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CHAPTER

(a) Stress, Strain, Hooke's Law, Normal Stress
b) Longitudinal Strain and Young’s Modulus
c) Elastic Potential Energy and Energy Density

Modulus
(f) Fluid Properties, Pressure and Pascal’s Law

Mechanical Properties
of Matter

Learning Objectives
After reading this chapter, you will be able to understand concepts and problems based on:

(g) Pressure in Accelerating Fluids

(h) Archimedes' Principle and Buoyancy

(i) Viscosity, Stoke’s Law and Terminal Speed

d) Tangential Stress, Shear Strain and Shear Modulus (j) Ideal Fluids, Equation of Continuity, Bernoullis
e) Volumetric Stress, Volumetric Strain and Bulk's

Theorem and Applications

(k) Surface Tension, Surface Energy, Excess Pressure

and Capillarity.

All this is followed by a variety of Exercise Sets (fully solved) which contain questions as per the latest JEE
pattern. At the end of Exercise Sets, a collection of problems asked previously in JEE (Main and Advanced)

are also given.

ELASTICITY

INTRODUCTION

So far, we have dealt with all the solids that have been mod-
elled as rigid bodies, that is, objects do not change their
shape. Real objects, however, deform to some extent when
an external force is applied to them. In this chapter we for-
mulate some systematic ways to describe qualitatively the
deformation of solids that are subjected to applied forces.

THE STATES OF MATTER

Matter is usually classified into one of three states or
phases: solid, liquid, or gas.

Because they can flow easily, both liquids and gases are
called fluids.

* A solid has a fixed shape which it tends to retain,
whereas fluids have no fixed shape.

* Aliquid sinks to the bottom of its container, and a gas

expands to fill the available volume.

The atoms in a solid vibrate about fixed equilibrium

positions, whereas the atoms or molecules in a liquid

move about relatively freely and collide frequently

with each other.

* The atomsin asolid or liquid are quite closely packed,
which makes it difficult to reduce their volume, they
are almost incompressible.

* Onthe average, the atoms or molecules in a gas are far
apart, typically about ten atomic diameters at room
temperature and pressure. They collide much less fre-
quently than those in a liquid. Gases in general are
compressible.

ELASTICITY

When external forces are applied on a body, which is not
free to move, there is a change in its dimensions. When
these forces are removed, the body tends to regain its orig-
inal shape and size.

The property by virtue of which a body tends to regain its
original shape and size when the external deforming forces are
removed, is called elasticity.

The property of the material body by virtue of which
it does not regain its original configuration when the
external force is removed is called plasticity.
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DEFORMING FORCE

An external force applied to a body which changes its size
or shape or both is called deforming force.

PERFECTLY ELASTIC BODY

A body is said to be perfectly elastic when it completely
regains its original configuration on the removal of
deforming forces. Since no material can regain completely
its original form so the concept of perfectly elastic body
is only an ideal concept. A quartz fibre is the nearest
approach to the perfectly elastic body.

PERFECTLY PLASTIC BODY

A body is said to be perfectly plastic if it does not regain
its original form even slightly when the deforming force is
removed. Since every material partially regains its original
form on the removal of deforming forces, so the concept
of perfectly plastic body is also an ideal concept. Paraffin
wax, wet clay are the nearest approach to a perfectly plas-
tic bodies.

CAUSE OF ELASTICITY

In a solid, atoms and molecules are arranged in such a
way that each molecule is acted upon by the forces due
to the neighbouring molecules. These forces are known as
intermolecular forces. When no deforming force is applied
on the body, each molecule of the solid (i.e. body) is in
its equilibrium position and the inter molecular forces
between the molecules of the solid are maximum.

On applying the deforming force on the body, the
molecules either come closer or go far apart from each
other. As a result of this, the molecules are displaced from
their equilibrium position. In other words, intermolecu-
lar forces get changed and restoring forces are developed
on the molecules. When the deforming force is removed,
these restoring forces bring the molecules of the solid to
their respective equilibrium positions and hence the solid
(or the body) regains its original form.

STRESS

When external deforming forces are applied on a body,
the relative positions of the molecules of the body change.
This calls into play the internal restoring forces. The restor-
ing force per unit area is called stress. It can also be denoted
by

Restoring Force
Stress= —————
Area

In equilibrium, the restoring force is equal in magnitude
to the deforming force. SI unit of stress is Nm . Stress is
of three types

(a) Longitudinal Stress or Tensile Stress
(b) Tangential Stress or Shearing Stress
(c) Volume Stress or Normal Stress

Longitudinal Stress

If the deforming force is applied along some linear
dimension of a body, the corresponding stress is called
Longitudinal Stress or Tensile Stress. So, when an object
is one dimensional then we use the concept of longitu-
dinal stress.

It is of two types:

(@) Compressive stress

Compressive stress

(b) Tensile stress

Tensile stress

TANGENTIAL (SHEAR) STRESS AND NORMAL
(TENSILE) STRESS

If the force is applied tangentially to one face of a rec-
tangular body, keeping the other face fixed, the stress is
called Tangential or Shearing stress. So, tangential stress
is defined as the restoring force per unit area tangential to
the surface of the body.

Consider a block of solid as shown in Figure.

A F

Let a force F be applied to the face which has area A.
Resolve F into two components F, = Fsin6 called nor-
mal force and F, = Fcos@ called tangential force.

Tangential (shear) stress is given by

F Fcos#
(Stress ), = - = =27
A A
Normal (tensile) stress is given by
F, Fsin6
(Stress), =2 = s
A A

The effect of stress is to produce distortion or a change in
size, volume and shape (i.e., configuration of the body).
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VOLUMETRIC STRESS OR BULK STRESS OR
PRESSURE OR NORMAL STRESS

If the force acts all along the surface of the body and nor-
mally to its surface, then the stress is called pressure (P)
or volumetric Stress because the effect of pressure is to
cause a volume change.

The volumetric stress or normal stress or pressure is given

by

E
(Stress), = X” =P

ILLUSTRATION 1

Abar is subjected to equal and opposite forces as shown in

the figure. PQRS is a plane making angle & with the cross-

section of the bar? If the area of cross-section of the bar
be A, find the tensile stress on PQRS, shearing stress on

PQORS. Also find the condition when tensile stress is maxi-

mum and when shearing stress is maximum.

Q
/4\

P
Ir\‘\ s —F
10 ’,’H
18,

S

SOLUTION

N 1f F
Since, Tensile Stress = —Norma_ Iorce _ N

Area Ay
where, Ay = and Fy = Fcosf
cosf
Al
Fe :%\ —F

Fcosf Fcos’ 6

=  Tensile Stress =

(i] TTA
cosf@
Shear Stress = W _ P_T
Area Ay
=  Shear Stress = Fsing _Fsinfcost
A/cos® A
. Shear Stress - [ Sn0cos6 _ Fsin(26)
2A
Fcos? @

Since, Tensile Stress =

So, for Tensile stress to be maximum,

cos’ @ = Maximum = 1
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= 0=0°

in (2
Since, Shear Stress = M

So, for Shear stress to be maximum,

sin(20) = Maximum = 1

= 20=90°
= 0=45°
STRAIN

When deforming forces are applied on a body, it undergoes
a change in shape or size. The fractional (or relative) change
in shape or size is called Strain. That is

Change in Dimension

Strain = —— : .
Original Dimension

Since it is the ratio of two like quantities, so it has no
dimensions and units. Strain is of following types

(a) Longitudinal (Linear) Strain
(b) Volume Strain
(c) Shearing Strain

LONGITUDINAL STRAIN

If the deforming force produces a change in length alone,
the strain produced in the body is called Longitudinal
strain or linear strain or tensile strain. It is the ratio of the
change in length (AL) to the original length (L).

12— ~

,
1

T

AL
Longitudinal Strain = T

Linear strain in the direction of deforming force is called

Longitudinal strain and, in a direction, perpendicular to
force is called Lateral strain.

VOLUMETRIC STRAIN

When the deforming force produces a change in the vol-
ume of the body alone, then the strain produced in the
body is called volumetric strain. It is the ratio of the change
in volume (AV) to the original volume (V).
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AV
Volumetric Strain = ?

SHEAR STRAIN

When the deforming force produces a change in the shape
of the body without changing its volume, then the strain
produced is called shearing strain. It is defined as the angle
in radian, through which the face originally perpendicular
to the fixed surface of the cubical body gets turned under
the effect of tangential force.

Hence, the angular deformation (6) inradian is called
shearing strain. Since 6 is generally small, we may write

Shearing Strain = 6 =~ tan6 = %

o) -

FIXED FACE /I//

When a beam is bent both compression strain as well as an
extension strain is produced.

EﬁenSion Stra,n‘n

« apression sy, R
Co! faf,-;.
o~ LN

RELATION OF STRESS TO STRAIN AND ELASTIC
MODULUS

A force applied to an object can change its dimensions and
shape. In general, the response of a material to a given type
of deforming force is characterized by an elastic modulus,
which is defined as ratio of stress to strain. So, we have

Stress
Strain

Elastic modulus =

HOOKE'S LAW

This law states that for small deformations (or within elas-
tic limit), stress is directly proportional to strain.

Stress o« Strain
=  Stress = E(Strain)

Stress

= E

Strain

where E is a constant called as the modulus of elasticity.

Thus, modulus of elasticity is defined as the ratio
of stress to strain. Modulus of elasticity depends on the
nature of the material of the body i.e. E is the property of
the material of the body and is independent of its shape
and dimensions. i.e. length, volume etc. The SI unit of
modulus of elasticity is Nm™? or Pascal (Pa), where
1Nm* =1Pa.

Modulus of elasticity E (whether it is Y, B or ) is given by
stress

- strain

Following conclusions can be made from the above

expression:

E

(a) E o stress (for same strain), i.e., if we want the equal
amount of strain in two different materials, the one
which needs more stress is having more E.

(b) E<—— (for same stress), i.e,, if the same amount
strain

of stress is applied on two different materials, the one
having the less strain is having more E. Rather we can
say that, the one which offers more resistance to the
external forces is having greater value of E. So, we can
see that modulus of elasticity of steel is more than that
of rubber or

Esteel >E

rubber
(c) E equals stress for unit strain i.e. when —=1 or
X
Ax=x . If the length of a wire is 2 metre, then the
Young's modulus of elasticity (Y) is the stress applied
on the wire to stretch the wire by the same amount of
2 metre.

YOUNG’S MODULUS

Young’s modulus is a measure of the resistance of a solid
to a change in its length when a force is applied per-
pendicular to a face. Consider a rod with an unstressed
length L, and cross-sectional area A, as shown in the
Figure.
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When it is subjected to equal and opposite forces F, along
itaxis and perpendicular to the end faces its length changes
by AL. These forces tend to stretch the rod. The tensile
stress, sometimes denoted by @, on the rod is defined as
_h
A
Forces acting in the opposite direction (as shown) would
produce a compressive stress. The resulting strain (&), a
dimensionless ratio is given by

AL
£=—
Ly
Young's modulus Y for the material of the rod is defined
as the ratio of tensile stress to tensile strain. So

Young's Modulus = Tensile stress

Tensile strain
E,

_Stress 0 a4  El

" Strain & AL AAL
L,

Y

ILLUSTRATION 2

Determine the elongation of the steel bar 1 m long and
1.5 cm? cross sectional area when subjected to a pull of
15x10* N. Take ¥ =2x10" Nm .

SOLUTION

_F/A

T Al

_FI

T AY
Substituting the values,

4
" (1.5%10%)(1.0) ~05x10" m
(15x10)(2x10")

= Al=05mm

ILLUSTRATION 3

A metal wire 75 cm long and 0.139 cm in diameter
stretches (0.035 cm when a load of 8 kg is hung on its
end. Find the stress, the strain, and the Young’s modulus
of the material of the wire.

Al
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SOLUTION
F (8 kg)(9.8 ms)

Stress = — = > = 5.91x10” Nm™
-4
77:(6.5 x 10 m)

Strain = AL 2 0085 am o7 1074

L 75 cm

7 2
v Stre.ss _591x10° Nm _1.27x10" Nm™2
Strain 4.67x107*

ILLUSTRATION 4

A circular steel wire 3 m long is to stretch not more than
0.20 cm when a tensile force of 400 N is applied to each
end of the wire. What minimum diameter is required for
the wire? ¥ =2x10"Pa.

SOLUTION
_n
YAl
= EdZZF_‘I
4 YAl
Jm J 4x400%3
= = = 1 )
TYAl ax2x107 x0.2x10

= d=618x10" m=61.8 mm

ILLUSTRATION 5

A copper rod with a length of 1.40 m and a cross-section
area of 2 cm? is fastened to a steel rod with length L and
cross-section area 1cm®. The compound rod is subjected
to equal and opposite pulls of magnitude 6x10* N at its
ends. Calculate the length L of the steel rod if the elonga-
tions of the two rods are equal. Also find the stress and
strain in each rod. Y, =2x10" Pa, Y., =1.1x10" Pa.

teel —

SOLUTION
GiVen that AICI( = AISteel

AcYe  AgYs
Copper Steel F
—1.40m pit L »

e
C C

1)[ 2x10" )
(2 1.1x10"

= L=127m
4
(;C:izéx_mézsxmﬁ Nm >
As 2x10°
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4
and og=— =21 6,108 Nm?
Ag 1x107
1 8
=2 20575107
YC 1.1x10
8
and gszﬁzﬁxilonz?)xlﬂ’3
YS 2x10

ILLUSTRATION 6

A length L of copper wire of diameter 1.2 mm is
joined to a length 2L of steel wire 0.8 mm in diameter,
and is hung vertically. When a 10 kg load is suspended
from the lower end, the total elongation is 0.65 mm. Find
L Y =2x10" Nm?, ¥, =1.1x10" Nm™.

SOLUTION
A=L and Al= AL+ AL
AY
L
2L
10 kg
= (065%103)= _ (10><92.8}L
1(12X10_3) X1.1X1011

(10%9.8)(2L)
2
%(0.8x10_3) x2x 10"

Solving this equation, we get
L=2375cm

ILLUSTRATION 7

Consider a metal bar of mass M is pulled by forces F; and
F, applied at its two ends. Consider a small element of
length dx at a distance x from end A as shown in Figure.

—»idx —
F24—{') . (~}—>F1
8 e x—4

Calculate the elongation (4L) in small element dx and
the total elongation in the bar.

SOLUTION
-F

. E
Acceleration of the bar = -
Let the tension in bar at distance x from end A is T, then

F_T= Mx(F] 5)
L\ M

= T_Pl—(F]EFZ ]x

Stress at this point
T_h_(B-h)x
A A AL

And Strain = Stress

o A _(F=F)x

dx AY ALY

F -F
= dL= (—Fl —( ! 2)x]obc
AY ALY
Total elongation in the bar is

M)dx

( A
AY ALY

- AY.[ ( ALY ”m

@_(F]-Fz)L

= AL=
AY  2AY
= AL= L(F—F"Fz)
AY 2
. AL:(F1+F2)L
2AY
E|+|E
= AL—(1+|2]L
2AY

ILLUSTRATION 8

A steel flat plate PQ tapers uniformly from area 10 cm’
to 5cm?” in length of 40 cm . Calculate the elongation in
the plate if an axial tensile force of 5000 kg is acting on it.
Take Y =2x10° kgem ™

SOLUTION

Consider a small element of length dx of the bar at a dis-
tance from P as shown in Figure.

10 cm®
5000 kg 5000 kg
—
Q
P
— X —>
+ 40 cm
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Area of cross section at this section is
Alx) —10—[@)}:— (10—5] cm?
40 8

Elongation in this elementary length is
F 5000

dI:A( de: dx
x) (10—%)(2“06)
= d]zdix
400(10—5)
8

The total extension in the bar is

40
Al = iJ‘.d—x_ i(—s)ln(m—f]
400 x\) 400 8
o[10-3)

Al = —i(1n5—1n10)=iln(gj
400 50 5

40

0

= Al=0.14 mm

ILLUSTRATION 9

A light rod of length 2m is suspended from the ceil-
ing horizontally by means of two vertical wires of equal
length tied to its ends. One of the wires is made of steel
and is of cross section 10~ m? and the other is of brass
of cross section 2x10™ m?. Locate the position along the
rod at which a weight may be hung to produce,

(@) equal stresses in both wires
(b) equal strains on both wires.

Young's modulus for steel is 2x10" Nm™? and for brass
is 10" Nm™.

SOLUTION
(a) Given, Stress in steel = Stress in brass
I Ty
Ag  Ag
L_A_ 107 1 "
TB AB 2x 10_3 2 '“
Steel Brass
Ts Ts
A D C

=

H—X——D — x—™

As the system is in equilibrium, taking moments
about D, we have

Tox=Tg(2-x)

Ty 2-x

T, x
From equations (1) and (2), we get

¥=133m
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(b) Strain = 2SS
Given, Strain in steel = Strain in brass
I Ty
o A5 _ A
YS YB
_ T A (1x107)(2x10) )

Ty B ApYy B (2x107%)(10")
From equations (2) and (3), we have

x=1m

ILLUSTRATION 10

A thin ring of radius R is made of a material of density
p and Young’s modulus Y. If the ring is rotated about its
centre in its own plane with angular velocity o, find the
small increase in its radius.

SOLUTION

Consider an element PQ of lengthdl. Let T be the tension
and A the area of cross section of the wire.

Mass of element dim =volume x density = A(dl)P

The component of T, towards the centre provides the nec-
essary centripetal force is

2Tsin(g)— (dm)Ra* (1)

dl/R
For small angles sin[ 9) = 9 = (7)
2 2 2
Tcos (EJ TCOS[Q)

2 0/2 9}'2 2

1
vy

1

1

8
2 w

‘
o]
Substituting in equation (1), w:

T%:A(zﬂ)pRmZ

e get

= T=Apo*R?

Let AR be the increase in radius,

Longitudinal strain = — = (2m ):_

I 2zR R
Now, Y = T‘”A
AR,‘"R
252
o TR _ (Apa®R*)R
AY AY

273
Y
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ILLUSTRATION 11

A steel wire of diameter d, area of cross-section A and
length 2L is clamped firmly at two points A and B which
are 2L metre apart and in the same plane.

A body of mass m is hung from the middle point of wire
such that the middle point sags by x lower from original
position. If Young’s modulus is Y then find m.

SOLUTION

Let the tension in the string be T, then for the equilibrium
of mass m, we have

2T sinf = mg
mg

Since @ is small, so we have sinf = % and hence
_ mg mgL
" 2sinf  2x

Increment in length of the wire is Al= AC-AB

A=VP+e -L=(2+22)" -1

x2
= Al=L (1+—2] -1
L

B | =

Since (1+x)" = 1+nx forx < 1, so we have

2 2
Al:}_‘[1+lx__1):x_
212 2L

Now, by definition, the Young’s modulus is given by

y-LL
AN
YAl

Substituting the value of T and Al in the above equation
we get

(2
2 UL N2L
YAx®
= m= 3

gL

ILLUSTRATION 12

The length of an elastic string is a metres when the longi-
tudinal tension is 4 N and b metres when the longitudinal
tension is 5 N. Find the length of the string in metres when
the longitudinal tension is 9 N.

SOLUTION

Let the original length of elastic string be L and its force
constant be k.
When longitudinal tension 4 N is applied on it

4
L+—=a (1
p @
and when longitudinal tension 5 N is applied on it
5
L+—=b (2
. )
Solving (1) and (2) we get
k:L and L =5a-4b
b—a

When the longitudinal tension of 9 N is applied on elastic
string then let its length be ¢, which is given by

c:L+%=5a—4b+9(b—a)=5b—4a

To find the actual length of the wire
If a wire has a length L, under the tension T, and a length
L, under a tension T,, then the original length of the wire is

L= LT, -LT
L-T
Since, Y = il = e = Tikg
AL (L-Ly) A(L-L)
Ly
o hoh b (1)
T AY
L, —L
Similarly, u=i (2)
T, AY
Equating (1) and (2), we get
L= LT, -LT,
L-T
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THERMAL STRESS

If the ends of a rod are rigidly fixed so as to prevent
expansion or contraction and the temperature of the rod is
changed then, tensile or compressive stresses, called ther-
mal stresses, will be set up in the rod. Hence in the design
of many structures which is subject to change in tempera-
ture, some provision must be made for expansion to avoid
failure of such structures.

Suppose that a rod at a temperature T has its ends
rigidly fastened and that while they are thus held, the
temperature is reduced to a lower value T,,. The fractional
change in length if the rod were free to contract would be

%za(T—Tg):aAT

Since the rod is not free to contract, the tension must
increase to produce some fractional change in length. Let
F be the tension produced, then

FzAYA—L
L

Substituting for % , we get,
F=AYaAT

Hence, the stress in rod is % =YoaAT

FORCE CONSTANT OF A WIRE

A thin wire or a rod can be imagined to be a series com-
bination of arrays of springs. When we pull the wire by
applying a force, then we are actually pulling the springs.
Let us take an elastic rod or wire of length /, area of cross-
section A, having modulus of elasticity Y and apply a force
F to it as shown in Figure.

The force required to produce unit elongation in a wire
is called force constant of material of wire, denoted by k.
Mathematically

F
k= ~ (1)
By definition, the Young’s modulus of the wire is given by
FL
AN
F_vA

AL
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From (1) and (2), we get
k=4
L

Itis clear that the value of force constant depends upon the
dimension (length and area of cross section) and material
of a substance. So, a wire of length L, Young’s Modulus Y

and having area of cross section A behaves like a spring of
force constant k = % So, all formulae which we use in

case of a spring can be applied to a wire also.

L il

—
(-

For a system of rods joined in series as shown in Figure (a),
the replaced spring system is shown in Figure (b) having
two springs in series. Figure (c) represents the equivalent
spring system having spring constant

_ _kiky
4k +ky
Y,A Y, A Y;A
where, k=L k, =22 and k, = 3} i
1 2 3

n
AN
==

Another combination of rods and its replaced spring sys-
tem is shown in Figure such that the equivalent spring
constant is given by

kiky

k =
Uk +k,

+ky

ﬁ,h:%aﬂd ky =

ll 2 3

where, k; =
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YA
Since, we have k., = T

= kegl=YA

This simply means that the product of stiffness constant of
an elastic wire and its length is always constant.

So, if we cut a wire in two equal parts, then the stiff-
ness constant of each part will be double that of the origi-
nal wire. On the same basis, we can say that if a spring is cut
into N equal parts, each part will have stiffness N times the
stiffness of the original spring.

ILLUSTRATION 13

Two wires of equal length and cross-section are sus-
pended as shown. Their Young’s moduli are Y; and Y,
respectively. Calculate the equivalent Young’s modulus of
the arrangement.

SOLUTION

Let the equivalent young’s modulus of given combination
is Y and the area of cross section is 24 .

For parallel combination, we have

ki +ky =keg
YA Y,A Y(24)
=5 —+—=—=
L L L
= Y1+Y2:2Y
- Y:Y1+Y2
2

ILLUSTRATION 14

A copper cylinder and a brass cylinder are stacked end to
end, as shown in Figure.

Clopper Br?ss

3.14m

6.28 m

Each cylinder has a radius of 0.25cm. A compressive
force of F=9000 N is applied to the right end of the
brass cylinder. Find the amount by which the length
of the stack decreases if Y, =1.0x10" Nm™? and
Yy, =9.0x10" Nm 2.

SOLUTION

METHOD-I
Since both the cylinders experience the same amount of
force F. Since we know that

_FJA

CALL

_ L

AY
Due to the compressive force, we observe that each cyl-
inder decreases in length and hence the total decrease in
length is equal to the sum of the decrease in length for
each cylinder.
The length of the copper cylinder decreases by
FL, FL,

B 2
YCopperA YCopper (Er )

AL

ALCopper =

Similarly, the length of the brass decreases by
FL,  FL,
YBrassA YBrass (71'?‘2 )

ALBrass =

Total decrease in length is

AL= AJT-‘Cupper + ALprags

o AL=—tke | Fs _Frle Ly
YCnpperA YorassA A\ Ye Y

o AL 9000 2( 3.14ll+ 6.2810]
2(025x1072 ) L 10x10™ "~ 9.0x10

= AL=464x10"m

METHOD-II

The composite bar can be replaced with a series combina-
tion of two springs having spring constants k- and k; as
shown in Figure.

kgk,
k=Y PR

eq kB+kC F

The equivalent spring constant k,, of the arrangement is

1.1
keq kC Ip‘(B
— kBkC

U kg +ke
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Deformation in length of the equivalent spring is

M_F_p(’w)_p[lﬂ)
keq kBkC kB kC

where, k- :ﬁ and kj :M
Lc Ly
ALY Y

o AL 9000 2( 3‘14“+ 6.2810)
2(025%x1072) L 10107 9.0x10

= AL=464x10"m

A steel bar ABCD of length 40 cm is made up of three

parts AB of diameter 50 mm, BC of diameter 25 mm
and CD of diameter 50 mm as shown in Figure.

100 mm 100 mm
— |
A B C D

200 mm

The rod is subjected to a pull of 25 kN. If Young’s modu-
lus for steel is 2x 10" Nm™2, then calculate stress in each
part of the bar and the total extension in the bar.

SOLUTION

METHOD-I: Conventional Method

If F is the stretching force applied on the given steel bar,
then the same axial force 25 kN is transmitted longitudi-
nally to each of the three bars. However, stresses induced
will be different and hence elongations of each bar will
also be different. Figure shows the free-body diagram of
the different part of the bar.

Stress in part AB and CD will be equal
F 25000 N

043 =0cp = =
A T (50 mm?
4

= Opp= 80 1573 Nmm 2
/
Stress in part BC is
F 2
Ope =——= 000 _ 50,93 Nmm 2
A X (25)?
4

Chapter 1: Mechanical Properties of Matter 1.11

Total extension in the rod is

o A= 2( 0 aplas )+( Opclpc )
Y Y

Given that Y =2x10" Nm™ =2x10°> Nmm ™

= AI—Z( L) x100)+( ) xzoo)
2x10 2x10

= Al=0.0637 mm

METHOD-II: Equivalent Spring Method
The steel bar ABCD can be replaced with series combina-
tion of three springs.

; D:@jﬂ F

F F
TN~ THTIT —e—THTIT ——> = TR —=—
ks ka Ky Frkg F

In series combination of springs, the force in each spring
should be equal. Hence, each rod will experience same
force F.Hence, stress in rods AB and CD is

F 25x10° 40 =
O—AB:GCD:A_:?T—:_Nmm
1 ( ><502) i
4
3
Stress in rod BC is GBCZ&:@ Nmm ™
(ZXZSQJ d

Equivalent spring contact can be written as
1 1.1 1 2 1

ke b Kk k Kk k

eq
YA YA
where, k; = —L and k, = —2
Il 12
YA A,

9T DA + AL

So, net extension produced in the composite bar is

F
x=—
eq
L oo 24+ Al
YA A,

= x= i mm = 0.0637 mm
5t
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ILLUSTRATION 16

Consider a cylindrical column (or strut) made up of two
different materials as shown in Figure.

F
&

The inner section of the column has area A;, Young's
modulus Y; and the outer section of the column has area
A, , Young’s modulus Y, . A compressive force F acts on
this column. Calculate the load supported by inner and
outer section of the column.

SOLUTION

METHOD-I: Conventional Method

Let 0, and o, be the stresses induced in the two mate-
rials, then sum of restoring forces in the two materials
should balance the externally applied compressive force
F. Hence, we have

O—lAl + 0—2A2 = F

(1)

Also, the compression in the two portions should be the
same. But since their original lengths are same, so strain
(&) will also be the same.

= 81282
0 _0y
—=—= (2
Yy, 7Y, (2)

Solving Equations (1) and (2), we get
m,

o =———

AY+ AT,

Hence load supported by inner section is

YA
Fl = 0—1A1 = Il
AY +AY,
and load supported by outer section is
FY, A
FZ = O—2A2 = 72 2
AV +4Y,

METHOD-II: Equivalent Spring Method

The cylindrical column (or strut) made up of two different
materials can be replaced by a combination of two springs
in parallel as shown in Figure.

S=

Since the springs are connected in parallel, so the com-
pressions in each spring will be same. Hence

F
- h_b
k] kZ
ALY, AyY.
where, k; =~ and k, = —2-2
1 2

The equivalent force constant of the arrangement is
1
keq =k +ky = ?(Al‘[l +4Y,)

Compression in each spring is

F Fl
ko, AY,+AY,

eq

So, load supported by the inner section is

F=kx = A
(AY,+4yY,)
and load supported by the outer section is
FY,A
F2 = kz}fz = — 2
AY + A,

ILLUSTRATION 17

Two vertical rods of equal lengths, one of steel and the
other of copper, are suspended from the ceiling, at a dis-
tance [ apart and are connected rigidly to a rigid horizon-
tal bar at their lower ends as shown in Figure.

¢ »

Steel Copper

l Bar
F

The respective area of cross section and Young's Modulus
of steel and copper wiresare Ag, Y5 and Ac, Y. Calculate
the tension in steel and copper wires. Where should a ver-
tical force F be applied to the horizontal bar in order to
keep the bar horizontal?
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SOLUTION

METHOD-I: Conventional Method

Let the force F be applied at a distance x from the steel
bar. Let T; and T be the loads on steel and copper rods,
respectively. Then,

TS +TC:F ...(1)

Since the rigid horizontal bar remains horizontal, the
extensions produced in the two rods and strains remain
the same. That is

L _ T )
AYs  AcYc
Solving equations (1) and (2), we get
L EAY g FAY

Since the steel bar is horizontal and in equilibrium, so, we
have

Zr=0
= T.l=Fx

TF A+ ALY,

METHOD-II: Equivalent Spring Method
We can treat two rods as two springs, connected in parallel
combination

= Keg

I -

Equivalent spring constant of steel and copper rod
AgYs AcYc
I

As the bar always remains horizontal, it means the elonga-
tion of the rods should be equal.

kS:

and k- =

E_EKE__F
ks ke (ks+ke )

S - Fk, _ FAgY

and F. = Fk, __ FAY

Taking moments about the steel bar, we get
Tcl = F X

= x= T—CI __ Akl

F o AY+ ALY,
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ELONGATION OF ROD UNDERIT'S
SELF WEIGHT

Consider a rope having weight W, area of cross-section
A, length L and Young’s Modulus Y. Let us consider an
element at a distance x from the free end of the rope as
shown in Figure.

T+dT

LFX%

Consider an element of length dx at distance x from the
free end of the rope. The tension in the rope at a distance
x from its free end is

T:Hx
L

Elongation dl in this infinitesimal element of length dx
of the rope is

Zd; (:\;) xdx (D)

A

Total elongation AL in the rope is obtained by integrating
equation (1). So, we get

AL= Jdl

If m is mass of the rope, then W =mg, so we have

WL _(mg)L

AL =
2A4Y  2AY

One can do this directly by considering that the total weight
of wire is acting at CM and using effective original length of

de W WL
xdx = ——
AY AY 2AY

. L
the wire as —.
2
1
:L/2
| = iC.IVI
W
Since Y=—F/A :—W/A
X/Lefj‘ L
(L/2)
_w
2AY
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ILLUSTRATION 18

A uniform elastic plank moves over a smooth horizontal
plane due to a constant force F distributed uniformly over
the end face. The surface of the end face is equal to A,
and Young’s modulus of the material is Y. Find the tensile
strain of the plank in the direction of the acting force.

SOLUTION
Let m be the mass of the plank and ! its length.

P Q R

—_ F

—> —X—>
dx

Tension at distance x is

= T—(ﬁ](l—x)E
l m

= TzF(l—%)

Small change in element dx is,

dl—m—F(l—x)dx
Ay Ayl

. Al F
= Strain=—=——
[ 2AY

Problem Solving Technique(s)

In this problem, if friction between block and surface is
present and coefficient of friction is 4, then following two
cases arise.

Case (i): F<umg

Case (ji): F > umg,

For both these cases the answer will be same for elongation

e, Al= i for both cases.
2AY

ILLUSTRATION 19

A brass bar, having cross sectional area 10 cm® is sub-
jected to axial forces as shown in figure. Find the total
elongation of the bar. Take Y = 8x10? tcm™.

A

5t T—»sr C|—>1r D|—»1r

— 60 cm —»+4—100 cm —+—120 cm —»

SOLUTION

Given, A=10cm’, Y =8x10” tem™

Let Al be the total elongation of the bar. For sake of sim-
plicity, the force of 3t acting at B may be split into two
forces of 5t and 2t as shown in Figure.

A B B C c D

5 2 5 e B -

Similarly, the force of 1 acting at C may be split into two
forces of 2t and 1f.

Since the extension in the bar on which both forces of
equal magnitude act in opposite direction is

A= L
AY
So, net extension is given by
1

1
= ——"
10x8x10

= Al=0.0775cm

[(5)(60)+(2)(100)+(1)(120)]

BREAKING STRESS

If one end of rod or wire is rigidly fixed and a force is
applied at the other end, it will stretch. If the force is small,
the extension will also be small and upon the withdrawal
of the force, the wire will regain its original state. But if the
applied force is gradually increased, after some intermedi-
ate states, a state is reached when the wire or rod breaks.
The stress corresponding to this breaking point is termed
as breaking stress.

When the wire is loaded beyond the elastic limit,
then strain increases much more rapidly. The maximum
stress after which the wire begins to flow and breaks, is
called breaking stress or tensile strength and the force by
application of which the wire breaks is called the Breaking
Force.

F

The breaking force depends upon the area of cross-section
of the wire i.e.,

Breaking Force e A
Breaking Force = PA

where P is a constant of proportionality known as break-
ing stress (B.S.) of the wire.

Breaking stress P is a constant for a given material and
it does not depend upon the dimension (length or thickness) of
wire.
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BREAKING OF A WIRE UNDER
ITS OWN WEIGHT

Consider a wire of length I, area A, density p. Let the
breaking stress for the material of the wire be P . Since we
know that

Breaking | [ Breaking Area of
Force )~ | Stress cross-section
The weight of wire is given by

W= Mg = Alpg
So, breaking stress is given by
P=—=Ipg

= =

RS

This length of the wire can also be said as the maximum
length of the wire which can withstand its own weight
before breaking.

(a) Ifawire can bear maximum force F,then wire of same
material but double thickness can bear a maximum
force 4F because breaking force is proportional to
area of cross section and hence r’.

(b) Ifawire of length L is cutinto two or more parts, then
again, it's each part can hold the same weight, because
breaking force is independent of the length of wire.

Chapter 1: Mechanical Properties of Matter 1.15

(c) The working stress is always kept lower than that of a
breaking stress.
(d) Safety factor which is the ratio of breaking stress to
working stress has a large value as
Breaking Stress >>> Working Stress .

ILLUSTRATION 20

Find the greatestlength of steel wire that can hang vertically

without breaking. Breaking stress of steel is 8x10° Nm ?,
density of steel is 8x10° kgm™ and g =10 ms™.

SOLUTION

Let | be the length of the wire that can hang vertically
without breaking. Then the stretching force on it is equal
to its own weight. If therefore, A is the area of cross section
and p the density, then breaking stress P is

P Weight
A
_ p_l4p)g
A
= [=—
Pg
Substituting the values, we get
8
L L
(8x10°)(10)

0\7 Test Your Concepts-I

1. One end of a uniform wire of length L and of weight
W is attached rigidly to a point in the roof and a weight
W, is suspended from its lower end. If S is the area of
cross-section of the wire, then find the stress in the wire

at a height 34—L from its lower end.

2. A homogeneous block with a mass m hangs on three
vertical wires of equal length arranged symmetrically.
Find the tension of the wires if the middle wire is of
steel and the other two are of copper. All the wires have
the same cross section. Consider the modulus of elas-
ticity of steel to be double than that of copper.

Based on Young's Modulus, Longitudinal Stress and Strain

(Solutions on page H.3)

3. A light rod with uniform cross-section of 1077 m? is
shown in the figure. The rod consists of three differ-
ent materials whose lengths are 0.1m, 0.2m and
0.15m respectively and whose Young’s moduli are
25x10"° Nm?, 4x10"° Nm™? and 1x10"° Nm™
respectively. Calculate the displacement of points B, C
and D.

Y =25x 10"°Nm=

0.1m
B
0.2m IY=4>< 10'"Nm 2
c
0.15m Y =1x 10Nm2
D
10 kg
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Two wires A and B of same dimensions are stretched
by same amount of force. Young’s modulus of A is
twice that of B. Which wire will get more elongation?

Three blocks, each of same mass m, are connected
with wires W, and W, of same cross-sectional area a
and Young’s modulus Y. Neglecting friction, find the
strain developed in wire W,.

W, W,

Two rods A and B, each of equal length but different
materials are suspended from a common support as
shown in the figure.

The rods A and B can support a maximum load
of W,=600N and W, =6000N, respectively. If
their cross-sectional areas are A,=10mm’ and
A, =1000 mm’, respectively, then identify the stron-
ger material.

. A wire elongates by Tmm when a load W is hanged

from it. If this wire goes over a pulley and two weights
W each are hung at the two ends, find the elongation
in the wire.

. Two bars P and ( are glued together using a strong

adhesive. The contact surface of the bars makes an
angle 6 with its length and the area of cross-section
of each bar is A;. It is known that the adhesive yields
if the normal stress at the contact surface exceeds o,,.
Calculate the maximum pulling force F that can be
applied to the arrangement without detaching the bars.

E N Ay
FeT R xl_ N | —F
r’ 6 ”

. The Young's modulus of three materials are in the ratio

2:2:1 Three wires made of these materials have their
cross-sectional areas in the ratio 1:2:3. For a given
stretching force calculate ratio of the elongation’s in the
three wires.

A copper wire has a breaking stress of about
3%x10° Nm 2. Calculate the maximum load that can
be hung from a copper wire of diameter 0.42 mm. If

11.

12.

13.

14.

15.

16.

17.

half this maximum load is hung from the copper wire
of same diameter, then calculate the percentage of its
length that will be stretched.

Given that Y, =1.1x10" Nm ™.

A solid cylindrical steel column is 4 cm longand 9 cm
in diameter. What will be its decrease in length when
carrying a load of 80000 kg? Y =1.9x10" Nm2.

