns™.

If the ball has a mass of 275 g, calculate its velocity
immediately following the impulse.
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SOLUTION

Using Impulse - Momentum Theorem

g |~

0.61 +0.18]
0.275

= o =(-065-035])+(2.181 +0.655; )

Thus, 3 =-0.65i -0.35] +

= 0 =(1.531+0.305] ) ms™

ILLUSTRATION 4

An 150 g ball is thrown at 30 ms . It is struck by a
bat, which gives it a velocity of 40 ms™ in the oppo-
site direction. If the time of contact is 107 s, what is
the average force on the ball?

SOLUTION
If we choose the original direction as +x-axis, then
Ap = mi; —m; = m( 407 -307)
The average force is
Y B kg x70i
At 107

Notice that this is much larger than the weight (1.5 N)
of the ball.

=-1050; N

IMPULSE - MOMENTUM THEOREM

According to Newton's Second Law, we have

= dp=Fdt
£
= Jdﬁ=JFdf=f

i i
-

= I= }-jfinal - ﬁinitial
= Impulse = Change in momentum
{called Impulse Momentum Theorem}

= I=m(5-i)
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In the following cases shown, the change in
momentum is calculated.

ILLUSTRATION 5

Abox is put on a scale which is adjusted to read zero,
when the box is empty. A stream of pebbles is then
poured into the box from a height h above its bottom
at the rate of n pebbles per second. Each pebble has a

along —x direction
(Ap)y = m(vy -u, )

= (Ap),=m(vsing-usind),

CASE-3
4
=l

Finally

along +y direction.

So, Ap=(Ap, )f+(Apy )J

y Change in Momentum mass 1. If the pebbles collide with the box such that
Ap=P; -, they immediately come to rest after the collision. Find
£ the reading at time t after which the pebbles begin to
X fill the box.
m__ Ap=mlv—u), SOLUTION
; Initially along +x direction Velocity (v) of each pebble just before striking the box
L isv =j2¢h
Finally
S ¢ The additional
o0y Ap=-m(v+u) Reading oo force exerted
G | Initally ofthe | | WEIBNSOF | 1 o e pepbl
w _ y the pebbles
7] = |Ap|=m(v+u), =| pebbles |+
< m L scale at due to a
U [ v—=C along —x direction i collected .
Finally ime ¢ L change in
In time ¢
momentum
! Ap, =m(v, —uy) : o
A0 Total weight of pebbles in time t is (mg)(nt)
m initally | = P =-m(vcosg+ucosh),

Change in momentum of 1 pebble is m(./Zgh )
Change in momentum (Ap) of nt pebbles is

Ap=(m Zgh)(nt)
.\ Ap
= Additional force = — —mn 2gh

= Total force = mn( gt+ \/@ )

@ Test Your Concepts-I

1. Asteel ball of mass 3 kg strikes a wall with a speed
of 10 ms™' at an angle of 30° with the surface. It
bounces off with the same speed and angle as
shown. If the ball is in contact with the wall for
200 ms, calculate the average force exerted by the
wall on the ball.

Based on Impulse Momentum

(Solutions on page H.193)

y
\\ A
((\

.

.\:,,?

<l

............... :"""""X

4

'S

l,’{b
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2. A ball of mass 150 g is dropped from a height of
20 m. It rebounds from the floor to reach a height
of 5 m. What impulse was given to the ball by the
floor? Take g =10 ms™.

3. An estimated force-time curve for a ball struck by a
bat is shown in figure. From the curve, determine.
(a) the impulse delivered to the ball
(b) the average force exerted on the ball and
(c) the peak force exerted on the ball.

F(N)
F = 16000 N
20000 fl
15000
10000 AN
1N
5000
o 1 2 3 4 "tms
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4. A garden hose is originally full of motionless water.
What additional force is necessary to hold the
nozzle stationary after the water flow is turned on,
if the discharge rate is 0.6 I<g5;‘1 with a speed of
25ms™?

5. A professional driver of mass 60 kg performs a dive
from a platform 10 m above the water surface.
Find the magnitude of the average impact force
experienced by him if the impact time is 1 s on
collision with the water surface. Assume that the
velocity of the diver just after entering the water
surfaceis 4 ms™'. Take g=9.8 ms™2,

J

CONSTRAINED MOTION OF CONNECTED
PARTICLES

Sometimes it is observed that the motions of particles
are interrelated because of the constraints imposed by
interconnecting members. In such cases it becomes nec-
essary for us to account for these constraints in order to
determine the respective motions of the particles.

ONE DEGREE OF FREEDOM

Let us consider a simple system of two intercon-
nected particles A and B shown in figure. It is quite
evident by inspection that the horizontal motion of
A is twice the vertical motion of B. However, we will
use this example to illustrate the method of analysis
which applies to more complex situations where the
results cannot be easily obtained by inspection.

DATUM 1

The motion of B is clearly the same as that of the
center of its pulley, so we establish position coor-
dinates y and x measured from a convenient fixed
datum (a horizontal or a vertical fixed axis). The total
length of the rope is

x+%+2y+nrl+b=L (1)

Since L, r,, r,, and b are all constant, so the first and
second time derivatives of the equation (1) give

#+29=0
= UA+ZUB =O .(2)
= 9, +20,=0 or £+2§/=0

= ﬂA+2ﬂB=0 (3)

The velocity and acceleration constraint equations
indicate that, for the coordinates selected, the veloc-
ity of A must have a sign which is opposite to that of
the velocity of B, and similarly for the accelerations.
The constraint equations are valid for the motion of
the system in either direction. We emphasize that
v, =1 is positive to the left and that vy =3 is posi-
tive down. The system shown is said to have one
degree of freedom since only one variable, either x
or y, is needed to specify the positions of all parts of
the system.
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TWO DEGREES OF FREEDOM

Consider a system, shown, having two degrees of
freedom. Here the positions of the lower cylinder E
and pulley C depend on the separate specifications
of the two coordinates y, and yj. The lengths of the
cables (measured from DATUM), attached to cylin-
ders A and B can be written, respectively, as

Ya+2yp+constant =L, ..(1)

y3+yc+(yc—yD)+constant:LB (2

and their time derivatives are
Ya+2yp=0and yg+2yc—yp =0
Ya+2ijp =0 and yp+2jjc —ijp =0

Eliminating the terms in ¥ and ij, gives
Yat+2yp+4yc =0 or vy +2vp +4v. =0
Vat+2ijp+4ijc =0 or a, +2ap +4a- =0

It is clearly impossible for the signs of all three terms
to be positive simultaneously. So, for example, if both
A and B have downward (positive) velocities, then C
will have an upward (negative) velocity.

ILLUSTRATION 6

In the pulley configuration shown, cylinder A has a
downward velocity of 0.3 ms . Determine the veloc-
ity of B.

SOLUTION

The centers of the pulleys at A and B are located by
the coordinates y, and y; measured from fixed posi-
tions. The total constant length of cable in the pulley
system is

L=3yg +2y, +constants

@ ¢

N

Ya
Ve Ol
728\ @
U a7

67
where the constants account for the fixed lengths of
cable in contact with the circumferences of the pul-
leys, and the constant vertical separation between

the two upper left-hand pulleys. Differentiation with
time gives

0 = 3}/3 + ZyA
Substitution of v, =1/, = 0.3 ms™ and vy = i/, gives

0=3(v;)+2(03)

= 1,=-02ms"
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ILLUSTRATION 7

The car A is used to pull a load B with the pulley
arrangement shown. If A has a forward velocity v,,
determine an expression for the upward velocity vy
of the load in terms of x.

SOLUTION

We designate the position of the car by the coordinate
x and the position of the load by the coordinate v,
both measured from a fixed reference. The total con-
stant length of the cable is

L=2(h-y)+1=2(h-y)+Vh* +x*

Differentiation with time yields
xx
Vh? + 27

Substituting v, =X and vy =y gives

0=-2y+

1 xvy

PN

Up

SIMPLE CONSTRAINT MOTION OF BODIES
AND PARTICLES IN TWO DIMENSIONS

Similar to projectile motion, there can be several two
dimensional motions, in which the laws of motion
can be separately applied to x and y directions and
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later on the developed relations can be linked for get-
ting the required parameters. Sometime x and y direc-
tional motion or any two directions of the motion are
related by some specific rule, we call such rules as
constraint rules. These rules relate one direction of
motion of an object with some other direction of the
same object or some other object also.

ILLUSTRATION 8

Figure shows a rod of length [ resting on a wall and
the floor. Its lower end A is pulled towards left with a
constant velocity u. Find the velocity of the other end
B downward when the rod makes an angle 8 with the
horizontal.

SOLUTION

METHOD I
Here if the distance from the corner to the point A is x
and that up to B is y. The velocity of point A can then
be given by
dx
D= —
dt
and that of B can be given as
dy
ot
Since, we have,

Up

x2+y2=12

]
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Differentiating with respect to ¢, we get

= vy=-0vcotd

{negative sign indicates, y decreasing with time|

METHOD II

In cases when the relation between two points of a
rigid body is required, we can make use of the fact
that in a rigid body the distance between two points
always remains same. Thus the relative velocity of
one point of an object with respect to any other point
of the same object in the direction of line joining them
will always remain zero, as their separation always
remains constant.

Here in above example the distance between the
points A and B of the rod always remains constant,
thus, the two points must have same velocity
components in the direction of their line joining i.e.,
along the length of the rod.

If point B is moving down with velocity v, its
component along the length of the rod is vpsiné.
Similarly the velocity component of point A along the
length of rod is vcos6. Thus we have.

vg sin@ =vcosd

vg =vcotd
vcos(180 - 6)
/jgo -6
180 -9 vgsing
Vae—L VB
For A ForB

In such type of problems, when velocity of one part
of a body is given and that of other is required or in
cases, when relation in two velocities is required, we
first find the relation between the two displacements
then differentiate with respect to time.

ILLUSTRATION 9

Figure shows a hemisphere and a supported rod.
Hemisphere is moving in right direction with a uni-
form velocity v, and the end of rod which is in contact
with ground is moving in left direction with a veloc-
ity v,. Find the rate at which the angle #is changing
in terms of v, v,, R and #.

SOLUTION

Here x is the separation between centre of hemisphere
and the end of rod. Rate of change of x is actually
the relative velocity of end of rod and centre of
hemisphere i.e., (v, +v, ). We are required to find the

rate of change of §,i.e., %, knowing that Z—: =0, +0,

Since, x = Rcosec@
Differentiating with respect to time we get

d_x = -Rcosec GcotG@
d dt

{ %(cosec 0)=—cosecOcot B

do (o, +U2)Sil‘129

dt Rcosé

ILLUSTRATION 10

In the system shown, if a,, 4, and 4, be the respective
accelerations of 1, 2 and 3, then find 4, in terms of a,
and a,.
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SOLUTION

Let the datum pass from the centre of the fixed pulley.
Since the points 1, 2, 3 and 4 are movable, so let their
displacements at any instant from the datum be x;, x,,
x, and x,. We observe that

X1 +xs=1 (1)
(length of first string between 1 and 4 is constant)
and (x;—x, )+ (x5 x4 ) =15
(length of second string between 2 and 3 is constant)
= N+x-2x = ..(2)
Differentiating twice with respect to time, we get

¥ +%;=0and %, +i; -2%, =0
= a+a,=0 ..(3)

and a,+a;-2a,=0 ..(4)

X3

Now, since a, = -a;,s0 we get  {from equation (3)}

Ay +a;+20; =0

4, +a
= g =2
2

ILLUSTRATION 11

In the arrangement shown, the three blocks move
with constant velocities. Knowing that the relative
velocity of A with respect to C is 300 mms ™' upwards
and that the relative velocity of B with respect to A
is 200 mms™ downwards, find the velocity of each
block.

(in magnitude)

Chapter 6: Newton's Laws of Motion 6.13
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SOLUTION

Let v be the velocity of block A (upwards) and v, be
the velocity of block B with respect to moving pulley
P (upwards).

Taking upward direction as positive, we have

04 =40, vy =0, —vand v- =—(v, +0)
Now it is given that,
Uyc =+300 mms ™
= v, +0c =300 mms™ (1)
=  20+v, =300 mms "
Similarly vy, =-200 mms™
=  v3-0, =-200 mms
= 0,-20=-200mms” (2
Solving equations (1) and (2), we get
0, =50 mms ™' and v =125 mms™
So, v, =+v =125 mms™’ {upwards}
Uy =0, -0 =-75mms "
= vy =75mms ', downwards
and v, =-v, —v=-175 mms "
= 0.=175mms™', downwards.

ILLUSTRATION 12

In the system shown, if a, be the acceleration of
block 1, then find the acceleration of block 2.
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When 1 moves up by x, 3 goes down by x, 4 by 2x
and 2 by 4x, so that total distance moved down by 2
becomes (x+2x+4x)=7x .

ILLUSTRATION 13

Determine the relationship which governs the veloci-
ties of the four cylinders. Express all velocities as
= positive down. How many degrees of freedom are

@ there?
]

SOLUTION

Let the datum pass through the centre of the fixed
pulley. Since the points 1, 2, 3 and 4 are movable,
so let their displacements from the datum be x;, x,,
x, and x,. We observe that the length of the strings
between 1 and 3, 1 and 4, 1 and 2 is constant. So,

X1 +x=1

(2 =x3)+ (x4 —x3) =1,

(=g )+(xp -1y ) =15 SOLUTION
Li=yp+yat(yp-1)+C

= 2p+ya-y=0
Ly=yc+2h+(yc—12)+C,

> 2429, =0

Ly=2y,+yp+GC4
= 2i,+yp=0

On double differentiating with respect to time, we
get

a +ay=0 (1)
a;+a;,—2a5 =0 ..(2)

Solving equations (1), (2) and (3), we get

= ‘az | =74, 3 degrees of freedom
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Eliminate i, and y,, and get

4v, +8uvy +4v- +vp =0

ILLUSTRATION 14

Block C shown in figure is going down at acceleration
2 ms~2. Find the acceleration of blocks A and B.

p o I

A e+ B

SOLUTION

The analysis is shown in figure. As block B and C
are connected by a string there accelerations must be
same hence we can directly state

ap=2ms”

Block A is also constrained to move with block B,
with pulleys X, Y and Z. As shown in figure, we
assume if block B and C moves by a distance y, A
will move by x and due to this the parts (like length
ab) of strings 1, 2, 3 and 4 which are passing over pul-
leys X and Y are slackened by a length 4x. This will
be tightened by the displacement of pulley Z along
with the block B and the string ¢ which is attached
to B at point d,by a distance y and this will pull the
same string by 3y (like the length c¢d ). Thus we have
4x =3y and similarly we have the constrained relation
forblocks A and B as.
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ILLUSTRATION 15

In the arrangement shown, if the end A of the rope
moves downward with a speed of 5 ms™", determine
the speed of cylinder B.

=)

5 ms“l

o

SOLUTION

Let the datum be passing through both the fixed
pulleys as shown. The length of the two ropes in
terms of the position coordinates x, , xz and x. are

xg+2a+2x- =1,
= xg+2xc=hL-2a (1)
and x,+(x,-x0)=1

= ZXA—JCC=12 ...(2)

Eliminating x- from equations (1) and (2), we get
xp+dx, =1l -2a+2l, .(3)

Taking the time derivative of equation (3), we get
vg+4v, =0

Taking downward direction as positive, we get

v, =5ms™
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= v3+4(5)=0

= 03=-20ms" =20ms", upwards

Problem Solving Technique(s)

For pulleys interconnected with strings, we can have
the following methods to analyse constraint equations.

(a) Branch wise Analysis.

(b) Law of Conservation of Length of strings
connecting the pulleys.

(c) If one end of a string passing over a moving pul-
ley is fixed, then the acceleration of the other
end (free or connected to something) is twice
the acceleration of the moving pulley. Following
situations show this to be made as a good rule for

applications.
DATUM
I1 -
— fg —
O
—
2a

h+(h -1, )= constant
2l, -1, = constant
2,-1—’-2:0 = i2:2"|

= ]"2=23"1 =  a,=2q

ag =2(Acc. of Pulley P, )=2a,

ag =2(Acc. of Pulley P, )
= ag=2a,

(d) For a moving pulley, the displacement of the pul-
ley equals the average of the displacements on
the left and the right of the pulley.

_XtX . = 517X X=x1+0

2 2 2
= =2 (As discussed in 1)
-
LN L
o N 0 K F
P P
2 2 1
1 1
Xo X9 X4
X4 X4 —
WEDGE CONSTRAINTS

Till now we have discussed the motion of blocks
connected by strings governed by pulleys connected
in several ways possible. Here we will discuss the
relation between the motion of two or more bodies
which are in contact and responsible for motion of
bodies.

EXAMPLE 1:
First we consider a very simple case shown in Figure (a).

Vi < vy
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Here a triangular block of mass M is free to move
on ground and m is free to move on inclined surface
of M. Here M is constrained to move only along
horizontal ground and m is also constrained to move
only along the inclined surface of M relative to it. Here
if M is going toward left with speed v, (say), and if on
its inclined surface m is going down with speed v,, then
we can state that the net speed of M is v, but m is also
moving to the left along with M, thus, its net speed is
given by vector sum of the two v; and v, as shown in
Figure (b).

V,, = \/vf +V3 +2viv, cos(m—6)

Vo, = Jvf +V3 = 2vyv, cos

Same can also be evaluated by using the velocity
components in horizontal and vertical directions of small
mass m. Here it is going along the incline with a velocity
v, relative to M and it is also moving with M toward left
with velocity v,, thus we have

Horizontal velocity of m relative to ground is

V, =V, c0s0 -V,
Vertical velocity of m relative to ground is
v, =V,sinf

Net velocity of m is

Vin =JV12+V)21 =

\/vf + vi —2v,v, cosf

EXAMPLE 2:

Now consider the situation shown in figure. Here block
A and B are constrained to move on their contact surface
as well as horizontal ground and vertical wall. Here as
B goes down, A will move to the left. If B goes down
by a distance x, A will move toward left by a distance
xcot @. Thus if velocity and acceleration of B are v and a
downward, velocity and acceleration A will be vcot §and
acot toward left.

xcotéa
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ILLUSTRATION 16

Find the relation among accelerations of wedge A
and the rod B supported on wedge A. Rod B is
restricted to move vertically by two fixed wall corners
shown in figure.

/( A

SOLUTION

Here we can observe that the rod is restricted to
move only in vertical direction and wedge can move
along horizontal plane only. Here if wedge moves
toward right by a distance x, figure shows that the
rod moves vertically down by a distance xtan6.
Thus if wedge is moving toward right with an accel-
eration a;, rod will go down with acceleration a,,
given as

a, =a, tan@

ILLUSTRATION 17

Figure shown a block A constrained to slide along
the incline plane of the wedge B shown. Block A
is attached with a string which passes through three
ideal pulleys and connected to the wedge B. If wedge
moves towards left with an acceleration a,, find the
acceleration of the block with respect to the wedge
and the ground.
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SOLUTION

When the wedge moves to the left towards the wall
by x, then a portion 2x of the string is loosened
which makes the block A to go down by 2x. So,
acceleration of the block with respect to the wedge is
2a,. However, with respect to the ground the situation
is shown for

a, = \/aﬁ +4a] — 445 cos®

= ay=ayv5-4cosf

@ Test Your Concepts-Il

Based on Constraints
(Solutions on page H.193)

1. At certain moment of time, velocities of A and B
both are T ms™' upwards. Find the velocity of C at
that moment.

4. Collars A and B slide along the fixed right angled
rods and are connected by a cord of length L.
Determine the acceleration a, of collar B as a func-
tion of y, if collar A is given a constant upward

velocity v,,.
2. For the pulley system each of the cables at A and B {
is given a velocity of 2 ms ™" in the direction shown.
Determine the upward velocity v of the load M. -
B A
A
N
y
i \B
i e -
5. The vertical displacement of block A in meter is
_ t? -
3. In the arrangement shown, if the block A of the given by y="7 where tis in second. Calculate the

pulley system is moving downward with a speed of

2 ms™" while block Cis moving up at 1 ms™, then
determine the speed of block B.

downward acceleration a; of block B.
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6. In the arrangement shown, the rod is freely piv-
oted at O and i in the contact with the blockwhich 9. If block B has a leftward velocity of 1.2ms™,
moves on the horizontal frictionless ground. As the determine the velocity of cylinder A.
block is given a speed v forward, the rod rotates
about O. Find the angular velocity of rod as a func-
tion of 6.

}
h —=v
% | | 7
10. Collars A and B slide along the fixed rods and are
connected by a cord of length L. If collar A has a

7. Find the relation which governs the accelerations
of A, Band C, all measured positive down. Identify 4
the number of degrees of freedom. velocity v, = d_)t( to the right, express the velocity

ds .
vg =—— of Binterms of x, v,, and s.
dt

AN/
S69 69 :

8. Cylinder B has a downward velocity in metre per
2 3 11. Neglect the diameter of the small pulley attached

second given by vg = St where t is in seconds. to body A and determine the magnitude of the total
velocity of B in terms of the velocity v, which body
A has to the right. Assume that the cable between

Calculate the acceleration of Awhent=2s.
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B and the pulley remains vertical and solve for a
given value of x

12. Establish the relationship between the velocity of A
and the velocity of B for a given value of y. Neglect
the diameters of the small pulley.

7\

=

13.1f block A has a velocity of 0.6 ms™ to the right,
determine the velocity of cylinder B.

al
14. The crane is used to hoist the load. If the motors

at A and B are drawing in the cable at a speed of

60 cms ™" and 120 cms ™,
the speed of the load.

respectively, determine

G 000 000

000 D

15. The cable at B is pulled downwards at 4 ms™ and
the speed is decreasing at 2 ms™ . Determine the
velocity and acceleration of block A at this instant.

16. If the end of the cable at A is pulled down with a

speed of 2ms™', determine the speed at which
block E rises.
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17. Figure shows a system of four pulleys with two
masses A and B. Find the

(a) speed of block A when the block B is going
up at Tms™ and pulley Y is going up at

2ms™

(b) acceleration of block A if block B is going
up at 3ms™ and pulley Y is going down at
4ms™.

18. Block A shown in figure move by a distance 3 m
toward left. Find the distance and direction in
which the point P on string shown in figure is

displaced.
P

19. In the arrangement shown, if the end of the cable
at A is pulled down with a speed of 2 ms ™', deter-
mine the speed at which block B rises.

20. Find the velocity of the block A shown in figure, if
B moves up with a velocity v,

Chapter 6: Newton's Laws of Motion 6.21

21. In the situation shown in figure, if mass M is going
down along the incline at an acceleration of
5 ms~? and m is moving toward right relative to M
horizontally with 3 ms™. Find the net acceleration
of m.

60°

22.Find the acceleration of block B relative to the
block A and relative to the ground, if the block A
moves to the left with an acceleration a,.

23. In the arrangement shown in figure, the ends A and
B of an inextensible string move downwards with
uniform speed u. Pulleys A and B are fixed. Find the
speed with which the mass M moves upwards.




ICON

6.22 )EE Advanced Physics: Mechanics - |

25. Under the action of force P, the constant accelera-
tion of block Bis 3 ms™ to the right. At the instant
when the velocity of Bis 2 ms™ to the right, deter-
mine the velocity of B relative to A, the acceleration
of B relative to A and the absolute velocity of point
C of the cable.

24.Two rings O and O are put on two vertical sta- B P
tionary rods AB and A’B’, respectively as shown in
figure. An inextensible string is fixed at point A" and
on ring O and is passed through O". Assuming that
ring O" moves downwards at a constant speed v,
find the velocity of the ring O in terms of ¢
A A
Sl0
,
ol 8
Bl LB
\ J
FREE BODY DIAGRAM (FBD) gravitational attraction between two bodies. An

A Free Body Diagram (FBD) consists of a diagram-
matic representations of a single body or a subsystem
of bodies isolated from its surroundings showing all
the forces acting on it.

Steps for Drawing FBD

STEP-1: Identify the object or system and isolate it
from other objects clearly specify its boundary.
STEP-2: First draw non-contact external force in the
diagram. Generally it is weight.

STEP-3: Draw contact forces which act at the bound-
ary of the object or system. Contact forces are normal,
friction, tension and applied force.

STEP-4: In EB.D., draw all the forces acting on the
isolated body. Do not draw the forces which the body
is exerting on others.

WEIGHT OF A BODY (W)

The weight W of a body is a force that pulls the
body directly towards the earth. The force is due to

object of mass m located at a point where the accel-
eration due to gravity has magnitude g will have a
weight W whose magnitude is given by

W=mg

And it is always directed vertically downward
(towards the centre of the earth). Normally we
assume that weight is measured in an inertial frame.
If it is measured in a non-inertial frame, it is called
apparent weight.

WEIGHT OF A BODY IS A NON-CONTACT
FORCE. It acts on the body whether the body is in
contact with a surface or not.

Weight is the force with which the earth attracts
other bodies. It is also called the force of gravity or
the gravitational force. It acts upon all the bodies
near the earth. If they do not fall to the earth, then
their motion is restricted by certain other bodies : a
support, string, spring, etc. Bodies that restrict the
motion of other bodies are called constraints. These
bodies restrict the motion of the given bodies and
hence oppose free motion.
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EXAMPLE:
The surface of the table is the constraint for all objects lying
on it, the floor serves as the constraint for the table, etc.

NORMAL REACTION/
NORMAL CONTACT FORCE

Normal Reaction (N) acts on a body when a body
is lying on a surface or leaning against (supporting
against) a surface. Normal reaction always acts nor-
mal to surface on which the body is kept or against
which the body is leaning.

N
Block Block
able N <l
W l
Normal reaction = N W
Weight =W
(@) (b)
N
Block
Inclined plane

(c)

Generally students think that the weight of the body,
W, acts on the surface on which the body is kept.
This is not so because WEIGHT IS A NON-CONTACT
FORCE AND WILL ACT ON THE BODY IRRESPECTIVE
OF THE FACT WHETHER THE BODY IS LYING ON THE
SURFACE OR NOT.

However, when the body is kept on the surface,
then the body will make its presence felt to the surface by
exerting a force called normal reaction N on the surface.

CASE-1: Consider a block of mass M, weight W,
place on a rigid horizontal surface. Then the forces
are drawn as shown.
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Out of these two action-reaction force pairs, the
Reaction 1 (force on earth by the block) and Reaction 2
(force on surface by the block) do not contribute any-
thing significant to the motion as the earth is massive
and the surface is rigid and not moving, so our free
body diagram can be redrawn as shown.

N = Action 2

(Force on block by surface)
|

N = Reaction 2
(Force on surface by block)

M 1

P | W‘:\Action 1 (Force on block by the earth)

! \ Action-reaction pair
1

Earth

So, for the block to stay in equilibrium on the rigid
surface, we have from Newton’s Second Law,

N-Mg=0
= N=Myg
N
|
Block Surface
W = Mg
Word of Advice

You may come across situations, when the forces
are equal in magnitude and opposite in directions.
Please do not treat them as Action-Reaction pair,
because action and reaction must act on different
bodies. So, N =mg is not a consequence of Newton's
Third Law. N and mg are not to be taken as action-
reaction pair. Hence the equation N = mg actually
follows from Newton's Second Law and not from
Newton’s Third Law.

According to NSL,

Z?=ma
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Fgg = N (Normal reaction)

A
Feg =
l Block (B)
Ground (G)
Feg=mg
y
FEB = mg
X
Earth (E)

Since there is no motion along y-axis,
N(up)+mg(down)=m(0)
N-mg=0
N=mg

So, this equation is a consequence of Newton's Second
Law.

CASE-2: Now let us give CASE-1 an extension,
where we place another the block 2 on block 1 (as in
CASE-1), where we are designating the block placed
on ground /surface as 1 and the block placed on 1 as 2
as shown. Here, now we have not shown the earth in
the diagram as the forces acting on it are negligible
to produce any significant effect on it.

To understand the forces drawn, read the following
stepwise arguments.

(a) First of all, both the blocks will be attracted
towards the centre of the earth. This force of
attraction, called the weight is shown as W; and
W, in the figure.

Surface

(b) Now the block 1 is placed on the rigid surface, so
the surface exerts a normal force N, on the block
1 upwards. Correspondingly the block 1 exerts
a normal force N; (due to Newton’s Third Law)
downwards on the surface as shown. Actually till
this point we have just rediscussed CASE-1.

(c) However, now the block 2 is placed on block 1, so
the block 1 exerts a normal force N,, upwards on
block 2. Correspondingly the block 2 also exerts
a normal force of equal magnitude but opposite
direction on block 1 as shown.

