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Learning Objectives
After reading this chapter, you will be able to understand concepts and problems based on:

(i) Vertical Motion Under Gravity

(j) Motion in a Plane

(k) Relative Motion in One Dimension

(I) Relative Motion in Two Dimensions

(m) Distance of Closest Approach between
Moving Bodies

(n) River-Swimmer Problems

(o) Aeroplane-Wind Problems

(p) Rain-Man-Wind Problems

All this is followed by a variety of Exercise Sets (fully solved) which contain questions as per the
latest JEE pattern. At the end of Exercise Sets, a collection of problems asked previously in JEE (Main

and Advanced) are also given.

RECTILINEAR MOTION AND MOTION UNDER GRAVITY

INTRODUCTION TO CLASSICAL
MECHANICS

The branch of Physics dealing with motion of particles
or bodies in space and time is called Mechanics. As
long as the velocity of the moving bodies is small
in comparison to the velocity of light (c), the linear
dimensions and the time intervals remain invariable
in all Reference Frames (platform(s) from where
motion is being observed), i.e., they do not depend
on choice of reference frame. Mechanics dealing with
such like motion (also called as Non-Relativistic
motion) is called as Classical Mechanics. However,
when the bodies move with speeds comparable to
the speed of light (called as relativistic speeds), then
the part of Physics dealing with such like motion(s)
is called Relativistic Mechanics. An interesting fact

about relativistic mechanics is that it is more general
and reduces to classical mechanics for the case of small
(non relativistic) velocities. In this chapter, we shall be
describing and studying motion in terms of space and
time while ignoring the causes that produce motion.
This particular part of Classical Mechanics is called
Kinematics. Furthermore, in this part of chapter,
we shall be limiting ourselves to the motion in one
dimension and two dimensions i.e., motion along a
straight line, also called as Rectilinear Motion and
planar motion. From our everyday experience, we
observe that actually motion represents a continuous
change in the position of an object. In Physics, we can
divide motion into three categories

(a) Translational Motion (studying now).
EXAMPLE: A car moving down a highway.
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(b) Rotational Motion (to study in Rotational
Dynamics).
EXAMPLE: Spinning i.e., rotation of earth about its
own axis.

(c) Vibrational Motion (to study in Simple Harmonic
Motion).
EXAMPLE: Back and forth (or to and fro) motion of
a pendulum (or a spring).

In the Chapters to came, we shall be discussing the
branch of Classical Mechanics called DYNAMICS,
where we shall be studying the motion along with
the cause producing it.

CONCEPT OF POINT OBJECT
(PARTICLE MODEL)

In our study of translational motion, we shall be
using the concept of Point Object also called as the
Particle Model. Abody is considered as a point object
depending upon the nature of the motion followed
by the body. In general, an object is regarded a point-
object when it travels large distances in comparison
to its own size and dimensions.

Also, in planetary motion, the bodies under
consideration can be regarded as point objects when
distances of separation are very large.

EXAMPLE:
The planets revolving around the sun may be considered
as point objects.

CONCEPT OF REFERENCE FRAME

A reference frame is a platform from where a physi-
cal phenomena, such as motion, is being observed.
Reference frames are mainly of two types

(a) Inertial (Non-Accelerated frames)
(b) Non-Inertial (Accelerated frames)

The detailed discussion about both these frames fol-
lows in the next chapter. As of now, for this chapter,
the reference frame is a frame (fixed or moving with
constant velocity) i.e., non accelerating frame. The
best convenient reference frame for this chapter
would be the Ground Frame. Please note here, that
I said “the best convenient” which has convenience,
but not accuracy attached to it. For practical pur-
poses, we regard earth as an inertial frame (though

it is accelerating), hence I said convenient and not
accurate.

State of Rest and Motion

A particle is said to be in the state of rest when it does
not change its position w.r.t. surroundings with the
passage of time.

A particle is said to be in the state of motion
when it changes its position w.r.t. surroundings with
the passage of time.

Rest and Motion, these two terms are not abso-
lutei.e., complete in themselves. These terms are rela-
tive terms i.e., a body can be in the state of rest and
motion simultaneously, depending upon the relative
observer viewing motion.

EXAMPLE:

Four persons sitting in the moving car are at rest w.rt. an
observer sitting in the car, whereas the same four persons
are in motion w.rt. a stationary observer viewing them
from the ground.

Position of a Particle

The position of a particle is the location of the par-
ticle in space at a certain moment of time. In One-
Dimensional Motion the position of the particle is
denoted by x or y or z. However in 2-Dimensional
and 3-Dimensional motion it is denoted by 7, where

r=xi+yj+zk

DISTANCE AND DISPLACEMENT
(RELATIVE POSITION VECTOR)

The length of the actual path followed between the
initial and the final points in the motion is called
Distance. Its SI unit is metre and cgs unit is cm.

Y
Distance path

—h
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The change in position vector of a particle going
from initial position (say i) to final position (say f ) is
called Displacement or Relative Position Vector of
the particle.

It is denoted by A7, such that

— —

AF =7 —T;

In rectilinear motion of a particle, the displacement is
denDtEd by AX =§= xﬁna] - Xinitial

In 2-Dimensional or 3-Dimensional motion, the
displacement is denoted by AF =7, —F

PROPERTIES OF DISPLACEMENT

(@) Itisa vector quantity.

(b) Tt has units same as that of distance.

(c) Itisindependent of the choice of origin.

(d) Tt is unique (one and only one) for any kind of
motion between two points.

(e) Itis always concealing about the actual track fol-
lowed by the particle’s motion between any two
points.

(f) It can be positive, negative and even be zero.

(g) The magnitude of the displacement is always less
than or equal to the distance for particle’s motion
between two pointsi.e.,

0< |Displacement\ < Distance

(h) A body may have finite distance travelled for
zero displacement.

(a) For Rectilinear (straight line) motion, always make
sure that the selected Cartesian Co-ordinate axis
coincides with the line followed by the particle.

(b) In other words Displacement may also be defined
as the vector drawn from the initial point to the
final point in the motion of the particle.

(c) Please keep in mind that distance may or may not
be equal to the magnitude of the displacement.

Displacement
(d) In general, we have 0< M <1
Distance
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ILLUSTRATION 1

Ram takes path 1 (straight line) to go from P to Q
and Shyam takes path 2 (semicircle).

(a) Find the distance travelled by Ram and Shyam.
(b) Find the displacement of Ram and Shyam.

SOLUTION

(@) Distance travelled by Ram =100 m

Distance travelled by Shyam = 7(50 m) =507 m
(b) Displacement of Ram =100 m

Displacement of Shyam =100 m

ILLUSTRATION 2

The position x (in metre) of a particle varies with
time ¢ (in second) as t = Jx +3. Calculate the

(a) displacement of the particle from t=0 to t=3s

(b) displacement of the particle from t=3 to t=6s

(c) distance travelled and displacement from f=10
tot=6s

SOLUTION

Since #=+/x +3

= x=(t-3) (1)

So, we get x asa function of ¢ . Let us draw a table for
x and t from t=0 to t =6. Then we get

t 0 1 2 3 4
X 9 4

This table gives us the answers to the three parts.
So, for (a), we have Ax; =9 m

For (b), we have Ax, =+9m

For (c), we have,

Distance =|-9 m|+|9 m|=18 m and
Displacement = zero.

Ax;=-9m

Ax;=49m

wl---YL_
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AVERAGE SPEED AND AVERAGE VELOCITY

Average speed of a particle, in a given interval of time
is the ratio of the total distance travelled by the parti-
cle to the total time taken. It is a scalar quantity,

_ Total distance travelled s, +s, +5; +...
b+t s+ ...

UHU

Total time taken

Average velocity of the particle is the ratio of the
displacement of the particle to the time taken. It is a
vector quantity.

In one dimensional motion, we have

_ Total Displacement  Ax X7 —¥;

Total Time At

av

b —t,

In two or three dimensional motion, we have

_ Total Displacement A7 Ff -
Total Time At

—

av

tr—t,

Please note that, average speed may or may not be
equal to the magnitude of average velocity. So,

Average Speed #|V,,| (sometimes may be equal)

CONCEPT OF AVERAGE SPEED

Average speed is simply defined as the total distance

travelled by a body per unit total time taken to com-

plete the motion.

Total Distance Travelled
Total Time Taken

Average Speed =

For Interval Divided in Equal Time Parts

Let a particle go from A to B inatime t (say). Now
if we say that for time :1, the particle had a veloc-
ity v;, for next 4 it had a velocity v, and for the

nth such equal time interval it had a velocity v, (as
shown). Let the corresponding distances travelled in
each respective interval be I;, I,, I5, ...., I,. Then

Total Distance Travelled

Average Speed =
8¢ P Total Time Taken

A l1 I I3 In 5
V1 ‘ V2 V3 L Vn
[ A R
n n n n

L+L+l+..+1,

Uy = f t t t .
—+—+—+..+—(n times)
n n n n
t t t t
v ; +UZ ; +'()3 ; +...+Un ;
= Uy = ¢

U +0,+03+...+70
= -1 2 3 n

av
n

So, we observe that when an interval is divided
into n equal time parts, then the “average speed is
the simple average of the speeds in the respective
intervals”.

For Interval Divided in Equal Length Parts

Consider an interval of length [, divided equally in
n equal length parts. Let a particle travel first length

part with a velocity v;, second with a velocity v,
and so on the nth length part with a velocity v,
(as shown). Let ¢, t,, ..., t, be the respective time
taken by the particle to cover the respective interval.

Then

Total Distance Travelled

Average Speed =

56 9P Total Time Taken

1 1 1 1 1

A n n n n n B

t, t, ty ty t,

vy v, Vs vy v,
I 1 .
—+—+..n times ]

= v, =11

I D T N

!

n

= U=
weool ! l
—+— .t —
noy N, nv,
1 1 1
| pto et
[T [
= — = 1 2 n
v n

So, we observe that when an interval is divided into
n equal length parts, then the “reciprocal of the aver-
age speed is equal to the average of the reciprocals
of the speeds in respective intervals”.
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Problem Solving Technique(s)

So, we observe that

(a) when an interval is divided into n equal time parts,
then the “average speed is the simple average of
the speeds in the respective intervals”.

(b) when an interval is divided into n equal length
parts, then the “reciprocal of the average speed
is equal to the average of the reciprocals of the
speeds in respective intervals”.

(c) Time Average Speed: When particle moves with
different uniform speed v,, v,, v; ... etc. in different
time intervals t, t,, t;, ... etc. respectively, its aver-
age speed over the total time of journey is given
as

o Total distance covered
av —

Total time elapsed

it dytdy . VitV F Vst t.
t+ by +ty + o t+t +ty +o

av

(d) Distance Average Speed: When a particle
describes different distances d,, d,, d., .. with dif-
ferent time intervals t;, t,, t;, .. with speeds v,, v,,
v;, ... respectively, then the speed of particle aver-
aged over the total distance can be given as

_ Total distance covered d;+d, +d; +.....

V. = =
¥ Totaltimeelapsed  t;+ty+t3 ...
_ditdy+dyt.
L P W
Vi Vo V3

(e) If speed is continuously changing with time then

jvdt

Vay == —
fa

(f) When a particle moves with a speed v, for half the
time and with a speed v, for the remaining half of
the time, then

vit+v
U = % .
(8) When a particle moves the first half of a distance

with a speed v, and the second half of the dis-
tance with a speed v,, then

Chapter 4: Kinematics | 4.5

_ vy,
Yty
(h) Similarly, when a particle covers one-third dis-
tance at speed v,, next one third with a speed v,
and the last one third at speed v;, then
= 3vv,vs
Y vy vy vy

ILLUSTRATION 3

Calculate the average speed and the average velocity
in the following cases mentioned.

CASE-1: For a train that travels from one station to
another at a uniform speed of 40 kmh™ and returns
to first station at a speed of 60 kmh™ .

CASE-2: For a man who walks at a speed of 1 ms™
for the first one minute and then runs at a speed of
3ms™! for the next one minute along a straight track.
CASE-3: For a man who walks 720 m at a uniform
speed of 2 ms !, then runs at a uniform speed of
4ms™ for 5 minute and then again walks at a speed
of 1ms™ for 3 minutes.

(Please consider all uniform speeds to be the average
speeds in respective intervals).

SOLUTION
Total Distance Travelled
Average Speed = :
Total Time Taken
CASE-1: o, = 2% _ (2)(80)(60) _yg 1y
vy +0, 40+60

Average Velocity =7,, = 0
{*+ train returns to its station}

+ 1+
CASE-2: v, = 1~ 2 = 23 =2ms™
CASE-3: v, = 17275
ttt +y

where 5, =720 m and

S
t, =— =360 s = 6 minute
%}

s, =(4)(5)(60)=1200m, t, =300 s
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s, =(1)(3)(60)=180 m, t; =180 s
720+1200+180 2100

= Uy = =
360+300+180 840

= Uy =@=E=2.5 ms™"
84 4

ILLUSTRATION 4

A particle traversed one third the distance with a
velocity v,. The remaining part of the distance was
covered with velocity v, for half the time and with a
velocity v, for the remaining half of time. Assuming
motion to be rectilinear, find the mean velocity of the
particle averaged over the whole time of motion.

SOLUTION

Let us first draw a pictorial representation to the
problem.

I 2
3 3
Ae * * B
c t D
tp ty
ty 2 2
VO V1 V2
For AC
= 4= L 1)
! 30,
For CB
ZI =CD+DB
3
21 Q) (5)
=7 +0,| =
3 1(2 22
= t= 4—l (2)
3(v,+1,)

Since, average velocity is defined as

[ 2
_ Total Displacement 3 i 3
T TotalTime  t+h

_3UD(UI+U2)

av —

=
4v,+v, +0,

INSTANTANEOUS SPEED AND
INSTANTANEOUS VELOCITY

The speed of a particle at a particular instant of time is
called the instantaneous speed. It is a scalar quantity.

Ax  dx
Uinstantaneous — Vins — U = i}% E = E =X
The velocity of a particle at a particular instant of
time is called the instantaneous velocity, denoted by
v.So,
_ Ax dx

i - = lim =X
instantaneous ins A0 A ¢ d ¢

<

(a) Please note that, in Physics, dot on a physical
quantity indicates its derivative w.rt. time e.g.

S odpoL oL XL L AVl
F=—=p,v =X,d=—=V
dt dt dt
= 2" ..
o DL
dt  dt
So, d=V=X

(b) The magnitude of the instantaneous velocity
is always equal to the instantaneous speed i.e,

& #d—x , because in general dX # dx.

dt| dt

V:‘U‘:

Acceleration (d)

The rate of change of velocity with time is called
acceleration.

. AT Uy =0
(a) Average Acceleration = P27
A bt
(b) Instantaneous Acceleration is
. Lo AU do
Gy =0 = lim — =0
Af=0 At dt
L do 4%
So, i=—-=—+
dt  dt

- -

= 4=0=X
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(a) In 3-Dimensional space

If F=x}:+y}+z§

then ;=ﬂ=f("_’<]+}(@]+ﬁ(d£]
dt dt dt dt

= V=V ity vk

-+ -+

t
L A dzx) A{dzy) A(dZZJ
= d=i| — |+j| = |+k| —
(dt2 N\ dt’

= d=aj+a,j+ak

dv

()

is the magnitude of total acceleration. While

=

d
L_‘:' represents the time rate of change of speed

(called the tangential acceleration, a component
of total acceleration) as [V|=v.

(c) These two are equal in case of one dimensional
motion (without change in direction).

(d) In case of uniform circular motion speed remains
constant while velocity changes.

dv

dt

—

Hence, M=0 while #0
dt

dl
(e) %#0 implies that speed of particle is not

constant. Velocity cannot remain constant if

—

cannot be zero

—

Y o
t

speed is changing. Hence, |—

in this case. So, it is not possible to have

while M #0.
dt

FACTORS AFFECTING ACCELERATION
OF A BODY

The acceleration changes, when the velocity of the
body changes. The change in velocity may be due to
any of factors listed below.

(a) If the magnitude of velocity changes but direc-
tion remains the same.

Chapter 4: Kinematics | 4.7

(b) If the direction of the velocity changes but mag-
nitude remains the same.

(c) If both magnitude and direction of the velocity
change.

(a) A particle moving with uniform velocity has zero
acceleration i.e. it neither changes in magnitude
nor its direction.

(b) A particle moves with uniform acceleration if rate
of change of velocity is constant.

(c) Abody issubjected to Retardation or Deceleration
when acceleration acts opposite to velocity.

(d) In case of a body subjected to retardation, we
take
(i) aas negative, if velocity is taken as positive.
(ii) aas positive, if velocity is taken as negative.

(e) In case of a body subjected to acceleration, we
take
(i) aas positive, if velocity is taken as positive.
(ii) aas negative, if velocity is taken as negative.

(f) However, a body at rest will be in accelerated
motion irrespective of the sign of acceleration.

(g) For a body moving in straight line with uniform
acceleration the average acceleration and instan-
taneous value of acceleration have same value.

(h) If a particle has an acceleration a, for a time t,
and an acceleration a, for a time t,, then average

.. aqt; +a-t
acceleration is a,, = o ol B3
t+t,

ILLUSTRATION 5

A body moves along a straight line. Its distance x
from a point on its path at a time f after passing that
point, is given by x, = 8t —3t> where X, is in meter
and ¢ in second. Find

(a) the instantaneous velocity at f=1s

(b) instant and position at which the body is at rest

(c) the accelerationat f=4s

(d) the average velocity and average speed during
theinterval t=0s to t=4s

SOLUTION

x =8t -3 (1)
_dx

= v=—=16t-9t ..(2)
dt
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= a=16-18t
@ vl1s=16-9=7ms™
(b) The body is at rest, when v=0
= 16t-9* =0
16

t=0,t=—37s
9

So, the particle is initially at rest. However at
t=0, a=-18 ms™ which accelerates the par-
ticle to move.

2 3
x=0 and x=8(§) —3(%) =843 m

=

(© ali_ys =16-18(4)=-56 ms™
(d) Average Velocity = %
(4)°-3(4)° -0

= Average Velocity = 5 1

= Average Velocity =-16 ms™

For calculating the average speed we must first
calculate the zeros of velocity i.e., the times at
which the particle is at rest (or momentarily at
rest i.e., at the point of reversal of motion).

In this problem, we observe that

v=0att=0 (initially) and

v=0att= % s {point of reversal of motion}

Point
Initial of Zero Final Afterwards
Velocity

16
t 0 — s 4s t>4

9
x=8# -3 0 843 m -64m -
=16t - 94 0 0 ~80 ms! -
a=16-18t | 16ms™ -16ms? | -56ms™ -
Nature of | Accelerating | Accelerating | Accelerating | Accelerating
Motion in Positive | in Negative |in Negative

Direction Direction Direction

So, from the table, we observe that the particle

o . 16
reverses its direction of motion at t = 3 s as shown.
Hence average speed is

_ Total Distance Covered

Uﬁ?}

Total Time Taken
8.43+|-8.43|+|-64|
:> av =
4
~64m 8.43m Positive
t=0 direction
O¢--m-m--- “afs_16
Cr-—---mmmm - P / A (t - ? )
t=4s
-8.43 m
= 0,=2021ms"
Alternatively,
16
9 4
Ivdt + jvdt
0 16
Average Speed = 2 _2021ms™!
CHECK YOURSELF!

ILLUSTRATION 6

A particle travels along a straight line with a velocity
v= (12— 3t ) ms™, where f is in seconds. When
t=1s, the particle is located 10 m to the left of the
origin. Calculate the

(a) acceleration when t=4s
(b) displacement from t=0 to t=10s and
(c) distance the particle travels from t =0tot =10 s.

SOLUTION
(a) v=12-3t
B do

=6t
dt

(1)

=24 ms >
t=4

= a
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t=10s

= x+10=12t-£ -11

= x=12--21

901 m

le—21m— 5m
—
=0 o o5

* —t=2s
- - - - - - - -~ — — 4 — —a— —
x(m)
-901 -21 50
So, x| =-21m and x =-901m
t=0 £=10

= Ar=-901-(-21)=-880 m
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(c) From equation (1), we have

v=0 when 12-3t* =0

= t=2s
So, x| =12(2)=(2)-21=-5m

= Total Distance

(¥ ) = (21-5)+(901-5) =912 m

et concpst

Based on Displacement, Velocity, Acceleration, Average Speed and Velocity

The acceleration of a particle as it moves along a
straight line is given by a=(2t—1) ms™, where
tis in seconds. If x=Tm and v=2ms~ when
t=0, determine the particle’s velocity and posi-
tion when t=6s5. Also, determine the total dis-
tance the particle travels during this time period.

A particle moves in a straight line with a uniform
acceleration a. Initial velocity of the particle is zero.
Find the average velocity of the particle in first s
metre.

In one second a particle goes from point A to point
B moving in a semicircle (see figure). Find the mag-
nitude of average velocity.

4. A particle is moving along a straight line

such that its position from a fixed point is
x=('|2—15t2+5t3) m, where t is in seconds.
Determine the total distance travelled by the

. The position (x) of a particle, in metre, moving

. The position of a particle along a straight line is

. Attime t =0, the position vector of a particle mov-

8. A particle travels along a straight line path such that

(Solutions on page H.65)

particle from t=Ts to t=3s. Also, find the aver-
age speed of the particle during this time interval.

along the x-axis depends on the time t, in seconds

as x=ct’ —bt’, where ¢=3 unitsand b=2 units.

Calculate the

(a) units of cand b.

(b) time taken by the particle to reach its maxi-
mum positive x value.

(c) the distance travelled and the displacement of
the particle from t=0 to t=4s.

(d) the velocity and acceleration at t=0, 1, 2, 3
and 4 second.

givenby x = (£ -9¢? +15t) m, here tis in second.
Determine its maximum acceleration and maxi-
mum velocity during the time interval 0<t<10s.

ing in the x-y plane is 5i m. At time t=0.02s,
its position vector has become 5.1i+0.4]m.
Determine the magnitude of the average velocity
(Vg ) during this interval and the angle #made by
the average velocity with the positive x-axis.

in 4 s it moves from an initial position x, =—8 m
to a position xz=+3m. Then in another 5 s it
moves from x; to Xx-=-6m. Determine the
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particle’s average velocity and average speed dur-
ing the 9 s time interval.

9. A particle moves along a horizontal path such that
its velocity is given by v= (3t -6t) ms™', where t
is the time in seconds. If it is initially located at the
origin O, determine the
(a) distance travelled by the particle during the

time interval t=0 to t=35s
(b) particle's average velocity and average speed
during this time interval.

10. The position of a particle along a straight line is
given by x= (15t —13.5¢2 +22.5t) m, where t is
in seconds. Determine the position of the particle
when t=6s and the total distance it travels during
the 6 s time interval.

11. The velocity of a particle moving in a straight
line decreases at the rate of 3 ms' per meter of
displacement at an instant when the velocity is
10 ms™". Calculate the acceleration of the particle
at this instant.