A metal rod that is 400 m long and 0.50 cm? in cross-
section area is found to stretch 0.20 cm under a tension
of 5000 N. What is the Young’s modulus for this metal?
A steel wire and a copper wire of equal length and equal
cross-sectional area are joined end to end and the com-
bination is subjected to a tension as shown in Figure.

copper steel

Calculate the ratio of the stresses and the ratio of the
strains developed in the two wires.

Given that ¥, =2x10'" Nm™ and
Yeopper =1:3%10"" Nm™.

copper

A uniform copper bar of density p, length L, cross-
sectional area S and Young's modulus Y is moving
horizontally on a frictionless surface with constant
acceleration a, . Calculate stress at centre of the wire
and the total elongation in the wire.
A rod PQ of mass m, area of cross section A, length |
and Young's modulus of elasticity Y is lying on a smooth
table as shown in figure. A force F is applied at P. Find
I
Q P
(a) tension at a distance x from end P,
(b) longitudinal stress at this point,
(c) total change in length and
(d) total strain in the rod.
A vertical solid steel post 15 cm in diameter and 3 m
long is required to support a load of 8000 kg. The weight
of the post can be neglected. What is (a) the stress in the
post? (b) the strain in the post? (c) the change in post's

length when the load is applied? Y =2x10"" Pa .

A steel ring is to be fitted on a wooden disc of radius R
and thickness d . The inner radius of the ring is r which
is slightly smaller than R. The outer radius of the ring is
r+b and its thickness is d (same as the disc) as shown
in Figure.

b
e
d d
g |
Ring Disc

There is no change in value of b and d after the ring
is fitted over the disc, only the inner radius becomes R.
If the Young’s modulus of steel is Y, calculate the longi-

tudinal stress developed in it. Also calculate the tension
force developed in the ring. )
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ELASTIC POTENTIAL ENERGY

If a force F is applied to a wire of length I and cross-
sectional area A, made of material of Young’s Modulus Y,
and if the wire suffers an extension x then
Y= F_“}
Ax

_YAx { .
Work done in extending the wire through Al is given by

l
Al Al
W= Jde = ?dex
0 0

F

2
e YAWE 1 (Y88
I 2 2 l l

1
= W= 5 x Volume x Stress x Strain

This work done is stored in the wire as elastic potential
energy (U, ) in the wire. Work done per unit volume is
called the elastic energy density denoted by (1, ). Hence,
we have
W 1
U=~ = % = E(Stress)(Strain)
The Work can also be written as

LV_l(YAN]AI
AN

= Work = 1>< Load x Extension

This work done is stored in the wire as elastic potential
energy (U, ) in the wire. Energy density (1, ) is the elas-
tic potential energy per unit volume of the wire.

3 H : 1( Load )( Extension J
oAl 20 A I

= u

= u= %(Stress)(Strain)

2
= U, = %Y(Strain)2 = %

ILLUSTRATION 21

Abar of mass M and length L is hanging from point S as
shown in figure.

The Young's modulus of elasticity of the wire is Y and the
area of cross-section of the wire is A.
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(i) Find the stress at x distance from bottom end.

(i) Consider a small section dx of the bar at a distance x
from lowest point of bar. Find elongation (4L) in that
section dx.

(iii) Find total elongation in bar.
(iv) Find energy density at distance x from bottom end.

(v) Find total elastic potential energy stored in bar.

SOLUTION

(i) The weight of x length of the bar is

w4,

L
So, stress at x distance from bottom
W Mgx
A AL
(ii) Stress = Y (Strain)
M
AL dx
o L Mgxdx
ALY

(iii) Total elongation in wire

L L
AL = JdL = ﬂjxdx
ALY
0 0
_ MgL

" 24Y
(iv) Elastic energy density at x distance is

= AL

1
u, = E(stress)(strain)

1 (stress )*
= U, =—

20y
1 ( Mgx : Mzg;zx2
E?(,M;] vl
(v) Energy stored in Adx volume is
du, =(u, ) Adx

= U, =

~ M2g2x2 (

= dU,=—%55 Adx)
YA“L

Total energy is given by
2 222

‘ J2YAE
0

ML
6AY
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ILLUSTRATION 22

A rubber cord has a cross sectional area 1 mm? and total
unstretched length 10 cm. It is stretched to 12 cm and then
released to project a missile of mass 5 g. Taking Young's
modulus Y for rubber as 5x10° Nm™. Calculate the
velocity of projection.

SOLUTION
The equivalent force constant of rubber cord is given by

_va_(5x10*)(1x107)
1 (0.1)

Applying Law of Conservation of Mechanical Energy, we
get

k =5x10> Nm™

Elastic Potential | ( Kinetic Energy
Energy of Cord | |  of Missile

= 1k(AI)2 :lmv2
2 2

+ oo

= 9=20ms"!

5x10°
5x107°

](12-10)><102

Please note that while solving this example following
assumptions have been made.
(i) khas been assumed constant, even though it depends
on the length (/).
(ii) The entire elastic potential energy is converted into
kinetic energy of missile.

ILLUSTRATION 23

The demolition of a building is to be accomplished by
swinging a 400 kg steel ball on the end of a 30 m steel wire of
diameter 5 mm hanging from a tall crane. The ball is swung
through an arc from side to side, the wire making an angle
of 60° with the vertical at the top of the swing. Calculate
the amount by which the wire is stretched at the bottom of
the swing and estimate the energy stored in the stretched
wire at the bottom of the swing if Y; =2x10"" Nm™.

SOLUTION

The height to which the ball is raised when it makes an
angle of 60° with the vertical is given by

h—!(l—cos60°)—;—15m

When released from this position, the speed acquired by
the ball at the lowest point is obtained by applying the
Law of Conservation of Energy, according to which “loss
in gravitational potential energy of the ball equals the gain in
kinetic energy of the ball”, so we get

1,
—muv" =mgl
5 v° =mgh

= 07 =2¢h=2x9.8%15=294 m%

Also, applying Newton's Second Law to the ball at the
lowest point, we get

MUZ

T—mg:T

1
160°
|
1

1 "J
1 t
/’
T 7 Ih

|
o

' 2
v 294
T=m|g+— —(400)(9.8+—)
= m(g 1 ] g
= T=7840N
Since, Al= - ___(7840)(30)
AY

%(5x10_3)2x2x10“

= Al=0.06m=6cm

The elastic energy stored in the wire is

U= %(Y )(Strain)* (Volume) , where

Volume = ( %)(5 x107 )2 (30)=59%x10"* m®

L2
= u:l(zxm“)[éxw ](5.9x10*‘)
2 30

= U=236]

BEHAVIOUR OF A WIRE UNDER STRESS

A typical load-extension (or stress-strain) curve for a metal
wire is shown here.

1 P limit of proportionality

E elastic limit, which
may coincide with the

load

limit of proportionality
Y vyield point

ol X extension B break point

Up to the point P the curve is straight. This is called limit
of proportionality. Beyond this point P Hooke’s Law is
not obeyed.

The point E is called the elastic limit. Upto this
point the wire returns to its original form when the load
is removed. P and E are very close and may not coincide.

Beyond this elastic limit the wire no longer returns
to its original size on the removal of load, i.e., a perma-
nent deformation (OX) occurs. At the yield point Y, the
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material begins to flow, i.e., the length increases with little
increase in stress. This continues till the break point B is
achieved and the wire breaks at some weak point.

Materials which undergo a large increase in length
beyond the elastic limit before snapping are called ductile.
Such materials can be drawn into long wires. Substances
which break just after the elastic limit is reached are said
to be brittle.

ELASTIC FATIGUE

Consider a wire loaded, within elastic limits, and kept
strained for a sufficiently long time. The extension is liable
to complete recovery on removal of deforming forces but it
is observed that the wire recovers its original configuration
slowly on removal of deforming forces, i.e. the recovery
lags behind the process of removing one deforming forces.

This phenomenon, by virtue of which a substance
exhibits a delay in recovering its original configuration, if
it had been subjected to a stress for a longer time, is called
elastic fatigue.

BEHAVIOUR OF RUBBER UNDER STRESS

For rubber, stress is not proportional to strain at any por-
tion of the curve. However, when the load is removed the
specimen recovers its original length — thus it is elastic
(but does not obey Hooke’s Law). On decreasing the load,
the curve is not retraced (as expected) but follows a differ-
ent path. This property is called elastic hysteresis.

load

extension

ELASTIC HYSTERESIS

The word Hysteresis actually means “Lagging Behind”.
When a deforming force is applied on a body then the
strain does not change simultaneously with stress rather
it lags behind the stress. The lagging of strain behind the
stress is called as Elastic Hysteresis. This is the reason due
to which the values of strain for same stress are different
while increasing the load and while decreasing the load.

Significance of Hysteresis Loop

(a) The area of the stress-strain curve is called the hyster-
esis loop and it is numerically equal to the work done
in loading the material and then unloading it.
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(b) If we have two tyres of rubber having different hyster-
esis loop then rubber B should be used for making the
car tyres. It is because of the reason that area under
the curve i.e. work done in case of rubber B is lesser
and hence the car tyre will not get excessively heated
and rubber A should be used to absorb vibration of
the machinery because of the large area of the curve, a
large amount of vibrational energy can be dissipated.

" For A " For B

o o

7] 5]

o Strain 0 Strain
POISSON'S RATIO (o)

When a long bar is stretched by a force along its length
then its length increases and the radius decreases as
shown in the Figure.

111111111111111111111111

L+AL l

In that case, we have two types of strain in the wire

(a) Lateral strain: The ratio of change in diameter (AD)

to the original diameter (D) is called lateral strain i.e.
aD
o

(b) Longitudinal strain: The ratio of change in length

(AL) to the original length (L) is called longitudinal
.. AL
strainie. —.
L

Poisson’s Ratio (o) is defined as the ratio of lateral strain
to longitudinal strain.

Lateral strain

o=
Longitudinal strain

AD/D
= Oo=—"

AL/L
Negative sign indicates that the radius of the bar decreases
when it is stretched. Poisson’s ratio is a dimensionless and
a unit less quantity.
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(a) The theoretical value of o lies between —1 and 0.5

(b) The actual value i.e. practical value of o lies between 0
and 0.5

(c) Poisson’s ratio ois not the modulus of elasticity as it is
the ratio of two strains and not of stress to strain.

RELATION BETWEEN VOLUMETRIC STRAIN,
LONGITUDINAL STRAIN AND POISSON'’S RATIO

Consider a long bar having length L and radius R, then
volume of the bar is given by

V=1RL= %DZL

= AV= %[DZAHLA(DZ )]
Since, we know that A(jD2 ) =2DAD

= AV :%[DzAL+L(2DAD)]

Dividing both the sides of the above equation by volume
of thebarie. V= EDZL, we get

AV D?AL 2DLAD
AR TS T
V DL DL

ae
AV AL AD
-3 2—
1% L D
) AD (AL) AD/D
Since —=-0| — v O=——
D L ALJL
AV AL
—=(1-20)—
V L

AV AL
a) —=(1-20)—
(a) v ( O')L
(b) For 6=05, AV=0

i.e. if value of Poisson’s ratio is 0.5, then change in vol-
ume for this value is zero.

DEPRESSION OF A BEAM

If a beam of length [ is supported horizontally at the ends
and is loaded at the middle by a load W, the depression
at the centre is given by

wr?

48Y1

where, Y is the Young’s Modulus.

5:

2

. . 1
For a beam of circular cross-section [ = 1 re, and

3
For a beam of rectangular cross-section [ = E0

where, b being the breadth and d the depth of the beam.

0‘7 Test Your Concepts-II

1. Find the elastic deformation energy of a steel rod of
mass m=3.1kg stretched to a tensile straine =1x107>.
Y for steel is 2x10"" Nm™ and density of steel is
7800 kgm >,

2. A smooth uniform string of natural length I, cross-
sectional area A and Young's modulus Y is pulled along
its length by a force F on a horizontal surface. Find the
elastic potential energy stored in the string.

3. A wire 4 m long and 0.3 mm in diameter is stretched
by a force of 100 N. If extension in the wire is 0.3 mm,
calculate the potential energy stored in the wire.

4. A steel wire of length 2m and 12x107 m? in cross
sectional area is stretched by a force of 36 N. Calculate
stress, strain, increase in length and work done in
stretching the wire (v=18x10" Nm?)

5. Find the work done in stretching a wire of cross section
Tmm’ and length 2 m through 0.1 mm. Young’s modu-

\ lus for the material of wire is 2x10"" Nm™.

Based on Elastic Energy, Energy Density and Poisson’s Ratio

(Solutions on page H.5)

6. A 45kg boy whose leg bones are 5 cm’ in area and
50 cm long falls through a height of 2 m without
breaking his leg bones. If the bones can stand a stress of

0.9%10® Nm™, calculate the Young's modulus for the
material of the bone. Use g=10 ms™2.

7. A catapult consists of two parallel rubber strings, each
of lengths 10 cm and cross-sectional area 10 mm™.
When stretched by 5 c¢m, it can throw a stone of mass
100 g to a vertical height of 25 m. Determine Young's
modulus of elasticity of rubber.

8. A steel wire 40m in length is stretched through

2.0 mm. The cross-sectional area of the wire is 2.0 mm?®.

If Young's modulus of steel is 2.0x 10" Nm™. Calculate
the energy density of wire and the elastic potential
energy stored in the wire.
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SHEAR MODULUS

The shear modulus of a solid measures its resistance to a
shearing force, which is a force applied tangentially to a
surface, as shown in the figure.

o) .

I /
0
FIXED FACE L
_—

Since the bottom of the solid is assumed to be at rest, there
is an equal and opposite force on the lower surface. The
top surface is displaced by Ax relative to the bottom sur-
face. The shear stress is defined as

Tangential force F,  F

TA A

where A is the area of the surface. The shear strain is
denoted by € and is given by

Shear Stress =
Area

0=—
!

where [ is the separation between the top and the bottom
surfaces.
Shearing Stress
" Shearing Strain
Shear modulus is also called modulus of rigidity.
Consider a solid rectangular block whose lower
face is held fixed and a tangential force F is applied to
the upper face (see figure). This deforms the block into a
parallelopiped, turning the vertical end faces through an
angle 6. If A is the area of the upper face then
_F _F
= A0 Atan6
_ FI
1™ Anx

Solids possess all the three moduli of elasticity BUT Liquids
and Gases possess only Bulk Modulus.

ILLUSTRATION 24

Calculate the force needed to punch a 1.46 cm diameter
hole in a steel plate of 1.27 cm thick shown in figure. The
ultimate shear stress of steel is 345x10° Nm ™.

{Using Shearing Strain}

&

D w,

S
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SOLUTION

According to figure. As in punching, shear elasticity is
involved, the hole will be punched if

% > (Ultimate Shear Stress )

M
&

A

= F>(Shear Stress)( Area)
Since the area A =2arL

=  A=2(314)(073x102)(127x1072)
= A=58x10" m?

= F>(345x10%)(58%107*) =200 kN
= F>200kN

Minimum force is required is F,;, =200 kN

ILLUSTRATION 25

Two equal and opposite forces each of magnitude F act on
a rod of uniform cross-sectional area A, as shown in the
Figure.

F o F
L on 0

Q

Calculate the shear stress and longitudinal stress on the
section PQ.

SOLUTION
Since the net force acting on the rod is zero, so the rod is

in equilibrium. Let the tension in the segment PQ be F.
Applying Newton's Second Law for the segment 1, we get

Ar

F =] % ;F'sine
Fl
Q

F'cosf

F. =F-F=ma=0

ne

= F'=F

{ra=0}

Resolving the force F’ parallel and perpendicular to the
given surface PQ having area A’, we get the tangential
component of the force F, to be F, = F'cos@ and the nor-
mal component of the force to be F, = F'sin#, so tangen-
tial stress i.e. shear stress is given by

R F'cos@

t AI AI

Since, A’ = i and F'=F
sin@
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FsinOcos@
= O-t :T

Similarly, longitudinal stress or normal stress is

_F, _F'sing

ﬂ_Ar Ar

Since, A'= 1 and F'=F
sin@

F .
= o0, =Zsm29

To find the normal (or longitudinal) stress, resolve the force
perpendicular to the plane of the given surface and then
divide it by the area of the surface, i.e.

A
:%ﬁe F

2]

F, F, _ Fcos@

Asurface Asurface Asurface

To find shearing stress or tangential stress, resolve the force
parallel to plane of the given surface and then divide it by
the area of the surface, i.e.
Rk Fsing

Asurface Asurface Asurface

On

Oy

TORSION OF A CYLINDER

When one end of a cylinder is clamped and a torque is
applied at the other end then the cylinder gets twisted by
angle 6 due to which a shearing strain ¢ is also produced
in the cylinder.

(a) From OAB, we observe that AB=r6 and from QAB
we observe that AB =1¢. So, we have

AB=r0=1¢
= ¢= ?
(b) The restoring torque in the cylinder is given by

_ '
S
where, 7 is the modulus of rigidity of the material of
the cylinder.
(c) The torque per unit twist i.e. the torque required to
produce a unit twist in the cylinder (also called as the
torsional constant C of the cylinder) is given by

r_mr
o 2
(d) Work done in twisting the cylinder through an angle

0 is given by

452
wzlcgzzmr (7]
2 4]

@7 Test Your Concepts-IIl

1. A box shaped piece of gelatin dessert has a top area of
15 cm’ and a height of 3 cm. When a shearing force
of 0.50 N is applied to the upper surface, the upper
surface displaces 4 mm relative to the bottom surface.
Calculate the shearing stress, the shearing strain, and
the shear modulus for the gelatin.

2. A3 cmx7cmx7 cm block of soft butter block is rest-
ing on a surface as shown in Figure.

7cm

?7 cm

3cm

Based on Shear Modulus, Tangential Stress, Shear Strain

(Solutions on page H.6)
A tangential force of 0.49 N is applied at the top face
of the butter block. The top face is observed to move
6 mm relative to the bottom face. Calculate the shear
modulus of butter block.
3. Acube of side his fixed to a horizontal surface as shown
in Figure.

> F

If a shearing force distorts the cube such that ¢ is the
shear stress, then calculate the work done by the shear-
ing force, assuming deformation to be small.
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4. A block of mass 160 kg is hanging from the end of a
steel bar as shown in Figure.

Bar

Block
-
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The length of the bar is 0.10 m and its cross-sectional
area is 3.2x10™* m?. Ignoring weight of the bar, cal-
culate shear stress on the bar and vertical deflection of
the right end of the bar if 7. = 8.0x10'° Nm™ and
g=10ms™.

BULK MODULUS

The bulk modulus of a solid or a fluid indicates its resist-
ance to a change in volume. Consider a cube of some
material, solid or fluid, as shown in the figure. We assume
that all faces experience the same force F, normal to each
face. (One way to accomplish this is to immerse the body
in a fluid as long as the change in pressure over the verti-
cal height of the cube is negligible). The pressure on the
cube is defined as the normal force per unit area

i

A

The SI unit of pressure is Nm™ and is given the name
pascal (Pa).
Pressure is a scalar because on any infinitesimal vol-
ume, it acts in all directions; it has no unique direction.
When the pressure on a body is increased, its volume
decreases. The change in pressure AP is called the volume

AV
stress and the fractional change in volume A is called

the volume strain. The bulk modulus B of the material
is defined as

Volume stress

Bulk modulus =—————
Volume strain
= PRy
v

The negative sign is included to make B a positive number
since an increase in pressure (Ap > 0) leads to decrease in
volume (AV <0)

The inverse of B is called the compressibility,

State Shear Modulus Bulk Modulus
Solid Large Large
Liquid Zero Large
Gas Zero Small

RELATIONS BETWEEN ELASTIC CONSTANTS

The elastic constants ie. Y, K, n and o are found
to depend on each other through the relations given by

(a) Y=3B(1-20) (b) Y=2n(1+0)
_3B-2n _ 9B
T 6B+27 " 3B+7

DENSITY OF COMPRESSED LIQUIDS

(€ o (d) Y

When a pressure AP is applied on a substance its density
is changed. If a liquid of density p, volume V and bulk
modulus K is compressed, then its mass remains same,
volume decreases and hence density increases. Since den-

sity is

=— (1
P=v @
When compressed, we have the density p’ given by
M M
p' = = ...(2)
V-AV V[ 1AV )
%
From (1) and (2), we get
’ P
p =7
(-
%
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AP
. g._ AP
Since, (ﬂ)
V

AV AP

= ——=—
|74 B

,_ P

= p —
1-=

B

From this expression we can see that p’ increases as pres-
sure is increased (AP is positive) and vice-versa.

Seawater has a Bulk modulus of 23x10'Y Nm™ . Calculate

the density of sea water at a depth where the pressure is
800 atm if the density at the surface is 1024 kgm™.

SOLUTION
The changed density is given by

p=——
1_AP
B

Substituting the value, we get
p= 1024 ==1024.4 kgm™
1- 799x1.01x10

23x10%

ILLUSTRATION 27

Find the depth of lake at which density of wateris 1% greater

than at the surface. Given compressibility 50x10 atm™.

SOLUTION
m
pa
v
h Ap =hpg
m
O—u—l—pa +Ap
V' (<V)
Ap
-
v
AV A
AV__ ()
1% B

Since, p = pPym +hpg
m = pV = constant

= Vidp+pdV =0

dp __dv
P v
Ap_Ap
p "B
Since, A L
p 100
L _hpg
100 B
Assuming P to be constant, we get
B 1
hpo= — =~
PE= 100 " 100k
1x1x10°
= hpg=—-—"T"—
100x50x10°°
- 10°
5000 x 107 x 1000 % 10
3
- 100x 10 o km
50

ILLUSTRATION 28

The pressure P of the gas varies with volume V' according
to the relation P = Pye®”. Find the bulk modulus of the gas.

SOLUTION
Since P = P,e*”
j—i:%(geﬂ"):aewa:f’a [-P=pe}

Since by definition of Bulk’s Modulus, we have

()
vV av

Bz‘d—P V =aPV
av

(a) A solid will have all the three modulus of elasticity Y,
B and 7. But in case of a liquid or a gas only B can
be defined as a liquid or a gas cannot be framed into a
wire or no shear force can be applied on them.

(b) Foraliquid ora gas,

()

So instead of P we are more interested in change in
pressure dP.
(c) In case of a gases, the Bulk's modulus is given by

B=XP
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In the process PV* =constant
For example, for x=1, or PV = constant (isothermal
process) B=P.

i.e, isothermal bulk modulus of a gas (denoted by
B othermal) 15 €qual to the pressure of the gas at that
instant of time or

Bisothermal =P

Similarly, for x=y = E—P or PV = constant (adiabatic
v

process) B=yP.
i.e, adiabatic bulk modulus of a gas (denoted by
B ) is equal to ¥ times the pressure of the gas

adiabatic
at that instant of time or

Badiabatic = ’}/P

(d) Foragas Be<P
whether it is an isothermal process or an adiabatic
process. Physically this can be understood as under.
Suppose we have two containers A and B. Some gas
is filled in both the containers. But the pressurein A is
more than the pressure in B, i.e.,

h>P,

A B

L e .
* % =l g r
L) Ly .
R C . e
‘. . .
DT .

So, bulk modulus of A should be more than the bulk
modulus of B, or

B,>B,
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and this is quiet obvious, because it is more difficult
to compress the gas in chamber A, i.e, it provides
more resistance to the external forces. And as we have
said in point number 1 (i) the modulus of elasticity is
greater for a substance which offers more resistance to
external forces.

(e) For liquids, the energy density is given by

(Stress )’ _(n‘)pgi)2
2B 28

ILLUSTRATION 29

Ina vertical cylindrical vessel of base area A = 80 cm” water
is filled to a height /1 = 30 cm . If density and the Bulk mod-
ulus of water be p=1000 kgm™ and B=2x10° Nm™
Calculate elastic deformation energy of water in the vessel.
( ¢=10 ms ™ ) .

SOLUTION

At a depth & below the free surface of water volume
density of elastic deformation energy,
b2
D)
2B
So, total deformation energy E of water in the vessel is
given by
h
E= jud %

Substituting the values, we have

4 3 2 3
E:(S{}x]{} 6)£120X;<0£0) (03 | 6510

@ Test Your Concepts-IV

1. A solid sphere of radius R made of a material of bulk
modulus B is surrounded by a liquid in a cylindrical
container. A heavy piston of mass m and area A floats
on the surface of the liquid as shown. Calculate the
fractional change in the radius of the sphere.

3

Based on Bulk’s Modulus, Normal Stress and Volumetric Strain

(Solutions on page H.6)
2. A specimen of oil having an initial volume of 800 cm’
subjected to a pressure increase of 1.8x10° Pa, and
the volume is found to decrease by 0.30 cm’ . Calculate
the bulk modulus and compressibility of the material.
3. Intaking a solid ball of rubber from the surface to the
bottom of a lake of 180 m depth, reduction in the vol-
ume of the ball is 0.1%. The density of water of the lake
is 1x10° kgm™. Determine the value of the bulk mod-
ulus of elasticity of rubber. (g =9.8 ms™ )




ICON

1.26 )EE Advanced Physics: Waves and Thermodynamics

What is the percentage change in the volume of a glass
ball if it is placed in vacuum than in air. Bulk modulus of
glass B=4x10"" Nm™.

Bulk modulus of water is 2.3x10° Nm 2. Taking aver-
age density of water 10:103 kgm"3, find increase in
density at a depth of 1km. Take g=10 ms .
Calculate the density of lead under a pressure
of 2x10* Nm?, if the bulk modulus of lead is
8x10° Nm™ and initially the density of lead is
1.4 gcm’s'.

The bulk modulus of water is 2.3x10° Nm 2.

(a) Find its compressibility in the units atm ™.

(b) How much pressure in atmospheres is needed to
compress a sample of water by 0.1% ?

Calculate the volume density of the elastic deforma-
tion energy in fresh water at the depth of h=1000 m.
Compressibility of water k=4.9x1 07 m?N",

The pressure of amedium is changed from 1.01x10° Pa
to 1.165x10° Pa and change in volume is 10% keep-
ing temperature constant. Calculate the Bulk's modulus
of the medium.




FLUID STATICS

FLUIDS: INTRODUCTION AND ASSUMPTIONS

A fluid is a substance that can flow and does not have
a shape of its own. All liquids and gases are fluids.
However, in this chapter our main study is applicable for

(@) Incompressible Liquids, which have their density to
be independent of the variations in pressure and is
assumed to be constant.

(b) Non-viscous Liquids, in which the parts of the lig-
uid in contact do not exert any tangential force on
each other. The force acted by one part of the liquid
on the other part is perpendicular to the surface of
contact due to which no friction between the adja-
cent layers of liquid in contact.

DENSITY

The density p of a substance is defined as the mass per
unit volume of a sample of the substance.
If a small mass element Am occupies a volume AV, the
density is given by

_Am

P=av

In general, the density of an object depends on position,
so that

p=f(xy z)

If the object is homogeneous, its physical parameters do
not change with position throughout its volume. Thus, for
ahomogeneous object of mass M and volume V, the den-
sity is defined as

=y

The SI units of density are kgm"g.
In a fluid, at a point, density p is defined as

. Am dm
p=lim —=—
AVS0AV dV

(a) In case of homogenous isotropic substance, density has
no directional properties, so is a scalar. It has dimen-
sional formula ML, Sl unit kgm™ and cgs unit gec™
where

Tgec ' =10° kgm™

(b) When immiscible liquids of different densities
are poured in a beaker, the liquid having the highest

density will be at the bottom of the beaker while the
liquid having the lowest density will be at the top of
the beaker and interfaces separating the liquids will be
plane surfaces.

(c) With the rise in temperature (AT) due to thermal
expansion of a given body, the volume of the body
increases whereas the mass of the body remains
unchanged. So, the density of the body decreases
according to the relation

p mV 'V

po mVy V
Since, we know that V =V, (1+9AT)

Po

Ty

where, 7 is the coefficient of volume expansion of the
liquid. (Detailed discussion done in Thermal Expansion)

(d) With increase in pressure (AP) the volume of the
liquid decreases (AV), so the density will increase
according to the relation

_ P _ P
e w
v B

where, B is the Bulk's Modulus of the liquid. (Detailed
discussion done in Elasticity)

RELATIVE DENSITY OR SPECIFIC GRAVITY

Sometimes instead of density we use the term relative
density (RD) or specific gravity (SG) which is defined as:
Density of body

RD =
Density of water at 4 °C

Relative density is a pure ratio and has no units. Density
of water at 4 °C is 1gcc ™. So, in cgs system of units, the
relative density is equal to the density.

For example, the relative density of mercury is 13.6, so its
density will be 13.6x10° gec™.

ILLUSTRATION 30

Find the density and specific gravity of gasoline if 51 g
occupies 75 cm” ?

SOLUTION
mass _ 0.051kg

volume 75x107% m

Density = 7 =680 kgm
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density of gasoline

Sp. ity =
= op-gravity density of water
680 kgm™
=  Sp. gravity = ————=0.68
P 8FaVIY =000 kgm?
. mass of 75 cm® gasoline
=  Sp. gravity = 3
mass of 75 cm” water
51
=  Sp. gravity = 228 _ 068
758

DENSITY OF A MIXTURE OF TWO OR
MORE LIQUIDS

If a mass M, of liquid of density p,, volume V; is mixed
with a liquid of mass M,, density p,, volume V, and so
on, then

Pri _ Mmixmre _ M] +M2 +...
mixture — =
Vinixture Vi+Vo+..
CASE-1
If equal masses of the liquids are mixed, then
Miivture = M+ M =2M and Viisture = V1 + V5
2M
= p=—
(M/p1)+(M/p,)
= Pmixture = 2oz Harmonic Mean
PP,
CASE-2

If equal volumes of the liquids are mixed, then

M isture = My + M, and Vinixtare = 2V

p= pVAPV _pitp,
2V 2

+
= Prmixture = % = Arithmetic Mean

Problem Solving Technique(s)

(a) If nliquids of equal masses are mixed, then

Prixture

(b) If n liquids of equal volumes are mixed, then

_ P tpatps

p i =
mixture n

ILLUSTRATION 31

Two substances of densities p; and p, are mixed in equal
volume and the relative density of mixture is 4. When they
are mixed in equal masses, the relative density of the mix-
ture is 3. Find p, and p, .

SOLUTION

When substances are mixed in equal volume then density
of the mixture is

PLtp
mix ITZ =4
= pt+p,=8 (1)
When substances are mixed in equal masses then density is
2PiPy _ 4
pPitp;

= 2pp2 =3(p1+p2)
= 2pp,=3x8=24

= ppp=12 +(2)
Solving equations (1) and (2), we get
p;=6and p,=2.

FLUID AT REST

It has been observed that a fluid at rest cannot sustain a
tangential force. If such a force is applied to a fluid, the
different layers simply slide over one another. Hence, for
a fluid at rest, the forces acting on it have to be normal to
the surface.

An important consequence of this property is that the
free surface of a liquid at rest, under gravity, in a container, is
always horizontal.

Free surface
remains
horizontal

Since, the force of gravity acts vertically downwards so, in
equilibrium, the liquid surface has to be perpendicular to
it and hence is horizontal.

Problem Solving Technique(s)

(a) Afluid exerts force on any surface in contact with it.
(b) This force always acts at right angles (normally) to the
surface and is also called Thrust.
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PRESSURE

The normal force or the thrust per unit area is called
Fluid Pressure. Its SI. unit is Nm™ or pascal (Pa).
Mathematically, we have

(AF),

P:

where (AF), is the normal force acting on surface of area
A. If we consider an imaginary surface within the liquid,
then the fluid on both the sides of the surface exerts equal
and opposite force (AF, ) on each surface as shown. If this
is not the case then the liquid surface will accelerate and
the fluid will not remain at rest.

(AF), (AF).

Imaginary surface

If the pressure is same at all points of a finite plane surface
of area A, then

p-L
A
where F, is the normal force acting on one side of the
imaginary surface. The average pressure in the fluid at the
position of the element is given by
AF

T
When AA — 0, the element reduces to a point, and thus,
pressure at a point is defined as

. AF dF
P=lim —=—
AM-0AA  dA

When the force is constant over the surface of area A, then

the above equation reduces to
F
P=—
A

The SI unit of pressure is Nm™ and is also called pascal
(Pa). where,1 Pa=1Nm™

The other common units of pressure are the atmosphere
and bar.

1atm =1.01325x10° Pa
1 bar =1.00000x10° Pa

ATMOSPHERIC PRESSURE (P,)

It is the pressure due to the earth’s atmosphere. It changes
with weather conditions and elevation. Thenormal average
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atmospheric pressure at the sea level is 1.01x 10° Pa also
called as 1 atmosphere i.e.

1atm =1.01x10° Pa

and 1atm=1.01x10° Pa=1.01bar = 760 torr

The atmospheric pressure is maximum at the surface of
earth and goes on decreasing as we move up into the
earth’s atmosphere.

PRESSURE IS ISOTROPIC

Imagine a static fluid and consider a small cubic element
of it deep within the fluid as shown in Figure. Since this
fluid element is in equilibrium, therefore, forces acting on
each lateral face of this element must also be equal in mag-
nitude. Because the areas of each face are equal, therefore,
the pressure on each of the lateral faces must also be the
same. In the limit as the cube element reduces to a point,
the forces on the top and bottom surfaces also become
equal. Thus, the pressure exerted by a fluid at a point is
the same in all directions - the pressure is isotropic.

Since the fluid cannot support a shear stress, the force
exerted by a fluid pressure must also be perpendicular to
the surface of the container that holds it.

VARIATION OF PRESSURE WITH DEPTH

Consider a small cylindrical element of mass Am at a
height y from the base of the container as shown in
Figure. Let A be the area of the top and bottom surface
of this cylinder.

We know that the fluid forces on the opposite vertical
faces of the cylinder are equal in magnitude and opposite
in direction, and therefore, cancel. The other forces acting
on the fluid contained within the imaginary boundary is
the gravitational force

AW =(Am)g

and the forces due to fluid pressure.

The pressure force acting on the lower face of the ele-
ment is pA and that on the upper face is (p+Ap)A . The
free body diagram of the element is shown in Figure.
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Am
Q )i: Ay

y y
| L)
Applying the condition of equilibrium, we get
PA-(P+AP)A—-(Am)g=0

(P +AP)A

TQ)I(M")Q

PA

(1)

If p be the density of the fluid at the position of the ele-
ment, then

Am = pA(Ay)
= PA-(P+AP)A-pgA(Ay)=0 {from (1))
o, AP__

Ay_ P8

In the limit Ay approaching to zero, QE becomes
Y

a__
2y =P8

The above equation indicates that the slope of P versus y
is negative. That is, the pressure P decreases with height y
from the bottom of the fluid.

In other words, the pressure p increases with depth I, i.e.

av_
dh*PS’

THE INCOMPRESSIBLE FLUID MODEL

For an incompressible fluid, the density p of the fluid
remains constant throughout its volume. It is a good
assumption for liquids. To find pressure at the point A ina
fluid column as shown in Figure is obtained by integrating.

T
h
Aor
y
dP = pgdh
P I
= JdP:pg.[dh
P, 0
= P-Fy=pgh
= P=F +pgh

where p is the density of the fluid, and p, is the atmos-
pheric pressure at the free surface of the liquid.

(a) Thus, pressure is same at all points at the same depth.
The force due to pressure acts normally on any area,
irrespective of the orientation of the area.

(b) Atsame pointinside a fluid, the pressure is same in all
directions. In the Figure,

P=P=P=F
&
P— e P,
I,

ABSOLUTE PRESSURE AND GAUGE PRESSURE

Absolute pressure is the total pressure at a point while
gauge pressure is relative to the local atmospheric pres-
sure. Gauge pressure may be positive or negative depend-
ing upon the fact whether the pressure is more or less than
the atmospheric pressure.

P P P

gauge — ~absolute — L atm

ILLUSTRATION 32

If pressure at half the depth of a lake is two third the pres-
sure at the bottom of the lake then find the depth of the
lake.

SOLUTION

Let P be the atmospheric, then pressure at bottom of the
lake is

P=F, +hpg
Pressure at half the depth of a lake is

h
P =F+—
075 P8
According to given condition, we have

p=2p
3

1 2
= Ry+5hpg =2 (R +hpg)
3
1 1
= P ==h
3075 %4

2P s
:70_ 2)(10 -20m

= | =— =
pg 107 x10
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(a) Forces acting on a fluid in equilibrium have to be per-
pendicular to its surface. Because it cannot sustain the
shear stress.

(b) In the same liquid pressure will be same at all points at
the same level.

For example, in the Figure, we observe that
P,#P,, P;=P,, B, =F;
For P; =P, , we get
Fo +pighy =Py +pagh,
= pih=p,hy
1

= hoc—
p

ILLUSTRATION 33

A closed tube in the form of an equilateral triangle of side /
contains equal volumes of three liquids which do not mix
and is placed vertically with its lowest side horizontal.
Find the value of x in the Figure, if the densities of liquids
are in arithmetic progression.

SOLUTION

Pressure at E due to the left limb AB must be equal to the
pressure at E due to the right limb AC, so using Pascal’s
equation, we get
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P, =(1-x)sin60°(2p)g +xsin60°(3p)g and
P, = (1-x)sin60°(3p) g +(xsin60°) pg

Equating, these two, we get
2(1-x)+3x-3(1-x)-x=0

= 3x=1

= x=-

ILLUSTRATION 34

A circular tube of uniform cross section is filled with two
liquids of densities p; and p, such that half of each lig-
uid occupies a quarter of volume of the tube as shown in
Figure. If the line joining the free surfaces of the liquid
makes an angle 6 with horizontal, then calculate 6.

SOLUTION

Since pressure at A due to the left column and the right
column of the liquid should be the same, so we have

(PA )due toleft column ( PA )due to right column . (1)

| Asing
. Iy
Hsmﬂ_l_r Rcost  |hs
hy=R(1 - smﬂ)‘ “JR(1 - cos)}

Due to left column
Pressure at A is given by

(P4 )it =R(1-sin)p,g

Due to right column
Pressure at A is given by

(P, )right =R(sin8+cosf)p,g+(1-cosf)p,g
Equating both these equations, we get
p;(1-cos8)+p, (sinB+cosf)=p, (1-sin8)

cosf+sinf _ p;

= =
cosf-sinf p,
= tanf= PPy
P1t+pP2

. at(u]
Pt P>
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SIMPLE FREE BODY DIAGRAM OF ALIQUID IN
A CONTAINER

The free body diagram of the liquid (showing the vertical
forces only) is shown in Figure (b). For the equilibrium
of liquid, the Net downward force must equal the net
upward force.