Ny Ny
b N,
l v 1
1 l 2 I ’
W1 W2

FBD 1 FBD 2

Again using Newton's Second Law, we get
N; =N, +W, (1)
N, =W, (2)
So, from (1) and (2), we get
N, =W, +W,

Similarly, for three blocks we can proceed in the same
manner, to get Ny = (W, + W, +W; ).
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NORMAL REACTION FOR VARIOUS
SITUATIONS

Normal reactions in various situations is shown in
Figures given below.

(a)

Ny N,

T

Whenever a force acts on a body, it changes the
motion of the body. As the motion of a body or bodies
is concerned there can be two type of forces.

(a) External Forces. External forces are those which
act from outside of the system, only action acts
on the system, reaction of these forces are not
utilized by the system.

(b) Internal Forces. Internal forces are those which
are developed within the system bodies, hence,
both action and reaction of these forces are in
the system. If we consider a situation, shown in
figure, box A is placed over box B, and a force
F is applied on box A. Here system includes two
blocks, A and B, and the force F which is acting
from outside of the system is an external force

Chapter 6: Newton's Laws of Motion 6.25

and the normal contact force between the two
blocks is the internal force of this system. Now
will discuss properties and applications for some
important forces.

P

TENSION IN A LIGHT STRING

The force exerted at any point in the light rope/
string/wire/rod is called the tension at that point.
We may measure the tension at any point in the light
rope by cutting a suitable length from it and inserting
a spring scale, then the tension is the reading of the
scale.

The tension is same at all points in the rope
only if the rope is unaccelerated and assumed to be
massless.

Whenever a thread or a rope or a wire is exposed to
some kind of force, a tension (T) develops in it.

(a) Tension in any branch of string must be shown as
a pair.
(The pair is shown with two arrows facing each
other).
When two blocks (M, and M, say) connected by a
string are pulled, then tension on M, acts towards
M, and that on M, acts towards M, as shown in
the figure.

M1 M2 -

(b) If a body A attached to an ideal light inextensible
string, is pulled with a force Fand it is placed on a
horizontal frictionless surface, then
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Tension in the string = Pull (F)

(c) Force of tension act on a body in the direction

away from the point of contact or tied ends of the
string. For example consider figure. A man pulls a
box with a string. The tension in string acts on the
box towards right or in the direction away from
the tied point and on the man it is again away
from it. The way of showing the direction of ten-
sion is shown in figure.

T T [5

-

(d) If string is massless and frictionless, tension

throughout the string remains constant as shown
in figure (a). But if the string is massless and not
frictionless, at every contact in the length of the
string tension changes and if it is not light, tension
at each point will be different depending on the
acceleration of the string.

EXAMPLE 1: Consider the situation shown in
figure (a). A box is tied to another mass with a
string going over a pulley. If string is massless and
there is no friction between the contact of string
and pulley surface, tension throughout the string
remains same as T and as there is no friction
between pulley and string, string will not be able
to rotate the pulley and it will slide on the surface
of pulley. But if there is friction between surface
of pulley and the string, due to friction, pulley
will rotate on its axis as the string slides on it. In
this case, due to friction between pulley and the
string, tensions in string on two sides of the pul-
ley will be different as shown in figure (b). If string
has a mass, it will accelerate and tension at each
point will be different on the string as shown in
figure (c). How this tension can be obtained, we
will explain in further sections.

Massless and Massless string

frictionless but there is friction
string between string
and pulley
(@ (b)

There is friction
between string
and pulley and
string used is
not light

()

EXAMPLE 2:
T-mg=0
= T=mg

Support (S)

..............

EXAMPLE 3:
T1 =m-|g+T2 (1)
T, =myg -(2)
From (1) and (2), we get

T1=(m1+m2 )9

0 0[]

mig T, myg

T2 T2
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ILLUSTRATION 18

A block of mass 10 kg is suspended with string
as shown in figure. Find tension in the string.

(gle ms'z).

SOLUTION
EB.D. of block

2F, =0 L
T-10g=0 E’j X

Find magnitude of force exerted by string on pulley.
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SOLUTION
EB.D. of 10 kg block

-
10 kg
10g
T=10g=100 N
EB.D. of pulley
N
100
A
100

Since string is massless, so tension in both sides of
string is same. Force exerted by string is

F=+(100)* +(100)* =100v2 N

Since pulley is in equilibrium position, so net forces
on it is zero. However force exerted by hinge on the

pulley is 10052 N.

@ Test Your Concepts-lll

1. Three blocks 1, 2 and 3 are placed one over the
other as shown in figure. Draw free body diagrams
of all the three blocks.

Based on FBD

(Solutions on page H.198)

2. Ablock of mass m is attached with two strings as

shown in figure. Draw the free body diagram of the
block.

-
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3. Aspherical ball of radius R, weight W is resting on
a V-groove as shown in figure. Draw its free body
diagram.

4. The diagram shows a rough plank resting on a cyl-
inder (shown cross-sectionally) with one end of the
plank on rough ground. Neglect friction between
plank and cylinder. Draw diagrams to show the

(a) forces acting on the cylinder.
(b) forces acting on the plank.

5. Two spheres A and B are placed between two ver-
tical walls as shown in figure. Friction is absent
everywhere. Draw the free body diagrams of both
the spheres.

TENSION IN A ROPE HAVING UNIFORM
MASS DISTRIBUTION

Now, if the rope/thread has a uniform mass, then
the tension at a point P at distance x from the free

end is equal to the weight of rope that hangs below P.
So,

Tension at B Weight of rope that
point P - hangs below the point P

= Tp={l].')g
where /'L=M

M = total mass of rope
L = total length of rope and
A =linear mass density

Tension at A
x=0
= TA =0

(we can think that no part of rope hangs below A, so
T,=0)
Tension at B

x=L

= T, =(AL)g=Mg=Total weight of rope.

ILLUSTRATION 20

A horizontal force is applied on a uniform rod of
length L kept on a frictionless surface. Find the ten-
sion in rod at a distance x from the end where force
is applied.

f— X —=

SOLUTION

Considering rod as a system, the acceleration of rod is

a=—
m



ICON

Now draw EB.D. of rod having length x as shown in
figure
T~ 1—F

l— X —|

According to Newton’s Second Law, we have

YF=ma

- rreft)
e ()
1o

ILLUSTRATION 21

For the situation given in figure, find the acceleration
of each body for the following two cases.

Al B |T"F
L~

(a) if the thread has a mass m.
(b) if the thread is massless.

It is given that masses of A and B are M, and M,
respectively and the horizontal surface is smooth.

SOLUTION

(@) Suppose the two bodies and the thread are mov-
ing along the force F with an acceleration of a4,
as shown in figure. Then, we have,

T, = Mya (1)
T,-T,=ma (2)

Acting on: Block A
Applied by: Thread

Acting on: Thread
Applied by: Block

T T T T

Acting on: Thread
Applied by: Block

Acting applied

Adding (1), (2) and (3), we get
F=(M;+M;+m)a

Chapter 6: Newton's Laws of Motion 6.29
F
= i=—
M;+M,+m
= Tl = Mlﬂ
B M,F
! M;+M, +m
and T, =F-M,a
(M, +m)F
2 Ml + M2 +m
a a a
A Thread B
M, T, T m , T, M F

(b) If thread is massless, then putting m=0 (for
any a ) in equation (2), we get

L =T,
Again, after solving (1) and (3), we get

. F
M, +M,

M,F
M, +M,

(a) Tensions at different points in a massless string is
the same.

(b) Acceleration of each body could be calculated
very easily if we would have assumed M,, M,
and thread as parts of a single system. In this way,
action and reaction forces acting on different
parts of the same system must get cancelled out
and we would have to take care of only external
forces. In this way, we can write.

and T, =T, =

Fot :Msysa
_ g=ted _ F
MWS M;+M, +m

(Put m =0, if the thread is massless)
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ILLUSTRATION 22

Two forces F, and F, (> F ) are applied at the free

ends of uniform rod kept on a horizontal frictionless
surface. Find tension in rod at a distance x from end A.

L P
Fae] ; F=Fi
l— X —
SOLUTION
F -F
a= 2 1
m
a--
- L >
F24—{ T«d—:_—‘T |—>F1
r—— X —

Since, T - F, =m,a, where m, :%(L—x)

X

= T=F2‘(F2‘F1)L

SPRING FORCE

Every spring opposes the attempts to change its
length i.e. every spring opposes the phenomenon
of compression or extension. This opposing or the
resistive force called as the Restoring Force or the
spring force F increases with change in length of the
spring i.e., Extension or Compression (x).

When spring is in its natural length [, spring force
(Fsp) is zero.

0
F=-kx

Ey
Ey

Spring force is given by FSP =-kx , where x is the
change in length of the spring (also called as com-
pression or extension) and k is the Spring Constant
or Force constant having SI unit Nm™" and dimen-
sional formula MT . The spring constant (k) is also
known as force constant/spring factor/force factor.

The spring constant k depends on geometry
of the spring and on the material property. For us,
it is important to know that the spring constant is
inversely proportional to its natural length I, other
things remaining the same i.e.,

o

[ {everything else constant]

= kI =constant

Therefore if you cut a spring into two parts whose
length are in ratio 1:2, their spring constants will be
inratio of 2:1.

The negative sign in the above relation signi-
fies that the spring force is always directed opposite
to the compression or extension in the spring.

k
ST F deforming
— | —Iv-i
L IFl = kx
F restoring i

1
i
-— 1 .
' x =:Compression

CASE-1: Horizontal Placement CASE-2: Vertical Placement

As in case of rope, we will usually deal with a mass-
less spring for which the force at each point is the
same. Such springs are normally referred to as ideal.

(a) For a spring of natural length /, spring constant k,
we have,

k¢ = constant

(b) No need to take the negative sign as the direction
has already been taken.
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(c) The more the value of k, the more the elastic a
spring is.
(d) Soft springs have small k in comparison to hard
spring.
ksol‘t <<lkhard

e.g., Spring used in a ball pen (soft spring). Spring
used in the shocker of the car (hard spring).

(e) The graph showing variation of restoring force F
with extension/compression x is shown here.

F (Restoring force)
Slope = -k
tan@=—k

N X

F=-kx

(f) If a spring with spring constant k is divided into
n equal parts, the spring constant of each part
is nk.

(g) If springs of spring constants k;, k,, k; .. are
connected in series, then effective force constant

(h) If springs of spring constants k;, k,, k; .. are
connected in parallel, then effective spring
constant.

(i) Slunitofkis Nm™and [k]=MT™.

(j) When a spring is cut, then to calculate the force
constant of each divided part we have

k£:k1é1=k2€2=...:kn€n

ILLUSTRATION 23

A spring of force constant k and natural length [ is

cut into two parts of lengths é and %[ Find the new

force constant of the divided parts.

Chapter 6: Newton's Laws of Motion 6.31

SOLUTION

Since, kI = constant

So, kI =k, So, ki = k,l,

21 l
R
- k1=3?k = ky=3k

ILLUSTRATION 24

Twoblocks are connected by a spring of natural length

2 m . The force constant of spring is 200 Nm™". Find
spring force in following situations.

(@) Ifblock A and B both are displaced by 0.5 m in
same direction.

(b) Ifblock A and B both are displaced by 0.5 m in
opposite direction.

SOLUTION

(a) Since both blocks are displaced by 0.5 m in same
direction, so change in length of spring is zero.
Hence, spring force is zero.

(b) In this case, change in length of spring is 1 m . So
spring force is

F=-Krx=-(200)(1)
= F=-200N
Natural length

When spring is extended

3m =

‘F 00000000 F
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When spring is compressed

a1 m—i
DL ﬁ'
F F

ILLUSTRATION 25

Two blocks A and B of same mass m attached with
a light spring are suspended by a string as shown
in figure. Find the acceleration of block A and B just
after the string is cut.

SOLUTION

When block A and B are in equilibrium position,
then

EB.D. of B
kx
Bl m
,
kx =mg (1)
EB.D.of A
T
Al 'm
o
T =mg+kx .(2)
= T=2mg

Now, when string is cut, tension T becomes zero. But
spring does not change its shape just after cutting.

So spring force acts on mass B, again draw F.B.D. of
blocks A and B as shown in figure.

EB.D. of B
kx=mg
Bl m
:
kx —mg = may
= ap = 0
EB.D. of A
Al m '
mg kx =mg
mg +kx =may
= 2mg=rmay
= a,=2¢ (downwards)
SPRING BALANCE

A spring balance does not measure the weight. It
measures the force exerted by the object at the hook.
Symbolically, it is represented as shown in figure.
Ablock of mass m is suspended at hook.

Spring balance

Hook

When spring balance is in equilibrium, we draw
the FEB.D. of mass m for calculating the reading of
balance.

Unless and until mentioned, a spring balance is
assumed to be light or having negligible mass.



ICON

EB.D. of m
mg-T=0
= T=mg

Magnitude of T gives the reading of spring balance.

ILLUSTRATION 26

Ablock of mass 20 kg is suspended through two light
spring balances as shown in figure. Calculate the

-

I
Spring balance 1
E Hook

I
Spring balance 2

(a) reading of spring balance 1.
(b) reading of spring balance 2.
SOLUTION

For calculating the reading, first we draw EB.D. of
20 kg block.

H—-—

209

mg-T=0
= T=20¢=200N

Since both balances are light so, both the scales will
read 20 kg .

Chapter 6: Newton's Laws of Motion 6.33

NEWTON'S SECOND LAW: REVISITED

We know from the first law, what happens when
there is no unbalanced force on an object: its veloc-
ity remains constant. Now let us see What happens
when there is an unbalanced force on an object? The
Newton’s second Law gives answer to this question,
that is, net force acting on a body will produce an
acceleration.

When there is a constant unbalanced force on an
object, the object moves with constant acceleration.
Furthermore, if the force varies, the acceleration var-
ies in direct proportion with larger force producing
larger acceleration. Twice the force produces twice
the acceleration in the same mass.

The magnitude of the acceleration produced
depends on the quantity of matter being pushed.
The quantity of matter is referred to as the inertial
mass.

Newton’s Second Law states the relation between the
net force and the inertial mass.

21:"=mﬁ

Note that the direction of acceleration is in the direc-
tion of the net force.
In terms of components

ZFX = 1ma,,

Problem Solving Technique(s)

HOW TO MAKE FREE BODY DIAGRAMS (FBD):
REVISITED

With the help of free body diagrams, it becomes easy
for us to consider the motion of the object after taking
the account the forces acting on it.

Rest is the case of motion where the net force
acting on the body is zero. This is also the case of
Equilibrium.

(a) Select a convenient co-ordinate axes.
(b) Isolate the object of interest.
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(c) Draw all the forces that are acting on the isolated

object keeping in mind that every force must
be a part of action-reaction pair acting on two
different bodies.
When drawing the FBD of the isolated object,
never take into account the forces that the
isolated object is acting on others. Just draw
the forces that are acting directly on the
isolated object.

(d) Apply Newton's Second Law such that we have

2f=m&
= ZF" =ma,, EFy =ma,, ZFZ =ma,

and obtain the equations required.

(e) If the body is at Rest or moving with a constant
velocity, then the acceleration of the body is ZERO
and this is also the CASE OF EQUILIBRIUM.

ATWOOD’S MACHINE

Masses M; and M, are tied to a string, which goes
over a frictionless light pulley.
The string is light and inextensible.

(@ If M;>M, and they move with acceleration 4,
then

where T is the tension in the string. It gives

M,-M
a=| —1—2%|¢gand T= 2MM, g
M, +M, M, +M,

Thrust is given by 2T . So,

4
Thmst=[ﬂ]g
my +m,

(b) If the pulley begins to move with acceleration
d,, then

(M-M,) .
a_(M1+M2J(g )

M, +M,
T T
al - — la
Mig Mg
FBD M, FBD M,

So, if pulley accelerates up, then

(M -M,
a_(MlJsz ](gHIU)

2M,M
and T=( 2 J(gﬂzﬂ)
M, +M,

and when it accelerates down, then

”=( Y, - M ](3"“0)

M, +M,

and T = 2M,M, (g-a9)
M;+ M,

and thrust in the pulley is

(§-do)

4M;M,
M, +M,

ILLUSTRATION 27

Consider identical pulleys A, B, C, D and E as
shown in figure.

T=
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A and B are fixed while C, D and E are free to move.
The pulleys are connected by light inextensible
string. All the pulleys have identical masses say M
each. At a particular instant, it is observed that C
and D move down with velocity, V- =2ms™ and
Vp =2ms™". Calculate the velocity of pulley E at
that instant. Also find the acceleration in the pulleys
and the tension in the string.

SOLUTION

Let us first draw the fixed axis (called Datum) pass-
ing through the centre of pulleys A and B as shown
in figure.

Mg

At any instant, the distance of the pulley C, D and
E from the Datum be y., y, and y; respectively.
Start from centre of C and go to centre, we observe
a single thread

Thread length = constant
(v~ Y ) ¥ + € +ye +ue+(ve =y )=
constant

= Yp+Yc +2yp = constant (1)
Take derivative w.r.t. time
= Ypt¥ct2yp =0
= Vp+Ve+2Vp=0 ..(2)
Now, take downwards as positive

Vo=+2ms”

Vy=+2ms™
= 2+2+2V: =0

= Ve=-2ms"

Chapter 6: Newton's Laws of Motion  6.35

Since the pulleys are identical and the string is light
and inextensible and connects from C to D as a
single curve, therefore tension throughout the string
will remain the same.

From (2) we get,

= ap+ac+2a;=0 .(3)
FBD C

(Mg+T)-2T = Ma ..(4)

Mg -T = Ma,
FBD D

Mg +T -2T = Map,

Mg-T = Map ...(5)
From (4) and (5), we get

ac =ap ...(6)
From (6) and (3), we get

A =ap =—ag (7)

T T T T

2 2

Mg
T Mg
FBD E
2T - Mg = Mag ..(8)
From (4), we get
Mg-T =Ma ..(9)
From (8), we get
2T -Mg=Ma ...(10)
From (9) and (10)
(2x9+10)
2Mg - Mg =2Ma+ Ma
o 0t
Putting a in (9),
Mg
Mg-T= 3
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= 3Mg-3T=Myg

= 3T=2Mg
= T:%
3

MASSES CONNECTED WITH STRINGS

Three masses M;, M,, M; are connected with
strings as shown in figure and lie on a frictionless

surface.
—>a

T, T, LT
== %F
They are pulled with a force F attached to M,.

T, = Mja
Such that the acceleration of system is

M, +M
a=—F and T; = —2 3 IF
M+ M, +M, M, +M, + M,

M
T2=(—M : )F
1+ M, + M,

MASSES ON A SMOOTH SURFACE IN
CONTACT WITH EACH OTHER

Three masses M;, M,, M; are placed on a smooth
surface in contact with each other as shown in the
figure. A force F pushes them and the three masses
move with acceleration a , which is given by

F
g=—————
M, +M, + M,

The forces acting are as follows
On M, , the forceis F, =F

M, +M
On M,, the forceis F, =[4)P

M, +M, +M,

On M, the forceis F; = _ M F
M, +M, + M,
3F

3 oF
i 3 1F

il

M M

M

F— —~C
ﬁ

F, and F; are the forces of contact between M;, M,
and M,, M, respectively.

If M; =M, =M, = M(say), then ﬂ=3iM'

The forces acting are as shown in above figure.
Similarly we have seven identical masses then

b
M
The forces acting are shown in above figure.

a

EoF SF 4 S G TF

7 7 7 7 7 7 7

ILLUSTRATION 28

A force F is applied horizontally on mass m; as
shown in figure. Find the contact force between m;,
and m, .

F— m; m,

Smoot!

SOLUTION

Considering both blocks as a system to find the com-
mon acceleration.
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Common acceleration

F
g=— (1)
(’"1 +n, )
To find the contact force between A and B we draw
EB.D. of mass ;.

—a
R
I

N— m,

myg

XF =ma,

N=m,-a

N= myF

(my +my)

ILLUSTRATION 29

A block of mass 50 kg is kept on another block of
mass 1kg as shown in figure. A horizontal force of
10 N is applied on the 1 kg block. Assuming all sur-
faces to be smooth and taking ¢ =10 ms™. Calculate
the

B| 50kg

A 1 kg

(a) acceleration of block A and B
(b) force exerted by B on A.

SOLUTION
(a) EB.D. of 50 kg block

Ny

5049

Chapter 6: Newton's Laws of Motion  6.37

N, =50¢ =500 N

Along horizontal direction, there is no force, so
aB = 0

(b) EB.D. of1kg block

Ny N

T

-

H—10N

)
19

Along horizontal direction
10=1ay,

= a,=10ms™

Along vertical direction

= N;=N,+1g

= N;=500+10=510 N

BODY ON A SMOOTH INCLINED PLANE

Consider a body starting from rest moves along
a smooth inclined plane of length [, height h and
having angle of inclination 6.

(@) Its acceleration down the plane is gsin6.

(b) Its velocity at the bottom of the inclined plane
will be

(c¢) Time taken to reach the bottom will be

o 21 B 2h 1 %
gsin@ gsin29 sinf\ ¢
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(d) If angles of inclination are 6, and 6, keeping the

) t; sin@
height constant then -+ = —2.
t, sinf

(e) If the angle of inclination is changed from 6, to 6,

keeping the length constant then h = s%n % :
t, \sin6,

(f) The ratio of times to reach the bottom in the two
cases are related to each other as

2
|: tl ] |: tl ]
tz constant height tz constant length

WHEN MASSES ARE SUSPENDED
VERTICALLY FROM A RIGID SUPPORT

Two blocks of masses M; and M, are suspended
vertically from a rigid support with the help of strings
as shown in the figure. The mass M, is pulled down
with a force F. The tension between the masses M,
and M, will be

T2=F+M2g

Tension between the support and the mass M; will be

T1=F+(M1+M2)g

Problem Solving Technique(s)

Whenever a light string is pulled then tension in the
light string at all the points is equal to the pull.

ILLUSTRATION 30

A5 kg block has a rope of mass 2 kg attached to its
underside and a 3 kg block is suspended from the
other end of the rope. The whole system is acceler-
ated upward at 2 ms™ by an external force F,.

(a) Whatis F;?

(b) What is the net force on rope?

(c) What is the tension at middle point of the rope?
( g=10 ms )

Fo
I

5k

(=]

2 kg

| ANNAARSNAY

3k

(=]

SOLUTION

For calculating the value of F;, consider two blocks
with the rope as a single system.

(@) EB.D. of whole system

I

T2 ms?
10g=100N

F,-100=10x2

= FE=120N (1)
(b) According to Newton’s Second Law, net force on

rope

F=ma where m= . =2kg
= F=(2)(2)
= F=4N .2

(c) For calculating tension at the middle point we
draw EB.D. of 3 kg block with half of the rope
(mass 1kg) as shown. So, total mass becomes
4kg.

.
4 kg
49
T-4g=4(2)
= T=48N
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WHEN TWO MASSES ARE ATTACHED
TO A STRING WHICH PASSES OVER A
PULLEY ATTACHED TO THE EDGE OF A
HORIZONTAL TABLE

Let the mass M, lies on the frictionless surface of the
table (as shown in the figure). Let the tension in the
string be T and the acceleration of the system be a.
Then from Cause-Effect equations, we get

M,g-T = M,a and T = Mya, such that

M MM
a= 2 gand T= L2 g
M, +M, M;+M,

=T T

The system is accelerated for all values of M, and M,
(as long as friction is assumed to be absent)
Thrust on pulley is V2T.

WHEN TWO MASSES ARE ATTACHED TO
A STRING WHICH PASSES OVER A PULLEY
ATTACHED TO THE EDGE OF AN INCLINED
PLANE

Two masses M, and M, are attached to the ends of
a string, which passes over a frictionless pulley at
the top of the inclined plane of inclination 6. Let the
tension in the string be T.

Two cases arise.

(a) When the mass M; moves upwards with accel-
eration a , then

e M, — M, sin®
M, +M,

- M;M, (1+sin8)
M, +M,

Chapter 6: Newton's Laws of Motion 6.39

(b) When the mass M; moves downwards with
acceleration a , then

[ Mysing-M,
M; + M,
T=[M1M2 (1+sin8)]g
M, + M,
Thrust F on the pulley in both the cases is the resul-
tant of T and T inclined at an angle of (90-6). So,

F=yT2+T2 +2T2c0s(90-0)
F=2T1+sin6

Since V1+sinf = cos[g)ﬂm(g)

p:\/ET[COS(g)”m(gH

From the above relations we can derive the
following conclusions.
(i) System does not accelerate (2=0) when
M, = M, sin#.

(ii) If the positions of the masses are reversed,
the tension in the string remains unchanged.
Also, the acceleration of the system remains
unchanged.

(iii) If M; =M, =M (say), then

a=%(l—sin9)g
e 8)-so(3)f
= g=-—4cos| — [-sin| — g
2 2 2
2
= a=(cosg—sing) (EJ and
2 2 2

2
T=(cosg+sing) (%)
2 2 2

WHEN TWO MASSES ARE ATTACHED TO
A STRING WHICH PASSES OVER A PULLEY
ATTACHED TO THE TOP OF A DOUBLE
INCLINED PLANE

Two masses M; and M, are attached to the ends
of a string over a pulley fixed to the top of a double
inclined plane of angles of inclination & and .

Let M, move downwards with acceleration a2 and
the tension in the string be T . Then

M, + M,
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MM
T= 1—Zg[sil.'lﬁ'Jrsirux]
(M;+M,)
For system not to accelerate we must have
M, sinff=M;sina.

a ]

Thrust F on the pulley is the resultant of T and T
inclined at an angle of 180—( &+ ). So,

Thrust = /7% + T2 +2T2 cos{ 180~ (a+ )}
= F= ﬁT\/l—cos(a+ﬁ) =2Tsi1‘l(aT+/3J

A 10 kg block kept on an inclined plane is pulled by
a string applying 200 N force. A 10 N force is also
applied on 10 kg block as shown in figure. Calculate
the

oV 200 N
30° 60°

(a) tension in the string.
(b) acceleration of 10 kg block.
(c) net force on pulley exerted by string.

SOLUTION

(@ T=200N
(b) T-10-mgsinf=ma

mg =100 N

= T-10-50=10a

= 200-60=10a
a= % =14 ms™
10
(c)
90°
200 N 200 N
FH

= Fp=4(200)*+(200)*

= =202 N

ILLUSTRATION 32

An aerostat of mass m starts coming down with a
constant acceleration a. Determine the ballast mass
to be dumped from the aerostat to reach the upward
acceleration of the same magnitude. The air drag is to
be neglected.

SOLUTION
Mg -U=Ma (1)
u U
) |
a
M- Am
Mg (M- Am)g
Let the mass Am be dumped
U-(M-Am)g=(M-Am)a .2

Adding (1) and (2),
Mg—-(M-Am)g=Ma+(M-Am)a
Amg =a(2m-AM)

AMg = 2ma— AMa
AM(g+a)=2ma

AM=2MH
g+a
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ILLUSTRATION 33

A painter of mass 100 kg is raising himself and the
crate (such an arrangement is called Bosun’s chair)
on which he stands as shown. When he pulls the rope
the force exerted by him on the crate’s floor is 450 N.
If the crate weighs 25 kg then, find the acceleration of
the system and the tension in the rope.

SOLUTION
T+F-mpg=mpa (For Painter) (1)
T-F-mpg=mca (For crate) ..(2)

Subtract (2) from (1), we get

2F+(mc —mp)gz(mp—mc)a

.
T F=Fpe
/~ I T
| Q
ta '
| 1
meg mpg

F.B.D. CRATE F.B.D. PAINTER

= 900+(25-100)(10)=75a
900750 = 754

U

= a=2ms?2, T=750N
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ILLUSTRATION 34

Ablock A of mass 500 g is placed on a smooth hori-
zontal table with a light string attached to it. The
string passes over a smooth pulley P to the right of
A at the end of the table and connected to another
block B of mass 200 g . The portion of the string over
the table is parallel to the table surface and the por-
tion beyond the pulley is vertical. Initially the block
A is atadistance of 200 cm from pulley and is mov-
ing with a speed of 50 cms™ to the left. Find the posi-
tion and velocity of A at t=1s.

u=50cms™

l«—— 200 cm

SOLUTION
T=Mg
T=500g
Myg—T = Mpa (1)
T=Mya (2

1= Mg
M, + My

200

u=50cms™

«—— 200 cm

200 g

a=280 cms ™

1
s=ut+—at2
2
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s=(—50)(1)+%(280)(1)2

5=90 cm
Distance covered =110 cm
Using, v=u+at
v=-50+(280)(1)
v=280-50

v=230 cms ™

WEIGHING MACHINE

A weighing machine does not measure the weight
but measures the force exerted by object at the upper
surface of the machine (i.e. the surface on which the
person is standing).