J

_
UNIFORMLY ACCELERATED
MOTION SYSTEMS \}/ Conceptual Note(s)

Consider a particle moving in a straight line with
constant acceleration a . If u is the initial velocity, v
is the velocity at time ¢, s is the displacement (= Ax)
in time + and s is the displacement in the n™ sec-
ond of motion, then equations governing the motion
of such a particle are

v=u+at
1 -
5=Ax=ut+5at

v* —u® =2as

_M+U

5= t

1
s =u+=a(2n-1)

For constant acceleration, @, the equations of motion
are written as

v*—u* =275 OR 0-0-ii-ii=2i5

§=(u+0)t
2

il = initial velocity of the particle
0 = final velocity of the particle at time ¢
s = A7 is the displacement of the particle

(a) All the above equations of motion are to be
applied only when the motion is uniformly
accelerated.

(b) For applying the above equations greater care
has to be taken about the direction of the vector
quantities involved.

(c) Please note that this nth second has a duration of
1 second. So, s, is the distance travelled (or the
displacement) in 1 sec, hence

[sren ] =17

DIRECTIONS OF VECTORS IN STRAIGHT
LINE MOTION

In straight line motion, all the vectors (position, dis-
placement, velocity and acceleration) will have only
one component (along the line of motion) and there
will be only two possible directions for each vector.
For example

(a) If a particle is moving in a horizontal line along
x-axis, then, the two directions are right and left.
Any vector directed towards right can be repre-
sented by a positive number and towards left can
be represented by a negative number.

Line of motion
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(b) For vertical or inclined motion, upward direc-
tion can be taken as positive and downward as
negative.

@

p
’
e

//
,/’,'QO(\
&8

o /&
’//-o""
S

’
A

Line of motion

-2

For objects moving vertically near the surface
of the earth, the only force acting on the parti-
cle is its weight (mg) i.e., the gravitational pull
of the earth. Hence acceleration for this type of
motion will always be a=-g ie., a=-98 ms 2
(negative sign, because the force and acceleration
are directed downwards. If we select upward
direction as positive).

(a) If acceleration is in same direction as velocity,
then speed of the particle increases.

(b) Ifacceleration isin opposite direction to the veloc-
ity then speed decreases i.e. the particle slows
down. This situation is known as retardation.

ILLUSTRATION 7

A point moving with constant acceleration from A to
B in a straight line AB has velocities u and v at A
and B respectively.

(a) Find its velocity at C, the midpointof A and B.

(b) Find the ratio E, if time taken from A to C is
u

twice the time to go from C to B.

SOLUTION

(a) Let v,, be the velocity at C, the midpoint of A
and B.

(b)

Chapter 4: Kinematics |

For AC
!
vrzn —ut = Za(i)
= vi-ut=al
For CB
'Uz—i)i = Za(i)
2

Equating (1) and (2), we get

u* +0*
UT” = 2

Since tA—)C = ztc_)B

R i:(“*”m JZt (for AC)
2 2

/ (vm+v)
= —= t
2 2

Uy +0
= u+v, =

{for CB}

= 2u+2v,=0,+0
= 0,=0v-2u

2

= U, =0" +4u” — duv

u? +0*
2

Since, v,, =

2 2
u +v

= 0% +4u* — 4

U

u* +0* = 20" +8u” —8uv

v? —8uv+7u* =0

v —Tuv—uv+7u* =0
o(v=7u)-u(v-7u)=0
(0-u)(v-7u)=0

As motion is an accelerated motion

Lu U

So, v—u#0
= v=7u
= =7

411
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ILLUSTRATION 8

A body starts with an initial velocity of 10 ms™ and
moves along a straight line path with constant accel-
eration. When the velocity of the body is 50 ms! the
acceleration is reversed in direction. Find the velocity
of the particle as it reaches the starting point.

SOLUTION
For OA(=1)

(50)* =(10)* = 2al
= al=1200 (1)

Now, when the particle just attains the velocity of
50 ms™ at A, acceleration is reversed in direction
i.e., it starts acting as retardation for 50 ms™ which
will first be reduced to zero after travelling a distance
AB and then the particle will again be accelerated
from B to A with the same acceleration. So, veloc-
ity of the particle again at A will be 50 ms ™', but in
opposite direction.

a a
—_— -
10ms™? | Ai 50ms™
Oo—-— -------------- -Q—b———-'b—-—w\B
L e e m -q—i ------------- /
i v=0

From A to O
o> —(50)* = 2al
= ©v°-2500=2(1200)
= 0" =4900
= v=70ms" {in the opposite direction|

So, v=70ms ™" from A to O

ILLUSTRATION 9

Two particles P and Q move in a straight line AB
towards each other. P starts from A with a veloc-
ity u; and an acceleration a;. Q starts from B
with velocity u, and an acceleration a,. They pass
from each other at midpoint of AB and arrive at
other ends of AB with equal velocities. Prove that

(g 1y ) () —ay ) = 8( g1y — a1y ).

SOLUTION

Let the particle P reach C in time ¢, then the particle
Q must reach C also in time ¢.

_.‘(.B
P U1 C U2 Q
o—------ - ——{)
A B
/
For P
) 1
— =+ —at 1
AP o)
For Q
) 1 2

l 1
= E=M2t+5ﬂ2t2 ...(2)
From (1) and (2), we get (by subtracting)

(uz—ul)H;(az—al)tz =0

= t=2(MJ .3

=y

Now, substitute this value of ¢ from (3) in any of
equations (1) or (2), we get

2
= 1=2(h€2_ulJ|:'.:£1+.:11(MZ_Ml)]
2 a, —4a, 4y, —a,
1=—(%{“{—1f132+ﬂ1”2—}1“1/)

_4(u2—u1)

(1 -2y )2

(g, — aytty ) ..(4)

Again, after reading the question carefully, we
observe that P reaches B and Q reaches A with
equal velocities, say v.
Then, for P, we have

v —uf =2a,] ..(5)
For Q, we have
0% —uy =2a,] ...(6)

= u%—ulz =2(H1 —az)l
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Substituting value of /, from (4), we get

4(”2—_”12)(311,2_321,1)
(2, -a,

= (gt )(a —ay ) =8(ayuy —ayiy )

ILLUSTRATION 10

A man is standing 40 m behind the bus. Bus starts
with 1ms™ constant acceleration and also at the
same instant the man starts moving with constant
speed 9 ms . Find the time taken by man to catch
the bus.

wy —up =2(a,-a,)

1ms™?
A W W | W W
©) ©
x=0 40m t=0
t=0 x=40

SOLUTION
Let the man catches the bus at time .
For bus

1
x=x,+ut+ Eatz

o x=40+0(t)+;(1)t2

tz
> x=40+— (1)
2

For man
x=9t .(2)

From (1) and (2), we get
40+£:9t

2
t* ~18t+80 =0
t*~10t-8t+80=0
(t-8)(t-10)=0
t=8s OR t=10s

ILLUSTRATION 11

A car starts moving rectilinearly, first with an accel-
eration of 5 ms™ (initial velocity zero), then moves
uniformly and finally decelerating at the same rate till
it stops. The total time of journey is 25 s. The average

L
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speed during the interval is 72 kmh ™. Calculate the
time for which the car was in uniform motion.

SOLUTION

Since the car accelerates from zero to v and decel-
erates from ©v to zero at the same rate of 5ms >, so
it must travel equal distances during the accelerated
and the decelerated interval in equal times.

If t be the total time of journey, then

t=25=1t +t, +4

= 25=2+1 (1)
v
A B
Vinax = V===~ 1 I
I I
] I
I I
] I
I I
I I
Iy Iy Lo r
0 M N C
H—t1 | tz | f1—h'|

Furthermore, the average speed
0, =72 kmh™ =20 ms™

_ Total Distance Travelled [} +1, +1;

O Total Time Taken 25
= 2 +1,=(20)(25)="500
= 20+, =500 .2
where [, = gtf ..(3)

Also, for OA , we have

v=>5t ..(4)
For AB, we have

5

= 2( > b )+ 5t,t, =500 {substituting in (2)}

= 5t} +5t(25-2t ) =500
= H+4(25-24)=100

= 7 =27 +25¢t, =100
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t; —25t, +100 =0

t; —20t, -5t +100=0
t(t—-20)-5(t,-20)=0
(-5)(t,—20)=0

= t=5s OR #=20s

L

Butif ¢, =20 s, then total time becomes greater than
25 s which is impossible. So,

ty=5s
= t,=15s

Hence the car was in uniform motion for 15 s.

ILLUSTRATION 12

A police inspector in a car is chasing a pickpocket
an a straight road. The car is going at its maximum
speed v (assumed uniform). The pickpocket rides on
the motorcycle of a waiting friend when the car is at
a distance d away and the motorcycle starts with a
constant acceleration a. Show that the pick pocket

will be caught if v 2 v2ad .

SOLUTION

Suppose the pickpocket is caught at a time ¢ after
motorcycle starts. The distance travelled by the
motorcycle during this interval is

s= %atz (1)
During this interval the car travels a distance
s+d=ut -(2)
LA 4,
- d -
From (1) and (2), we get

1at2+af=vif
2

= at?-20t+2d=0

v+\v* - 2ad
= t=———7—

a
The pickpocket will be caught if £ is real and positive.

This will be possible if
0% > 2ad

= v=>+2ad

REACTION TIME

When a situation demands our immediate action, it
takes some time before we really respond. Reaction
time is the time a person takes to observe, think
and act.

ILLUSTRATION 13

Adriver takes 0.20 s to apply the brakes after he sees
a need for it. This is called the reaction time of the
driver. If he is driving car at a speed of 5.4 kmh™
and the brakes cause a deceleration of 6 ms™, find
the distance travelled by the car after he sees the need
to put the brakes.

SOLUTION

During the reaction time of 0.20 s, the car continues

to move with a speed of 54 kmh™" i.e. 15ms™.
So, distance travelled by car during this time is

$;,=(15)(0.2)=3 m

Now, when brakes are applied, the distance s,
travelled by the car is

0% -(15)* =2(~6)s,

52=21225 m=18.75m

So, total distance covered by the car is
s=8,+8,=3+18.75
= §=2175m
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@ Test Your Concepts-Il

Based on Constant Acceleration

1. A particle moving in a straight line with constant

acceleration travels a distance x, y and z during
the pth, gth and rth second respectively. Prove
that

(q=r)x+(r=p)y+(p-q)z=0

. A car accelerates from rest at a constant rate ¢ for

some time, after which it decelerates at a constant
rate f3 to come to rest. If the total time elapsed is
t seconds, evaluate

(a) the maximum velocity reached and

(b) the total distance travelled.

. A particle starts moving from the position of rest
under a constant acceleration. If it travels a dis-
tance x in t sec, what distance will it travel in next
tsec?

In a car race, car A takes time t less than car B and
passes the finishing point with a velocity v more
than the velocity with which car B passes the point.
Assuming that the cars start from rest and travel
with constant accelerations a; and a,, show that
v=taqa,.

. Two cars start off to race with velocities v, and v,
and travel in a straight line with uniform acceler-
ations a, and a,. If the race ends in a dead heat,
prove that the length of the course is
2(vy = vy )(via, —voa)
2
(ay-ay)
. A car moving with constant acceleration covered
the distance between two points 60 m apartin 6s.
Its speed as it passes the second pointwas 15 ms™".
(a) What was the speed at the first point?
(b) What was the acceleration?
(c) At what prior distance from the first was the
car at rest?
. A train stopping at two stations 4 km apart takes
4 minute on the journey from one station to the
other. Assuming that it first accelerates with a
uniform acceleration x and then that of uniform

retardation y, prove that 1 + L 2.
X

y

8.

10.

11.

12.
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(Solutions on page H.67)
To stop a car, first you require a certain reaction
time to begin braking and then the car slows
under the constant braking deceleration. Suppose
that the total distance moved by your car during
these two phases is 56.7 m when its initial speed
is 80.5 kmh™' and 24.4 m when its initial speed is
483 kmh™'. What is
(a) your reaction time and
(b) the magnitude of the deceleration?
A particle, starting from rest moves in a straight line
with constant acceleration. After time t, the accel-
eration changes its direction without any change
in its magnitude. Determine the time t from the
beginning of motion in which the particle returns
to the initial position.
The velocity v of a particle moving in a
straight line varies with its displacement x as

v=(V4+4x) ms. Displacement of particle at
time t=0 is x=0. Find displacement of particle
attime t=2s.

A particle starts from rest and traverses a distance
| with uniform acceleration, then moves uniformly
over a further distance 2/ and finally it comes to
rest after moving a further distance 3/ under uni-
form retardation. Assuming the entire path to be a
straight line find the ratio of the average speed over
the journey to the maximum speed on its way.

max

2

!
|
|
|
|
|
|
I}
0 M

la— 1y —tt———y —— ety

An o particle travels along the inside of straight
hollow tube, 2 m long, of a particle accelerator.
Under uniform acceleration, how long is the par-
ticle in the tube if it enters at a speed of 1000 ms™
and leaves at 9000 ms™". What is its acceleration
during this interval?




4.16

13.

14.

15.

16.

17.
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A sports car passing a police check-point at
60 kmh™’ immediately started slowing down
uniformly until its speed was 40 kmh™". It contin-
ued to move at this speed until it was passed by a
police car 1 km from the check-point. This police
car had started from rest at the check-point at
the same instant as the sports car had passed the
check-point. The police car had moved with con-
stant acceleration until it had passed the sports car.
Assuming that the time taken by the sports car in
slowing down from 60 kmh™ to 40 kmh™ was
equal to the time that it travelled at constant speed
before passed by the police car, find
(a) the time taken by the police car to reach the
sports car,
(b) the speed of the police car at the instant when
it passed the sports car,
(c) thetime measured from the check-point when
the speeds of the two cars were equal.
Two railway stations A and B are 50 km apart and
are served by electric trains which can decelerate at
5 kmh™' per second, and accelerate 3 kmh™’ per
second. The maximum speed is 90 kmh™". There
are twelve intermediate stations all more than a
km apart. Find the least time which can be taken to
made the journey from Ato B
(a) by a fast non-stop train and

1
(b) by aslow train which stops — minute at every
station. 2

A truck starts from rest with an acceleration of
1.5 ms™ while a car 150 m behind starts from rest
with an acceleration of 2 ms™. How long will it
take before both the truck and car side by side, and
how much distance is travelled by each?

Two cars travelling towards each other on a straight
road at velocity 10 ms™ and 12 ms™’ respectively.
When they are 150 m apart, both drivers apply
their brakes and each car decelerates at 2 ms™
until it stops. How far apart will they be when they
have both come to a stop?

Two motor cars start from A simultaneously and
reach B after 2 hours. The first car travelled half the
distance at a speed of 30 kmh™' and the other half
at a speed of 60 kmh™". The second car covered
the entire distance with a constant acceleration.
At what instant of time, the speeds of both the

vehicles is the same? Will one of them overtake the
other enroute?
18. A point travelling along a straight line traversed one
third the distance with a velocity v,. The remaining
part of the distance was covered with velocity v,
for half the time and with velocity v, for the other
half of the time. Find the mean velocity of the point
averaged over the whole time of motion.
19.A man runs at a speed of 4ms™' to overtake a
standing bus. When he is 6 m behind the door
(att=0), the bus moves forward and continues
with a constant acceleration of 1.2 ms™ . How long
does it take for the man to go to the door? If he
was initially 10 m behind the door, can he catch the
bus?
20. Two cars A and B start off to a race on a straight
path with initial velocities 8 ms™ and 5ms™
respectively. Car A moves with uniform accelera-
tion of Tms™ and B moves with uniform accelera-
tion of 1.1ms™ . If both the cars reach the winning
post together, find the length of the track. Also find
which of the two cars was ahead 10 s before the
finish.
21. A car starts from rest and moves with a constant
acceleration of 1.5 ms™ until it achieves a velocity
of 25 ms™". It then travels with constant velocity for
60 seconds . Determine the average speed and the
total distance travelled.
22. A car is to be hoisted by elevator to the fourth
floor of a parking garage, which is 14 m above the
ground. If the elevator can accelerate at 0.2 ms
decelerate at 0.1ms™ and reach maximum speed
of 25ms™" determine the shortest time to make
the lift, starting from rest and ending at rest.
23. The driver of a car wishes to pass a truck that is
travelling at a constant speed of 20 ms™. Initially,
the car is also travelling at 20 ms™. Initially, the
vehicles are separated by 25 m, and the car pulls
back into the truck’s lane after it is 25 m ahead of
the truck. The car is 5 m long, and the truck is 20 m
long. The car’s acceleration is a constant 0.6 ms ™.
(a) How much time is required for the car to pass
the truck?

(b) What distance does the car travel during this
time?

(c) What is the final speed of the car?
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24, A train of length /=348 m starts moving rectilin-
early with constant acceleration a=3cms™. After
30 second a ball is dropped by the driver (event 1)
and after 60 second another ball is dropped by the
guard (event 2). How and at what constant velocity
v should a driver drive his car parallel to the train
so that he observes both the events to occur at the
same point. Neglect the length of the car.

\
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25. A particle moves rectilinearly with constant accel-
eration. The displacement, measured from a con-
venient fixed position, is 2 m at time t=0 and
is zero when t=10s. If the particle reverses its
direction of motion at t =6 s, determine the accel-
eration a and the velocity vwhen t=10s.

EQUATIONS OF MOTION FOR VARIABLE
ACCELERATION

CASE-1: When acceleration a of the particle is a
function of time
Since acceleration of a particle is a function of time,

ie., a=f(t)

= %: f(t) {by definition}

= do=f(t)dt

Integrating both sides within suitable limits, we have
[ t

Jda - j ()t
u 0
t

= 7= u+Jf(t)dt

0

CASE-2: When acceleration a of the particle is a
function of distance

Since acceleration of a particle is a function of
distance, i.e., a= f(x)

d

- d_f: = f(x) {by definition|

Multiply and divide the L.H.S. by dx and rearrange,
we get

2 2 X
= %—%= Jf(x)dx
Xp

= v=u’ +2Jf(x)dx

To

CASE-3: When acceleration a of the particle is a
function of velocity
Since the particle is a function of velocity, ie.,

a=f(v)

= % = f(v) {by definition}
dv
= dt ()

Integrating both sides within suitable limits, we have

t v
Jdt= dv
) flo)

= t:‘[%

u

In this case we shall get v as a function of time i.e.,
o(t)

Otherwise
dv
—=f(v)
de flo

Rearranging and integrating both sides within suit-
able limits, we have

v

X vdv
Idx— f(v)
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v

o yey [ vdo
) f)
= x=x +U- vdo
) ()

u

In this case we shall get x as a function of velocity
ie., x(v)

ILLUSTRATION 14

An object starts from rest at t =0 and accelerates at a
rate given by a =6t . What is

(a) its velocity and
(b) its displacement at any time ¢ ?
SOLUTION
As acceleration as a function of time is
a=6t
do
= —=6t
dt
= dv=06tdt

v t
= Jd’u =6Jtdt
0 0

tl

=6— =3¢
2

= b _ 3t
dt
= dx=23t%dt

*3

t
= jdx = 3Jtdt

X1 0

ILLUSTRATION 15

For a particle moving along x-axis, velocity is given
as a function of time as v=2t> +sint. At =0, par-
ticle is at origin. Find the position and acceleration
as a function of time. Also calculate initial speed and
acceleration of the particle.

SOLUTION
v =2t +sint

x_ 2t +sint
dt

x t
J J 217 + smt
0 0

2
= x= Et‘q’ —cost+1
Since v = 2t +sint

d
a=—U=4t+cosf
dt

So, initial speed is v—o = u =2(0)* +sin(0)=0 and

Initial Accelerationis al,_g = 4(0)+cos(0)=1ms™

ILLUSTRATION 16

A particle is subjected to an acceleration a = at + ft”,
where o and f are positive constants. The position
and velocity of the particle at =0 are x, and v,
respectively. Find the expression for the velocity (v)
and position (x) of the particle at time .

SOLUTION
Since a = ot + Bt (1)

dv ’
= —=at+pt
dt p

= dv=otdt+ptodt

Integrating, we get

v t t
= jdv = aJth ﬁjtzdf
7y 0 0

2 t3

= 0-Uy=a—+f—
v =a +fy
pt’

= U= U+—+— (2

R ®
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d

Since U=%
dx ot pr
= =y t—t—
dt 2 3

t r
= dx= vodn%dﬂ B 4

Integrating, we get

I 3 3

= jdx = vojdt+gjt2dt+ﬁjt3dt
2 3
*o

0 0 0
£ Bt
= x—x0=vﬂf+a—+ﬁ—
6 12
af Bt
= X=X, +Ut+—+— .3
o +Tgt+ ==+ ®)

So, equations (2) and (3) give us the required expres-
sion for v and x.

ILLUSTRATION 17

For a particle moving along x-axis, acceleration is
given as a = x . Find the position as a function of time
ifat t=0, x=1m and v=1ms™

SOLUTION
a=x
d dv
Since, 1=—=0v—
dx
dv
= 1—=x
dx

v x
= —=—
2 2
= =X
dx
= —=x

—
-

= | B

Ji

U
—t—=
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ILLUSTRATION 18

For a particle moving along x-axis, acceleration is
given as a=20". If the speed of the particle is v, at
x =0, find speed as a function of x.

SOLUTION
a=20"
= d_v =207
dt
Ik
- D fx = 2%*
dx dt
= v@ =20°
dx
= o =20
dx
= J‘d_v = Jde
v
'UD U

loge'u|:0 =(2%)[y
= logg(i): 2x
%

= v=7ye" { Iflogcx:azx:e“}

ILLUSTRATION 19

For a particle moving along x-axis, acceleration is
given as 4 = 0. Find the position as a function of time
ifat t=0, x=0 and v=1ms™".

SOLUTION
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dx
= —=¢
dt
= dx=eéldt
X t
= de='[efdt
0 0

= x=€!—€U

= x=¢-1

ILLUSTRATION 20

The motion of a body is given by the equation
du(t)
dt
t in seconds. If the body was at rest at t=0; Then

test the correctness of the following result

= 6-30(t), when v(t) is the speed in ms™ and

(a) the terminal speed is 2 ms™
(b) the magnitudes of initial acceleration is 6 ms™

(c) thespeedvarieswithtimeas v(f)=2(1-¢™') ms™
(d) the speed is 1 ms™" when the acceleration is half
the initial value

SOLUTION

(@) The terminal speed is the speed at which accel-
eration is zero i.e.,
do(t)

=20
dt

= 0v=2ms"
(b) Since initially body is at rest hence

v(t)=0(0)=0

dv 4
6-3v
Integrating both sides

v t
d
v Jdt
6—3v
0 0

= —%loge |6-30|

()

’ i
=t\0

0

= logc(6_63v)=—3t

= 6-3v=6e""
= 0v=21-¢")ms™"’
(d) For acceleration to be half the initial value i.e.,
a= 5= 3ms™
= 3=6-3u(t)

= o()=1ms™’

ILLUSTRATION 21

The velocity of a particle moving in the positive direc-
tion of x-axis varies as v = a\/;, where o is a positive
constant. Assuming that at moment t =0, the parti-
cle was located at the point x=0. Find

(a) the time dependence of the velocity and the
acceleration of the particle.

(b) the mean velocity of the particle averaged over
the time that the particle takes to cover first s
meters of the path.