4 i
P h I w
(a) (b) T(P0+ pgh)A
= PRA+W=(F+pgh)A
= W=pghA {which is true}

ILLUSTRATION 35

A liquid of density p is filled in a beaker of cross-section
S to a height H and then a cylinder of mass m and cross-
section s is made to float in it as shown in Figure.

A

Cylinder

H c

B

Y

If the atmospheric pressure is p, find the pressure at the
top face A of the cylinder, at the bottom face C of the
cylinder and at the base B of the beaker. Can you think
of a condition for which these three pressures are equal?
SOLUTION

Above the cross-section A there is external pressure due
to atmosphere only. So

P, = Atmospheric pressure = F

At the point C the pressure will be due to atmosphere and
also due to the weight of the cylinder, so, we have
PC - PU + ﬂ
s

If the system is in free fall (as in a satellite), then g, = 0

HYDROSTATIC PARADOX

Hydrostatic pressure depends on the depth of the point
below the surface (1), nature of liquid (p) and accel-
eration due to gravity (g) while it is independent of the
amount of liquid, shape of the container or cross-sectional

area considered. So, if a given liquid is filled in vessels of
different shapes to same height, the pressure (P) at the
base of each vessel’s will be the same, though the volume
or weight of the liquid in different vessels will be different.
This situation is called Hydrostatic Paradox.

140\ { N/

(©)

In a liquid at same level, the pressure will be same at all
points, if not, due to pressure difference the liquid cannot
be at rest. This is why the height of liquid is same in ves-
sels of different shapes containing different amounts of the
same liquid at rest when they are in communication with
each other.

A

ILLUSTRATION 36

A half-litre vessel of height 20 cm is full of water. The ves-

sel base has an area of 20 cm® and its mouth area is also

20 ¢cm? as shown in Figure.
=

20cm

20 cm?

Calculate the force exerted by the water on the base of
the vessel. Assuming the water to be in equilibrium cal-
culate the resultant force exerted by the curved surface
of the vessel on water if the atmospheric pressure is
Py =1.0x10° Nm?, density of water is p=1000 kgn‘f3
and g=10ms 2.
SOLUTION
Pressure of water at the base of vessel is

P=PFy+hpg
= P=1x10+(02)(1000)(10)
= P=1.02x10° Nm™
Force on the base of vessel is

F=PA,,. =(1.02x10°)(20x10™*)
= F=204N
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So, upward force on water by the base of vessel is
Fopward = 204 N

Weight of water in the vessel is
W =(0.5x107)(1000)(10)=5N

Downward force on water by atmosphere is
Fiwnward = BoA = (1x10°)(20x107*) =200 N

Assuming the force applied by the curved surface of vessel
on water to be F,, then for equilibrium, we have upwards,
for equilibrium of water we have

IF=0

=  FptFomtW+E=0

Taking upward direction as positive, we get
204-200-5+F, =0

= E =1N (upwards)

ILLUSTRATION 37

Consider a frustum of a cone /1 having radius 2R and R.
A liquid of density p is filled in it. Calculate the force
exerted by the walls of the container on the liquid.

I
|\

SOLUTION

For vertical equilibrium of the fluid
P, [ 7(2R)? ]+ Weight = (P, + ipg ) iR? + N,

Here N, is the net vertical component of the normal reac-
tion by the wall

(Py+ hpg)nR®
Weight of liquid is

p[gmzhjg—;xh[R2+(2R)2+2R2]pg
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= 4PmR*+ gnthpg = PyR* + hpgﬂrR2 +N,

4
= 3PaR*+ gnthpg =N,

For horizontal equilibrium net force by the wall on the lig-
uid in horizontal direction should be zero.

Thus, total force F = (SPD?ERZ + %;::thpg)

= F= nRz(SPU +§hpg)

Virustum = %ﬁh(R2 +r2+Rr)

1 rror
= mestum=§ﬂR2h(‘|+R—2+E]
1 r 0 r ! r 2
= V=—nR%h (—] +(—) +(—)
3 R R R

ILLUSTRATION 38

In the Figure shown, calculate the total force acting at the
bottom of the tank due to the water pressure, the total
weight of water. Can you explain the difference between
the two readings?

r —3

1A, =10 cm?

A,=100 cm?

.
3 7

SOLUTION

Pressure at the base due to water is
P=p,g(5+1)=(10)*(10)(6) = 6x10* Nm

So, force F due to pressure is given by

= F=PA,=(6x10")(100x10"*)=600 N

Weight of water W is given by
W=p,g(54,+4,)

= w=10*[5(10x10")+100x10~ ] =150 N

This problem exhibits that a liquid may exert thrust which is
more than the weight of the liquid.
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ILLUSTRATION 39

Find the absolute pressure and gauge pressure at points
A, B and C as shown in Figure.
Take 1atm =10’ Pa.

]

Kerosene
Aep =800kgm?® ||2m

15 m1 Water
B p,=1000kgm® | ™
Ce Mercury to5m

py=13.6 x 10%kgm™

SOLUTION
Given that

P, = Py =10° Pa =100 kPa

AtA
Gauge Pressure is measuring the pressure without taking
the atmospheric pressure into account, so we have

AP, = pigh, =(800)(10)1
= AP, =8kPa
Absolute pressure is given by
P, =P, +AP,
= P, =10° Pa+8000 Pa=108 kPa

AtB
Gauge pressure is given by

AP = p;g(2)+p,g(1.5)
= AP, =(800)(10)(2)+(10)’ (10)(1.5)

= AP, =31kPa
Absolute pressure is given by
Py =P, + AP,
= P, =100 kPa+31 kPa=131kPa

AtC
Gauge pressure is given by

AFc = p1g(2)+pg(2)+p3g(05)

= AF-= g[Zpl +2p, +%3]
3
 are=0f 100+ 200+ 26210

= AP-=104kPa

Absolute pressure is given by
= P, =100 kPa+104 kPa = 204 kPa

PRESSURE MEASURING DEVICE: MANOMETER

It is a device used to measure the pressure of a gas inside
a container. A manometer is a tube open at both the ends
and bent into the shape of a U and partially filled with
mercury. When one end of the tube is subjected to an
unknown pressure p, the mercury level drops on that side
of the tube and rises on the other so that the difference in
mercury level is /i as shown in Figure.

According to Pascal’s Law, when we move down in a
fluid pressure increases with depth and when we move
up the pressure decreases with depth. When we move
horizontally in the same fluid, the fluid pressure remains
constant. At equilibrium, we have

P =P

where P, is the pressure of the gas in the container and P,
is given by

p= Pgas =P +hpg
So, gauge pressure is given by
P-F, =hpg

where, p is the density of the liquid used in U-tube and
P is the atmospheric pressure. So, by measuring h we
can find absolute (or gauge) pressure in the vessel.

ILLUSTRATION 40

For the arrangement shown in Figure, calculate 1 if the
pressure difference between the vessels A and B is
3kNm™.

Kerosene
(s=0.8)

Water
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SOLUTION

Let pressure in the horizontal tube be P, then in the left
vertical tube, we have

P+pyghy +p,ghy =Py
= P+pgh,+p,g(hy-h-02)=P,

Kerosene
(s=0.8)

T

20 cm

! @Water l

Given that, P, —P, =3x10° Nm™, p, =10*> kgm™

Water

=  p, =800 kgm™
= h=05m=50cm

ILLUSTRATION 41

A manometer tube contains a liquid of density
3x10° kgm™. When connected to a vessel contain-
ing a gas, the liquid level in the other arm of the tube
is higher by 10 cm . When connected to another sample
of enclosed gas, the liquid level in the other arm of the
manometer tube falls 7 cm below the liquid level in the
first arm. Which of the two samples exerts more pressure
and by what amount?

SOLUTION
For Sample Gas 1:

h=10cm=01m
P, =P, +pgh (1)

| 4_5:0

hy=10cm

Gy |

P,
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For Sample Gas 2:

In this case, level of the liquid in the left arm is higher than
that in the right arm by 7 cm.

So, atmospheric pressure P, is greater than the pressure
exerted by the sample

= P =P +pgh,
..(2)
Comparing equations (1) and (2), we observe that P, > P,.

Therefore the gas in sample 1 exerts greater pressure than
that in sample 2.

= B =F-psh

The difference in the two pressures is given by
AP =P —P, = (P, +pgh)-(P, - psh; )

= AP=pg(h+h)

where I+, =17 cm =0.17 m

= AP=(3x10’ kgm™)x(9.8 ms2)(0.17 m)

= AP=499x10° Pa
= AP~5kPa

THE MERCURY BAROMETER

It is a straight glass tube (closed at one end) completely
filled with mercury and inserted into a dish which is also
filled with mercury as shown in Figure. Atmospheric
pressure supports the column of mercury in the tube to a
height /1. The pressure between the closed end of the tube
and the column of mercury is zero, P =0.

) py=0

-

Pm

|
\1“°1 1, 1/1

Therefore, pressure at points A and B are equal, so

i

Pat'm = PO = 0+hpmg

At the sea level, p, can support a column of mercury
about 76 cm in height. Hence

P, =(13.6x10%)(9.81)(0.76) = 1.01x10° Nm™2
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ILLUSTRATION 42

What must be the length of a barometer tube used to meas-
ure atmospheric pressure if we are to use water instead of
mercury.

SOLUTION
We know that
b= nghnr = prughw

where p,, and h,, are the density and height of the water
column supporting the atmospheric pressure F;.

= hw = ( & ] hm
Pw

Since, 2 =13.6 and I, =076 m

p w

= h,=(13.6)(0.76)=10.33 m

PASCAL'S LAW

Liquids, being incompressible are capable of transmitting
the pressure applied at one point to any other point. A
principle regarding this was formulated by Blaise Pascal
(1623-1662), a French mathematician, physicist and phi-
losopher. The formulation is called Pascal’s Law.

The excess pressure, applied anywhere in a mass of a con-
fined incompressible fluid (or liquid), is transmitted by the
fluid in all directions and acts undiminished at every point
of the fluid and at right angles to the surfaces exposed to
the fluid.

Consider a vessel full of water and filled with air
tight pistons in different position as shown. Let the piston
at A be pushed down with a force F; (shown in Figure).
Pressure P on the piston is

p b
M

where 4, is the area of cross-section of piston at A. It will

be observed that to hold pistons at B, C, D and E we

have to apply forces F,, F;, F, and F; on them such that

R_E_h_E_K
4y a4y a4y 4y g

where a,, a5, a, and a5 are the area of cross-section of
piston at B, C, D and E respectively. This indicates that
pressure is transmitted equally in all directions as stated
by Pascal’s law.

HYDRAULIC LIFT

Hydraulic lift is used to support or lift heavy objects and
works on the principle of Pascal’s Law. This principle is
used in a hydraulic jack or lift, as shown in Figure.

The pressure due to a small force F, applied to a piston of
area A; is transmitted to the larger piston of area A,. The
pressure at the two pistons is the same because they are at
the same level.

p E_B
Ay Ay
A
= PZ—[—Z]H
A

Consequently, the force on the larger piston is large.
Thus, a small force F, acting on small area A, results
in a larger force F, acting on larger area A,. This ratio of the
larger force to the smaller force is called the Mechanical
Advantage (MA). It is always greater than 1. So,

Alarger
A

MA = Plarger _
F,

smaller

ILLUSTRATION 43

For the system shown in Figure, the cylinder on the
left, at L, has a mass of 600 kg and a cross-sectional
area of 800 cm”. The piston on the right, at S, has cross-
sectional area 25cm” and negligible weight. If the

smaller

apparatus is filled with oil ( p=078 gcm3), find the
force F required to hold the system in equilibrium as
shown in Figure.
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|
s
f
600 kg gm
T b
H, H,

SOLUTION

The pressures at point H; and H, are equal because they
are at the samelevel in the single connected fluid. Therefore,

Pressure at H, = Pressure at H,

Pressure ‘Pressure due Pressure
= dueto |= toFand |[+| dueto
left piston right piston 8 m of oil
(600)(9.8) F
= +(8)(780)(9.8)
0.08 25%107*
= TF=31N

ILLUSTRATION 44

Two pistons of a hydraulic machine have diameters of
30 cm and 2.5 cm. What is the force exerted on the larger
piston when 40 kg wt is placed on the smaller piston?
If the smaller piston moves in through 6 cm, how much
does the other piston move out?

SOLUTION

For smaller piston, Area 4, = 7x(1.25 ) cm?

For larger piston, Area a, = 7 x(15 ) em?

Mechanical advantage at the larger piston is =
M
2
= E=2xF :Lf’)zx@ kg wt
] 7(1.25)
F, = AXMXQS N
1.25x1.25

= FE=56,448N

This is the force exerted on the larger piston.

The liquids are considered incompressible. Therefore,
volume covered by the movement of smaller piston
inwards is equal to that moved outwards by larger piston.

= Loy =la,

a,  (1.25)°
@ bR
2

X6 cm

So, the distance moved out by the larger piston is 0.042 cm.
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ILLUSTRATION 45

The area of cross section of the two arms of a hydraulic
pressure are 5 cm® and 15 cm? respectively (shown in
Figure). A force of 5N is applied on water in the thicker
arm so that the water may remain in equilibrium?

5N F

oo

A B

SOLUTION

In equilibrium, the pressures at the two surfaces should
be equal as they lie in the same horizontal level. If atmos-
pheric pressure is I}, and force F is applied to maintain
the equilibrium then

Py=Ty (1)
The pressure at point A, P, = P, + %
5107 m
Pressure at point B, P; = F) + %
15x107 m

From equation (1), i.e. P, = P, we get
5N F
=P+
5x10% m? "’ 15%107 m?

= L+

= F= x15x10* =15 N

5x107

ILLUSTRATION 46

A weighted piston confines a fluid of density p in a
closed container, as shown in Figure. The combined
weight of piston and weight is W =200 N, and the cross-
sectional area of the piston is A =8 cm”. Find the total
pressure at point B if the fluid is mercury and h =25 cm
( P = 13600 kgm'3). What would an ordinary pressure
gauge read at B?

SOLUTION

Since we know that the pressure at points which are at
same level is the same, so we have
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WL S
B c

where, - =F) + % +hpg

= P=P=F +%+hpg,where

Atmospheric pressure is F, =1x 10° Pa
Pressure due to piston and weight is

H:%:mxm" Pa
A 8x107 m

Pressure due to height 1 of fluid is
hpg =0.33x10° Pa
= PF=F +%+hpg

= Py =3.8x10° Pa=2380 kPa

Since the gauge pressure does not include atmospheric
pressure, so we have gauge pressure at

FORCE AND TORQUE DUE TO HYDROSTATIC
PRESSURE

Whenever a fluid comes in contact with solid boundaries
it exerts a force on it. Consider a rectangular vessel of base
size [x b filled with water to a height H as shown in Figure.

o
[~ 1
-
— LT
T

The force F, acting at the base of the container is given by

F, = Py (Area of the base)
because pressure is same everywhere at the base and is
equalto P, =pgH .
Therefore, F, = pgH (Ib) = pglbH
In this particular case, we see that
B [ weight of the liquid
by =pgV = ( inside the vessel

where V =[bH is the volume of the liquid inside the
beaker.

Unlike the base, the pressure on the vertical wall of the
vessel is not uniform but increases linearly with depth from the
free surface. Therefore, we have to perform the integration to
calculate the total force on the wall.

Suppose water stands at a depth H behind the ver-
tical face of a dam. It exerts a certain resultant force on
the dam tending to slide it and a certain torque tending to
overturn the dam’s wall. Let’s assume width of dam is b
as shown in Figure.

Tdy'+
H
]
0
The pressure at height y is

P=pg(H-y)

Atmospheric pressure can be omitted since it acts against
the other face of the dam also. The force against shaded
strip is

dF = PdA = pg(H -y )bdy

and the total force is

_ pgbH’?

H
F:Jpgb(H—y)dy 5
0

The total force acting per unit width of the vertical wall is

F1 .,
— —ZpoH
;=P8

The moment of the force dF about an axis through O is
dr = ydF

= d‘r:pgby(H—y)dy
The total torque about O is

H
T= Jdr = Jpgby(H—y)dy = %png3
0
The torque due to hydrostatic forces per unit width of the
wall is

T_pgH’
b 6
If H' is the height above O at which the total force F
would have to act to produce this torque
H'= 1H’
3
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Hence, the line of action of the resultant force is at the
2H
depth of 3

Alternatively, we can keep in mind that the point of
application (the centre of force) of the total force from the
free surface is given by

1H
h, :—Jth
F
0
H

where jth is the moment of force about the free sur-
0
face. Here,

H H H
Jth = J.h (pgbhdh) = pgbj W dh = % pgbH?
0 0 0

Since, I = % pgbH 2 therefore,

ho=2H
3

The net resultant force acts at a depth 2H/3 from the free
surface.

(a) The force acting at the base per unit width [%) is

equal to the area of the pressure diagram as shown in
Figure. That is,

pgH

axa2iiLLEEL]

[—>|

0
E
— =P =pgHt
b P9

The force acting per unit width is equal to the area of
the pressure diagram shown in Figure.

'y

Altitude = H

pgH Base = pgH

F 1 1 1
—=—(base)(height) = =(pgH)(H) =~ pgH?

, =5 base)(height)=—(pgH )(H) =g

Hence, force per unit width of an immersed surface is
equal to the area of the pressure diagram on the surface.
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(b) Please note that, for the Figures shown, torque due
to hydrostatic force about point O, the centre of a
semi-cylindrical (or hemispherical) gate is zero as
the hydrostatic force at all points passes through
point O.

ILLUSTRATION 47

A triangular plate is submerged completely in a liquid of
density p as shown in Figure. Calculate the hydrostatic
force acting on one face of the plate.

E c
b
SOLUTION
METHOD I:

Consider an infinitesimal strip of width dy, length x at
a distance y from the edge A of the triangular plate as
shown in Figure.

Pressure at the position of this infinitesimal strip is

P=(hy+y)pg
Force on this elemental strip is

dF = PdA = (hy +y) pg(xdy)

F—JdF—.([pg(lzo+y)xdy (D)

Using similarity of triangles, we get

x_ Yy

b a



ICON

1.40 JEE Advanced Physics: Waves and Thermodynamics

= x—(k)y -(2)

a
Substituting (2) in (1) and integrating, we get

a

F—J.dF—jpg(hQ+y)(gy]dy

a

b
F= p% J(knydy +y2dy)
0

2 3
p:f’ib[”o_“ﬂ_J
a 2 3

a h

= F=pob —+—“)

P8 (3 2
METHOD II:

The horizontal force F;; on the plate due to water is

F = Pressure at Area
H 7| Centroid of Plate )| of Plate

The centroid of the plate is at a distance 237a from the edge

A of the plate. So, pressure at the centroid of the plate is
given by

20
Py= h +—)
0=P8 ( 073
Area A of the plate is given by
A:lm
2

Hence the horizontal force on the plate is

2a ab
= Ee=nazn( S o))

a h
Fy = pgab —+—“]
=  Fg=pga (3 )

ILLUSTRATION 48

Find the force acting per unit width on a plane wall
inclined at an angle @ with the horizontal as shown in
Figure.

SOLUTION

METHOD-I:

Consider a small element of thickness dy at a distance y
measured along the wall from the free surface as shown
in Figure.

The pressure at the position of the element is

P=pgh=pg(ysind)
The force is given by

dF = PdA = p(bdy ) = pgb(ydy )sin @

The total force per unit width b is given by

% H
s 2 m
£ =pgsin@ | ydy= pgsin@[y—)
b 2 ),
;_1(ng2]
b 2\ sin®

1
Note that the above formula reduces to 7P gH? for a verti-

cal wall (8=90°) as discussed earlier.

METHOD-II:
Alternatively, the force on the inclined wall may be
obtained in two parts viz. horizontal and vertical.

The horizontal force F, acts on the vertical projection of
the incline wall, i.e., F, = % pgbH?

The vertical force F, acts due to weight of the liquid

supported by the wall, i.e.,
F, = %pgb(H)(Hcotﬂ) = %png2 cotf
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The magnitude of the resultant force is given by

F=,F? +Fy2 = %pngzcosecE)

F_ ( pgH? ]
b 2\ sin@

Semi-circular plane gate AB is hinged along B and held
by horizontal force F, applied at A. The liquid to the
left of the gate is water, calculate the force F, required
for equilibrium. Take g =10 ms* and density of water is
10* kgm®,

|||<

Gate
side view

SOLUTION

For equilibrium of the gate, net clockwise torque due to
hydrostatic force is balanced by the anticlockwise torque
due to force F, .

Torque due to hydrostatic force

y=Rsin@
= dy=Rcos6do
x = Rcos@

= dA=2xdy=(2Rcos8)(Rcos8)do
= dA=(2R?cos?0)do

dF = pg(8-y)dA

= dF=pg(8—Rsin6)(2R?cos>0)do

U

U

dr =2pgR* (8- Rsin6)(cos® 6)do

= dr=ydF =2pgR* (8- Rsin0)(sinfcos’ 6)do
/2

= T = J‘ dt

0

/2
> 1 :2pgR3I(B-Rsine)(sinecosze)de
0
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Substituting the values, p=10° kgm™, ¢=10ms* and

R=3m, we get
7[/".2
1. =2x10° x10x(3)* | (8-3sin6)(sinfcos?6)de
0

= 1 —5.4><105[§—?—Z) Nm

= 17.=112x10° Nm (D)

Anticlockwise torque due to F

1, =F,r =3F, )
Equating equations (1) and (2), we get

F, =3.73x10° N = 373 kN

THE COMPRESSIBLE FLUID MODEL

For gases, the constant density assumed in the compress-
ible model is often not adequate. However, an alternative
simplifying assumption can be made that the density is
proportional to the pressure, i.e.,

p=kP

Let p, be the density of air at the earth’s surface where the
pressure is atmospheric p,, then

Py = Kby

After eliminating k, we get

(2
p= ) Po
Substituting the value of p in equation dP = —pgdy, we get

P
dP=—| — d
(Pﬂ]!’ng Y

where P is the pressure at a height y =/ above the earth’s
surface. After integrating, we get

_ (P,
P()

= P= PUe[P_g]

In E
K

Note that instead of a linear decrease in pressure with
increasing height as in the case of an incompressible fluid,
in this case pressure decreases exponentially.
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ILLUSTRATION 50

The density of air in atmosphere decreases with height
and can be expressed by the relation

~Al
p=poe
where p, is the density at sea-level, A is a constant
and h is the height. Calculate the atmospheric pressure
at sea-level. Assume ¢ to be constant. g=9.8ms~,

py=13kgm™ and A=12x10" m™".

SOLUTION

Considering an atmospheric layer at a height y of width
dy , the pressure due to this layer is

dP = pgdy

e
dP = poe ™ gdy

P= JdP = pogje'A”dy
0

©0

o A

P= pug(—%e"qy] = P (= _0)

Pog  1.3x9.8
P: -_—= —_4
A 12x10

P=1.0616x10° Nm >

@ Test Your Concepts-V

1. Relative density of an oil is 0.8. Find the absolute den-
sity of oil in CGS and SI unit.

2. The mass of a litre of milkis 1.032 kg . The butterfat that
it contains has a density of 865 kgm™ when pure, and
it constitutes 4 percent of the milk by volume. Calculate
the density of the fat-free skimmed milk?

3. Atmospheric pressure is about 1.01x10° Pa. How
large a force does the atmosphere exert on a 2 cm’
area patch on the top of your head assuming it to be
flat?

4. Two vessels have the same base area but different
shapes. The first vessel takes twice the volume of water
that the second vessel requires to fill up to a particular
common height. Is the force exerted by water on the
base of the vessel the same in the two cases? If so, why
do the vessels filled with water to that same height give
different readings on a weighing scale?

5. A beaker of circular cross-section of radius 4 cm
is filled with mercury up to a height of 10 cm.
Find the force exerted by the mercury at the bottom of
beaker. The atmospheric pressure is 10° Nm™, specific
gravity of mercury is 13.6 and g=10 ms 2.

6. At a depth of 500 m in an ocean, what is the abso-
lute pressure? Given that the density of sea water is
1.03x10° kgm™ and g=10 ms™.

7. An inverted bell lying at the bottom of a lake 47.6 m
deep has 50 cm® of air trapped in it. The bell is brought
gradually to the surface of the lake. Find the volume of
the trapped air if atmospheric pressure is taken to be
70 cm of Hg and density of Hg=13.6 gem™.,

8. To what height should a cylindrical vessel of radius R
be filled with a homogeneous liquid such that the force
exerted by the liquid on the curved surface of the vessel

10.

11.

12

13.

Based on Fluid Properties, Pressure and Pascal’s Law

(Solutions on page H.7)
is equal to the force exerted by the liquid at the bottom
of the vessel?

The height of a mercury barometer is 75 cm at sea
level and 50 cm at the top of a hill. If the ratio of den-
sity of mercury to that of airis 10*, calculate the height
of this hill.

A hydraulic press has a larger piston of diameter 35
cm at a height of 1.5 m relative to the smaller piston
of diameter 10 ¢cm as shown in Figure. The mass on the
smaller piston is 20 kg. Calculate the force exerted on
the load by the larger piston if the density of oil in the
press is 750 kgm ™ and g=98 ms™.

olo

1.5m 20 kg

Find the pressure in the air column at which the piston
remains in equilibrium. Assume the piston to be mass-
less and frictionless.

An open U-tube of uniform cross-section contains
mercury. When 272 cm of water is poured into one
limb of the tube, how high does the mercury rise in the
other limb from its initial level? Also calculate the dif-
ference in levels of liquids of the two sides if specific
gravity of water is 1 and that of mercury is 13.6.

The upper edge of a gate in a dam runs along water sur-
face. The gate is 2 m high and 3 m wide and is hinged
along a horizontal line through its center. Calculate the
torque about hinge.
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14. For the system shown in Figure, the cylinder on the left
at L has a mass of 600 kg and a cross sectional area of
800 cm’.

600 kg

The piston on the right, at S, has cross sectional area
25 cm’ and negligible weight. If the apparatus i filled

with oil (p: 0.75 gcm"3). Find the force F required to
hold the system in equilibrium. Take g =10 ms 2.

15. The limbs of a glass U-tube are lowered into vessels A
and B (Figure).

Some air is pumped out through the top of the tube C.
The liquid in the left-hand limb then rises to a height
h, and in the right-hand one to a height h, . Determine
the density of the liquid in limb B if water is present in
limb A, hy=10cm and h, =12 cm.
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16. A zig-zag tube open at N, having liquids of densities
P, P, and ps, is placed in a vertical plane as shown
in Figure. (The pressure at M is equal to atmospheric
pressure). Calculate the pressures at points A and B.
Also find the angle 6.

17. A cylindrical vessel containing a liquid is closed by a
smooth piston of mass m as shown in Figure.

The area of cross-section of the pistonis A. If the atmo-
spheric pressure is F,, find the pressure of the liquid
just below the piston.

18. A semi-cylindrical massless gate of length 7, radius R
pivoted at the point O is holding a stationary liquid of
density p as shown in Figure. Calculate, the horizontal
force exerted by the liquid on the gate.

LIQUIDS IN ACCELERATED CONTAINERS

Container Having Vertical Acceleration

Consider a container shown in Figure. The container is

accelerating upwards with an acceleration 4, .

ITaA Tay

[— T —

A

iJ
L A —

Now to write pressure at point P at depth /. Lets con-
sider a hypothetical cylinder of liquid with area of cross
section A and length /. If m be the mass of the cylinder,
then m = Ahp .

This hypothetical cylinder of liquid is moving up with an
acceleration a,, so on applying Newton’s Second Law, we
get

P,A-(PA+W)=ma,

= PA-Ahpg-PA=(Ahp)a,

= P-P :hp(g+ay)
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Container Having Horizontal Acceleration

If container has acceleration 4, in the horizontal direction,
then its free surface gets tilted as shown in Figure.

1
— [ —p

Let us apply Newton’s Second Law on an imaginary cyl-
inder of liquid of length | and area of cross-section A as
shown in Figure.

, —>a,

A

= (P -P,)A=p(Al)a,

= P -P=Ipa,
Now it can be seen very clearly that pressure on a horizon-

tal level is not same throughout. So, we have

Py =Mpg and P, =hypg

= P -P=(h-hy)pg=Ipa,
Also, from the Figure, we see that

a
= tanf=-*%

g

Problem Solving Technique(s)

If the beaker is accelerating both along x and y directions
with respective accelerations a, and a, then the liquid
surface makes an angle 6 with the horizontal given by

a a
tanf=—*=—*—

Geff g+ay

ILLUSTRATION 51

A closed container is filled with water as shown in figure.
This container is accelerated in horizontal direction with
an acceleration, a =2 ms ~. Taking the density of water to
be 1000 kgm ™, calculate P- —P, and P, —P,.

an B
6m —>a=2ms"”
v|C D
[ e e — |
2m

SOLUTION

Since the container is closed. So, we do not need to take
the atmospheric pressure inside the container.

Along the horizontal direction, pressure decreases in the
direction of acceleration, so I- > P,,.

= P -P,=+pax

Substituting the values, we get
P.-P, =(10°)(2)(2)

= P.-P,=40x10° Nm™

In vertical direction, pressure increases with depth, so
P->P,.

= Py-P.=—-pgh=-(10")(10)(6)
= P,-P.=-60x10° Nm™

Now, Py =Py =(Py =P )+(F. = Fp)
= P,—P,=(-60x10%)+(4.0x10°)

= P,-P,=-56x10° Nm™

ILLUSTRATION 52

A rectangular container of water undergoes constant
acceleration down an incline as shown. Determine the
slope tan@ of the free surface using the coordinate system
shown. Take g =10 ms™.

SOLUTION

No force acts along the fluid surface, so net force on a fluid
particle of mass m at the surface of the liquid should be
perpendicular to its surface when seen from accelerating
frame of reference. Two forces are acting on the fluid particle
are
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(i) weight (mg), acting vertically downwards.

(ii) pseudo force (ma) along negative x-direction.

Since we know that the resultant of these two should be per-
pendicular to the free surface i.e. along the free surface the
components of these two forces should cancel each other.

macos 8 = mg cos(60°+6)
3cos6 =10(cos60°cosf—sin60°sin Q)

3c0s6 =5cos0—5+3 sin6
5y3sinf = 2cos @

L

tan0 = i =0.23

53

Therefore, the desired slope is (0.23.

ILLUSTRATION 53

Anopenrectangular tank 5 m x4 mx3 m high containing
water up to a height of 2 m is accelerated horizontally

along the longer side as shown in Figure.

3

Rear — 3, Front
s !
Water 2°m

5m >

Calculate the maximum acceleration that can be given
without spilling the water. If this acceleration is increased

by 20%, calculate the percentage of water spilt over.

If initially, the tank is closed at the top and is accelerated hor-
izontally by 9 ms™, find the gauge pressure at the bottom
of the front and rear walls of the tank. (Take g =10 ms )

SOLUTION

Volume of water inside the tank remains constant
+
(ST%)SXZI =5x2x4

= Y=1m
3-1
5
a

= tanf, = =04

Since, tan, = -, therefore a, = 0.4g = 4 ms *

g
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® 5m >
When acceleration is increased by 20%, then
a=12a,=048¢

= tanf="1=048
g

Now, y =2-5tanf=3-5(0.48)=0.6 m
Fraction ( f) of water spilt over is

3+0.6

(4)(2)(5)-(
f= 2)(5)(4)

So, percentage of water spilt over is 10%

)(5)(4)
=(0.1

If a"=09g, then we have

’

a
tanf’'=—=0.9
g
X '
AIR T
y
s
3m Water
) > 5m

Volume of air remains constant
4x%yx= (5)(1)x 4

= xy=10

Since y = xtan6’

= xy=x"tand’
So, from equation (2), we get

= xtan@ =10

1.45

(1)

Q)



ICON

1.46 )EE Advanced Physics: Waves and Thermodynamics

Using equations (1) and (2), we get
x=333mand y=3.0m
Hence, gauge pressure at the bottom of the

(i) Frontwallis
ps =zero

(ii) Rear wallis
p, = (5tan®) p,g = 5(0.9)(10°)(10)

= P, =45x10* Pa

HORIZONTALLY ACCELERATING U-TUBE

When the U tube accelerates horizontally, difference of
levels of liquid satisfies the relation,

——
i
’
’

ILLUSTRATION 54

A U-tube containing two liquids of densities p; and p,.
The tube is given an acceleration a in the horizontal direc-
tion as shown in Figure.

Calculate the ratio of the densities of liquids.
SOLUTION

Let A and B be the two free liquid levels in the two limbs.
Before we solve the problem, we must keep in mind that

1. Aswe go away from the free surface inside the liquid,
pressure increases.

2. As we go towards the free surface inside the liquid,
pressure decreases.

3. As we move in the direction of acceleration, the pres-
sure decreases inside the liquid.

Let us start from point A and go to the point B through the
tube (i.e. inside the liquid). If F, be the atmosphere pres-
sure, then we have

By +hpg—lpya—hyp,8 =By
= Ipg=Ip,a+hyp,g=p,(lath,g)
P la+h,g
P2 g

PRESSURE DIFFERENCE IN ROTATING FLUIDS

Consider a liquid of density p to be kept inside a tube of
area of cross-section A. Let the tube be rotating with an
angular velocity @ as shown in Figure.

— OX

= SoT

Consider a small element of length dx at a distance x
from the axis of rotation. Mass of this element is,

dm = pdV = p(Adx)

This element is rotating in a circle of radius x . So, this ele-
ment must be accelerated towards centre with centripetal
acceleration given by

a, = xo* { a, = R* }

For providing this acceleration, pressure on right hand
side of the element should be more than that on the left-
hand side, so we have

(P+dP)A-PA=(dm)a=(pAdx)(xa®)

= dP= (pxa)2 )dx

2.2
- ap=FE

The pressure difference between two points at distances
x; and x, (>x; ) will be

AP:%pmz(xg—xf)

For a rotating fluid (also accelerating) pressure increases in
moving away from the rotational axis. At a distance x from
the rotational axis, pressure difference is given by

2.2
Ap=+PLX
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When moving away from the axis of rotation, the pressure
increases, so we take
 pws?

2

When moving towards the axis of rotation, the pressure
decreases, so we take

AP

p’x’

2

AP=—

ILLUSTRATION 55

A vertical U-tube having two liquids of densities p and
2p is rotating with an angular speed @ about a verti-
cal axis passing through its left limb such that the liquid
columns in the limbs have heights & and 3h as shownin
Figure. Calculate .

<>

o~
na =

I

|

I

|

I

|

|

|

I

|
Bl

i

|

1

3h

L >

4h 3h

SOLUTION

Let I}, P, and P, be the pressures at points 1,2 and 3. The
point 2 lies on the interface separating the two liquids as
shown in Figure.

1w
T -
i |
H 3
hl | p 2p
] 41 12 :
T
po’
Since AP:—(Jcl2 —x%),so we have
2
P, -P, :%pwz(ﬁlh)z =8pw’h? (1)
Similarly,
1
P3—P2:E(Zp)wz[wh)z—(ﬁlh)z]
= P,-P,=33pa*h .2

Also P, = hpg ...(3)
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and P, =(3h)(2p)g =6hpg ...(4)
Adding equations (1) and (2), we get

P, - P, = 41po*h? ..(5)

Substituting in equation (5) the value of P, from equation
(3) and P; from equation (4), we get

5pgh = 41pw’h?

ILLUSTRATION 56

Aliquid of density p isin abucket that spins with angular
velocity . Calculate the pressure at a point A at radial
distance r from the axis as shown in Figure, if p, is the
atmospheric pressure.

SOLUTION

Consider a fluid particle of mass m at the point P(x, y).
From a non-inertial rotating frame of reference two forces
are acting on it,

(i) pseudo force (mxm2 ) , radially outwards

(ii) weight (mg), vertically downwards

y

— X

P=xy)

Net force F,.. on the particle should be perpendicular to
the free surface (in equilibrium). Hence,

mxw®  xw*
tan@ = =—
mg g
2
o Yy _xo”
dx g
y o
= J.dy :Jg dx
0 §

0
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L v
y 2¢

This is the equation of the free surface of the liquid, which
is a parabola

At radial distance r, we have x =r
a’s
28

If P, be the pressure in the liquid at the point A , then we
have

Yy

= P, =F +pgy

2.2

ILLUSTRATION 57

A closed tube of length 6m filled with water
( p=10° kgm_g') is rotating with an angular velocity
w=2rads™ about an axis perpendicular to the tube at
2m from its one end as shown in Figure.

Calculate the pressure difference between the points A
and C ie. Py -F..

SOLUTION

Since pressure decreases in moving towards the axis of

rotation and increases in moving away from the axis i.e.
2,2

AP=+P2*
2

, 50 we must have P, > P and P <F.

Now, Py ~Pc =(Py ~Pg)+(Ps~Fc)

2.2 2.2
I Ny
2 2

where, x;, =AB=2m and x, =BC=4m
Substituting the values, we get

(103)(2)2[

PA_PC: (2)2_(4)2]

= P,-P.-=-24x10° Nm™

ILLUSTRATION 58

A cylinder of radius R =1m and height H =3 m, is filled
with water to two thirds its height. It is rotated about its
vertical axis, as shown in Figure.

St

h=(2/3)H

I

—
R

Calculate the angular speed of rotation for which the
water just starts spilling over the rim. Also calculate the
angular speed of rotation for which the centre of base of
the cylinder is just exposed.