ILLUSTRATION 35

A man of mass 60 kg is standing on a weighing

machine placed on ground. Calculate the reading of

machine ( ¢=10ms™ ) .

Weighing machine

SOLUTION

For calculating the reading of weighing machine, we
draw EB.D. of man and machine separately. E.B.D. of
man, EB.D. of weighing machine.

Here force exerted by object on upper surface is N,
so the reading of weighing machine is

N = Mg

N

Weighing machine

Mg N, Mg

= N=60x10
= N=600N

ILLUSTRATION 36

A man of mass 60 kg is standing on a weighing
machine (2) of mass 5 kg placed on ground. Another
same weighing machine is placed over man’s
head. A block of mass 50 kgis put on the weighing
machine (1). Calculate the readings of weighing
machines (1) and (2).

50 kg

|Weighing machine 1 |

|Weighing machine 2

SOLUTION

Since a weighing machine measures the force applied
at its upper surface, so we have the reading of weigh-
ing machine 1 given by

N,;=50g

| Weighing machine 1|

Ny Img

Ry =N; =50g =500 N
Similarly, we have the reading of weighing machine
2 given by
N3 =(50 + 5 + 60)g

|Weighing machine 2|

Ny mog

R, =Nj
= R,=(50+5+60)g
= R, =115x10
= R,=1150N
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@ Test Your Concepts-IV

Based on Newton’s Laws of Motion: Acceleration Systems

A weight of 200 kg hangs freely from the free
end of a rope. The weight is hauled up vertically
from rest by winding up the rope. The pull starts
at 250 kgwt and diminishes uniformly at the rate
of 1kgwt per metre wound up. Find the velocity
after 20 metre have been wound up. Neglect the

weight of the rope (Take g=10ms™ )

Block B has a mass m and is released from rest
when itis on top of wedge A, which has a mass 3 m.
Determine the tension in cord CD required to hold
the wedge from moving while B is sliding down A.
Neglect friction.

Find the acceleration of masses m, and m,. The
string and the pulley are massless and frictionless.

Atoy truck of mass M=2 kg is moving towards left
with an acceleration a, due to a force F=20 N as
shown in figure. It is connected to a mass m; =1kg
with a light and frictionless string, passing over a
movable massless pulley, to which another mass
m, =0.5 kg is connected. Find the force acting
on the truck towards right and the accelerations of
mass m; and m,. Take g =10 ms™,

5. Find the acceleration of the body of mass m, in the

. Inthe arrangement shown in figure the mass of the

Chapter 6: Newton's Laws of Motion 6.43

(Solutions on page H.199)

o

(.

arrangement shown in figure. If the mass m, is 7
times great as the mass m, and the angle that the
inclined plane forms with the horizontal is equal to
6. The masses of the pulleys and threads, as well as
the friction, are assumed to be negligible.

ball is 17 times as great as that of the rod. The length
of the rod is [, the masses of the pulleys and the
threads, as well as the friction, are negligible. The
ball is set on the same level as the lower end of the
rod and then released. How soon will the ball be
opposite the upper end of the rod?
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7. In the arrangement shown, mass of A, B and C
are 1 kg, 3 kg and 2 kg, respectively, and friction is
absent. Find the

(a) acceleration of the system and
(b) tensions in the string.
Take g=10 ms™
8. Two blocks of mass 4 kg and 1 kg are placed side
by side on a smooth horizontal surface as shown in
the figure. A horizontal force of 20 N is applied on
4 kg block. Find
(a) the acceleration of each block
(b) the normal reaction between two blocks.

20N
—

4 kg

1kg

9. Three blocks having mass 4 kg, 2 kg and 1 kg are
placed side by side on a smooth surface as shown
in figure. A horizontal force of 14 N is applied on
4 kg block. Find the net force on 2 kg block.

12N

—

4 kg

2kg fi kg

10. A 6 kg block B rests as shown on the upper surface
of a 15 kg wedge A. Neglecting friction, determine
the acceleration of A, the acceleration of B relative
to A, immediately after the system is released from
rest (Take g=10 ms2 ).

6 kg

B

15 kg A

30°

11. A heavy uniform chain of length 2/, hangs over a
small smooth fixed pulley, the length [+ c being at
one side and [—c at the other. If the end of the

12.

13.

14.

shorter portion be held and then let go, show that
the chain will slip off the pulley in time given by

i [I+\/12—CZJ
_|0g R
g C

In the arrangement shown in the figure, the rod
of mass m held by two smooth walls, remains
always perpendicular to the surface of the wedge
of mass M. Assuming all the surfaces are friction-
less, find the acceleration of the rod and that of the
wedge.

Fixed wall

A man pulls himself up the 30° incline by the
method shown. If the combined mass of the man
and cart is 100 kg, determine the acceleration of
the cart if the man exerts a pull of 250 N on the
rope. Neglect all friction and the mass of the rope,
pulleys and wheels.

Determine the accelerations of bodies A and B and
the tension in the cable due to the application of
the 300 N force. Neglect all friction and the masses
of the pulleys.

70kg 35 kg

O P=300N

B R

A

7 O
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15. A painter of mass M stand on a crate of mass m and

16.

17.

18.

19.

pulls himself up by two ropes which hang over pul-
ley as shown. He pulls each rope with force F and
moves upward with a uniform acceleration a. Find
a, neglecting the fact that no one could do this for
long time.

ORONONC)

Two men A and B having masses M and M + m, start
simultaneously from the ground and climb with
uniform vertical accelerations up the free ends of a
light inextensible rope which passes over a smooth
pulley at a height h from the ground. If the lighter
of the two men reaches the pulley in time t second,
show that the heavier cannot get nearer to it than

2
m [£+h).
M+m\ 2

A block is kept on the floor of an elevator at rest.
The elevator starts descending with an accelera-
tion of a;=12ms™. Find the displacement of
the block during the first 0.2 s after the start. Take
g=10ms™.

The small marble is projected with a velocity of
10 ms™ in a direction 45° from the horizontal
y-direction on the smooth inclined plane. Calculate
the magnitude v of its velocity after 2 second. Take
g=10ms™

In the arrangement shown, the pulleys are light and
frictionless and strings are light and inextensible.
Find the acceleration of the two masses as shown
in figure.

Chapter 6: Newton's Laws of Motion 6.45

4 L g 4

M

20. In the shown arrangement both pulleys and the
string are massless and all the surfaces are friction-
less. Find the acceleration of the wedge.

21. A man of 50 kg raises a block of mass 25 kg in two
different ways as shown in figure. Calculate the
action on the floor by the man in the two cases. If
the floor yields to a normal force of 700 N, which
mode should the man adopt to lift the block with-
out the floor yielding? Take g=9.8 ms™.

(a) (b)
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EQUILIBRIUM OF COPLANAR FORCES

A body or a system is said to be in equilibrium if it
does not tend to undergo any further change of its
own. Any further change must be produced by exter-
nal means (e.g,, force).

The simplest kind of equilibrium situation is
one where two forces act on a body. When you stand
motionless, you experience the downward gravita-
tional pull of the earth, your weight W . The weight
is balanced by an upward force exerted on you by the
floor. This force is perpendicular to the floor and it
is called the normal force N . Note that although N
and W are equal and opposite, they do not constitute
an action-reaction pair.

i

(a (b)
(a) A man standing on floor is in equilibrium.

(b) The free body diagram of the man gives W=N.

Some other examples of static equilibrium are shown
in the following figures.

m mg

(@) (b)

(a) A ball of mass m suspended from the ceiling with an
inextensible string in equilibrium.
(b) The free body diagram of the ball gives T =mg.

kx
A

mg

@ (b)

(a) A block of mass m supported by a spring is in equilibrium.
(b) The free body diagram of the block gives kx = mg.

N
T T
f<—Ej N ™
mg f
(a) (b) c)

(a) A block of mass m is being pulled with a constant velocity on
a horizontal surface.

(b) The free body diagram of the block.

(c) The block is in dynamic equilibrium because the vector sum
of the forces is zero.

There is no net force (F) and no net torque (7) act-
ing on the body, i.e., net force and torque acting on
the body have to be zero.

Equilibrium

Translational Equilibrium
. ZF=G

. ZPX=0 . ero
e Y F,=0 . Y7, =0
. Y E=0 - ero

(a) In the arrangement shown, for translational
equilibrium to exist, we have

Rotational Equilibrium

. z%=6

Fcosa+Fcosy—F —F,cos f=0 (1)
ZFy=O gives
Fsino+F,sinf—F —F;siny=0 -(2)
Fa Fi .
N e S

|

Fs
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(b) If three forces F, F, and F; happen to be in equi-
librium, as shown (non-collinear lying in same

plane)
OPTION A OPTION B
,?1
BCRNY
o
Fy F
OPTION C
/X
Fy Fy
R R F
N 1 2 3

sin sinf siny

sina_sinf siny

or

ROTATIONAL EQUILIBRIUM (LAW OF
CONSERVATION OF MOMENTS OF FORCE)

2%=ﬁ

In an easy to use scalar form we must remember that

D E(r), =0

where (7;) is the L distance of the ith force F,
from the point about which moments are to be taken.

= D E(r) = ) E(n),

CCW

Law of conservation of moments

Total clockwise Total counter
moments of =| clockwise moments
force of force
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EXAMPLE:

Consider a body on which forces ﬁ F, F, E and !:';
are acting as shown. To check for the rotational equi-
librium of the body, we shall be following the steps
given.

STEP-1: Assume clockwise (CW) sense as positive.
STEP-2: Extend all the forces to check out which of them
passes through the point about which moments have to
be calculated (in this case P).

STEP-3: For the forces that pass through point P (like fz

and F;), (n),=(r), =0

So, the forces that pass through the point about which
moments are to calculated will have no contribution to
the moments of force.

STEP-4: For the left out forces (like F, F, and F),
let us calculate the moments taking each one by one as if
the remaining others are absent.

For this we drop perpendiculars from the point
P on the extended force lines. So that we get

((ﬁ)y(r‘l )L and (r5 )L)

STEP-5: Now for equilibrium, net moment of force is
zero.

ccw w w

Since CW sense is taken as positive, so we have
_H(H)L +F4(r4 )L +F5(r5)¢ =0

= R(n) =F(n) +K(r5),
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(a) If all forces give CW moments, net moments Thus, T, =L00= 200
cannot be zero. cos30° |3

(b) If the net moment of force is non-zero, then net
moment is given by

T, c0s30°-100=0 (2)

Substituting the value of T, in equation (1), we get

e 100
v=F(n), +Fs(rs), ~A(n), hi=Tsm30="0N

V3

If 7is ®, net moment is clockwise (CW)
If 7is ©, net moment is counter clockwise (CCW). ILLUSTRATION 38

The system shown in figure is in equilibrium.

ILLUSTRATION 37

Ablock of mass 10 kg is suspended with two strings,
as shown in the figure. Find the tensions T; and T,

in the two strings.
307/ T2 Find the magnitude of tension in each string T}, T;,
: Ty and Tj. (Take ¢ =10 ms™)
T 0
! SOLUTION
EB.D. of 10 kg block
E10 kg T
SOLUTION

The free body diagram of the joint O is drawn as
shown in the following figure.

T,co0s30° 10g
Ty i
y T, =10g
T1 = -——————— LX = TD = 100 N
0 T, O T,sin30°
EB.D. of point A
\
100 N 100 N f
i T.
Applying equations for equilibrium. 'OSS ?

Y E =0 e o x

T,sin30°-T, =0 (1)

Y F=0 I
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3F, =0
= T,cos(30°)=T, =100 N
200
= TI,= N
SN
YF, =0

= T, =T,sin(30°)
200 (1) 100
= T =—||-|=—N
1 (\6) 2) 3

EB.D. of point B

IF, =0
= T,cos60° =T, cos30°
and XF, =0
= T;+T,sin30° =T, sin60°
= T;= 20 N and
V3
T,=200N

ILLUSTRATION 39

Find the magnitude of the horizontal force F required
to keep the block of mass m stationary on the smooth
inclined plane as shown in the figure.
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SOLUTION

The forces acting on the block are shown in the free
body diagram.

N Fcosé
B Fsing
mgsing mgcosé

Applying equations for equilibrium,

Fcosf-mgsinf=0

mgsin @

- F= =mgtan®

cos@

ILLUSTRATION 40

A cubical block is experiencing three forces as shown
in figure. Find the friction force acting on the block
if it is at rest. Given that F;, =30 N; F, =50 N and
F;=42N.

SOLUTION

As shown in figure force F is having three compo-

E
nents, one along vertical (: le), other along force

) and one against F3(

[ 2 2 IJ

Here the net horizontal force acting on the block is
given by

e O8]

= E =y(50+15) +(42-15)* =70.384 N
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As it is given that block is in static equilibrium, thus
sum of all horizontal forces acting on it is must be
zero. Sum of given external horizontal forces is

70.384 N and is in a direction 0= tan'l(z—g) from

the direction of force F;. We can state that friction
force acting on block must be exactly opposing this
force so as to keep the block in static equilibrium.

ILLUSTRATION 41

A chain of mass m is attached at two points A and
B of two fixed walls as shown in figure. Due to its
weight a sag is there in the chain such that at point
A and B it makes an angle 6 with the normal to the
wall. Find the tension in the chain at : (Assume ten-
sion is always along the length of chain).

(a) point A and B.
(b) mid point of the chain

SOLUTION

(a) Let the tension in the chain at point A and B
is T, so at these points chain will pull the wall
hinges with the same force and wall hinges will
also exert same force on chain in tangential direc-
tion as shown in figure.

Tsing

Tsing

Now for vertical equilibrium of chain we have

2T sinf=mg
1
= T= Emgcosecé?

(b) Let tension at the mid point of chain be T,. It
must be along horizontal direction as at midpoint
slope is zero. For horizontal equilibrium of
chain we can state that at every point horizontal

component of the tension in the chain must be
equal as no other external force is acting on it in
horizontal direction. Thus we have

T, =T cos6

1
= T)= Emgcot@

ILLUSTRATION 42

The object in figure weighs 40 kg and hangs at rest.
Find the tensions in the three cords that hold it.

SOLUTION

Because the object is at equilibrium, the vector sum
of the forces acting directly on it must be zero. There
are only two such forces, the tension in the lower cord
and the pull of gravity, 400 N. Therefore, the tension
in the lower cord must be 400 N. It is the tension that
supports the object. Figure shows the junction where
the three cords meet. As the system is in equilibrium,
net sum of all the forces at the junction must be zero.
For this we resolve the tensions in horizontal and per-
pendicular direction as

In horizontal direction

0.6, -0.87; =0 (1)
In vertical direction
0.6T, +0.8T, -400=0 (2

Ty

3r° 53°
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On solving the above equations we get
and the tension in third cord we already have

T, =400 N

EXAMPLES AND SITUATIONS FOR
ROTATIONAL EQUILIBRIUM

To learn how forces and rotations are related, we can
perform the experiment shown in figure. We see there
a wheel that consists of two disks cemented together.
It is free to rotate on a stationary axle that we call the
axis, or pivot, of rotation. By hanging objects from the
two cords, we can determine the turning effect of a
force. The force F, tries to turn the wheel clockwise,
while F, tries to turn the wheel counterclockwise. By
experimenting with different radii n and r, for the
two disks, we find that the two turning effects bal-
ance whenever

En=Fkrn

Fy=myg

0 ]

Fi=mg

The above relation, product of force and the radii,
is known as torque. Torque is the physical quantity
which measures the turning effect of a force on a
body. Its magnitude is given by the product of the
force and the perpendicular distance from the axis of
rotation or pivot. In above case it is simply the prod-
uct of force and the radii.

ILLUSTRATION 43

The uniform 20 kg ladder hinged at the bottom in
figure, leans against a smooth wall. If a 40 kg person
stands on the ladder shown, how large are the forces
at the wall the ground.
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SOLUTION

Consider figure, all the forces acting on the ladder
are shown. For horizontal and vertical equilibrium,
we use

H-P=0 {along x-direction}

V-200-400=0 {along y-direction}
On solving we get

V=600 N

For rotational equilibrium about point A , we have

ZTA=0

= P(6)(0.8)-200(3)(0.6)—-400(4)(0.6)=0
= P=H=275N

ILLUSTRATION 44

For the uniform 5 kg beam shown in figure, how large
is the tension in the supporting cable AB and what
are the components of the force exerted by the hinge
on the beam at point D? Take g =10 ms™>.
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A
D 379~ B
) c
100 cm " 40 cm
10kg

SOLUTION

The forces acting on the beam at difference locations
are shown in figure. Note that the weight of the beam,
50 N, is taken as acting at the beam’s centre of mass.
Further, we have replaced the tension in the cable by
its components. For equilibrium of the beam, we have

1, =0, XF, =0 and pro

V T sin(37°
) y
T cos(37°) B C
H
D G l X
50N 100N

—70 cm—=t=—70 cm—

= Tsin(37°)x1-50%0.7 -100x1.4 =0 (1)
= H+Tcos(37°)=0 ..
= V+Tsin(37°)-50-100=0 ...(3)

From (1), (2) and (3), we get
T=292N, H=-234N and V=-252N

Here, V and H come with a negative sign. Which
simply implies that the direction of vertical force
from hinge on beam shown in figure is downwards
and of horizontal force is towards the right.

ILLUSTRATION 45

A solid sphere of radius R and mass M is placed
in a trough as shown in figure. The inner surfaces
of the trough are frictionless. Determine the forces
exerted by the trough on the sphere at the two contact
points.

SOLUTION

Let the normal forces be denoted by F and F,. They
make angles o and f with the vertical

3F, =0
= FEsina-Fsinf=0

= EFy:O

= Fcosa—-Mg+F,cosfi=0

Fsina

Substitute F, = —
sin 8

ino
Fcosa+E cosﬁ( Sl_n )= Mg
sin

) Fysine
Fisina
F, cosa Fycosa
=  F/(cosasinf+sinocos f)= Mgsin
sin 8 sino
= F=M¢——— and F, =M¢g——
! gsin(or+[3) ? gsin(a+,8)

ILLUSTRATION 46

A uniform rod of 800 N weight pivoted at the bottom,
is supported by a cable as in figure. A 2000 N object
hangs from its top. Find the tension in the cable and
the components of the reaction force exerted by the

floor on the rod. Take V3 =1.7.
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SOLUTION

z Tpivot = 0 gives

(TCOSSOO)(%ISinEiOO)+(TS'H130°)(%ICOS600)=
(2000)([00560°)+(800)(%&5600)
12513 BIE)GE)-

(2000)(1)[%)4800)(%)(%)
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2T + 31 =1000+200
16 16

= T=1600N

Since, zFx =0, so we get

H=Tcos(30°)=1360 N (towards right)

Also, 2 Fy =0, gives

V=(2000+800)-Tsin(30°)=2000 N (upwards)

@ Test Your Concepts-V

1. A point A on a sphere of mass M, radius a rests
in contact with a smooth vertical wall and is sup-
ported by a string of length 2a which joins a point
B on the sphere to a point C on the wall. Find ten-
sion in the string and the force exerted by the wall
on the sphere.

TiC

TARES--*B :

Based on Equilibrium

(Solutions on page H.204)

2. Write down the components of four forces }?1 !_-"2
F, and F, along x and directions as shown in
figure. Also find the resultant of these forces.

3. A block of mass m is at rest on a rough wedge as
shown in figure. What is the force exerted by the
wedge on the block?
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6. A ball of mass 1 kg hangs in equilibrium from two
strings OA and OB as shown in figure. What are the

tensions in strings OA and OB? Take g =10 ms™.
[

4. An object is in equilibrium under four concurrent
forces in the directions shown in figure. Find the

magnitude of F, and F,.

7. Aball of mass 1 kg is at rest in position P by means
of two light strings OP and RP. The string RP is now
cut and the ball swings to position Q. If 8=45°.
Find the tensions in the strings in positions OP
(when RP was not cut) and OQ (when RP was cut).
Take g=10 ms™.

5. Aforce F=VxA is exerted on a particle in addi-
tion to the force of gravity where v is the velocity
of the particle and A is a constant vector in the
horizontal direction. Find the minimum speed of
projection of a particle of mass m so that it contin-
ues to move undeflected with the same constant

9 velocity?




PSEUDO FORCE

FRAMES OF REFERENCE

Whenever any physical phenomena has to be
observed, a suitable platform has to be taken by the
observer. This platform from where a physical phe-
nomena is being observed is called the frame of ref-
erence. Frames of reference are of two types

(a) Inertial: Non-Accelerated
(b) Non-Inertial: Accelerated

Inertial Frame

All non-accelerated frames (frames either at rest or moving
with uniform velocity) are inertial frames.

A frame of reference moving with constant velocity
w.rt. an inertial frame is also an Inertial Frame.

OR

A frame of reference at rest w.rt. an inertial frame is
also an Inertial Frame.

The Newton's Laws which we have already studied
have been fabricated from an inertial frame of
reference.

Non-inertial Frame

All accelerated frames are non-inertial frames.

Most of the students have a misconception that
the Newton’s Laws are not obeyed in the non-inertial
frames. However this is not the case, because we have
to introduce the concept of the pseudo force to keep
the laws validated and acquire identical force equa-
tions irrespective of the frame from where the physi-
cal phenomenon is being observed.

Pseudo force is to be applied on a body whenever the
body is lying in a non-inertial frame or the body is being
observed from a non inertial frame.

Pseudo force is always directed opposite to the
acceleration of the non inertial frame and has a value

given by

E

Mass of \( Acceleration of
pseudo

- the block the frame

Pseudo force is a fictitious force because it has no
physical origin, i.e., itis not caused by any of the basic
interactions in the nature. Note that it has existence
only in a non-inertial frame.

These forces are, then, simply a technique that
permits us to apply F=mi, in the normal way to
events if we insist on viewing the events from an
accelerating reference frame.

In mechanics problems, then, we have two choices

(a) select an inertial frame as a reference frame and
consider only “real” forces i.., forces that we can
associate with definite bodies (e.g. string, the earth,
table etc.)

(b) select a non-inertial frame and consider both the real
forces and pseudo forces.

Although we usually select the first alternative, but some-
times have to go for the second alternative, but both are
completely equivalent and the choice is purely a matter of
convenience.

(a) All physical phenomenon should give identical
results whether seen from an inertial frame or a
non-inertial frame.

(b) All accelerated frames are non-inertial frames.

(c) Let us consider a block of mass M placed in an
inertial frame. Let a force F be applied on the
block. If @ be the acceleration of the block, then

F=Md 1)
Suppose that the same block is now placed in
a non-inertial frame and the same force F is

applied on it. If d" be the acceleration of the
block in non-inertial frame, then

= F=Md'+F (2)
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So, we get from (1) and (2), that

M&=Ma'+f?p

seudo

' Fo'rce |r| Forc.e in :f] R
i.e,, | aninertial [=| Non-inertial [+
Force

frame frame

.3)

§0¢ﬁ

.3
, M
<

Non-Inertial frame

Inertial frame

Clearly we observe that equation (3) establishes
a relation between the phenomenon observed in
an inertial frame and a non-inertial frame and the
equivalency of both phenomenon with the help
of pseudo force.

So donot develop a misconception that observers
in different frames will get different result for an
identical physical phenomenon. Just keep in mind
that for the observer in an inertial frame Newton'’s
Laws are valid as studied but for an observer in
a non-inertial frame the Newton’s Laws are being
made suitably valid using the concept of Pseudo
Force.

ILLUSTRATION 47

A pulley with two blocks system is attached to the
ceiling of a lift with the help of a spring a force con-
stant k. The lift is moving upward with an accel-
eration ;. Find the deformation in the spring as
observed by the inertial and non-inertial reference

frame observer.
k
la
N

=)

1

SOLUTION

We shall be discussing this problem taking into
account two observers, one in an inertial frame and
the other in the non-inertial frame. The observer in
the inertial frame will taken into account all the real
forces acting on the system, where as the observer in
the non-inertial frame will take into account all the
real + fictitious forces into account and both will
arrive at the same results.

Observer in an Inertial Frame

Let us draw the free body diagram of the masses as
seen by an observer standing on the ground or an
inertial frame.

Applying Newton’s Second Law

mg—T =ma (1)
—myg+T = mya, ..(2)
Constraint relation
(xg —x, )+(xp —x; ) = constant
= 2x,-X; —X, =constant
Differentiating twice w.r.t. time, we get

2 2 2
dxﬂ_dxl_dx2=

2 0
att - dt* dr
= 20 -(-1)-0,=0
= a,=2a,+n ..(3)

Observer

xp Inertial frame

! 14

Observer in inertial frame

T T

6 &

myg m4g

FBD of masses from ground/inertial frame
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Solving equations (1), (2) and (3), we get

T=[ 2ty }(8”0)

The stretching force on the spring is
F=2T
Using Hooke's Law
F=kx
where x is the deformation in the spring. Thus,

x—E— dmym, (8+a)
k| my+m, k

Observer in a Non-inertial Frame
Let us draw the free body diagram of the masses as
seen by an observer standing inside the cabin of the
lift which happens to be a non-inertial frame due to
the upward acceleration a; of the lift.

Relative to the centre of the pulley m; acceler-
ates downward with a_, and m, accelerates upward
witha .

Applying Newton’s Second Law
mg+mag =T =ma. ..(4)

—Mmyg — My + T = nya, ...(5)

Tao

Observer in non-inertial frame

T T
/

ol L |e.

mg

mp_gl

Mg myag

FBD of masses from non-inertial frame
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On adding equations

e =(ml_m2 ](g+a0)

Substituting a,, in equation (4)

ILLUSTRATION 48

A bob of mass m is suspended from the ceiling of
a train moving with an acceleration a as shown in
figure. Find the angle 6 in equilibrium position.

SOLUTION
This problem can also be solved by both the methods.

Inertial frame of reference (Ground)
EB.D. of bob w.r.t. ground (only real forces):

Tg;

7 _a,
mg
LA AL
© o /
Tcosé

mg
FBD of bob w.r.t. ground

with respect to ground, bob is also moving with an
acceleration a.



6.58 JEE Advanced Physics: Mechanics - |

= XF, =0

= TcosO=mg (1)
and XF, =ma

= Tsin@=ma .(2)

From equation (1) and (2), we get

’ran6)=E or B= tan‘l[EJ
8 8

Non-inertial frame of reference (Train)
EB.D. of bob w.r.t. train. (real forces + pseudo force):

Tsing
FBD of bob w.rt. train
with respect to train, bob is in equilibrium
= XF, =0
= TcosO=mg ..(3)
and XF, =0
= TsinB=ma ..(4)

From equation (3) and (4), we get the same result,

ie.,
0=tan " ( a)
8

ILLUSTRATION 49

Figure shows a box of mass m is placed on a wedge
of mass M on a smooth surface. How much force F
is required to be applied on M so that during motion
m remains at rest on its surface.

SOLUTION

The force acting on the bodies m and M are shown
in figure along with free body diagrams of mass m
and M. As the two bodies move together, we can
find the acceleration of system towards right directly
as

FBD of M

.. macosé

F pseudo = Ma
mgsing
masing g
mgcosg Mg
FBD of m

Here the condition is, the small block of mass m
should remain at rest on the incline surface of the
wedge block. Look at the FBD of m in figure, the
force acting on it towards left ma is the pseudo
force on it as its reference frame is the wedge block.
As wedge block is moving with an acceleration, we
consider m relative to it. Now with respect to wedge
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block m is at rest or in equilibrium, we can balance
all the forces along the tendency of motion of body
(ie., inclined plane) and perpendicular to it shown
in FBD ofit.

For m to be at rest, from FBD of m, along the
plane

mgsinf = macos®
= a=gtanf

F

——=gtan@

m+M gt

= F=(m+M)gtan8

ILLUSTRATION 50

In the system shown in figure all surfaces are smooth,
string is massless and inextensible. Find:

(a) acceleration of the system
(b) tension in the string and

(c) extension in the spring if force constant of spring
is k=50 Nm™ (Take g=10ms™ )

1 kg
A

B [ )2k

C 3kg

SOLUTION

The free body diagrams for the masses is shown
here

—=a
(A=
kx T
A
clF GBI
29
kx
3g=30N
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T=(Da (1)

29+kx-T=2a (2

3g—kx=3a ..(3)
(@) Adding (1), (2) and (3), we get

a=@ ms ™

6
(b) T=ma=(1)(50)=501\]
6 6

(c) Substituting a :% ms ™ in (3), we get

30 - kx =3(@)
6

= kx=5

= x=£=0.1m

= x=10cm

ILLUSTRATION 51

An Atwood’s machine having two blocks of mass
my =1kg and m, =2 kg is suspended from a spring
balance attached to ceiling of a lift moving upwards

with an acceleration of % . Determine the reading on
the spring balance. Take g =10 ms™.