SOLUTION
METHOD 1
(a) v= afx
dv d
Since 1= —=—{oW/x
dt dt( J_)

go @ dx o {di_af}
2x dt 2Jx "t

= a=(%)(tx\/§)=a;=constant

Further, we have

dv
a=—
dt
dv o
il=—=—
dt 2
2
= do=2gt



t

Jvdt

Total Dist T lled
Total Time Taken t
[
0

To cover a distance s in time f with constant
2

. o
acceleration a= > we have

2
s=1[a—)f2
2\ 2

METHOD II
Since v = ov/x , 50 we get
0% = o*x
Comparing this equation with the equation of motion
ie,
v* = u” +2as

we get
2
=0 and a=a—
2

Hence the motion is uniformly accelerated with zero
initial velocity (#=0) and constant acceleration

)

(a) Since v=at

ot
= p=—
2

a2
= a= 7 = constant

24/5 . .
= t=——= time taken to cover first s metre
o
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ILLUSTRATION 22

A particle having a velocity v=v, at t=0 is
decelerated at the rate |a|= a0, where o is a

positive constant. After what time and distance will
the particle will be at rest?

SOLUTION

v=1, at t=0 and a=—a\/?7

Time taken by particle to come to rest:
=2 oo
dt
0 ; t
v
= |-——==|dt
J-ai]
vy 0

1241 |°

1
o

1 ,Ulf"2
= t=——| —
al 1/2

=ty

~1/2+1

0

i}

=Ll

al 12

2
-2 f

o

Distance travelled before coming to rest:




ICON

4.22 )EE Advanced Physics: Mechanics - |

ILLUSTRATION 23

The velocity of a particle travelling along a straight
lineis v =1v, —kx, where k is constant. If x=0 when
t=0, determine the position and acceleration of the
particle as a function of time.

SOLUTION

Now, v=d—x=i{v—0(1—e'kf)]
dt  dtl k
= U=1')Ue-kf

Since, we know that

1=—=
dt dt

= a=-koe™

_ dl’)‘ _ d (vﬂe-k!)

(a) For a particle having zero initial velocity if vect,
sect? and vZecs then acceleration of particle
must be constant i.e., particle is moving rectilin-
early with uniform acceleration.

(b) For a particle having zero initial velocity if s o<t
where o > 2, then particle’s acceleration increases
with time.

(¢) For a particle having zero initial velocity if s t?,
where o <0, then particle’s acceleration decreases
with time.

Problem Solving Technique(s)

When acceleration of particle is not constant, we go
for basic equations of velocity and acceleration, i.e.,

(a) v= g or sometimes v = ar
dt dt

L v
(b) a= d_t
(c) dx=dr=vdt
(d) dv=adt
For one dimensional motion, above relations can be
written as under.

dx
(a) V—E

dv  dv
b =—=y—
(b) a="r=v
(c) dx=vdt

(d) dv=adt or vdv=adx
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@ Test Your Concepts-Iil

Based on Variable Acceleration

. Aparticlestarts from restand travels along a straight
L , v -

linewith an acceleration a = (30 - 5) ms™* where
visin ms™'. Determine the time when the velocity

of the particle is v=30 ms™.

. The acceleration (a) of a particle moving in a
straight line varies with its displacement (s) as
a=2s. The velocity of the particle is zero at zero
displacement. Find the corresponding velocity-
displacement equation.

. The velocity of a particle travelling along a straight
line is v=v, —kx, where k is constant. Initially, it
is observed that the particle is at the origin of the
coordinate system, then determine the position
and acceleration of the particle as a function of
time.

. The retardation of a particle moving in a straight
line is proportional to its displacement (propor-
tionality constant being 4). Find the total distance
covered by the particle till it comes to rest. Given
that velocity of particle is v, at zero displacement.
. The acceleration (a) of a particle travelling
along a straight line varies with distance x as
a=(8-2x) ms?, where x is in meters. Assuming
that the particle starts from rest from the origin of
the coordinate system, calculate the velocity of the
particle at x=2 m and the position of the particle
when the velocity is maximum. Also calculate the
maximum velocity.

. The acceleration of a particle travelling along a

o k .
straightlineis a=—,wherekisaconstant. If x=0,
v

v=vy initially determine the velocity of the
particle as a function of time t.

. The motion of a body falling from rest in a resist-
ing medium is described by the equation given as
dv .

i A -Bv ;where A and B are constants. Find the
initial acceleration and the velocity at which the
acceleration is zero. Find the velocity at any instant
of time.

8.

10.

11.

12.

13.

14. If the velocity v of a particle moving along a straight

15.
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(Solutions on page H.73)
A particle is moving along a straight line such that

its speed is defined as v=(-4x*) ms™, where x
is in meters. If x=2m when t=0, determine the
velocity and acceleration as functions of time.

The acceleration of a particle is given by

a(t)=(3-2t).

(a) Find the initial speed v, such that the particle
will have the same x-coordinateat t =55 asit
hadat t=0.

(b) What will be the velocity at t =557

The acceleration of a particle travelling along a

straight line is a= (Set) ms 2, where t is in sec-
onds. If v=0, x=0 when t=0, determine the
velocity and displacement of the particle as a func-
tion of t.

A particle moves along a straight line with a veloc-

ity v=(200x) mms~', where x is in millimeters.
Determine the acceleration of the particle at
x=2000 mm. How long does the particle take to
reach this position if x=500 mm when t=07?

A particle has acceleration varying with time t as
d=(2ti+3t%]) ms2. If the particle is initially at
rest, find the velocity of the particle attime t=25.
When a particle is projected vertically upwards
with an initial velocity of v, it experiences an accel-

eration a = —(g +kv? ) , where g is the acceleration
due to gravity, k is a constant and v is the veloc-
ity of the particle. Determine the maximum height
reached by the particle.

line decreases linearly with its displacement from
20 ms™' to a value approaching zero at x =30 m,
determine the acceleration of the particle when
x=15m and show that the particle never reaches
the 30 m displacement.

A particle is moving along a straight line with the

acceleration a= (12t —3\/f) ms 2, where t is in
seconds. Determine the velocity and the position of
the particle as a function of time. Assume that, ini-
tially the particle starts from rest from x, =15 m.

J
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GRAPHICAL INTERPRETATION OF SOME
QUANTITIES

Average Velocity

If a particle passes a point P(x;) at time f=1; and
reaches Q(x; ) ata later time instant t =t , its aver-
age velocity in the interval PQ is

Ax  Xf =X
=— = =(Sl f chord P
Ve = = (Slope of chord PQ)
P Qe

This expression suggests that the average velocity is
equal to the slope of the line (chord) joining the points
P and Q on the x-t graph.

[

Instantaneous Velocity

Consider the motion of the particle between the two
points P and Q on the x-f graph shown. As the
point Q is brought closer and closer to the point P,
the time interval between PQ (At, At’, At”,........)
get progressively smaller. The average velocity for
each time interval is the slope of the appropriate dot-
ted line (PQ, PQ’, PQ"..... )

As the point Q approaches P, the time inter-
val approaches zero, but at the same time the slope of
the dotted line approaches that of the tangent to the
curve at the point P.

X
\
Tangent”!
! t
0 t] At t
(-]
la—Af —m1
lt—— Af ——

As At—0, ’UW(= E) = Uyt

At '
Geometrically, as At—0, chord PQ — tangent
at P.

Hence the instantaneous velocity at P is the slope of
the tangent at P in the x-t graph.

0]

When the slope of the x-t graphis positive, v is posi-
tive (as at the point A in figure). At C, v is negative
because the tangent has negative slope. The instan-
taneous velocity at point B (turning point) is zero as
the slope is zero.

Instantaneous Acceleration

The derivative of velocity with respect to time is the
slope of the tangent in velocity time (-t) graph.

v

az0
a>0g<0
é:HO -
ol sl

a=0

MOTION WITH UNIFORM VELOCITY

Consider a particle moving along x-axis with uniform
velocity u starting from the point x=x; at t=0.

Equations of x, v, a are

3. a(t)=0
So, x-t graph is a straight line of slope u through x;

1. x(t)=x;+ut 2. o(t)=u

As velocity is constant, v-t graphis a horizontal
line and a-t graph coincides with time axis because
a=0 at all-time instants.
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v v a

Positive velocity
 — e

y Negative velocity
0] 0]

Graph Identification

(a) Straight Line Equation, Graph, Slope (+ve, -ve,
zero slope)
If @is the angle at which a straight line is inclined to
the positive direction of x-axis and 0°<60<180°,
0+90°, then the slope of the line, denoted by m,
is defined by m=tan#.
If @is 90°, m does not exist, but the line is parallel
to the y-axis.
If =0, then m=0 and the line is parallel to the
X-axis.
For a straight line, the average slope is equal to
instantaneous slope, because a straight line has
constant slope.
Equation of Line: Slope-Intercept Form
y=mx+c isthe equation of a straight line whose
slope is m and which makes an intercept ¢ on the
y-axis i.e., the line cuts the y-axis at (0, +¢).

dy
m=slope =tanf=—
P dx

¥ y
+ve slope
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(b) Parabolic Curve-Equation and Graphs

(i) y =k
y:

(i) y* =k
:y

(i) x*=ky
y

(iv) x*=—ky

Where k is a positive constant.

(c) Equation of Parabola

CASE-1:
y=ax’ +bx+c

For a>0
The nature of the parabola will be, like that of the
nature of x* = ky

y
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CASE-2:

a<0
The nature of the parabola will, like that of the
nature of x> = —ky.

y

GRAPHS IN UNIFORMLY ACCELERATED
MOTION (a  0)

(@) If acceleration a is constant, then a-f graph is a
horizontal line as shown.

a a
\
Positive
a acceleration a ¢
0
Negative
acceleration
— t a—
0 a=@ a=e

(b) For constant acceleration, v is a linear polyno-
mial in terms of ¢. Hence v-t graph is a straight
line of slope a as shown.

u 6}%@

x>

<@

a is negative

=l

v=u-at

(c) For constant acceleration, x is a quadratic poly-
nomial in terms of t. Hence x-t graph is a
parabola.

X X

S|

X = ut + 1 af?

INTERPRETATION OF SOME MORE GRAPHS

Position vs Time Graph

(@) Zero Velocity: As position of particle is fixed at
all the times, so the body is at rest.

Slope = i—: =tanf=tan(0°=0

= Velocity of particle is zero

X

(b) Uniform Velocity: Here tané is constant so,

dx
tan 8 = — = constant
dt

= Velocity of particle is constant.

X

0 =

() Non Uniform Velocity (Increasing with Time):
In this case, as time is increasing, 6 is also
increasing.

dx )
E =tan@ also increases

Hence, velocity of particle is increasing.

0 92>81
= V2>V1

(d) Non Uniform Velocity (Decreasing with Time):
In this case, as time increases, 0 decreases.

d
d_JtC =tan@ also decreases
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Hence, velocity of particle is decreasing.

X
yan
A0
t
0 0, < 0,
Velocity vs Time Graph
(a) Zero Acceleration: Velocity is constant
= tanf=0
do
= —=0
dt

Hence, acceleration is zero i.e.,, v-f graph is a
straight line parallel to time axis.

v

>t

0

(b) Uniform Acceleration: tan®@ is constant
dv
= — =constant
dt

ie, v-t graph is a straight line with positive
slope.

(¢) Uniform Retardation: Since 8>90°, so tan@ is
constant and negative.
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dv .
= E =negative constant

ie, v-t graph is a straight line with negative
slope.

Acceleration vs Time Graph

(a) Constant Acceleration: tan6 =10
dn
- =
Hence acceleration is constant i.e., a-t graphisa
straight line parallel to time axis.

0

a
3

0

(b) Uniformly
constant.
0°<0<90° =

da
E = tan# = constant > 0

Increasing Acceleration: 6 is

tan6>0
Hence, acceleration is uniformly increasing with

timeie., a-t graphisa straight line with positive
slope.
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(c) Uniformly Decreasing Acceleration: Since
6>90°

= tan@ is constant and negative
da .
= E =negative constant

Hence, acceleration is uniformly decreasing with
time ie., a-t graph is a straight line with nega-
tive slope.

ILLUSTRATION 24

The displacement vs time graph of a particle mov-
ing along a straight line is shown in the figure. Draw
velocity vs time and acceleration vs time graph.

X
X = 4t2
0 > f
SOLUTION
x =4t
dx
v=—=_§¢
dt
v
tang=8
(7]
0 »f

Hence, velocity-time graph is a straight line having
slopeie., tan0=8

- _g
=

Hence, acceleration is constant throughout and is
equal to 8 ms™>.

() For uniformly accelerated motion (a#0), x-t
graph is a parabola (opening upwards if a>0
and opening downwards if a<0). The slope of
tangent at any point of the parabola gives the
velocity at that instant.

(b) For uniformly accelerated motion (a#0), v-t
graph is a straight line whose slope gives the
acceleration of the particle.

(c) In general, the slope of tangent in x-t graph is
velocity and the slope of tangent in v-t graph is
the acceleration.

(d) The area under a-t graph gives the change in
velocity.

(e) The area between the v-t graph gives the distance
travelled by the particle, if we take all areas as
positive.

(f) Area under v-t graph gives displacement, if areas
below the t-axis are taken negative.

ILLUSTRATION 25

For a particle moving along x-axis, velocity-time
graph is as shown in figure. Find the distance trav-
elled and displacement of the particle?

vms™

8F--
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SOLUTION

Distance travelled = Area under v-t graph (taking all
areas as positive)

Distance Area of Area of
= -
travelled trapezium ) | triangle
. 1 1
= Distance travelled = E{2+ 6)(8)+ 5(4)(5)

= Distance travelled =32+10=42 m

Displacement = Area under v-t graph (taking areas
below time axis as negative)

) Area of Area of
Displacement = . - .
trapezium trlangle

= Displacement = %(2 +6)(8)- % (4)(5)

= Displacement=32-10=22m

Hence, distance travelled is 42 m and displacement
is22m

ILLUSTRATION 26

The displacement vs time graph of a particle mov-
ing along a straight line is shown in the figure. Draw
velocity vs time and acceleration vs time graph.

X

o|

x=-8

SOLUTION

Taking upward direction as positive so, downward
direction is taken as negative.

1=
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x = -8t
dx
=—=-16t
T

= g=-16ms"

ILLUSTRATION 27

Draw displacement-time and acceleration-time graph
for the given velocity-time graph.

%
A

SOLUTION

S a

ILLUSTRATION 28

The speed of a train increases at a constant rate ¢ from
zero to v and then remains constant for an interval
and finally decreases to zero at a constant rate f. If
| is the total distance travelled by the train then find
the total time taken to complete the journey. At what
value of v is the time of travel shortest? What is the
value of the shortest time?

SOLUTION

Let us first draw v-f graph showing the situation
discussed.
For accelerated Motion (O to A)

Upax =0 =0y

v
o
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2 I 1(1 1
v
Also, h=-— {0 -0% =201, } 2 = _?+E(E+EJ=O
For Uniform Motion (A to B) 210:[3
= U= [—— A7)
12 = Utz (X-I—
I, [21(1/3
= i’ = — e 3 S ’
2 " ( ) 0 M[N \/ﬂ 2 (XJr
v
{Substitute (7) in (6)}
Viax = VH----- '? 'IB a+ﬁ lof a+ﬁ
: | = N =
! ! 203 a+ﬁ
24 | | ﬂ
| | (o) J(a+ﬁ
h I | s = hun —\/ t
5 ! 20 20
fa—ty i ty ety I 7]
= tMIN=2\/ (CHB):J (+B)
For Decelerated Motion (B to C) 20 off
v o B
= t=— ..(4)
B
? Please note that this time equals the time of journe
Also, I, = —— v 0202 =2(-B)] .5 d journey
o5 28 { ¢ (=h) 3} ©) when the train just accelerated to attain a velocity v

and immediately decelerated to zero velocity after

If ¢ be the total time of j , th
o the Total Hime oT Jottmey, Then covering a total distance I. Then

= t:E Ii —
a v fB Y
I CE.L VR [ h+h+l =1} i
o n St t a i B
UZ ﬁ : -t
0=
5 1= 2e | 22 BT ging () and (9) ot
a v \v v)p
tan =t +1;
o 4o v o0
a v 20 28 B _ tMIN:L,%
o
[ o1 1
= t=—t—] —+— (6) 1 1
v 2\a B = tMIN=V[_+E) (1)
o
For t to be MINIMUM, we must have
2 2
a4, Also, 1=~ + L
dv a 2f
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2lep

= V=
o+f

Substituting in (1), we get

1 1
tyn =20 —+—
= 2(+5)

ILLUSTRATION 29

Two road rally checkpoints A and B are located on
the same highway and are 12 km apart. The speed
limits for the first 8 km and the last 4 km of the section
of highway are 100 kmh™! and 70 kmh™, respec-
tively. Drivers must stop at each checkpoint and the

specified time between points A and B is % min.

Knowing that a driver accelerates and decelerates
at the same constant rate, determine the magnitude
of his acceleration if he travels at the speed limit as
much as possible.

SOLUTION

Total time taken by the driver to go from A to B is
2; min . We must note here that a driver first acceler-
ates with acceleration a (say) for time t,, moves with
uniform velocity of 100 kmh™ for some time £, (say)
and retards to a speed of 70 kmh™ with deceleration
a (again) for a time t; (say) to travel a total distance
of 8 km. Just after he completes 8 km, he maintains
his speed at 70 kmh™" for a time t, (say) and then
finally retards with deceleration 2 (again) for a time
ts (say) to complete a further distance of 4 km. As
per this discussion, the v-t plot for the situation is
shown here.

v(kmhr™)

100 f----

70f-A-p-mmmmmmen k-

t(hr)

100 t,

Chapter 4: Kinematics | 4.31

. 25 .
Since t1+t2+t3+t4+t5:? min

100 (100—70} (70) 25 .
—+ih+ +f;+| — |=— min
a a a 3

200 25 .
= b+t +—=— min

= t2+t4+@:§ hr
180

Further, area under the v-t graph gives displace-
ment, so

Area(OABCM) =8 km
1( 100

—)(100)+100t2 +1(@)(100+ 70)=8
2\ a 2\ a

(1)

= 000 +100t, + 230 =8
a a

= D0 o0t =8 .(2)
i

Also, Area(CDE) =4 km
7014+1(@)(7o)=4km
2\ a

20 oor, =4 ..(3)
a

From (2), (3), we get
(570 and = 1 (1-250)
100 a 70 a
Substituting in (1), we get
1 ( 7550 ) 1 ( 2450 ) 200 25
—| 8- [+—| 4- +—=—
a 70 a a 180
8 7550 4 2450 200 25

» ———t— -t — =
100 1002 70 70a a 180
9 755 35 200 25

720 a a a 180

895_ 11
a 6300

a=>51259 kmhr 2

U

= 4=396ms>
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ILLUSTRATION 30

A particle starts from rest and traverses a distance
| with uniform acceleration, then moves uniformly
over a further distance 2/ and finally comes to rest
after moving a further distance 3/ under uniform
retardation. Assuming entire motion to be rectilinear
motion, find the ratio of average speed over the jour-
ney to the maximum speed on its way.

SOLUTION

Total Distance
Uﬂl’ =

Total Time
1+21+3] B
= Up="7"T— | 1
1 | |
For OA_, = Etlvmax ol M N C -
[ gy ralgemi
21
v

ForAB, 2I=v,t,
2]

t2 —
max

For BC, 31 = %tav

max

ILLUSTRATION 31

A train starts from station A with uniform accelera-
tion ¢ for some distance and then goes with uniform
retardation f for some more distance to come to rest
at station B. The distance between station A and B is
4km and the train takes 4 minute to complete this

journey, then find the value of l+ % , where o and
o

B arein km(min)™.

SOLUTION

Since, $; +5, =4 km

and t; +t, =4 min {given]|
v
Also, t; == and
o
f o= Unax
)=
B
Vmax
t
Adding we get,
11
tl+t2=vmax[a+ﬁ) ...(1)
1
Now s, = Evmax k ..(2)
1
and s, = Evmath (3)

Adding (2) and (3) we get,

Uy = 2 km(min)™

l+l =2 km(min)™
o

INTERPRETATION OF GRAPHS OF VARIOUS
TYPES OF MOTION

Interpretation of x-t Graph

() The line on the graph representing x(t) is called
a World-Line.

(b) A point on the World Line is called an Event.

(c) The average slope of the World Line gives the
average velocity. Just join the two points with
a line and then find the angle which this line
(joining the points) makes with the x-axis. If this
angleis @, then

Average Velocity =v,, =tan@
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t

Average velocity = tan@

(d) The slope of an event gives the instantaneous
velocity. Just draw a tangent to the curve at
a point P and then find the angle which this
tangent makes with the x-axis. If this angle is
¢, then the instantaneous velocity at the point
Pis

Up = Uinstantaneous — tanq)
X
Tangent at
. point P
N

Vp = Vinstantaneous = tan ¢

Interpretation of v-t Graph

(@) The average slope of a curve in 9(t) graph gives
average acceleration.

(b) The instantaneous slope of a curve at a point in
0(t) graph gives the instantaneous acceleration.

(c) The area under a curve in 7(t) graph gives the
displacement of the body.

(d) o-t graph can also be used to find the average
velocity of the body, because

0 - Ax  Area under v-t graph
aw E -

Time Interval

Interpretation of a-t Graph

(@) The area under a curve in a-t graph gives the
change in the velocity of the body. So

Area under a-t graph = Av =10, -,
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(d) a-t graph can also be used to find the average
acceleration of the body, because

A Av  Area under a-t graph
av — E -

Time Interval

Interpretation to Other Graphs

UZ - 1£2

2
(b) Slope of 0 x graph gives twice the acceleration

(a) Area under a curve in a-x graph =

Le. £(02)= 2a
dx
() From v-x graph we can also find the instanta-
neous acceleration of a particle. Suppose we have
to find the acceleration a, at a point P on the
v-x curve. To calculate ap, we follow the steps
given below.

STEP-1: First find the velocity vp of the particle at
the point P.

STEP-2: Then calculate the instantaneous slope

(Z—U) = tan6 of the curve at the same point.
xX/p

STEP-3: Finally, the acceleration at the point P is
the product of values calculated in Steps 1 and 2 i.e.

dv
ap =Up E p.

ILLUSTRATION 32

For an airplane to take-off it accelerates according to
the graph shown and takes 12 s to take-off from the
rest position. Calculate the distance travelled by the
airplane from £=0 to t=12s.

Acceleration
A B
5
g 1 I
[2] 1 |
E | 1
] |
1 |
(0] 6 12
B —

t(in s)

SOLUTION

From O — A we have acceleration varying linearly
with time hence
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5

5 3
a-0==(t-0) = x=-—(6")=30m
6 ' 36
o oae 5 ; For A — B the acceleration is constant and have a
6 value of 5ms™>. Now velocity at point A is
d 5 ~
o Mo 3, o == (36)=15ms™
dt 6 12
4] f 1 2
= =0,(6)+=(5)(6
. Jdv=5jtdt x, =0,(6) 2( )(6)
0 0 = x,=180m
v = i $2 So, total distance travelled is
12
5 x¥=30+180=210 m
Further v, = —L=—¢
at 12
GRAPHS
X1 5 6
= del = —Jtzdt Now, let us plot v-t and s-t graphs of some standard
0 0 results. To draw the following graphs assume that the
¢ particle has got either a one-dimensional motion with
o =2 uniform velocity or with constant acceleration.
Y36y
S.No. Situation v-t Graph s-t Graph Interpretation
1. | Uniform motion v (i) Slope of s-t graphie. v is
constant.
- (ii) Ins-t graphs=0att=0.
v = constant s=vt
>t t
2. Uniformly accelerated v (i) u=0,ie,v=0att=0.
motion with 1 =0 and (ii) u=0,1ie., slope of s-f graph
s=0att=0 at t =0, should be zero.
- P [ (iii) a or slope of v-t graph is
- 2 constant.