SOLUTION
According to the problem, we have

=H=3m

ymax
2 2
Also, hZEszm' R=1m and g=10 ms

Since, the maximum height available to the liquid just
before spilling is

2.2
y=H- _rao
2g
3, W'’
2(10)

= ©=+20 rads™

For the centre of the base of the cylinder to be just exposed,
we have

y=H=3m
. B 71'2&)2
¥= __Zg
= w:\/ngI:\/Z(lﬂz)(B):@rads_l
R 1

ILLUSTRATION 59

The length of horizontal arm of a U-tube is L and its each
vertical arm has a length a. Both the vertical arm ends are
open to atmospheric pressure F. Aliquid of density p is
poured in the tube such that liquid just fills the horizontal
part of the tube as shown in Figure.

2t}
28]

-~
-
y
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Now one of the open ends is sealed and the tube is rotated
about the vertical axis passing through the other vertical
arm with an angular speed @y . If liquid rises to a height
y in the sealed end, then calculate pressure in the sealed
tube during rotation.

SOLUTION

When tube is rotated, liquid starts to flow radially out-
ward and air in sealed arm is compressed. Let the shift of
liquid be y as shown in Figure.

:I—!CU

i

:'I:

1

i

1 a-y
|

1

I

:#ﬂdXH— c
A P y
1

— P+dP B
Ly L N

1

Let the cross-sectional area of tube be S. The pressure
difference between points A and B is obtained by inte-
grating the pressure difference dP across an infinitesimal
element of width dx, which is given as
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dP = po*xdx
Integrating from A to B, we get
L
P,-P, = Ipmzxdx
v
po’ (5 5
= PB-P=E—(-4?) (1)

2

Since at point A, the pressure is atmospheric, so we have
P, =P, =F,.So, from equation (1), we get
po’ (2 5
PB:PA+T(L ~y?) ..2)

Also, pressure at point C is given by

Pe =Py -ypg -(3)

Substituting the value of P; from equation (2) in equation
(3), we get

2
P :%(Lz-yz)wo-ypg

0‘7 Test Your Concepts-VI

1. An L-shaped tube is filled with a liquid of density p as
shown in Figure. Calculate the horizontal acceleration
a to which the tube must be subjected towards right
so that no liquid falls out of the tube.

—_a

0

l

2. A cylindrical tank of radius 20 cm and height 50 cm
has water up to 30 cm of height. Calculate the rise
in level of liquid at the periphery if the cylinder if it is
rotating with an angular velocity of 10 rads™ about
the axis of the cylinder. Also find the frequency of rota-
tion for which the water just starts spilling over sides of
the vessel.

3. AU-tube of length L contains aliquid. It is rotated with
angular velocity @ about an axis which is co-axial to
one of its vertical limbs as shown in Figure.

Based on Pressure in Accelerating Fluids

(Solutions on page H.10)

Ci)w

L >

Calculate the difference in heights between the liquid
columns in two vertical arms.

4. A container is accelerated horizontally with accel-
eration a as shown in Figure. Calculate the minimum
value of a for which liquid just starts spilling out. Take
g=10 ms ™

3m —*a

2m
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5. A closed tank filled with water is mounted on a cart.
The cart moves with an acceleration a on a plane road.
Calculate the difference in pressure between points B
and A shown in Figure.

6. A liquid of density p is in a bucket that spins with
\_ angular velocity @ as shown in figure. Prove that the

free surface of the liquid has a parabolic shape and also
find its equation.

ARCHIMEDES' PRINCIPLE

Archimedes discovered that when a body is immersed
partly or completely in a fluid, then the body experiences
an upward force that equals the weight of fluid displaced
by the immersed part of body. This principle is called
Archimedes principle and is a necessary consequence of
the Laws of Fluid Statics.

So, according to Archimedes’, “whenever a body is
immersed partially or completely in a liquid (or fluid), then it
experiences an upward force (called upthrust or buoyant force),
which is equal to the weight of the liquid (or fluid) displaced by
the immersed part of the body and this upward force or upthrust
or buoyant force is equal to the loss in weight of the body”.

Upthrust acts at a point called as the Centre of
Buoyancy, which is actually the centre of gravity of the
immersed part of the body.

To determine the magnitude and direction of this
force consider a body having volume V', density p to be
immersed in a fluid of density ¢ as shown in Figure.

F, ,31J

Fp

The forces on the vertical sides of the body will cancel
each other. The top surface of the body which is at a depth
h; below the free surface of the liquid will experience a
downward force F; given by

FlzplA:(hng‘l'H])A {.Plzh]O'g+P0}
The lower face of the body will experience an upward
force F, given by

F,=PA=(hog+P))A {~P,=hog+h}

Since h, >h;, so F, >F and hence the body will experi-
ence a net upward force (F, - F, ) vertically upwards and
this force is called upthrust (U) or the buoyant force (Fy)
acting on the body vertically upwards (opposite to the
weight of the body).

U=F=F-F =Acg(h,-h,)

If h be the vertical height of the body, then
h=hy,—h

Hence, upthrust is given by
U=F,=(Ah)og=Vog

where, V = Ah is the volume of the liquid displaced by
the immersed part of the body, Vo is the mass of the lig-
uid displaced and Vog is the weight of the liquid dis-
placed by the immersed part of the body.

Also, we observe that if W, be the initial weight of
body and W be the final weight of the body, then

u=o0 u
! !
iy iR
l W;=mg l Wiina= W -U
mg mg
In vacuum In liquid
Wf = Wi —U

= U=W,-W; =(Loss in Weight of the Body )
= U= I:‘B = (Vimmersed )(pliquid )g = Winit'ial _Wﬁnal
Please keep in mind that U (or F;) acts through the cen-

tre of gravity of displaced fluid also called as Centre of
Buoyancy.
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(a) Though we have derived this result for a body fully
immersed in a fluid, however, this also holds good
for bodies partially immersed in a liquid or a body
immersed in more than one liquid.

(b) Upthrustis independent of all factors of the body such
as its mass, size, density etc. except the volume of the
body inside the fluid.

(c) Upthrust depends upon the nature of displaced fluid.
This is why upthrust on a fully submerged body is
more in sea water than in fresh water because density
of sea water is more than fresh water.

(d) Finding the Volume (V) of the Body: If a body of
volume V is immersed in a liquid of density ¢ then
its weight reduces. If W; be the weight of the body in
air and W, be the weight of the body in liquid, then
loss in weight of the body is

W,~W, =Vog
Wi -W,

=V=—
99

ARCHIMEDES PRINCIPLE: A GENERAL PROOF
FOR AN ARBITRARY SHAPED BODY

Abody immersed in a fluid experiences an upward buoyant
force equivalent to the weight of the fluid displaced by it.
To prove this, let us consider a body of any arbitrary shape
completely immersed in a liquid of density p as shown in
Figure (a). A body is being acted upon by the forces from
all directions. Let us consider a vertical element of height /
and cross-sectional area dA as shown in Figure (b).

F
'
t

F,

Figure (a) Figure (b)

The force acting on the upper surface of the element is F
(downward) and that on the lower surface is F, (upward).
Since F, > F, therefore, the net upward force acting on
the element is

dF=F,—F,
It can be easily seen from Figure (b), that

F, =(pgh)dA and F, =(pgh, )dA
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so, dF = pg(h)dA

Also, hy—hy =h and h(dA)=dV
The net upward force is

F= Jpng =Vpg

Hence, for the entire body, the buoyant force is the weight
of the volume of the fluid displaced.

The buoyant force acts through the centroid of the
displaced fluid.

The buoyant force arises because the pressure in the fluid is
not uniform because it increases with depth.

An object floats on water if it can displace a volume of
water whose weight is greater than that of the object. If the
density of the material is less than that of the liquid, it will
float even if the material is a uniform solid, such as a block
of wood floats on water surface.

If the density of the material is greater than that of
water, such as iron, the object can be made to float pro-
vided it is not a uniform solid. An iron hulled ship is an
example to this case.

ILLUSTRATION 60

An iceberg with a density of 920 kgm™ floats on an
ocean of density 1025 kgm ™. What fraction of the iceberg
is visible?

1%
Above water

VoV
Under water

SOLUTION

Let V be the volume of the iceberg above the water sur-
face, then volume under water will be V;, -V.

Under floating conditions, the weight ( oV g) of the ice-
berg is balanced by the buoyant force p,, (V; = V)g. Thus,

PVog=pu(Vo-V)g

= pwv = (pw —P; )VD
= pwV = (pw —P; )VO
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= 1 _ [ Puw —Pi 1
V. Puw

0
Since, p,, =1025 kgm™ and p; = 920 kgm™

Therefore, V. _ 10257920 =

= 0.10
v, 1025

Hence 10% of the total volume is visible.

FINDING THE RELATIVE DENSITY (R.D.) OR
SPECIFIC GRAVITY OF A BODY

Let a body of volume Vand density p(=p,) be com-
pletely immersed in water of density o(=p,), then
upthrust acting on the body is equal to the loss in weight
(W,- -W; ) of the body. So,

U=W,-W;=Vog=Vp,g (1)
Now, the weight of the body (W) is given by
W=Vpg=Vpyg -(2)
Dividing (2) by (1), we get
%
W_TP8 _Pr _gp,
u Vpi'(?g p?l.’

So, relative density (R.D.) is the ratio of the weight of the
body in air (or vacuum) to the loss in weight of the body
completely immersed in water.

Weight of Body in Air
( Loss in Weight of Body ]

Fully Immersed in Water

(RD )body =

So, if W, the weight of body in air and W, be the weight
of body completely immersed in water, then

W
W =W,

RD.=

FINDING THE RELATIVE DENSITY (R.D.) OR
SPECIFIC GRAVITY OF A LIQUID

If the loss in weight of a body completely immersed in
water is “ 2 ” while the loss in weight of body completely
immersed in a liquid is “b ”. If W is the weight of body
in air, W, be the weight of body in liquid and W,, be the
weight of body in water, then

W-W,=a=Vp,g 0

W —wrp =b= meg (2)
Dividing (1) by (2), we get

W - WJ- — E Y ol (RD )liqmd

W - Wﬂ, b P

Loss in Weight of Body
[Fully Immersed in LiquidJ
Loss in Weight of Body
[Fully Immersed in Water ]

(RD. )liquid =

ILLUSTRATION 61

Whena 2.5 kg crown isimmersed in water, it has an appar-
ent weight of 22 N . What is the density of the crown?

SOLUTION

Let W = actual weight of the crown

W'’ =apparent weight of the crown
p = density of crown

py = density of water

The buoyant force is given by
Uu=w-w’
= pVy=W-W’

Since, W = pVg, therefore, V = w

Pg
Eliminating V' from the above two equations, we get
__PW
P=w-w

Here W=25N; W' =22N; p, =10° kgm™

3
p= —(10 )(25) =83x10° kgrrf3
25-22

LAWS OF FLOATATION

For the different situations that may arise we have sum-
marised the Laws of Floatation in the following Cases.
CASE-1

When pyogy > Pliquia 1€ p> 0, then W, >0 (orw>Uu)

and hence the body will sink to the bottom of the beaker as
shown in Figure.

—

CASE-2

So, the weight of the body will be equal to the
upthrust. Hence the body will float fully submerged in
neutral equilibrium anywhere in the liquid i.e. the body
will just float or remain hanging at whatever height it is left
inside the liquid. So, a small downward push to the body
in this case will make it sink to the bottom of the beaker.
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CASE-3

If, Ppody < Pliquia -i-6- p<0,thenW <U and so the Weight
will be less than upthrust so the body will move upwards
till the state of equilibrium is attained i.e. The body will
rise partly out of the free surface of the liquid until the
upward thrust acting on the body due to its immersed
part in the liquid becomes equal to the total weight of the
body W (Condition for Floating). The body will then
float with a fraction of its volume inside (or outside).

]

APPARENT WEIGHT OF A BODY IMMERSED IN
LIQUID

For a body of true weight W, immersed in a liquid, the
apparent weight (W’ or W,,,) or the effective weight of
the is given by

Wop =W =W-U

CASE-1: For a Floating Body

Since a body floats when the upthrust acting on the body
balances the weight of the body. So, for a floating body,
W =U and hence its apparent weight is zero.

( Apparent Weight

of a Floating Body) =ZERO

CASE-2: For a Body That Sinks In The Liquid

The body appears to have a lesser weight when immersed

in a fluid. So apparent weight of the body is given by
W, =W =W-U

Suppose a body of volume V and density p is fully
immersed in a liquid of density ¢. Then

True weight of the body is W =V pg

Weight of the liquid displaced is U =Vog

So, net downward force or apparent weight is

wapp :W’:(p—O’)gV
, o
= Wapp =W :ng(l—p)

= W, —W'—w(l—%]
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PRINCIPLE OF FLOATATION

For a body to float in a liquid, the weight of the liquid
displaced by the immersed portion of the body (i.e. the
upthrust) must be equal to its own weight.

FRACTIONAL VOLUME OF A FLOATING BODY
INSIDE THE LIQUID

Suppose a body of volume V and density p, floats in a
liquid of density p;, and let V, = be the volume of the
body immersed in the liquid. Then, for the body to be in
equilibrium,

Upthrust acting due to | ( Weight of
immersed part of the body | | the body

= VimPI€=VPp8
V.

im.m:&

Vooop
If the liquid is water, then

_Vi;m = Relative Density of the Body

So, fraction of volume of body immersed in a liquid is

Vi

imm _ P
.flmmer:.ed % P

So, fraction of volume of body immersed in a liquid is

independent in the variation of g .

Further, fraction of volume of body outside liquid surface

is

Py
2|

(a) Translatory Equilibrium of a Floating Body: When
a body of density p and volume V is immersed in a
liquid of density o, the forces acting on the body are
(i) Weight of body W =mg=Vpg, acting vertically
downwards through centre of gravity of the body.

(ii) Upthrust force =Vag acting vertically upwards
through the centre of gravity of the displaced lig-
uid i.e., centre of buoyancy.

(b) The body will float in liquid only if

U=zW OR o=p
(c) For afloating body
vpbodyg = vr'mmpliquid ]

foutsicle =1- .firnmersed =1l=
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So, the equilibrium of a floating body is simply not
affected by the variation(s) in the acceleration due to
gravity g, though both thrust and weight depend on g.
(d) Ifa platform of mass M and cross-section A is floating in
a liquid of density o with its height h inside the liquid

Mg =hAcg (1)

Now if a body of mass m is placed on it and the plat-
form sinks by y then

(M+m)g=(y+h)Aog -(2)
Subtracting equation (1) and (2), we get

mg = Aoyg
= Wey i3

So, we can determine the weight of a body by placing
it on a floating platform and noting the depression by
which the platform further sinks in the liquid.

ILLUSTRATION 62

A block of wood floats in water with one third of its vol-
ume submerged. In oil, the block floats with two third of
its volume submerged. Find the density of wood and oil if

the density of water is 10° kgm™.

SOLUTION

For the case of a floating bod, we have

W=Uu

= Vp=V,o
= szlVO'w { szz]
3 3

= p= %O'W = %xlO3 =333 1<gm_3

So, density of wood is p,.q = 333 kgm™
For oil, we have

2
Vp==Vo,
P 3 oil
= g Vo—oil = 1 Vo-w
3 3
1 10°
= Oy =-0,= 107 500 kgm™
2 2
= 0, =500 l(gm_3

ILLUSTRATION 63

A cubical block of iron 5 c¢m on each side is floating on
mercury in a vessel. Calculate the height of the block above
mercury level. If water is poured in the vessel until it just
covers the iron block, then calculate the height of water col-

umn assuming that py,, =13.6 gem™ and pp, =72 kgm™ .

ae
SOLUTION
CASE-1:
Suppose I be the height of cubical block of iron above
mercury.

Volume of iron block is V;, = 5x5x5 =125 cm®
Mass of iron block is mp, =125x7.2=900 g
Volume of mercury displaced by the block is
Vi =5%5x(5-h) cm®
Mass of mercury displaced by the block is
Myg =5 x5(5-h)x13.6 gram

Since upthrust U equals the weight of liquid displaced by
the immersed part of the body, so we have

U=(myg )g

According to the Laws of Floatation, this upthrust balance
the weight of the iron block, so we have

U=wg,
= 5x5(5-1)x13.6=900

= (5-h)= 900 =265
25%13.6

= h=5-2656=235cm

CASE-2:

Suppose in this case the height of iron block in water be x,
so the height of iron block in mercury will be (5-x) cm.
Mass of the water displaced is

Water
$n
Mercury Mercury
(@) (b)
My = X 5% (x)x1

Mass of mercury displaced is
My, =5x5x(5-x)x13.6
For the iron block to float, we must have

Usater + qu =Wr,
= (mwater)g+(mHg)g:(mFe)g

= (15 x+(13.6)(5)* (5-x) =900
x+(5-x)x13.6=36
= x=254cm

U
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BUOYANT FORCE IN ACCELERATING FLUIDS

Consider a body to be submerged in a liquid of density p .
Let the liquid be accelerating up with an acceleration a as
shown in Figure.

mg

For the block, we have
U-mg=ma
= U=m(g+a)

where m is the mass of the displaced liquid, i.e.
m=Vp
= U=pV(g+a)

(a) While writing the expression for the buoyant force for
an accelerated fluid, instead of taking gravity g we take
the effective value of gravity i.e. g.¢ = g+ a. So, we write

Fbuoyant =U= Vimmersedpliquidgeﬁ

where, Vimmersed = vdisplaced

(b) When the floating object is accelerating in verti-
cal direction, then g5 =g+a, if the arrangement is
accelerating up or retarding down.

(c) When the floating object is accelerating in

vertical direction, then g, =g-a, if the arrange-

ment is accelerating down or retarding up.

When an object is floating in liquid filled in a con-

tainer and the arrangement is accelerating in horizon-

tal direction, then the liquid surface in the container
will be inclined at angle 6 with horizontal where,

(d)

a .
tanf =—. Since upthrust or the buoyant force acts
g

perpendicular to equi-pressure surface hence, in this
case buoyant force will not be vertical but it will act
normal to free surface of the liquid as shown in Figure.

a
e ———
u
ma

mg
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The upthrust or the buoyant force is given by

2 2
U= Vimmpliqgeff =VimmPiqVg Ta
ILLUSTRATION 64

A cube of length L, density ¢ is floating in a beaker filled
with water having density p,, . Calculate the change in
submerged length of cube in water if the arrangement is
accelerating in the horizontal direction with an accelera-
tion a.

SOLUTION

Let | be the submerged length of the cube in water
when the beaker is at rest, then by applying the Laws of
Floatation, we get

Mg = Vimmmersed Pul (1)

where, M=(AL)o and Vi .reed
So, from equation (1), we get

ALo = Alp,,

= I= L(i)
Pw

When the beaker is accelerating, then let the new length of
the cube immersed in the liquid be I”.

=Al

When the arrangement accelerates, then the free surface of
the liquid in the beaker makes an angle 6

a
tanf = —

co

g
[ 1 a?
Since the upthrust F; = U acts normally to the free surface
of the liquid, so we have

Fpcos6=Mg

= cosf=

(Al')p,8ess cos8=(ALo)g

= Al'pw;?gqqz [%]—Akrg
QS E
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= I'p,=Lo

= I’:L( g ):]
pl’!’

So, there is no change in the submerged length of the cube
in water when the arrangement is accelerated horizontally.

STABILITY OF A FLOATING BODY

The stability of a floating body depends on the effective
point of application of the buoyant force. The weight of
the body acts at its centre of gravity. The buoyant force acts
at the centre of gravity of the displaced liquid. This is called the
centre of buoyancy. Under equilibrium condition, the cen-
tre of gravity G and the centre of buoyancy B lie along
the vertical axis of the body as shown in Figure (a).

Figure (a)

Figure (b)

When the body tilts to one side, the centre of buoyancy
shifts relative to the centre of gravity as shown in Figure
(b). The two forces act along different vertical lines. As a
result, the buoyant force exerts a torque about the centre
of gravity. The line of action of the buoyant force crosses
the axis of the body at the point M, called the metacentre.
If G is below M, the torque will tend to restore the body
to its equilibrium position.

If G is above M, the torque will tend to rotate the
body away from its equilibrium position and the body
will be unstable.

ILLUSTRATION 65

A rubber ball of mass m and radius r is submerged in
water to a depth /1 and released. Calculate the height to
which the ball will jump above the surface of the water.
Neglect resistance of water and air and assume density of
water to be p.

SOLUTION

Let the ball rise to a height H above water. According to
Modified Work Energy Theorem, we have

W, = AU+AK

For both the initial and the final positions of the ball,
kinetic energy is zero, so AK = (. Also,

Wiyt = Uhcos0° =Uh = %Jrr3pgh

Assuming Zero Potential Energy Level (ZPEL) at the free
surface of water, then

AU =mgH —(-mgh)=mg(H+h)

= (§Er3pg]h=mg(H+h)

4 3
“nrip—m
ol

m

ILLUSTRATION 66

A cube of wood supporting a 200 g mass just floats in
water. When the mass is removed, the cube rises by 2 cm .
Calculate the side length of the cube.

SOLUTION
Initially, we have
( Meype +200 )g = Uinitial (1)

Since the cube of wood supporting a 200 g mass just
floats in water, so we have

Uinitial = IZS.Jowafmr(gr .(2)
From equations (1) and (2), we get

Meype +200 = ]Spwater

= ISPWUQd +200= Ppwater . (3)

On removing the block, cube moves up by 2 cm, so we
have

W= ufinal

= (Ppyocd )8 =L 1-2)pyen
= Ppuoea =P U-2)pyaer (3
Substituting (4) in (3), we get
P(1-2)pyater +200=Fp .o
Since, Py =18cc
= P(1-2)+200="1
P -2 +200=1
27 4+200=0
21* =200
[=10 cm

ILLUSTRATION 67

Two solid uniform spheres each of radius 5 cm are con-
nected by a light string and totally immersed in a tank of
water. If the specific gravities of the spheres are 0.5 and
2, calculate the tension in the string and the contact force
between the bottom of the tank and the heavier sphere.

A
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SOLUTION

Let the volume of each sphere be V m® and density of
water be p,, kgm_3 . The situation given in the problem is
shown in Figure.

Upward thrust acting on heavier sphere 2 is
U, =Vpg

Weight of the heavier sphere 2 is
WQ =V ( 2p w )g

For the heavier sphere 2, we have
T+N+Vp,g=V(2p, ) (1)

where, N is the contact force between the bottom of the
tank and the heavier sphere.
Similarly, for lighter sphere 1, we have

T + W] = u]
= T+V(05p,)pg=Vp,g -(2)
= T=05Vp,g

- T=(0.5)(§x3.14x53x106)(1000)(9.8)

= T =256 newton

Also, from equation (1), we get
05Vp,g+N=Vp, g

= N=05Vp,g

= N =256 newton

ILLUSTRATION 68

A rod of length 6 m has a mass of 12 kg . If it is hinged
at one end at a distance of 3 m below a water surface,
calculate the weight which must be attached to other
end of the rod so that 5m of the rod is submerged. Also
calculate the magnitude and direction of the force exerted
by the hinge on the rod. The specific gravity of the mate-
rial of the rod is 0.5.

SOLUTION

Let PR be the submerged part of the rod PQ hinged at P
as shown in Figure.
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Q

Water Surface R /T

—
PBcosf
—
PGcos0

PQcost

If G is the centre of gravity of the rod and B is the centre
of buoyancy through which force of buoyancy F; =U acts
vertically upwards. Since the rod is uniform, so the mass
of the immersed part PR of the rod will be

Mipg = §><12: 10 kg
The buoyant force on rod at B is
E=U=V, (20 )p,g =20 kgwt
B 1mmp11qg O-SP;U Pu& = &

Let w be the weight attached at the end Q of the rod, then
for the rotational equilibrium of the rod, the torques about
the point P due to various forces are balanced. So, we have

Z"’!'-aboutP =0
= W(PGcos8)+w(PQcos8)=U(PBcosh)

=  W(PG)+w(PQ)=U(PB), where

PG=3m, PQ=6m and PB:%:ZSm

= 12x3+wx6=20x(25)
= w=233 kgwt

Let N, and N, be the x and y components of the force
exerted by hinge on the rod. Since the rod is in equilibrium,
so force acting on it is zero. Hence, we have XF, =0 and
ZF, =0. As no force acts along the x direction, so we get

N, =0
Also, we have
W+w= U+Ny

= N, =W+w-U
= N, =12+233-20
= N, =-5.67 kgwt

The negative indicates that the reaction at the hinge is act-
ing in the downward direction and has a magnitude of
5.67 kgwt .
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ILLUSTRATION 69

A piece of ice is floating in a glass vessel filled with water.
How will the level of water in the vessel change when the
ice melts?

SOLUTION
Let m be the mass of ice piece floating in water. In equi-
librium (i.e. initially)

(Weight of Ice + Stone ) = Upthrust

= mg= Vr'pwg
= V.= 2 (1)
pﬂ’

where, V; is the volume of ice piece immersed in water or
the volume of water displaced by the immersed part of ice
in water.

When the ice melts (i.e. finally), let V' be the volume of
water formed by m mass of ice. Then

v=" 2
Puw
From equations (1) and (2), we get
V.=V

1

Hence, the level of water in the vessel will not change.

ILLUSTRATION 70

A piece of ice having a stone frozen in it floats in a glass
vessel filled with water. How will the level of water in the
vessel change when the ice melts?

SOLUTION

Let, m, be the mass of ice, m, be the mass of stone, ps be
the density of stone and p,, be the density of water.

In equilibrium (i.e. initially), when the piece of ice having
stone in it floats in water, then we have

(Weight of Ice + Stone ) = Upthrust

= (ml +im, )g = V;‘ng
o m
Puw  Puw

where, V, is the volume of ice immersed in water or the
volume of water initially displaced by ice stone combina-
tion while floating.

When the ice melts (i.e. finally), the mass n; of ice con-
verts into water and stone of mass m, get sunk com-
pletely in water.

The volume of water formed by m; mass of ice is

(1)

>

m
V==t
PTU

The volume of stone is also equal to the volume of water
displaced by the stone when it sinks in water. So, we have

_m
Ps

Since, ps > p,,

v

= Vi+V, <V,

Hence the level of water will decrease.

ILLUSTRATION 71

Assolid frozen body is floating in a liquid of different mate-
rial contained in a beaker. Carry out an analysis to find
whether the level of liquid in the beaker will rise or fall
when the solid melts.

SOLUTION

Let M be the mass of the solid frozen body floating in the
liquid, p; be the density of liquid formed by the melting
of the solid, p, be the density of the liquid in which the
solid is floating.

The mass of liquid displaced by the solid is M and hence

the volume of liquid displaced by the body is M . When
P2

the solid melts, the volume occupied by it is M .
1

So, level of liquid in container will rise, when

M M .
—>—1ie, p<p,
P1 P2

Level of liquid in container will fall, when

M _ M.
—>—1ie, p>p,

Py P
Level of liquid in container will remain same, when
M M.
=&, P =P
P2 P

ILLUSTRATION 72

Anice cube of side 1 cm is floating at the interface of kero-
sene and water in a beaker of base area 10 cm” . The level
of kerosene is just covering the top surface of the ice cube.
Calculate the depth of submergence in the kerosene and
that in the water. Also calculate change in total level of the
liquid when the whole ice melts into water.

1cm
Kerosene
2 lce (§=08)
S=09
Water
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SOLUTION
Condition of floating

0.8 poghy +pghy, =09 p,,gh
= 0.8k +h,=(09)h ..(D)
where I, and h,, be the submerged depth of the ice in the
kerosene and water, respectively.

Also, h+h,=h ...(2)
Solving equations (1) and (2), we get

I =05cm, h,=05cm

Also, when 1cm?of ice melts, then we get 0.9 cm?® of
water i.e.

Fall in the level of kerosene is

Ahy, = %
A

Rise in the level of water is

A = 09-05 _ %

' A A

So, net fall in the overall level is

Ah:g:E:O.Ol cm=0.1 mm

A 0

ILLUSTRATION 73

A block of mass 1 kg and density 0.8 gem™ is held sta-
tionary with the help of a string as shown in Figure.

The tank is accelerating vertically upwards with an accel-
eration a=1.0 ms™. Calculate the tension in the string,
Now, if the string is cut, then calculate acceleration of the
block if ¢ =10 ms™ and density of water is 10° kgm ™.

SOLUTION
The free body diagram of the block is shown in Figure.

L’ L
1l

If Fy is the upthrust force, then we have
FB = pr (g+a)
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- B_( maslsofblock me(gﬂz)
density of block
F= (%10)(1000)(10+1)— 13.75N
Also, the weight of the block is
W=mg=10N
So, equation of motion of the block is,
F-T-W=ma
= 13.75-T-10=1x1
= T=275N
When the string is cut, then we have
T=0
_EB-W
m
. 13.751—10

= a=375ms?

ILLUSTRATION 74

An iron casting containing a number of cavities weighs
6000 N in air and 4000 N in water. Calculate the vol-
ume of the cavities in the casting if the density of iron
is 7.87 gem ™, ¢=9.8 ms ™ and the density of water is
10° kgm 2.

SOLUTION

If v be the volume of cavities and V' the volume of solid
iron, then we have

_ Mass ( 6000/9.8
Density \ 7.87 x10°
Further, we know that the loss in weight of the body equals
the upthrust acting on the body, so we have
(6000-4000) = (V +v)p,g

= 2000=(0.078+0)x10%x9.8
= 00784+v=0.2

) =0.078 m®

= v=012m?

ILLUSTRATION 75

An ornament weighing 50 g in air weighs only 46 g is
water. Assuming that some copper is mixed with gold to
prepare the ornament. Find the amount of copper in it.
Specific gravity of gold is 20 and that of copper is 10.

SOLUTION

Let m be the mass of the copper in ornament. Then mass
of gold in itis (50—m). Since,



ICON

1.60 JEE Advanced Physics: Waves and Thermodynamics

Mass
Density

Volume =

So, volume of copper is V, = %

and volume of gold is V, = 502—;”

When immersed in water (pﬂ, =1gem™ ), we know that
the loss in weight of the body equals the upthrust acting
on it, so we have

(50-46)g = (Vi + V3 )p,g

m  50-—m
= =—+

10 20
= 80=2m+50-m
= m=30g

ILLUSTRATION 76

A hollow sphere of inner radius 9 cm and outer radius
10 cm floats half-submerged in a liquid of specific gravity
0.8. Calculate the density of the material of which the sphere
is made. What would be the density of a liquid in which the
hollow sphere would just float completely submerged?

SOLUTION

For equilibrium of sphere, the upthrust acting on the body
due to the immersed part must balance the weight of the
body, so we have

17 4 3 4 3 (o)}
z[sx(m) }(0.8)—3?!((10) (9°)p

52 (0D0000) 400, oo s
1000-729 ~ 271

If p; be the density of liquid in which sphere will just
float then

4 3 4 3 1
—7(10)" p; ==n(10)" x=x0.8
3 PL=3 2

= p =04 gcm‘3

ILLUSTRATION 77

A piece of gold sample weighs 36 g in air and 34 g in
water. If this sample has some copper mixed in it, then cal-
culate the amount of copper in the sample if specific grav-
ity of gold is 19.3 and that of copper is 8.9. Now assume
that the same mass of sample is made of pure gold but
with air cavities inside it and it weighs the same in water,
then calculate the volume of the air cavities in the sample.

SOLUTION

Let the sample contain x g of copper, then the amount of
gold in this sample is (36-x) g. Since we know that the
loss in weight of the sample equals the upthrust acting on
it, so we have

36-34=[ 24 362% ),
Pcu pgold

x 36-x
= —+ =2
89 193
=  193x+89x36-89x=2x89x19.3
= 10.4x=343.54-320.4=23.14

= x=2225¢g

If V, is volume of air cavities inside 36 g of pure gold
sample, then

2-(V.+—" |,
pgo]d
L oy o2 36
Puw pguld

= V.= 2—ﬁ =0.135 cm®
19.3

ILLUSTRATION 78

A wooden stick of length L, radius R and density p hasa
small metal piece of mass 1 (of negligible volume) attached
to its one end. Find the minimum value for the mass m (in
terms of given parameters) that would make the stick float
vertically in equilibrium in a liquid of density o (> p).

SOLUTION
Let M be the mass of the stick, then we have

M =nR*pL

If / be the immersed length of the rod, G be the centre of
mass (CM) of rod, B be the centre of buoyant force (F; ),
C be the centre of mass of rod plus metal piece system
and Y., be the distance of C from bottom of the rod.

If the metal piece is attached to the top end of the rod, then
the centre of buoyancy B will be below the centre of mass
C of the rod and combined centre of mass C of rod plus
metal piece will be above the centre of mass G of the rod
as shown in Figure.

A\

c

Fg

(M+m)g

If this is the case, then the torque of the couple of two
equal and opposite forces F and (M +nt)g will be coun-
ter clockwise on displacing the rod leftwards and hence
the rod cannot be in rotational equilibrium when m is
attached to the upper end of the rod.
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L L ] (M +m)g

When the mass m is attached to the lower end of the rod,
then for translational equilibrium of the system, we have

Fy = Mg +mg
= (erzl)cg:(JrRzL)pg+mg
JrRsz+m
I: —_— .--1
[ R ] O

The position of CM of rod plus metal piece from the bot-
tom of the rod is given by

() (o) 5)

Yow = M+m (nRZLp)er ~2)

Since the centre of buoyancy (B) is at a height % from the

bottom of the rod, so for rotational equilibrium of the rod,
B should either lie above C or at the same level of C.
Therefore, we have

l

2 2 Yeom
> L
TR*Lp+m (‘TR LPJE
= >
2R (?TRZLp)+ m

= m+:rR2L,021rR2L po

= m anzL(JE—p)

So, minimum value of m is nRzL(@ - p) :

ILLUSTRATION 79

A flat bottomed thin-walled glass tube has a diameter of
4 cm and it weighs 30 g. The centre of gravity of the
empty tube is 10 cm above the bottom. Calculate the
amount of water that must be poured into the tube so that
when it is floating vertically in a tank of water, the centre
of mass of the tube and its contents lies at the midpoint of
the immersed length of the tube.

SOLUTION

Assuming that water is filled to a height 1 and ! is length
of tube submerged in water, then upthrust acting on the
system balances the weight of the system. So, we have
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(In'rz)pwg:30g+(ﬂr2h)pwg
= (m?)p, =30+(xrn)p,
2
1,:30+(er h)pw ()
(w?)p,

Also, it is given that the centre of mass of the tube and its
contents lies at the midpoint of the immersed length of the
tube. So, we have

I (30)(10)+(7rr2hpw)(g)

2 30+ mrhp,
2 272
= (30+rp, )| AP P | 3004 B Pu
2ﬂr PEU 2
2
30+mr’h 22
L, (0snrhp, | o P | 5004 P
2nr P
2 2
900+ (frrzhpw ] +60 (:rrzhpw ) 300+ (n:rzpwh)

27y’ Pu
= 450+30(xr?hp, ) = 300712 p,
_ 30077 p,, — 450
30mr2p,,
450

30x3.14x(2)* x1
= h=88cm

= h

= h=10-

Mass of water is given by

m=nr’hp, =3.14x(2)* x8.8x1
= m=11053g

ILLUSTRATION 80

A cylinder of area 300 cm” and length 10 cm made of
material of specific gravity 0.8 is floated in water with its
axis vertical. It is then pushed slowly downwards, so as to
be just immersed. Calculate the work done by the exter-
nal force to push the cylinder completely in water. Take

g=10ms™.

SOLUTION
Weight of the cylinder is

mg =(300x107*)(10x1072)(800) kgf
= mg=24kgf=24N

If | be the length of the cylinder inside the water, then by
Law of Floatation, we have

24¢=(300%x107)1(1000) g

= [=008m=8cn
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When completely immersed in water, the buoyant force is
given by

U =F, =(300x10)(0.1)(1000) g
= U=30N

So, to immerse the cylinder inside water, the external
agent has to push it against the upthrust force by

h=01-0.08=0.02m=2cm
Increase in upthrust is
AU=3g-24g=06g=6N

Since this increase in upthrust takes place linearly from
zero to 6 N, so the average upthrust against which work
has to be done is

_046
2

Hence the work done by the external force is

W=FE_h=|(U)|h=(3)(0.02)=0.06]

ext

ILLUSTRATION 81

A thin uniform rod of length 2! and specific gravity % is

(u) =3N

hinged at one end to a point height é above the surface of

water, with the other end immersed. If the rod is in equi-
librium, then calculate the angle of inclination of rod with
the water surface.

SOLUTION

Let the length of rod outside water be x and its cross-
sectional area be A . The situation is shown in Figure.

A

If W be the weight of rod and d be the density of water,
then weight of the rod is

W_A(Zl)(%d]g (1)

The buoyant force F; = U acting on the rod at the centre
of buoyancy B is

U=F=A(2-x)(d)g (2

Let N be the upward force on rod by the hinge, then for
equilibrium of rod we have

N+U=W
= N=W-U
3d
= N—(Al)(?)g—A(Zl—x)(a‘)g

= N:A(%I—th](d)g

= N—A(x—é](d)g ..(3)

Also, for the rotational equilibrium of the rod, we take the
net torque about point A to be zero i.e.

U(ZI—x

= [PB(ZIZ"‘ )—WI+2NI}COSOC—0

]Cosa—chosa+N(2Icosa)—0

2l-x

= FB( )—WI+2NI:O ()

Substituting the values of W, F; and N from equations
(1), (2) and (3) respectively in equation (4), we get

(2-x) 3, [ z” )
|: 2 —El +21 X—E A(d)gfﬂ

= (21—x)2—312+4l(x—%)=0
= 4P +x P —alx-3P +4lx-21* =0
= ¥-1=0
= x2=J?
= x=]
. Ij2
= Sll'la:T:—
= o=30°

ILLUSTRATION 82

A uniform rod PQ, 4 m long and weighing 12 kg, is sup-
ported at end P, with a 6 kg lead weight attached at Q.
The rod floats with one half of its length submerged as
shown in Figure.
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Assuming the lead mass to be of negligible volume, cal-
culate tension in the cord and the total volume of the rod.
Take ¢ =10 ms™.

SOLUTION

If A be the area of cross section of the rod, then the buoy-
ant force F; on submerged part of rod is

4
U=F _(z)prg_ZAng (D)

69
For translational equilibrium of rod, we have
F,+T=18¢ ...(2)
Please note that, since the lead weight has negligible volume, so
the buoyant force on it is negligible and hence is not to be taken
into account.