SOLUTION

The problem is represented diagrammatically in the
figure. Let a, be the relative acceleration of blocks
with respect to pulley.

In the figure,

is a,+a=ar+£,
10
upwards and absolute acceleration of m, is

8§

a, —a=a, —=,downwards
10

absolute acceleration of
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From Newton’s Second Law, we have

8
T- = < (1
nmg ml(a,+10) (1)

8
-T= —= (2
mg mz(“r 10) (2)

Solving equations (1) and (2), with m; =1kg and
m, =2 kg, we get
44

T=2N
3

The reading of the spring balance is therefore

F=2T=—N
3

ILLUSTRATION 52

All the surfaces shown in figure are assumed to be
frictionless. The block of mass m slides on the prism
which in turn slides backward on the horizontal sur-
face. Find the acceleration of the smaller block with
respect to the prism.

- g

SOLUTION

Suppose the acceleration of block with respect to
prismis 2 down the plane and let the acceleration of
the prism be A in the backward direction. Consider
the motion of the smaller block from the frame of the
prism. The forces acting on the system, free body dia-
gram of M and m are shown here.

Forces acting on the system

mAsing

F

pseudo
mAcosé
._.mgsing

=mA

mgcosg Mg

FBD of m
The following three forces will act on the block in the
directions shown in figure.

(a) Normal reaction N.
(b) Weight mg
(c) Pseudo force mA

The block slides down the plane. Component of the
forces parallel to the incline gives

mAcos 6+ mgsin@ = ma
= a=Acosf+gsind (1)

Component of the forces perpendicular to the incline
gives

N +mAsin6 = mg cos @ (2
Now, consider the motion of the prism from the

ground frame. No pseudo force is needed as the
frame used in inertial. The forces are:

(@ Mg downward
(b) N normal to the incline (by the block)
(c) N’ upward (by the horizontal surface)

Horizontal components give,

Nsinf = MA
o n-M .0)
sinf
Putting in equation (2)

MA
———+mAsin@ = mgcos0
sin@
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_ mgsinflcosf

= A
M+ msin* @

From equation (1),

a_mgsinﬂcoszﬂ (M+m)gsinf

M+msin® 6 M+msin’ 6

The net acceleration of m, is the vector addition of
A and a, as m is also moving with A toward left
along with M.

Net acceleration of m can be obtained by the vector
sum shown in figure.

a, = \/A2 +a* —2aAcosf

Inertial Method: Acceleration of wedge along x-axis
is Acos, so net acceleration of block downwards
along +x-axisis (a—Acos6).

Since block lies on frictionless incline, so it must
accelerate down the incline with an acceleration
gsinf.

Acosé@

X
Ayedge = A ’ﬁ \

Observed from ground frame

Hence, a—Acosf= gsinf (1)
From (1),
Nsinf=MA
_MA
sinf
Now in (4),

N +mAsinf = mgcos@
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£+ mAsin@ = mg cos@
sin@

MA +mAsin® 6 = mg cosfsin @

A(M+msin?) = mg cosfsin 6

_ mgcos@sin®
M +msin® @

ILLUSTRATION 53

Three blocks of mass m,, m; and m, are connected
as shown in the figure. All the surfaces are friction-
less and the string and the pulleys are light. Find the
acceleration of .

A

mg |]

SOLUTION

Suppose the acceleration of m, is a, towards right.
The acceleration of pulley P, will also be 4, down-
wards, because the string connecting m, and P, is
constant in length. Also the string connecting m;,
and m, has a constant length. This implies that the
decrease in the separation between m; and P, equals
the increase in the separation between 11, and P . So,
the upward acceleration of m; with respect to P,
equals the downward acceleration of m, with respect
to P,. Let this acceleration be 4.

a4

H

As seen from ground frame
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The acceleration of m, with respect to the ground is
a, — a (downward) and the acceleration of m, with
respect to the ground is a; +a (downward).

Let the tension be T, in the upper string and T in the
lower string.

Consider the motion of the pulley P,. The forces on
this light pulley are

(@) T, upwards by the upper string and
(b) 2T downwards by the lower string

lao

To

T T
(m Py 0)

As the mass of the pulley is negligible,
2T -T, =0 giving T=% (1)

Motion of m:
In the horizontal direction, the equation is

T, = mya, ..(2)

Je

T T
(mp,—0)
Motion of m,:
T,
mlg—?(J:ml(aU—a) ..(3)
Motion of m,:
T,
ng—?{J:mZ(aﬂJra) ..(4)

Solving these four equations, we get

We can also do the problem w.rt. an observer on
pulley P,, a non-inertial frame and get results identical
to the ones obtain when the observer was in an iner-
tial frame. Since P, acceleration down with a,, soitisa
non-inertial frame accelerating downwards.

F pseudo = Miag FDSEUdO = Maag
T T
a
AR ]
Mg Mg
For mass m,
M1a0 ar T —M-Ig = M1a
= T-Mg=M(a-a) 5)
Equation (5) is identical as equation (3)
For mass m,
Mzg = (T+M2a0 ) = Mza

Equation (6) is identical as equation (4)

Please be careful while solving the problem in
earth frame you have to consider the acceleration of
mass relative to its surface (accelerating) but write the
equations in horizontal and vertical directions relative
to earth (ground).

ILLUSTRATION 54

Figure shows a large block of mass M, supporting
two small masses m; and m,, connected by a light,
frictionless thread. A force F is acting on M, such that
the block m; is sliding down, with an acceleration a
relative to M. Find the force F applied on M and
also the acceleration of M. Assuming all surfaces are
frictionless.
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SOLUTION

Let T be the tension in the string, N; be the normal
reaction between M and m,, N, be the normal reac-
tion between M and m,, N be the normal reaction
between M and ground, A be the acceleration of M,
then drawing the free body diagrams of different
blocks and writing the equations of motion

N, N
4, =
F
— 4 T
M Py
Mg
FBD M
T la Ny a_
Foseudo =m m, N, Fpseudo =E m, AT
mg myg
FBD m, FBD m,
for mass M, we get
F-N,-T=MA (1)
N-N,-T-Mg=0 .(2)
for mass m; , we get
mg—-T=ma ..(3)
Nl_m1A=0 ...(4)
for mass m,, we get
T-myA=mya ...(5)
and N,-m,g=0 ...(6)

Solving these six equations, we get

m m
=— g- [ 1+— ) a
1y

(M+m, )my

1y

and F=mg+ (g—a)—(M+2my )a
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ILLUSTRATION 55

In the arrangement shown in figure, a wedge of
mass m; = 3.45 kg is placed on a smooth horizon-
tal surface. A small and light pulley is connected on
its top edge. A light flexible thread passes over the
pulley. Two blocks having mass m; =13 kg and
m, =1.5 kg are connected at the ends of the thread,
ny, is on smooth horizontal surface and 1, rests on
inclined surface of the wedge.

|
m

S 3r°

If the whole system is released from rest, calculate

(a) the tension in the string and
(b) acceleration of m; and mj.

All surfaces are smooth. Take ¢=10ms™ and

tan(37°)=§
4

SOLUTION

Let, a be the acceleration of mass m; towards right
and b be the acceleration of wedge towards left.
So, the acceleration of m, relative to m, is (a+b)
down the plane.
Let T be the tension in the thread and N, the nor-
mal reaction between m, and ;. Drawing free body
diagrams for m; , m, and mj, (see figure) and writing
equations of motion,
mobsin(37°)
T N

mzb
2. l m,bcos(37%)

m,gsin(37°)

my N\
3r°
FBD m,

T Tcos(37°)
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for mass m,, we have

T=ma (1)
for mass m,, we have
along the plane

m,bcos37°+ mygsin37°~T =m, (a+b)  ...(2)
perpendicular to the plane

N +11,bsin37° —m, g cos37° = 0 ..(3)
for mass m,, we have

T+Nsin37°-Tcos37° =msb ..(4)

We have four unknowns T, N, a and b

Since tan(37°)=%,so sin(37°)=§ and cos(37°)=§

Substituting m; =1.3 kg, m, =1.5kg, m;=3.45kg,

¢ =10 ms™, we get

T=39N, a=3ms2and b=2ms™

ILLUSTRATION 56

Two cubes of masses m; and m, lie on frictionless
slopes of a block A which rests on a horizontal table.
The cubes are connected by a string which passes
over a pulley as shown in figure. If g, be the horizon-
tal acceleration to which the whole system (block +
masses) is subjected so that m; and m, do not move
and T be the tension in the string in that situation
then, find a; and T.

SOLUTION

For m,
T +mya, cosa = mygsina

= T =mgsino—maycosc (1)

Mm,@,cos

Fpseudo =ma

msagsine

For m,

T +mygsin ff = mya, cos B

= T =myna,cosf-m,gsinf (2
Equating (1) and (2), we get

11, g SIN 0L — 1111y COS O = M, COS f — M, g sin
= (mysina+m,sinf)g=(m; cosa+m,cosp)a,

- my sin o+ 1, sin
ao =
1M, COS 0+ 111, €S f3

Substituting (3) either in (2) or in (1), we get

}gsin(a—ﬁ) @

.03)

mym
T = 12
1M, Co8 0+ 111, cos B

MAN IN A LIFT
Lift Accelerating Up/Retarding Down

Consider a man of mass m standing in a lift, acceler-
ating upwards with an acceleration 4, whose cabin
has mass M. The force on man by the lift’s floor is
N, upwards. Then, the force on the lift by the man is
also N, downwards. Let T be the tension in the cable
supporting the cabin (lift + man), then the following
two cases have been discussed both from the inertial
and the non-inertial observer’s view point. Force on
man by the liftis N, upwards, so force on lift by man
is also N, downwards.
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-
-~

Meabin =M
N

i

' :

mg *
mg mg Foseudo =Ma

FBD man,
non-inertial frame

Forces acting on  FBD man, inertial
man and ift frame

FBD Man (Inertial Frame):
According to the observer in the inertial frame, the
man accelerates up, so

N —mg = ma
= N=m(g+a)

FBD Man (Non inertial Frame attached to lift):
According to the non inertial frame, the man is in
equilibrium, so

N =mg+ma
= N=m(g+a)

Effective weight or the apparent weight of the man
in the lift accelerating up is greater than the actual
weight mg . The tension in the cable supporting the
lift is found by writing the combined equation for the
cabin+man system. So, we have

T-(M+m)g=(M+m)a

= T=(M+m)(g+a)

Lift Accelerating Down/Retarding Up

Consider a man of mass m standing in a lift, acceler-
ating upwards with an acceleration a, whose cabin
has mass M. The force on man by the lift’s floor is
N, upwards. Then, the force on the lift by the man is
also N, downwards. Let T be the tension in the cable
supporting the cabin (lift + man), then the following
two cases have been discussed both from the inertial
and the non-inertial observer’s view point.
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TT ?Fpseudc =ma
N N N
Mcabin =M a a a
|
mg mg mg
Forces acting on FBD man, FBD man,

man and lift inertial frame non-inertial frame

FBD (Inertial):

According to the observer in the inertial frame, the
man accelerates down, so

mg—N =ma
= N=m(g-a)

FBD (Non-inertial):
According to the non inertial frame, the man is in
equilibrium, so
mg—-N-ma=0
= N-= m( g —a)

Effective weight or the apparent weight of the man
in the lift accelerating down is less than the actual
weight mg. The tension in the cable supporting the
lift is found by writing the combined equation for the
cabin+man system. So, we have

(M+m)g-T=(M+m)a
= T=(M+m)(g—a)

Problem Solving Technique(s)

(@) If M is the mass of the cabin including the
person(s) in it, then tension in the cable of the
lift when lift accelerates up is T=M(g+a) and
when it accelerates down is T=M(g—a).

(b) A person of mass M climbs up a rope with
acceleration a. The tension in the rope will be
T=M(g+a). For rope not to break, T < Breaking
Tension of Rope.

(c) If the person climbs down along the rope with
acceleration g, the tension in the rope will be
T=M(g—-a). For rope not to break, T < Breaking
Tension of Rope ora< g.

(d) When the person climbs up or down with uniform
speed, tension in the string will be Mg.

(e) When a man jumps with load on his head, the
apparent weight of the load and the man is zero.
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@ Test Your Concepts-VI

Based on Non-inertial Frames: Pseudo Force

4,

. Inthefigure, a wedge is fixed to an elevator moving

upwards with an acceleration a. A block of mass m
is placed over the wedge. Find the acceleration of
the block with respect to wedge. Neglect friction.

a

In the figure all surfaces are frictionless. What force
F must by applied to M, to keep M, free from rising
or falling?

)

©—0-

The block of mass m is attached to the frame by the
spring of stiffness k and moves horizontally with
negligible friction within the frame. The frame and
block are initially at rest with x =x,, the uncom-
pressed length of the spring. If the frame is given a
constant acceleration a,, determine the maximum

velocity Vi, = (v ), Of the block relative to the
frame.
= X ]
(0) (o)
4o
~—f | m
K
&) &)
R A

In the system shown in figure m, =4m, mg=3m
and m- =8m. Friction is absent everywhere. String

(Solutions on page H.206)

is light and inextensible. If the system is released
from rest find the acceleration of each block.

5. The collar A is free to slide along the smooth shaft

B mounted in the frame. The plane of the frame
is vertical. Determine the horizontal acceleration a
of the frame necessary to maintain the collar in a
fixed position on the shaft.

. Calculate the acceleration a of the lift cabin shown

in figure so that the block A of mass m exerts a

force % on the floor of the cabin.

7]

. A plumb bob of mass 2 kg is hung from the ceil-

ing of a car. The car moves on an inclined plane
with constant velocity. If the angle of incline is 30°.
Find the angle made by the string with the normal
to the ceiling. Also find the tension in the string.

(g=10ms?)

. Repeat both parts of the above question if the

car moves with an acceleration aq, =% up the

plane.
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9. Find the weight shown by the weighing machine
on which a man of mass m is standing at rest rela-
tive to it as shown in figure. Assume that the wedge
of mass M is in free fall.

V:f;gmnf 11.Find the mass M of the hanging block shown in

—— figure, which will prevent the smaller block from
slipping over the triangular block. All the surfaces
are frictionless and the strings and the pulleys are
light.

10.In the figure a bar of mass m is on the smooth
inclined face of the wedge of mass M, the inclina-
tion to the horizontal being 6. The wedge is resting
on a smooth horizontal plane. Assuming the pulley
to be smooth and the string is light and inexten-
sible. Find the acceleration of M, when M and m
are always in contact.




INTRODUCTION

Actually, whenever the surface of one body slides or
has a tendency to slide on the surface of another then
each body exerts a frictional force on the other, paral-
lel to the surfaces. The frictional force on each body
is in a direction opposite to its motion relative to the
other body. Frictional forces automatically oppose
the relative motion and never aid it. Even when
there is no relative motion, frictional forces may exist
between surfaces (but there must be a tendency of
relative motion).

@0 SH;F
s

No motion; Static region f; = F

e

Accelerated motion Uniform motion (@ = 0)
fk <F fk F

(e) ()

Consider a block at rest on a horizontal table as
shown in figure. We find that the block will not move
even though we apply a small force. We say that our
applied force is balanced by an opposite frictional
force exerted on the block by the table, acting along
the surface of contact. As we increase the applied
force we find that there is some definite value of the
applied force at which the block just begins to move.
Once motion has started, this same force (without
increasing any further) produces accelerated motion.
By reducing the force once motion has started, we
find that it is possible to keep the block in uniform
motion without acceleration; this force may be small,
but it is never zero. Now, analyze the diagrams given
in figure once again.

In Figure (a), no force is applied on the block
due to which it does not have tendency to slide over

the surface of the table and hence, the surface does
not apply any opposing (i.e., frictional) force on the
block.

In Figure (b), we have applied a small force on
the block and its magnitude is being continuously
increased. It is clear from the second, third and fourth
figures, that as we are increasing external force, fric-
tional force acting upon the block also increases and
prevents the block from sliding over the surface of
the table.

But at a certain instant friction reaches its maxi-
mum value, referred to as limiting friction, and now
if we increase the external force, even slightly, the
block will start sliding in the direction of the exter-
nal force. We can also say that now the external force
has sufficient magnitude to break molecular bonds
between the surfaces.

Conclusion

Therefore, if the applied force is less than limiting
friction, the block will not move and the frictional force
will have the same magnitude as that of the external
applied force. Since the body is at rest with respect
to the surface on which it is placed so, this frictional
force is called static frictional force and static friction
being self adjusting, so static frictional force can have
a magnitude lying between zero and limiting value of
frictional force (which is the maximum value of static
friction), or we can write

0< fstatic < ﬁimiting , Where

flmltlng (fs )

friction.

is the maximum value of static

In Figure (d), frictional force has already reached its
maximum value (ie., its limiting value) and is just bal-
ancing the horizontal force F applied on the block. If
F isincreased further by even a negligible amount, the
block starts sliding. Once the body has started sliding
it is observed that the magnitude of friction (or we can
say the magnitude of kinetic friction) is constant and is
smaller than limiting friction (i.e., maximum value of
static friction). We can write

f kinetic < flimiting
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The frictional forces acting between surfaces at rest
with respect to each other are called forces of static
friction. The maximum force of static friction will
be the same as the smallest force necessary to start
motion. Once motion has started, the frictional forces
acting between the surfaces usually decrease so that
a smaller force is necessary to maintain uniform
motion. The forces acting between surfaces in relative
motion are called forces of kinetic friction.

Note that in figure the block, of course exerts an equal
and opposite frictional force on the table (as shown in
figure), tending to drag it in the direction of the hori-
zontal force we exert. This frictional force is due to
the bonding of the molecules of the block and the
table at the places where the surfaces are in very close
contact. If we focus on the table only, we see that fric-
tion tends to move the table in the same direction in
which force F tends to move the block. This observa-
tion leads us to two very important conclusions.

'

f

-

[ —f

(a) friction does not always oppose motion (because
it is friction only which is trying to move the
table)

(b) friction always opposes relative motion between
surfaces in contact (because it is trying to move
the table in the same direction in which the block
has a tendency to move).

REASONS FOR FRICTION

(a) Frictional forces arise due to molecular interac-
tions due to which a bonding between the mol-
ecules of the two surfaces or objects in contact
comes into being due to which it becomes diffi-
cult to move one surface on the other.

(b) Inter locking of extended parts of one object into
the extended parts of the other object.
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CONTACT FORCE AND FRICTION

When two bodies are kept in contact then each body
exerts a contact force on the other. The magnitudes of
the contact forces acting on the two bodies are equal
in magnitude and opposite in direction. So the con-
tact forces obey Newton’s Third Law.

N = normal force
""" 'R = contact force
1

= f = friction

The contact force acting on a particular body is not
necessarily perpendicular to the contact surface. So,
contact force can be resolved into two components.

(a) Perpendicular to the contact surface and
(b) Parallel to contact surface.

The perpendicular component is called the Normal
Contact Force or Normal Reaction (generally written
as N) and the parallel component is called Friction
(generally written as f).

Therefore if R is contact force then

R=\/f*+N?

STATIC AND KINETIC FRICTION

The frictional force between two surfaces before the
relative motion actually starts is called static fric-
tional force or static friction, while the frictional force
between two surfaces in contact and in relative motion
is called kinetic frictional force or kinetic friction.

Static friction is a self-adjusting force and it adjusts
both in magnitude and direction automatically. Its mag-
nitude is always equal to external effective applied
force, tending to cause the relative motion and its direc-
tion is always opposite to that of external applied force.

So, when a body is not in motion or is in equi-
librium, then force of static friction is equal to the
component of the applied External force(s) tangen-
tial to the surface.

Applied External

Force of ]
o =| Force Tangential to the
Static Friction :
surfaces in Contact
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Static Friction exists between the two surfaces when
there is tendency of relative motion but no relative
motion along the two contact surface.

For Example

Consider a bed inside a room. When we gently push
the bed with a finger, the bed does not move. This
means that the bed has a tendency to move in the
direction of applied force but does not move as there
exists static friction force acting in the direction oppo-
site to the applied force.

Kinetic friction exists between two contact sur-
faces only when there is relative motion between the
two contact surfaces. It stops acting when relative
motion between two surfaces ceases.

The direction of kinetic friction on an object
is opposite to the relative velocity of the object with
respect to the other object in contact considered.

Note that, the direction of kinetic friction is not
opposite to the force applied. It is opposite to the
relative motion of the body considered which is in
contact with the other surface.

ILLUSTRATION 57

Find the direction of kinetic force of friction.

- e V=3ms"
F=dllog | T—

(@) f, on the block, exerted by the ground.
(b) f, on the ground, exerted by the block.

Also find the relation between f; and f,

SOLUTION

(@) Since the block is moving to the right at the
instant shown, so the kinetic friction on the
block due to the surface is towards the left.

F=4N —
2kg | |3ms”
fi= w.r.t. nd

(b) Since friction force obeys Newton’s Third Law,
so the friction on the surface due to the block is
to the right.

3ms™
w.r.t. block
e

—h-fe

Since f; and f, obey Newton’s Third Law, so

they are equal in magnitude and opposite in
direction. So f; = f,.

Also note that the direction of kinetic friction has
nothing to do with applied force F.

ILLUSTRATION 58

All surfaces as shown in the figure are rough. Draw
the friction forceon A and B.

A 10 ms™
B | Tooms
SOLUTION
f,
A \BA A
> fiaB freg =

Kinetic friction acts in such a way so as to reduce
relative motion.

ILLUSTRATION 59

Calculate the acceleration of the block for different
ranges of the applied force F.

H=F

ALV

SOLUTION
0< f<ugN

S 0% f<ps(mg)
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If the applied force F < ugmyg , then
a=0
and if the applied force F > pmg, then

. F—umg
m
LAWS OF FRICTION

In Static Region

The maximum force of static friction between any
pair of dry unlubricated surfaces follows these two
empirical laws.

(a) It is approximately independent of the area of
contact, and
(b) itis proportional to the normal force.

foe<N

The ratio of the magnitude of the maximum force of
static friction to the magnitude of the normal force is
called the coefficient of static friction (u,) for the
surfaces involved.

The magnitude of static friction is equal and
opposite to the external force exerted, till the object
at which force is exerted is at rest. This means it is
a variable and self-adjusting force. However it has a
maximum value called limiting friction. i.e.

(fs )max = flimiting = f! ’ where fmax = AusN

The actual force of static friction may be smaller than
u N and its value depends on other forces acting on the
body.

The magnitude of frictional force is equal to that
required to keep the body at relative rest. So, we have

0<f.<f.

The plot of force of friction with the applied force is
shown here.

S‘
2 N
3] &
'E “5\0 i fstatic n'iaximum
(effort) £ ' i
Mol N e
(friction) f. | E
Mgy Hy . -
Applied force
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It is observed that

1. initially, when there is no applied force, then
force of friction is zero.

2. as the applied force is increased and the body is
still at rest, then the force of static friction is equal
to the applied force.

3. for a particular maximum value of the applied
force, the body is on the verge of motion or is just
about to move. This maximum value of force of
static friction is called the force of limiting friction.

4. when the applied force is increased beyond this
maximum value, the body starts moving with
respect to the surface on which it is kept and now
the friction between the body and the surface is
kinetic in nature.

Following table gives a rough estimate of the values
of coefficient of static friction between certain pairs
of materials. The actual value depends on the
degree of smoothness and other environmental
factors. For example, wood may be prepared at
various degrees of smoothness and the friction
coefficient will vary.

Material U Material Mg

Steel and steel 0.58 | Copper and copper | 1.60

Steel and brass 0.35 | Teflon and Teflon 0.04

Glass and glass 1.00 | Wood and metal 0.40
Wood and wood | 0.35 | Rubber and rubber | 1.16

Rubber tyre on
dry concrete road

Rubber tyre on wet

L0 concrete road

0.7

In Kinetic Region

The force of kinetic friction, f;, between dry unlubri-
cated surfaces follows the same two laws as those of
static friction.

(a) It is approximately independent of the area of

contact and
(b) Itis proportional to the normal force.

=N
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The force of kinetic friction is also reasonably
independent of the relative speed with which the
surfaces move over each other (provided it is nei-
ther too small, nor too large).
The ratio of the magnitude of the force of the kinetic
friction to the magnitude of the normal force is called
the coefficient of kinetic friction (yy ). If f; repre-
sents the magnitude of the force of kinetic friction, N
the normal reaction and y; the coefficient of kinetic
friction, then

fe =N

(a) Note that the equation f=uN is the relation
between the magnitudes of the normal and
frictional forces. These forces (frictional force
and normal contact force) are always directed
perpendicularly to each other. So it would
absolutely be incorrect to write f = uN.

(b) Both 1, and y, are dimensionless constants, each
being the ratio of the magnitudes of the two
forces (frictional force and normal contact force).
Usually, for a given pair of surfaces u, > . The
actual values of i and u, depend on the nature of
both the surfaces in contact. Both y_and y, can
exceed unity, although commonly they are less
than one.

(c) Coefficient of limiting friction is the ratio of the

force of limiting friction fg(z( fs)m) to the

normal reaction.

(d) If not mentioned then i, =y, can be taken.

(e) Value of u can be from 0 to oo.

(f) Static friction comes into play whenever the
surfaces in contact donot move with respect to
each other
OR whenever a surface has a tendency to slip on
another surface
OR whenever force applied on a body kept on a
surface tends to move the body
and in all these cases the force of friction is
opposite to the tendency of motion of the body
due to the applied force.

(g) Kineticfriction comes into play whenever there
is a relative motion between the two surfaces in

contact and then the force of kinetic friction
is always directed opposite to the direction of
instantaneous relative velocity of the body with
respect to the surface on which the body is kept.

(h) Since force of friction is a contact force and
hence it is shown tangentially to the surfaces in
contact.

-

f |-

(i) For a given pair of surfaces, we have p >y,
where u and p, are proportionality constants
called coefficients of static and kinetic friction.
They are dimensionless quantities indepen-
dent of shape and area of contact. Coefficient
of friction u is a property of the two surfaces in
contact.

ILLUSTRATION 60

Calculate the acceleration of the block as shown in
the figure.

10kg 30N
u=05

SOLUTION

Since E,,, =30 N and fiipsing = (0.5)(100) =50 N

Since F,pp < flimiting

= a=0

and fi=F,, =30N

ILLUSTRATION 61

Ablock of mass 10 kg is given a velocity of 10 ms™
and a force of 100 N in addition to friction force is
also acting on the block. Calculate the retardation of
the block?

10 kg =100 N
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SOLUTION

Since there is relative motion, so the kinetic friction
will act to reduce this relative motion.

N
100N
/:ﬂN:fk
1049

fe =uN=(0.1)(10)(10)=10 N
= 100+10=10a

a=111—0=11ms'2

ILLUSTRATION 62

Calculate the distance travelled by the block shown
in the figure before it stops.

—»10ms™
/

10 kg

Hy =

SOLUTION

Since, f; = N

When not mentioned, we have
H=ps = =05

= f,=(05)(100)=50 N

N

B B

10¢

Since, N-10g =0
= N=100N
Now, F=ma

= 50=10a

= a=>5
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Since, v* = u” +2as

= 02=10%+2(-5)(5)

= s=10m

ILLUSTRATION 63

Calculate the acceleration of the block. Assume that
initially the block is at rest.

40N

10 kg

SOLUTION
N+24-100=0, for vertical direction

40 sin (37%) = 24
N

i a7

-

40 cos (37°) = 32

1
10g
= N=76N
Now 0< f, < f;
= 0<f,<76x05
0<f<38N
Since applied force is less than limiting force
32<38
Hence f =32

= Acceleration of block is zero.

ILLUSTRATION 64

In the arrangement shown, calculate the accelera-
tion of the block. Assume that initially the block is
at rest.

s =05

,ix‘ky 10 kg

——= 51N
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SOLUTION

Since, the limiting friction is given by
fi=uN=0.5(100)

=  fi=50N<E,

= 0<f,<uN 10 51

= 0<f.<50 %

So, block will move and hence kinetic friction will
come into play. So

fi =N =03x100=30 N
=  51-30=10a

= g=21ms>

ILLUSTRATION 65

Calculate the minimum force that must be applied on
the block vertically downwards so that the block does
not move.