3. | Uniformly accelerated
motion with u # 0 but
s=0att=0

(i) u#0,1ie., v orslope of s-t
graph at t =0 is not zero.
(ii) v or slope of s-t graph
s —ut+ Lar graduallly goes on
2 increasing.

(Continued)
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S.No. Situation v-t Graph

s-t Graph Interpretation

4, Uniformly accelerated v

motion with 1 # 0 and
s:snatt:O /
V=u+at
u

So

s (i) s=syatt=0

s:so+ut+1§at2

5. | Uniformly retarded v
motion till velocity
becomes zero

v=u-at

6. | Uniformly retarded then | v
accelerated in opposite
direction.

t

(i) Slope of s-t graph att=0
gives u.
(ii) Slope of s-t graphatt =t

‘ becomes zero.
} (iii) In this case u can't be zero.
|

— t

(i) Attimet=t;, v=0orslope
of s-t graph is zero.

(i) Ins-t graph slope or
velocity first decreases then
increases with opposite

I SIgI.

(a) Slopes of v-t or s-t graphs can never be infinite
at any point, because infinite slope of v-t graph
means infinite acceleration. Similarly, infinite
slope of s-t graph means infinite velocity. Hence,
the following graphs are not possible:

v S

— t — t

(b) At one time, two values of velocity or displace-
ment are not possible. Hence, the following
graphs are not acceptable:

(c) Different values of displacements in s-t graph cor-
responding to given v-t graph can be calculated
just by calculating areas under v-t graph. There is
no need of using equations like v=u + at, etc.

ILLUSTRATION 33

A particle starting from rest undergoes an accelera-
tion that increases linearly with time. Estimate the
particle’s velocity n second after the start and the
distance moved by the particle in these n second.
Draw the graph showing the variation of accelera-
tion, velocity and distance with time.
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SOLUTION a
a=kt a=kt
= @=kt
dt
= dov=ktdt
v t 0 :
= Jdt‘):k'[tdt
0 0
2 I,J':kzi2
Further ’U=d—x
dt
dx  kt*
= —=—
it 2 0 t
2
= dx=det
2‘ X
X kt X=@
= .[dx=—Jt2dt 6
2
0 0
ke kn®
= Y=—=——
6 ) -t

ILLUSTRATION 34

The velocity-displacement (v-x) graph describing the
motion of a motorcycle is shown in figure. Construct the
a-x graph of the motion and determine the time needed
for the motorcycle to reach the position x =120 m.

v(ms™)

15 | |
| |

1 l

1 |

3 l |

I

60 120

SOLUTION

For 0 <x <60 m, we have

U=E:vc+3=3+E
60 5

dv 1Vdx 1 1 X 3 x
— = - — == - — 3+— =—4— ...1
it (5)0& 5 5( 5) 575 0

3 x
a=—+-—
5 25

ie., the a-x graph is a straight line, where at x=0,

3

a:g ms2=06ms” andat s=60m, =3 ms™

For s> 60 m, we have v = constant

= a=0

The corresponding a-x graph is shown here

From equation (1), we have

=
<

—
o<

U
0 C— o

/
= p=3¢"

60 h
= jdx = SJ.e'/Sdt
0 0

= 60=15(¢""-1)

= t;=8s

Time taken to travel next 60 m with speed 15 ms™

will be t, given by

b= — =
215

4g

Total time =t +t, =8+4=12s

ILLUSTRATION 35

The acceleration-displacement (a-x) graph of a
particle moving in a straight line is as shown. Assume
the particle to start from rest, find the velocity of the
particle when displacement of the particle is, 12 m.

a(ms™2)
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ae
SOLUTION o
= —=area under g-x graph
Since a=— 2
; = 0= \/ 2(area under a-x graph)
v
=0 dx g The area A under the a-x graph is given by

= ovdv=adx A=%(2)(2)+(6)(z)+%(2+4)(2)+%(2)(4)

= jvdv='[adx = A=2+12+6+4=24m’s~
0 = 0=+2x24=43ms™

@ Test Your Concepts-I1V

Based on Graph
(Solutions on page H.77)
1. Atwo stage missile is fired vertically from restwith 3. The car is moving along a straight road with the
the acceleration shown. In 15 s the first stage burns speed described by the v-x graph. Construct the
out and the second stage ignites. Plot the v-t and a-x graph.
s-t graphs which describe the two-stage motion of
the missile for 0<t<20s.
vims™)
a(ms™)
75' ______ | L
L o BN
18 : 3 v="5Vx i s %2
L 1] 7S — R
i 1 ; ' x(m)
= 1(s) 225 525

4. A motorcyclist starting from rest travels along a
straight road and for 0<t<10s, it has an accel-
eration as shown. Draw the v-t graph that describes
the motion and find the distance travelled in 10s.

2. The particle moves rectilinearly with the velocity
described by the graph. Construct the accelera-
tion-displacement graph.

o)} Ry ——

x(m)

fo) ) NP
-
o
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5. The dragster starts from rest and travels along a
straight track with an acceleration-deceleration
described by the graph. Construct the v-x graph for
0<x<x, and determine the distance x, travelled
before the dragster again comes to rest.

a(ms™)

= x(m)

_———— X
=)

6. Aparticletravelsalonga curve defined by the equa-
tion x=(t*=3t>+2t) m, where t is in seconds.
Draw the x-t, v-t and a-t graphs for the particle for
0<t<3s.

7. A truck is travelling along the straight line with a
velocity described by the graph. Construct the a-x
graph for 0< x <1500 m.

751-----—

8. The jet plane starts from rest from x =0 and is sub-
jected to the acceleration shown. Determine the
speed of the plane when it has travelled 60 m.

a(ms™)

22.5

150 - X

9. Thev-xgraphforan airplane travelling on a straight
run-way is shown. Determine the acceleration of
the plane at x=50m and x=150 m. Draw the
a-x graph.

= x(m)

0 100 200

10. Starting from rest from x = 0, a boat travels in a
straight line with an acceleration as shown by the
a-x graph. Determine the boat's speed at x =40 m,
90 m and 200 m.

11. The acceleration of particle moving rectilinearly,
varies with time as shown.

a(ms™)

t(s)

-2

(a) Find an expression for velocity in terms of t.

(b) Calculate the displacement of the particle in
the interval from t=2s to t=4s. Assume
thatv=0att=0.
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12. Acceleration-time graph of a particle moving in a vims™)
straight line is shown in figure. Velocity of particle
attime t=01is 2 ms™". Find velocity at the end of C
fourth second. N )
13. Velocity-time graph of a particle moving in a ol A8/
straight line is shown in figure. Plot the corre- P D
sponding displacement-time graph of the particle o 5 4 & s M
if at time t = 0, displacement s = 0.
)

VERTICAL MOTION UNDER GRAVITY

Vertical motion under gravity, is the case of motion
of a particle moving rectilinearly under the influence
of gravity. To solve problems involving motion of a
particle under gravity, we make use of the following
steps for the sake of convenience and accuracy.

STEP-1
Take initial direction of motion of the particle as
positive.

FOR EXAMPLE

(a) If a particle is dropped from a tower, then we can
take downward direction (the direction of initial
motion) as positive.

(b) If a particle is thrown vertically upwards from a tower,
then we can take upward direction (the direction of
initial motion) as positive.

STEP-2

The quantities (ie. u, v, a and s) along the initial
direction of motion will be taken as positive whereas
opposite to the initial direction of motion are taken as
negative.

FOR EXAMPLE

(a) For the particle dropped from the tower of height h,
we have taken downward direction (the direction of
initial motion) as positive. So, in this case we have

u=0, v=+v, a=+g and s=+h
as all are in the downward direction.

(b) For the particle thrown vertically upwards from a
tower of height h, we have taken upward direction
(the direction of initial motion) as positive. So, in this
case, since
+ initial velocity u is upwards, so u=+u,

- acceleration due to gravity is downwards, so
a=-g,

+ particle eventually reaches the ground, so the dis-
placement of the particle is downwards and hence
s=Ay=-h.

STEP-3
Now apply the equations of rectilinear motion of the
particle i.e.

1

v=u+at, s=ut+—at
Uu+v
Uz—uz=2as, s=Tt

1
sth =u+5a(2n—1)

and substituting the values as calculated in Step 2, to
get the desired solution to the problems as discussed
below.

FOR EXAMPLE
(a) For a body dropped (u=0) from a height h, the
equation of motion are

1 2
v=gt, h= 5 gt
Initial velocity in case of dropping is zero.
(b) For a body thrown downward with initial velocity u
from a height h, the equations of motion are

v=u+gt, h:ut+%gt2, v=4/u* +2gh
L]
L

v=42gh

Take downwards as positive
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(c) Forabody launched up from the ground, with initial
velocity u, the equations of motion before the par-
ticle attains maximum height are

v=u-gt, h=ut—;gt2, v=4u -2gh

Take upwards as positive

When the particle returns to the ground, then s=0
and hence we have

T 2
O=ut-—gt
u 29
2
= t=TimeofFIight=—L'I
9

(d) For a body launched up from a tower of height h,
taking upward direction as positive, then we have

So, the equations of motion are written as

12
—h=ut+—(-g)t
ut+-(-9)

v=u+(-g)t

and

ILLUSTRATION 36

A ball is thrown upwards from the ground with an
initial speed of u. At two instants of time, having an
interval of 6 s, the ball is at a height of 80 m from the

ground. Find u . Take g =10 ms 2.

SOLUTION

METHOD I
Consider the upward direction as positive, then

u=+ums"', a=g¢g=-10ms > and s=+80 m
1
Since, s=ut+ Eutz , S0 we get

80 = ut — 5t r
+ve
= 5 -ut+80=0

t_u+\/u2—1600

=
10

u—vu? -1600

and ——

10

Now it is given that these two instants, when the ball
is at 80 m from the ground have an interval of 6 s in
between. So,

u+\/u2 -1600 B u—\/uz -1600 B
10 10
Ji2 1600
5
1w -1600 = 30
u? —1600 =900

=
=
= u?=2500
=
=

6

=6

=150 ms™’
lu| =50 ms™
METHOD II
Since t,_, 4 =65 N
= typ=tpp =35 |
For A— B Ai‘
0=0+(-10)(3) Y :
= 0=30ms™" 8om |
ForO—- A i
v? —u*=2(-10)(80) 0
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= 900-u*=-1600
= u>=900+1600
= u=+2500=50 ms™

ILLUSTRATION 37

A particle is dropped from height 100 m and another
particle is projected vertically up with velocity
50 ms™ from the ground along the same line. Find
out the position where two particle will meet?

SOLUTION

Let the upward direction be taken as positive.
Let the particles meet ata distance y from the ground.

For particle A
Yo =+100 m
u=>0

a=-10ms™

. B 1 I y
Since y—y0+uf+5at y=0mm u =50 ms

= y:100+0(t)—%x10xt2

= y=100-5t° ..(1)
For particle B

Yp=0m

U=+50 ms™

a=-10ms™
1 2
= y=50(t)—5x10xt

= 1y =50t-5¢t* ..(2)
According to the problem
50t - 5t* =100 - 5t
= t=2s
Putting t =2 s in equation (1), we get
y=100-20=80m

Hence, the particles will meet at a height 80 m above
the ground.

Chapter 4: Kinematics | 4.41

ILLUSTRATION 38

A particle is dropped from a tower is found to travel
45 m in the last second of its journey. Calculate the
height of the tower.

SOLUTION

Let the total time of journey be n seconds. Then

a
S h = u+5(2n—1)

- 45:0%(2;4_1)

= n=>5s
So, 5" second is the last second of motion. Hence
height of tower is given by

1
h=—gt*
73

= h=%(10)(5)2

= h=125m

ILLUSTRATION 39

A particle is projected vertically upwards. Prove that

it will be at % of its greatest height at time which are
in theratio 1:3.

SOLUTION

For the particle projected upwards with an initial
velocity u, the greatest height attained is

uZ

H=—
2¢g

Let t be the time when the particle is at a height
y 3 _3(
4 4\ 2g

Using the formula s = ut +% gt*, we get

2
E L =ut+lgt2
4\ 2¢ 2
2
oy, O
g 8

Solving for t, we have

0
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Taking negative sign, t, = ZL

Taking only positive sign, t, = Su

2g

ILLUSTRATION 40

A body projected vertically upwards from the top
of a tower reaches the ground in ¢, second. If it is
projected vertically downwards from the same point
with same speed, it reaches the ground in t, second.
If it is just dropped from the top, it reaches the ground

in t second. Prove that t = \/t;t,.

SOLUTION

Let h be the height of the tower. Taking downward
direction as positive, we get

for the body projected upward, h = —ut, + % gt ...(1)
for the body projected downward, i = ut, + % gty ..(2)

for the freely falling body, h=0 +% gt’ = % gt ..(3)

Multiplying equation (1) by ¢, , we get
h5=-uq5+%gﬁ5

Multiplying equation (2) by £, , we get
hq=qu+%ggq

Adding (1) and (2), we get

1 1 1
iﬂq+5)=5gﬁ5+igﬁq:qug(q+g)

= h=;gt1t2 ()

= % gt? = % ght, { h= % gt* from equation (3)}

= =t

= t=m

ILLUSTRATION 41

A stone is dropped from a balloon going up with a uni-
form velocity of 5 ms . If the balloon was 60 m high
when the stone was dropped, find the height of bal-
loon when the stone hits the ground. Take g =10 ms™

SOLUTION

1
s=ut+—at*
2

U

—60=5(t)+%(—10)t2

G

60 m —velv

-60 =5t -5t

5t ~5t-60=0
F-t-12=0

P —4t+3t-12=0

(t—4)(t+3)=0
t=4s

Le U U U U

Height of balloon from ground at this instant is

h=60+(4)(5)
= h=80m

As the particle is detached from the balloon it is hav-
ing the same velocity as that of balloon, but it is mov-
ing under the influence of gravity, so a =—g (Because,
g is acting downwards and we have taken upward
direction as positive).

ILLUSTRATION 42

A particle is projected vertically upwards from a
point A on the ground. It takes t; second to reach
a point B at a height i from A but still continues
to move up. If it takes further t, second from B to
ground again, then show that

1
(a) h= Egtltz

2
t, +t
(b) maximum height reached is 3’(1%2) and

(c) the velocity of the particle at a height g is

$(i2+8)".
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SOLUTION

(@) Let the particle be projected upwards with a
velocity u.Suppose t; and t, be the times taken
for the motion from A to B and for the motion
from B to C and then from C to A respectively.

. Time of flight =(tl+t2)=(2”J
g

= u= g(t1 +ty)
2
For the motion AB,

1
h=utl—5gt12

= h=§(tl+t2)t1‘%gff=%gt1tz
—c
o [Be=n)
f?
Lo

(b) Maximum height reached

Tl | :
AC=H=—=—[§(fl+t2)]
2¢ 2g12

= AC=§(t1+tz y

(c) Let v be the velocity at a height % , then

v =uz—2g(g)=uz—gh

2
1
2
= = %[(tl =2t |
2
= 0 :%(tfH%)

= U:%/tfﬂg
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ILLUSTRATION 43

Aball is dropped from a height of 80 m on a floor. At
each collision with the floor, the ball loses one-tenth
of its speed. Plot the speed-time graph of its motion

between £=0 to 11.2's (Takeg =10 ms™ )

SOLUTION

Just Before First Collision
Time taken by the ball to fall through a height of 80 m
is obtained as follows:

u=0
1
h==qt
23’
80=1><10><t2
2

2% 80
10

t= =4s

Now, v(t)= gt

= 0v(4)=10x4=40ms™

From time t=0 to t=4s, v(t)=gt =10t
= olt)ect

In this duration speed increases linearly with time ¢

from 0 to 40 ms™" during the downward motion of
the ball and this speed-time variation has been shown
by straight line OA in figure.

-1
Spee(il (ms™) A: Just before first collision
A B: Just after first collision
40t ----- C: At maximum height

D: Just before second collision

36

} Y } - t(s)
0] 4 7.6 1.2

0 — A: Downward motion
B — C: Upward motion
D — C: Downward motion
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Just After First Collision
At first collision with the floor

Speed lost by ball = % x40=4ms™

Thus, the ball rebounds with a speed of
40-4=36 ms™". For the further upward motion, the
speed at any instant ¢ is given by

v(t)=v(0)-gt=36-10xt

Now, the speed decreases linearly with time and
becomes zero after time

t= 0 3.6s
10
Thus, the ball reaches the highest point again after
time t=4+3.6=7.6s from the start. Straight line
BC represents the speed-time graph for this upward
motion.

Just Before Second Collision
At highest point, speed of ball is zero. It again starts
falling. At any instant ¢ its speed is given by

v(t)=10t

Again, the speed of the ball increases linearly with
time ¢ from 0 to 36 ms™" (initial speed of the previous
upward motion) in the next time-interval of 3.6 s. Total
time taken from the start is t=4+3.6+3.6=1125s.
This part of motion has been shown by straight line
CD.

ILLUSTRATION 44

A ball is thrown upward with an initial velocity of
100 ms™.

(a) Calculate the time taken by the ball to return to
the point of launch.

(b) Draw velocity-time graph for the ball and find
from the graph
(i) the maximum height attained by the ball and
(ii) height of the ball after 15 s.

Take g =10 ms ™.

SOLUTION

(a) Taking upward direction as positive, we get
u=100ms™, g=-10 ms™

At highest point ie., the point of reversal of
velocity, v=0

Since v =u+gt

= 0=100-10xt

So, time taken to reach highest point, is

t= 100 _ 10s
10

The ball will return to the ground at T = 2t = 20 s.
(b) Corresponding velocity-time graph of the ball is

shown in figure

v(ms™)
f

+100\
B C t(s
ol C )

(i) Maximum height (H) attained by the ball is
equal to the Area of AAOB

= H=%x10x100=500 m

(ii) Height attained after 15 s is
h = Area of AAOB + Area of ABCD

= h=500+%(15—10)><(—50)

= h=500-125=375m

ILLUSTRATION 45

Astone is dropped from the top of a cliff of height 1. n
second later, a second stone is projected downwards
from the same cliff with a vertically downward veloc-
ity u.Show that the two stones will reach the bottom
of the cliff together, if 8h(u-gn)* =gn®(2u-gn)’.
What can you say about the limiting value of .

SOLUTION
The time taken by the first stone to reach the bottom

of the cliff is \/E
8

According to the given problem, the second stone is
projected n second later. The two stones will reach
the bottom together, if the second covers the same

2h
distance in time f = \/: -n
8
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Since, h=ut+ %gt2

2
Hence, h=u[\/§—n)+lg[\/@—n}
8 2°(V 38
= h=uﬁ—un+1g[2h—2n\/ﬁ+n2]
8 27\ g g
= h=(u- )Zh+[h—un+nzg]
2
= 2h=(u—gn)\/@+%—un
g 2

Solving it, we get

hzgnz((?u-gn)T

8 (u—gn)

= 8h(u—gn)2 = gn2(2u—gn)2

Hence, the two stones will reach the bottom together,
if the above condition is satisfied. Also, since

t= %—n,sowemusthavetzl)
8
= %—HEO
8
= n< %
g

2h
So the limiting value of n is myay =, |[—

ILLUSTRATION 46

Two bodies are thrown vertically upward, with the
same initial velocity of 98 ms " but4s apart. How
long after the first one is thrown will they meet?

SOLUTION
Let y,... be the maximum height at which the veloc-
ity of first body reduces to zero.

Using the equation v =uty 2gs , we have
0=(98)" —2x(9.8)xy,..

(98)°
=) 490
Jmax =5 (98) "
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If t be the time taken by the body to reach the height

980 m , then from the equation v =u+ gt, we have
0=98-(9.8)¢

= t=10s

Now the second body which was thrown after 4 sec

has been moving upward for 6 sec. The velocity v
acquired by this body is given by

v=98-(9.8)x6=392ms™
The height y reached by the body is

y=(98x6)-—(9.8)x(6)’ { s=uf+%gf2}

_1
2

= y=588-1764=4116m

At this moment, the distance between the first and

second body is

Ay =490-4116=784m

Now the two bodies will meet during the downward
journey of the first and the upward journey of the
second. Let the two bodies meet after a time ¢ meas-
ured from above moment. The first body is coming
down (initial velocity zero) and let it covers a distance
y in t second. The second body is moving upward

and covers a distance (78.4-y) in ¢ second. Using

1
y=ut+ 2 gt* for two bodies, we have

1 2
=—x98xt
=3

and (78.4—y)=(39.2)t—%x9.8xt2

Solving the two equations, we get
t=2s

Hence the two bodies shall meet 10+2=12s after
the first body is thrown.

ILLUSTRATION 47

A particle is dropped from the top of a tower h m
high and at the same moment another particle is pro-
jected upwards from the bottom. They meet when the

upper one has descended a distance E Show that
n

the velocities of the two when they meet are in the
ratio 2:(n-2) and that the initial velocity of the par-

’ h
ticle projected up is % .
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SOLUTION

The situation is shown in figure.

B Py
A
i up=0
1 |
hin !
| h
| | vy
I
A % : %Vz
(h = h/n) L
G L ¥ I
Ground

Let the two particles meet at A after a time ¢
For first particle,

o1,
—=—gt (1
—=38 ()

For second particle,

h 1
h——|=ut—=gt .2
(2t .
Adding equations (1) and (2), we get
h=ut
o ih e

u

Substituting the value of ¢ from equation (3) in equa-
tion (1), we get

, 1
= = — h
i zng
ngh
= |— 4
= u 5 (4)

Velocity v, of first particle at A is given by

=it oen()
=uy +2g| — [=0+2g| — (5
U =1 g(n S\, ()
Velocity v, of second particle at A is given by
U%=u2—2g(h—ﬂ)

n

= U% =%ngh—2gh(1—l)
n

= z;%:gh

Dividing equation (5) by equation (6), we get

) 2gh o
U n _ g
2 ( 2 - 2
I n-2)  gh(n-2)
2n
o 2
v, n-2

ILLUSTRATION 48

A parachutist after bailing out falls 50 m, without
friction. When the parachute opens, he decelerates
downwards with 2ms™. He reaches the ground
with a speed of 3 ms™" .

(@) How long is the parachutist in the air?
(b) At what height did he bail out?

SOLUTION

For fall without friction, i.e., free fall h=50m, u=0,
g=98ms” and t=t

Using h=ut+ % gt*, we have
1 2
5{)=0+5><9.8><t1

L= 22%2 316
9.8

The velocity after falling through 50 m may be
obtained by using the formula

Uz=uz+2gh
= 2" =0+2x9.8x50
= U=m
= v=313ms"

Taking downward direction as positive, the initial
velocity is 31.3 ms™ and final velocity is 3 ms™" .
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Acceleration g = -2 ms™

Let time be f, . Now using v = u +at, we have

=

3=313-2t,

28.
tzz%:14155

. Can you think of examples where velocity of a

particle is

(a) in opposite direction to the acceleration

(b) zero but its acceleration is not zero

(c) perpendicular to the acceleration

As a body is projected to a high altitude above
the earth’s surface, the variation of the accelera-
tion of gravity with respect to altitude y must be
taken into account. Neglecting air resistance,
this acceleration is determined from the formula

R?
a=-g, > |, where g, is the constant grav-
{(R+y) ]

itational acceleration at sea level, R is the radius
of the earth and the positive direction is mea-
sured upward. If g, =9.8Tms™ and R=6356 km,
determine the minimum initial velocity at which a
projectile should be shot vertically from the earth’s
surface so that it does not return to the earth.