For rotational equilibrium of the rod, taking the torque
due to all forces about point P to be zero, we get

(12¢)(2c0s6)+(6g)(4cosB) = F; (3cos6)
= Fy=16g=160N .03
= T=18¢-F=2¢=20N
From equation (1), we get
24(10°)(10) = 160
= A=80x10"m’
So, volume of the rod is
V=Al=(80x10")(4)=32x107 m

ILLUSTRATION 83

A container partially filled with water is moved horizon-

tally with acceleration 2 = % Asmall wooden ball of mass

m is tied to the bottom of the container using a string. The

ball remains inside water with the string inclined at an
angle 6 to the horizontal as shown in Figure. Assuming
that the density of ball is half the density of water, calcu-
late the tension in the string.

_.a

A
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SOLUTION

As the container is accelerating the liquid surface will be
inclined with horizontal such that

a_g/\3

tanf=—
g g

ol H1”

= sinB:% and cosf=

In this case the buoyant force on the ball will be normal to
free surface of the liquid. The magnitude of buoyant force
s

FB = Vimmpwgeff

Please note that the immersed volume is equal to the volume
of liquid displaced by the immersed part of the body i.e.

m
Vimm = Vdisplaced =

w

2
= kK —(ﬂ]pw.fg2+a2 =2m g2+%

p’i{)

Since the ball is in equilibrium with respect to container,
so we have

Fy =T +mgcosB+masin@

4mg mg[ 1)

= —=T+=2| B3+
V3 2 V3
4mg 2mg

= —_— —_—
V3 V3

= T:2ﬂ

ILLUSTRATION 84

A block A is hanging from spring balance S; and
immersed in liquid L which is contained in beaker B as
shown in Figure. The mass of beaker B is 1 kg and mass
of liquid L is 1.5 kg . The spring balances S; and S, read
25kg and 7.5 kg, respectively. Calculate the readings of
spring balances S; and S, whenblock A is pulled up out
of the liquid.
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ae
81 = RSI = Wapp = WA —U = 25 kgwt
If W, be the weight f the liquid, then the reading R of
L : . 2
B spring balance S, is
f ! R52 = WB + WL + u
@52 =  Wp+W, +U=75kgwt
Since, Wy =1kgwt, W; =1.5 kgwt
SOLUTION
= 1+15+U=75kgwt
When body is immersed in liquid, then it experiences an
upthrust U , which makes spring balance S, to measure = U =5kgwt
thelapparent weigl"lt of the body. So, the readirtg R of So, W, =U+25=75 kgwt
spring balance 5, is equal to the apparent weight W,
and is given by Hence the spring balance S, reads 7.5 kg and S, reads
Rg, =W, =W-U 25kg.

6‘7 Test Your Concepts-Vil

Based on Archimedes' Principle and Buoyancy
(Solutions on page H.10)

1. A piece of ice is floating in water. Calculate the fraction 5. A rubber ball of mass 10g and volume 15cm?’ is

of volume of the piece of ice outside the water. Density dipped in water to a depth of 10 m. If the ball is

of ice is 900 kgm ™ and density of water is 1000 kgm . released from rest, calculate the acceleration of the ball
2. A block is found to weigh W in air when suspended and the time taken by it to reach the surface. Assume

from a spring scale. When completely immersed in density of water to be uniform throughout the depth

water while being attached to the spring scale, it weighs and g=10 ms™.

W’ . Calculate density p of the block in terms of the 6. A solid block is held below the surface of a liquid (of

scale reading and the density of water i.e. p,, . density greater than that of solid block) with the help of
3. A piece of an alloy of mass 96 g is composed of two a light string as shown in Figure.

metals whose specific gravities are 114 and 7.4. If
the alloy weighs 86 g in water, calculate mass of each
metal in the alloy. Ta
4. A solid sphere of mass 2 kg and specific gravity 0.5
is held stationary relative to a tank filled with water as
shown. The tank is accelerating vertically upward with

an acceleration of 2 ms™ .

The tension in the string is T, when the system is at
rest. If the system accelerates upwards with an accelera-
tion a, then calculate the tension in the string.

7. A rough surfaced metal cube of size 4 cm and mass
100 g is placed in an empty vessel. Now water is filled
in the vessel so that the cube is just immersed in the
water. Calculate the average pressure at the bottom sur-
face of vessel which is in contact with the cube. Take
g=10 ms .

Calculate tension in the thread connecting sphere to
the bottom of the tank. If the thread snaps, then cal-

culate acceleration of the sphere with respect to the 8. Awood dweichine 25 N having leneth 3 i
tank. Assume density of water to be is 1000 kem™ and - fiwoodenrodwelghing avinglength 3 m, uniform

10 ms™2 cross sectional area of 9.5x10™* m? is mounted on a
g=1ums . hinge 1.6 m below the free surface of water as shown.
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>
16m

| W4

Initially the rod is in the vertical position and when
pushed gently it comes to rest making an angle «
with the base of the beaker, then calculate . Also
calculate the reaction on the hinge in this position if
Puater = 1000 kgm™ and g=9.8 ms 2.

. A piece of copper having an internal cavity weighs

264 g in air and 221g in water. Calculate volume of
the cavity if density of copper is 8.8 gcm™.

10. A cubical block of length L is floating vertically in

\

a beaker filled with water. Calculate the change in

11.
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submerged length of block in water if the beaker starts
accelerating upwards with an acceleration a.

A solid block of volume 1000 cm® and density
0.8 gem ™ dipped in liquid and tied to the bottom of
a container (with the help of a light string) filled with
liquid of density 1.2 gcm™ as shown in Figure.

[ ]

Calculate the tension in the string when the container
is stationary and when it is moving up with an accelera-
tion of 5.2 ms 2 Take g= 9.8 ms 2

J
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VISCOSITY

VISCOSITY

For a liquid flowing steadily, it is observed that a layer of
liquid slips or tends to slip on adjacent layers in contact.
Due to this relative motion between the adjacent layers of
liquid, the two layers exert a tangential force on each other
which tries to destroy the relative motion between them.
The property of a fluid due to which it opposes the relative
motion between its different layers is called viscosity (or
fluid friction) and the force between the layers opposing
the relative motion is called viscous force or viscous drag,.

A

ax T

The internal friction of the fluid, which tends to oppose
relative motion between different layers of the fluid is
called viscosity.

Suppose a fluid flows over a fixed surface AB. The
layer of the fluid in contact with AB remains at rest and
the uppermost layer moves with maximum speed. This
shows that every layer opposes the flow of the adjacent
upper layer by a tangential viscous force along the surface
of the layer.

v+dv l
R X S
P LV f T Q
X
A 1 B

Consider twolayers PQ and RS atdistances x and x +dx,
respectively from AB. Also v and v+dv be the speeds of
fluid at PQ and RS respectively. It is found that the vis-
cous force per unit area is proportional to the speed gradi-
ent, that is

E o
A dx

dv

= F=-nA—

f dx

where the constant 7 is called the coefficient of viscosity or
simply viscosity of the fluid. The negative sign indicates
the opposing nature of the viscous force.

Examples of Viscosity

(i) A stirred liquid, when left, comes to rest on account
of viscosity. Thicker liquids like honey, coal tar, glyc-
erine, etc. have a larger viscosity than thinner ones
like water. If we pour coal tar and water on a table,

the coal tar will stop soon while the water will flow
upto quite a large distance.

(ii) If we pour water and honey in separate funnels,
water comes out readily from the hole in the fun-
nel while honey takes enough time to do so. This is
because honey is much more viscous than water. As
honey tends to flow down under gravity, the relative
motion between its layers is opposed strongly.

(iii) We can walk fast in air, but not in water. The reason
is again viscosity which is very small for air but com-
paratively much larger for water.

(iv) The cloud particles fall down very slowly because of
the viscosity of air and hence appear floating in the sky.

(v) Viscosity comes into play only when there is relative
motion between the layers of the same material. This
is why it does not act in solids.

COEFFICIENT OF VISCOSITY (1)

Itis defined as the tangential force per unit area offered by
a fluid layer to create a unit speed gradient. It is measured
in kgm™'s™ called decapoise in SI system of units. The
cgs unitis gem™'s™ and is called poise.

1 decapoise = 10 poise

OR 1poise= % decapoise

The dimensional formula for coefficient of viscosity is
ML'T

(a) Viscosity comes into play only when there is a relative
motion between the layers of the same material. This
is why it does not act in solids.

(b) Viscosity of liquid is much greater (about 100 times
more) than that of gases i.e. n, > 1)g
EXAMPLE: Viscosity of water is 0.01poise while that
of airis 200 ppoise.

(c) The viscosity of thick liquids like honey, glycerine, coal
tar etc. is more than that of thin liquids like water.

SIMILARITIES BETWEEN VISCOSITY AND SOLID
FRICTION

Viscosity and solid friction are similar in the following
manner.

(@) Both oppose relative motion. Viscosity opposes the
relative motion between two adjacent liquid layers,
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solid friction opposes the relative motion between
two solid layers.

(b) Both come into play, whenever there is relative motion
between layers of liquid or solid surfaces as the case
may be.

(c) Both are due to molecular attractions.

DIFFERENCES BETWEEN VISCOSITY AND SOLID
FRICTION

Viscosity and solid friction are different in the following
manner.

(@) Viscosity (or viscous drag) between layers of liquid is
directly proportional to the area of the liquid layers,
whereas friction between two solids is independent of
the area of solid surfaces in contact.

(b) Viscous drag is proportional to the relative velocity
between two layers of liquid, whereas friction is inde-
pendent of the relative velocity between two surfaces.

(c) Viscous drag is independent of normal reaction
between two layers of liquid, whereas friction is
directly proportional to the normal reaction between
two surfaces in contact.

SOME APPLICATIONS OF VISCOSITY

Knowledge of viscosity of various liquids and gases have
been put to use in daily life. Some applications of its
knowledge are discussed as under:

(@) As the viscosity of liquids vary with temperature,
proper choice of lubricant is made depending upon
season.

(b) Liquids of high viscosity are used in shock absorbers
and buffers at railway stations.

(c) The phenomenon of viscosity of air and liquid is used
to damp the motion of some instruments.

(d) The knowledge of the coefficient of viscosity of
organic liquids is used in determining the molecular
weight and shape of the organic molecules.

(e) It finds an important use in the circulation of blood
through arteries and veins of human body.

ILLUSTRATION 85

A square plate of area 4 m* is made to move horizontally
with a speed of 4 ms ', by applying a horizontal tangen-
tial force over the free surface of liquid. The depth of liquid
is 2 m and the liquid in contact with the bed is stationary.
If coefficient of viscosity of liquid is 0.02 poise, then calcu-
late the tangential force required to move the plate.

SOLUTION
. . . Av 4 — O -1
Velocity gradientis —=——=25
e Ax  2-0
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From Newton's Law, viscous force is given by
Av
|F|=nA—
1 Ax

= F=(002x10")x4x(2)
= F=016x10"
= F=16x10°N

So, to keep the plate moving, a force of 16x10™ N must
be applied.

ILLUSTRATION 86

A man is rowing a boat with a constant velocity v, in a
river the contact area of boat is A and coefficient of vis-
cosity is 7. If depth of river is D, then calculate the force
required to row the boat.

SOLUTION

According to Newton's Second Law, we have
F-F =ma

Since boat moves with constant velocity, so a=0.

= F=F

l— O —»

Also, we know that F, = nA;I—U
x
where, @: % 0 -2
dx D D
= F=F, =M%
D

ILLUSTRATION 87

A liquid of viscosity 1 is filled between an outer fixed cyl-
inder and an inner cylinder as shown in Figure.

The central solid cylinder starts rotating with an initial
angular velocity @,. Calculate the time after which the
angular velocity of the central cylinder becomes half its
initial velocity.
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SOLUTION

At any instant, the speed of the liquid layer in contact with
outer fixed cylinder is zero, whereas the speed of the lig-
uid layer attached with the inner rotating cylinder will be
R 0, where o < w,.

v=0

.

Solid cylinder

The viscous force developed is given by

|Fl=nA do , where do_ 0k -0
dx dxr R, -R

= F—n(27rR1l)[RwR}<J
2 =Ry

The torque due to this viscous force about axis is

3
T:PR]:ZleIw
Ry - Ry
Since 7 =1, where a:—d—w and Izlme
dt 2
2 3
- I(x—le( dw] 2Ry o
2\ dt) R,-R

J da) 471'an J it
m(

m(R, =R, )In2
4rnR,1

ILLUSTRATION 88

A cubical block of side 2m having mass 20 kg slides
with constant velocity of 10 ms™ on an inclined plane
lubricated with the oil of viscosity n=10"" poise. Taking
¢ =10 ms ™, calculate the thickness of layer of liquid.

= t=

30°

SOLUTION

Since, we have F = nAd—
dx

dv dv v
F=nA—= inf, where —=—
= n . mg sinf , where o

1
Since 1 poise = 0 decapoise

= n=10" poise=10" decapoise

40107
100

= h=4x10" m=4 mm

ILLUSTRATION 89

A plate of area 100 cm? is placed on the upper surface of
castor oil, 2 mm thick. Taking the coefficient of viscosity
to be 15.5 poise, calculate the horizontal force necessary to
move the plate with a velocity 3 cms ™'

SOLUTION
The (horizontal tangential) viscous force is given by
dv
F=-nA—
1 dx
Given that, n=15.5 poise, A =100 cm® and
dv v, - vy _ (0-3)cms™ _ 3 G154
dx x-x, (2-0)mm 02

= F=-155x100x(-15)=
= F=02325N

ILLUSTRATION 90

A metal block of area 0.10 m? is connected to a 0.02 kg
mass through a light. The string passes over an ideal pul-
ley (considered massless and frictionless) as shown in
Figure.

2.235%10* dyne

Film

0.02 kg

A liquid film of thickness 0.15 mm is placed between the
metal block and the table. When released the block moves
to the right with a constant speed of 0.075 ms ™. Calculate
the coefficient of viscosity of the liquid if g =10 ms .
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SOLUTION

Since the block is moving with a constant speed, so ten-
sion developed in the string is equal to the viscous force F.
The free body diagram of the block and the mass is shown
in Figure.

_p'r

F=
'

mg

From the FBD of ck and the mass, we have

T=F=mg

where, F = nA(AU)
Ax

Av
=  mg=nAl —
s=( )
Given that, area of the film is A=0.10 mz, thickness of
the film is Ax=0.15mm =0.15x10° m and the relative
velocity of plate Av=0.075 ms™".

- (0-02)(10)=n(0.10)(ﬂ5_3]
0.15x10
_02x015x10™
T 0.10x0.075
= 1n=4x10" Pas
=  1=0.004 Pas
VARIATION OF VISCOSITY

With Temperature

The viscosity of liquids is mainly due to the cohesive
forces between the molecules of the neighbouring lay-
ers. When the temperature increases, the kinetic energy of
the molecules increases, resulting in decrease of cohesive
forces. Thus, the viscosity of liquids decreases (or fluidity
increases) with rise in temperature.

The viscosity of gases is mainly due to the diffusion
of molecules from one moving layer to the neighbouring
layers. With increase of temperature, the rate of diffu-
sion increases. Hence the viscosity of gases increases with
increase of temperature.

Problem Solving Technique(s)

(a) For liquids, the viscosity decreases with rise in
temperature.

(b) For gases, the viscosity increases with rise in
temperature.
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With Pressure

As pressure increases, the molecules come marginally
closer, resulting in an increase in viscosity of liquids.
However, in gases, viscosity is found to be independent of
pressure, provided the pressure is not too small.

(a) For liquids, as pressure increases viscosity increases.
(b) For gases, as pressure increases or decreases, viscosity
remains same provided pressure is not too small.

(c) With increase in pressure, the viscosity of liquids
(except water) increases while that of gases is practi-
cally independent of pressure. The viscosity of water
decreases with increase in pressure.

(d) For temperatures above +32 °C, water behaves like
other liquids. Its viscosity increases with increasing
pressure.

For temperatures below +32 °C and under pressures
of up to 20 MPa, the water’s viscosity decreases with
increasing pressure.

The reason is that the structure of the three-
dimensional network of hydrogen bridges is destroyed.
This network is rather stronger than the structures of
other low-molecular liquids.

STOKE'S LAW

When a body moves through a liquid, then the liquid
layer in immediate contact with the body is dragged with
it. This establishes relative motion between consecutive
liquid layers near the body, due to which a viscous force
starts acting on the body. The liquid exerts a viscous force
on the body to oppose its motion. The magnitude of the
viscous force depends on the shape and size of the body,
its speed and the viscosity of the liquid.

Stoke’s law governs the motion of a small sphere
through a liquid column of infinite length. When a body
moves through a fluid, it experience a viscous drag. This vis-
cous drag experienced by a small sphere of radius 7, mov-
ing withaspeed v through a fluid of viscosity 1 is given by

F = 6nnro
This is called Stoke’s Law.

TERMINAL VELOCITY

It has been observed that when a spherical body starts
falling in a liquid column of infinite length, then initially
the viscous drag on the body is zero as initial velocity of
the body is zero. However, as the velocity of the body
increases, then the viscous drag on the body also increases
in accordance with the Stoke’s Law. At a certain maximum
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velocity called as Terminal velocity (v;) it is observed
that the weight (W) of the body is balanced by the com-
bined effect of Upthrust (U) and the viscous drag (F)
acting on the body.

For a body falling through a liquid column of infinite
length, the variation in the velocity of a body with time is
shown in Figure.

t

When a sphere is falling under gravity in aliquid of infinite
column, the forces acting on it are its weight W (down-
wards), the upthrust U (upwards) and the viscous drag
F (also upwards), as shown in Figure.

- F ~

U

\

The net downward force when v < v; is
Fi =W-(U+F)

However, when v = v, the net force on the sphere becomes
Z€ro, S0

F+U=W, where
4 5 4 5
F =6nnrop, U= En'r ogand W= Em Pg

So, we have

ornror =W -U
4
=  6anrop = E;rrf‘(p—cr)g

where, p is the density of the sphere and
o is the density of the liquid.

_2(p-0)r’g
S
If o> p, the sphere will move upwards with a constant
speed. So, we observe that,

= U {Terminal Velocity}

(a) Terminal velocity depends on the radius of the sphere,
so if radius of the spherical body is made n times,
then the terminal velocity will become 7° times.

(b) Increasing the density of body (p), will increase the
terminal velocity.

(c) Increasing the density of the liquid (o) and its viscos-

ity (1) will decrease the terminal velocity.

(d) If p>o, then terminal velocity will be positive and
hence the spherical body will attain constant velocity
in downward direction.

(e) If p<o, then terminal velocity will be negative and
hence the spherical body will attain constant velocity
in upward direction.

EXAMPLE: Air bubble in a liquid and clouds in sky.

ILLUSTRATION 91

Eight spherical raindrops of equal size are falling vertically

through air with a terminal velocity of 0.5ms™". What
would be the terminal speed of the bigger spherical drop
formed if these drops coalesce to form the bigger drop?
SOLUTION

If r be the radius of small rain drop, then the terminal
speed of the small drop is

vy o 1 (1)

If R be the radius of large drop, then equating the initial
and the final volumes, we get

E;er3 = 8(%;?:1’3 ]
3 3

= R=2r
2
= U—T:(E) =4
'UT r

= 0} =4v; =(4)(0.5)=2ms™

ILLUSTRATION 92

Calculate the terminal speed with which an air bubble
0.8 mm in diameter will rise in a liquid of coefficient

of viscosity 0.15Nsm ™~ and specific gravity 0.9, if the
density of air is 1.293 kgm ™.
SOLUTION
The terminal speed of bubble is
21*(p-0)g
Uy = ——————
9 n
where, r=0.4x 10° m , 0=09x 103 kgm’3
p=1293 kgm™, n=0.15 Nsm™
and ¢=9.8 ms™

2 (04x10°)"(1293-0.9x10° )x9.8
0.15

= op=-0.0021 ms"’
= 0, =-02lcms”

Please note that the negative sign means that the bubble
will rise up.
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ILLUSTRATION 93

A spherical ball of radius 3x10" m and density
10* kgm™ falls freely under gravity through a distance
before entering a tank of water. If after entering the water
the velocity of the ball does not change, calculate I, if the
coefficient of viscosity of water is 9.8x10° Nsm .

SOLUTION
Before entering the water, the velocity of ball is /2¢/.
If after entering the water this velocity does not change
then this value should be equal to the terminal velocity.
Therefore,

2 —
o = %M

n
2 2

po 1|21 (p=0)g

ENCE

40 0 \2
2 r'(p-0)g

h=—
81 e

2 (3x10%)" (104 ~10°)" x9.8

81 (9.8x10° )
= h=165x10°m

ILLUSTRATION 94

A spherical ball is moving with terminal velocity inside a
liquid. Determine the relationship of rate of heat loss with
the radius of ball.

SOLUTION
Rate of heat loss is power dissipated (P)
= P=Fxv=(6nr)v=6anro’

2

2
2r
= P _6P7?7’|:§?(P0 ‘P:)g]

Rate of heat loss o r°

ILLUSTRATION 95

A sphere is dropped under influence of gravity through a
fluid of coefficient of viscosity 7. If the average accelera-
tion of the sphere is half of the initial acceleration, then
show that time taken by the sphere to attain terminal
speed is independent of density of fluid.

SOLUTION

Let » be the radius of the sphere and p be its density, then
mass () of the sphere is

mféfrr3
3 P
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If o be the density of the fluid, then mass of fluid dis-
placed by the sphere is
m' = E;?:1’3 o
3

Initially, since v=0, so the viscous force acting on the
sphere is also zero and hence the free body diagram of the
sphere when it is just dropped is shown in Figure.

mg

If a be the initial acceleration of the sphere, then we have

mg —U = ma
= ER’?’3 —ém% —(EmS )a
3 P83 §=(3™ P
p-o
= a=|——|g
5]
The terminal velocity of the ball is
_2%(p-0)g
I

If the average acceleration of the sphere during the fall (till
the drop acquires terminal velocity) is a’, then according
to the problem, we have

s_t_(p-o)g
2 2p
Also, the average acceleration is given by
, Av
Ay =0"=—
At
= Av=a'At
2 —
L P98 im0y =at
om
2r* (p- -
L (e c)g:(p ant
9n 2p
2
= t:;lrp
9n

Hence, the time taken to acquire the terminal velocity is
independent of the fluid density.

FLOW OF LIQUID IN TUBE: CRITICAL VELOCITY

When a liquid flow in a tube, the viscous forces oppose the
flow of the liquid. Hence a pressure difference is applied
between the ends of the tube which maintains the flow of
the liquid. If all particles of the liquid passing through a
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particular point in the tube move along the same path, the
flow of the liquid is called ‘stream-line flow’. This occurs
only when the velocity of flow of the liquid is below a cer-
tain limiting value called “critical velocity’.

When the velocity of flow exceeds the critical veloc-
ity, the flow is no longer stream-line but becomes turbu-
lent. In this type of flow, the motion of the liquid becomes
zig-zag.

It is found that the flow is streamlined only when
the rate of flow is small. Above a certain speed, called the
critical speed, the flow becomes turbulent.

Reynold showed that there is a particular combina-
tion of four factors, namely density ( p), velocity (), tube
diameter (d) and viscosity (1), which determines the
nature of flow of a viscous fluid through the tube. This
combination is called Reynolds Number and is given by

ko
n

The Reynolds Number R is a dimensionless variable. It

is found empirically that when, approximately

(@) R<2000:The flow is Laminar.

(b) R>3000: The flow is turbulent.

(¢) 2000<R<3000: The flow is unstable and may be
changing from one type to another.

ILLUSTRATION 96

Water is flowing in a pipe of radius 1.5 cm with an aver-
age velocity 15 cms™ . What is the nature of flow? Given
coefficient of viscosity of water is 10~ kgm™'s™" and its
density is 10° kgm™.

SOLUTION
Reynolds number for the given situation is given as
.
n
where, p=10" kg m™, coefficient of viscosity of the lig-
uid is n=10" kgm's™!, average velocity of water is

v=15cms ' =0.15ms ' and diameter of the pipe, is
d=2x15cm=3cm=0.03m.

10° x0.15x 0.03
- R=—1"""7""7
107
= R=10°x0.0045
= R=4500

Since, R > 2000, hence the flow is turbulent.

ILLUSTRATION 97

Calculate the maximum average velocity of water in a
tube of diameter 2 cm, so that the flow is laminar. Assume
coefficient of viscosity of water to be 10~ Nsm™.

SOLUTION

For laminar flow through the tube, the maximum value
for Reynolds number R is 2000. If v is the maximum
average velocity of water, then

R - Pvd
where, d=2cm=0.02m, n=10"Nsm? and
p=10° kgm™.
-3
R _ (10°)(2000) _

“pd (10°)(0.02m)

STEADY FLOW OF LIQUID THROUGH A
CAPILLARY TUBE: POISEUILLE'S FORMULA

Poiseuille formula is designed for a streamlined flow of a lig-
uid through a horizontal tube. If a viscous liquid flow in a
tube, the velocity is greatest at the centre of the tube and
decreases to zero at the wall. If the velocity is small, the
flow is streamlined (also called the steady or laminar flow).

{ i

=7

Poiseuille studied the streamline flow of liquid through
horizontal capillary or horizontal tube. He found that if
a pressure difference (P) is maintained across the two
ends of a capillary tube of length I having radius r, then
the volume of liquid flowing per second through the tube

i.e. the rate of flow of volume of liquid (V) through the
capillary is

(a) directly proportional to the pressure difference
(AP=p).

(b) directly proportional to the fourth power of radius
(r) of the capillary tube.

(c) inversely proportional to the coefficient of viscosity
(1) of the liquid.

(d) inversely proportional to the length (1) of the capil-
lary tube.

Let | be the length of the tube and r be its radius. If a fluid
of viscosity n flows steadily under a pressure difference
p, then the rate of flow of liquid Q i.e. volume V of fluid
flowing per unit time is given by
V_ mrp

Q:?_ 8nl

{Poiseuille’s Formula)

The quantity % = ? is also called the pressure gradient.

The rate of flow of liquid is due to the pressure dif-
ference just like rate of flow of charge (i.e. current) which
flows due to the potential difference.



ICON

So liquid resistance R is simply defined as the pressure
difference (P) per unit rate of flow of liquid (Q).

_ Pressure Difference _ AP _ 8nl
Rate of Flow of Liquid Q z+*

COMBINATION OF TUBES IN SERIES

When two tubes of length /; and I, havingradii r, and 1,
are connected in series across a pressure difference P, then

_  o—

— [, ——— P [,——P
P=P+P, ..(1)

where P, and P, are the pressure difference across the
first and second tube respectively.

Since the volume of liquid flowing through both the tubes
.e. rate of flow of liquid is same.

Therefore V=V, =V,
_nPr _ wPry
8nl,  8nl,
Substituting the value of P, and P, from equations (1)
and (2), we get

P=PF+P, —V(%+%]

. 2)

n o own
8nly + 8nl ) Ri+R, Ry
art  mr

where R; and R, are the liquid resistances offered to the
flow of liquid by the tubes.

So, effective liquid resistance for series combination of the
tubes is

e

COMBINATION OF TUBES IN PARALLEL

When two tubes of length I; and I, having radii 7 and
1, are connected in series across same pressure difference
P, then
— [, —>
)

1
%

b 4

ly
P=P =P

The total rate of flow of volume (V) of the liquid will be
the sum of volume of liquid flowing per second through
tube 1 and volume of liquid flowing per second through
tube 2, i.e.

V=V,+V,
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Prrt Prr} ot omr
—_1+_2:P _1+_2

8l 8nl, 8nl,  8nl,
1 1 P
= V= P( —+— )—
Ry Ry ) Ry
So, the effective liquid resistance in parallel combination
1 1 1
—_— = + _
Ry Ry Ry
RiR
= Rﬁ'ﬁ = 172
R +R,

ILLUSTRATION 98

A liquid is flowing through horizontal pipes as shown in
Figure.

p
o]
9]
o

Length of different pipes have the ratio

Ler _Lon

LAB:LCD: 2 5

Similarly, radii of different pipes have the ratio,

TcH
Tap =Tgp =Tep = B3

If pressure at A is 2P, and pressure at D is F, and the
rate of flow of volume of the liquid through the pipe AB
is Q, then calculate the rate of flow of volume of liquid

through the pipes EF and GH. Also calculate the pressure
at E and F.

SOLUTION
The liquid resistance R is given by

Pressure Difference AP 87l

" Rate of Flow of Liquid  Q 7+

l

= Ro—
A

. )
, 3) W
GGG
2 2 2
If Ry =R, then

=  Rup:Rep:Rep:Rgy =

The equivalent liquid resistance circuit for the arrange-
ment is shown in Figure.
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16R

2F, Py
79 R
As the current is distributed in the inverse ratio of the
resistance (in parallel). The Q will be distributed in the
inverse ratio of R, so the volume flow rate through EF
will be % and that from GH will be %Q. The equivalent

liquid resistance offered by the arrangement is

Ry, =8R+ ORR) gp 288
(16R)+(R) 17
Since rate of flow of volume is
AP
Q:
Rpet
2P, -
. :( 0 Po): 17F,
288, 288R
17

Now, let P, be the pressure at E, then

173,) (8><17)
2P, —-P, =8QR =8 R= P
0~F =80 (288R 288 )0

8x17)
= P =|2- P, =1.53P
! ( 288 ) ° 0
Similarly, if P, be the pressure at F, then
8x17
= P =P+——P
2= T 5ee 0
= P2:1.47p0

ILLUSTRATION 99

Water flows through a capillary tube of radius r and
length | at a rate of 40 mls™', when connected to a pres-

sure difference of /i cm of water. Another tube of the same
. o, . . . .
length but radius 718 connected in series with this tube

and the combination is connected to the same pressure
head. Calculate the pressure difference across each tube
and the rate of flow of water through the combination.

SOLUTION

The volume (quantity) of liquid flowing per second
through a capillary tube maintained across a pressure dif-
ference P = hpg is

0P 7 (hpg )r*
8n’ 8n/

where [ is length of tube, r is radius of tube and 7 is coef-
ficient of viscosity of liquid.

=40 mls™! (D)

When tubes are connected in series, the amount of liquid
flowing through them is equal, i.e.,

4
r
Pl =
_:rPlr4 d 2(2)

= (2
Q 8nl 8nl @)
and P, +P,=P=pg¢h ..(3)
From equation (2), we get
P
P=—
' 16
= PZ = 16P1

Substituting for P, in equation (3), we get
P +16P, = pgh

_pgh

7 and PZZ@

17
Substituting P, or P, in equation (2) and using equation
(1), we get

B

Qin’(pgh)r‘; 1| (pgh)r*
C17x8npt 17| 8ye
= Q:%mLS'1

ILLUSTRATION 100

Two capillary tubes AB and BC are joined end to end
at B. Tube AB is 16 cm long, has a diameter 4 mm and
tube BC is 4 cm long, has a diameter 2 mm. The com-
posite tube is held horizontally with A connected to a
vessel of water giving a constant pressure head of 3 cm
and C is open to the air. Calculate the pressure difference
between B and C.

SOLUTION

According to the problem, AB and BC are two capillary
tubes which are joined end toend at B as shown in Figure.

3cm

A B ¢

— . v
y

\ﬁ

4cm

Let the atmospheric pressure be equal to /1 cm of water
column. So, pressure at A is P, =(/+3) and pressure at
C is P; = h. Further, if i’ be the pressure at B, then pres-
sure difference across AB is

PAB :(h+3)_h’
and pressure difference across BC is

PBC :h,—h
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Since both tubes are in series, so rate of flow of liquid
through both the tubes is same, i.e.

() = constant
4 4
o nhn :ﬂP2r2
8nl,  8nl,
Prt Py
- 4 _hh

L L
P 1
. h_kL(n
B h\n
Since, [; =16 cm, [, =4 cm

n=02cmand , =0.1cm
(h+3—h’)_16x(0.1]4

Z T-m 4 \o2
h+3-h" 16 1 1

= = e W —— -
h'—h 4 16 4

= W-h=4h+12-4i’

= 5h'=5h+12
= W=h+24
So, pressure difference across BC is

Pge =h"=h=24 cm of water column.

ILLUSTRATION 101

A cylindrical vessel of area of cross-section A and filled
with liquid to a height of /1, has a capillary tube of length
| and radius r protruding horizontally at its bottom. If the
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viscosity of liquid is 7, density p and g =9.8 ms?, find
the time in which the level of water in vessel falls to 5.

SOLUTION

Let 11 be the height of water level in the vessel at instant ¢
which decrease by dh in time dt.
So, rate of flow of water through capillary tube,

“dh
Q_—A(dt) (1)

The negative sign indicates that as f increases, I
decreases. The rate of flow of liquid through a horizontal
tube is given by Poiseuille formula, i.e.

4
Tpr
= (2
Q sl 2)
From (1) and (2), we get
dh  mpghr?
uddg ©+ p=pel
it sl I~ p=pshl
dt:_Snli@
mpgr h

So, the required time is obtained by integrating this expres-
sion within suitable limits.

h
r- Ity
t=-— SnIﬂ: @ =- 8111'144 log, h
mpgr™ s T mpgr J,l
'1
t= __Sr,'Iﬂ: log, kb = 8?]!%‘; log, h
mpgrt T mpgrt Ty

@ Test Your Concepts-Vill

1. The velocity of water in a river is 18 kmhr™' near the
surface. If the river is 5m deep, find the shear stress
between the horizontal layers of water. The coefficient
of viscosity of water is 10 poise.

2. Twenty seven identical spherical raindrops are falling

vertically through air with a terminal velocity of Tms™".
Calculate the terminal speed of the bigger spherical
drop formed if these drops coalesce.

3. Asolid rubber ball of density d and radius R falls verti-
cally through an air column of very large length. Assume
that the air resistance acting on the ball is F=KRv,
where K is constantand v is its velocity. Calculate the
terminal velocity of the ball.

4. Aplate of area 2 m? is made to move horizontally with
a speed of 2 ms™' by applying a horizontal tangential
force over the free surface of a liquid. If the depth of the
liquid is Tm and the liquid in contact with the bed is

Based on Viscosity and Terminal Speed

(Solutions on page H.12)
stationary. Coefficient of viscosity of liquid is 0.01 poise.
Find the tangential force needed to move the plate.

5. A powder comprising particles of various sizes is stirred
up in a vessel filled to a height of 10 cm with water. If
the particles are assumed to be spherical, then calculate
the size of the largest particle that will remain in sus-
pension after 1hr if density of powder is 4 gcm™ and
coefficient of viscosity of water is 0.01 poise.

6. Aball of radius r and density p falls freely under grav-
ity through a distance h before entering water.

i O
4
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Velocity of ball does not change even on entering water.

If viscosity of water is 7, Find h.

7. Two square metal plates, each of side 10cm are
immersed in water. One plate moves parallel to the
other with a speed of 5cms™". If the viscous force is
150 dyne, calculate their distance of separation if the

coefficient of viscosity of water is 1,,.., =0.001PL.

8. Calculate the Reynolds number for blood flow-
ing at 30 cms ™' through an aorta of radius 1.0 cm.
Assume that the blood has a viscosity of 4 mPas and a

density of 1060 kgm™. What is the nature of flow?

9. Capillaries of length I, 2/ and % are connected in

. N r r _
series. Their radii are r, > and 3 respectively. If stream

line flow is maintained and pressure across the first
capillary is P, and across second and third being P,
and P; respectively. Calculate the ratio of P, and P,.

10. An engineer wants to have the same flow rate of water

and light machine oil from the pipes of the same length
and with the same pressure gradient. Calculate the ratio
of the radii of the two pipes, if the coefficient of viscos-
ity of water is 0.0 poise and that of light machine oil is
12.96 poise.

/




FLUID DYNAMICS

MOTION OF A FLUID

In order to describe the motion of a fluid, in principle one
might apply Newton’s laws to a particle (a small volume
element of fluid) and follow its progress in time. This is a
difficult approach. Instead, we consider the properties of
the fluid, such as velocity and pressure, at fixed points in
space.

In order to simplify the discussion, we make several
assumptions:

(i) The flow is steady: The velocity and pressure at each

point are constant in time

(ii) The fluid is incompressible: The density of fluid is
constant throughout.

(iii) The flow is irrotational: A tiny paddle wheel placed
in the liquid will not rotate.
In rotational flow, for example, in eddies, the fluid
has net angular momentum about a given point.

(iv) The fluid is non viscous: There is no dissipation of
energy due to internal friction between adjacent layer
in the fluid.

Such type of fluid is called an Ideal fluid also called SIIN
fluid.

FLOW OF IDEAL FLUID: BASIC DEFINITIONS
Ideal Fluid

An incompressible, streamline, irrotational, non-viscous
fluid is called an ideal fluid (SIIN fluid). So, an ideal
fluid (i.e. a Steady, Irrotational, Incompressible and Non-
viscous liquid is an SIIN fluid.

Steady Flow

If the fluid velocity at any point is constant in time, then
the flow is said to be steady.

Non-Steady Flow

If the fluid velocity at any point varies with time, then the
flow is said to be non-steady.

Streamline

A streamline is a curve, the tangent to which at a point
gives the direction of fluid velocity at that point.
v Itis analogous to a line of force in an electric or mag-
netic field.
v In steady flow, the pattern of streamlines is stationary
with time and therefore, also called a streamline flow.
v No two streamlines can ever cross one another, for if
they did, a fluid particle arriving at that point would
have possessed two directions (or two velocities) and
hence the flow would never be steady.

Tube of Flow

A tubular region of fluid enclosed in by a boundary con-
sisting of streamlines is called a tube of flow.

No fluid can cross the boundaries of a tube of flow
and, therefore, a tube of flow behaves like a pipe of the
same shape.

Rotational Flow

The flow of liquid is said to be rotational if the angular
velocity is non zero.

Irrotational Flow

The flow of the fluid is said to be irrotational if the ele-
ment of the fluid at each point has no net angular velocity.