=100 N

o
w
T

ﬂ:)/— 10kg | ]

SOLUTION
N F
10 kg 100N
fe
4
Since, 100~ f, =
= f,=100 (1)
F+10g=N
= N=100+F ..(2)
Now 0< fg < uN
= 100<0.5N
100<0.5(100+F)

=
= 200<100+F
= F2100N
=

Minimum force is F;, =100 N

Direction of Static Friction Force

The static friction force on an object is opposite
to its impending motion relative to the surface or
tendency of motion of body w.rt. the surface. The
steps to be followed in determining the direction of
static friction force on an object are

STEP-1: Draw the free body diagram with respect to
the other object or the surface on which it is kept.
STEP-2: Also include pseudo force if contact surface
is accelerating.

STEP-3: Find the resultant force.

STEP-4: Calculate the component of this force tan-
gential to the surfaces in contact i.e. parallel to the
contact surfaces.

STEP-5: The direction of static friction is opposite
to the tangential component of resultant contact
force.

Here once again, we must note that the static
friction is involved when there is no relative
motion between two surfaces.

ILLUSTRATION 66

In the figure an object of mass M is kept on a rough
table as seen from above. Forces are applied on it as
shown. Find the direction of static friction if the object
does not move.

=

20N

j_—y
P e

SOLUTION

In the above Illustration we first draw the free body
diagram of find the resultant force.

f,=25N i N

P =20 N

15N .X"zs N
Mg
FRONT VIEW

TOP VIEW
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As the object does not move so this is not a case of
limiting friction. The direction of static friction is
opposite to the direction of the resultant force F; as
shown in figure. Its magnitude is equal to 25 N.

ILLUSTRATION 67

Ablock of mass 10 kg is placed on a horizontal rough
table surface. The top view of the block on the table is
shown. Calculate the acceleration of the block, taking
#=05and g=10ms™.

H= 0.5

10kg | 740N

40N

SOLUTION

The resultant force acting on the block is

Fo =40 +40% =40V2 N
= FKR=5N
Since, f;=(0.5)(100)=50 N < F,

f,=50N

Sa
56 N
So, the block will move in the direction of resultant

force with an acceleration a = % =0.6m

ILLUSTRATION 68

Find minimum g so that the blocks remain stationary.

-2

50

A

100 kg

SOLUTION
T =100g = 1000 N

Chapter 6: Newton's Laws of Motion 6.75

=  f=1000 to keep the block stationary

1000

Now f ... =1000
UN =1000

p=2

Can u be greater than 17

Yes O< <o

ILLUSTRATION 69

In the arrangement shown, the coefficient of friction
between A and B is 0.5. Calculate the minimum
acceleration of block A so that the block B of mass
10 kg doesn't fall.

SOLUTION

Applying Newton’s Law in horizontal direction, we
get

N=10a (1)
For block not to slip, we have
10g < f,
= mgs UN uN=f, ,
= Mg < uma
N—{10 kg
8 v
= az= 10
U g
= Ay, = g 20 ms
u

ILLUSTRATION 70

In the figure shown, the force F is gradually increased
from zero.
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F =—

Draw the graph between applied force F and tension
T in the string. The coefficient of static friction
between the block and the ground is u .

SOLUTION

As the external force F is gradually increased from
zero it is compensated by the static friction and the
string bears no tension. So, till F,, < fiimiting, We have
T'=0.Sofor F,, > f;

-
I 45°
T

ugmg

PP

= Fpp>umg
We have, F=T + umg
= T=F-umg

ILLUSTRATION 71

In the arrangement shown, the force F is gradually
increased from zero. Determine whether the block

will first slide or lift up.
F

SOLUTION

We have to calculate the minimum magnitude of
forces required both in horizontal and vertical direc-
tion either to slide or lift up the block. The block will
first slide or lift up depends upon which minimum
magnitude of force is lesser.

CASE-1: For block to start lifting up in vertical direc-
tion, we have

Fsin(37°)+ N -Mg >0

N F sin 37°
—
f T Fcos 37°
1
109

N becomes zero just before lifting, so

10g
Fo>—2
lift 3/!5

500
F.2—N
lift 3

CASE-2: For block to start sliding in horizontal direc-
tion, we have
Fcos(37°) 2 u.N
Since N =10g - Fsin(37°)
=  Feos(37°)205(10g - Fsin(37°))

50
c0s(37°)+0.5sin(37°)

Hence F;4, 2

r 500

oo 2— N
slide 11

= Fyide <hig

Hence the block will begin to slide horizontally before
it begins to lift up.

ILLUSTRATION 72

Calculate the tension in the string in situation as
shown in the figure below. Forces 120 N and 100 N
start acting when the system is at rest and the
maximum value of static friction for 10 kg is 90 N
and that for 20 kg is 60 N ?

120 N 100 N
10 kg 20 kg
/
f.=90N f.=60N
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SOLUTION

(@) Let us assume that system moves towards
left then as it is clear from FBD, net force in
horizontal direction is towards right. Therefore
the assumption is not valid.

120 N (100N
10 kg 20 kg

— —_—

90N 60 N

Above assumption is not possible as net force on
system comes towards right. Hence system is not
moving towards left.

(b) Similarly let us assume that system moves
towards right.

120N 100N
~ A10kg |" 20kg ”_"7

- -

90 N 60N

Above assumption is also not possible as net force
on the system is towards left in this situation.
Hence assumption is again not valid.

Therefore we conclude that the system remains
stationary.

Assuming that the 10 kg block reaches limiting
friction first then using FBD's

120 N T 100N
10kg | 20kg | ‘T~
(f1=90N (f)o=60N

120 N 100N

“—110kg T T<— 20kg [T~

90N

For 10 kg block to be in equilibrium, we have

120=T+90
= T=30N
Also T+ f, =100
= 30+ f, =100

Chapter 6: Newton's Laws of Motion 6.77

= f,=70N

Which is not possible as the limiting value is 60 N
for this surface of block.

So, our assumption is wrong and hence now let
us take the 20 kg block to be in limiting situation,

hence
120 N “[100N
~—okg|T™T T=—120kg
~f,  BON<
T+60=100 N
= T=40N

Also f,+T=120N
= f,=80N<(f),

This is acceptable as static friction at this surface
should be less than 90 N .
Hence the tension in the string is

T=40N

ILLUSTRATION 73

A block of mass m is placed on a rough horizontal
surface, as shown in figure. At t=0, a horizontal
force F=at, where o is a positive constant, is
applied on the block. If y, and p; be coefficients
of static and kinetic frictions respectively, find the
frictional force acting on the block as a function of
time. Also plot the frictional force against the applied
horizontal force F.

— »F=oat

Rough

SOLUTION

The detailed analysis of the given situation is shown
in figure. At £ =0, when F =0, frictional force is also
zero but as F starts increasing from zero, frictional
force also increases and balances it or we can say
that friction prevents the block from sliding over the
horizontal surface. As time passes, F increases and
f also increases.
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N=mg
F
m L —
fe
o . .
Static 4 1 Staticregion
friction ,.._E__,
e
zf.—}—.\.:
:I Il ‘\
- #SN | ’\‘F = ato
: > A
b 0 )
ineti J )\ — .
Kinetic | ' ». Kinetic region
friction ) : ]
=N — 1 \
n

Maximum value
of static friction
= limiting friction
=N

In fact friction and F have the same magnitude until
the block starts sliding. At some time t,, static fric-
tion reaches its maximum value u N . After t=t,, F
will keep increasing but friction will not increase and
hence the block can not remain in equilibrium and
eventually it acquires motion along the direction of
F . But as soon as the block starts sliding, the nature
of the friction becomes kinetic and the magnitude of
the frictional force comes down to (N and thereaf-
ter remains constant as long as the block is in motion.
If the block starts sliding immediately after t=t,,
then at t=t,.

F=f
= ofy=uN
= ofy=ugmg

= tU - w

o
Therefore, for the time interval (O, t ): f=F (= at)
and for the time interval (f,, = ): f =N = pmg

The plot of f against F is shown in figure.

f
UgN pommmemes /((
7/ 1 f=uN
N e —
45
5 -F

COEFFICIENT OF FRICTION, LIMITING
FRICTION AND ANGLE OF FRICTION

Consider a block resting on a rough horizontal
surface. The forces acting on the block are its weight
mg downwards and normal reaction N acting upward,
such that N = mg.

R N

L Fap (<)

fv

mg
Now suppose a force F,,
to the right, then there will arise a frictional force f
directed to the left (opposite to direction of applied
force), which prevents the motion of the block. Let the

is applied on the block

resultant of N and f be R which makes an angle 6
with normal reaction N . Resolving R , we get

Rcosf@=N and Rsinf= f (1)
For equilibrium N=mg and f = Fipp . (2)

If we increase the pull F, continuously, the force

of friction increases and a stage comes when the
body is just on the state of moving. This state is
called limiting equilibrium. Under this condition
the frictional force is maximum and is equal to
applied force.
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THE COEFFICIENT OF FRICTION ()

It is defined as the ratio of limiting friction f to the
normal reaction N between two surfaces in contact,

Limiting Friction
The maximum value of static frictional force exerted
between two surfaces in contact parallel to surfaces for

a given normal force between them, when the body is
on the verge of motion, is called limiting friction.

Angle of Friction

Angle of friction (6) is the angle which the result-
ant of force of static friction ( f) and normal reaction
(N) makes with the normal reaction.

From (1), we get

’far163=i
N

Since U= i
= tanf=yu

Hence coefficient of static friction is equal to tangent
of the angle of friction.

RESULTANT FORCE EXERTED BY A SURFACE
ON THE BLOCK

The Reaction Force is the resultant of force of friction
and the normal reaction, so from the above figure, we

have
R=f*+N?
= R= \/(,umg)2 +(mg)2

= R= mg\/;uz +1

when there is no friction (¢ =0), the reaction force
R will be minimum

= R=mg

Hence the range of Reaction Force R is

= mgSRSmg\/,uZ+1

Chapter 6: Newton's Laws of Motion 6.79

ACCELERATION OF BLOCK ON ROUGH
HORIZONTAL SURFACE

When body is moving under application of force
F > f,, then kinetic friction f, opposes its motion.

N

mg

Let a be the acceleration of the body, then from the
figure, we observe that

F-fi=ma
So, a:F_—fk,for F> fi=uN=p,(mg) and
m
a=0,for F< f = uN =y (mg)

ANGLE OF REPOSE ()

This is concerned with an inclined plane on which a
block rests, exerting its weight on the plane.

N

Tendency to slide

mgs@

The angle of repose ¢ is the angle which an inclined
plane makes with the horizontal such that a body
placed on it is on the verge of motion (is just about to
loose the state of rest).

Under this condition the forces acting on the block
are:

mgcosa mg o

(a) its weight mg, downward,

(b) normal reaction N, normal to plane,

(c) a force of friction f,, parallel and tangential to
plane upward.

Taking o as angle of inclination of the plane with
the horizontal and resolving mg, parallel and
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perpendicular to inclined plane, then for equilibrium,
we get

N:mgcosa’ and fs = mgsina

fs { fs}
t = = - =
= tano= =4 M=

Reaction force i.e. contact force is
R=yf2+N?= \/(mgsine)z +(mgcosf?)2 =mg

ACCELERATION OF BLOCK DOWN A
ROUGH INCLINE

When angle of inclined plane () is more than angle
of repose (@), then the body placed on the inclined
plane starts sliding down with an acceleration a.
From the figure

mgsinf- f, =ma
= ma=mgsint— N
= ma=mgsinf- ymgcost

=  Acceleration, 2= g(sinf- y cos0)

For frictionless inclined plane u=0, so we get
a=gsing.

RETARDATION OF BLOCK MOVING UP A
ROUGH INCLINE

When the angle of inclined plane () is less than the
angle of repose (), then for the upward motion of
the block, retardation is given by

. Net retarding force
Retardation = &

Total mass

,omg sin0+ f,
m
e mgsin6+ [ mg cos 6
m

= Retardation, a=g(sin6+ pcosf)

Forfrictionlessinclined plane =0, sothe retardation
is given by a = gsiné.

MAXIMUM HEIGHT (H) TO WHICH
AN INSECT CAN CRAWL UP A ROUGH
HEMISPHERICAL BOWL

The insect can crawl up the bowl, up to a certain
height I only till the component of its weight along
the bowl is balanced by limiting frictional force.

Let m be the mass of the insect, r be the radius of the
bowl and u be the coefficient of friction, then at the
point A, we have

N =mgcos (1)
f; =mgsin® ..(2)
Dividing (2) by (1), we get
f { fi }
tan ==~ = og=dL
an6 N u u N
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= y=

Since, h:r—y:r[l—

o

= h=r{1—

=

MAXIMUM LENGTH OF CHAIN THAT
CAN HANG FROM THE TABLE WITHOUT
FALLING FROMIT

Let a uniform chain of length L be placed on the
table such that its length / is hanging over the edge
of table without sliding. So, the weight of the hang-
ing part of the chain must be balanced by the force
of friction that is acting on the part of chain lying on
the table

f=LlN ta— (L =) —=

| /
Il
mg
= UN=mg

= p[AL-Dg]=1lg
where 1 is mass per unit length of the chain
= ulL-1=I

= kL
u+1

So percentage of length of chain hanging is % x100%.

MINIMUM FORCE FOR MOTION ALONG
HORIZONTAL SURFACE AND ITS DIRECTION

Consider a block of mass m on which a force F is
applied such that it makes an angle 6 with the hori-
zontal. Then for the motion of the block to just begin

Chapter 6: Newton's Laws of Motion 6.81

(or for the block to be on the verge of motion), by
resolving F in horizontal and vertical direction (as
shown in figure), we get

Fcos@ > uN and (1)
N +Fsin@=mg
= N=mg-Fsinf (2

Substituting (2) in (1), we get
Fcos8 2 umg— uFsin@

N Fsing
‘ /F
0, Fcosé
f=],lN‘ T
'
mg
- px— M .(3)
cos 6+ usinf

Let Z = Denominator = cosf+ ysinf

For F to be MINIMUM, Z must be MAXIMUM
iz _
de
—sinf+ pcosf=10

0

tanf=p

u 0 U U

O=tan"'

So F will be minimum when its angle with the hori-
zontal is equal to the angle of frictioni.e. 6=tan" .
Since tan@ = u , so from the figure, we get

1+,L12

=

1

sinf = and cos@ =

2

u
\/1+1u2

By substituting these value in equation (3), we get

1+u

Hmg
2
1+u
2

F2

2

1+u 1+u
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2
I N
T+u N1+4°
= F. = Hng

min
J1+ 1
ILLUSTRATION 74

A block of mass m, as shown in figure, is resting on
a rough inclined plane with angle of inclination 6. If
U be the coefficient of friction between the block and
the inclined surface, find:

At rest

>

(a) frictional force acting on the block

(b) the maximum angle of inclination, 6, for which
the block stays in equilibrium

(c) if 6> 86,, find the acceleration of the block.

SOLUTION

The forces acting on the block and FBD of the block
are shown in figure (a). The weight of the block, mg,
has been resolved along the surface and the direc-
tion perpendicular to the inclined surface, as shown
in figure (a). From figure (a) it is obvious that the
component of the weight of the block parallel to the
surface, mgsin@, tries to slide the block down the
inclined surface and therefore, the surface applies a
frictional force opposite to the direction of mgsin@ .

(@) Since, the block is in equilibrium, we have,
f =mgsin® (D
and N =mgcosf ..(2)

mgeosd mg g

(@

(b) As the frictional force acting on the block is static
in nature (therefore the block is at rest w.r.t. the
inclined surface), it must not exceed its limit-
ing value which is equal to uN. Therefore, from
figure (b), we have

f<uN
= mgsin@, < umg cosf,
= tanf,<pu
= 6,< tan" it ...(3)

Therefore, the maximum angle of inclination 6,
for which the block remains in equilibrium is
tan™! u.

(c) If 6> tan"' u, then obviously the block can not
remain in equilibrium or we can also say that
for this angle the limiting friction can not bal-
ance the component of the gravitational pull
parallel to the surface. Therefore, the block will
accelerate down the incline, as shown in the
figure (c).

()

In this case the frictional force is kinetic in nature
and hence its magnitude is constant and is equal
to uN. Applying Newton’s Second Law along
the inclined surface, from figure (c), we get,

mgsin@— f = ma
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= mgsin®-uN =ma
= mgsin®-umgcosd=ma

= a=g(sinf-pcosh) ..(4)

ILLUSTRATION 75

Find out the distance travelled by the block on incline
before it stops. Initial velocity of the block is 10 ms~!
and coefficient of friction between the block and
inclineis u=05.

\0
<

A A

SOLUTION
N = mgcos(37°)
Since mgsin(37°)+ uN = ma
= a=g[sin(37°)+pucos(37°)]

= a=10{§+0.5(é)]=10m3'2
5 5

= =10 ms? down the incline
Since, v° = u* +2as

= 0=10*+2(-10) s

= s=5m

ILLUSTRATION 76

In the arrangement shown, calculate the accelera-
tion of the block. Assume that the block is initially at
rest. Calculate the force of friction acting between the
block and incline. Also calculate the additional force
(excess of 75 N') for which the block starts to move up
the incline. Find the minimum force that can replace
75N so that the block does not move.

\© 1‘9‘\
)\0
<

A\

u=0.05
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SOLUTION
Letus first draw F.B.D. of the block excluding the friction.

o

N=10gcos(37°)=80 N

Since the applied force on the block is

Mgsin(37°)=(100)(%)=60N<75N

So, net force has a tendency to move the block up the
incline due to which friction acts down the incline as
shown. Also, fj=uN=40N

%-/’AQ/ 4%
<4
® N
f
But (i) =75-60=15N< f

So, block will not move, i.e,, a=0 and hence static
friction acts between the block and the incline. Now
the block is at rest or in equilibrium with respect to
the incline, so we have

f.+60=75
= f,=15N
Let F be the additional force for which the block starts
moving up the incline (i.e. still the block is in equilib-

rium or it does not move with respect to the incline),
then we have

75+F=60+40

= F=25N
60‘\

09‘\

¢

X

19

In this case the block has a tendency to move down-
wards. So the friction acts upwards.
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= F+40=60
= F=20N

Problem Solving Technique(s)

Block Over Block Problems
Method of Solving
STEP-1: Make free body diagram.
STEP-2: Calculate f, = uN, i.e, the limiting value of
friction between the required surface(s).
STEP-3: Denote static friction force by f, (or f) because
value of friction is not known. Then f, < f,.

STEP-4: Calculate the static friction separately for the
following two cases.

CASE-1: When the Blocks Move Together

STEP-5: Calculate acceleration, for the blocks moving
IFa|:up|ied _ F

together a= = _
Total Mass  m; +m,

STEP-6: Calculate f, (or f) for above calculated value
ofa.
STEP-7(a): If f, <f,, which is true, then it means

that the blocks will move together with acceleration
F

m+m,’
CASE-2: When the Blocks Move Separately
STEP-7(b): If f, > f,, whichisimpossible, so the blocks

will move separately and kinetic friction f, =y N is
involved.

a=

STEP-8: Calculate acceleration of each block sepa-
rately for this case.

STEP-9: Also keep in mind that for block A kept on
block B (which is kept on a rough surface), the friction
on Bdueto A, i.e. (f,) will be the part of external force
applied on B and if this external force is less than fric-
tion between B and ground, then B will not move and
friction between B and ground will be the applied force
on block B, i.e., fg,-

ILLUSTRATION 77

Inthearrangementshown, calculate the acceleration
of the two blocks each of mass 10 kg. The system is
initially at rest and the friction coefficient between
A and B is (.5 whereas no friction exists between
B and ground. Also calculate the maximum force
applied on A for which the blocks move together.

A F=50N

B

SOLUTION
fim = N =(05)(10)(10) =50 N

A | JFapp=50N B

f, =

Now let us assume that both blocks move together,
then

Let us now calculate the friction between A and B
for a, = ay =2.5ms™. Since

fo=mgag =(10)(25)=25N< frimiting

So, the blocks A and B will move together with an
acceleration of 2.5 ms > and friction between A and

Bis 25N< f,(=50N).
Let F,,, =F be the maximum force for which the

blocks move together. Then the friction between the
blocks will be limiting i.e.

fi=u(mg)=(0.5)(10) (10)=50 N

So, we have
For A, E,, —50=10a (1)
For B, 50=10a (2

From (2), we get =5 ms
Substituting in (1), we get
E .. =100N
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ILLUSTRATION 78

Find the acceleration of the two blocks A and B each
of mass 10 kg . The system is initially at rest and the
friction coefficient between A and B is (0.5 whereas
the ground is smooth.

/ 101N
B
SOLUTION
flim = 50 N
Also, f,< f=50N
f
101 N
A B

fs

STEP-1: Assuming that blocks A and B move

together, then a = % =5.05ms™

STEP-2: Calculating static friction on B due to A

fs

fs =10x5.05="50.5

Since, f, > fi,, which is not possible, so both blocks
A and B move separately and so kinetic friction is
involved.

f,=50N ~101 N

f,=50N

101-50

So, for A,a,= 51ms™ and

for B, a3=%=5ms_2

We observe that a, > ap as force is applied on A.
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ILLUSTRATION 79

Find the acceleration of the two blocks A (of mass
10 kg )and B (of mass 20 kg ). The system is initially
at rest and the friction coefficient between A and B
is 0.5 whereas the ground is smooth. Also calculate
the maximum force F applied horizontally on A so
that blocks A and B move together.

A F=60N

B

SOLUTION
fiim = um,g =50N

Assuming that the blocks A and B move together,
then

A 60 N B

Let f, be static friction between A and B, then
fo=mga= (20)(2)=40N< fiim

So the blocks move together with an acceleration of
2ms™ and friction between the blocks is static and
40 N.

The maximum force for which A and B move

together corresponds to the situation when friction
between both A and B is limiting i.e., f; =50 N.

A B
L, f=50N
r=son| 10k 20 kg
For A, F-f, . =10a (1)
For B, fo.=20a (2)

= F=75N
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ILLUSTRATION 80

In the arrangement shown, the blocks A (of mass
10kg) and B (of mass 20 kg) are initially at rest.
Calculate the minimum value of F for which sliding
starts between the two blocks. Assuming the friction
coefficient between A and B to be 0.5 whereas the
ground is smooth.

SOLUTION

When the sliding between A and B starts, then limit-
ing friction is acting between A and B.

Since f; = um,g
= fj=50N
f,=50N
A 4 et
> f,=50N

For A, f,=10a

= a=5ms”

For B, F-50=20a

= F=50+20(5)=150 N

= F,,,=150N

ILLUSTRATION 81

Block A is placed over block B which is placed over
some smooth horizontal surface, as shown in figure.
It is given that there is no friction between the hori-
zontal surface and the lower block and appreciable
friction exists between the two blocks. If block B is
pulled by constant horizontal force, as shown in fig-
ure, then

Rough [A my

B msy

Smooth

(a) find the acceleration of each block and the
frictional force acting on each block, if the two
blocks are moving together.

(b) if coefficient of friction between m; and m, be u,
what is the maximum value of F for which the
two blocks will move together?

(c) if the force F is given by F = of (e is a positive
constant), find how the accelerations of the block
A and of the block B depend on ¢, if the coefficient
of friction between the blocks is equal to . Draw
the approximate plot of these dependencies.

SOLUTION

(@) There is no friction between m, and ground.
Also m; moves backwards relative to ,. So,
friction on m1; is forward and the reaction pair
of this friction will act on m, in the backward
direction as shown.

A
>0,
2,
f
B —~F
(@)
N1
Afl:j
N mig
L
N, ¥
l/_ B
myg
(b)
For m;: f=ma (1)
For my: F-f=mya (2

Solving equations (1) and (2), we get

myF F
=—1 anda=
1y + 11y

1y + 1y
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(b) Since frictional force acting on the block A is a(ms?)
static in nature, we can write, 2
f<uN, /
o g S I
my +m, ;o
= F<u(m+my)g 4 ,"92
0 g f t(sec)
= Fmax =Ju(ml+m2 )g f,’/
Therefore, the two bodies will move together umig
only if the applied force F is not greater than m,
p(my +my)g.
(c) It is quite obvious from the previous discussion Att=ty
that from t=0 to some instant, lets say t,, the f=uN,
blocks will move together, that is, there will be no oy,
slipping between the blocks and for this duration = f= o ty = pmg
of time friction will be static in nature. After £, e
there will be relative motion between the blocks > ty= pm +mp)g
and the friction would be kinetic in nature. The o,
forces acting on the two blocks and their assumed For t > t,;
accelerations are shown in figure.
" f=uNy = pmg
;
| o gLl A
my
A Ly F-f ot-pmg ot pmg
mo T T, o m
N, N, 2 2 2 2
—a It is clear from the obtained expressions for the
f accelerations of the blocks that till ¢, the bod-
B —=Ff=at ies are moving together but at f, friction reaches
its limiting value and thereafter acceleration of
g the upper block becomes constant and that of the
lower block keeps on increasing due to increase
For t < ; ipmagnitude of P [?ependencies of a; and a, on
time are shown in figure.
a; =a, (=a,say) am o
tanf =——— and tanf, = —
For my: f=ma my + i, "y

o g-_mMf \)/ Conceptual Note(s)
ml+m2

Now, in order to understand this result intuitively

= a= and f=mya . m,F
1y + 1, f=m read the following. In part (a) we got f = . (for
- _ omymy the case when the two bodies are moving together).

Here you can see that fF. It is quite obvious why
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we got f o< F. When we increase F, acceleration of the
block B increases and now to prevent relative motion
between the block A and the block B, the acceleration
of the block A also must increase. Here friction comes
to the rescue. Friction increases its value to increase
the acceleration of the block A and to decrease the
acceleration of the block B and therefore, accelera-
tions of the blocks are still equal. But if we keep on
increasing F, then friction can increase only if its
limiting value is not achieved. If we increase F when
friction has already achieved its limiting value, then
the acceleration of the lower block will increase but
that of the upper block cannot increase because fric-
tion cannot increase anymore and hence accelera-
tion of the lower block would be greater than that of
the upper block. Now, there will be relative motion
between the two blocks and the nature of the friction
would be kinetic.

ILLUSTRATION 82

In the arrangement shown block A has weight
W; =100 N, block B has weight W, =200 N and
u=025 for all surfaces in contact. A pull P is
applied on W, such that it just slides under W, . Find
the tension in the string and the pull P, if 6 =45°.

T
L~

For all surfaces in contact, u = 0.25

SOLUTION

For block A

Other than the routine forces shown in FBD, our main
concern is to find the direction of friction acting on W.
Since, W, is lying on W, (tendency to move along P)
therefore, W, has the tendency to move opposite to
P and hence force of friction of W, must be acting in
the direction of P. The reaction pair of which will be
acting of W, opposite to P.

YW,
FBD B

For block B

Since W, is placed on ground, and hence will have
a tendency to move along P therefore friction on W,
due to ground will act opposite to P.

Apart from the other routine forces, f, is also acting on

W, opposite to P (reaction pair of f; action on W,).
Now for W, to just move on W,, i.e., condition for
equilibrium to be just achieved, we have

For W,

N, +Tsinf=W, (1)

Tcos@= f, = UN, (2
For W,

N, =N, +W, ..3)

P=f+f,=u(N,+N,) ..(4)

Now, it is given that W; =100 N, W, =200 N, = 0.25
and 0 = 45°. So from (1), (2), (3) and (4) we get

Nl+%=100 ..(5)
l=(0 25)N (6)
5= 05N,

N, = N, +200 (7
P=025(N;+N,) ..(8)

Substituting (6) in (5), we get
N, +0.25N; =100

= 125N, =100

= N;=80N
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So, from (7), we get
N, =280 N
Substituting N; =80 N in (6), we get
T=(0.25)42(80)
= T=20{2N
From (8), we get

P=0.25(80+280)=90 N

ILLUSTRATION 83

In the figure, the coefficient of friction between box
(of mass M) and block (of mass m ) is u. Find the
magnitude of horizontal force F required to keep the
block stationary with respect to wedge.

F

—

SOLUTION

Such problems can be solved with or without using
the concept of pseudo force. Let us, solve the problem
by both the methods.

a = Acceleration of (box + block) in horizontal
direction

_F
M+m

a

Inertial frame of reference (Ground): EB.D. of block
with respect to ground (only real forces have to
applied) with respect to ground block is moving with
an acceleration a . Therefore, £F, =0 and ZF, = ma.

g Y
N L-x

f=uN

mg

mg=uN and N =ma

Chapter 6: Newton's Laws of Motion 6.89

= F=(M+m)a

= F=(M+m)$
I

Non-inertial frame of reference (Box): EB.D. of m
with respect to box (real + one pseudo force)

mg
With respect to wedge block is stationary.
= ZIXE =0= ZPH
= mg=puN and N=ma

= a=§ and F=(M+m)a
u

= F=(M+m)$
u

From the above discussion, we can see that from both
the methods results are same.