A particle is projected vertically upwards and t
second after another particle is projected upwards
with the same initial velocity. Prove that the par-

ticles will meet after a lapse of [£+EJ second
2 9
from the instant of projection of the first particle.

What are the velocities of the particles when they
meet?

A ball is projected vertically upwards with a veloc-
ity of 100 ms™". Find the speed of the ball at half
the maximum height. Take g=10 ms 2.

A particle is projected vertically upwards from the
ground at time t=0 and reaches a height h at
t=T. Show that the greatest height of the particle

(gT2+2hf

is
8qT”

If distance travelled be

=
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h, then h=ut where

313+3 343
2
h=1715x14.15=2427 m

=17.15ms " and t=14.15s

Now, total time =t=3.19+14.15=17.34 s
and total height = h =50+242.7 =292.7 m

0‘7 Test Your Concepts-V

Based on Motion Under Gravity

6.

(Solutions on page H.81)
A rocket is fired vertically upwards with a net
acceleration of 4 ms™ and initial velocity zero.
At t =55 its fuel is finished and it decelerates with
g. At the highest point its velocity becomes zero.
Then it accelerates downwards with acceleration g
and returns to ground. Plot velocity-time and dis-
placement-time graphs for the complete journey.
Take g=10 ms™.
A stone is dropped from the top of a tall cliff and
n second later another stone is thrown vertically
downwards with a velocity u ms™'. How far below
the top of the cliff will the second stone overtake
the first?
A body of mass m is thrown straight up with a
velocity u,. Find the velocity u” with which the
body comes down if the air drag equals cu® where
¢ is a constant and u is the velocity of the body.
To test the quality of a tennis ball it is dropped onto
the floor from a height of 4 m and it rebounds to a
height of 2 m. If the ball is in contact with the floor
foraduration of 12 ms. Calculate the average accel-
eration during that contact? Take g=9.8 ms™.

10. Arocketisfired vertically from restand ascends with

11.

constant net vertical acceleration of 300 msec

for T minute. Its fuel is then all used up and it con-

tinues as a free particle in the gravitational field of

the earth. Find

(@) maximum height reached

(b) the total time elapsed from take-off until the
rocket strikes the earth.

A football is kicked vertically upward from the

ground and a student gazing out of the window

sees it moving upwards past her at 5ms™'. The

window is 15 m above the ground. Air resistance

may be ignored.
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(a) How high does the football go above ground?

(b) How much time does it take to go from the
ground to its highest point?

Take g=10ms™?

12.Two balls of same mass are shot upward one
after another at an interval of 2 second along the
same vertical line with the same initial velocity of
39.2 msec™". Find the height at which they collide.
Take g=9.8 msec™.

13. Two bodies are projected vertically upwards from
one point with the same initial velocity v,. The sec-
ond body is projected t, second after the first. After
how much time will the bodies meet?

14. A stone is dropped from the top of a tower. When
it crosses a point 5 m below the top, another
stone is dropped from a point 25 m below the
top. Both stones reach the bottom of the tower
simultaneously. Find the height of the tower.
Take g=10 ms™2.

15. An elevator without a ceiling is ascending with a
constant speed of 10 ms. A boy on the elevator
throws a ball directly upward, from a height of 2 m

above the elevator floor, just as the elevator floor is
28 m above the ground. The initial speed of the ball
with respect to the elevator is 20 ms™.
(a) What maximum height above the ground does
the ball reach?
(b) How long does the ball take to return to the
elevator floor?
Take g=10 ms™
16. A ball is projected vertically upwards with a veloc-
ity of 24.5msec™ from the bottom of a tower.
A boy, who is standing at the top of the tower is
unable to catch the ball when it passes him in the
upward direction. But the ball again reaches him
after 3 second when it is falling and then he catches
it. Find what was the velocity of the ball when the
boy caught it and find also the height of the tower.
17. Two particles begin a free fall from rest from the
same height, 1 s apart. How long after the first par-
ticle begins to fall will the two particles be 10 m
apart?
Take g=10 ms™2.




MOTION IN A PLANE AND RELATIVE VELOCITY

MOTION IN A PLANE: AN INTRODUCTION

Any type of planar motion can be resolved into two
rectangular rectilinear motion i.e., two mutually per-
pendicular independent motions resolved along x
and y axis (since x and y components do not have
any dependence in each other). Consider a particle to
be moving along a curve C in x-y plane. Let it be at
apoint P(x,y) which has a position vector 7 atany
particular instant of time f. Let this position vector
make an angle 6 with position x-axis as shown in
Figure.

From Figure, we get

x=rcosf and y=rsinf

Also, r:\fr2+y2 and tar1£)=z

X
Let ¥ be the velocity of the particle at point P

and let ¢ be the angle made by v with x-axis. So,
again we get

v, =0VCoS P

v, =Using

v
!

v=v? 4+ and tang=-"
Y v

X
A similar and identical treatment can also be done for
the acceleration components 4, and 4, . Further, the
equations of motion in vector form are

x-component of
equations of motion

y-components of
equations of motion

v, =u, +a,t vy =u, +ayt

t+1 £ r+1 £
X=Ul+ay y=utr-a,
2 2

2_,2_
vy —u, =2ay

u, +v, u, +v
x= t (Wt
( 2 ] ”( 2 ]t

The most significant thing about these types of motion
is that they are independent of each other.

ILLUSTRATION 49

Calculate the displacement, when a particle is
displaced

(a) 5m due North and then 12 m due East.
(b) from point 1 to 2 having position vector

7 =(2-3j+4k) m and 7, =(6i -6]+16k) m
Also find the magnitude in both the cases.

SOLUTION
(@) A% =5
AR, =12(~7)

= AF= AR +4% =(5]-121) m

= |AF|=+25+144 =13 m

AP

T y
AF)=5] W E l—‘x
AF

|
S

(b) AF =, ~F=F; T,

AF = (6 - 6] +16k ) - (21 -3] +4k)
m

"?I

AF = (47 -3} +12k)
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= |A7l=J(42+()P+(127 =13 m

ILLUSTRATION 50

A particle travels along the parabolic path given by
y = bx* . If its component of velocity along the y-axis

is v, =ct2, determine the x and y components of

the particle’s acceleration. Assume b and c¢ to be
positive constants.
SOLUTION

Since v, = ct?

= y=—t

Substituting y from (1) in y = bx’, we get

P =y’
3

= Xx= \/me
3b

Thus, the x component of the particle’s velocity can
be determined by taking the time derivative of x

= Ux=x:d_x:il\/zt3/2}=§\/ztlf'2
dt  dr[ V3b 2\3b

Now again to calculate x and y components of
acceleration, we use
B dyx ) de

a, o =7, and ”y=F=i’y

= ax=f}x=£[§\/Zt1/2)=§\/zt‘m=é\/zl
dt\ 2\ 3b 4\3p 4\3b \t

. di
= ay=’uy=E(ct )=2ct

ILLUSTRATION 51

The position of a particle is7=(33 —2t)§—(4\ﬁ+t)}'+
(32 -2)k m, where t is in seconds. Determine the
magnitude of the particle’s velocity and acceleration
when t=25s.

SOLUTION
5=‘;= ;t[(aﬁ ~20)i-(adE+t)j+ (32 -2)k ]

= 0

l(9t2—2)f—(%+1)}+(6t)12} s

@ - il(gfz _2)2_(£+1);+(6t)12] ms™

= a

At dt Jt
= d=[(181)i + 2] +6k | ms
When t=25,

5=((0(22)-2)i-(2(2772)41)] +6(2)k) ms™
= §=(341-2414]+12k) ms™

So, the magnitude of the particle’s velocity is

61= o2 +02 +02 = {342 + (-2.414)" +122

= |9/=36.1ms™

Acceleration
When t=2s5s,

i=[18(2)i +2%] +6k | ms
= ii=[361+0.3536] +6k | ms™

So, the magnitude of the particle’s acceleration is

0= +a2 47 =\[36> +(0.3536)" +67 =365 ms

The velocity of a particle is 7= [Bf +(6-2t)] ] ms™,
where t is in seconds. If 7 =0 when t =0, determine

the displacement of the particle during the time inter-
val t=1s to t=3s.
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SOLUTION

The position 7 of the particle can be deter-
mined by integrating the kinematic equation
Lo . -
5=2 (i.e., d7 =0dt) and then using the initial con-
ditioni.e., at t=0, 7 =0 for solving the integral.

dr = ovdt
t

= J.dfzj[3§+(6—2t)f]dt
0 0
= 7=[3ti+(6t-£)]]m
When t=1s and 3,
Fliers =3(1)i +[6(1)-12]j = (31 +5]) ms™
Fliess =3(3)i+[6(3)-32]7 = (97 +9] ) ms™
Thus, the displacement of the particle is

AI-;=i:|r=3s_i;|r=ls

(9 +9])-(3i +5])

= A
= A7 =(6i+4]) m

ILLUSTRATION 53

A particle is moving in the x-y plane with constant
acceleration of 1.5 ms™ that makes an angle of 37°
with the x-axis. At t=0 the particle is at the origin
and its velocity is 8 ms™ along the x-axis. Find the
velocity and the position of the particle at t=4s.
Given sin(37°)=0.6

SOLUTION

Let us first calculate the components of constant
acceleration. If a, and a, be the respective accelera-

tion components along x and y -axis then

a,=(15 ms™?)(cos37°)=(15 ms™ )x%=1.2 ms™
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and a, = (1.5 ms > )><§= 0.9 ms™

At t=0, ux=8ms'l, uy=0
a,=12 ms‘z, a, =09 ms™
x=0and y=0

The x-component of the velocity at time t=4s is
given by

v, =u, +adt

= v,=8ms"+(1.2ms?)(45)

= 0,=8ms ' +48ms ' =128 ms”

The y-component of velocity at t = 4 s is given by
v, =u, ta,t

= 0,=0+(09ms?)(45)=36ms”

The velocity of the particle at t=4s is

v= 0} +U§ = \](12.8 ms’ )2 +(3.6ms™ )2

v=133ms™!

Assume that the velocity makes an angle 6 with the
x-axis, then

) -1
tanf=r_36ms” _ 9
v, 128ms” 32

= f=tan’’ (9)
32
The x-coordinate at { =4 s is given by
xX= urt+lart2
TS

= x= (8)(4)+%(1.2)(4)2

= x=32m+96m=41.6m

The y-coordinate at { =4 s is given by
.,
Y =uyt+5ayt
1 2
= y= 5(0.9)(4)

= y=72m

Thus, the coordinates of the particle at 4 s are (41.6 m,
7.2m).
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ILLUSTRATION 54

A particle is moving in a plane with velocity given by

3 = uyi +[ acos( a)t)]f . If the particle is at the origin
at t=0,

(@) calculate the trajectory of the particle

(b) find its distance from the origin at time (j—ﬁ) :
@

SOLUTION
ﬁ=f)x§+vy}
d

=>Ux=%=“o vy=d—¥=aa)cos((ot)
= dx =uydt y t

. t = de=uchos(cot)dt
= de=quldt 0 0

0 0 I sin(ot)[
= x=uyt (1) y= o |

= y=asin(wt) ..(2)

(a) From (1), t = . Substituting in (2), we get
Uy

y=asin{ﬂ)
L

This is the desired trajectory and it is a sine curve
as shown in figure.

{Equation of Trajectory}

+af-->

(b) For t= (;—E) from equations (1) and (2), we get
()]

x=uu(§—:)) and y=-a

So, distance from the origin at ¢ = (;—E) will be
®

2
r=yxt 4yt =1ﬂ(3;r:)°) +a°
Iud

=  r=.la+

4w

ILLUSTRATION 55

A particle of mass 2 kg has a velocity of 2ms™".
A constant force of 4 N acts on the particle for 1sina
direction perpendicular to its initial velocity. Find the
velocity and displacement of the particleat t=1s.

SOLUTION
Let the velocity of the particle be along x -axis. Then

U=2i

So, force on the particle is

F=4j
= E=£=2}
m

Since 7 = constant, so we can use
Lo Lo 1.,
Uv=1+at and s =ut+—at

2
D=i+at
= 0=2+(2t)j
= Ole1s=20+2)

So, the situation is shown in Figure (a).

Figure (a)

If o makes an angle o with x-axis, then

o= tan " | = tan_l(%) =tan (1) = 45°
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Thus, velocity of the particle at the end of 1 s is

2\/5 ms ! atan angle of 45° with its initial velocity.
The situation is again shown in Figure (b).

Figure (b)

Since § = it +~t*
2
- 1 24
= s=(2t)1+5(2)t]
= §|f=15 =2§+;
= [§l=y5m
If B is the angle which s makes with x-axis, then

1 it?

2_ =tan_1(1)
|7t 2

So, displacement of the particle at the end of 1 s

B=tan™

is v5m at an angle of tan'l(%) from its initial
velocity.

ILLUSTRATION 56

A particle leaves the origin with an initial velocity

5=(31A')ms'1 and a

constant  acceleration

= (—15—0.5}) ms ™. When the particle reaches its

maximum x coordinate, what are

(a) its velocity and
(b) its position vector?
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SOLUTION
@@ u,=3ms™"
a,=-1ms™ and a, =-0.5 ms
Since x=u t+1a t?
Tk

For x to be MAXIMUM, we have

=g
dt
1
= u,+-a,(2t)=0
T2
= u +at=0 1)
u
= t=-—
a,\'
= t=-—==3s
(-1)

Please note that this happens to be the time when
the x motion of the particle is reversed i.e., this
time is the time when the x component of veloc-
ity should be zero and equation (1) shows that.
At this instant

v, =0

-1
and vy=uy+ayt=0—0.5x3=—l.5ms
= 5:(—1.5,?) ms™

(b) x=uxt+%axt2 =3><3+%(—1)(3)2 =45m

1, 1 2
y=uyt+5ayt =0—E(0.5)(3) =-225m

= 7=(451-225]) m

0‘7 Test Your Concepts-VI

1. A particle starts from the origin at t=0 with a
velocity of 8 ms™" and moves in the xy plane with
a constant acceleration of (4f+2j') ms ™. At the
instant the particle’s x coordinate is 32 m, what are

(a) its y-coordinate and
(b) its speed?

Based on Planar Motion

(Solutions on page H.85)

2. A particle starts from the origin of the coordinates
along the path defined by the parabola y=0.5x".
If the component of velocity along the x-axis is
v, =(5t) ms~' where t is in second, determine
the particle’s distance from the origin O and the
magnitude of acceleration when t=Ts.
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y=05x2

0 =X

3. A point moves the plane x-y according to the law
x=ksin(wt) and y=k[1-cos(wt)] where k and
o are positive constants. Find the distance tra-
versed by the particle during time t.

4. A particle moves in the plane according to the law
x=kt, y=kt(1-at), when k and o are positive
constants, and t is the time. Find
(a) the equation of the particle’s trajectory y(x)
(b) the velocity v and the acceleration a of the

point as a function of time.

5. The speed of a particle moving in a plane is equal
to the magnitude of its instantaneous velocity,

v=|V|=/v{ +v;. Show that the rate of change of

_dv d-v
the speed is —=-—.
dt |Vl
6. As soon as a rocket reaches an altitude of 40 m
it begins to travel along the parabolic path

L (y-40)° =160x, where the coordinates are

measured in meters. Assuming that the compo-
nent of velocity in the vertical direction is constant
atv, =180 ms™", determine the magnitudes of the

rocket’s velocity and acceleration when it reaches
an altitude of 80 m.

y

/C,,_(y-40)2=160x

40m

=X

7. Velocity and acceleration of a particle at time t=0
are E:(2f+3j) ms™ and ﬁ:(4f+2j) ms 2
respectively. Find the velocity and displacement of
particleat t=2s.

8. A balloon is ascending at the rate v =12 kmh™
and is being carried horizontally by the wind blow-
ing at v,, =20 kmh™". If a ballast bag is dropped
from the balloon at the instant h=50 m, deter-
mine the time required for it to strike the ground.
Assume that the bag was released from the bal-
loon with the same velocity as the balloon. Also,
with what speed does the bag strike the ground?

(Take g=10ms2).

/

RELATIVE MOTION

Motion is a combined property of the object under
study as well as the observer. It is always relative
because there is no such thing like absolute motion or
absolute rest. Motion is always defined with respect to an
observer or a reference frame.

Reference Frame

The motion of a particle is described by using kin-
ematical quantities such as velocity, acceleration.
However, these quantities are dependent upon the
state of motion as seen by the observer. So, to under-
stand the concept of relative motion it becomes man-
datory for us to talk about or introduce the concept of
a “reference frame”.

Reference frame is an axis system from which
motion is observed along with a clock attached to the
axis, to measure time. Reference frame can be station-
ary or moving.

In layman language a Reference Frame is a plat-
form from where the observer observes motions and
takes measurements with respect to it.

Suppose there are two persons A and B sitting
in a car moving at constant speed. Two stationary
persons C and D observe them from the ground.

D Cc
ﬂ? ﬂ? 5
@ ﬁ
Here B appears to be moving for C and D, but at rest

for A. Similarly C appears to be at rest for D but
moving backward for A and B.
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RELATIVE MOTION IN ONE DIMENSION

Relative Position

It is the position of a particle w.r.t. observer. In gen-
eral if position of A w.r.t. origin is x, and that of
B w.rt. origin is xj, then position of A w.rt B (ie.
B is now the new origin) is denoted by x,; and is
given by

Xap =X4 —Xp

X Xag—
I ' :
: Xa -
Origin B A
. dx d
and v, = velocityof A w.rt. B=—28=—(x, —x;)
dt  dt
_ dx, dx
Vpp=————=Uy -0
AB= T TVAT s

So, for particles A and B moving in the same
direction

UAB=‘UA_UB|

and for particles A and B moving in the opposite
direction

UAB :UA +UB

Relative Velocity

Relative velocity of a particle A with respect to B
is defined as the velocity with which A appears to
move if B is considered to be at rest. In other words,
it is the velocity with which A appears to move as
seen by B considering itself to be at rest.

(a) All velocities are relative and have no significance
unless observer is specified. However, when we
say velocity of A, what we mean is, velocity of A
w.r.t. ground which is assumed to be at rest.

(b) Velocity of an object w.rt. itself is always zero.

(c) Velocity of A and B must always be measured
from the same reference.
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ILLUSTRATION 57

Two trains, each having a speed of 30 kmhr™ are
headed towards each other on the same straight
track. A bird that can fly at 60 kmhr™" flies off one
train, when they are 60 km apart and heads directly
for the other train. On reaching the other train, it flies
directly back to the first and so on.

(@ How many trips can the bird make from one
train to the other before they crash?
(b) What is the total distance the bird travels?

SOLUTION

The relative velocity of one train relative to the other
is 60 kmhr " and as the distance between the trains is
60 km, the two trains will crash after 1 hr.

(a) Now, the velocity of bird with respect to train
towards which it is moving will be v = 90 kmhr ™.
So, the time taken by bird for first trip is
t = (%) = 2 hr and in this time the trains have

moved towards each other (%)x 60 =40 km , so

the remaining distance = 60-40 =20 km .
So, the time taken by bird for second trip,

20 (2
ty=—=|=|hr
290 (32 )
Proceeding in the same way time taken by the
bird for nth trip, t, = (;)hr

Now, if the bird makes n trips till the train
crashes,

b+t +t3+...+t, =1hr

= Z+%+....+£:1hr
3 3 3"

= 2 1+l+i+....+ ! :|=lhr
3 3 32 31

ah)
()
-y

=1hr

U
[SS RN )
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= (l) =0
3
= n—oeo

So, the bird will make infinite trips.

(b) As the speed of bird is 60 kmhr™" and the two
trains crash after 1 hr,, so the total distance trav-
elled by the bird is the distance travelled by the
birdin1hr. e,

d=60(h@)xlhr=60km

r

RELATIVE ACCELERATION

It is the rate at which relative velocity is changing

dv dv, dov
R I I

Equations of motion when relative acceleration a,y is con-
stant are

Urel = Upe) + |£Irelt

1
Srel = urelt—l_ E arelt

2

2 _
Urel = Upel + 2‘grels

rel

where 1, is the initial relative velocity, v, is the
final relative velocity i.e. relative velocity at some
instant of time ¢ and s, is the relative displacement
of the particles.

rel

EQUATIONS OF MOTION IN RELATIVE
VELOCITY FORM

The kinematical equations of motion are also modi-
fied as follows

v, =u, +a,t
1

S, =u,t+ —a,tz
2

0% -u’=2as,

where u, is the initial relative velocity
v, is the final relative velocity at time ¢
a, is the relative constant acceleration
s, is the relative separation at time ¢

ILLUSTRATION 58

When two particles A and B are at point O, A is
moving with a constant velocity 50 ms™ , while B is
not moving. But B possesses a constant acceleration
of 10 ms™. After how much time they will be at a
distance of 125 m?

SOLUTION
For particle A

1y =50 ms™
ﬂA =0 mS_2
Ae—
Be——
0

For particle B
up =0
1y =10 ms™
So, initial velocity of A w.r.t. B
Ugp =ty Uy =50 ms™
and acceleration of A w.r.t. B
Agp =0, —ag =-10 ms™
The distance between A and B after time ¢ is given
by
Sap = L{ABH%aAsz
125 = 50¢ - 5¢*
t* ~10t+25=0
(t-5Y=0

= t=5s

ILLUSTRATION 59

Car A and car B start moving simultaneously in
the same direction along the line joining them. Car

L

A with a constant acceleration a =4 ms™ , while car
B moves with a constant velocity v=1ms . At time
t=0, car A is 10 m behind car B. Find the time
when car A overtakes car B.
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SOLUTION

Given u, =0, uz =1ms™, a, =4ms™ and a5 =0

a=4ms? v=1ms™

®l A ; 2 10m ‘@ B ™ %

+ve

Assuming car B to be at rest, we have
Upp=u, =ty —up=0-1=-1 ms™
Ap=a,=a,—-a3=4-0=4ms™

Now, the problem can be assumed in simplified form
as follows:

Upg=-1ms™

P

Substituting the proper values in equation

at rest

1
s, =ut+ Eﬂrf2

= 10=—t+;(4)(t)2

= 2t2-t-10=0

t=1im=1i\/8_1
4 4

149

e

= t=25sand -25s

=

Ignoring the negative value, the desired time is 2.5 s

Problem Solving Technique(s)

This problem can also be solved without using the
concept of relative motion as under,
At the time when A overtakes B,

Sp=55+10
1 2
= EX4Xt =Ixt+10

= 2t°-t-10=0

Which on solving gives t=2.5 second and -2 second,
the same as we found above.
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RELATIVE MOTION IN TWO DIMENSION

Let 7, be the position of A with respect to O i.e.
position vector of the point A is 7.

Similarly let 7 be the position of B with respect to
O i.e. position vector of the point B is 7.