EQUATION OF CONTINUITY

Consider a steady, irrotational flow of an ideal fluid
through a tube of varying cross-section having no source
or sink between the entry and the exit.

If, A and A, are the cross-sectional areas at points
1 and 2 respectively, v, and v, are the respective veloci-
ties of the liquid entering at 1 and leaving at 2 as shown
in Figure.

If % is the mass of liquid entering per second, then we
have

dm = Aldx)p = A(ﬁ)PZ Avp

dt dt dt

As there is no source and sink between the entry and the
exit, so we have

Mass entering
per second at 1

_( Mass leaving
| persecond at 2
= Aop= A0

=  Av=constant

This is called the Equation of Continuity and follows
from the Law of Conservation of Mass to the flow of the
ideal fluids.

The quantity Av is called the flow rate or volume
flux or Volume of liquid flowing per second and is also
denoted by Q.
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The above equation of continuity states that “for
steady incompressible flow the speed of fluid varies
inversely with the cross-sectional area”.

(a) Mathematically, the physical quantity Av is also called

Velocity Flux. Vectorially,

Velocity Flux=7- A
Velocity flux is the measure of the volume of liquid
flowing in or out per second for a surface, the surface
held normally to the liquid velocity (or liquid flow).

(b) The more the value of velocity flux, the more the
number of streamlines cross the surface.

(c) We may also interpret the streamline picture as fol-
lows. In a narrow part of the tube the streamlines get
closer together than in a wide part. Thus, as the dis-
tance between the streamlines decreases, the speed of
the fluid increases.

(d) Widely spaced streamlines indicate regions of low
speed, whereas closely spaced streamlines indicate
regions of high speed.

(e) Ifanon-viscous compressible liquid in streamline flow
passes through a tube AB of varying cross section hav-
ing cross sectional areas a; and a, at points A and B.
Let the liquid enter at A with normal velocity v, and
leave at B with velocity v, and let p, and p, be
the densities of the liquid at points A and B respec-
tively, then Equation of Continuity is modified as
aViP = 43V2P;

Y.

A

(f) Mathematically av is actually the rate of flow of vol-
ume of the liquid (or volume of liquid flowing per sec-
ond) through a cross section of a tube.

dv Rate of Flow of
av="-=Q=|
dt Liquid per second

(g) In hilly region, where the river is narrow and shallow
(i.e., small cross-section) the water current will be
faster, while in plains where the river is wide and deep
(i.e., large cross-section) the current will be slower, and
so deep water will appear to be still.

(h) When water falls from a tap, the velocity of falling
water under the action of gravity will increase with
distance from the tap, so v, >v; So, in accordance
with continuity equation the cross section of the water
stream will decrease and so, A, < A; due to which the
falling stream of water becomes narrower.

Al
hIA;n i:
>

Consider two such points on the water stream having
aseparation h,areas A, A, and respective velocities
v; and v,, then from Equation of Continuity, we have
Now, since we have
v2 =2 +2gh
Av,

JVZ +2gh

(i) If liquid entering a tube leaves the tube at two other
points, and assuming that the tube has no source and
sink, then we have

= A2: (A2<A'|)

Va
ay
&
Vi

ILLUSTRATION 102

Water is flowing through a horizontal tube of non-uniform
cross section. At a place the radius of the tube is 1 cm and
the velocity of water is 2 ms™". What will be the velocity of
water where the radius of the pipe is 2 cm?

SOLUTION

Using equation of continuity, A;0, = A,v,

2= Az 1

(2
= n=—

Substituting the values, we get

1.0x102 )
2.0%10

-1
= v,=05ms
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ILLUSTRATION 103

Water is flowing in a circular pipe of varying cross-sectional
area, and at all points the water completely fills the pipe.

(a) At one point in the pipe the radius is 0.2 m. What is
the magnitude of the water velocity at this point if the
volume flow rate in the pipe is 1.20 m’s'?

(b) At a second point in the pipe the water velocity has
a magnitude of 3.80 ms™". What is the radius of the
pipe at this point?

SOLUTION

(@) Q= volume flow rate = Av

0:9:%: 12 5 =955 ms™
A art r(02)
(b) From continuity equation
= ?’12?)1 = ?'2202
= —( Ul]rl —( 9'55](0.2)
v, 3.8

= 1, =0317m

ENERGIES POSSESSED BY A LIQUID

Aliquid possesses three kinds of energies.

Kinetic Energy (K.E.)

It is the energy possessed by a liquid due to its velocity. So,
kinetic energy possessed by a liquid of mass m moving
with a speed v is

KE. =~ mo?
2

For liquids it is customary to talk about energy per unit mass or
energy per unit volune, so we have

KE. lvz
Mass 2

KE. l 2
Volume 2

Potential Energy (P.E.)

It is the energy possessed by a liquid due to its position.
Consider a beaker filled to a height # with liquid of den-
sity p. The beaker is placed on a horizontal surface as
shown in Figure.

Free surface
of liquid

[— T —

ZPEL
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Assuming zero potential energy level (ZPEL) to be
assigned to the horizontal surface, the potential energy of
the free surface of the liquid is

P.E.=mgh
Potential Energy e
Mass
Potential Energy _ pgh
Volume

Pressure Energy (Pr.E.)

It is the energy possessed by a liquid due to its pressure.
Consider a beaker having a frictionless piston attached to its
base and filled with liquid of density p as shown in Figure.

-

The piston will move backwards because of the force
due to pressure given by F = PA. The area of the piston is
assumed to be small, so that there is no variation of pres-
sure on the cross-section of the piston. Work done (W) by
this force to displace the piston backwards by x is

W =Fx=(PA)x=P(Ax)=PV

This work done is store as pressure energy in the liquid,
so we have

Pressure Energy = PV

Pressure Energy P
Mass p

Pressure Energy P
Volume -

So, from above we see that pressure energy per unit volume is
just equal to the pressure of the liquid.

To us it may appear that potential energy per unit vol-
ume and the pressure energy per unit volume are the
same, but let me explain it properly to you, that both
are different.

To measure the potential energy per unit volume at a point
inside the liquid, we shall be taking the height of the point
above the zero potential energy level (ZPEL) and to measure
the pressure energy per unit volume (i.e. pressure) at a point
inside the liquid, we shall be taking the depth of the point
below the free surface of the liquid.
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Consider a beaker filled to a height H with a liquid of
density p. Let us find the potential energy per unit volume
and the pressure energy per unit volume at a point 1 inside
the liquid as shown in Figure.

Free surface
yH=h | ofliquid
H 1 'y
h
ZPEL

Assuming ZPEL to be at the surface on which the beaker is
kept, we see that the potential energy per unit volume is

PE h
Volume P
and pressure energy per unit volume is
Pr.E.
=(H-h
Volume ( )pg
BERNOULLI'S EQUATION

This theorem is Law of Conservation of Energy for an
ideal fluid flowing through a tube of variable cross-section
having no source or sink in between.

Consider two cross-sections A and B of area A;
and A, of a tube of flow at heights /; and h, respec-
tively. Let v; and v, be the respective fluid velocities at
these cross-sections, and let P, and P, be the respective
fluid pressure. Let p be the density of the liquid.

Work done at the input A in time ¢ is
Wi = Fxy cos0

= W =PAut

Work done at the exit point B in time f is
W, = F,x, cos180

= W,=-PAnt

Hence total work done is

Further by Equation of Continuity we have

Volume of liquid
flowing in or out

ity = A0, = Time
= A =A0,= n { Volume = E}
pt p
= Aut= Aot :% (2
Substituting (2) in (1), we get
wz(Pl-Pz)% .3)

Further by Work Energy Theorem, we have
W = A(KE)+A(PE)

= (Pl—Pﬂ%—%m(vﬁ—vﬂﬂng(hz—hl)
1 5 1 >
= P+opo +hpg =D 2P0 +hypg

1
= Pty pov* +ipg = constant

This is called Bernoulli’s Equation for the steady flow of
an ideal fluid according to which the sum total of pressure
energy per unit volume, kinetic energy per unit volume
and potential energy per unit volume is a constant. It is a
consequence of the Law of Conservation of Energy.
Further, we have

P 1,
_+EU + gh = constant

i.e. sum total of pressure energy per unit mass, kinetic
energy per unit mass and potential energy per unit mass
for an SIIN fluid flowing through a tube of variable cross-
section is a constant.

Also, we can write

P
—+—+ h = constant

pg 28
v

2
i.e. sum total of pressure head ( ks ] , velocity head ( J
P8 28

and gravitational head (/) for an SIIN fluid flowing
through a tube of variable cross-section is a constant.

Problem Solving Technique(s)

If the height of the ends of the tube is same throughout,
then the equation reduces to

P+ % p\.f2 = constant

This equation tells us that when pressure is less, then veloc-
ity is more and vice-versa.

This pressure arises due to the motion of the fluid and hence
is also called as Dynamic Pressure.
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There are lot of applications of Bernoulli's theorem in
common life. Some of those applications are discussed in
detail in the upcoming section but before those examples,
it is important for us to discuss the importance of Static,
Dynamic and Total Pressure.

ILLUSTRATION 104

A non-viscous liquid of constant density 1000 kgm™
flows in a streamline motion along a tube of variable cross-
section. The tube is kept inclined in the vertical plane as
shown in Figure. The area of cross-section of the tube at
the points P and Q at heights of 2 metre and 5 metre are
respectively 4x10~ m® and 8x10™> m” The velocity of
the liquid at point P is 1 ms™. Find the work done per
unit volume by the pressure and the gravity forces as the
fluid flows from point P to Q. Take ¢ =9.8 ms™.

5m
2m

SOLUTION

According to the problem, we have A, =4x107 m?
A, =8x10°m? h=2m, h,=5m, ;=1ms"’ and

p= 10° kgm_3
From continuity equation, we have
)
A,
4x107° "
= b = 3 (1 )
8x10
1
2

Applying Bernoulli’s equation at section 1 and 2,

1 1
Py+-pvi +pghy = Py+2pos + pghy

1
= Pl—PZ:pg(hz—hl)+Ep(v§ —vlz) (1)
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Work done for unit volume by the pressure as the fluid
flows from P to Q is

Wi=P-Fh

1
= W :pg(hz—h])+5p(7)§—vlz) {from (1))

= W —[(103)(9.8)(5—2)+%(103 )G—lﬂ Jm™
= W, =(29400-375) Jm™
= W, =29025]m™

Work done per unit volume by the gravity as fluid flows
from P to Q is

W, = —pg(h,—h; )=-(10°)(9.8)(5-2) Jm™

= W, =-29400 Jm™

ILLUSTRATION 105

A garden hose has an inside cross-sectional area of 3 cmz,
and the opening in the nozzle is 0.5 cm”. If the water veloc-
ity is 100 cms™" in a segment of the hose that lies on the
ground, calculate the speed with which water comes out
from the nozzle when it is held 2 m above the ground.
Also calculate the water pressure in the hose lying on the
ground. Take ¢ =10 ms ™ and P,y =10° Nm ™.

SOLUTION
The situation given in the problem is shown in Figure.

p,=1atm
A2 V2= ?

On applying the Equation of Continuity to find the speed
of the fluid at the nozzle, we get

A 2
Uy = A—lvl = [(f;—mZ}(l[)D CmS_l)
2 2D cm

= 0,=600cms" =6ms
According to Bernoulli’s Theorem, we have
1
P =P +EP(U% ‘5’12)"‘!38(]12 ~hy)

where, h; =0, h, =2m, the pressure at the nozzle is
atmospheric pressure, i.e. P, =10° Pa and the density of
wateris p=10 kgm™.

= Pl:(105)+%(103)(36—1)+(103)(10)(2)

= P, =137500 Nm™
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STATIC, DYNAMIC AND TOTAL PRESSURE

Since we know that Bernoulli’s Theorem is fundamental to
the dynamics of incompressible (ideal or SIIN) liquids. In
many fluid flow situations where the tube ends are at the
same level or changes in elevation can be ignored, we can
simply re-write Bernoulli’s equation as

P+ %,«)v2 = constant (1)

where, P is called the Static Pressure (sometimes denoted
by P,), % pv’ is called the Dynamic Pressure (denoted by
P;) and P+ % pv?* collectively is called the Stagnation

Pressure or Total Pressure (denoted by F;). Interestingly,
we see from equation (1) that the Stagnation Pressure is
constant. So, we have

1
P+ 2 pv2 = F, = constant

Hence, we conclude that total pressure is constant along any
streamline, though static pressure and dynamic pressure may
vary.

Insimplified form, Bernoulli’s Theorem can be summarised

as
Static Dynamic Stagnation

(Pressure ) +( Pressure ) - ( Pressure J
The height k. to which the liquid rises in it with respect to
the reference level called Datum or Zero Potential Energy
Level (ZPEL) is a measure of the static pressure in the fluid
at a point on the axis.

The static pressure at a point in a fluid flow is calcu-
lated by connecting a single-tube manometer perpendicu-
lar to the direction of the fluid flow as shown by tube A
in Figure.

A 29
hs] h
R 9_.. _______ o é _
Datum 1 2
So, we have
P, = pgh,
P
= —=h,
P8

The height h, is also called the static pressure head.

Now, let a tube B (which is bent at right angle) be
inserted in the fluid flow such that its open-end faces
against the direction of fluid flow as shown in Figure.
Just inside the open end of tube, the velocity of the fluid
suddenly reduces to zero and the kinetic energy gets
converted into pressure energy. Also, as discussed, the

Stagnation Pressure should remain the same on a stream-
line, so we have

1 2 1 2
P +=pv° =P, +=p(0
) : 2‘0()

1
= (Po+hdpg)-(Po+kspg):§pvz

= h;—h, -

28
So, the liquid in tube B rises to a higher level than that in
tube A.

The difference in the level of liquid is a measure of velocity
of the fluid. Tube B measures the dynamic pressure and
the height h, of the liquid in the tube is called the dynamic
head, which is equal to the sum total of the static pressure
head and velocity head, i.e.

VZ

h,=h +—
d s Zg

ILLUSTRATION 106

A bent tube is lowered into a water stream as shown in
Figure.

The velocity of the stream relative to the tube is equal to

v=25ms . The closed upper end of the tube located at
the height /iy =12 cm has a small orifice. Calculate the
height /1 to which the water jet will spurt.

SOLUTION

Let us consider the zero potential energy level (ZPEL) at
the lowest portion of the tube as shown in Figure.
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Applying Bernoulli’s Theorem at A and B, we get

Py +P5’hA+%PU,24 :PB"'P&’P’B"'%PUg -(1)
where,

P,=F+hpg, hy=0,v,=v and

Pg=Fy, hy=hy+hy+h, v;=0
Substituting these values in equation (1) we get

1
(Po+Mpg)+7pv* =Py+pg (I +ho +h)
= %pvz =pg(hy+h)

= %pvz:pg(ho%)
2
> h=—-h
28
_ (257
2x9.8

ILLUSTRATION 107

A siphon tube is discharging a liquid of specific gravity
0.9 from a reservoir as shown in Figure.

(] X
f\\ 15m
y

oI u 1
§-09 Ad--l--Llc ¥

3

h -012=020m

4m

5D X

Calculate the velocity of the liquid through the siphon and
the pressure at highest point B, at A (out-side the tube)
and at C. Also, give correct answer with explanation for
each of the following statements.

Statement-1
Would the rate of flow be more, less or the same if the lig-
uid were water?

Statement-2
Is there a limit on the maximum height of B above the
liquid level in the reservoir?

Statement-3
Is there a limit on the vertical depth of the right limb of
the siphon?

SOLUTION

Assume datum at the free surface of the liquid. Applying
Bernoulli’s equation on point 1 and 2, as shown in Figure.
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1 15m
Datum| QL i 1im !
S$=09 1
Y2
4m
P o} P, v}

L Ly =24 24y
pg 28 7 pg 28

where, P, =P, =P =10° Nm% y, =0, y, =-5m
Since area of the tube is very small as compared to that of
2

. v
the reservoir, so v; <« v,, hence 2—1 = 0.

8

2¢(y1-v2)=42(10)(5) =10 ms™

Applying Bernoulli’s equation at 1 and B.

P, o2 P v
gLy = —t Ly,
pg 28 pg 28

where, P = 10° Nm™?, A
g
¥, =0, vp =0, =10 ms”, yp=15m
1
= B=h _EPT)% —P8Ys
1
= PB:105—5(900)(10)2:(900)(10)(1.5)

= P;=415kNm™

Applying Bernoulli’s equation at 1 and A
Py=Pi+pg(y1-a)

= P, =10"+(900)(10)(1) =109 kNm™.

Applying Bernoulli’s equation at 1 and C,

1
Fe =P~ po¢ —pgyc
= DP-=10°-(900)-(10)*(900)(10)(-1)

=  P.=10"-45000+9000 = 64 kNm™

Statement-1 (Answer and Explanation)
The velocity of flow is independent of the density of the
liquid, therefore, the discharge would remain the same.

Statement-2 (Answer and Explanation)
Since the pressure at B is less than atmospheric, the
liquid, therefore, has a tendency to get vaporised if the
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pressure becomes equal to the vapour pressure of it. Thus,
Py > P\,apm.
Statement-3 (Answer and Explanation)
The velocity of flow depends on the depth of the point D,
below the free surface
2
;—g =h-y,=H

1
= Py =PR—2pv" —pgys =P = pgH - pgys

For working of siphon, H# 0, and H should not be high
enough so that P; may not reduce to vapour pressure.

ILLUSTRATION 108

Calculate the work that should be done in order to squeeze
all water in time ¢ from a horizontally located cylinder by
means of a constant force acting on the piston as shown in
Figure. Assume that the volume of water in the cylinder is
equal to V, the cross sectional area of the orifice is 4, with
a being considerably less than the piston area. The fric-
tion and viscosity are negligibly small.

EN () p >>-;
Ja

(VA

Loy >

L

SOLUTION

Work done to squeeze all the water from the container in
time duration f is

W=FL
F
P0=P0+E
£
ANA (U
_\J

L

If v be the velocity of the liquid at point 2, then applying
Bernoulli’s theorem at points 1 and 2, we get

1 1
P1+Epvf:P2+Epv§ (1)

F
Where, Pl :PD-I-Z and P2 :PU

Also, according to the problem, A > g, so v, is very much
smaller than v, and hence v; can be neglected. So, from
equation (1), we get

P0+—:P0+%pvz .2

= P2 )4 -0

Volume of liquid coming out per second through orifice is

szﬂv

Volume of liquid coming out through the orifice in time
duration ¢ is

V=Q,t=(av)t
So, velocity of liquid coming out through orifice is
14
0 =—
at

From Equation (3), we get

1 (VY
F=-p| | A
Zp(at)

2 2
= W:FL:%p(V) ALzlp(K) Vv

E 2 \at
S owol ( W)
- 2p 2’2
WORKING OF AN AIRPLANE OR
AERODYNAMIC LIFT

Because of the specific shape of wings of an airplane (as
shown), when the airplane runs fast on the runway then
air passes at higher speed over the upper surface of the
wing as compared to its lower surface as shown in Figure.

v large, P small

vsmall, P large

This difference of air speeds above and below the wings,
in accordance with Bernoulli’s principle, creates a pressure
difference, due to which an upward force called dynamic
lift (= pressure difference x area of wing) acts on the plane
and when this force becomes greater than the weight of
the plane, the plane starts rising up.

ILLUSTRATION 109

An airplane wing is designed so that the speed of the air

across the top of the wing is 251 ms™" when the speed of
the air below the wing is 225 ms™". The density of the air
is 1.29 kgm ™. What is the lifting force on a wing of area
240 m”?

SOLUTION
According to Bernoulli’s theorem, we have
1T L
Pi+—pv? =P+~
175 pur =5 2 P2

= P-P :AP:%p(vlz—vi)
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= P:AAP:%pA(vf-vg)
= F:%x1.29x24[(251)2—(225)2]
= I=192x10°N

ROOF'S BLOWING OFF DURING WIND STORMS

When a high-speed wind blows over a straw or tin roof, it
creates a low pressure (P) in accordance with Bernoulli’s
principle.

!
Wind v large so
——— P< Po
—

However, the pressure below the roof (ie., inside the
room) is still atmospheric (=P, ). So due to this differ-
ence of pressure the roof experiences an upward force and
hence is then blown off by the wind.

ATTRACTION BETWEEN TWO CLOSELY
PARALLEL MOVING BOATS OR TRAINS

It is observed that, when two boats move side by side in
the same direction, the water in the region between them
moves faster than that on the remote sides.

PO
[ B>
P <P,

+«———— vlarge

TP<PU

Py

Consequently, in accordance with Bernoulli’s principle
the pressure between them is reduced and hence due to
pressure difference they are pulled towards each other.

MAGNUS EFFECT (SPINNING OF A BALLOR
SPINNING OF A BULLET)

When a ball is thrown with a spin, then the ball deviates
from its usual path in flight. This effect is called Magnus
effect and plays as important role in games like tennis,
cricket, soccer, etc. where the player throws the ball by
applying appropriate spin so that the ball can be made to
follow a curved track in the desired direction.

Consider a ball moving from left to right and also
spinning about a horizontal axis perpendicular to the
direction of motion as shown in Figure.
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VoI Vertical plane

Ay A

We observe that air will be moving from right to left rela-
tive to the ball. The resultant velocity of air above the ball
will be (v+r@) while below it (v-r®). So, in accordance
with Bernoulli’s principle pressure above the ball will be
less than below it. Due to this difference of pressure an
upward force will act on the ball and hence the ball will
deviate from its usual path OA; and will hit the ground at
A, following the path OA, i.e., if a ball is thrown with back-
spin, the pitch will curve less sharply prolonging the flight.

Similarly, if the spin is clockwise ie., the ball is
thrown with top-spin, the force due to pressure difference
will act in the direction of gravity and so the pitch will
curve more sharply shortening the flight.

Furthermore, if the ball is made to spin about a verti-
cal axis, the curving will be sideways as shown in produc-
ing the so called out swing or in swing.

Ay

;“I: Horizontal plane A,

ACTION OF AN ATOMISER OR SPRAYER

The action of gun, scent-spray or insect-sprayer is based
on Bernoulli’s principle. In all these, by means of motion
ofapiston P ina cylinder C, high speed air is passed over
atube T dippedinliquid L to be sprayed. High speed air
creates low pressure over the tube due to which the lig-
uid (petrol, paint, scent, insecticide) rises in it and is then
blown off as tiny droplets along with the expelled air.

BLOOD FLOW AND HEART ATTACK

The occurrence of Heart Attack can be explained on the
basis of Bernoulli’s theorem. When the inner walls of a
blood artery get constricted due to the deposition of
plaque, the heart is required to exert excess pressure so
as to derive the blood through this constriction. Blood
flow speed increases through it as in accordance with the
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equation of continuity. The increased blood flow reduces
the pressure at the constriction. This leads to the collapse
of artery due to external pressure. The heart has to push
harder to push the blood through this artery. As the blood
rushes through the opening, the pressure inside the artery
drops once again. The artery collapses again and this
repeated collapse may lead to a heart attack.

VENTURIMETER

Venturimeter is a device used to measure the speed of an
incompressible liquid flowing through a pipe. It can also
measure the rate of flow of liquid i.e. volume of liquid
flowing per second, through a pipe.

D
rf
E
A c
B
g d,
SR ARV N
—v

It consists of two identical coaxial tubes A and C con-
nected by a narrow co-axial tube B. Two vertical tubes D
and E are mounted on the tubes A and B to measure the
pressure of the following liquid.

When liquid of density p, flows through the tube
ABC, the velocity of flow of liquid will be larger in tube B
than in the tube A or C (as B has lesser area compared
to A and C). So, the pressure in part B will be less than
thatin tube A or C . By measuring the pressure difference
between A and B, the rate of flow of the liquid in the tube
can be calculated.

Let @, a, be the area of cross section of tube A
and B respectively and v, v, be the velocity of flow
of liquid through tube A and B respectively. Let P,
P, be the liquid pressure at A and B respectively, then
we have

P, -P, =hpg (1)

Applying Bernoulli’s theorem for horizontal flow of lig-
uid, we have

1 , 1 ,
Pi+=pv; =P +—-pv
1 2Pl 2 2P2
1

P1‘P2:EP(U§‘012) (2)
From (1) and (2), we get
1
hpg = p(e3 -} K
According to Equation of Continuity, we have
MUy = 007
= UZ = alﬁ
ol

So, from equation (3), we get

1 2 {212
hpg == po?| L -1
pg zpvl[ag ]

a
= v =42¢h 5 2 5

If Q be the volume of liquid flowing per second, then
from Equation of continuity, we have

Q =m0, = 0,0,

2¢h
= Q=mm Zg 3
oy —a;

ILLUSTRATION 110

Water flows through a horizontal tube as shown in Figure.

-

If the difference of heights of water column in the verti-
cal tubes is 2 cm and the areas of cross-section at A and
B are 4 cm” and 2 cm” respectively, calculate the rate of
flow of water across any section. Take ¢ =10 ms™.

SOLUTION

Using Bernoulli’s theorem for venturi tube, flow velocity

is
P2
Va4 =280, | 4 5
Ay —dp

2
= v,=+2(10)(0.02) %

(4)"-(2)

= vy = %:0.365ms'1

Rate of flow of liquid is
Q=a,0, =(4x107)(0.365)

= Q=146x10" m3!
Since 1m? =10% cm?

= Q@=146 em’s™!

ILLUSTRATION 111

Water is flowing through a horizontal tube as shown in
Figure. If the difference of heights of water column in the
vertical tubes is 2 cm and the areas of cross-section at A
and B are 4 cm” and 2 cm® respectively, then calculate
the rate of flow of water across any section of the tube.
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SOLUTION
Applying Bernoulli’s equation at A and B, we get

1, 1,
PatoPUa+pghy =Pyt pos+pghy

1 1
= Epvé—ipvi =pg(hy—hg)

= vp-v =2g(hy —hy)=2(10)(0.02)

= vp-0v5=04m%? (1)

Applying Equation of Continuity at A and B, we get
U, = Vgl
= 4dov, =2vg
= vp=20y4 ...(2)
Solving equations (1) and (2), we get
v, =0.363 ms ™
Volume flow rate Q is given by

Q=0,A, =(0365)(4x107)

= Q=146x10"* m’s ' =146 cm’!

ILLUSTRATION 112

Water flows through the tube as shown in Figure. The
areas of cross-section of the wide and the narrow portions
of the tube are 5 cm”® and 2 cm? respectively. The rate of
flow of water through the tube is 500 cm?s ™. Find the dif-
ference of mercury levels in the U-tube.

—

2

9

SOLUTION
Applying Equation of Continuity at 1 and 2, we get

Aoy = Ay, =Q e, rate of flow of water
=  5v, =20, =500 cm’s™
= 7=100cm's'=1.0ms"'

and v,=250cm™'s™ =25 ms™
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Applying Bernoulli’s equation at 1 and 2, we get
1 1
it Epmvlz +pwgh] =pt Epwvg + nghz

Since hy = h,, so we get
1

Epw (U% _U'f ) =Pi=P2= pHgthg
1
= Epw ('U% _U'f ) = pHgthg
2 2
= hHg — Pw (UZ (4] )
2pHgg
10°(6.25-1
= = 0°(6 53 ) 0019 m
2%13.6x107 x9.8

= hy, =196 cm

PITOT TUBE

It is based on Bernoulli's principle. It is a device used to
measure the velocity of flow of liquid and hence the rate of
flow at any depth in a flowing liquid. It is mounted on an
aeroplane wing to measure the speed of the plane.

The arrangement consists of bent tube ABCD with
small aperturesat A and D as shown in Figure. This tube
is inserted in a pipe P through which the fluid (air in aero-
planes) is flowing.

Let p be the density of the fluid/air. The plane of aperture
A is parallel to the direction of the air flow as such the
velocity v; ofairat A is same as its velocity in pipe which
is equal to the velocity of the plane relative to air. Let P,
is the pressure at A. However, plane of aperture at D is
normal to the direction of air flow in the pipe. Therefore
the velocity v, of the air flow rapidly falls to zero at D
and pressure increases to .

Applying Bernoulli’s theorem to the horizontal flow at A
and D, we get

L L
P+—pvi =P, +—
1 21001 2 ZP’UZ
where, v, =v and v, =0
= 131"‘%}97)2:132

2(P-P)
p

= U=
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If o is the density of liquid in tube ABCD, then
P2 - Pl = hO'g

o g fzhcrg
P

ILLUSTRATION 113

A Pitot tube is mounted along the axis of a gas pipeline
whose cross-sectional area is equal to S as shown in Figure.

EHED

TAR

Assuming the viscosity to be negligible, find the volume of
the gas flowing cross the section of the pipe per unit time, if
the difference in the liquid columns is equal to Ak and the
densities of the liquid and the gas are p, and p respectively.

SOLUTION

Using Bernoulli’s theorem at points A and B, we get

PA+%pz)§1:PB+0 {--v5=0}

1
= EPUE; =Py — Py = ppgAh

_ [2pegAn
oy = [ e—
P

Volume of the gas flowing per unit time is

Q="5v,
S Q=S [2Pog Al
P
SPEED OF EFFLUX

The word ‘efflux” means the outflow of the fluid. Let us
find an expression for the velocity of efflux for a fluid,
from a small hole of its container. Consider a closed vessel
filled with a liquid up to height /. A small hole (or orifice)
is made in its side at a depth /1 below the surface of the
liquid s shown in Figure.

2

|
A

"

Taking the liquid to be incompressible and its flow through
the hole as streamlined, we can apply the equation of con-
tinuity at points 1 and 2
Ayvy = Ay
A
Ay

Applying Bernoulli’s equation at the two points, we have

1 1
Py pvy + pgl =P+ pot +pg (1=h)

While writing the Bernoulli's equation, we have

(a) considered ZPEL to be at the base of the vessel and
hence potential energy per unit volume at 1 and 2 are
pg(1-h) and pgl respectively.

(b) not taken atmospheric pressure into account because
the vessel is closed.

If the cross-sectional area of the vessel A, is much larger
than that of the orifice i.e., A; then,

= P2+ng:P1+%pvf+pg(I—h)
L
= 5P =(P,—R)+pgh

= 0= %(Pz—Pl)"‘ZSh

Since the hole is open to atmosphere so, the pressure P, is
the same as the atmospheric pressure P,.

= o= EP—P +2¢h ...(1)
1 P 2~k g

This expression gives the velocity of efflux.

CASE-1:
Torricelli’s Law: In case the vessel containing the fluid
is open i.e., not covered, the pressure P, at the top of
the liquid surface is same as the atmospheric pressure P,.
Thus, the velocity of efflux given above in equation (1)
becomes
Uefflux = U = Zgh . (2)
This is same as the speed acquired by a body after falling
freely through a height h. The expression (2) is known as
Torricelli’s law.



ICON

CASE-2:
In case pressure P, > P, we can ignore the value 2gh in
equation (1), to get the speed of efflux as

2

Vetflux = E(PZ_PH)

The speed of efflux is determined by the container pres-
sure. This occurs during rocket propulsion.

FORCE OF REACTION DUE TO EJECTION OF THE
LIQUID FROM AN ORIFICE

Consider a cylindrical vessel that has an opening of cross-
sectional area a near its bottom at a depth 1 below free
surface of liquid. Let a disc be held against the opening
to prevent liquid of density p from coming out of the
opening.

The disc experiences a hydrostatic pressure from the lig-
uid inside the vessel. Pressure at the level of the disc is

Pl :Patrn-l'prg”r,J

The air pressure on the outside the discis P, = P,,,..
The net outward /rightward force acting on disc is

Prightwards = (PZ ts! )a = pgha

Now, let the disc be moved a short distance away in hori-
zontal direction. Due to this, the liquid comes out and
strikes the disc. Assuming the collision of the liquid with
the disc to be perfectly inelastic such that the liquid stops
after hitting the disc, then the liquid in this case will exert
an impulsive (impact) force on the disc.

When the disc is moved away, the liquid moves out
with speed 7= \/@ The (mass per second) i.e., the rate
of mass coming out of the opening is given by

dm

— = pav = pa,[2gh .

g A= paysg

The thrust force acting on the liquid will be leftwards

(opposite to v ) and is given by
Rettwards = U% = U(Pav) = RUZP = 2hpga

Taking the rightward direction as positive, the net force
on the liquid is towards the left and its reaction on the
disc is towards the right. Also, we note that the force due
to atmospheric pressure is cancelled out from both the
sides.
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Dear Studentss, always keep in mind that the thrust force
due to the liquid/gas coming out of the orifice is opposite
to the velocity of a liquid (or gas) coming out through the
orifice. If the liquid having density p is coming out of an
orifice of cross-sectional area a with a velocity v, then
thrust force due to liquid coming out the orifice is given by

F = pav?

The direction of the thrust force will be just opposite to
the direction of velocity as shown in examples taken in the
Figure.

ILLUSTRATION 114

Find the velocity of efflux of water from an orifice near the
bottom of a tank in which pressure is 500 gfcm™ above
atmosphere.

SOLUTION

Pressure at orifice, P = 500 gfem ™

2
= P= 500><9.8><(1L)2
1000 Nm~

= P=500x98 Nm™
Let I be the depth of orifice below the surface
As P=hpg

P (500)(98)

“pg (10°)(98)
So, the velocity of efflux is

v=2gh =(2x9.8x5) =9.893 ms ™’

Figure shows the top view of a cylindrical vessel mounted
on a turntable. The vessel is filled with water. Ata depth &
below the water surface are two horizontal tubes of length
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| and cross-sectional area a, with right-angle bends at
their ends. Show that, as the water jet just emerges from
the tubes, there is a torque 7 exerted on the system given
by the expression 7 =4pgh(r+1)a, where p is the density

of the water.
A

L

——p

SOLUTION

Just when the water jet leaves the tube, the velocity of
efflux of water coming out of each tube is

v=/2gh
Thrust due to the emerging water jet stream on each tube is
F=av’p=a(2gh)p

These forces acting opposite to each other have different
line of action and hence they produce a torque given by

1=2(Fr,)

= sz[(pavz)x(Hl)]

= 7:2[(pa)(@)zx(r+.’)]

= T=4pgha(r+1)

SPEED OF EFFLUX: TORRICELLI'S THEOREM

Consider an ideal liquid of density p contained in a tank
having a small orifice at a point B in its wall. If the tank is
large, the velocity of liquid at any point A on its free sur-
face can be assumed to be zero. Atmospheric pressure P
acts at both A and B. If v is the velocity with which the lig-
uid flows out of B, then according to Bernoulli’s Equation,
we have
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So, according to Torricelli’s Theorem , the speed of efflux
through an orifice at a depth h below the free surface the
liquid equals the speed that is acquired by a body falling
freely from a height h.

Please note that this result for the speed of efflux is
applicable only when the area of the orifice a is very small
compared to the area of the beaker A. However, if this is
not the case i.e. the area of the orifice 2 is comparable to
the area of the beaker A, then the speed of efflux is given by

A2
Ar =42

v=.2gh

Problem Solving Technique(s)
(a) The velocity of efflux is independent of the nature of
liquid, quantity of liquid in the vessel and the area of

orifice.
(b) The greater is the depth of the orifice below the free

surface the greater will be the velocity of efflux ie,
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RANGE OF LIQUID HITTING THE GROUND

Just when the liquid leaves the orifice, the vertical velocity
of liquid at the orifice is zero and since the orifice is at a
height (H-1) from the bottom, so the time taken by the
liquid to reach the level of the base is

i [2(H-h)
g

The range of the liquid is thus given by
R=ot = [2gh 2(H-h)

= R=2Jh(H-h)
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For R tobe maximum i.e. for R? to be maximum, we have

d (2
dh(
= nH-m)]=0
dh
d( 2
L (Hh-n*)=0
=
= H-2h=0
= h:E
2
So, range will be maximum when
h:g and R, =H

INTERESTING OBSERVATION

If h is replaced by H—h in the above formula, then range
R remains the same.

So, if the level of free surface in a container is at
height H from the base and there are two holes one at
depth h below the free surface and at the other at height
h above the base, then

R=R

R=2yh(H-h) and R"=2{(H-h)h

So, the range will be same if the orifice is at a depth h
or (H—h) below the free surface. Now as the distance
(H—h) from top means H—(H—h)=h from the bottom,
so the range is same for liquid coming out of holes at same
distance below the top and above the bottom.
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TIME TO EMPTY THE BEAKER TO THE ORIFICE

If a be the area of orifice and the depth of the orifice below
the free surface of the liquid be y, then speed of efflux (v)
of liquid coming out of the orifice is

v= 25y

If A is the area of the mouth of container, then volume of
liquid coming out of the orifice per second will be

dv
=——=av=ay2 (1
Q=-—=aw=ay2gy 1
Due to the liquid coming out of the orifice, the level of
liquid in the container will decrease and so if the level of
liquid in the container above the hole changes from y to
y—dy in time t to t +dt, then we have

dV = Ady

> —

y
v,

Substituting value of dV in equation (1), we get

So, the time taken for the level to fall from i to b’ is

h*
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A tank is filled with a liquid up to a height H. A small
hole is made at the bottom of this tank. Let #; be the time
taken to empty first half of the tank and t, the time taken

to empty rest half of the tank. Then find ;—1
2



ICON

1.92 JEE Advanced Physics: Waves and Thermodynamics

SOLUTION
Substituting the proper limits in equation (1), derived in
the theory we have,
A
i)

e
L

= H= af/%{\/ﬁ—\/g}

= fl_[:\/?(\/i_ll .1
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Similarly, J.dt = J y Vdy
Hfz
A |H
fz - |— . .(2)
ayg
From equations (1) and (2), we get
LR,
ty
= +=0414

2
From here we see that t, <t,. This is because initially the
pressure is high and the liquid comes out with greater speed.

ILLUSTRATION 117

A cylindrical tank 1 m in radius rests on a platform 5 m
high. Initially the tank is filled with water up to a height of
5m. A plug having an area of 10™* m? is removed from
the orifice at the bottom of the tank. Calculate the speed
with which the water leaves the orifice and the speed with
which it hits the ground. Also calculate the time taken to
empty the tank to half its original volume. Does this time
depend on the height of platform above ground?