ILLUSTRATION 84

A block of mass 1 kg is pushed against a rough ver-
tical wall with a force of 20 N, coefficient of static

friction being i Another horizontal force of 10 N

is applied on the block in a direction parallel to the
wall. Will the block move? If yes, in which direction?
If no, find the frictional force exerted by the wall on

the block. ( ¢=10ms™ )

F=20N

N
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SOLUTION

Normal reaction on the block from the wall is
N=F=20N

Therefore, limiting friction is given by

fu=uN
= f =G)(20)= 5N
Weight of the block is

W=mg=(1)(10)=10N

I A—— 10N
Fret=10¥2N

Since a horizontal force of 10 N is applied to the block
so, the resultant of these two forces will be 102 N
in the direction shown in figure. Now, this resultant is
greater than the limiting friction and so the block will
move in the direction of F,,, with an acceleration a
given by

a=Pnet—fL=10\/15-5=9

m

14 ms™>

ILLUSTRATION 85

A small bar starts sliding down an inclined plane
forming an angle « with the horizontal. The fric-
tion coefficient depends on the distance x covered as
i =kx , where k is a constant. Find the distance cov-
ered by the bar till it stops and its maximum velocity
over this distance.

SOLUTION

Equation of motion down the incline is given by
mg sin o — kxmg cos o = ma
= a=gsina-kxgcoso (1)

where a is the acceleration of bar

dv
S‘ = -
mce a=1v I

= JvdU=J(gsma—kxgcosa)dx
0 0

= ’02=2gsina—gkx2cosa (2

= v:J(szina—kxzcosa)g ..(3)
It can be seen that the velocity again becomes zero

: . 2
after covering a distance x = Eta:n a.
Therefore, the distance covered by the bar till it stops
is —tana.
k

Further, the maximum velocity of the bar will be
when

i
dx i
= a=0 {'.'a=v—v}
dx
x= ta;:a {from equation (1)}

Substituting this in equation (3), we get the maxi-
mum velocity as

2sinotana  tan® ocosa
Umax = k - K 8

= Uy =,/%tan0€sina’

ILLUSTRATION 86

Consider the situation shown in figure. The hori-
zontal surface below the bigger block is smooth. The
coefficient of friction between the blocks is u. Find
the minimum and the maximum force F that can be
applied in order to keep the smaller blocks at rest
with respect to the bigger block.

A

_ AP —y
_F 4 @js
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SOLUTION

Suppose that the minimum force needed to pre-
vent slipping between the blocks is F. Considering
A+B+C as the system, the acceleration of the sys-
temis

a= F (D
M+2m
N
a,
f<—|f H—»T
mg
FBD of A

Now, consider the F.B.D. of A. The forces on A
shown in figure are

(@) tension T by the string towards right,
(b) friction f by the block C towards left,
(c) weight mg downward and

(d) normal force N upwards

For vertical equilibrium N =mg. As the minimum
force needed to prevent slipping is applied, the
friction is limiting. Thus, f = uN = umg

T+f
a
—_—
NI
mg
FBD of B

As the block moves towards right with an accelera-
tion a,

T—f=ma
= T-umg=ma ..(2)

Chapter 6: Newton's Laws of Motion 6.91

Now, consider the F.B.D. of B. The forces on B shown
in figure are

(@) tension T upwards,

(b) weight mg downward,

(c) normal force N” towards right and
(d) friction f” upwards.

As the block moves towards right with an acceleration
a,s0 we have N’ =ma . Since the friction is limiting,
hence

f"=uN’"=p(ma) ..(3)
For vertical equilibrium
T+f =mg ()

Solving these equations, we get

_(1=n
amin_[1+1ng

When a large force is applied the block A slips on C
towards left and the block B slips on C in the upward
direction. The friction on A is towards right and that
on B is downwards. Solving as above, the accelera-

. . . 1+u
tion in this case is a,, =—-—g.

I-u

Thus, a lies between (1_—'”) ¢ and (i) g, ie,
1+u 1-u

From equation (1) the force F lies between
(ﬂ)(M+2m)g and (H—”)(M+2m)g
1+u 1-u

. 1-u 1+u
.. — |(M+2 SFE| —— |[(M+2 .
ie., (1+H)( +2m)g (1—!1)( +2m)g
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@ Test Your Concepts-Vil

Based on Friction

. Calculate the height upto which an insect can
crawl up a fixed bowl in the form of a hemisphere

of radius r. Given, coefficient of friction is —.

NE]

. Aparticle of mass 2 kg rests on rough plane inclined
at 30° to the horizontal and is just about to slip.
Find the coefficient of friction between the plane
and the particle.

. Figure shows two blocks in contact sliding down
an inclined surface of inclination 30°. The friction
coefficient between the block of mass 2 kg and
the incline is u; =0.2 and that between the block
of mass 4 kg and the incline is 1, =0.3. Find the
acceleration of 2 kg block. Take g=10 ms™.

@@

30°

. The rear side of a truck is open and a box of 40 kg
mass is placed 5 m away from the open end as
shown in figure. The coefficient of friction between
the box and the surface below itis ©=0.1. On a
straight road, the truck starts from rest and acceler-
ates with 2 ms™, find the time when box falls off
the truck. Take g =10 ms™.

l+—5 m—=

0

a=2ms? J

© ©

. A block of mass m is pulled by means of a force
F up an inclined plane forming an angle 6 with
the horizontal as shown in figure. The coefficient
of friction is y. Find the minimum force required
for the block to move up and the angle « at that
instant.

(Solutions on page H.209)

6. The conveyor belt is designed to transport packages

of various weights. Each 10 kg package has a coef-
ficient of kinetic friction p, =0.15. If the speed of
the conveyor is 5 ms ™' and then it suddenly stops,
determine the distance the package will slide on the
belt before it comes to rest.

. The system is released from rest with cable taut.

Calculate the acceleration of each body and the
tension T in the cable attached with A for u, =0.25
and pu, =0.2. Neglect the small mass and friction
of the pulleys. Take g=10 ms™.

. In figure, a crate slides down an inclined right-

angled trough. The coefficient of kinetic friction
between the crate and the trough is y1,. What is the
acceleration of the crate in terms of u,, 6and g?

. A heavy chain with a mass per unit length p is

pulled by the constant force F along a horizontal
surface consisting of a smooth section and a rough




10.

11.

12.
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section. The chain is initially at rest on the rough
surface with x =0. If the coefficient of kinetic fric-
tion between the chain and the rough surface is 4,
determine the velocity v of the chain when x =L.
The force F is greater than u, pgL in order to initi-
ate motion.

= L -

t—— X ———]

P

Rough x=0 Smooth

A package is at rest on a conveyor belt which is
initially at rest. The belt is started and moves to
the right for 1.3 s with a constant acceleration of

2ms™. The belt then moves with a constant
deceleration a, and comes to a stop after a total
displacement of 2.2 m. Knowing that the coeffi-
cients of friction between the package and the belt
are u, =035 and y, =0.25, determine

(OECEOEOEOEOCEO)

(a) the deceleration a, of the belt,
(b) the displacement of the package relative to the
belt as the belt comes to a stop.

A small block of mass m is projected on a larger
block of mass 10 m and length ¢ with a velocity v
as shown in the figure. The coefficient of friction
between the two blocks is i, while that between
the lower block and the ground is u,. Given that

Ha > 1y
i
|

= / -

(a) Find the minimum value of v such that the
mass m falls off the block of mass 10 m.

(b) If v has this minimum value, find the time
taken by block m to do so.

A uniform rod is made to lean between a rough

vertical wall and the rough ground. Show that the

least angle at which the rod can be leaned without

13.

14.

15.
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slipping is given by B:tan‘1(%), where coef-
ficient of friction between the rod and the wall is

Uy = % and that between the rod and the ground is

1

ﬂzzg-

Coefficients of friction between the flat bed of the
truck and crate are u, =08 and p,=07. The
coefficient of kinetic friction between the truck tires
and the road surface is 0.9. If the truck stops from
an initial speed of 15 ms ™" with maximum braking
(wheels skidding), determine where on the bed the
crate finally comes to rest or the velocity v, relative
to the truck with which the crate strikes the wall at

the forward edge of the bed. (Take g=10ms™ )

3.2m

1=

[]
© ©
Block B rests on a smooth surface. If the coefficient

of static friction between A and Bis p=0.4, deter-
mine the acceleration of each if

100N

A F
250 N

B

(a) F=30N and

(b) F=250N

Take g=10 ms™

In the arrangement shown, find the acceleration of

block A for the instant depicted. Neglect the mass
of the pulley. Take g=10 ms™.

T=100N

Hs= 0-5}
=04

40 kg
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16. Two blocks A and B of mass 1 kg and 2 kg respec-
tively are placed over a smooth horizontal sur-
face as shown in figure. The coefficient of friction

between blocks Aand Bis = ; An external force

of magnitude F is applied to the top block at an
angle o0=30° below the horizontal.

(a) If the two blocks move together, find their
acceleration in terms of F.

(b) Find the maximum values of F so that both the
blocks move together with same acceleration.

(g=10 ms'z).

17.The figure shows an L shaped body of mass M
placed on smooth horizontal surface. The block A
is connected to the body by means of an inexten-
sible string, which is passing over a smooth pulley
of negligible mass. Another block B of mass m is
placed against a vertical wall of the body. Find the
minimum value of the mass of block A so that block
B remains stationary relative to the wall. Coefficient
of friction between the block B and the vertical wall

IS L.

18. The system shown in figure uses massless pulley
and rope. The coefficient of friction between the
masses and horizontal surfaces is y. Assume that
M, and M, are sliding. Find the tension T in the
rope.

19. Determine the acceleration of the 5 kg block A.

Neglect the mass of the pulley and cords. The block
B has a mass of 10 kg. The coefficient of kinetic fric-
tion between block B and the surface is y, =0.1.

(Take g=10 ms2).

20. A worker wishes to pile a cone of sand onto a circu-

lar area in his yard. The radius of the circle is r and
no sand is to spill onto the surrounding area. If u is
the static coefficient of friction between each layer
of sand along the slope and the sand, show that the
greatest volume of sand that can be stored in this

]
manner is gn,ur3.

21. A block A of mass m; rests on a rough horizontal

surface. The coefficient of friction between the
block and the surface is . A uniform plank B of
mass m, rests on A. B is prevented from moving
by connecting it to a light rod and hinged at point
P. The coefficient of friction between A and B is p.
Find the acceleration of blocks A and C.
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P 22.A 4 m long ladder weighing 25 kg rests with its
Bl M —@:1 upper end against a smooth wall and lower end on
Al m; rough ground. What should be the minimum coef-
< ficient of friction between the ground and the lad-

der for it to be inclined at 60° with the horizontal
without slipping? Take g =10 ms™2.
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DYNAMICS OF CIRCULAR MOTION

CIRCULAR MOTION: AN INTRODUCTION

For a particle which moves in a plane such that its
distance remains constant from a fixed or a moving
point, then its motion is known as circular motion
with respect to that fixed point or moving point.
This point is called the centre of the circle and the
distance of the particle from this point is called the
radius.

VARIABLES OF CIRCULAR MOTION
Angular Position (0)

The angular position of a point in space is decided by
specifying the

(i) origin and
(i1) reference line.

The angle made by the position vector w.r.t. origin,
with the reference line is called angular position.
Clearly, angular position depends on the choice of the
origin as well as the reference line.

Circular motion is a two dimensional motion or
motion in a plane.

Suppose a particle P is moving in a circle of
radius r centred at O, then the angular position of
the particle P at a given instant may be described by
the angle 6 between OP and OX. This angle 6 is
called the angular position of the particle.

Angular Displacement (A0)

Definition: Angle through which the position vec-
tor of the moving particle rotates in a given time

interval is called its angular displacement. Angular
displacement depends on origin, but it does not
depends on the reference line. As the particle moves
on above circle its angular position 6 changes.
Suppose that the point rotates through an angle A8
in time At, then A@ is angular displacement.

Average Angular Velocity

B Angular displacement
av —

Total time taken
92 - 9]_ _ Aie

= o, 6= =

av

where 6, and 6, are angular position of the parti-
cle at time #; and ¢, . Since angular displacement is a
scalar, average angular velocity is also a scalar.

Instantaneous Angular Velocity

It is the limit of average angular velocity as At
approaches zero. i.e.,
. A8 46
®=lim —=—
At=0 At df
Since infinitesimally small angular displacement A6
is a vector quantity, so instantaneous angular velocity
® is also a vector, whose direction is given by Right
Hand Thumb Rule.

ILLUSTRATION 87

If angular displacement of a particle is given by
0=a—-bt+ct?, then find its angular velocity.

SOLUTION
= d—g =-b+2ct
dt

ILLUSTRATION 88

Is the angular velocity of rotation of hour hand of a
watch greater or smaller than the angular velocity of
Earth’s rotation about its own axis?
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SOLUTION

Hour hand completes one rotation in 12 hours while
Earth completes one rotation in 24 hours. So, angular
velocity of hour hand is double the angular velocity
of Earth, because

2
W=—
T

(a) Angular displacement is a dimensionless quantity.
Its SI unit is radian, some other units are degree
and revolution.

27 rad=360°=1rev

(b) Infinitesimally small angular displacement is a
vector quantity, but finite angular displacement
is a scalar, because while the addition of the
infinitesimally  small angular displacements
is commutative, addition of finite angular
displacement is not.

d6, +d6, = d6, +d6;, but 6,+6, 6, +6,

(c) Direction of small angular displacement is decided
by right hand thumb rule. When the fingers are
directed along the motion of the point then
thumb will represents the direction of angular
displacement.

(d) Angular velocity has dimension formula M°L0T"
and Sl unit rad s™.

(e) If a body makes n rotations in t seconds then

average angular velocity in radian per second will
be

5 27n

av — .
t
(f) If T is the period and f the frequency of uniform
circular motion, then

n
W, =—=2T
av T f
(g) For a rigid body, as all points will rotate through
same angle in same time, angular velocity is a
characteristic of the body as a whole, e.g. angular

velocity of all points of earth about earth’s axis is

Chapter 6: Newton's Laws of Motion 6.97

an radhr™' =
24 86400

rads™"

(h) Average Angular Acceleration: Let , and @,
be the instantaneous angular speeds at times
t, and t, respectively, then the average angular
acceleration @, is defined as

_0 -0y _Aw
G = T T A
2 1

(i) Instantaneous Angular Acceleration: It is
the limit of average angular acceleration as At
approaches zero, i.e.,

. Ao dw
o= lim —=—
A0 At dt
Since, co=@
dt
do d*6
o0=—=—
dt  dt?
Also, a=(od—w
do

(j) Both average and instantaneous angular
acceleration are axial vectors with dimension
[T‘z] and unit rads 2.

(k) If =0, circular motion is said to be uniform.

KINEMATICS OF CIRCULAR MOTION

Motion with Constant Angular Velocity

If a particle is moving in a circle with uniform angu-
lar velocity, then =0 and hence 6= wt.

Motion with Constant Angular
Acceleration

Circular motion with constant angular acceleration
is analogous to one dimensional translational motion
with constant acceleration. Hence even here equation
of motion have same form.
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ae, @ or @
i

0=, +ot
1 o
= B:w0t+5at

= o =0 +200

R Bz(aHaJOJt
2

= Bnth=w0+%(9n_9n—l)

where @, is the initial angular velocity,
 is the final angular velocity,
« is the constant angular acceleration,
6 is the angle traversed from =0 to t and
8, is the angle traversed in the nth second
of motion.

ILLUSTRATION 89

A particle is moving with constant speed in a circular
path. Find the ratio of average velocity to its instan-
taneous velocity when the particle describes an angle

9=2.
2

SOLUTION

Time taken to describe angle 6

,_0_OR_aR
® v 20
Total displacement \/ER 2\/5
= = = v
v Total time aR2v &

Instantaneous velocity = v
The ratio of average velocity to its instantaneous
velocity is

ILLUSTRATION 90

A fan is rotating with angular velocity 100 revs™.
Then it is switched off. It takes 5 minutes to stop.

(a) Find the total number of revolution made before
it stops. (Assume uniform angular retardation).

(b) Find the value of angular retardation.

(c) Find the average angular velocity during this
interval.

SOLUTION

(@) 9=(m+2“’°)t=(1002+0)x5x60

= 0=15000 revolution.

(b) w=0w,+at
= 0=100-a(5x60)

1,
= =—1evs
3

_ Total angle of rotation

(©) o,

Total time taken
15000
Oy =————
50 60

= , =50revs"

ILLUSTRATION 91

A fan rotating with @=100 rads™', is switched
off. After 2n rotation its angular velocity becomes
50 rads™ . Find the angular velocity of the fan after
n rotations.

SOLUTION
0* = ) +2a0
= 502 =(100)"+2a(272n) (1)

If angular velocity after n rotationis @, , then
@ =(100)” +2a(27n) (2)
From equations (1) and (2), we get

50%-100* 2e(272n) 5

o} 100>  2a27n
,  50%+100?
W, = T

= ®=25J10 rads™



ICON

RELATIVE ANGULAR VELOCITY

Just as velocities are always relative, similarly angu-
lar velocity is also always relative. There is no such
thing as absolute angular velocity. Angular veloc-
ity is defined with respect to origin, the point from
which the position vector of the moving particle is
drawn.

Ref. line

Consider a particle P moving along a circular path
shown in the figure.

Here angular velocity of the particle P w.rt.
O (i.e. P isrevolving with O as the centre) and the
angular velocity of P wrt. A (ie. P is revolving
with A as the centre) will be different.
Angular velocity of a particle P w.r.t. O is

do

Wpg _E

Angular velocity of a particle P wrt. A is

dp

Wpy =E

Definition of Angular Velocity

Angular velocity of a particle A with respect to the
other moving particle B is the rate at which position
vector of A with respect to B rotates at that instant. (or
it is simply, angular velocity of A with origin fixed at B).
Angular velocity of A w.rt. B, @,z is mathematically
define as

Component of relative
velocityof Aw.rt. B,
perpendicular to line

A Separation between A and B

v
- mAB=(AB)l

F'ag

Chapter 6: Newton's Laws of Motion 6.99

(a) If two particles are moving on two different con-
centric circles with different velocities then angu-
lar velocity of B as observed by A will depend on
their positions and velocities. Consider the case
when A and B are closest to each other mov-
ing in same direction as shown in figure. In this
situation

(VABL=VB—VA

Separation between A and B is
Iga =1g —1a
(VAB )l VgV,

'ag Ig=ra

SO, GJAB =

(b) If two particles are moving on the same circle
or different coplanar concentric circles in same
direction with different uniform angular speed

o, and @y respectively, the rate of change of
angle between OA and OB is
ag
o
So, the time taken by one to complete one
revolution around O w.rt. the other

g — Oy

T_Z_Jr_ 2r T
O @—0p =T,
B
-
Al
o

Initial line
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- Ref. line
(c) w; —w, is rate of change of angle between OA

————

and OB. This is not the angular velocity of B w.r.t.
A. (which is rate at which line AB rotates).

ILLUSTRATION 92

Find the angular velocity of A with respect to B in Osec = Omin =27
the figure given below:

= (Opc — Opin ) =27
2 2
Since, @, = 6_3- radmin™ and @, = Tﬂ: radmin ™,

so we have

271'(1—i)t=27£
60

t=— min
59

ILLUSTRATION 94

Two particles A and B move on a circle. Initially par-
ticle A and B are diagonally opposite to each other.

SOLUTION

Particle A move with angular velocity 7 rads™,

. T - .
£ angular acceleration N rads™ and particle B moves
%8B with constant angular velocity 27 rads™. Find the
time after which both the particles A and B will
Angular velocity of A with respect to B collide.
v
Oz =( an), SOLUTION
¥
AR Suppose angle between OA and OB, be 6, then, rate
From the figure drawn, we observe that of change of 6 is called angular velocity.
(VAB ) | = Vysinb; +Vysinb, wy = 7rads™
and rp=r ay = n/2rads™
U4 sin@; + vy sin 6 A i
SN A 1Y 2 Reference line
r
wg=2rrads™

ILLUSTRATION 93 ag=0

Find the time period of meeting of minute hand and
second hand of a wall clock.

With respect to the point A , we have

Wpy =0=0p —®, =27—7=n rads™
SOLUTION B B4

. . n ~
For second and minute hand to meet again, we must Opy = 0= 0 — 0y =—— rads™
have 2
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If angular displacement is A6, then
AB = ot + 1 at?
2
For A and B to collide, angular displacement is
given by
Ab=nr

1( -
= 7r=7rt+—(—”)t2
20 2

= P —dt+4=0

= t=2sec

ILLUSTRATION 95

A particle is moving with constant speed in a circle
as shown, find the angular velocity of the particle A
with respect to fixed point B and C if angular veloc-
ity with respectto O is .

De
m

SOLUTION

Angular velocity of A with respect to O (i.e. A is
revolving with O as the centre) is

_ (210), _v_
W0 = =—=@
A0 r
Similarly, we have
a (vas )l U
T P
AB F
(vac) v
and Wyc = L - 3_ = E
Tac r

ILLUSTRATION 96

Particles A and B move with constant and equal
speeds in a circle as shown, find the angular velocity
of the particle A with respect to B, if angular veloc-
ity of particle A wrt. O is @.

Chapter 6: Newton's Laws of Motion 6.101

SOLUTION
Angular velocity of A with respectto O is

v
wAC):( AO)ngza)
a0 r
[4
Now, Wyp = ( A )L
TAB

= V=20
Since v 45 is perpendicular to 7,5
= (s )L =05 =20

fap =2r

= OJAB=(UAB)J‘=2—U=

Tap 2r

ILLUSTRATION 97

Find angular velocity of A with respect to O at the
instant shown in the figure.

e—d—=

,,,,,,,,, T?"W””;m,,
d
i @o (fixed)

SOLUTION
Angular velocity of A with respect to O is
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Since, v4p =0

v

= (UAO)J_=E

and 74 =dv2

S Z(UAo) U/\f v
A0 TAO d‘\/_ Zd

ILLUSTRATION 98

Find angular velocity of A with respect to B at the
instant shown in the figure.

SOLUTION

Vag = V2 = (Vag),
VB =V
Angular velocity of A with respect to B is

(UAB )J_

TaB

Wyp =

= UAB:JEU:(UAB)J_

= TAB=\/§d
(UAB)l w2 v
= (DAB= =——=—
T'ag d\/ﬁ d

ANGULAR DISPLACEMENT (d): REVISITED

Finite angular displacement 6 is NEVER a vector.
AOR

A® (ordé)

Infinitesimal (extremely small) angular displacement
d6 is a vector and

Al = AGXF {In magnitude Al =rA8}
For infinitesimal displacement

dl =d6xF

ANGULAR VELOCITY (@): REVISITED

Rate of change of angular displacement is angular
velocity.

i A0 _ 46
Af=0 At df
Since dI = dfx 7

Divide both sides by 4t

dl do
= —=—X7

dt  dt
= U=@XFr
In magnitude
= v=re

(a) Commonly used units for angular velocity @ are
rpm, rph, rps, 1 degrees™

1 revolution = 2 radian

7 —
rps—=2rads ™"

2n

X—
3600

rph—389; rads™

(b) Direction of ®

Direction of w is given by Right Hand Thumb
Rule (RHTR) according to which curl the fingers of
right hand in the direction of rotation then thumb
gives the direction of w.

e.g.: The angular velocity for the second's hand
of watch is inwards, perpendicular to the plane of
watch.
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ANGULAR ACCELERATION ():
REVISITED

Rate of change of angular velocity is angular
acceleration

Ao do
lim —=—
A0 Af dt
Since U= @xXF

Differentiating both sides with respect to ¢, we get

B_2 (ox7)
dt dt
Using formula
9 (ixB)=AxB A5
dt dt dt
Lo dr do
= d=@0X—+—X7F
dt  dt

= A=0X0+0axr
= E = L-ic + I-iT
where 4. is the centripetal acceleration also called

as Radial acceleration and a; is the tangential
acceleration.

Mathematically, we have
EC ES C-C‘, X 5
ET = (-i X F

2
. v

In magnitude, a. =0 =re’ =— and a; = ra
r

Also, ¢ Ly and dp = @x7=dx(@xF)

RADIAL AND TANGENTIAL
ACCELERATION

There are two types of acceleration in circular motion;
Tangential acceleration and centripetal acceleration.

Tangential Acceleration (a;)

Component of acceleration directed along tangent of
circle is called tangential acceleration. It is respon-
sible for changing the speed of the particle. It is
defined as

Chapter 6: Newton's Laws of Motion 6.103

dv d|v
ar = d_zt} = % = Rate of change of speed
Also, ap = ar

(a) In vector form d; = ot xr
(b) Tangential acceleration is defined as the rate of
change of speed (not velocity). So

-

dlvl dv
ar =i orsimply ar e

(c) Iftangential acceleration is directed in direction of
velocity then the speed of the particle increases.

(d) If tangential acceleration is directed opposite to
velocity then the speed of the particle decreases.

Centripetal Acceleration (a.)

It is responsible for change in direction of veloc-
ity. In circular motion, there is always a centripetal
acceleration.

Centripetal acceleration is always variable
because it changes in direction. Centripetal accelera-
tion is also called radial acceleration (a, ) or normal
acceleration (a, ). For a particle moving with speed
vina curved track of radius r, centripetal acceleration
is given by

UZ

acz_
r

Total Acceleration

Total acceleration is vector sum of centripetal accel-
eration and tangential acceleration.
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(a) Differentiation of velocity (V) gives total
acceleration.

dv div : "

m and % are not same physical quantities,

(b)

is the magnitude of rate of change of
velocity, i.e,, magnitude of total acceleration and

% is a rate of change of speed, i.e., tangential

acceleration.

CALCULATION OF CENTRIPETAL
ACCELERATION

Consider a particle which moves in a circle with con-
stant speed v as shown in Figure.

AV =05 -7,

Magnitude of change in velocity

| AG| = |5 —?7A|=\]“§+Ui +20, 05 cos(m-6)

(v4 = vy =0, since speed is same
= |A5|=2vsm(g)

Distance travelled by particle between A and B=r6

Hence time taken, At = 0

v
- ZUsin(Q)
. - Av 2
Net acceleration, |d,y |=|—|= ———=
At r8/v
2 ZSin(g)
= |a ‘:U_ _\2)
net , 9
) . [(0) 6
If At—0,then 0 is small, sin 2 =E
AB| |dB| o
m|—|=|—|=—
At=0| At dt r

2

: . .0 .

i.e., net acceleration is — but speed is constant so
r

that tangential acceleration
dv
a4, =—=0
dt

Through we have derived the formula of centrip-
etal acceleration under condition of constant speed,
the same formula is applicable even when speed is
variable.

In vector form

-+ —+

d, =oxVv

ILLUSTRATION 99

Aparticle travels in a circle of radius 20 cm at a speed
that uniformly increases. If the speed changes from
5ms™ to 6msin 2s, find the angular acceleration

SOLUTION

Since speed increases uniformly, average tangen-
tial acceleration is equal to instantaneous tangential
acceleration

The instantaneous tangential acceleration is given by
dv _v,-10;

ar =—
TTd T -t
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= ar= 6—;5 ms 2 =05ms™

o a
The angular acceleration is o= L.
T

_05ms™
20 cm

ILLUSTRATION 100

Find the magnitude of the acceleration of a particle
moving in a circle of radius 10 cm with uniform
speed completing the circle in 4s.

=25 rads™>

SOLUTION
The distance covered in completing the circle is
2rr=27x10 cm.

The linear speed is

2nr  2rx10 cm 1
V=——=———=51cms
T 4s

The acceleration is

(57 cms™ )2

I =—=
¢ r 10 cm

ILLUSTRATION 101

A particle moves in a circle of radius 2 cm at a speed
given by v=4t, where v is in ems™ and t is in
seconds.

=257% cms™

(a) Find the tangential accelerationat t=1s.
(b) Find total accelerationat t=1s.

SOLUTION

(@) Tangential acceleration

dv
ﬂ]":a
d 2
= ap :E(4t):4cms
2 2
= a =%=—)=8cms'2

= =y +a? = (47 +(8)

= = 4\/5 cms ™

Chapter 6: Newton's Laws of Motion 6.105

ILLUSTRATION 102

A particle is moving with a constant angular accelera-
tion of 4 rads™ in a circular path. At time t =0 parti-
cle was at rest. Find the time at which the magnitudes
of centripetal acceleration and tangential acceleration
are equal.

SOLUTION
4, = 0R

= v=0+aRt

v o?RM*
aC=—=
R R
= |a|=|a]
2p2,2
- R=aRt
R
= tzzl:l
o 4
= t=ls
2

DYNAMICS OF CIRCULAR MOTION

If there is no force acting on a body it will move in a
straight line (with constant speed). Hence if a body is
moving in a circular path or any curved path, there
must be some force acting on the body.