0 - X

Then the position of A with respect to B is 7,5
given by

Tap =Ta —T3
(The vector sum 7, —7; can be done by A law of
addition or resolution method).

Now the velocity of A withrespectto B is Uz,

which is the rate at which position of A with respect
to B changesi.e.

. d,.

Uag =E(FAB)
da
dt

= Upp=Un~TUp

d

- . d. . ar, dr, . .
(”AB)=E(TA) ( )' 4 L=

——\Ip Uq —Up
dt

ot dt

S0, Ugp =Uyp = U4 — Uy = velocity of A relative to B
Similarly

Upy =04 =0p —0, = velocity of B relative to A

If v,and vgare inclined to each other at angle @,
then

|ﬁAB|= ‘5BA|= \/’UAZ'{"UBZ —2'025'3 COSB

and ﬁAB = _T-jBA
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Problem Solving Technique(s)

= Vap=Va~VptVp—Vp
= Vag=(Va—Vp )~ (Vg —Vp)=Vsp Vg
= Vag=Va—Vg=Vap —Vgr =Va0 ~Veo

i.e., relative velocity is simplify independent of the
velocity of the observer (O) analysing the motion,
as long as both the particles A and B have their
velocities specified w.r.t. the same observer.

By default v, and vj are specified with respect
to the ground or with respect to a stationary
observer at the ground.

(b) If AF is the relative separation between any two
particles at time At, then

AT =V At

= |Ar] =(\fv,,;\2 +Vg —2V,Vp cos@)At

(c) A similar treatment is also given when we are
asked to deal with the relative acceleration dgp
or dg,

d,g = d, — dg = Acceleration of A relative to B
dgy = dg —d, = Acceleration of B relative to A

Similarly

|Gug | =|dga | = a2 + @k — 20,05 cost

But here we must keep one thing in mind that
if we are asked to calculate the acceleration of
a ball falling freely with respect to another ball
projected vertically upwards, then relative accel-
eration is zero (and not 2g). This is due to the fact
that both the balls (either the ball falling freely or
the one launched upward) move under the influ-
ence of gravity which acts vertically downwards
for both.

Similarly, the acceleration of A with respect to B is
i g, which is the rate at which velocity of A with
respect to B changesi.e.

o,

QAB:E(UAB)

d,. . d, . d_ . di, do, .
= ()= )G ()= =i

= Apgp =0y —Aag

If d,p is acceleration of A relative to B and dp, is
acceleration of B relative to A, then

aAB =.£ZA —aB and HBA =£IB—HA

= g =—lpy

RELATIVE MOTION FOR BODIES MOVING
INDEPENDENTLY

For two bodies moving independently in the same
direction, relative velocity is v, =v, ~ v =|v4 — g
(~ sign indicates positive difference between v, and
vp)

This relative velocity can be the relative veloc-
ity of approach or of separation depending upon the
location of the bodies and the magnitudes of their
velocities.

v, =0, —0g, is the relative velocity of approach if

v, >vgand A is following (or approaching) B

Ae— Be——

Relative separation between A and B decreases with time

Whereas the same v, becomes relative velocity of
separation when B is behind A .

Vs VA
Be——» Ae——»

Relative separation between A and B increases with time

For two bodies moving independently in opposite
direction

U, =0y +UB

is the relative velocity of approach till the bodies do
not meet and after they meet, the same value is the

relative velocity of separation (or receding).
At—» - 0B

Bodies approaching and relative separation decreasing with time

Bodies receding and relative separation increasing with time

RELATIVE MOTION FOR BODIES MOVING
DEPENDENTLY

Dependent motion is the case when a person is mov-
ing on a conveyer belt or on the surface of a moving
carriage train or an escalator.
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In such cases, we have to first understand that “if
a velocity of the person walking on a moving surface is
given, then this velocity is the velocity of the person with
respect to the surface (i.e. his ground) on which he is mov-
ing and not with respect to the stationary ground.”
Let’s discuss and understand this through the
following situations.

Situation |

Consider a train T moving with a velocity v;. Let a
person P move with a velocity v (say) on this train
along the direction of the train, then the velocity of
the person with respect to his ground (which is the
train) is v, so

UPT =v, Whe].‘e UPT = UP —UT
= UP = UT +UPT

which simply means that the velocity of the person
with respect to a stationary observer A at the ground
is

UP =UT+'U

Situation la

If the observer A also starts moving on the ground in
the direction of motion of the train, then he sees the
person to be moving with a velocity

Upy = (0p +0) -0,
Situation Ib

If the observer A also starts moving on the ground in
the direction opposite to the motion of the train, then
he sees the person to be moving with a velocity

UPA =(UT +U)+UA

Situation 2

Similarly if the person P moves with a velocity v (say)
on this train opposite to the direction of the train, then
the velocity of the person with respect to his ground
(which is the train) is v, so

vpr =0, where vpy =vp —vr
(The direction of motion of train is taken as positive)

= Up =07 +UPT
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which simply means that the velocity of the person
with respect to a stationary observer at the ground is

'UP = UT -0
Situation 2a

If the observer A also starts moving on the ground in
the direction of motion of the train, then he sees the
person to be moving with a velocity

Upy =(UT _U)_UA
Situation 2b

If the observer A also starts moving on the ground in
the direction opposite to the motion of the train, then
he sees the person to be moving with a velocity

UPA =(UT —U)+UA
Situation 3

If a person (P) is moving with a velocity v, on a
stationary escalator (E), then with respect to the
ground (G), we have

Upg =Upp =Up
Situation 3a

If a person (P) is moving with a velocity v up an
escalator (E) which is also moving up with a veloc-
ity v, then with respect to the ground (G ), we have

Upc = Upg T Uk
Since, we must take a note here that v, = v, so veloc-

ity of the person with respect to ground or a station-
ary observer A on the ground is

UP=UE+U

Situation 3b

If a person (P) is moving with a velocity v down an
escalator (E) which is moving up with a velocity v,
then with respect to the ground (G), we have

Upc = UpE *+Vkg
Taking direction of motion of the escalator as posi-
tive, we note here that vpr =—v and vy =+vg, so

velocity of the person with respect to ground or a sta-
tionary observer A on the ground is

'UP='UE—?)
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ILLUSTRATION 60

Consider a collection of a large number of particles
each with speed v . The direction of velocity is ran-
domly distributed in the collection. Show that the
magnitude of the relative velocity between a pair of
particles averaged over all the pairs in the collection
is greater that v .

SOLUTION

As shown in figure, let 7, and 7, be the velocities of
any two particles and 6 be the angle between them.
As each particle has speed v, so

‘5’1|=‘52\=U

The magnitude of relative velocity v, of particle 2
with respect to 1 is given by

0y, = |-, [+, [ +2| =5, |7, | cos (180°— 6)

= Uy = Jo* +0% = 2(0)(0)cos 0 = y20* (1= cosB)

Since 1-cos@= Zsz(g)

= 0y =, |2 XZSinZ(E) = ZUsin(E)
2 2

As the velocities of the particles are randomly distrib-
uted, so 6 can vary from 0 to 27.If (v,; ) is the mag-
nitude of the average velocity when averaged over
all pairs, then

2n

—4v[cos(g)] i
0 _ _Z%(cosm—cos)
2r—0 T

= (021>:—2;v(—1—1)=%=1.273’0

= (vy)=

= (vﬂ)>v

ILLUSTRATION 61

Two trains, each having a speed of 30 kmhr™' are
headed towards each other on the same straight
track. A bird that can fly at 60 kmhr™ flies off one
train, when they are 60 km apart and heads directly
for the other train. On reaching the other train, it flies
directly back to the first and so on.

() How many trips can the bird make from one
train to the other before they crash?

(b) What is the total distance the bird travels?

SOLUTION

The relative velocity of one train relative to the other
is 60 kmhr™" and as the distance between the trains is
60 km, the two trains will crash after 1 hr.

(@) Now, the velocity of bird with respect to train
towards which it is moving will be v = 90 kmhr .
So, the time taken by bird for first trip is

(2)2n
90/ 3

and in this time the trains have moved towards
2

each other (EJXE»O =40 km, so the remaining

distance = 60-40=20 km .
So, the time taken by bird for second trip,

20 2
ty=—=| = |hr
2790 (32)

Proceeding in the same way time taken by the
bird for nth trip, t, = (%)hr
Now, if the bird makes n trips till the train
crashes,
b+t +t3+...+t, =1hr
2

= z+£+....+—=1hr
3 3 3"
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(b)

ILLUSTRATION 62

= (1) =0
3
= N

So, the bird will make infinite trips.

As the speed of bird is 60 kmhr! and the two
trains crash after 1 hr,, so the total distance trav-
elled by the bird is the distance travelled by the
birdin1hr. e,

d=60(%)x1hr=60km

On a frictionless horizontal surface, assumed to
be x-y plane, a small trolley A is moving along a
straight line parallel to the y-axis (see figure) with

a constant velocity of (V3-1) ms™. At a particular
instant, when the line OA makes an angle of 45°
with the x-axis, a ball is thrown along the surface
from the origin O. Its velocity makes an angle ¢ with
the x-axis and it hits the trolley.

(a)

A\ 45°

0

The motion of the ball is observed from the frame
of the trolley. Calculate the angle 8 made by the
velocity vector of the ball with the x-axis in this
frame.
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(b) Find the speed of the ball with respect to the

surface, if ¢ = % .

SOLUTION

(a) Since the motion of the ball (say B) is observed
from the frame of the trolley A, so in this prob-
lem we must deal with @y, i.e., velocity of ball B
with respect to the trolley A .

Y
DA(at f)
/ol
L
S
/ ! vot
A
/
/
!
/
/ /ﬁA(at t=0)
ff /// :
vg: 7 I
/, ! Yo
0, i
[ '\45° :
* X
O-ﬂ—XO —
NOW ﬁBA=T-jB —T_J;A (1)

Since ¢ is the angle made by the velocity of the
ball with the x-axis, to hit the trolley, so

Uy :UB(cosq‘)hsinq)f) (2

Also, 6 is the angle made by the velocity vector
of the ball with the x-axis in the frame of the trol-
ley B, so

T =UBA(COSB§+sin9f) ..(3)

Also, we are given that 7, = 'UA}: = (\/3 - 1)} ms!
Substituting all in equation (1), we get

Upa (cosé?hsiné)}): (v COSQD)IAl‘F

(vgsing-0,)] ...(4)

= Upy COSH=71pCOSP ..(5)

and vp,sinf=vpsing—-v, ...(6)

So, tan@ = B0~ .7)
Vg COS @
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Now, let the ball B strike the trolley A at time ¢,
then the y coordinate of the ball as well as the
trolley have to be the same, so

(y )Ball att = (y )Trolley at time ¢

= (vgsing)t=y, +o,t ...(8)
Also, we observe that
(vgcoso)t =x, ..09)

Since we know observe that x, = 1/,, so from (8)
and (9), we get

(vgsing)t = (vgcosg)t+ vyt
= Ugsing-v, =0y CoSP ...(10)
Using (10) and (7), we get

tanf=1
= 0=45°

Also, we could have arrived the result without these
calculations. Just keep in mind that for the ball (B) to
hit the trolley A, relative velocity of the ball B with
respect to the trolley A must be directed along OA.
So, Vg4 makes an angle of 45° with the x-axis. Hence
0=45°.

. 40 4(45°)
b) S =—=
(b) Since ¢ 3 3

So, from (7), we get
U sin(60°)—(x/§—1)

=60°

tan 45° =
vg cos(60°)
\/5) v
og| — [-V3+1=-2L
B[ 2 ¥3 2

UB(ﬁz_l):‘g_l

= op=2ms"

VELOCITY OF APPROACH/SEPARATION IN
TWO DIMENSION

Relative velocity of approach of two bodies is the rel-
ative velocity of the bodies along the line joining the
two bodies. If the separation is decreasing, we say it
is velocity of approach and if separation is increasing,
then we say it is velocity of separation.

ILLUSTRATION 63

Particle A is at rest and particle B is moving with
constant velocity v as shown in the figure at ¢t =0.
Find their velocity of separation.

-
/
/

BAG_’V

SOLUTION
UBA = 'UB —'UA =0

Ugep = component of vy, along line AB=vcos6

ILLUSTRATION 64

Particles A and B are moving as shown in the figure
at £ =0. Find their velocity of separation

(@) att=0 (b) att=1s

4 ms

3m

3ms

le—— 4 m—

SOLUTION
3
tanf=—
(a) tan 1

U, = relative velocity along line AB

P
4 ms!

4sindg /

—_—
I3
o
s
’
s

3m ~ 4

|-
s
’

-
[~

s

.

~
~
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= Ugp =3c0s0+4sinb

= 7, =3(E)+4(§):§:4.8 ms”’
P 5 5/ 5

(b) 6=45°

3sing
A

/

l =45 "

~

>3 ms

Y
la— 7 m—= N

LY
3coséd

Usep = relative velocity along line AB

P
= Ugp =3c0s0+4sin6

INERWE RN
= Usep_ E-l— ﬁ ——2ms

Four persons K, L, M and N are initially at the
four corners of a square of side a . Each person now
moves with a uniform speed v in such a way that K
moves always directly towards L, L directly towards
M, M directly towards N and N directly towards
K. Find the path-equation followed by the persons.
Also calculate the time taken by them to meet.

SOLUTION

The symmetry of configuration implies that each per-
son follows similar trajectories and perform similar
motion. They, therefore meet at the same time at the
centre O of the square. Since they are always direct-
ing their velocities to the next neighbours, therefore
they must follow a curved path as shown in the fig-
ure. The persons are always located at the corners of
the square which rotates and shrinks in size and ulti-
mately collapses to zero.

Path Equation Followed by Persons

Let 7 be the position vector of point M at any instant
t. The velocity @ of the person M always makes
fixed angle ¢ =45° with 7
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In time df, the person travels a distance ds=uvdt
(1)

Further in APQM,

= (ds) =(dr) +(rdo)’ 2)

where, dr = distance moved by particle along radial
direction rdf = distance moved by particle along tan-
gential direction (normal to 7 )

L M
4
rd
r s
——— 0” |
e -‘\,, V
/
! s
! Z \
a i/ 0%/
\ !
/
N /
\.“.-_- Cd
K N

Further in APQM ,

= tan4h5°= rd_@
dr

= dr=rdf (3)

2
2,
= rx—=¢
a
a g

{Equation of Trajectory}

where 6 is the angle measured from M along the
line OM . Putting (3) in (2), generates

= (ds)’ =2(dr)’
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= d5=\/§dr
= @: 2@
dt dt

= U= 2ﬂ
dt

The above analysis can be applied to any other con-
figuration where moving object makes a fixed angle
gwith 1
9
Then equation of trajectory will be r=r,e""’
rﬂ
VCos g

Time taken by the objects to meet T =

where, T is the time in which object moves from origi-
nal radial distance r, to r=0, with a uniform speed v.

e.g., For equilateral triangle ¢=30° r, =

&il=

a/\3 _2a

a o
r=—e""’ and T= =
3 vcos30 3v

e.g. For hexagon, ¢=60° ry=a
4

NG a 2a
r=ae¥® and T=

vcos60 - v

Shortcut Method to Find Only the
Time Taken

If the particles are located at the sides of an n sided
symmetrical polygon with each side a and each par-
ticle moves towards the other, then
B Initial Separation
Relative Velocity of Approach

a
= =
(%)
V—vcos| —
n
= T= a
(7))
v| 1-cos| —
n
- 7=—1

szinz(ﬁ)
n

Fortriangle n=3 = T:Z—a
3v
a

For square, n=4 = T=;
2

For hexagon, n=6 = =2
v

WHERE TO APPLY THE CONCEPT OF
RELATIVE MOTION?

The concept of relative motion can be applied to
two and three dimensional motion also. The prob-
lems involving the concept of relative motion mainly
belong to the following categories.

(@) Distance of closest approach (i.e.,, minimum
distance) between two moving bodies

(b) River-Boatproblems or River-Swimmer problems

(c) Aeroplane-Wind problems

(d) Rain-Man problems

(e) Relative motion in the case of projectiles
(discussed in projectile motion)
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CATEGORY 1: DISTANCE OF CLOSEST
APPROACH BETWEEN TWO MOVING
BODIES

METHOD I (Calculus Method)

For calculating the distance of closest approach (i.e.,
the minimum distance between two moving bodies,
we first calculate the distance r between them at any
instant of time # in the light of some conditions given
with the problem. Then we have to minimise r for
calculating its minimum value. Mathematically, for r

to be MINIMUM, we have
dr
= 0
dt

So we find or calculate the time at which r attains a
minimum value. Then this value of t is putin r to

get 1o -
METHOD Il (Relative Velocity Method)

This method can be applied using the following
steps.

STEP-1
First calculate @, i.e. velocity of B asseenby A (i.e.
velocity of B asseenby A, when A considers itself
to be at rest).

You can also calculate 7,5 i.e. velocity of A as
seen by B (i.e. velocity of A seen by B, when B
considers itself to be at rest).
STEP-2

Find the direction of Uy, and then draw a line along
the direction of T, .

STEP-3

Then perpendicular distance between A (consider-
ing it to be at rest) and the line along which @, is
directed is the distance of closest approach or the min-
imum separation between the two moving bodies.
For this see Illustrative Example below.

ILLUSTRATION 66

Ship A is moving towards south with a speed of
20 kmh™. Another ship B is moving towards east

with a speed of 20 kmh™. At a certain instant the
ship B is due south of ship A and is at a distance
of 10 km from ship A. Find the shortest distance
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between the ships and the time after which they are
closest to each other.

SOLUTION

If we analyse the positions of ships at different
instants, we find that the separation decreases at first,
becomes minimum at a particular instant of time and
then increases.

METHOD I: Using the Concept of Relative Velocity
Attach your reference frame with ship A and then
analyse the motion of ship B. For you the ship A
will be at rest and the ship B will appear to be mov-
ing with relative velocity 7y, :(20;'+20;) kmhr ™!
along line BC .

N
I
Al c y
| /I
: Lmin //
| l—»x
|
d; Onp
| /:.
55}' VBa
| A6 =45°
e E
S

Motion of A relative to B

For A, B will appear to be moving with relative

velocity Up, of magnitude 2072 kmhr™ atan angle
of 45° with east (i.e., +x axis). There is a point P
on the line of relative motion of B where the separa-
tion AB(= Ly, ) becomes perpendicular to the line
of relative motion. At this instant the separation is
minimum.
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For the triangle ABP,
sin45° = Lin
d

L1
min \/E \/E

And the time taken is given by

G54 |= |74 " +55|" =20v2 kmh ™

= =542 km

10><L
= P e V2 1y g5 min
‘UBA‘ 20\/5 20\/5 4
tar18=|f"=1
|
= 06=45°

METHOD II: Using Calculus

We have to find the time after which the separation is
minimum, so let us write separation as a function of
time and then minimize the function.

i vt B

At time t the distances moved by A
and B are v4t and vt respectively.

Their separation L after time t is given by
2 =(d-ut) +v3t (1)
Differentiating w.r.t. time

2L‘;—‘T; =2(d-ot)(~v, )+ 205t

L
When the separation L is minimum, E =0

= (U%+U§)t =0,d
_od
(07 +22)
(10)(20)
(20% +202)

= t=

=

1

Now the minimum separation as given by equa-
tion (1) is

2
Linin =\/(10—20x1) £20 X~
4 42

= I—-‘min :5\,/51(1’11

ILLUSTRATION 67

The distance between two moving particles P and Q
at any time is a . If v, be their relative velocity and if
u and v be the components of v, along and perpen-
dicular to PQ, then show that their closest distance

. ao . .
is — and that the time that elapses before they arrive

Uy

. . .oau
at their nearest distance is — -
U!‘

SOLUTION

METHOD I

Assuming P to be at rest, particle Q is moving
with velocity v, in the direction shown in figure.
Components of v, along and perpendicular to PQ
are # and v respectively. In the figure

. " )
smo=—, CoOstt = —
Ur U!‘
Pi~,
:o:\\
1 .
1 Y
I \\
1 N
: \\ R”
a y vrC’\
| \‘
|
|
|
l
|
o |
- Q v

(i) The closest distance between the particles is PR .
So,

Smin = PR =PQcos o = (a)[i)

Uy
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(ii) Time after which they arrive at their nearest
distance is

METHOD II

In time ¢, particle P will travel a distance PR =ut
relative to Q along PQ and a distance RS =ut per-
pendicular to PQ. S is the position of P after time
t relative to Q. The distance x between them after
time ¢ is given by

x* = QR2 +RS% = (a—ut)z + 02t
x% = (u2+vz)t2 —2aut +a*

2

X =Uft2—2aut+az { u® +0° =vf}

7 Q

1p
This can also be written as
2 22
s 2 au a‘v
X =Ur[f—v—2J +U—2 (1)
r r
From equation (1) it is clear that x is minimum at

au .. )
t=— and the minimum value of x is

RELATIVE MOTION IN RIVER FLOW
(ONE-DIMENSIONAL APPROACH)

If a swimmer (s) can swim relative to river (r) with
velocity 7,, and river is flowing relative to ground
with velocity 7, , velocity of swimmer relative to the
ground is 7, then
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3
Il
|
i~

=1
1]
=11
-+
=1

If v, =0, then v, =V,
In other words, velocity of man in still water = velocity

of man w.rt. river.
So, whenever a problem says that velocity of

swimmer in still water is 5 kmhr'1, then we must take
v, =5kmhr".

RIVER PROBLEM IN ONE DIMENSION

Velocity of river is u and velocity of man in still
wateris v.

CASE-1
Man swimming downstream (along the direction of
river flow) In this case

———

DU DUV S

Swimmer
Vgr=V
Vf‘ =U—>

Observer at ground sees the swimmer
moving with velocity vg = (v + )

Velocity of river v, = +u
Velocity of man w.r.t. river v,, =+v
Now v, =v,, +v, =u+v

CASE-2
Man swimming upstream (opposite to the direction
of river flow). In this case

T e

v\ﬁa\, —+-‘
Swimmer
V=V
-—v,=U
Observer at ground sees the swimmer
moving with velocity v, = (v - u)
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Velocity of river v, = -u
Velocity of man w.r.t. river v,, = +v

Now v, =0, +v, =(v-u)

ILLUSTRATION 68

A swimmer capable of swimming with velocity v
relative to water jumps in a flowing river having
velocity 1. The man swims a distance d downstream
and returns to the original position. Find out the time
taken in complete motion.

SOLUTION
Time of Time of
Total time =| swimming [+| swimming
downstream upstream
d d 2dv
t=t +f = + =
down “hup T L o—u of 2

CATEGORY 2: RIVER-BOAT PROBLEMS OR
RIVER-SWIMMER PROBLEMS

While solving problems related to river boat or river
swimmer we come across the following terms

(a) Absolute velocity of swimmer/boatman @, or
U, (absolute means velocity relative to ground)

(b) Absolute velocity of river current (7, ) and

(c) Velocity of swimmer/boatman with respect to
the river 0, or 7,

= 0,=0,+0, (1)

Observing the situation shown in the diagram below,
we arrive at some standard results and their special
cases.

Consider a river of width | across which a
swimmer wants to swim. Let 7, be the relative
velocity of swimmer with respect to river current and

let 7, make an angle 6 with PQ shown in the figure.
Let us assume the flow of river to be along the posi-
tive x-axis.