SOLUTION

The situation given in the problem is shown in Figure.

T_" A
5m A
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y
5m

The speed with which water leaves the orifice is equal to
the speed of efflux given by

U =1 = [2¢h =2x10x5 =10 ms™"

Since initial vertical velocity of water is zero, so its vertical
velocity when it hits the ground is

v, =/2gh =2x10%5 =10 ms™'
Also, motion is uniform along the horizontal direction, so
v, =, =1

Hence the speed (v) with which water strikes the ground is

v=J0} +0; =10V2=141ms"'

When height of water level above the orifice is 1, then veloc-
ity of efflux will be v = ,/2gy and so rate of flow of water is

dV
=Agv= Aﬂ@
= —Ady:(@)ADdt
t

[dV = -Ady)
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= +=92x10°s=25h

The expression of ¢ is independent of height of platform
on which beaker is kept.

ILLUSTRATION 118

At what velocity does the water emerge from a small ori-

fice in an open tank if the gauge pressure at the orifice is
2x10° Nm 2 before the flow starts?

SOLUTION

Since the tank is open, velocity of efflux can be directly
given by Torricelli’s law.

v=.2gh ...(1)
If the gauge pressure of 2x10° Nm™
height h, then we have

hp,g=AP=2x10° Nm™

corresponds to a

5
o= 2x10
p'EL’
2x10°
h =
=0

Substituting this value of gh in equation (1), we get

3 2%2x10°
10°

= 9=20ms"
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ILLUSTRATION 119

A large tank of height h=1m and diameter
D =0.6 m is affixed to a cart as shown. Water issues from
a tank through a nozzle of diameter d = 10 mm. The speed
of the liquid leaving the tank is approximately v = \/@
where y is the height from the nozzle to the free sur-
face. Determine the tension in the wire when y=0.8 m.
Plot the tension in the wire as a function of water depth
0<y<08m. Density of water is 10° kgm™ and
¢=98ms™.

SOLUTION

Tension in the thread is equal to the thrust force due to
liquid on the beaker, so we have

T = pav*

where, az(g)(dz) and 0° = 2gy

= T—p(g)(dz)(z‘gy) (D)

= T=(103)(g)(102)2(2)(9.8)(0.8)

= T=123N
From equation (1) T ey

ie. T-y graphis a straight line passing through origin as
shown in Figure.

1.23N

ILLUSTRATION 120

A tank, initially at rest, is filled with water to a height
H =5 m. A small orifice is made at the bottom of the wall.
Find the velocity attained by the tank when it becomes
completely empty. Assume mass of the tank to be negligi-
ble. Friction is negligible. Take g =10 ms™.
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Water

SOLUTION

Let v” be the instantaneous velocity of the tank, and v
be the instantaneous velocity of efflux with respect to the
tank. Thrust exerted on the tank is

F= pa:«}2
where a is the cross-sectional area of the orifice.
v=2gh

where & is the depth of the orifice below the free surface
of water in the tank.

h Water

If A be the cross-sectional area of the tank, then mass of
the tank at any time ¢ is

m=pAh
According to Newton’s Second Law, we have
F:mdv :pAhdv
dt dt
dov’ 2
=  pAh— = pav” = 2pgah
dv’ a
= =2¢| — (1
Y (2] U

In a time dt, if the water level falls by dh, then by Law of
conservation of mass applied to liquids, we have

—pAdh = pavdt
dh _
it A

Equation (1) can be re-written as
(G )23
— | = Zg —
dh J\ dt A
dv’( av ) [ a J
= -— |=2¢| —
dh\ A A

dv”  2¢  2g o 2g

=

o 2¢h h
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On integrating, we get

g 0
dh
i - g [
Jaor=—s|
0 H
= v=2,2¢H

Since H=5m,

= ©=2y2(10)(5) =20 ms™

A fresh water on a reservoir is 10 m deep. A horizontal pipe
4 cm in diameter passes through the reservoir 6 m below
the water surface as shown in Figure. A plug secures the

pipe opening.

Calculate the frictional force between the plug and pipe
wall. If the plug is removed, then calculate the volume of
water flows out of the pipe in 1h. Assume area of reser-
voir to be too large.

SOLUTION

The force of friction between the plug and the inner sur-
face of the pipe is equal to the force due to pressure at the
depth of 6 m. The free body diagram for the plug is shown
in Figure.

(Py+ hpg)A RA

For equilibrium, we have

f+POA:(P0 +hpg)A

= f=(hpg)A
= £=(10)(98)(6.0)(z)(2x102)’
= f=739N

Assuming the area of the reservoir to be too large, the
velocity of efflux will be

v =,/2¢h = constant

= 0=2x9.8x6=1084 ms"’

Volume of water coming out per second is
0=Av=r(2x107) (1084)

= Q=136x107 m%™

So, the volume of water flowing through the pipe in
F=1hr=3600s is

= V-Qt-(%)f—(1.36x102)(3600)

= V=4896m°’

ILLUSTRATION 122

A cylindrical tank of base area A has a small hole of area
a at the bottom. At time t =0, a tap starts to supply water

into the tank at a constant rate @ m>s~.. Calculate the max-
imum level of water I, in the tank. Also calculate the

time when level of water becomes (< h,,, ).

SOLUTION

Level will be maximum when

rate of inflow of water = rate of outflow of water

ie, a=av
= oa=0a2¢h.
o
S 2
2ga

Let at time f, the level of water be h. Then

m3
ﬁ Rate = a —
'f S

e,
v

A

v =J2gh

|
|

dh
Al — |=a-a2¢h
(df) dTINE

h t
dh dt
- J- 2h_.[Z
) o—ay2gh )

On solving this equation, we get

—a.[2¢}
t—A|:Eln(—a f 31]_@}
o

wla

ILLUSTRATION 123

On the opposite sides of a wide vertical vessel filled with
water, two identical holes each having cross-sectional area
A are opened. The height difference between the holes
is equal to Ah. Calculate the force of reaction due to the
water flowing out of vessel.
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SOLUTION
Force of reaction due to ejection of fluid through a hole is
F= szp

This force is opposite to the velocity of efflux of the liquid
coming out from the orifice.

Due to two holes, net force on vessel is

F=F-F=A(c-2)p

o e a| (gl ) (i) |

= F=2pgAAh

ILLUSTRATION 124

A horizontal oriented tube AB of length | rotates with

a constant angular velocity @ about a stationary vertical

axis OO’ passing through the end A as shown in Figure.
0

1
I
- [

<G>

The tube is filled with an ideal fluid. The end A of the tube
is open, the closed end B has a very small orifice. Find the
velocity of the fluid relative to the tube as a function of the
column height h.

SOLUTION

Using Bernoulli’s theorem, we get
1
Py :Patm+5pr)2 (1)
Also, we know that
I
Py — Py = j po’xdx
I-h

= PP —%[F-(z—h)z]

= P-Pun :%pmz(Zlh—hz)
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Using equation (1), we get

1 9 ny_1 5
~pa? (2h-K*) ==
PO ( i2) P

= v:wh4f2—1—1
h

ILLUSTRATION 125

For the arrangement shown in Figure, calculate the time
interval after which the water jet ceases to cross the wall.
Assume area of the tank to be A and area of orifice to be
<A

Qrifice

SOLUTION

At any instant, when liquid level is at a height /1, then the

speed of ejection of water is
v=./2¢h {ra<xA}

The water jet will be crossing the wall when

x—vt—v\/5
g

= x:,ﬂZgh\/E
g
2

= h=—
4y

According to Equation of Continuity, we have

_A2f 2
= tia g{\/ﬁ\/;]
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0? Test Your Concepts-IX

Based on Equation of Continuity, Bernoulli's Theorem and Applications

A liquid is flowing in a horizontal pipe of uniform cross
section with velocity v. Two tubes A and B of small
cross-sectional area are inserted into the pipe as shown.

B

hy

2

Assuming the flow to remain streamline inside the pipe,
calculate the difference in height of the liquid in two
tubes

A cylindrical bucket, open at the top, is 0.2 m high
and 0.1m in diameter. A circular hole with cross-
section area 1cm? is cut in the centre of the bot-
tom of the bucket. Water flows into the bucket
from a tube above it at the rate of 1.3x107* m’s™".
How high will the water in the bucket rise?

A pitot tube is mounted on an aeroplane wing to mea-
sure the speed of the plane. The tube contains alcohol
and shows a level difference of 40 cm as shown in

T

2 {

Calculate the speed of the plane relative to air if relative
density of alcohol is 0.8 and density of air is 1 kgm'3.
A beaker containing liquid to a height 6H is having an
orifice at a depth h, below the free surface of the lig-
uid. The beaker is placed on a horizontal platform of
height h, as shown in Figure.

h2
6H

(Solutions on page H.14)
Calculate the value of h, forrange R to be maximum,
if hy=4H and h, =8H. Also find the value of this maxi-
mum range in both cases.
On the opposite side of a wide vertical vessel filled
with water two identical holes are opened, each
having the cross-sectional area 0.50 cm’ The
height difference between them is equal to 51cm.
Calculate the resultant force of reaction of the water
flowing out of the vessel.
A slider assembly of mass m=40kg moves under
the influence of a liquid jet. At any instant, the slider is
moving to the right with a speed V =10 ms™" by emit-
ting a water of density 1000 kgm™> from an area of
A=0.005m’ with a velocity of v=20 ms™' to the left
as shown in Figure.

p = 1000 kgm
v=20ms’

—

A =0.005 m?
M=40kg —V

=025

If the coefficient of kinetic friction between the slider
and the surface is 1, =0.25, then calculate the acceler-
ation of the slider at that instant. Also calculate terminal
speed of the slider.

Along cylindrical tank of cross-section area 0.5 m’ s filled
with water. It has a hole of cross-section 1x10™* m? at
a height 50 cm from the bottom. A movable piston of
cross-sectional area almost equal to 0.5 m? is fitted on the
top of the tank such that it can slide in the tank freely. A
load of 20 kg is applied on the top of the water by piston,
as shown in the figure. Calculate the speed of the water jet
with which it hits the surface when piston is 1m above the
base. Ignore the mass of the piston and take g=10 ms ™.

20 kg

(1 -

LV

The shape of an ancient water clock jug is such that
water level descends at a constant rate at all times.
If the water level falls by 4 cm every hour, determine
the shape of the jar, i.e,, specify x as a function of y.
Assume that the radius of drain hole is 2 mm which is
very small compared to x.
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water

drain
hole

Calculate the rate of flow of glycerine of density
1.25%10° kgm™ through the conical section of a pipe,
if the radii of its ends are 0.1 m and 0.04 m and the pres-
sure drop across its length is 10 Nm ™.

A cylindrical vessel is filled with water upto a height of

T m. The cross-sectional area of the orifice at the bot-
. 1 .
tom is (%J that of the vessel. Calculate the time

required to empty the tank through the orifice at the
bottom. Also calculate the time required for the same
amount of water to flow out, if the water level in tank is
maintained always at a level of Tm above the orifice.
The U-tube acts as a water siphon. The bend in the tube
is T m above the water surface. The tube outlet is 5 m
below the water surface. The water issues from the bot-
tom of the siphon as a free jet at atmospheric pressure.
Determine the speed of the free jet and the minimum
absolute pressure of the water in the bend. Given atmo-
spheric pressure to be 10° Nm, density of water to be
10° kgm ™ and g=9.8 ms™.

@l!

The horizontal bottom of a wide vessel with an ideal
fluid has a round orifice of radius R, over which a
round closed cylinder is mounted, whose radius R, >R,
as shown in Figure.

13.

14.

15.

16.
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The clearance between the cylinder and the bottom of
the vessel is very small, the fluid density is p. Assuming
the atmospheric pressure to be P, calculate the static
pressure of the fluid in the clearance as a function of the
distance r from the axis of the orifice (and the cylin-
der) if the height of the fluid is equal to h . Assume that
Ry<r<R,.

Alarge tank of area A, filled with water to a height H is
to be emptied to half the height through a small hole of
area a at the bottom. Calculate the ratio of times taken

for the level of water to fall from H to ﬂ and from g

to zero.

A cylindrical can of height h and base area A is
immersed in water to a depth h, as shown in Figure.

h
hll:)
e —

If there is a small hole of area a in the base of the can,
then calculate the time taken by the can to sink.
When air of density 1.3 kgm™ flows across the top of
the tube shown in Figure, water rises in the tube to a
height of 1 ¢cm. Calculate the speed of air.

—v

1cm

Acylindricaltank having cross-sectionalarea A=0.5 m’
is filled with two liquids of density p, =900 kem™ and
p, =600 kgm_3 to a height h=60 cm each as shown
in Figure.

h Po
h Py
F—

A small hole having area a=5cm? is made in right
vertical wall at a height y =20 cm from the bottom.
Calculate the velocity of efflux and the horizontal force
F required to keep the cylinder in static equilibrium, if
it is placed on a smooth horizontal plane. If coefficient
of friction between the cylinder and the surface on
which it is kept is ¢ =0.01, then calculate the maximum
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and minimum values of F to keep the cylinder in equi-
librium. Take g =10 ms 2.

Find the time to empty the container filled with liquid
up to height H initially. Area of hole at bottom is a
and area of cross-section of the base of container is A.

!

H

l

The side wall of side vertical cylindrical vessel of height
h=75 cm has a narrow vertical slit running all the way
down to the bottom of the vessel. The length of the
slitis /=50 cm and the width b=1.0 mm. With the
slit closed, the vessel is filled with water. Calculate the
resultant force of reaction of the water flowing out of
the vessel immediately after the slit is opened.

A water line with an internal radius of 6.5x107 m
is connected to a shower head that has 12 holes.
The speed of the water in the line is 1.2ms"
Calculate the volume flow rate in the line. Also calcu-
|late the speed with which the water leaves one of the
holes in the head assuming the effective hole radius to
be 4.6x10™ m.

A cylindrical tank is filled with two liquids of density p
and 2p as shown in Figure. Calculate the range R of
the liquid coming out from the orifice.

21.

22.

23.

H P
H 2
% 10—
R

A beaker is kept such that the orifice O is located as
shown in Figure. Calculate the speed v with which lig-
uid comes out of the orifice, the time taken by the liquid
to hit the ground and the range R.

A wide vessel with a small hole in the bottom is filled
with water and kerosene. Neglecting the viscosity,
find the velocity of the water flow, if the thickness of
the water layer is equal to h; =30 cm and that of the
kerosene layer to h, =20 cm. Density of kerosene is
600 kgm™.

Liquid is filled in a container upto a height of H. A small
hole is made at the bottom of the tank. Time take to

empty from H to H is t,. Find the time taken to
3 0

empty the tank from al to zero.
3

J




SURFACE TENSION

SURFACE TENSION: INTRODUCTION

A liquid has the property that its free surface tends to
attain minimum possible area and is therefore, in a state
of tension, somewhat like a stretched membrane. It is a
molecular phenomenon based on electromagnetic inter-
action between the molecules. The force of contraction at
right angles to an imaginary line of unit length, tangential
to the surface of liquid, is called its surface tension.
Surface tension of a liquid is measured by the force
acting per unit length on either side of an imaginary line
drawn on the free surface of liquid as shown in Figure.

A
N

— Imaginary
/g*gq line
ey

-

The direction of this force being perpendicular to the
imaginary line and tangential to the free surface of liquid.
So if F is the force acting on one side of imaginary line
AB of length [, then mathematically surface tension is

T==
I

The S.I. unit of surface tension is newton per metre

(Nm™) and dynecm . The Dimensional formula of sur-

face tension is MT ™ which is same as that of force con-

stant or spring constant.

Surface Tension depends only on the nature of liquid
and is independent of the area of surface or length of line
considered. It is a scalar as it has a unique direction which
is not to be specified.

Small liquid drops tend to be spherical due to sur-
face tension, because for a given volume, sphere has the
minimum surface area. It follows that in order to increase
the surface area of liquid, work has to be done against this
force of contraction. This work is stored in the surface as
its potential energy.

EXPLANATION TO SURFACE TENSION

Laplace explained the phenomenon of surface-tension on
the basis of inter-molecular forces. We know that if the
distance between two molecules is less than the molecu-
lar range c(=10" meter) then they attract each other,
but if the distance is more than this range, then attraction
becomes negligible.

Therefore, if we draw a sphere of radius ¢ with a
molecule as center, then only those molecules which are
enclosed within this sphere can attract, or be attracted
by, the molecule at the center of the sphere. This is called
‘sphere of molecular activity’.

In order to understand the tension existing in the free
surface of a liquid, let us consider four liquid molecules
like A, B, C and D along with their spheres of molecular
activity as shown in Figure.

-~

.
Liquid Surface

A
7 ) 7oy,
" \_/

The molecule D is well inside the liquid and so it is
attracted equally in all directions. Hence the resultant
force acting on molecule D is zero.

The sphere of molecule C is just below the liquid surface
and the resultant force on it is also zero.

The molecule B which is a little below the liquid sur-
face has its sphere of molecular activity partly outside the
liquid. Thus, the number of liquid molecules in upper half
(attracting in downward). Hence the molecule B experi-
ence a resultant downward force.

The molecule A is at the surface of the liquid, so that
its sphere of molecular activity is half outside the liquid
and half inside. So it experiences a maximum downward
force.

Hence all the molecules situated between the surface and
a plane XY, distance c below the surface, experience a resultant
downward cohesive force.

When the surface area of liquid is increased, mol-
ecules from the interior of the liquid rise to the surface.
As these molecules reach near the surface, work is done
against the (downward) cohesive force. This work is
stored in the molecule in the form of potential energy.
Thus, the potential energy of the molecules lying at the
surface is greater than that of the molecules in the interior
of the liquid.

Since we know that a system is in stable equilibrium
when it has minimum potential energy. So, in order to
have minimum potential energy, the liquid surface tends
to have minimum number of molecules in it (which is pos-
sible if the free surface tries to attain the minimum surface
area). In other words, the surface tends to contract to a
minimum possible area. This tendency of the free surface of
the liquid is exhibited as surface tension.

CIX
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It must be noted that surface tension is a property of a lig-
uid and it does not depend on the area of the free surface
of the liquid. For example, both containers have the same
liquid under same conditions. A, > A, but surface tension
will be same in both cases.

A

(i) (ii)

ILLUSTRATION 126

Consider a horizontal film of soap solution, on which a
light thread soaked in soap solution is placed in the form
of a loop. The film is then pierced inside the loop and the
thread becomes a circular loop of radius R. If the surface

tension of the soap solution be T, then calculate the ten-
sion in the thread.

SOLUTION

Let the tension in the thread be F. Consider a small arc AB of
length dl of the circular loop. Let this arc subtend an angle
d6 at the centre of the circular loop of radius R. On this
small arc, we observe the following two forces to be acting.

(@) Force due to surface tension 2T'Al, acting outwards.

(b) Component of tension force 2F sin(@J, acting
inwards. 2

At equilibrium, we have

2Fsin(i—9):2TdI (1)

Since d# is small, so
sin[ﬁ) ~ ﬁ , where d0 = ﬂ
2 2 R
So, from (1), we get

2P(d—26]= Fd6=2T(RdH)

= F=2TR

FORCE DUE TO SURFACE TENSION

If a body of weight W is placed on the liquid surface,
whose surface tension is T. Let us calculate the value of
minimum force F required to pull it away from the water
for different body shapes.

CASE-1: Needle on water surface

If a needle of length [ is placed on the liquid surface whose
cross-sectional view is shown in Figure. as shown in
Figure.

T Tt
w

Minimum force required to lift up the needle is

F=2IT+W

CASE-2: Annular disc on water surface

If an annular disc of inner radius 7, and outer radius 7, is
placed on the liquid surface and we try to pull it up with a
minimum force F, then forces acting on the disc are shown
in Figure.

The weight W acts vertically downwards, the force due
to surface tension acting on outer perimeter of the disc is
271, T (downwards) and that acting on inner perimeter
of the disc is 21T (downwards). The applied minimum
force should be equal to the sum of these forces, so we
have

F=2n(n+n)T+W

Special Case(s)

(a) For adisc of radius r, we can think =0 and r, =7,
so the minimum force F is

F=2nrT

(b) For a ring of radius r, we can think r, =, =7, so the
minimum force F is

F=2r(r+7)T =4m:T
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(c) For a square plate of side I, the minimum force
required to pick up the plate is

F=4IT+W

(d) For a square frame of side /, the minimum force
required to pick up the frame is

F=(4IT+4IT)+W =8IT+W

ILLUSTRATION 127

Aring is cut form a platinum tube of 8.5 cm internal and
8.7 cm external diameter. It is supported horizontally
from a pan of a balance so that it comes in contact with
the water in a glass vessel. Calculate the surface tension of
water if an extra 3.97 gwt is required to pull it away from
water. Take ¢ =980 cms 2.

SOLUTION

The ring is in contact with water along its inner and outer
circumference. When pulled out, the total force on it due
to surface tension will be

F=T(2nr +27r, )+mg
__F-mg
S 2n(n+n)
Given that an extra 3.97 gwt is required to pull it away
from water so we have
F-mg =397 gwt=(3.97)(980) dyne

_ 3.97x980
3.14x(85+8.7)

ILLUSTRATION 128

A container of width 24 is filled with a liquid. A thin wire
of linear mass density A is gently placed over the liquid
surface in the middle of surface as shown. As a result,
the liquid surface is depressed by a distance y(y<a).
Determine the surface tension of the liquid.

=72.13 dynecm™

¥y Q

2a

SOLUTION
If I be the length of wire and A is mass per unit length of
wire, then weight of wire is

mg = (Ax)g, acting vertically downwards

The force due to surface tension acting on each side of the
wire is F =TI. The free body diagram showing forces act-
ing on the wire is shown in Figure.
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2Fsing
+a?
0 ) 0,
a Fcosd Fcosé
mg

Vertical force acting upwards due to surface tension bal-
ances the weight of the wire, so we have

2TIsin@=mg =(Al)g

o 7-28 (1)
2sinf
Since y < a,s0 0 is small and hence sinf = 6 = g
a
So, from equation (1), we get
T-_ 28 _ A
2(y/a) 2y

ILLUSTRATION 129

A glass plate of length 40 cm, height 20 cm and thickness
10 cm weighs 5 kg in air. If the plate is held vertically
with long side horizontal and half its height immersed
in a liquid, then calculate the apparent weight of the
plate assuming the surface tension of the liquid to be
50107 Nm™".

SOLUTION

The glass plate is held inside liquid as shown in Figure.
U

3

biz]
b2} L4V TR

~F=-=F-

According to the problem, we have /=40 cm,b =20 cm,
t=10cm and T =50x10~ Nm ™. The glass plate is under
the action of following forces

(a) weight mg, acting vertically downwards

(b) force (FT) due to surface tension, acting vertically
downwards such that
40 10

+—)(D.5)= 05N

Fo=2(1+1)T=2 —
r=20+1) (100 100

(c) upthrust (U), acting vertically upwards, experienced
due to the immersed part of the plate such that

Ith
U= Vimmersedpliquidg = (2 ]pzﬂg

= u—[(w)xm“'}(wﬂ(m)

= U=40N



ICON

1.102 JEE Advanced Physics: Waves and Thermodynamics

So, apparent weight of the glass plate is
W'=mg+F -U
= W'=50+05-40=105N

SURFACE ENERGY

Aliquid molecule completely inside the liquid is surrounded
by similar molecules on all sides and hence experiences no
resultant force on it, whereas a molecule at the free surface
of liquid is surrounded by similar liquid molecules on one
side of the free surface (while on the other side it may be sur-
rounded by air molecules or the molecules of the vapour of
the liquid etc). Since air or liquid vapours have negligible
density compared to liquid, so they exert only a small force
on the molecules at the free surface. Hence, a resultant inward
force acts on molecule lying at the surface. This inward force
tries to pull the molecule into the liquid due to which the free
surface layer remains in microscopic turbulence in which the
molecules are pulled back from the free surface layer to the
liquid bulk and hence new molecules from the liquid bulk
come to the surface in an attempt to fill the empty space.

When a molecule is taken from inside the liquid to the
free surface, then work has to be done against the inward
resultant force for moving the molecule up to the free surface.
The potential energy is increased due to this work. A mol-
ecule at the free surface has greater potential energy than a
molecule completely inside the liquid. This extra energy pos-
sessed by the free surface layer is called the surface energy.

RELATION BETWEEN SURFACE ENERGY AND
SURFACE TENSION

To find the relation between surface energy and surface
tension, let us consider a U-shaped frame that guides a
sliding wire on its arm. Let the arrangement be dipped in
a soap solution, then taken out and placed in a horizontal
position as shown in Figure.

> Fext

We may think that the soap film formed is extremely thin,
however at the molecular scale its thickness is not ignora-
ble as it may possess several hundred thousand molecular
layers. So, we say that the soap film has two free surfaces
both of which are in contact with the sliding wire and
hence exert forces of surface tension on the wire.

If T be the surface tension of the soap solution and
I be the length of the sliding wire, then each surface will
pull the wire parallel to itself with a force T/ and hence the
net force of pull F on the wire due to both the surfaces is

F=TI+TI=2T]

In order to keep the wire in equilibrium, we have to apply
a constant external force F,,; equal and opposite to F.

Now, let the wire be slowly pulled out (so that
change in kinetic energy is zero) with the help of external
force through a distance x so that the area of the frame is
increased by AA = Ix. Since the film has two free surfaces
of the soap solution, hence total change in surface area of
the film is 2AA = 2Ix.

The work done by the external force in moving the wire
through x is

W, = F x = (2T1)x = T(2Ix) = 2TAA

ext

Since there is no change in kinetic energy, so the work
done by external force is stored as the change in potential
energy AU of the surface, so we have

AU =W,,, =2TAA

AU _ Wext

— ext (1)
2AA AAfotal

where, AA=Ix is the change in surface area of each free
surface.

So, we observe that the surface tension of a liquid is equal to the
surface energy per unit change in surface area.

So, from equation (1), we observe that the work done
by an external force to increase the surface area of the film
by AAtmal is

wext = TAAmfal =2TAA

each surface

However, for the case where we may have only one free
surface, then AA ., = AA and hence

Wext = TAAmfal =TAA

The SI unit of surface tension is also written as Jm ™ and
it can also be verified that 1 Nm ™ =1]Jm™.

Please note that the work done to change the surface area of

(a) asoap film or a liquid film will be W = 2TAA, because
a soap film or a liquid film has two free surfaces.

(b) asoap bubble will be W = 2TAA, because a soap bub-
ble has two free surfaces.

(c) anairbubble oraliquid drop will be W = TAA, because
an air bubble or a liquid drop has only one free surface.

(d) In case of the liquid drop, if the initial radius of liquid
drop (having surface tension T) is f, and final radius is f,,
then work done in changing the radius from f; to f, is

W =TAA=4nT(rf -7

(e) In case of soap bubble, which has two free surfaces, if
the initial radius of soap bubble (having surface ten-
sion T) is f, and final radius is f,, then then work done
in changing the radius from f, to f, is

W=87L’T(i’22 _,,]2)
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ILLUSTRATION 130

A U-shaped wire loop having a slider of negligible mass
having a length of 0.1 m is dipped in a soap solution
and then removed. Due to this, a thin soap film is formed
between the wire and the light slider. It is observed that
the film can support a weight of 0.006 N, before it can
break. Calculate the surface tension of the film.

SOLUTION

Because of the phenomenon of surface tension, the soap
film tries to occupy minimum surface area. Since a soap
film has two free surfaces, so the total force acting on the
slider due to surface tension is

F=2(TI)

Since the film can support a weight of 0.006 N, before it
can break, so we have

2(TH)=W=mg

where, W=mg =0.006 N and /=0.1m

21 2x0.1

7= _0006 03 Nm™

SPLITTING OF BIGGER DROP INTO
SMALL DROPLETS

When a drop of radius R splits into # smaller drops,
(each of radius r ) then surface area of liquid increases.

Hence the work is to be done against surface tension.
Since the volume of liquid remains constant therefore

E1:R3 = n(émﬁ]
3 3

= Ri=n

Work done is given by
W=TAA=T[ n(4nr?)-4xR? |

= W=4aT(nr?-R?)

=  W=4rRT(n"* 1)

=  W=4aTr*n¥* (0" -1)

= w_4nTR3(1—l)
r R
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If the work is not done by an external source then inter-
nal energy of liquid decreases, subsequently temperature
decreases. This is the reason why spraying causes cooling.
By Law of Conservation of energy, loss in thermal energy
equals the work done against surface tension. So

W=JQ

where, Q=mcA#, c is the gram specific heat of the lig-
uid, A@ is the decrease in temperature an J is the Joule’s
Mechanical Equivalent of heat.

j(chB)=4n:TR3[l—l)
r R
Since m= (gmg )p

3
- (iJng)pcA9=4nRT(l_l)
3 J \r R

So, decrease in temperature is

In cgs system and for water, we have s =1calg™'(°C)”' and
p=Tgcc ', so we get

Agzi(l_l]
J\r R

FORMATION OF BIGGER DROP FROM SMALL
DROPLETS

If n small drops of radius r coalesce to form a big drop of
radius R then surface area of the liquid decreases.

Energy released is

AE= T(Ainiﬁal - Aﬁnal )

= AE=n(4ar*)T - 42R’T
= AE:4ﬂT(nr2—R2)
= AE=47RT(n"? 1)
=  AE=42Tr*n** (n'* -1)
= AE—4;:TR3(1-1)

r R
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(a) If this released energy is absorbed by a big drop, its
temperature increases and rise in temperature can be
given by

Aazél(l_l)
Jpc\r R

In cgs system and for water, we have ¢ =1calg ™' (°C)”'
and p=Tgcc™, so we have

A9=3T(1_1)
J\r R

(b) If this released energy is converted into kinetic energy
of a big drop without dissipation, then by the Law of
Conservation of Energy, we get

1m\f;Z = 4JFR3T(1—1)
2 r R

= l[iirRs )pv2=47rR3T 11
203 r R

5 6T('I 1)
=S V=—]|-—
p\r R

’6T(1 1)

v= [—| -—=
d\r R

ILLUSTRATION 131

How much work will be done in increasing the diameter
of a soap bubble from 2 ¢cm to 5 cm. Surface tension of soap
solution is 3x 1072 Nm™.

SOLUTION
Soap bubble has two surfaces. Hence,

W =TAA
where, A =2 47{(25x102) ~(1x102)' } |
= AA=132x1072 m?

= W=(3x102)(1.32x1072)J

= W=39x10"]

ILLUSTRATION 132

Calculate the energy released when 1000 small water
drops each of same radius 107 m coalesce to form one

large drop. The surface tension of water is 7 x10~ Nm™'

SOLUTION

Let r be the radius of smaller drops and R of bigger one.
Equating the initial and final volumes, we have,

E;rR‘q’ = (1000)(éﬂr3 )
3 3

= R=10r=(10)(107) m
= R=10°"m

Further, the water drops have only one free surface.
Therefore,

AA = 47R% —(1000)( 4712 )
= AA:475[(10'6 ) ~(10*)(107 )2]
=  AA=-367(10") m?

Here, negative sign implies that surface area is decreasing.
Hence, energy released in the process.

AU=T|AA|=(7x102)(36xx10712) |
= AU=79x107"7]

COHESIVE FORCES

The force of attraction between the molecules of the same
substance is called force of cohesion or cohesive force. In
case of solids, the force of cohesion is very large and due
to this, solids have definite shape and size. On the other
hand, the force of cohesion in case of liquids is weaker
than that of solids. Hence liquids do not have definite
shape but have definite volume. The force of cohesion is
negligible in case of gases. Because of this fact, gases have
neither fixed shape nor volume.

Examples

(@) Two drops of a liquid coalesce into one when brought
in mutual contact because of the cohesive force.

(b) Itis difficult to separate two sticky plates of glass wet-
ted with water because a large force has to be applied
against the cohesive force between the molecules of
water.

(c) Itisvery difficult tobreak a drop of mercury into small
droplets because of large cohesive force between mer-
cury molecules.

ADHESIVE FORCES

The force of attraction between molecules of different sub-
stances is called adhesion.

Examples

(@) Adhesive force enables us to write on the black board
with a chalk.

(b) Adhesive force helps us to write on the paper with ink.

(¢) Large force of adhesion between cement and bricks
helps us in construction work.

(d) Due to force of adhesive, water wets the glass plate.

(e) Fevicol and gum are used in gluing two surfaces
together because of adhesive force.
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WATER WETS THE GLASS SURFACE, BUT
MERCURY DOES NOT: EXPLANATION

The adhesive force between water molecules and glass
molecules is greater than the cohesive force between the
molecules of water. Hence when water is poured on glass,
the water molecules cling with the glass molecules and the
glass surface is wetted.

However, the adhesive force between mercury-glass
molecules is less than the cohesive force between
mercury-mercury molecules. So, mercury molecules do
not cling with glass molecules i.e. mercury does not wet
the glass.

If, however, the glass surface is greasy, then water
also does not wet the glass because the adhesive force
between water-grease molecules is less than the cohesive
force between water-water molecules.

The adhesive force between oil and water is less than
the cohesive force of water, but greater than the cohesive
force of oil. Therefore, a water drop poured on the surface
of oil contracts to take the form of a globule, while a drop
of oil poured on the surface of water spreads to a large
area in the form of a thin film.

The adhesive force between ink and paper is greater
than the cohesive force of ink. That is why ink sticks on
paper. Writing on blackboard by chalk is also possible due
to adhesive force.

ANGLE OF CONTACT

When the free surface of a liquid comes in contact of a solid,
it becomes curved near the place of contact.

The angle of contact between a liquid and a solid is defined
as the angle inside the liquid between the tangent to the solid
surface and the tangent to the liquid surface at the point of con-
tact of the liquid with the solid.

Liquids which wet the surface have acute angle of
contact. Angle of contact is zero for pure water and clean
glass. For ordinary water and glass angle of contact is
about 8°.

Liquids which do not wet the surface have obtuse
angle of contact. For mercury and glass the angle of con-
tact is 135°.

The angles of contact 6 for water-glass and mercury-glass
are shown in Figure.

1 1
| Glass | Glass

-”

RS g

Water Mercury

The angle of contact for water and silver is 90°. Hence in a
silver vessel the surface of water at the edges also remains
horizontal.
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(a) Angle of contact 6 lies between 0° and 180°.
(b) It does not depend upon the inclination of the solid in
the liquid.
(c) If 6<90° the liquid wets the surface of solid and if
6> 90°, the liquid does not wet the surface of solid.
(d) The angle of contact depends on
(i) the nature of the liquid.
(ii) the nature of the solid.
(iii) the cleanliness of the surfaces.
(iv) the medium above the liquid surface.
(v) temperature. (on increasing the temperature,
angle of contact decreases).
(e) Soluble impurities increase the angle of contact.
(f) Partially solubleimpurities decrease the angle of contact.

SHAPE OF LIQUID MENISCUS IN A GLASS TUBE

When a liquid is brought in contact with a solid surface,
the surface of the liquid becomes curved near the place of
contact. The nature of the curvature (concave or convex)
depends upon the relative magnitudes of the cohesive
force between the liquid molecules and the adhesive force
between the molecules of the liquid and those of the solid.
A liquid takes the shape of the vessel in which it is con-
tained, so it cannot permanently oppose any force that tries
to change its shape.

The free surface of liquid at rest always adjusts itself at
right angles to the resultant force such that the component of
force tangential to the liquid is zero.

When a capillary tube is dipped in a liquid, the lig-
uid surface becomes curved at the point of contact. This
surface is curved due to forces of cohesion and forces of
adhesion. This curved surface of the liquid is called the
Meniscus of the Liquid or Liquid Meniscus. Consider a
liquid molecule A in contact with solid (i.e. wall of capil-
lary tube), then forces acting on molecule A are

(@) Weight of the molecule A which acts vertically down-
wards along the wall of the tube and is negligible com-
pared to forces of adhesion and cohesion.

(b) Force of adhesion F, (acts outwards at right angle to
the wall of the tube).

(c) Force of cohesion F, (acts at an angle 45° to the verti-
cal) ie., F, makes an angle of 135° with F, as shown
in Figure (in which weight of the particle is not shown
as it is negligible in comparison to F, and F,).
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The resultant force F depends on the values of F,
and F,. If the resultant force F makes an angle o
with F,, then we have

[.sin(135°) L.
tano = =
F,+F cos(135°) 2F -F.
By knowing the direction of resultant force, we can
find out the shape of meniscus because the free sur-

face of the liquid adjusts itself at right angle to this
resultant force.

()

CASE-1: For Horizontal Meniscus
From equation (1) we see that, when F, = \/EE, , then

fang —

= oa—90°

So, the resultant force F acts vertically downwards and
hence the liquid meniscus must be horizontal.

EXAMPLE: Pure water in silver coated capillary tube.

CASE-2: For Concave Meniscus

From equation (1), we see that, if F, < J2F,, then
tan o = positive

= « isacute

So, the resultant force is directed outside the liquid and
hence the liquid meniscus must be concave upward.

F
a - A Concave
A v Meniscus
A 450
F F

EXAMPLE: Water in glass capillary tube.

CASE-3: For Convex Meniscus

From equation (1), we see that, if F. > «/EF,, , then
tan o = negative

= « is obtuse

So, the resultant force is directed inside the liquid and
hence the liquid meniscus must be convex upward.

EXAMPLE: Mercury in glass capillary tube.

RADIUS OF CURVATURE OF A CURVE

Shape of a curved surface or interface can be described if we
know the radius of curvature of the curved surface at some
point. Consider a point P on the curve AB as shown in Figure.

A

» X

0]

The radius of curvature R of the curve at the point P is
actually the radius of the circle which is tangent to the
curve at the point P.

PRINCIPAL RADII OF CURVATURE
OF A SURFACE

We must understand the fact that all known shapes are
made of surfaces which have some curvature. The spherical
and cylindrical surfaces are rather simple cases for math-
ematical treatment. Consider a bottle shown in Figure.

Along one direction X, the bottle quickly curves around
in a circle but along another direction X, it is completely
flat and travels along a straight line.

This way of looking at curvature in terms of curves
traveling along the surface is often how we treat curvature
in general. Also note that the curvature of a curve x is
inversely proportional to the radius of curvature.