If speed of body is constant, the net force acting
on the body is along the inside normal to the path of
the body and it is called centripetal force.

2
Centripetal force (F)=mac = ™ et
r

However if speed of the body varies then, in addition
to above centripetal force which acts along inside
normal, there is also a force acting along the tangent
of the path of the body which is called tangential
force.

d
Tangential force (Fy )= May = Md—? =Mra,

where o is the angular acceleration.
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2

mv- . : o o
Remember —— is not a force itself. It is just the

r
value of the net force acting along the inside normal
(towards the centre) which is responsible for circular

motion.

This force may be friction, normal, tension,
spring force, gravitational force or a combination of

them.

So to solve any problem in uniform circular
motion we identify all the forces acting along the
normal (towards centre), calculate their resultant and

om?
equate it to -

If circular motion is non-uniform then in
addition to above step we also identify all the forces
acting along the tangent to the circular path, calculate

. . dv
their resultant and equate it to md_t or m——

dil_
dt

Some Common Examples of Centripetal Force are

SITUATION

CENTRIPETAL FORCE

A particle tied to a
string and whirled in a
horizontal circle.

Earth in orbit around the
sun.

An electron revolving
around the nucleus in an
atom.

A charged particle
describing a circular path
in a magnetic field.

Vehicle taking a turn on a
level road.

Tension in the string.

Gravitational force
exerted by the sun.

Coulomb attraction
exerted by the protons in
the nucleus.

Magnetic force exerted by
the agent that sets up the
magnetic field.

Frictional force exerted
by the road on the tyres.

MOTION OF A PARTICLE IN A CURVED
TRACK AND RADIUS OF CURVATURE

Consider a curved track, 1234, having portions 12,
23 and 34 on which points X, Y and Z are taken

respectively.

We must understand that when a single force acts on
any particle it will just accelerate in the direction of
force. So, for a particle to move in a curved track it
must be experiencing two forces, as shown already,

(a) Centripetal force F, acting radially inwards.
(b) Tangential force FT , acting tangentially.

So, at the point X , the curved track is due to the two
forces F- and F; at that point.

Atthepoint Y, r =, s0 FC — 0, hence from 2
to 3, the particle just follows a straight track 23 under

the influence of a single force F .

At Z, story similar to the point X is repeated.
So, we can say that for a particle moving in a curved
track, net force and hence net acceleration are given by

F=|F+F} [ ELE}

= F=m\/aé+a%

= F=m(re?) +(ra)?

F
= F=mr\ia)4+a2 and 1= —=ro* +ao*
m

Radius of Curvature

As observed, any curved track/path can be assumed
to be made of a large number of circular arcs of vari-
able radii. The radius of curvature at a point is the
radius of the circular arc that suitably fits on the curve
at that point.

2
. v . ) .
Since a- = —, where v is the tangential velocity and
T

can be denoted by v;.
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v
= ﬂC:_T
r
2 2
v v
= r:—Tz—J‘
ac 4

where v; =v,, ie, tangential velocity equals the
velocity of the particle perpendicular to the radius
of the curve and hence v; can also be denoted by v,
(read as v perpendicular) and a- =4, ie., centrip-
etal acceleration equals the acceleration of the particle
parallel to the radius of the curve and hence a- can
also be denoted by 4 .

ILLUSTRATION 103

A particle of mass m is projected with speed u at
an angle 6 with the horizontal. Find the radius of
curvature of the path traced out by the particle at the
point of projection and also at the highest point of
trajectory.

SOLUTION

At point of projection, we have

0 -
‘ir a. = gcosd
a=g
2 2
v u
R=2L—
ac  gcost
2
u
= R=
gcost
At highest point, we have

ac =g, v=1ucosf

2
_vp  utcos’ 6

ac 8

ILLUSTRATION 104

Ablock of mass 2 kg is tied to a string of length 2m,
the other end of which is fixed. The block is moved
on a smooth horizontal table with constant speed
5ms . Find the tension in the string.

= R

Chapter 6: Newton's Laws of Motion 6.107

SOLUTION

In this case, the centripetal force is provided by
tension, so,
o’ 3 2x 5%

T="—
b

ILLUSTRATION 105

A block of mass m moves with speed v against a
smooth, fixed vertical circular groove of radius r
kept on smooth horizontal surface.

=25N

Find the

(a) normal reaction of the floor on the block.
(b) normal reaction of the vertical wall on the
block.

SOLUTION

Here centripetal force is provided by normal reaction
of vertical wall

(a) normal reaction due to the floor
Ny =mg

(b) normal reaction due to the vertical wall

ILLUSTRATION 106

Ablock of mass m is kept on the edge of a horizontal
turn table of radius R, which is rotating with con-
stant angular velocity @ (along with the block) about
its axis. If coefficient of friction is u, find the friction
force between block and table if the block is at rest
with respect to table.
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SOLUTION

The centripetal force, in this case is provided by fric-
tion force

Friction force = centripetal force = mRw*

ILLUSTRATION 107

A string breaks under a load of 50 kg. A mass of
1 kg is attached to one end of the string 10 m long
and is rotated in horizontal circle. Calculate the great-
est number of revolutions that the mass can make in
one second without breaking the string.

SOLUTION

The situation is shown in the figure. Since we have

W=2rn

Tmax =900 N

r=Lsin6

Tsin® = mo’r
= T=mo'L

= T, =mo., L

m; max

FL

= Ty =m(27n

max

= nmax =l Tmi
ZJIV mL

1 | 500
= Nax = 327 o9
27 N1x10
.
max o Ip

ILLUSTRATION 108

A boy whirls a stone in a horizontal circle of radius
2m and at height 49 m above level ground. The
string breaks and the stone files off horizontally and

strikes the ground at a point which is 10 m away
from the point on the ground directly below the point
where the string had broken. What is the magnitude
of the centripetal acceleration of the stone while in

circular motion? ( g=98 ms > )

SOLUTION

lt—— 10 m ——=

‘o %: [2><4.9 s
g 9.8
10

= ﬂ=7=10ms'1

2
= g=—=50ms"
R

ILLUSTRATION 109

A particle begins to move with a tangential accel-

eration of constant magnitude 0.6 ms ™2 in a circular
path. If it slips when its total acceleration becomes
1 ms 2. Find the angle through which it would have
turned before it starts to slip.

SOLUTION

It =07+ (1)

Since, ®” = @ +208 and @, =0
= =200
=  ®*R=2(aR6)

= ac=0R=2a,0
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From (1), we get

V0.36+(12x0) =1

= 1-036=(1.20)°

08 _

=0
12

= 0= ; radian

ILLUSTRATION 110

Prove that a motor car moving over a convex bridge is
lighter than the same car resting on the same bridge.

SOLUTION

The motion of the motor car over a convex bridge
AB is the motion along the segment of a circle AB as
shown in the figure.

The centripetal force is provided by the difference of
weight mg of the car and the normal reaction N of
the bridge.

Since N <mg, so, the weight of the moving car is less
than the weight of the stationary car.

ILLUSTRATION 111

Prove that a motor car moving over a concave bridge
is heavier than the same car resting on the same
bridge.

SOLUTION

The motion of the motor car over a concave bridge
AB is the motion along the segment of a circle AB as
shown in the figure.

Chapter 6: Newton's Laws of Motion 6.109

The centripetal force is provided by the difference of
normal reaction N of the bridge and weight mg of
the car.

2
mo

= N-mg=—o
r

2
mo

= N=mg+—
T
Since N >mg, so, the weight of the moving car is

greater than the weight of the stationary car.

ILLUSTRATION 112

A car is moving with uniform speed over a circular
bridge of radius R which subtends an angle of 90°
atits centre. Find the minimum possible speed so that
the car can cross the bridge without losing the contact
anywhere.

SOLUTION

Let the car loses the contact at angle 6 with the

mvz

vertical, then mgcos6—N = =

= N:mgcosﬂ—mT (1)

For losing the contact N =0

= v=,/Rgcosh

For minimum speed, cos & should be minimum so
that @should be maximum
6 =45°

max

{from (1)}
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= c0s45°=

ﬂRg
= V... = |—
e \/E

So, that if car cannot lose the contact at initial or final
point, car cannot be lose the contact anywhere.

ILLUSTRATION 113

A simple pendulum is constructed by attaching a bob
of mass m to a string of length L fixed at its upper
end. The bob oscillates in a vertical circle. If is found
that the speed of the bob is v when the string makes
an angle 6 with the vertical. Find the tension in the
string and the magnitude of net force on the bob at
the instant.

i

SOLUTION

(a) The forces acting on the bob are
(i) the tension T
(ii) the weight mg
As the bob moves in a circle of radius L with

centre at O, A centripetal force of magnitude
2

mo- ., .
e is required towards O.

mg sin @
mgmg cos @

This force will be provided by the resultant of T
and mgcos#. Thus,

2
mo

T-mgcosf=——-
& L

2
= T= m{gc059+%)

(b) Since a. is provided by (T-mgcosf) acting

T- 2
radially inwards, so a¢ = T-mgcost = UT
m

2 2
o =B+ \/(gm)(ﬂ

{ 1
Eo|_ _ 2.2, 0
‘Fnef‘—mamt—m g sin a+§

CENTRIFUGAL FORCE

When a body is rotating in a circular path and if
the centripetal force vanishes, then the body would
leave the circular path. To an observer A who is not
sharing the motion along the circular path, the body
appears to fly off tangentially at the point of release.

To another observer B, who is sharing the
motion along the circular path (i.e., the observer B
is also rotating with the body which is released, it
appears to B, as if it has been thrown off along the
radius away from the centre by some force called cen-
trifugal force).
Its magnitude is equal to that of the centripetal force
ie.,

2

mo
|F centrifugal | = "

(a) Direction of centrifugal force, it is always directed
radially outward.

(b) Centrifugal force is a fictitious force which has to
be applied as a concept only in a rotating frame of
reference to apply Newton's law of motion in that
frame. FBD of ball w.rt. non inertial frame rotating
with the ball is shown here.

= mrw2

() Suppose we are working from a frame of refer-
ence that is rotating at a constant, angular velocity
@ with respect to an inertial frame. If we analyse
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the dynamics of a particle of mass m kept at a
distance r from the axis of rotation, we have to
assume that a force mre? react radially outward
on the particle. Only then we can apply Newton's
laws of motion in the rotating frame. This radi-
ally outward pseudo force is called the centrifugal
force.

(d) While drawing FBD from rotating frame(s), we
must draw the centrifugal force whereas while
drawing FBD from ground or inertial frame we
must not show the centripetal force. Instead we
draw all forces and then the resultant of these
forces acting towards the centre will provide the
necessary centripetal force.

ILLUSTRATION 114

A hemispherical bowl of radius R is rotating about
its axis of symmetry which is kept vertical. A small
ball kept in the bowl rotates with the bowl without
slipping on its surface. It the surface of the bowl is
smooth and the angle made by the radius through the
ball with the vertical is 6. Find the angular speed at
which the bowl is rotating.

SOLUTION

Let @ be the angular speed of rotation of the bowl.
Two forces are acting on the ball.

(a) Normal reaction (N)
(b) Weight (mg)

The ball is rotating in a circle of radius r(=Rsin@)
with centre at A at an angular speed ®. Thus,

Nsin® = mra* = mRew* sin@

= N =mRo? ..(1)
and Ncosf=mg (2)

ILLUSTRATION 115
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1 _oR
cos@ ¢
= o=,-%
Rcos

A ring which can slide along the rod are kept at mid-
point of a smooth rod of length L. The rod is rotated
with constant angular velocity @ about vertical axis
passing through its one end. Ring is released from
mid-point. Find the velocity of the ring when it just
leave the rod.

v=0 Smooth
[ [ |
[ /D —wi

L~

SOLUTION

Centrifugal force at distance x is

me’x = ma

» vdv

= O0x=—0
dx

Rearranging and integrating, we get

2 8
= ’u:—3wL
2
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Velocity at time of leaving the rod is the resultant of
tangential speed and the radial speed of the particle.
So,

= U

’=£wL
2

ILLUSTRATION 116

A block of mass m is tied to a spring of spring con-
stant k , natural length | and the other end of spring
is fixed at O. If the block moves in a circular path
on a smooth horizontal surface with constant angular
velocity @, find tension in the spring.

SOLUTION

Assume extension in the spring is x.
Here centripetal force is provided by spring force
Centripetal force

kx = maw?* (1+x)

maw*l
= x= 5
k—mw
. kmw®l
= Tension =kx= 5
k-mw

ILLUSTRATION 117

A block of mass m is kept on rough horizontal turn
table at a distance r from centre of table. Coefficient
of friction between turn table and block is 1. Now
turn table starts rotating with uniform angular accel-
eration « .

(a) Find the time after which slipping occurs between
block and turn table.

(b) Find angle made by friction force with velocity at
the point of slipping.

SOLUTION
@ a=or
Speed after ¢ time

do _
dt

= v=0+art

ar

Centripetal acceleration
2

v
a,=—= ot
r

Net acceleration a,,, = /a; +a.
= ay =N ot
Block just start slipping

umg =ma,, = my ort ottt

1/4
ﬂzgz _ a2t }
o'r?

- e

(b) tanf=-c

a

= tanf=
or

= O=tan(a?)

ROTOR OR DEATH WELL

It is a hollow cylindrical room which is capable
of rotating about a central vertical axis of cylin-
der. A person stands up against the wall. For some
time the rotational speed of rotor increases and at
a certain speed when the floor of the rotor room is
removed the person in it does not fall but remains
‘pinned up’ against the wall of the rotor. The rela-
tion between rotational speed @ and the coefficient
of friction between person and wall may be found
as follows.

Let M be the mass of person and R the radius
of cylindrical room. The forces acting on the person
are
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(@) Weight Mg (vertically downward)
(b) Normal reaction N (radially inwards)
(c) Frictional force f=puN (upward)

(d) Centrifugal force = mRw* (radially outwards)
For vertical equilibrium

Mg =f or Mg=uN (1)

The person will remain in contact with the wall only
if

MRo* 2N
M
= MR*228 o @?x-8_
U JusR
= 0= £
UsR
Minimum speed of rotor, @, = 5
1R

If v is the linear speed of rotor, then

v=Rw= ﬁ
Hg

ILLUSTRATION 118

Two blocks of mass m; =10 kg and m, =5 kg con-
nected to each other by a massless inextensible string
of length 0.3 m are placed along a diameter of the turn
table. The coefficient of friction between the table and
my is 0.5 while there is no friction between m, and
the table. The table is rotating with an angular veloc-
ity of 10 rads™" about a vertical axis passing through
its centre O. The masses are placed along the diam-
eter of the table on either side of the centre O such

Chapter 6: Newton's Laws of Motion 6.113

that the mass m, is at a distance of 0.124 m from O.
The masses are observed to be at rest with respect to

an observer on the turn table. ( g=98 ms > ) )

(@) Calculate the frictional force on m,.

(b) What should be the minimum angular speed of
the turn table so that the masses will slip from
this position?

() How should the masses be placed with the string
remaining taut so that there is no frictional force
acting on the mass m,?

SOLUTION
Given m; =10 kg, m, =5kg, @=10 rads™’
r=03m, r=0124m

= nr=r-rn=0176 m

(@) Masses m; and m, are at rest with respect to
rotating table. Let f be the friction between
mass n; and table. Free body diagram of
and m, with respect to table (non inertial frame
of reference are shown in figure).

my
T = )
F2 = Mol 0)2
(Pseudo force)
F'I = m1r1 (02
Pseudo force
( ) my
T Q T

Equilibrium of m, gives
Since, m,r,0" < mro”

{mz"z <myh }

Therefore, m,n,0* > T and friction on m; will be
inwards (towards centre)
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Equilibrium of m, gives f+T=mno®  ...(2)
From equations (1) and (2), we get

f=mne* —mno’
= f=(mn-mn)o’ --(3)
= f=(10x0.124-5x0.176)(100) Newton
= f=36N

Therefore, frictional force on my
(inwards).
(b) Since, from equation (3), we have

is 36 N

f = (mn -myr, )o*

So, the masses will start slipping when this force
is greater than f_. ,ie.,

(mlrl — Myt )wz > frnax > MM

Hence, the minimum value of @ is

o o | Hmg _\/ 0.5x10%9.8
Ay —myr,  V10x0.124-5%0.176

= . =1167 rads™

min

(c) From equation (3), frictional force f=0 when
1 =Ml

r_1=ﬂ=£=l and r=1+1r=03 m
rnoom 10

= n=01mand rn=02m

i.e.,, mass m, should be placed at 0.2 m and m,
at 0.1 m from the centre O.

MOTION OF A CYCLIST

Let a cyclist moving on a circular path of radius r
bend away from the vertical by an angle 6.

Ncosé

Vertical

Nsing =
Mg

Horizontal

mv?
r

If R is the normal reaction of the ground, then R may
be resolved into two components horizontal and
vertical. The vertical component Rcos@ balances
the weight mg of the cyclist and the horizontal
component Rsin@ provides the necessary centripetal
force to the cyclist to move in circular path i.e.,

2
muv

Rsinf=——- (D)
r
and Rcos®=mg (2
Dividing (1) by (2), we get
?)2
tanf=— ..(3)
4

For less bending of cyclist, his speed v should be
smallerand radius r of circular path should be greater.
If u is coefficient of friction, then for no skidding of
cycle (or overturning of cyclist)

pztanf=— ...(4)

CIRCULAR TURNING ON ROADS

When vehicles go through turnings, they travel along
anearly circular arc. There must be some force which
will produce the required centripetal acceleration. If
the vehicles travel in a horizontal circular path, this
resultant force is also horizontal. The necessary cen-
tripetal force is being provided to the vehicles by fol-
lowing three ways.

(a) By friction only.
(b) By banking of roads only.
(c) By friction and banking of roads both.

In real life the necessary centripetal force is provided
by friction and banking of roads both. Now let us
write equations of motion in each of the three cases
separately and see what are the constant in each case.

BY FRICTION ONLY: VEHICLEON A
LEVEL ROAD

When a vehicle goes around a curve, it has a tendency
of skidding sideways i.e. away from the centre of the
curve. Due to this tendency, the static friction f, acts
towards the centre and provides the necessary cen-
tripetal force for motion along the curve.
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Mg
The forces acting on the vehicle are

(a) Weight Mg acting vertically downward

(b) Normal reaction N
(c) Static frictional force f;

The static friction is self adjusting and if p, is coef-
ficient of static friction, then f, < u,N.So,

For vertical equilibrium, N = Mg

As frictional force provides the necessary centripetal

M
force f, = =
r

= U<\ Urg

So, maximum speed for no skidding is

Umax = lu s rg

ILLUSTRATION 119

Abend in a level road has a radius of 100 m. Calculate
the maximum speed which a car turning this bend
may have without skidding. Given: u=0.8.

SOLUTION
O, = |75 = OBXT00XT0
= o, =800

-1
= Upax =28 ms
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MAXIMUM VELOCITY FOR SKIDDING AND
OVERTURNING

Let A and B be inner and outer wheels of a vehicle
moving on a circular track. The forces acting on the
vehicle are

IN1 NE
G In
Al V1B

2a-»

(@) normal reactions N; and N, vertically upward
(b) frictional forces f; =uN; and f, = uN,

f,

(c) Weight of vehicle Mg vertically downward

(d) centripetal force F (horizontally towards centre
of turn)

For translational equilibrium
N, +N, =Mg (1)

and frictional force provides the necessary centripetal
force
2

mo
F=f1+f2=ﬂN1+.UN2—T

2
= ,u(NﬁNﬂE% (2

where r is the radius of path.
Using (1), equation (2) gives
2
= uMg> L (for no skidding)
r
= U \Jurg

Thus maximum speed for no skidding is
Umax = JHIg -(3)

For No Overturning

If the wheels A and B are a distance 21 apart, then

taking moments about G, we get N,a=N;a+Fh
2

where F = e given by (2)
r
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The car tends to overturn when reaction N, the inner
wheel is zero i.e. when inner wheel leaves contact
with the ground N, -a>Fh

If N, =0, then from (1) N, = Mg

2
= Mgazﬂh
T

= US/ﬂ
h

That is maximum speed for no overturning is

Umax = ﬁ
\ &

BY BANKING OF ROADS/TRACKS

When a vehicle moves round a curve on the road with
sufficient speed, then there is a tendency of overturn-
ing for the vehicle. To avoid this the road is given a
slope rising outwards. The phenomenon is known
as banking. Consider a vehicle on a road having a
slope 6. N is the normal reaction of the ground.
This may be resolved into two components : A ver-
tical component Ncosf which balances the weight
of vehicle and a horizontal component Nsin& which
provides the necessary centripetal force i.e.,

Ncos@

Nsing=""" (1)
r

and Ncos8= Mg ..(2)

Dividing equation (1) by (2), we get
2

tanf = Z
g

This equation gives the angle of banking required.

Let /(= OB) be the width of track and /(= AB) be
its height.

Assuming 6 (the angle of banking to be small) then

tan®@ =S]'1’19=%

13

=

h_v
I
h=—
8
is the height through which outer part of the track has
to be raised.

ILLUSTRATION 120

A circular track of radius 600 m is to be designed for
cars at an average speed of 180 kmh™'. What should
be the angle of banking of the track?

SOLUTION

Let the angle of banking be 6. The forces on the car
are (figure)

(a) weight of the car Mg downward and
(b) normal force N.

Ncosé
N

»
? Nsing
Mg

0

For proper banking, static frictional force is not needed.
For vertical direction the acceleration is zero. So,
Ncos0=Mg (1)
2
. L T
For horizontal direction, the acceleration is —
towards the centre, so that r
Mv?

Nsinf=—"— (2)
T

From (1) and (2)

2
tanf ="
8
Substituting the values
-2
tan 0= 180 kmh :
600 mx10 ms™

= =226

=0.4167
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BY FRICTION AND BANKING OF
ROAD BOTH

If a vehicle is moving on a circular road which is
rough and banked also, then three forces may act on
the vehicle, of these the first force, i.e., weight (mg)
is fixed both in magnitude and direction.

Figure (i)

Figure (ii)

The direction of second force, i.e., normal reaction N
is also fixed (perpendicular to road)

The direction of the third force i.e., friction f can
be either inwards or outwards and its magnitude can

be varied upto a maximum limit ( f, = uN).

So the magnitude of normal reaction N, direc-
tion of friction and magnitude of friction f are so

adjusted so that the resultant of the three forces men-
2

mo
tioned above is —— towards the centre.
T

Since, m and r are also constant so, magnitude
of normal reaction N, direction of friction and mag-
nitude of friction f mainly depends on the speed of
the vehicle v. Thus, situation varies from problem to
problem.

Also, we observe that

(a) friction f will be outwards if the vehicle is at
rest v =0 . Because in that case the component of
weight mgsiné is balanced by f .

(b) friction f will be inwards if

0> \Jrgtanf

(c) friction f will be outwards if

v< Jrgtand and

(d) friction f will be zero if

v=,/rgtanf

(e) for maximum safe speed (shown in figure (ii))
and redrawn below
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Ncosé

ra

l\'sim':‘+fcosf?=ﬂ (1)
r
Ncost- fsinf=mg (2
As maximum value of friction

f=uN
sinf+ pcosf ﬁ
cosf-pusin@ g

N A GLLAT))
Similarly, v, = M
(1+ utan®)

CONICAL PENDULUM

It consists of a string OA, whose upper end O is fixed
and a bob is tied at the other free end. The bob is
given a horizontal push a little through angular dis-
placement #and arranged such that the bob describes
a horizontal circle with uniform angular velocity @in
such a way that the string always makes an angle 6
with the vertical. As the string traces the surface of the
cone, the arrangement is called a conical pendulum.

Let T be the tension in the string of length [ and r the
radius of circular path. The vertical component of ten-
sion T balances the weight of the bob and horizontal
component provides the necessary centripetal force.
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Thus

T cosf=Mg (1)
and Tsin@=Mro® ..(2)
Dividing (2) by (1), we get

2
t
tang="2 ie., a):Jg and ..(3)
g r

2
But r=1Isinf and w= Tx, t being period of com-

pleting one revolution

2 _ [gtan6
t Isin@

This gives
Isin@
t=21 |—
g (Sinﬁ?)
g cos@
~ t=on Icos@
g

ILLUSTRATION 121

A turn of radius 20 m is banked for the vehicle of mass
200 kg going at a speed of 10 ms ™. Find the direction
and magnitude of frictional force acting on a vehicle
if it moves with a speed (a) 5 ms™ (b) 15ms™.

Take ¢=10 ms > and assume that friction is suffi-
cient to prevent slipping.

SOLUTION

(a) The turn is banked for speed v =10 ms™".If 6 is
the angle of banking, then

o (10} 1

N = 20)(10) "2

Now, as the speed is decreased, force of friction
f acts outwards.

Using the equations

2
SF, ="~ and XF, =0, we get

r

X

2
mo

Nsinf- fcosf=— (1)

r

Ncos@+ fsinf =mg (2
Substituting, 6= tan ™! ( % ), v=5ms™", m =200 kg
and r =20 m, in equations (1) and (2), we get

f= 30045 N (outwards)

(b) Inthe second case force of friction f will now act
inwards.

Using XF, = mT and XF, =0, we get

mU2

Nsin@+ f cosf = ..(3)

r
Ncos@— fsinf =mg ..(4)
Substituting 6=tan ™" (%} v=15ms™, m =200 kg
and r =20 m in equations (3) and (4), we get
f= 50045 N (inwards)

ILLUSTRATION 122

Two balls of mass n7; and m, are suspended by two

threads of lengths /; and [, at the end of a freely
hanging rod. Determine the angular velocity © at
which the rod must be rotated about the vertical axis
so that it remains vertical.

m,Q
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SOLUTION

Free body diagrams of two masses and the rod are as
shown in figure.

nggh ng'zrng Forrod
Equations of motion are,
T, sin6, = m,w°l, sin6, (1)
T, cosO, =mg ..(2)
T, sin @, = 1m1,0°l, sin 6, ..(3)
T, cos 6, =m,g ..(4)

For the rod to remain in vertical position,
T, sin6, =T, sin6, ..(5)

Solving the above equations, we get

22 22
f:!)4=[”“'11é's' ngJ

22 22
myly —myl;

ILLUSTRATION 123

A vehicle whose wheel track is 1.6 m wide and
whose centre of gravity is 1 m above the road, cen-
tred between the wheels, takes a curve whose radius
is 50 m, on a level road. Taking g =10 ms ™ , find
the speed at which the inner wheel would leave the
road.

Chapter 6: Newton's Laws of Motion 6.119

SOLUTION

The situation is shown in figure. Let N; and N,
be the reactions at inner wheels and outer wheels
respectively. f is the frictional force of the tracks. G
represents the centre of gravity and myg, the weight
of the vehicle acting downwards at centre of gravity.
For vertical equilibrium,

For circular motion
2

F= .(2)
p

For rotational equilibrium, net moment of all the
forces about G should be zero. Hence,

on((2)on(%)

= 08N, +f=08N, ..3)

When the inner wheel leaves the road, then N; =0.
Therefore from (3), we get

f=08N, ..(4)
and from equation (1) we get
N, =mg ...(5)

Solving equations (2), (4) and (5), we get

0=1(0.8)x(50)x(10) = 20 ms™
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@ Test Your Concepts-Vill

1. A circular table with smooth horizontal surface
is rotating at an angular speed @ about its axis.
A groove is made on the surface along a radius and
a smooth ball of diameter equal to the width of
the groove is gently placed inside the groove at a
distance a from the centre. Find the speed of the
particle with respect to the table when its distance
from the centre becomes L.

2. A block of mass m moves on a horizontal circle
against the wall of a cylindrical room of radius R.
The floor of the room on which the block moves
is smooth but the friction coefficient between the
wall and the block is 4. The block is given an initial
speed v, Find the
(a) normal force by the wall on the block
(b) frictional force by the wall
(c) tangential acceleration of the block.

(d) speed of block after one revolution.

3. If the system shown in the figure is rotated in a
horizontal circle about the dotted axis, with angu-
lar velocity @, find the minimum value of @to start
relative motion between the two blocks. Also cal-
culate the tension in the string connecting m, and
m, when slipping just starts between the blocks.
The coefficient of friction between the two masses
is 0.5, there is no friction between m, and ground,
R=05m, m=2kg m,=1kg and g=10 ms™.
The dimensions of the blocks can be neglected.