Since from (1), we get

= (o, )y = (v )y +(o, )y

= (Us )x =(Usr )x+(vr )x
( = (v, )y =1, C0s0+0

—v,, sin6)+v,

= (Us )x:Ur — Uy sinf (2) = (Us )y = Uy cosf (3)

If t is the time taken by the swimmer to cross the
river, then

= t=
v,, cos@

()

Further if x is the drift (displacement along x axis)
when he reaches the opposite bank, then

x=(vb)lt

= x=Drift=(v, -0, sin@)v -
sr

CONDITION FOR THE SWIMMER TO
CROSS THE RIVER IN THE MINIMUM
POSSIBLE TIME

l
v, cos0
For tto be MINIMUM, cos® must be MAXIMUM
ie., cosf=1

= 6=0"

Since t =

i.e., The relative velocity of swimmer with respect
to river must be perpendicular to the river current.
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As a result of this the swimmer will be drifted to the
point B.
So,

AB=Drift:vrt=(U—r)l ..(6)
UST

CONDITION FOR ZERO DRIFT
OR CONDITION TO REACH THE
OPPOSITE POINT

Since we calculated the drift value to be x given by

x=(v, -v,,sinb)

s, COS0
For the above condition to be met, we must have
x=0
= v,=7,sin6

_ v
= sinf=-—-L

US?‘

N 9=sin‘1[3) .7
USF

A diagramatic representation is given in support of
the above mathematical argument.

B Q B Q
\\ |
N } AS
. N |
sr Vs Ve
) 7]
P Py

Let U, be the velocity of swimmer relative to river
current, 0, the river current, then the swimmer
wants to swim in a manner such that he reaches the
point just opposite to the point from where he started.
For such a thing to happen he must have his relative
velocity directed in a direction opposite to the river
current at an angle @to the line PQ (say).

Further since

U, =0, -0, = 0,=7,+0,

So,sinG:—Q:& = I9=sin‘1[v—7’)
sr U
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So, we conclude that the swimmer reaches Q when
he directs his velocity relative to river at an angle

6=sin"’ (U—TJ , upstream from PQ.
UST

Also we observe that if v, >v, then the swimmer
would never reach the point Q.

Condition for Minimum Drift

For minimising the drift, we must have

dx
= — -, s1n9 =0
dﬂ{ UsrC059:|
d
= d—{ —sec9 tanﬂ}l} 0
= (sethanB) sec’6=0
v

sr

v
= —L(tanf)-secf=0

sr

=

v, sinf 1
= L—m=—
v, cos@ cosO

e
= @=sin!| =L
Ur

If we are asked to calculate the angle with the hori-
zontal, then we get

Total angle = §+ 6= ng sin~! [Usr)

Uy

Also, we conclude that the drift x can be minimised
only if v, <v,.

ILLUSTRATION 69

A swimmer can swim at the rate of 5 kmh™ in still
water. A 1 km wide river flows at the rate of 3 kmh™.
The swimmer wishes to swim across the river directly
opposite to the starting point.

(@) Along what direction must the swimmer swim?
(b) What should be his resultant velocity?
(¢) How much time will he take to cross the river?
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SOLUTION

(@) The velocity of swimmer with respect to river
v, =5 kmh™!, this is greater than the river flow
velocity, therefore, he can cross the river directly
(along the shortest path). The angle of swim
must be

f= £+sin'l(v—r]=90°+sin‘l[v—r)
2 USP‘ USP‘
a3
0 =90°+sin (g) =90°+37°
0=127° w.r.t. the river flow or 37° w.r.t. perpen-

dicular in backward direction
(b) Resultant velocity will be

v, = v} —0? =v52-3% =4 kmh’

Along the direction perpendicular to the river
flow.
(c) Time taken to cross the

1 km —%h=15min

=1
B [2 2 B -1
USI‘ _Ur 4 kmh
ILLUSTRATION 70

The current velocity of river grows in proportion to
the distance from its bank and reaches the maximum
value v, in the middle. Near the banks the velocity is
zero. A boat is moving along the river in such a man-
ner that it is always perpendicular to the current. The
speed of the boat in still water is . Find the distance
through which the boat crossing the river will be car-
ried away by the current if the width of the riveris [.
Also determine the trajectory of the boat.

SOLUTION
. . dy
Given that |3, |=0v, = Pt (1)
B, dx 200)
= = —= — -..2
o=, dt[l y @

From equations (1) and (2) we get

d_y_ ul
dx 2o,y
y Ix
u
= d =—Jd
Jyy 2y, '
0 0
= y2=%
40
I lv,
At =—,X=—
Y 2 4u
= net_zx_l'k’)_{J
2u

CONDITION WHEN THE BOATMAN
CROSSES THE RIVER ALONG THE
SHORTEST ROUTE

Here we have to discuss this condition in the light of
two cases.

CASE-1: When the velocity of the swimmer with
respect to river (v, ) is greater than river current
(v:)-

CASE-2: When the velocity of the swimmer with
respect to river (v,, ) is less than river current (v, ).
For the sake of ease we re-assign symbols to v,, and
v, as v and u respectively.

Q R
I
I

., I=width of

S

Vgr b river
|
PASI

P,

Let us further assume that 7, (i.e., v) makes angle
with the river current v, (i.e.,, u) and 7, makes angle
B with the river current. Then,

v,, Sin @ vsin@

tanff = (1)

v, +0,,c080 u+vcosd

Total length of the path is PR = L. Further

L

PR= L = Icosec 8
sin 8
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= L=I/1+cot*

2
o Lo I\/H(uﬂf.cosﬂ)
vsinf

l
vsinf
l
vsinf

For L to be MINIMUM or I? to be MINIMUM

Vi sin2 0+ 12 + 0% cos? 0+ 210c0s

= L=

= L= Vi +02 + 2uvcos

d| P u*+v*+2uvcosh
= 7 ) =0
sin” @
2

sin” 0(-2uvsin@) -
(uz +0° +2uuc059)(2sin9c059)

= =0
sin* 0

wosin® 9+(u2 +0 + ZMUCOSG)COSG =0
uv(l—c052 9)+(uz +0° +2uvc088)cosl9= 0

2 2.2 2
UV — UV COS 9+(u +v )c059+2uvcos 6=0

uo v Ul

uvcos? 0+ (12 +0%)cosO+uv =0

(1 +07 )i\,/(uz +0° )2 — du*o?
2uv
(u2+02)i (u2+’02 )2
2uv
(MZ-I-T)z)i(MZ-i—UZ)

2uv

0s0=-

U

= cosf=-

= cosf=-

Either or

—u2—UZ+M2—U2 —HZ—Uz—HZ-I-UZ

cosf =
2uv 2uv

cosf =

= c0sf=—— L2 | = cosf=—— ..(3)
u v

Equation (3) holds
good only when v<u

Equation (2) holds good
only when v <u

Further put (2) and (3) For u<v we have

one by one in (1), then u
cosf=——
For v<u we have v

v
cosf=——
u
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W1-cos? 0 oV1—-cos’ @
= tanf=——— |[= tanf=——"7—
u+vcost u+wvcosh
{ 2 { 2
v u
[ 1—7 v 1——2
= tanﬁ=7u = tanﬁ=7v
v u
u+v(——) u+’u(——)
u v
v oo
= tanf-= = tanfi—
2 .2
Ut -0 T
= ﬁ:E
v
= PB=tan”’
u? -2

So, we conclude that the direction of shortest route
followed by the swimmer is at right angles to the
river current when velocity of swimmer with respect
to river current (v) is greater then river current (v, )
or u and for v <u (the opposite case) it is in a direc-

: _ v
tion B=tan’
u? —o*

CATEGORY 3: AEROPLANE-WIND
PROBLEMS

These problems proceed the same way as we have
done for river-swimmer problems or river-boat
problems. Here 3, is just replaced by 7, (velocity

—

of aircraft with respect to wind), where 4,, =7, -0

ILLUSTRATION 71

A plane moves in windy weather due east while the
pilot points the plane somewhat south of east. The
wind is blowing at 50 kmhr™ directed 30° east of
north, while the plane moves at 200 kmhr ™" relative
to the wind. What is the velocity of the plane relative
to the ground and what is the direction in which the
pilot points the plane?

aw

-

SOLUTION

Three vectors Up;, Upy and Uy are involved. We

have to find the magnitude of p; and the direction
of py (ie., €). Let us first relate the three vectors
using the concept of relative velocity. We can write

Velocity of Velocity of Velocity of
plane = plane - wind
w.r.t. wind w.r.t. ground w.r.t. ground
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y

L.

-
A

Y
v .
PW

/_VYwe

= Upw =Upc ~Ung

= Upg =Upw T g

Here we have two unknown quantities (7p; and ),

so we should not relate the magnitudes of these vec-
tors using triangle law. In such situations we resolve
the vectors into components on the coordinate sys-
tem and then solve the equations for both axes
(x andy).

For the y components

UpG,y =Upw,y T OWG, y
i.e, 0=—-(200)sin6+(50c0s30°)
Solving, we get

sin@= g; 0=sin"(0.216)=12°

For the x components

Upg,x = Upw,x T 0w, x

0pe =(200cos8)+(50sin30°)
= Upg=221kmh™

ILLUSTRATION 72

An aircraft flies at 400 kmhr ™" in still air. A wind of

20042 kmhr! is blowing from the south. The pilot
wishes to travel from A to a point B north east of
A. Find the direction he must steer and time of his
journey if AB=1000 km .

SOLUTION

METHOD I

Given that v, =200v2 kmhr™?, o, =400 kmhr™
and @, should be along AB or in north-east direc-
tion. Thus, the direction of 9,,, should be such as the
resultant of v, and ©,, is along AB or in north-east
direction.

N i B

45°17,, = 20042 kmhr™’
a c

<i

452/ V., = 400 kmhr’

Let 7,, makes an angle & with AB as shown in
figure. Applying sine law in triangle ABC, we get

AC BC

sin 45°

sino

= sina=( 5 Jinage o[ 202 )11
AC 400 )2 2

= a=30°

Therefore, the pilot should steer in a direction at an
angle of (45°+ ) or 75° from north towards east.

Further, — %] = .400
sin(180°-45°-30°) sin45°
13, = 29 (400) k™
sin45°

= |ﬁa|=(c_0815 )(400) kmh !
sin45°

<y

So, the time of journey from A to B is

_AB_ 1000
|5, 546.47

= t=183hr

METHOD II
Suppose a vector C is a vector sum of two vectors

a|=(%)(4ﬂ@) kmh™ =546.47 kmh™

A and B and the direction of C is given to us. Let
the vector C be directed along a line PQ. Then
A+E(:C ) should be along the line PQ, ie., the
sum of components of A and B perpendicular to
line PQ must be zero. Similarly, if C=A-Band C
is directed along the line PQ, then the sum of compo-
nents of A and -B perpendicular to line PQ must
be zero.
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For example, if ¥, has to be along AB and we know
that o, =7, +7,,. Therefore, sum of components of
U,, and 0, perpendicular toline AB (shown as dot-
ted) should be zero.

N
B
_ Vy
l'.‘W
A Vaw
Al "E
S0, | ¥, |sine = |7, [sin45°
= sina= I?w‘sin45°
| ﬂTU|
= sina—(—ooﬁ)(LJ—l
L0 N2) 2
= a=30°
Now, |7, |=|0,, [cos o+, |cos 45°

= ‘6a|=(400)C03300—|—(2()0\/§)(%)

= \ﬁa|=(400)?+200

= |0,|=346.47 +200 = 546.47 kmhr '

Hence, the time of journey from A to B is given by

_AB 1000
|5, 54647

ILLUSTRATION 73

Find the time an aeroplane having velocity v, takes
to fly around a square with side [ if the wind is blow-
ing at a velocity u along one side of the square.

1.83 hr

SOLUTION
Velocity of aeroplane while flying from P to Q is

S - R
— e
Viing = U Vo=V+u
P Q
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v, =0+U

R

Velocity of aeroplane while flying from Q to R is

u

v, =\0" —u
] > v, =2 -2
= tQR=

Velocity of aeroplane while flying from R to S is

V,=0—U

l
= tRS =
v—=u

Va=Vv-u

Velocity of aeroplane while flying from S to P is

[2 2
v, =NU —u ,
v, =V - 1P
l
= t5P=7

2 2 u
U —-Uu

Total time

! [ I !

= + + +

v+u Pyt v—u JU2_M2
2a

(v+\lvz—uz)

UZ = Li2

= t

= t=

CATEGORY 4: RAIN-MAN PROBLEMS

In such problems we come across the following
terminology according to which

(@ 7,

(b) v, 1is the absolute velocity of man/cyclist/
motorist/observer.

(c) v, is the absolute velocity of wind (if it is
blowing) and

is the absolute velocity of rain.

(d) 7,, is the velocity of rain with respect to man or
the velocity of rain which appears to the man.

For dealing with such like problems, we have two
options
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Option A: When no wind is blowing.

<

ﬁrm = _ﬁm or ﬁrm = ﬁr + (_ﬁm )
So, while dealing with the problems in which rain and
man are there but no wind exists, then to calculate the

direction of v,,, we simply reverse the direction of

rm’
man’s velocity (-7, ) and then find the resultant of
-9,, and 7, ie., -, +(-0,, ) to get the direction and

magnitude of 0,,. It's the Best Trick! Try following

Tt

and see the results.
Option B: When wind is blowing.

5”’" =(6T+6w)_ﬁm or 6rm =ﬁr+ﬁw+(_5m)

So, while dealing with the problems involving rain,
manand the blowing wind we first calculate the result-
ant of rain and wind i.e., net velocity of rain under the

inference of wind ¥, + 7, = Upe4pain - 1he man sees this

—

rain falling with a velocity 7,,, = O etrain = U

rm

Again, we reverse the direction of velocity of man
and then find the resultant of 7 ,,,;, and -7, to get
0,,, with magnitude and direction.

So, to deal with problems involving rain, man
and wind we just reverse the direction of 7, ie.,
make it —v,, and then find the resultant of v,, 7,
and -3, i.e., 7, +7,+(-7, ).

ILLUSTRATION 74

A standing man, observes rain falling with velocity of
20 ms™" at an angle of 30° with the vertical.

i

(a) Find the velocity with which the man should
move so that rain appears to fall vertically to
him.

(b) Now if he further increases his speed, rain again
appears to fall at 30° with the vertical. Find his
new velocity.

SOLUTION
@) 3, =—vi (let)
3, =10 —103]
3,, =—(10-v)i ~1043]

' 1043 ms™

= —(10-v)=0 (for vertical fall, horizontal
component must be zero)

= v=10ms"

(b) 7, =-10i —103]

= ©,=20ms"

ILLUSTRATION 75

To a man walking at the rate of 3 kmh™ the rain
appears to fall vertically. When he increases his speed
to 6 kmh™" it appears to meet him at an angle of 45°
will vertical. Find the speed of rain.

SOLUTION

Let i and } be the unit vectors along the horizontal
and vertical directions respectively.

Let velocity of rain be 3, = ai +bj (1)

Then speed of rain will be

|9, | = Va? +b? .2)
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L]
In the first case ,, = velocity of man = 3i This seems to be at 45° with the vertical
= O =0 =0y = (a=3)i by = tan(45°)=w=@
It seems to be in vertical direction. Hence, the hori- ‘Ux ‘ 3

zontal component must be zero.

= [b]=3
- 3:,: 0 Therefore, from equation (2) speed of rain is
= a=
In the second case ,, = 61 |5, |= V(3)*+(3)* =342 kmh™!

= 0, =(a-6)i+bj=-3i+bj

rm

@ Test Your Concepts-VII

Based on Relative Velocity

(Solutions on page H.86)
1. Ariver 400 m wide is flowing atarateof 2ms™. A 6. An elevator car whose floor to ceiling distance
boat is sailing at a velocity of 10 ms ™' with respect is equal to 2.7 m starts ascending with constant
to the water, in a direction perpendicular to the acceleration 1.2 ms™. 2 second after the start, a
river. bolt begins falling from the ceiling of the car. Find
(a) Find the time taken by the boat to reach the the
opposite bank. (a) time after which bolt hits the floor of the
(b) How far from the point directly opposite to elevator.
the starting point does the boat reach the (b) netdisplacementand distance travelled by the
opposite bank? bolt, with respect to earth.
2. Snow is falling vertically at a constant speed of (Takeg=9.8 ms'z)

8ms™. At what angle from the vertical do the 7
snow flakes appear to be falling as viewed by the
driver of a car travelling on a straight, level road

. A particle is moving in a circle of radius r centred
at O with constant speed v. Calculate the change in
velocity in moving from A to B when ZAOB =40°.

with a speed of 50 kmh™'? 8. Two ships A and B are 10 km apart on a line

3. Show that the direction of shortest route is at running south to north. Ship A farther north

right angles to the river when the velocity of is streaming west at 20 kmhr™" and ship B is

boat with respect to water v is greater than that streaming north at 20 kmhr™'. What is their dis-

of the river velocity u and in opposite case it is tance of closest approach and how long do they
tan'1( v ] take to reach it?

Jii_v ) 9. Car A has an acceleration of 2 ms™ due east and

-2 . .
4. Aship Ais travelling due east at 10 kmhr™' and at car B, 4 ms™ due north. What is the acceleration

i i i ?
9 am is 30 km south-west of another ship B. If B of car B W'th respect to car Al
travels at 15 kmhr~' so as to intercept A calculate 10. A bullet train A starts from rest at t=0 and trav-

the els along a straight track with a constant accelera-
tion of 6 ms™ until it reaches a speed of 80 ms™".
Afterwards it maintains this speed. Also, when
t=0, another bullet train B located 6000 m down
on a parallel track is travelling towards A at a con-
stant speed of 60 ms™'. Determine the distance
travelled by train A when they pass each other.

(a) direction in which B must travel.
(b) time it takes when the interception takes
place.

5. A motorboat going downstream overcame a raft at
point A. One hour later it turned back and met the
raft again at a distance 6 km from point A. Find the
river velocity.
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11. A body is thrown up in a lift with a velocity u rela-
tive to the lift. If the time of flight is found to be t
then find the acceleration of the lift.

12. Aman wants to reach point B on the opposite bank
of a river flowing at a speed as shown in the figure.
What minimum speed relative to water should the
man have so that the can reach point B? In which
direction should he swim?

A
13. A launch plies between two points A and B on
the opposite banks of a river always follow-
ing the line AB. The distance S between points
A and B is 1200 m. The velocity of the river cur-
rent v=19 ms' is constant over the entire width
of the river. The line AB makes an angle «=60°
with the direction of the current. With what veloc-
ity u and at what angle B to the line AB should the
launch move to cover the distance AB and back in
a time t=5min? The angle f§ remains the same
during the passage from A to B and from Bto A.

B
/
/
/
7
U s
//_"V
s
ﬂ/
1
//Z‘\ﬂ.’

A

14. A man wishes to cross a river of width 120 m by
a motorboat. His rowing speed in still water is

3 ms™" and his maximum walking speed is 1 ms™.
The river flows with velocity of 4 ms™.

(a) Find the path which he should take to get to
the point directly opposite to his starting point
in the shortest time.

(b) Also, find the time which he takes to reach his
destination.

15. A ball is thrown vertically upward from the 12 m
level in an elevator shaft with an initial velocity of

18 ms™. At the same instant an open platform

type elevator passes the 5 m level, moving upward

with a constant velocity of 2 ms ™. Find

(a) when and where the ball will hit the elevator

(b) the relative velocity of the ball with respect to
the elevator when the ball hits the elevator.

16. A swimmer heads directly across a river, swim-
ming at 1.6 ms™' relative to still water. He arrives
ata point 40 m downstream from the point directly
across the river, which is 80 m wide.

(a) What is the speed of the river current?

(b) What is the swimmer’s speed relative to the
shore?

(c) Inwhatdirection should the swimmer head so
as to arrive at the point directly opposite to the
starting point?

17. A cyclist, riding at a speed V, overtakes a pedestrian
who can move at a speed not greater than v, the
two travelling along parallel tracks at a distance d
apart. Show that if the cyclist rings his bell when

. % .
at a distance less that —d, he may safely maintain
v

his speed and keep to his course regardless of the
behaviour of the pedestrian.

18. A swimmer wishes to cross a 500 m wide river flow-
ing at 5 kmh™". His speed with respect to water is
3kmh™.

(a) If he heads in a direction making an angle @
with the flow, find the time he takes to cross
the river.

(b) Find the shortest possible time to cross the
river.

(c) Assuming that the swimmer has to reach the
other shore at the point directly opposite to
his starting point. If he reaches the other shore
somewhere else, he has to walk down to this
point. Find the minimum distance that he has
to walk.

19. A pipe which can be rotated in a vertical plane
is mounted on a cart. The cart moves uniformly
along a horizontal path with a velocity v; =2 ms™".
At what angle « to the horizontal should the pipe
be placed so that drops of rain falling vertically with

avelocity v, =6 ms™' move parallel to the walls of
the pipe without touching them.
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20. Two mirrors, mounted vertically, are made to move

towards each other with a speed v each. A particle
that can bounce back between the two mirrors

N
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starts from one mirror when the mirrors are d
apart. On reaching the second mirror, it bounces
back and so on. If the particle keeps on travelling at
a constant speed of 3 v, how many trips can it make
before the mirrors run into each other? What total
distance does it cover?
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A particle is projected vertically with a speed of
329 ms™ from a point O. It passes successively
through two horizontal thin nets at height 8 m and
16 m respectively, above O. Find the greatest height
above O that the particle attains net and its speed on
reaching back to O. Assume that each thin net has a
mesh which is broad enough to allow the ball to cross
the net but witch half the velocity with which the ball
enters.

SOLUTION

Take upward direction as positive. In the upward
journey, let v; be the velocity of the particle just
before it enters the net A . Then

v =uy —2gh=(39.2)> -2x9.8x8

Nt B~

Solving it, we get v; = 37.15 ms™
Velocity of the particle after crossing the net is %1
So

% =18.575 ms™!

Let v, be the velocity of the particle just before it
enters the net B. Then

02 =(18.575)° —2x9.8x8
Solving it, we get v, =13.72 ms™'

Velocity of the particle after it crosses the net B is

vy = D372 _ ¢ 86 ms!
2

Let 1 be the height reached above the net B where
velocity of particle becomes zero. Then

(0)" =(6.86)° —2x9.8xh
= h=24m

SOLVED PROBLEMS

Total height above O is 16+2.4=18.4 m
In the return journey, the velocity of the particle at the
time of reaching net B is given by

U§=(0)2+2gh

= 03=,/2¢h=+2x9.8x24

Velocity after crossing net B is %JZ x9.8x2.4

Velocity at net A is \/(%4’)(2'4}2)(9.8)(8

(’UA )down =4/9.8x17.2
1
Velocity after crossing the net A is E \9.8x17.2

Let the velocity at O be v, . Then

(9.8x17.2)+2x9.8x8

2 _
0y =
= 0,=141ms"

Find the trajectory of the particle of mass m acted

uponby aforce F =cos i +sintj . At t =0 , the position

and velocity of particle are xof and 00} respectively.

SOLUTION

- 25 A "
Since, F=m E =costi +sintj [Given]
Integrating both sides w.r.t. t, we have

2
J md—; dt = I(cos ti +sintj)dt
dt

ar . A
= ma=smt:+(—cost)j+c1 (1)
Attime =0, we have . (2)

mvuf = —} +0 {putting t =0 in equation (1)}

= = (mvo +1)}
Substituting value of ¢; in equation (1) we get

A

mz%=sint2+(—CCtst)]A'+(rm)[J +1)j
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-
A

d A
= md—:=smt1+(mvo+1—cost)]

Integrating again both sides w.r.t. t, we have

A

J.[m%}dt=j(smtf+(mvo+1—cost)])dt
= ;vrn?:(—cc»st)i'\+(rrmﬂt+t—sint);+c2 ..(3)
Again attime t =0, 7 = x,i, thus equation (3) gives us

Cy =(rlf1:>cg+1)zc
Substituting value of ¢, in equation (3), we get

mF = (mx, +1—cost )i +(mo,t+t—sint)]

A

= :F=l[(mxo+1—cost)2+(mvot+t—smt)]]

m
o ..(4)
Comparing equation (4) with 7 = xi + yj

1-cost t—sint
x=x,+ and y=v,t+

m m

A sitting cat in a field suddenly sees a standing dog.
To save its life the cat runs away in a straight horizon-
tal line with constant velocity . Without any time
lag the dog starts with velocity ¢ constant in magni-
tude and always directed towards the cat to catch it.
Initially, o and i are perpendicular and separation
between the cat and the dog is d . Find the time after
which the dog catches the cat.

I

SOLUTION

Initially the particles are at A and B, a distance d apart
and their velocities are perpendicular to each other.

The velocity i is constant in magnitude and
direction while the velocity 7 changes continuously
in direction and is always aimed at B. Let, at any
instant t,
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At any time t (say)

makes an angle 8 with 1. Then resolving i into two
components

(a) ucos@, parallelto 7, and
(b) usin@, perpendicular to 7.

Therefore, relative velocity of approach of A towards
Bis
dx
v-ucosb)=-—
( )=-

(Negative sign indicates that distance between parti-
cles decreases with time)

= —dx=(v-ucos@)dt (1)
Integrating both sides of equation (1),

0 £
= —'[dx = J(U—ucose)dt
d 0
t t
= d:Jvdt—Jttcosﬂdt (2
0 0

Since u<v, Therefore, ucos@<v and hence, they
meet.

Also, the horizontal distance travelled by both of
them is the same, when they meet.

Therefore, Ax = va dt

t

= ut=|vcos@dt

0

t t

= d=v dt—ujcosﬂdt

0 0
ut
= d:vt—u(—)
v
= f= od
v —u?
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A hinged construction consists of three rhombus
with ratio of sides 3:2:1 (as shown in figure). Vertex
A; moves in a horizontal direction with velocity v.
Determine velocities of vertices A;, A, and B, at

instant when angle of construction is 45°.

SOLUTION

Let A, be the Origin of the whole system shown in
the diagram. Let

AyB, =B,A; =3k
AB, =B,A, =2k
A,By =BsA; =k
Hence, AyA; =3Kcosf+3Kcosf=6Kcosh=1xy
AyA; = ApA + AjA; =6Kcos0+4K cos 6
= X, =10Kcos6
AyA; = AyAy + AyA; =10K cos 0+ 2K cos

= x,, =12Kcos6

Similarly,
Xp, = 6K cos0+2Kcosf =8Kcos@,
and
Yp, =2Ksin@
dx

According to Problem, =7

= —12Ksinf)@ =v
dat

= —Ksiné?@ -
dt 12

Therefore,

dx
v, =ﬁ=—10Ksin9[d—9)=10(3)=§v
2T gt dt 12) 6

= (032 )2 = (%)2(64+4c0t20)

= U =%\/64+4c0t29

2

Now when 6 is 45°, then

v V17
UBZ =E\/6_=TU

At the initial moment three points A, B, and C are on
a horizontal straight line at equal distance from one
another. Point A begins to move vertically upwards
with a constant velocity v and point C vertically
downward without any initial velocity at a constant
acceleration . How should the point B move verti-
cally for all the three points to be constantly on one
straightline? The points begin tomove simultaneously.

SOLUTION

Initially, at £ =0, all the particles are equidistant from
each other.
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Letat time ¢ the particle A goesto A", B goesto B
and C goesto C’

AA’ =t

BB’ = uBHlaBtZ
2
1
CC’=~at’
2

In similar triangles AOA”, BOB’ and COC” we have

HBt‘FlﬂBtz lutz
-— 2 2 (1)

[-x X [+x

ot

0 _ ot
[-x I+x

at—2v
x=(at+20)[ (2)
Put (2) in (1) we get

uBH%aBtz - (%)H%(%)F

: v a
ie, up = 5 and ay =3

- I +x

Hence, for all the particles to be on one straight line

. : . L
the particle at B must move with an initial velocity 2

: - .oa,
in the upward direction and an acceleration 5 in the

downward direction.

Two boats, Aand B, move away from a buoy anchored
at middle of the river along mutually perpendicular

Chapter 4: Kinematics | 4.81

straight lines. The boat A along the river and the boat
B across the river. Having moved off an equal dis-
tance from the buoy the boats returned. Find the ratio
. . Ta . .
of the times of motion of boats 2 if the velocity of
Tp
each boat w.r.t. water is 7= 1.2 times greater than the
stream velocity.

SOLUTION

Let, d is the distance moved by boats, A and B, away
from boys in direction of motion (or perpendicular
to) stream velocity when they go from point 1 to 2.

v is the velocity of stream

Therefore, 1v is the velocity of the boat.

For Boat A:
Total time Time taken Time taken
takenby |=[ downstream |+| upstream
Boat A by Boat A by Boat A
" v
2 12
nv nvcos @
6
+ 1
= tA = tdown + tup
d d
= tA = +
nm+v NMU-v
2d
= tA = 2 n
v(n” 1)
For Boat B: Time taken by Boat B in going from 1 to 2
d
ty = (1
1-2 1vcos 0 ( )
1
and sinf= L_Z
- n
1
= cosf= [1- —
n

Substituting respective values in (1),

d
oyt -1

= b=
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v nv cos @

' /
1 m 1

Time taken by boat B to return from 2 to 1

d
” U\fﬁlz—l
= tyg=t_,+t,_ = 2
B=hothy =—F=—
o a1 gy
g n?-1

A particle of mass 107 kg is moving along the posi-
k

P
k=102 Nm?. At =0, itisat x=1m and its veloc-
ityis v=0

tive x-axis under the influence of force F(x)=-

(a) Find its velocity when it reaches x=0.5m.
(b) Time at which it reaches x =0.25m.

SOLUTION
k
@ Fx)=——~ {Given]}
(x) .
dv k
= Mmy—=-—=
dx  2x%
= muvdv= —idx (1)
2x2

v k 05
= mJ vdv = _E X 2dx
0 1.0

U
<
1l
+
—_

Since the particle is going from x=1m to
x=0.5m, hence, its velocity is directed along
the negative x-axis.

= G=(-1)i
(b) vz=5[1—1]
mipx

1-x . . .
= -v=,|— {directed towards negative axis}
X

oI /1‘—x .2
dt X

Integrating relation (2) within suitable limits

Solving, by substituting x = sin® 6, we get

t=[£+ﬁ)s

3 4
PROBLEM 8

From point A located on a highway one has to get
by car as soon as possible to point B located in the
field at a distance I from highway. It is known that
car moves in the field n times slower than on high-
way. At what distance from D one must turn off the
highway?

A .
I
o
'Highway !
B
SOLUTION

AC CB
= —
v U
n
AD-x x*+1?
= t= +
v

v
n
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The car has to reach B as soon as possible

= =0
dx
= i——_l_},lxzix
(AN NP o
n
2.2
nx
= =1
x+2
l
= x=
-1

A particle moves in x-y plane with velocity

G=kii+ kzx} , where i and } are unit vectors along
x and y axes, k; and k, are constants. Initially the
particle is at origin (0, 0). Find

(a) equation of particles trajectory y(x),
(b) curvature radius of trajectory of particle as a
function of x.

SOLUTION

@) =ki+kyx) {Given)

0, = kyxj

d
d% = kyx = kot

t

y
de - klkzjtdt
0

x t

de :Jkldt
0 0 0
x =kt (1)
y =%t2 ..(2)

Eliminating t from the above set of two equa-
tions, we have

[, )2
y—(zlix ..(3)

Equation (1) sounds much more like the equation
of the parabola
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(b) Let R be the radius of the parabolic equation,

PROBLEM 10

A helicopter takes off along the vertical with an
acceleration a=3ms ™ and zero initial velocity. In
a certain time t;, the pilot switches off the engine.
At the point of take off, the sound dies away in time
t, =30 s. Determine the velocity v of the helicop-
ter at the moment when the engine is switched off;
assuming that the velocity of sound, ¢ =320 ms™.

SOLUTION

Since, u =ms ,a=3ms >, ¢ =320 ms " and t,=30s
{Given)}
Velocity of helicopter at time ¢, is

v=0+3t
= v=34

Distance traversed by helicopter in time ¢, is

5=0+1x3xﬁ
2

= §= Etf
2
Now, t, =t +2 {Given}
c
2
= 30=t+ S

2320
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= 3t +640,-19200=0

~640:+ /(6407 +4x 319200
= 4= 7
640+ 800

As time cannot be negative,
= —640+800 _ 160 _ 80 S
6 6 3
80

= =3 =3x—
! 3

= 1=80ms"

PROBLEM 11

A steel ball is dropped from a roof of a building. An
observer standing in front of a window 1m high
notes that the ball takes 0.1 sec to fall from the top
to the bottom of the window. The ball continues to
fall and makes a complete elastic collision with the
ground, so that it rebounds with the same velocity
with which it strikes the ground. The ball reappears
at the bottom of the window 2 second after passing
the bottom of the window on the way down, find the
height of the building (Take ¢ =10 ms™)

SOLUTION

Let v; and v, be the velocities of a ball at the top and
bottom of the windows respectively. Let h; be the
height of the building above the top of the window
and h, that below the bottom of window, then

Height of Building =, + Height of Window + i,
= Height of Building = (h; +1+h,) m
For the path between the top and bottom of window,
Wehave h=1m, f=0.1s

a=g=10ms'2

1 5
h=uv,t+=¢t
1 28’

= 1=U1x0.1+%x(10)><(0.1)2

= 7,=95 ms’

Also from equation v=u+at

= 0,=0,+10x01=95+1=105ms"

Also, from equation of motion ot —u? =2us,

= 07 =0+2x10xh

_of _(95) _
T 2x10 2x10
= Path above top of Window =4.51m

For the path below the bottom of window, the ball
reappears at the bottom of window to second after
passing the bottom on its way down. Hence, it takes
a time of 1s to fall from the bottom of window to the
ground and rebounds to the same height in a further
time of 1 s.

451 m

1

= h =vzt+%gt2

= h2=10.5x1+%x10x12

= h,=105+5

= Path below the bottom of window =155 m
Hence, Height of the Building is H = 451+1+15.5
= H=2101m

PROBLEM 12

Adriver having a definite reaction time (i.e., the inter-
val between the perception of a signal to stop and the
application of brakes) is capable of stopping his car
over a distance of 30 m on seeing a red traffic signal

when the speed of the car is 72 kmh™ and over a dis-
tance of 10 m when the speed of the car is 36 kmh™.
Find the distance over which he can stop the car if
it were running at a speed of 54 kmh™!. Assume
that his reaction time and the deceleration of the car
remains same in all the three cases.

SOLUTION

Let f, is the reaction time, and a is the deceleration

During reaction time, the car travels at constant
speed. If u is speed of car, the distance traversed in
reaction time f;, is ut,, therefore for stopping dis-
tance s, the distance traversed with deceleration a
is (s—uty ) and final velocity =0

CASE-1
Initial speed u; =72 kmh™ =20 ms™

5 =30m
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= 0=u; -2a(30-ut, )
= u; =2a(30-20uyt, )
= (20)" =2a(30-ut,) (1)
CASE-2
U, =36 kmh™? =10ms™, 5, =10 m
= 0:u§—2a(10—u2t0)

u; = 2a(10 —liyt, )

= (10)* =2a(10-10t,) .(2)
Solving (1) and (2),
= 1,=05sand =10 ms~2 {Retardation}
CASE-3

i =54 kmh™ =15 ms™

83 ="

= 0=(15)"-2x10x(s; ~15x0.5)

= 5 =1875m

PROBLEM 13

Two particles A and B move with constant velocity
0y and v, along two mutually perpendicular straight
lines towards intersection point O. At moment f =0
particles were located at distances [; and [, respec-
tively from O. How soon will the distance between
particles be minimum and what is that minimum dis-
tance equal to?

SOLUTION

Let the separation between the particles be minimum
at time f. Then

i
V{t
A 1

S

S/f/ 1

B.”
2
[ Iy -0
Vo bw

Since OB=l,-v,t and
AB* = OB* +0A?

OA=l-vt and
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= §= (1 —Ult)2+(12 —sz)z

.. ds dis
F tob ,—=0or —|s"|=0
or 5 tobe minimum, — =0 or dt(s )

= 8o )+ 2 -out)(05) =0

= Lo, +v’t-Lv, +03t=0
t Lo, + 1,0,
-2, .2

vy +0;

Minimum: s is given by

2 2
Lo, +1,v Lo, +1L,v
a1 ot

Lo, — Lo, )
- Srznin=(lvz 2""1)

0} + 03

_ ‘1102 ~hv |

Smin
JUi+0;
PROBLEM 14

Two bodies move in the same straight line at the
same instant of time from the same origin. The first
body moves with a constant velocity of 40 ms™ and

=

second starts with a constant acceleration of 4 ms™.
Find the time ¢ that elapses before the second catches
the first body. Find also the greater distance between
them prior to it and the time at which this occurs.

SOLUTION

Let the two bodies meet after a time ¢. The distance
travelled by both is the same
The distance travelled by first body is

s, =40xt
The distance travelled by second body is

1
52=0+E(4)t2

Since s; =5,

= 4Dt=%(4)t2

= t=20s
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The distance between the two bodies goes on increas-
ing as long as the velocity of the second body remains
less than 40 ms™ . The distance between them will be
greatest prior to their meeting when the velocity of
the second body becomes 40 ms™" . Let #, be the time
when this happens. Then

40=0+4t { v=u+at}

= t=10s

So the distance between them will be greatest after
t;=10s. Let x; and x, be the distances moved by
the two bodies in #, =10 s, then

1
X =(40><10)+E(0)(10)2
= x; =400 m
and x, = 0+%(4)(10)2

= 1,=200m
Greatest distance between them is Ax = x; —x,
= Ax=400-200=200 m

PROBLEM 15

A motor cycle and a car start from rest at the same
place at the same time and travel in the same direc-
tion. The cycle accelerates uniformly at 1ms™ upto
a speed of 36 kmh™ and the car at 0.5 ms™ upto a
speed of 54 kmh™. Calculate the time and distance
at which the car overtakes the cycle.

SOLUTION

When the car overtakes the motor cycle, the two have
travelled the same distance in the same time. Let the
time taken be t second while the total distance trav-
elled be x metre

For Motor Cycle: Maximum speed attained is
;=36 kmh™ =10 ms™

Its accelerationis a2, =1 ms . Let f; be the time taken
to reach the maximum speed, then using v =u+at,
we get

10=0+(1)(#)
= t=10s
The distance travelled before reaching the maximum

speed is

x1=0+%(1)t12:%(1)(10)2=50m (1)

The time during which the motor cyclist moves with
constant speed is (£-10) s
The distance travelled at constant speed is

X, =10(t-10)=(10t-100) m ..(2)
Total distance x = x; +x,
= x=50+10t-100 = (10f-50) m ..(3)
For Car: Maximum speed attained is
v,=54kmh™ = 15ms™
Its acceleration is a, = 0.5 ms™. Let t, be the time
taken to reach the maximum speed. Then
15=0+(0.5)t,

1
= t2=£=305

The distance travelled before reaching the maximum
speed is

x3=0+%(0.5)(30)2=255m (4

The time for which the car is moving at constant
speed is (t-30) s
The distance travelled at constant speed

x, =15(t-30) =15t - 450 (5
Total distance travelled is x"=x3 +x,

= x"=225+15¢t-450=15(-225 ..(6)
Equating equations (3) and (6)

10t - 50 = 15t - 225
= bt=175
= t=35s
Substituting this value of t either in equation (3) or in
equation (6), we get

x=x"=(10)(35)-50 =300 m

PROBLEM 16

An airport shuttle train travels between two termi-
nals that are 2.5 km apart. To maintain passenger
comfort, the acceleration of the train is limited to

+1.2 ms ™ and the jerk, or rate of change of accelera-
tion, is limited to +0.24 ms ™. If the shuttle has a max-

imum speed of 30 kmh™", determine
(a) the shortest time for the shuttle to travel between

the two terminals,
(b) the corresponding average velocity of the shuttle.
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SOLUTION From B to C, we have a1 =1.2-0.24t
(@) Corresponding a-t graph is as shown in figure ” t
= J‘dv=‘|.(1.2—0.24t)dt
a(ms™?)
16/3 0
1.2f--— = 0=E+1.2t—0.12t2
Lo E F G 3
' — t(s)
0O A B C D : : Xpc 5 16
L] Also j dx = J(EHQt ~0.12#? )dt
0 0
) 1.2 _ 80 2 3

NOW let fAB = tEF = f]_ and fCD - fz

According to the problem, maximum speed is
Upax = 0c =30 kmhr™ = % ms ™

Since v = Area under a-t graph from O to C,

25 1
—=—x12(t; +t +10
3 2 (h+h+10)
35
= H=—s
18

From O to A, we have, a =024t

) t
= Jdv = J0.24tdt
0

0

= =012t
= 0,=(012)(5=3ms"

X0A 5
J dx = 0.12Jt2dt
0 0

Again,

= xOA =5m
From A to B, we have

1=12 ms™ = constant

35) 16
= =v, +at =3+(1.2)(—)=— -1
Up =Uy Tl gp 18 3 ms

1
Xap =Uptpp +E”(fAB )2

2
= xAB=(3)(§)+1(1.2)(§) =8.1m
18) 2 18

o xpe=xpe = (54814+3667)=4977 m
= Xoc =Xpg = 50 m
= Xoc +xDG =100 m

The remaining distance (2500-100) m or
2400 m must have been travelled with a constant

2
speed of ?5 ms . Hence

=220 g8
25/3

(a) Total time

T =2(5+%+5)+ 288 =312 s = 5.2 minute

(b) Average velocity,

_ = -1 — -1
w=57 kmhr™ =28.8 kmhr

PROBLEM 17

An open lift is moving upwards with velocity
10 ms™. It has an upward acceleration of 2 ms ™.
A ball is projected upwards with velocity 20 ms™"
relative to ground. Find

(a) time when ball again meets the lift.
(b) displacement of lift and ball at that instant.
(c) distance travelled by the ball upto that instant.

Take g =10 ms™

SOLUTION
(a) At the time when ball again meets the lift,

SL=SB

= 10t+%x2xt2=20t—%x10t2
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2ms?  10ms™ 20 ms™
lgl Ball (B)
LIFT )
10 ms2

Solving, we get
t=0 and t= > s
3

So, ball will again meet the lift after g s

(b) At this instant

2
5L=SB=1O(§)+%(2)(§) =% m=19.4 m

(c) For theball u and ¢ are antiparallel. Therefore
we will first find £, the time when its velocity
becomes zero.

Since v=u+at

= 0=u+(-g)

2
tU:E:—O:2s
g 10

Since t[: g s) <t,,s0 the distance and displace-

ment are equal i.e.,

d=194m

PROBLEM 18

A man can row a boat in still water at 3 kmh™. He
can walk at a speed of 5kmh™ on the shore. The
water in the river flows at 2 kmh™" . If the man rows
across the river and walks along the shore to reach the
opposite point on the river bank, find the direction in
which he should row the boat so that he could reach
the opposite shore in the least possible time. Also cal-
culate this time. The width of the river is 500 m .

SOLUTION

Suppose the boatman rows with velocity 7, in the
direction shown in figure

Given, v, =3 kmhr ™', v, =2 kmhr™’

and v,, = walking speed =5 kmhr ™"

— —

US = UST +vr

= (v), =v,-0v,sinf=2-3sing
and (o, )y =1,, cosf =3cosf

Time taken to reach the other side
I 05 1
(v,) 3cos# 6cosH
y

t1=

Horizontal drift x is given by
1 tan @
6cos® 3cosh 2
Time to travel this distance by walking
x 1 tanf
" 15c0s6 10

x=(o, )x t =(2-3sinf)

(1)

1
Total time t =t +t, = —(

m —tanB) (2)

3cosd

For time to be minimum, we have é =0
7 2
= gsecﬂtané?—sec =0

= si119=§
7

From equation (2), we get

/ _i[ZXL_i)
min 10l 3 m @

=t =021 hour=756s

PROBLEM 19

The velocity of water current in a river changes with
distance along the perpendicular to the river accord-
ing to the function

d
for O<sys<—
or y 5

d
20(4- —<y<
y (d-y) for ZSy_d
where 1, is velocity at the mid-point of the river and
d is width of the river. A boat travels from a point O
on one bank of the river to the opposite bank and its
steering angle is adjusted to keep its relative veloc-
ity perpendicular to the river current. Calculate the
time in which the boat will reach the other bank. The
velocity of the boat in still water is 1.
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SOLUTION

Denoting the river current by R and the boat by B.
Let the boat steer making an angle 6 with the river
flow. Then

iip = ui , i =1y (cos i +sin6i)
ﬁBR = ﬁB —I-»I;.R = (uo COSB—M)I +u0 S]I\B]

As the boat is steered perpendicular to flow, so we
have

(“BR )x =0

= uycosf-u=0

u
= cosf=—

L)
2
= ‘ﬁBR|=uUsinB=,uU 1—u—2=\ﬂu§—uz
Tk
d
= Y ué—uz
dt
d
= J.dt= 4
ué—uz
d
2 d
d d
= t=J y2 +J f
4y 4
2 0,2 2 0 2
D\/Mo ra g\/uo‘d_z(d‘y)

PROBLEM 20

The current velocity of a river grows in proportion to
the distance from its bank and reaches the maximum
value v in the middle. Near the banks the velocity
is zero. A boat is moving along the river in such a
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manner that it is always perpendicular to current and
the speed of the boat in still water is . Find the dis-
tance through which the boat crossing the river will
be carried away by the current if the width of river is
| . Also determine the trajectory of boat.

Cc

SOLUTION

Let the river flow or the current flow be along x-axis.
At any instant t, let the boat be at a distance y from
the bank, then

v, = ky (1)

Also, we have been given in the problem, that
v. =0, when y=—
X 0 y 2

From (1), we get

o]

= k= 2% ..(2)
Since y = ut ..(3)

So, equation (1) becomes

v, =[2ﬂ)ut
l

dv, 2uyu
=4, = ——=constant
dt !

1
Since x = t+~a,t°
2

2
= x=0+1(%u)t2
20 1

= x=(%ﬁ}2 ()
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Now, when y = %, we have, from (5)
) )

lu 4 |y,
= x=(U_Jy2 = x_lU_U

lu 4y
I Hence total drift is
i g 2
% Drift =2x = 4—u0
This happens to be the equation of a parabola o
= Drift =

2u