Doy

4. The coefficient of friction between a block of mass
m placed on a horizontal ruler is x The ruler is
fixed at one end and the block is at a distance L

Based on Circular Motion

(Solutions on page H.214)

from the fixed end. The ruler is rotated about the

fixed end in the horizontal plane through the fixed

end.

(a) What can the maximum angular speed be for
which the block does not slip?

(b) If the angular speed of the ruler is uniformly
increased from zero at an angular acceleration
@, at what angular speed will the block slip?

. Abicyclist travels in a circle of radius 25 m at a con-

stant speed of 9 ms™'. The bicycle-rider mass is

85 kg. Calculate the magnitude of

(a) the force of friction on the bicycle from the
road and

(b) the net force on the bicycle from the road.

. A small bead can slide without friction on a circu-

lar hoop that is in a vertical plane and has a radius

of 0.1 m. The hoop rotates at a constant rate of

3revs ' abouta vertical diameter.

(a) Find the angle Batwhich the bead is in vertical
equilibrium. (of course, it has a radial accelera-
tion towards the axis).

(b) Is it possible for the bead to ride at the same
elevation as the centre of the hoop?

Take g=10 ms™ and #° =10.

. A string has one end attached to the corner of a

square board fixed on a smooth horizontal table
and is wound round the square carrying a parti-
cle at its other end. The particle is projected with
velocity u at right angles to the side of a square of
size axa. If the length of the string is 4a. Find the
time that the string takes to unwrap itself form the
squares, assuming that the speed of the particle
remains the same throughout the motion.

. A wheel of radius R rolls along the ground with

velocity v. A pebble is carefully released on top of
the wheel so that it is instantaneously at rest on the
wheel.

(a) Show that the pebble will immediately fly off

the wheel if v> \/@
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(b) Show that in the case when va/@ and the

coefficient of friction is yt =1, the pebble starts
to slide when it has rotated through an angle

2
given by 9=cos'1( Y )—E.

\/ng 4

Aturnof radius 20 m is banked for the vehicles going
at a speed of 10 ms~. If the coefficient of static
friction between the road and the tyre is 0.4, what
are the possible speeds of a vehicle so that it nei-

ther slips down nor skids up? (Take g=10ms™ )

A small block of mass m is placed inside a hol-
low cone rotating about a vertical axis with angu-
lar velocity @ as shown in figure. The semi-vertex
angle of the cone is #and the coefficient of friction
between the cone and the block is . If the block
is to remain at a constant height b above the apex
of the cone, as shown, what are the maximum and
minimum values of ®?

o
< |

A

!

The width of the track of a car is 1.15 m and the
centre of gravity is 0.6 m above the road and
0.075 m to the right of the centre line of the car.
The road bends first to the right and then to the
left, the radius of each curve being 40 m. If the
coefficient of friction between the tyres and the
road is 0.9 show that if the car were driven too fast,
it would skid at the first bend and overturn at the
second. Take g=9.8 ms™.

12. A block of mass m slides on a frictionless table. It

13. A very small cube of mass mis placed on the inside

14. A bicyclist travels in a circle of radius 25 m at a

Chapter 6: Newton's Laws of Motion 6.121

is constrained to move inside a ring of radius R. At
time t=0, block is moving along the inside of the
ring (i.e., in the tangential direction) with velocity
v, The coefficient of friction between the block
and the ring is u. Find the speed of the block at
timet.

of a funnel rotating about a vertical axis at a con-
stant rate of n revolutions per sec. The wall of the
funnel makes an angle & with the horizontal. If the
coefficient of static friction between the cube and
funnel is 1 and the centre of the cube is at a dis-
tance r from the axis of rotation, what are the larg-
est and smallest values of n for which the block will
not move with respect to the funnel?

constant speed of 9 ms™'. The bicycle rider mass
is 85 kg. Calculate the magnitude of (a) the force of
friction on the bicycle from the road and (b) the net
force on the bicycle from the road. y
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Two small beads of weight W, and W, each capable
of sliding freely on a smooth circular ring fixed in
the vertical plane are connected by a light string.
Show that in the position of equilibrium in which the
string be straight and inclined at an angle 6 to the
horizontal we have

o

(W, +W, Jtan6 = (W, Wz)tanE

Here, a is the angle subtended by the string at the
centre.
SOLUTION

Beads are in equilibrium under three concurrent
forces. So applying Lami’s theorem,

For Bead 1:
W, a T
sin{lSO—(‘)O—a)} sin{90+9+90-9}
2 2
Wlsin(
= T: ...(1)
For Bead 2:

W, T

sm{lSO (90——)} sm{90+90—%—9}
+8)

Equating equations (1) and (2), we get

W, sm(5-9)=wzsin(9+9)
2 2

Since sin(A+B)=

W2 sm(

] N\Q

I\J

sin Acos Bt cos AsinB

SOLVED PROBLEMS

= W sin(%)cosﬂ—wl sin@cos(%) =
Wzsin(%)coséﬂ W, smﬁcos(%)
Dividing the equation by cos Bcos( %) we get
(Wl +W, )tan@ = (Wl -W, )tan((;)

At the bottom edge of a smooth vertical wall, an
inclined plane is kept at an angle of 45°. A uniform
ladder of length | and mass M rests on the inclined
plane against the wall such that it is perpendicular to
the incline.

(@) If the plane is also smooth, which way will the
ladder slide.

(b) What is the minimum coefficient of friction nec-
essary so that the ladder does not slip on the
incline.

SOLUTION

(@) N, and mg pass through G. N; has clockwise
moment about G, so the ladder has a tendency
to slip by rotating clockwise and the force of fric-
tion (f) at B is then up the plane.

(b) ETA 0
= fl= mg( sm(45°)) (1)
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Also, for equilibrium XF, =0,

= mg=N,cos(45°)+ fsin(45°) .(2)
From equations (1) and (2), we get
3mg
N - _°
27on nd f= zf

Since, we have, by definition

Hyvin = N_2

%)

!_[ == 2\/5 = 1

= MIN N3 (?ng) 3
22

A uniform ladder of length L and mass m; rests
against a frictionless wall. The ladder makes an angle
6 with the horizontal.

(a) Find the horizontal and vertical forces the
ground exerts on the base of the ladder when a
fire-fighter of mass m, is a distance x from the
bottom.

(b) If the ladder is just on the verge of slipping when
the fire-fighter is a distance d from the bottom,
what is the coefficient of static friction between
ladder and ground?

SOLUTION
(@ XF,=f-N,=0 (1)
LF =N, —mg-myg=0 . (2)
21, =0
L .
—1m g E)cos@—ngxcosﬂ+Nstm9=0

From the torque equation,

1
N, = jmlgj{ [ )ng}cot(?
Then, from equation (1), we get

f=N,= (:lzmlg+( T )ng)cotﬂ

and from equation (2), we get

Ng=(m1+m2)g
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Mg /-
Ladder
mg
f iAo
A
f

(b) If the ladder is on the verge of slipping when
x=d, then

m mzd)
M T8 ot
:fmf:( 21 )

N, my +1m,

A ladder of uniform density and mass m rests
against a frictionless vertical wall, making an angle
of 60° with the horizontal. The lower end rests on
a flat surface where the coefficient of static friction

. 1
is U, N
attempts to climb the ladder. What fraction of the
length L of the ladder will the worker have reached
when the ladder begins to slip?

SOLUTION
N=(M+m)g and H= f
S0, Hipay = frnax = M (m+M)g
27,=0

A window cleaner with mass M =2m

L
% cos60° + Mgx cos 60° — HLsin 60° = 0

x Htan(60°) m
= —_——
L Mg 2M
L X u,(m+M)tan(60°) m
L M 2M
= Y23 tan(600) -1 =025
L 2 4
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A uniform beam of mass m is inclined at an angle
6 to the horizontal. Its upper end produces a ninety
degree bend in a very rough rope tied to a wall and its
lower end rests on a rough floor.

(a) If the coefficient of static friction between beam
and floor is i, determine an expression for the
maximum mass M that can be suspended from
the top before the beam slips.

(b) Determine the magnitude of the reaction force at
the floor and the magnitude of the force exerted
by the beam on the rope at P in terms of m, M
and K. .

SOLUTION

(@) For equilibrium, ZPX = Z F,=0and 2 =0

with pivot point at the contact on the floor.

Then ZFx=T—uSN=0 (1)
IF, =N-Mg-mg=0 (2)
Xt=0

Mg(Lcos)+ mg(%cosﬂ)—T(LsmG) =0
.0

Solving equations (1), (2) and (3), we get

Mo 2u,sin6—cos 6
cos6— [, sin@

2

This answer is the maximum value for M if
U, < coté.

If p, >cotf, the mass M can increase without
limit. It has no maximum value, and part (b)
cannot be answered as stated either. In the case
U, < cotf, we proceed.

(b) At the floor, we have the normal force in the
y-direction and frictional force in the x-direction.
The reaction force then is

R= N2+ (N = (M+m)gy1+ 12

At point P, the force of the beam on the rope is

F= T2 +(Mg) = gyM? + g2 (M+m)’

At the moment t =0, the force F=kt is applied to a
small body of mass m resting on a smooth horizontal
plane (k is a constant). The direction of this force is
always constant. Find the

(a) velocity of the body at the moment of its break-
ing off the plane.
(b) distance traversed by the body up to this moment.

SOLUTION

(a) Along horizontal:

d
Fcosa=ktcosa=md—? (1)

Along vertical:

N +ktsina=mg

Fsina /:"
[74
i Fcosa

mg

At break-off, we have
N=0

mg
(ksino)

From (1), we get

mdv = kt cos oudt
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Integrating both sides,

v t

mj dv =‘[k cos atdt
0

0

2
’U(t)=kt cos o
2m

=

At break-off, t, = . n‘qg
sino

_ kcosa( m2g2 )

2m \ k*sin’ «

= (k)

= U(%)=(MJ

2ksin® &
(b) From (2), we get

(t):d_x: kt? cosa
dt 2m

t
= de =chosa dt
m
0

2

3 3
_kcosar m’g
6m  k*sin’

= x(k)

2,3
" )_mg cos o

o) .
6k sin’ «
PROBLEM 7

Asmalldisc A isplaced onaninclined plane forming
an angle & with the horizontal and is imparted an
initial velocity v,. Find how the velocity of the disc
depends on the angle ¢ if the friction coefficient

L T
u =tana and at the initial moment ¢, = >

SOLUTION

Let a be the acceleration of disc in the direction of its
velocity (tangential acceleration). Then

4= gsinacos@— g cos o

= a=gsina(cosp-1) (v p=tana) ..(1)

Similarly, if a, be the acceleration of disc along
x-direction, then

a, = gsina—(pgcosa)cos ¢
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= a,=gsina(l-cos¢) (2

Adding equations (1) and (2), we get
a+a, =0

Integrating, we get
v+v,=C

Here, ¢ is a constant and v, =vcos¢

= v+vcosP=c ..(3)

. T
Since, at ¢, = —, we have v =1,
2

= =7
Substituting in equation (3), we get
v,
U= 0
1+cos¢

The 10 kg block is resting on the horizontal surface
when the force F is applied to it for 7 s. The variation
of F with time is shown. Calculate the maximum
velocity reached by the block and the total time ¢
during which the block is in motion. The coefficients
of static and kinetic friction are both 0.5. Take

g=10 ms 2.

F(N)
100 -------- :
40 :
10kg|T—=F
L= i et
SOLUTION

For 0 <t <4 s, the force applied on the block increases
as a function of time and is given by

Fpp = 25t (1)
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The block will start moving when applied force
equals the limiting value of friction. So, we get, at
time t, (when the block starts moving)

F=umg
= 25t =(0.5)(10)(10)=50 N
= tH=2s

Velocity is maximum at the end of 4 s
dv _F-pmg 25t-50 5

Zt-5
it m 10 2
Umax 4
S jdvzj(ﬁt_sjdt
2
0 2
5 .
= vmax=(—t2—5t) =2(42-2%)-5(4-2)
4 , 4

= v, =15-10=5ms>
For 4s<t<7s

Net retardation is
ay = % =1ms™

= =0, -0t =5-(1)(3)=2ms"

For t>7s

Retardation a, = % =5ms™

= 1=2=Zo04s
a, 5

So, total time T=(4-2)+(7-4)+(0.4)
= T=54s

A monkey of mass m clings to a rope slung over a
fixed pulley. The opposite end of the rope is tied to
a weight of mass M lying on a horizontal plate. The
coefficient of friction between the weight and the
plate is . Find the acceleration of weight and the
tension of the rope for three cases.

(@) the monkey does not move with respect to the
rope

(b) the monkey moves upwards with respect to the
rope with an acceleration b .

(c) the monkey moves downwards with respect to
the rope with an acceleration b .

SOLUTION

(a) Since monkey does not move w.r.t. rope so, the
acceleration of block (or rope) and of monkey are
equal. Hence,

T -uMg = Ma (1)
mg—T =ma (2)
Solving equations (1) and (2), we get
a=(m_'UM)g nd T = mMg (1+ )
m+M

(b) Monkey moves upwards w.rt. rope with an
acceleration b. Thus, its absolute acceleration
downwards is (a—b), where a is the accelera-
tion of block (or rope). The equations of motion
are,

T-uMg=Ma ..(3)
mg-T=m(a—b) ..(4)
Solving equations (3) and (4), we get
. m(g+b)-puMg
M+m

_ mM[g(l+.u)+b]
M+m

and T

(c) The absolute acceleration is (a+b), so in this
case equations of motion are

T -uMg = Ma ..(5)
mg-T=m(a+b) ...(6)
Solving equations (5) and (6), we get
L m(g=b)-uMg
m+M

mM[ g(1+u)-b]
m+ M

and T =

PROBLEM 10

Find accelerations of m, 2m and 3m as shown in the
figure. The wedge is fixed and friction is absent for all
the contact surfaces.
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3m om

30°

SOLUTION

Drawing free body diagrams for 3, 2m and m and
writing equations of motion, we get

T —-N =3ma, (1)
N =2ma, ..(2)
2mg —T = 2ma, ..(3)

mg
-—2= .4
S = ma, @)

Also from constraint equation, we have

Solving the above five equations we get

_3 (o1
3: 2 348 3 343
T
LN 1
- - __"N
T 3m T a,
FBD of 3m l a‘?l
2mg
FBD of 2 m
T 33\
2,
%,
3
%
FBD of m

Acceleration of m is a; = ;_i g

Acceleration of 2m is yJaj +a3 = ﬂ g and

Acceleration of 3m is a; = % g

PROBLEM 11

Each tyre on the 1350 kg car can support a maximum
friction force parallel to the road surface of 2500 N.
This force limit is nearly constant over all possible
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rectilinear and curvilinear car motions and is attain-
able only if the car does not skid. Under this maxi-
mum braking, determine the total stopping distance
s if the brakes are first applied at point A when the
car speed is 25 ms™' and if the car follows the center
line of the road.

SOLUTION

Total force of friction available on four tyres is
f=10,000 N

— 10 m —=iV
-O—U-->----_C
A B 3

_ 10,000, ms ™
1350

For straight track from A to B, we have
o2 =(25)" -(2x7.4x10)

S0, A,

= 17,=2184ms™

For circular track, we have
Uz

cosq =

max

7.4 ms™2

o2
= —=74cosc
80

2
= osQ=—
592
Also, for circular path,
Ay ==y, Sino
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= U@ =-74sina
ds

h d
L
7.4, [1- UZ 0

(592)

where v, =21.84 ms™
Solving this equation, we get
§=374m
Hence, total stopping distance is 10+37.4 =474 m

PROBLEM 12

In the arrangement shown in figure, pulleys are light
and smooth. Strings are light and inextensible. The
masses of blocks A, B and C are 14 kg, 11 kg and
52 kg respectively. The block A can slide freely along
a vertical rail fixed to left vertical face of block C.
Assuming all the surfaces to be smooth, calculate
magnitude of resultant acceleration of each of the
blocks A, B and C. (g =10 ms™ ) .

SOLUTION

Let the block C have an acceleration #,; in horizontal
direction towards right. Then horizontal acceleration
of A and B willbe 4.

Further, let the acceleration of block A,
vertically downwards, be 4, and the acceleration of
block B, vertically upwards, be a;.

L.,
—
X \T-I

N, = laz
—_—

h S

m,g = 140N

Let, T,=tensionin the string attached to A
T, = tension in the string attached to B
N, = force between A and C

and N, =normal reaction between B and C

Drawing free body diagram of A and then using
Newtons Second Law, we get

LF, =ma, and EF, =ma,
= N, =14 (1)
Drawing free body diagram of B and again applying
Newton’s Second Law, i.e., ZF, = ma, and IF, =ma
we get

y!

N, =11 ..(3)
T, -110=11a, ..(4)

Since the pulley is light, so we get
T, =T, ..(5)

24
T2
G
mgg =110N

Drawing the free body diagram of block C (showing
only horizontal forces) and using XF, = ma, , we get

Nye]

Further, by constraint relations, we can show that
ay = 2a, . (7)

Now, we have seven unknowns, T;, T,, N;, N,, a;,
a, and a5 to solve from seven equations. On solving,
we get

a; =1.03 ms™, 2, =-1.38 ms ™, a; = —2.76 ms™

Thus, acceleration of different blocks A, B and C
will be as follows:
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Horizontal Vertical Resultant
Block . . X
acceleration | acceleration | acceleration
A |2=103ms?| 138ms™T | 172 ms
B |g,=103ms?| 276ms?! | 295ms™
C |a,=1.03 ms? 0 1.03 ms™

Two blocks A and B of mass 1 kg and 2 kg
respectively are connected by a string, passing over
a light frictionless pulley. Both the blocks are resting
on a horizontal floor and the pulley is held such
that string remains just taut. At the moment t=0,
a force F=20f newton starts acting on the pulley
along vertically upward direction as shown in figure.
Calculate

F =20t

N/

Nalk
(a) velocity of A when B loses contact with the

floor.
(b) height raised by the pulley upto that instant.

Take g=10 ms™.

SOLUTION
(@) If T be the tension in the string, then
F=2T =20t
= T =10t newton

Let the block A lose its contact with the floor at
time t =1, (say). This happens when the tension
in string becomes equal to the weight of block A.
So,

T=mg
= 10t; =1x10
= t=1s (1)
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Similarly, for block B, we have
10t, = 2x10

= t,=2s (2

i.e., the block B loses contact with the floor after
tz = 2 S.

Forblock A, attime t suchthat t 2, let a beits
acceleration in upward direction. Then

10t-(1)(1o)=(1)(a)=(d”]
dt

= do=10(t-1)dt ..3)
Integrating, we get

v t
jdu=1oj(f_1)df
0 1

= 0=5t-10t+5 ..(4)
Substituting t=f, =25, we get

0=20-20+5=5ms" ..(5)

(b) If y is the vertical displacement of block A at
time £(21, ), then from equation (4), we have

dy = (5> =10t +5) dt ..(6)
Integrating, we get

y=h 2
J dy= | (522 -10¢+5)dt
y=0 t=1

3 2 2
- h=5(t) —10(*)
3 ), 2

So, the height raised by pulley upto that instant

t

'-—-.II

2 2

+5(t)

5
=—m
3

1 1

PROBLEM 14

The chain is released from rest with the length b of
overhanging links just sufficient to initiate motion.
The coefficients of static and kinetic friction between
the links and the horizontal surface have essentially
the same value u. Determine the velocity v of the
chain when the last link leaves the edge neglect any
friction at the corner.
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SOLUTION
For equilibrium, we have

(Weight of the) ~ (Force of friction on the)

hanging part part lying on the table
So m( ) = m(L_b)
’ L g=H L 8
b
- (1
= H=1 (1)
R bz[u_L)
Tu

l—] — x—

- x ————=

Let the length of the chain hanging at any instant be
x and if a is the acceleration of the chain, then we

have
L—
(mf_”m( LX))g
a=
m
W _8 u_x))=% _
= de—L(x u(L x)) L((1+y)x uL)

v L
= Jvdv= %J‘((lﬁu)x—,uL)dX
0 b

) L

= —=S|(1+u)=—-uL
5 ( u)z uLx

~ |09

b

2

|Cq

r o, b’
((1+,u)?—,uL —(1+y)3—yLb]

2

U
S|
e~

(12 + uI? —2uI? b - ub® —2uLb)

Substituting the value of b from equation (1), we get

v= f—gL
1+u

Two blocks of mass m=5kg and M=10kg are
connected by a string passing over a pulley B as
shown. Another string connects the centre of pulley
B to the floor and passes over another pulley A as
shown. An upward force F is applied at the centre of
pulley A . Both the pulleys are massless.

F

(

el h
Find the acceleration of blocks m and M if F is:

(a) 100N
(b) 300N

() 500N (Takeg=10ms™)

SOLUTION
Let T, = tension in the string passing over A and

T = tension in the string passing over B

F Ty

Ty Ty T T

From free body diagram of pulleys A and B, we get
2T,=F and 2T =T,

= T=E
4
F
(a) T=Z=25N
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The weights of blocks are
mg=50N and Mg =100 N
As T happens to be less than mg and Mg both
so, the blocks will remain stationary on the floor.
(b) T= g =75N

As T<Mg and T >mg, M will remain station-
ary on the floor, whereas m will move.

Acceleration of m is given by
,e I'-mg 75-50
m 5

-2
5ms

F
(C) T=E=125N

As T now happens to be greater than mg and
Mg so, both the blocks will accelerate upwards.

Acceleration of m is given by
_T-mg 125-50
m

1 15 ms™

Acceleration of M is given by

_T-Mg 125-100
M 10

2.5ms™

ay

PROBLEM 16

Abody of mass m is thrown straight up with velocity
0. Find the velocity ©" with which the body comes
down if the air drag equals ko*, where k is a con-
stant and v is the velocity of the body.

SOLUTION
When the body is projected upwards

2
Net acceleration 4, = —( g+ _)

m
L oM [ "_)
ds 8 m
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where F is the maximum height attained by the
body.
Integrating, we get

2
W P .2)
2k mg

When the body falls downwards
Io?
In this case, net acceleration 4, = g ——
m

’

v h
- Jﬂ=JdS
g m

Integrating, we get

2
he -l ke .03
2k mg

Equating equations (2) and (3), we get

PROBLEM 17

Figure shows a small block A of mass m kept at the
left end of a plank B of mass M =2m and length /.
The system can slide on a horizontal road. The system
is started towards right with the initial velocity v. The
friction coefficients between the road and the plank

is % and that between the plank and the block is %
Find

(a) the time elapsed before the block separates from
the plank.

(b) displacement of block and plank relative to
ground till that moment.

SOLUTION

There will be relative motion between block and
plank and plank and road. So at each surface limiting
friction will act. The direction of friction forces at
different surfaces are as shown in figure.
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(L

and fz—(l) m+2m)g = (3) mg

Retardation of A is
P W
m 4
f1 - - f-'
fr < | B |

and retardation of B is

_h-AH_5
2= 2m _Sg

Since, a, > 1,
Relative acceleration of A with respect to B is

3
8

Initial velocity of both A and B is v. So there is no
relative initial velocity. Hence,

a, =0, =0 =

28

(@) Applying s= %atZ
= I= lartz =igt2
2 16

= (=4 i
38

(b) Displacement of block is given by

1 I 16/
SA—uAf—EﬂAf —40\/%—2(g][3gJ
. _8
{aA u 4]
= s, = 40\/1—35
3¢ 3

Displacement of plank is given by

1 I 1(5 16/
SB=uBf—EﬂBf2=4 _g_E(SgJ[Q)
st
B = 88
= sp=4v L—El
\3g 3

Here we observe that s, —s; =1.

This is a quite obvious result because the block A has
moved a distance I relative to plank.

PROBLEM 18

In the arrangement shown, M=2m and the
coefficient of friction between all surfaces in contact
is u. Assuming the string to be light and inextensible
and all the pulleys to be smooth find the acceleration
of the bigger block M.

SOLUTION

From our knowledge of constraint relations we
get that acceleration of block of mass m in vertical
direction is two times the acceleration of block of mass
M and in the horizontal direction, the acceleration of
both blocks is equal.

So let a be the acceleration of block M in hori-
zontal direction (towards right). Then acceleration
of block m will be a in horizontal direction and 2a
in vertical direction. Free body diagrams of both the
blocks are shown in figure:

a —
— -
T Ny A
y
N N 2a
M I-qz— T —2—- m l T—»x
N g |en, l
N =T
HN = * mg

Let T be the tension in the string, N, be the normal
reaction between bigger block and ground and N, be
the normal reaction between both the blocks.

Using XF, =ma, and XF, =ma,,
for block of mass M (=2m), we get

and T+T-N,—-uN; =2ma
= 2T-N,-uN,=2ma (2)
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for block of mass m, we get
N, =ma ..(3)

and mg-T-uN, =2ma ..(4)

Solving these four equations for the four unknowns
ie, T, Ny, N, and a, we get

~ 2—3y)
ﬂ—(—7 g

Hence, acceleration of the bigger block of mass M is

~ 2—3y)
a_( 7 )%

PROBLEM 19

Twoblocks A and B of mass 2 kg and 4 kg are placed
one over the other as shown in figure. A time varying
horizontal force F =2t is applied on the upper block
as shown in figure. Here t is in second and F is in
newton. Draw a graph showing accelerations of
A and B on y-axis and time on x-axis. Coefficient

1
of friction between A and B is ,u=§ and the

horizontal surface over which B is placed is smooth.
( g=10ms™ ) :

SOLUTION
Limiting friction between A and B is

fi= ;umAg=G)(2)(10) =10N

Block B moves due to friction only. Therefore,
maximum acceleration of B can be

fo 10

==L =—=25ms"
mp 4

max

Thus, both the blocks move together with same
acceleration till the common acceleration becomes
2.5ms™, after that acceleration of B will become
constant while that of A will go on increasing.
To find the time when the acceleration of both the
blocks becomes 2.5 ms ™ (or when slipping will start
between A and B) we will write:

P

25=———
(mA+mB) 6
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= (=755

Hence, for t<7.55s

= F=2t
ASLLIwNS aa i

Fort>7.5sec.

~f, =10N

Thus, a, versus t or ag versus t graph is a straight
. . . 1
line passing through origin of slope 3"

a, orag

aa

25mg2 fmmnnneeess : ag

For, t27.5s

ay =2.5ms = constant

-
and a, = fi

My

2t-10

Thus, a, versus t graph is a straight line of slope 1 and
intercept —5. While a, versus t graph is a straight
line parallel to ¢ axis. The corresponding graph is as
shown in figure.

PROBLEM 20

A conveyor belt is inclined at 30° with the horizontal.
Ablock of mass M =1 kg is kept on the belt as shown
in figure. The frictional force, in newton, between the
block and belt depends upon the relative speed of
the body with respect to belt as f =0.4v,, . The belt

moves up at a constant speed vB while initially the

rel *

block has a speed v, =2 ms™ relative to ground in a
direction down the belt.
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>0
30°

(a) Find the speed of the belt in order for the block to
come permanently at rest relative to ground.
(b) Using the speed of belt calculated in part (a) find

the time when block M attains a speed 1ms™"
relative to ground ( g=10ms™ )
SOLUTION

(@) Inequilibrium (in this case, permanently at rest),
the net force on block should be zero.
Hence, Mgsin@= f

1
= (1)(10)(5J=0.4(UB+0)

= 0,=125ms"

(b) Letat time t velocity of block be v, ms™

= Mm;—?d=Mgsin9—0.4(vB+vM)
dvy,

> T =5-04(vy +125)= 040y
1d t

= Jﬂ=—o.4jdt
2 UM 0

= 04t=In(2)

= t=25In(2)=173s

PROBLEM 21

The small collar of mass m is given an initial velocity
of magnitude v, on the horizontal circular track
fabricated from a slender rod. If the coefficient of
kinetic friction is 4, determine the distance travelled
before the collar comes to rest.

SOLUTION

Net normal force acting on the collar is

2 \2
% 2

N= —
m(r)+g

Since the frictional force depends upon the net normal
force, so we have

f=uN= muml(i +g°
L]

2V
= ’U_=‘.U1<[ )+8

Now, a4, =

-=|G

0 s
_ BT ()

J' ovdo
[4, 22 ¢
% v +r7g )

Substitute v” =y

= 2udv=dy
= udv= d_y
2

1 dy
= Integral I=—J—
& 2 ’y2+r2g2
dx
Since J.iﬂo F(x+\}x2+az)
Va* +x° 5

= Iz%loge(yﬂ/yzwzgz)
= Iz%loge(vz+1lv4+r2g2)

Substituting in (1), we get

—%log(vz+m)0

i}

= —;[logc(rg)_logc(vng\/m”:‘u:fs

—log,
2 8

[ y=o?)

s
p

= S§=