In many other cases however, the shapes are more
complicated. Let us now consider a curved surface shown
in Figure.
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At each point on a given surface, two radii of curvature
(which are denoted by r, and r, ) are required to describe
the shape. If we want to determine these radii at any point
(say P), a normal to the surface at this point is drawn and
a plane containing the normal is constructed through the
surface. This plane will intersect the surface in a curve.
The radius of curvature of this curve at point P is denoted
by r, as shown in Figure.

An infinite number of such planes can be constructed each
of which intersects the surface at P. For each of these
planes, a radius of curvature can be obtained. If we con-
struct a second plane through the surface, containing the
normal and perpendicular to the first plane, the second
curve of intersection and hence the second radius of cur-
vature at point P (ie. r,) is obtained. These two radii
define the curvature at P completely.

It can be shown that the mean -curvature

11 1
ie. 2(+) of the surface is constant, which is inde-
n n

pendent of the choice of the planes. An infinite set of such
pairs of radii is possible.

For standardization, the first plane is rotated around
the normal until the radius of curvature in that plane
reaches maximum and hence the other radius of curvature
becomes minimum. These are called the principal radii of
curvature and are denoted by R; and R, .

EXCESS PRESSURE INSIDE LIQUID SURFACE
WITH TWO CURVATURES: YOUNG-LAPLACE
EQUATION

There exists a difference in pressure across a curved lig-
uid surface which is a consequence of surface tension.
The pressure is greater on the concave side. The Laplace
equation relates the pressure difference to the shape of the
Young surface. This difference in pressure is given by

AP=T i+i
Rl R2

where R; and R, re the principal radii of curvature of the
surface. To derive this equation, consider a small section
of liquid surface having two curvatures R, and R, as
shown in Figure 1.
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Y \O s
¢ kvi
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C1

Since the surface is small, the angle subtended at the
respective centres are also small. Net outward force on the
liquid surface is

Fout:(R'_Po )Asurface:(Pi _Po )(RIB)(R2¢) (1)

Let us now calculate the force due to surface tension on
each surface. Let us draw the force acting on the portion
AB due to surface tension. Interestingly, we see that the
force F is acting along the length I, = R,¢ and the force
E, is acting on the length [, = R,6 as shown in Figure 1.
So, we have

E=Tl,=TR,¢ and F, =TI, =TR,0
The force F, =TI, =T(Ry¢), acting along the length AD
has components F, Cos[z) and F sin(z). Similarly, this
same value of force is acting along the length BC has com-
ponents F cos(g) and F sin(g) with cross sectional

view for the curve AB shown in Figure 2.

The components F cos( g] and F cos(g) cancel, so the
inward force acting due to surface tension on the curves
AD and BC is 2K sin[g).

Similarly, the inward force acting due to surface ten-
sion on the curves AB and CD is 2F, sin(%) .
If F, is the net inward force, then

6
F, =2F sin(§)+2F2 sin[%]

Since, 6 and ¢ are small, so we have

Sin(g):g and sin(ﬂ):?
2) 2 2) 2
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AISO, 1:1 = sz = TRz(b and Fz = Tl] = TR19
= Pin :P19+F2¢:(TR2¢)9+(TR19)¢
=  F,=T(R +R,) -(2)

For equilibrium of the surface, the net outward force must
be balanced by the net inward force, so we have

Fout = Fin
= (R —PO)(R]B)(Rz(D): T9¢(R1 +R2)
= P-P, —AP—T[1+1]
Ry R

However, for the case of a film, we have
AP =2T [ L + i]
1 R

because a film has two free surfaces.

The simplified forms of spherical, cylindrical and planar
surfaces are given below
For a spherical surface, we have

2T

R, =R, =R, therefore AP = =

For a cylindrical surface, we have
T
R, — e and R, =R, therefore AP= =

For a planar surface, we have

Ry — e and R, — =, therefore AP=0

PRESSURE DIFFERENCE BETWEEN THE TWO
SIDES FORCE A CURVED LIQUID SURFACE

A molecule lying in the surface of a liquid is attracted by
other molecules on the surface in all directions. If the sur-
face is plane, then the molecule is attracted equally in all
directions. Hence the resultant force on the molecule due
to surface tension is zero.

If the surface is convex, then a resultant component
of all the forces of attraction acting on every molecule acts
normal to the surface is directed inward.

Similarly, if the surface is concave, then every mol-
ecule experiences a resultant force due to surface tension
acting normally outward.

Obviously, for the equilibrium of a curved surface, there
must be a difference of pressure between its two sides so
that the excess pressure force may balance the resultant
force due to surface tension. Hence the pressure on the
concave side must be greater than the pressure on the

2T
convex side. This difference of pressure is equal to X

where T is the surface tension and R is radius of curva-
ture of the surface.

EXCESS PRESSURE

Due to the property of surface tension a drop or bubble
tries to contract and so compresses the matter enclosed.
This in turn increases the internal pressure which prevents
further contraction and equilibrium is achieved. So, in
equilibrium the pressure inside a bubble or drop is greater
than outside and the difference of pressure between two
sides of the liquid surface is called excess pressure.

In case of a drop, excess pressure is provided by
hydrostatic pressure of the liquid within the drop while
in case of bubble the gauge pressure of the gas confined in
the bubble provides it.

EXCESS PRESSURE INSIDE A LIQUID DROP AND
AIR BUBBLE

Let P, be the pressure inside the liquid drop and F, be the
pressure outside it. Then (P, —F,) is the excess pressure
inside the liquid drop.

Let T be the surface tension of drop. Let the radius of bub-
ble increase from R to (R+dR) under the influence of

excess pressure (P, —F,) acting only on the inner surface

of area 47R?.
So, work done by the force due to pressure is

W= (P, - P, )4aR*dR )

Also, work done to change surface area of the drop is
W =T[4n(R+dR)? - 4nR? ]

2
= w—mm{(n%) —1}

= W=4:zTR2[,1’+2%R- }
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= W =8aTR*R .2

Equating (1) and (2), we get

2T
P-F = R
For an air bubble also, the excess pressure is
P.-F, = e {*. Both have a single free surface}

We can also do this quickly, by equating the force due to
surface tension with the force due to excess pressure (as
done earlier too) as shown in Figure.

Fy=(@R)T

Tetyd

Fy= (P~ Py)R?

The force due to surface tension is

F =(27R)T ..(3)
The force due to excess pressure is

F, =(P-P))nR? ..(4)
Equating (3) and (4), we get

2T
Pr'_PO:E

EXCESS PRESSURE INSIDE A SOAP BUBBLE

Let P. be the pressure inside the bubble and B, be the
pressure outside it. Then (P, -F,) is the excess pressure
inside the bubble.

Let T be the surface tension of the soap bubble. Let
the radius of bubble increase from R to (R+dR) under

the influence of excess pressure (P, -F,) acting only on

the inner surface of area 47R>.

Work done by the force due to pressure is
W =(P. - P, )4zR*dR (1)

Since a soap bubble has two free surfaces, so work done to
change surface area of the soap bubble is

W =T[ 4z(R+dR)? —47R* |x2
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2
= W= SnTRZ[(Hd—R) -1}
R
= W =8nTR2[/1’+M?R— }
= W=167TR%*R .2
Equating (1) and (2), we get
4T
F-F= R

We can also do this quickly, by equating the force due to
surface tension with the force due to excess pressure (as
done earlier too) as shown in Figure.

F,=2(2zR)T
‘ Fy=(P,~ PyaR?

The force due to surface tension is

F =2[(27R)T] ..(3)
The force due to excess pressure is

F,=(P,-P))nR? ..(4)
Equating (3) and (4), we get

4T
Pi_Pu:?

(a) Thus, the pressure difference is greater for smaller
drops and bubbles than for larger ones.

(b) Pressure difference is inversely proportional to the radius.

(c) The pressure inside the surface is greater than the
pressure outside the surface.

(d) The pressure on the concave side is greater than the
pressure on the convex side.

(e) Consider an air bubble inside the liquid as shown in
the figure.

We observe that a single surface is formed with air on
the concave side and liquid on the convex side. The
pressure at the concave side is greater than the pres-

. 2T
sure at the convex side, by an amount = So, we have
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P, -P, :% (vi) Forasoap bubble AP:%
(f) Excess pressure is inversely proportional to the radius of
bubble (or drop), i.e., pressure inside a smaller bubble

(or drop) is higher than inside a larger bubble (or drop).
. TR T
; tﬁH 5 (vii) Fora cylindrical liquid surface,AP—ﬁ

This is why when two bubbles of different sizes are
connected to each other, the air will rush from smaller - ‘ o
bubble to larger bubble. Due to this the smaller will liquid of density d, AP= ?+hdg
shrink while the larger will expand till the smaller bub-
ble reduces to droplet.
(g) Excess Pressure in Different Cases
(i) For a plane surface, AP=0 h

(ix) For a liquid surface of unequal radi,

(viii) For an air bubble at depth h below the free surface of

2T
(ii) For a convex surface, AP = =

A

AP

2T
(iii) For a concave surface, AP = 5

AP (x) For a liquid film of unequal radii,

b

(iv) For an air bubble in liquid, AP = %

T ILLUSTRATION 133

(v) Fora liquid Drop, AP:%

Calculate the pressure inside a small air bubble of 0.1 mm
radius situated just below the water surface. Assume the

@ surface tension of water to be 7.2x10> Nm ™' and atmos-
pheric pressure to be 1.013x10° Nm ™.
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SOLUTION

Surface tension of water T=7.2x102 Nm'

Radius of air bubble R=0.1mm=10" m

The excess pressure inside the air bubble is given by,
T

"R

Pressure inside the air bubble is

2T
P, =P+
2 1 R

b, -B

Substituting the values, we have

-2
P, =(1.013x10° )+(2X71‘E—_’1m)

= P, =1027x10° Nm™

ILLUSTRATION 134

Twoseparate air bubbles (radii 0.006 m and 0.003 m) formed
of the same liquid (surface tension 0.07 Nm™') come
together to form a double bubble. Calculate the radius and

the sense of curvature of the internal film surface common
to both the bubbles.

SOLUTION

The pressure inside the bubbles is
h 5}

Since r, <1,soweget P, > P

The pressure inside the smaller bubble will be more as
shown in Figure.

The excess pressure at the interface is
P—Pz—Pl—le(m] (1)
nn

This excess pressure acts from concave to convex side, the
interface will be concave towards smaller bubble and convex
towards larger bubble. Let R be the radius of interface then,
4T

R
From equations (1) and (2)

ht _ (0.006)(0.003)
0.006 -0.003

P )

R:
n-n

= R=0.006 m
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ILLUSTRATION 135

Under isothermal condition two soap bubbles of radii 7
and r, coalesce to form a single bubble of radius r. The
external pressure is P,. Find the surface tension of the
soap in terms of the given parameters.

SOLUTION

As mass of the air is conserved,
= n+n,=n

Since, PV =nRT

RV; PV, PV
RT, RT

RT,

As temperature is constant,
T,=T,=T
= PBV+RV,=PV (1)

where, V) = %m’f , Vo= %nrf and V = %;nﬁ

To avoid confusion with temperature, let us denote sur-
face tension by ¢ . From equation (1), we get

(PQ +4—0Jr13 +(P0 +4—0)r23 —[PD +4—U)r3

1 ry r
B(rP-r -1

= o= ( 2 ; 22 )

4(#1 +1 =7 )

Special Case

If the bubbles coalesce in vacuum, then F, =0 and hence

from equation (2), we get

2_ .2 2
rm=ntn

CAPILLARITY

When a glass capillary tube open at both ends is dipped
vertically in water, the water rises up in the tube to a certain
height above the water level outside the tube. The narrower
the tube, the higher is the rise of water. On the other hand,
if the tube is dipped in mercury, the mercury is depressed
below the outside level.

The phenomenon of rise or depression of liquids in
a capillary tube is called capillarity. The liquids which wet
glass (for which the angle of contact is acute) rise up in
the capillary tube, while those which do not wet glass (for
which the angle of contact is obtuse) are depressed down
in the capillary.
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N R
Water Mercury

(@ (b)

EXPLANATION TO CAPILLARITY

The phenomenon of capillarity arises due to the surface
tension of liquids. When a capillary tube is dipped in
water, the water meniscus inside the tube is concave. The
pressure just below the meniscus is less than the pressure

just above it by %, where T is the surface tension of

water and R is the radius of curvature of meniscus.

The pressure of the surface of water is atmospheric
pressure P. The pressure just below plane surface of water
outside the tube is also P, but that just below the meniscus

inside the tube is P —(%) . We know that pressure at all
points in the same level of water must be the same.
Therefore, to make up the deficiency of pressure, % ,

below the meniscus, water begins to flow from outside
into the tube. The rising force water in the capillary stops
at a certain height k. In this position the pressure of the

water-column of height h becomes equal to %, that is,

2T
hpo = =—
Pg R
N
h
P J\PJLlP | N
P T P PIlPIl P
P-(2T/R)
(@) (b)

where, p is the density of water and g is the acceleration
due to gravity. If r be the radius of the capillary tube and
6 the angle of contact of water-glass, then the radius of

. .. r
curvature R of the meniscus is given by R = _8 .
cos

2T
= hpg=—
( cos@ ]
b= 2T cos®
rpg

This shows that as r decreases, h increases, that is, nar-
rower the tube, greater is the height to which the liquid
rises in the tube.

If weight of the liquid in the meniscus is to be considered,
then the correction due to the weight of the liquid con-
tained in the meniscus can be made for contact angle of
0° for which the meniscus will be hemispherical in shape
as shown in Figure.

The volume of the shaded part of liquid inside the menis-
cusis V=V, -V, as shown in Figure.

A=nr?
= =
- 3 -
v V,=Ar=ar3 Vo= (2/3)ar
= V=(7rr2)r—l[in'r3 =17rr3
2\3 3

Since the force due to surface tension will balance weight
of the liquid W in the capillary, so we have

T(27r)=W

where, W = (Jrrzh + %Jrr3 )pg

= T(2nr)=(rcr2h+%7rr3)pg
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( r) 2T
= |h+=-|=—
3/ rpg

However, if the contact angle is non-zero and acute, then
too the meniscus is nearly hemispherical as shown in
Figure, then we have

Tcosb  Tcos@

(Tcos8)(27r)=W

where, W-(Jrrzh+%ﬂ:r3 )pg
= (Tcosﬂ)(Z:rr)=(7rrzh+%7rr3)pg

( r) 2T cosO
= |h+-|=
3 rpg

PRACTICAL APPLICATIONS OF CAPILLARITY

(@) The oil in a lamp rises in the wick by capillary action.
(b) Thetip ofnib of a penis split up, to make a narrow capil-
lary so that the ink rises upto the tin or nib continuously.

(c) Sap and water rise upto the top of the leaves of the
tree by capillary action.

(d) If one end of the towel dips into a bucket of water and
the other end hangs over the bucket the towel soon
becomes wet throughout due to capillary action.

(e) Inkis absorbed by the blotter due to capillary action.

(f) Sandy soil is more dry than clay. It is because the cap-
illaries between sand particles are not so fine as to
draw the water up by capillaries.

(g) The moisture rises in the capillaries of soil to the sur-
face, where it evaporates. To preserve the moisture in
the soil, capillaries must be broken up. This is done by
ploughing and levelling the fields.

(h) Bricks are porous and behave like capillaries.

(a) For liquids which wet the glass tube or capillary tube,
angle of contact < 90°. Hence,
cosf= positive
= h=positive.
It means that these liquids rise in the capillary tube. So,
the liquids which wet capillary tube rise in the capillary
tube. For example, water, milk, kerosene oil, petrol etc.
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(b) Forliquids which do not wet the glass tube or capillary
tube, angle of contact 6> 90°. Hence,
cosf = negative
= h= negative.
So, the liquids which do not wet capillary tube are
depressed in the capillary tube. For example, mercury.

(c) Since, T, 6 pand g are constant and hence h o< 1 Thus,
r

the liquid rises more in a narrow tube and less in a
wider tube. This is called Jurin’s Law.

(d) If two concentric tubes of radii r; and r, (inner one
is solid) are placed in water reservoir, then height to
which the liquid rises is obtained by equating the force
due to surface tension with the weight of liquid in the
tube. So, we get

I

TOP VIEW

FRONT VIEW

T(27n +27r, )= (xr;fh—arﬁzh)pg
et
(n=n)pg

RISE OF LIQUID BETWEEN TWO
PARALLEL PLATES

If two parallel plates with the spacing ‘d" are placed in

water reservoir, then liquid will rise till force due to sur-

face tension balances the weight of liquid, so we have
2Tlcos(0°) = (plhd)g

2T

h=—
pgd
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We can also calculate this height by applying a different
approach. Since the liquid meniscus between two plates
is cylindrical in shape, so the cross-sectional view of the
arrangement is shown in Figure.

A
N
*B

>

-
<

Q

Qe

The pressure at A is equal to the atmospheric pressure
R 0= P atm*

The pressure difference between the point A and the
point B (which lies just inside the cylindrical meniscus) is

PA—PB:£,where Rzg

T

Also, we see that

PC _PB = hpg

= PC:PB+hpg:(PO—%]+hpg .1

Now we must see that the points C and D are at the same
level, hence

Fe=Fp=Pm =H

So, from equation (1), we get

T
R _(Pu‘ﬁJ"'hPS’

_r_2r
pgR  pgd

ILLUSTRATION 136

Mercury has an angle of contact of 120° with glass. A nar-
row tube of radius 1.0 mm made of this glass is dipped in
a trough containing mercury. By what amount does the
mercury dip down in the tube relative to the liquid surface
outside. Surface tension of mercury at the temperature of
the experiment is 0.5Nm ' and density of mercury is
13.6x10° kgm ™. Take g=9.8 ms2.

SOLUTION

_ 2T cosf

g

Substituting the values, we get,

~ 2x0.5xc0s120°
107 x13.6x10° x9.8

h

= h=-375x10"m
= h=-375mm

Please note that the negative sign indicates that mercury
suffers capillary depression.

ILLUSTRATION 137

A glass tube of radius 0.4 mm is dipped vertically in water.
Find upto what height the water will rise in the capillary?
If the tube in inclined at an angle of 60° with the vertical,
how much length of the capillary is occupied by water.
Surface tension of water is 7x107 Nm™', density of
water 10° kgm™ .

SOLUTION

For glass-water, angle of contact 6 =0°

Now, 1= 2T cos @
rp8
. (2)(7x102)cos0°

(0.4x107)(10%)(9.8)
= h=357x102m

= h=357cm
= L = ﬂ =714 cm
cos60®  1/2

ILLUSTRATION 138

Two narrow bores of radius 3.0 mm and 6.0 mm are joined
together to form a U-shaped tube open at both ends. If the
U-tube contains water, what is the difference in its levels
in the two limbs of the tube. Surface tension of water is
7.3x1072 Nm™. Take the angle of contact to be zero and

density of water to be 10° kgm™ and ¢ =9.8 ms™.

SOLUTION
hpg = AP
2T cos® 2T cos@
= hpg= -
] h
. 2Tc039( =1 )
%4 nh

Substituting the values, we have

h

_ 2x7.3%x1072 xcosO"(é.O—S.O]x 1
10° x9.8 6.0x3.0/) 107

= h=248x10"m
=  h=248 mm
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LIQUID BETWEEN TWO HORIZONTAL PLATES

When a small drop of water is placed between two glass
plates placed face to face, it forms a thin cylindrical film
which is concave outward along its boundary.

Flat surface

Let R and r be the radii of curvature of the enclosed film
in two perpendicular directions.

The pressure difference on two sides of a cylindrical sur-
face is

T
AP:P]—PZ:E,where P =P.=F

T T
= P=P-—=DP-— L1
2=h-2=Rh-3 49)

If d be the distance between the two plates and 6 the angle of
contact for water and glass as shown in Figure, then we get

lF

Y 9 1 )
9:
) P T/Cﬂ\qd@
d LR
Y

)

TF

d;’Z
cosf=—

R
1 _2cosf
R d

Substituting for % in Equation (1), we get

P, —(P] —%C059]= (PO —%cosﬂ]

For water and glass, angle 6 can be taken zero, so
cosf =1

The pressure above the upper pale is equal to the atmos-
pheric pressure, whereas just below the plate inside the
liquid, pressure is

T 2T

So, the upper plate is pressed downwards by a force that
corresponds to a pressure of % If A=nr" be the area of

plate wetted by the film, then the resultant force F press-
ing the upper plate downwards is

21

F=A(AP) y
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ILLUSTRATION 139

A drop of water of mass m =0.2 g is placed between two
clean glass plates, the distance between which is 0.01 cm .
Calculate the force of attraction between the plates. Surface
tension of water is 0.07 Nm™"

SOLUTION
Let R be the radius of the circular layer of water, then
m:(erzd)p (1)
Since meniscus is cylindrical in shape, so pressure at A is
2T
Py=P-—
A=f

Thus, pressure between the plates is less than the atmos-
pheric pressure and so the plates are pressed together as
though they are attracted towards each other.

lr—‘
]
(I
fe
If F is the force of attraction, then

F—(M)A—(g)(”w_[%)[ﬁ_n;]

-3
P 2Tm _ 2x0.2x107 x0.07 —28N
d*p  0.01°x107* x1000

bz

RISE OF LIQUID IN A CAPILLARY TUBE OF
INSUFFICIENT LENGTH

Suppose a liquid of density p and surface tension T rises
in a capillary tube to a height /1. Then

fipo ===
P&=7

where R is the radius of curvature of the liquid meniscus
in the tube. From this we may write

IR = I constant (for a given liquid)
24

When the length of the tube is greater than h, the liquid
rises in the tube to a height so as to satisfy the above rela-
tion. But if the length of the tube is less than , say h’, then
the liquid rise up to the top of the tube and then spreads
out until its radius of curvature R increases to R’, such that

'R’ =hR = 2

P8

It is clear that liquid cannot emerge in the form of a foun-
tain from the upper end of a short capillary tube.
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ILLUSTRATION 140

A conical glass capillary tube A of length 0.1 m has diam-
eters 10~ m and 5x10~ m at the ends. When it is just
immersed in a liquid at 0 °C with larger diameter in contact
with it, the liquid rises to 810 m in the tube. If another
cylindrical glass capillary tube B is immersed in the same
liquid at 0 °C, the liquid rises to 6x107 m height. The
rise of liquid in the tube B is only 5.5x10> m when the
liquid is at 50 °C . Find the rate at which the surface ten-
sion changes with temperature considering the change to

be linear. The density of the liquid is (%)xlﬂ‘; kgm™

and angle of contact is zero. Effect of temperature on den-
sity of liquid and glass is negligible.

SOLUTION

Let r be radius of meniscus in the conical tube as shown
in Figure. Then, we have

r—=1  Ih-r
tana = L-2_1

L-h L
. r-25x10"  (52.5)x10™
0.1-0.08 0.1

= rx10°-25=02x25
= r=3x10"m

Since the phenomenon of capillarity is independent of the
shape of tube, so at same temperature of 8=0 °C, we have

2T,
h,1y = hyry = —2 = constant

(0.08)(3x107)
0.06

= fy= =4x10" m

For a cylindrical tube, we have /1 = 2

rpg
o T,..=T,= P&
2
o T=t (0.06)(lx104)(9.8)(4x104)
2 14

= T,=84x107 Nm™

For a given tube and liquid, we have T = hp%

= Teh
o T _hs
T, hy
5.5x10"2] ,
= Ty =T =| 222" |(84x1072)
nrem (6x10‘2

= Ty =77x107 Nm™

Hence, rate of change of surface tension (7) with
temperature (0) assuming linearity is given by

AT Ty -T, (7.7-84)x107

A6 50-0 50
= AT _ ~14x1072 Nm™ (°C)™
A8

Negative sign shows that with rise in temperature surface
tension decreases.

ILLUSTRATION 141

The lower end of a capillary tube of diameter 2 mm is
dipped 8.5 cm below the surface of water in a beaker.
Calculate the pressure required in the tube in order to blow
a hemispherical bubble at its end in the water. Assume that
the surface tension of water is 7.5x102 Nm™", density of
water is 10° kgm™, ¢=10ms™ and 1atm=10° Nm™
Also find excess pressure inside the bubble.

SOLUTION

Let P, be the pressure inside the hemispherical air bubble
blown at the lower end of the tube and F,, just outside it.
Then,

2T
B-B=2
p
2T
= P=F+— (1)
r

Now, pressure outside hemispherical air bubble is
(2
where, h is the length of capillary tube dipped inside

water.
The pressure required to blow the bubble is equal to pres-
sure inside the bubble.

Py = Pym +hipg

= P :P0+£:(Pm+hpg)+§
r r

According to the problem, we have
T=75x10> Nm ", p=10° kgm?,

2 mm
r=

T:]mm:10"3m,Patm

=10° Nm~2,

¢=10ms? and h=85cm=—-m
100
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85 2(75%107) The excess pressure inside the bubble is
= R-—105+(+](103)(10)+'7_3 ;
o : pp 2T _275x10%)
= P =10°+850+150=101000 Nm™ 0T, 1073

= P =101x10° Nm™

0‘7 Test Your Concepts-X

Based on Surface Tension, Surface Energy, Excess Pressure and Capillarity

A liquid of specific gravity 1.5 is observed to rise 3 cm
in a capillary tube of diameter 0.50 mm and the liquid
wets the surface of the tube. Calculate the excess pres-
sure inside a spherical bubble of 1cm diameter blown
from the same liquid if angle of contactis 0°.

A circular ring has inner and outer radii equal to r and
R respectively. Mass of the ring is m . It gently pulled
out vertically from a water surface by a sensitive spring.
When the spring is stretched 3.4 cm from its equilib-
rium position, then ring is on verge of being pulled out
from the water surface. If spring constant is k. Calculate
the surface tension of water.

A capillary tube whose inside radius is 0.5 mm is dipped
in water having surface tension 7x1072 Nm™. Towhat

height is the water raised above the normal water level.
Angle of contact of water with glass is 0°. Density of
wateris 10° kgm™ and g=9.8 ms™.

A tube of insufficient length is immersed in water (sur-
face tension =0.07 Nm™') with Tcm of it projecting
vertically upwards outside the water. What is the radius
of the meniscus? Radius of tube is T mm.

A soap bubble of radius r is placed on another soap
bubble of radius R. What is the radius of the film sepa-
rating the two bubbles?

Calculate the maximum possible mass of a greased
needle that floats on a water surface. Assume that the
length of the needle is | and surface tension of water to
be T.

7.

10.

11.

12

13.

14.

(Solutions on page H.18)
Water rises in a capillary tube to a height of 2cm.. In
another capillary tube whose radius is one third of it,
how much the water will rise?
Calculate the amount of energy evolved when 8 drop-
lets of water each of radius 0.5 mm combine to form
a single drop. Assume surface tension of water to be
72x107 Nm™"
Calculate difference (h) in the levels of water in two
communicating capillary tubes A and B of radii Tmm
and 1.5 mm assuming that the surface tension of water
is 0.07 Nm™".

Calculate the work to be done (in millijoule) against
surface tension in blowing a soap bubble from a radius
of 10 cm to 20 c¢m, if the surface tension of soap solu-
tionin 25107 Nm™".
A film of water is formed between two straight paral-
lel wires each 10 cm long and at separation 0.5 cm.
Calculate the work required to increase 1Tmm dis-
tance between the wires if surface tension of water is
72x107 Nm™".
Two soap bubbles in vacuum having radii 6 cm and
8 cm respectively coalesce under isothermal condi-
tions to form a single bubble. Calculate the radius of
the new bubble formed.
A small hollow sphere having a small hole in it is
immersed in water to a depth 40 cm before any water
enters the sphere. Calculate radius of the hole if surface
tension of water is 75x10~> Nm™', density of water is
10° kgm ™ and g=10 ms 2.
There are 1000 droplets of mercury of Tmm diameter
on a glass plate. Subsequently they merge into one big
drop. How will the surface energy of the surface layer
change? The process is isothermal. Surface tension of
mercury is 0.475 Nm™".

/
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A steel wire of diameter 0.40 mm is stretched between
rigid supports separated by a horizontal distance of 1.8 m.

(@ What load suspended from the middle of the wire
will produce a stress of 10° Nm 22

(b) Find the stored elastic energy in the wire under this
load.

(c) Find the drop in potential energy of the object hung

from the centre for this stress. Y5 =2x10" Nm™,
SOLUTION
(@) 2T cos6=Mg

M
= T= 8
2cos0

(D
T 9 -2
Further, I =10" Nm ...(2)

= T=(10°)A ..03)
From equations (1) and (2)
g Mg
2Acosf

= Mg =(2Acos8)x10’°

0.9
= l=——
sinf
= Az_o.g[,iq)_ﬁ
sin@ AY
. AY
= sinf=
AY+T

A= %(dz): 125%107 m?

= T=(10)A=125N

(125x107 )(2x10")
(1.25x107 x2x10" ) +125

= sinf= 0.995

= cosf=+/1-sin? 8 = 0.0996
Mg =(2Acos8)x 10
= Mg=(2x1.25x107)(0.099)(10°) = 25 N

U

SOLVED PROBLEMS

_( (Stress )’ ]
(b) U(T (VDIUIT[E)

o (0e)
2(2.0x10™)
= U=0562]

M
(@ 10°=—=%
2Acos0

(0.125x107)(1.8)

Mg
(24)(107)
25
=01
2x0.125%107° x10°
= 9=84.26°
= AU =Mgh=(25)(09cotd)

= AU=225]

A glass full of water upto a height of 10 cm has a bottom of

= cosf=

= cosf=

area 10 cm?, top of area 30 cm? and volume 1 litre.

(a) Calculate the force exerted by the water on the bot-
tom.

(b) Calculate the resultant force exerted by the sides of
the glass on the water.

(c) If the glass is covered with a jar and the air inside the
jar is completely pumped out, then recalculate the
answers to parts (a) and (b).

(d) If a glass of different shape having same height, bot-
tom area and volume is used then again recalculate
the answers to parts (a) and (b).

Take g =10 ms™, density of water to be 10° kgm™ and
atmospheric pressure to be 1.01x10° Nm™.

SOLUTION
(a) Force exerted by water at the bottom of glass is
F =(PBy+pgh)A (1)
where, B, =P, =1.01x10° Nm™
p=p, =10 kgm™?, ¢=10 ms™
h=10cm=0.1m and
Area of the base is
Ay =10cm? =107 m?
Substituting these values in equation (1), we get
F, =(1.01x10° +10° x10x0.1)x 107
= F =102 N (downwards)
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(b) Force exerted by atmosphere on water

E, =PA,

where, A, is area of the top given by
Ay =30 em? =3%107° m?

= F =(1.01x10%)(3x107)

= F, =303 N (downwards)

Force exerted by bottom on the water is
F=-F

= F=102N (upwards)

Weight of water in glass is
W =Vp,g=(107)(10°)(10)

= W=10N (downwards)

Let F be the force exerted by side walls on the water
(upwards), then due to the equilibrium of water, we
have

IF upwards — ZF downwards

= F=F+W-F =303+10-102
= F=211N (upwards)

() When air inside the jar is completely pumped out,
then the atmospheric pressure becomes zero and
hence we have

F =(pgh)A,
= F =(10>)(10)(0.1)(107)
= F =1N (downwards)
In this case, I, =0 and F; =1 N (upwards)
= F=FE+W-F
= F=0+10-1=9N (upwards)
(d) When a glass of different shape having same height,
bottom area and volume is used then the answers to

(a) and (b) will remain the same, because they depend
upon F, p, g, h, A;and A,.

A tube of conical bore of length 10 cm is just dipped
inside the water. The diameters of upper and lower ends
are 0.04 cm and 0.06 cm respectively. If the surface ten-
sion of water is 70 dyne cm ™ and angle of contact 0°, cal-
culate the height to which the liquid rises in the tube.

SOLUTION

Let 1, r, and r be the respective radii of the tube at the
upper end, lower end and the meniscus of the water sur-
face. Suppose that water rises to a height h in the tube.
The view of the conical tube of length [ dipped inside
water is shown in Figure.
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4
h
Now, = 2T cos®
P8
where, T=70 dynecm_l, 0=0° p=1 gcm_35 and
¢=980 cms™
he 2x70xcos0® T
rx1x980 7r
h
= r== (1
- 1)

If the wall of the conical tube makes an angle o with the
vertical, then

t —
ano 7 T
where, 1, = % =0.02 cm,
_ 006

1 =0.03cm and /=10 cm
2

0.03-0.02 r-0.02

10  10-h
= (10-h)x0.001=r-0.02
= 0.001h+r-0.03=0 .(2)

Substituting value of r from equation (1) in equation (2),
we get

0.001%1+ ———0.03 = 0
7h

= 7h*=210h+1000=0

_ 210£+(-210)* —4x7x1000
14

h

21041269
14

It can be checked that in a tube of uniform bore 7 (<r),
water can rise up to a height of 7.35 cm only. So, the water
cannot rise up to 24.06 cm and hence the water will rise
up to a height of 5.94 cm in the conical tube.

= h=59cm

A 5 m long cylindrical steel wire with radius 2x10™ m
is suspended vertically from a rigid support and car-
ries a bob of mass 100 kg at the other end. If the bob
gets snapped, calculate the change in temperature of the

h =24.06 cm OR 5.94 cm
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wire ignoring radiation losses. Take g =10 ms 2. (For the
steel wire: Young’s modulus =2.1x10" Nm™. Density
= 7860 kgm ; specific heat = 420 Jkg™'K).

SOLUTION

M = 100 kg

Given, Length of the wire, /=5 m
Radius of the wire, r=2x10~ m
Density of wire, p = 7860 kgm™
Young’s modulus, Y =2.1x10"" Nm™
and specific heat, ¢ =420 Jkg 'K
Mass of wire, m = (density )(volume)

m=(p)(mrl)
= m=(7860)(x)(2x10% ) (5) kg
= m=04% kg

Elastic potential energy stored in the wire,

U= %(Stress )(Strain)( Volume)

{ Energy 1 }
= —stress X strain
Volume 2
M

= U—](‘g][ml(mz”

2\ mr )

1 Fi

1 Mgl 1 M*¢
= U==(M =—

2( g)(m'z)Y 2 nr’Y

Substituting the values, we get
_1 (100 (10)*(5)
2(310)(2x10%)" (2.1x10")
= U=09478]

When the bob gets snapped, this energy is utilised in rais-
ing the temperature of the wire, through A8, so

U = mcAB
u (0.9478)

T s (0.494)(420)
= AB=4568x10" °C

A uniform half cylinder of density p, is resting in equilib-
rium on a rough inclined plane (having inclination 7/4)
with liquid of density p; onits right as shown in Figure.

°Cor K

Calculate the minimum coefficient of friction to ensure

equilibrium and the ratio Py assuming that the flat sur-

2
face of the half cylinder is parallel to the inclined plane.

SOLUTION
Let us draw the arrangement in the Figure(s) shown.
G
y Cc
f T_.
) AN
mg
Figure (a) Figure (b)

From Figure (b) following conclusion can be drawn about
the pressure force.

(i) Torque of pressure force about C is zero and
(ii) The resultant force acts vertically (by symmetry)

See the force diagram in Figure (a). Cylinder is in equilib-
rium under the four coplanar forces shown in figure. So,
we have

IF, =0
S _N
RN
= f=N (1)

Since, we know that > I{J' s0 on using equation (1), we
get

Jumin =1

Calculation of F,

Since, h—R(sinB—sin%)

/4

J PdAsing

n/4

3m/4

= F= J plgR(sinB—sing)(LRdB)sinG

n/4

= Fp:



ICON

Chapter 1: Mechanical Properties of Matter 1.121

1
F = RZL(E——)
= p=pg 1 9

Also, ZFy =0

= B :mg—%(fH\I)

= (Z—;)LRZP@ - mg—\/if (2) Force due to wall on the liquid is

. . S . . FwallszA:Pav(hL)
Since in equilibrium, torque about the point C is also

zero, so we have = E-= l: B+ (Po —pgh) }hL _ (Pﬂ —@)hL
ETC = 0
Force due to the atmospheric pressure is

4R . =&
- fR_(mg)(?,_nsmrL) E,, =PA=P,(hL)

_ 4mg

f= 32r Force due to surface tension is
Substituting this value of f in equation (2), we get Fer =1L
r 1Y), 4 For horizontal equilibrium of liquid in the meniscus, we
(E‘E)LR 918':7’”8(1__) have
Foan+Fr=FE
T 1 1R? 3r—4 wall T FST = Fatm
(———)LRzplg—(—](Lpz)g( )
4 2 2 3r pgh
o 2m-1) = (B-55 JiL+TL=RiL
PL_ 2 or TR
3(n-2) H*
& = -2 yr-py
A liquid having surface tension T and density p isin = §h= L
contact with a vertical solid wall due to which the liquid P8
surface gets curved as shown in Figure.

A glass capillary sealed at the upper end is of length 0.11 m

and internal diameter 2x10™ m. The tube is immersed
vertically into a liquid of surface tension 5.0x10> Nm™
and density 10> kgm™. To what length has the capillary
to be immersed so that the liquid level inside and outside
the capillary becomes the same. What will happen to the
level of liquid inside the capillary if the seal is now bro-
ken. Assume the temperature to be constant, atmospheric
pressure to be Py =1.01x10° Nm ™ and contact angle to
be 6=0°.

Assuming that at the bottom, the liquid surface is flat and
the atmospheric pressure is F,, Calculate the pressure
inside the liquid at the top most point A of the meniscus.
Also calculate the difference in height (/1) between high-
est and the lowest points of the meniscus.

SOLUTION SOLUTION

At the lowest level of meniscus liquid surface is flat, so From the figure shown, we have

pressure at the lowest level of meniscus is F, and hence T

pressure inside the liquid at A is 7
_ £ 1P, Po .p,_2T
P, =P, —pgh l 2=
For horizontal equilibrium of liquid in the meniscus, let us
consider a depth L of the liquid section perpendicular to
the plane as shown in Figure. P =P, {atmospheric pressure]
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If A is the area of cross section of tube, then we have
vV, =Al
Also, we know that

P,-===p
2 r 0

2T
= P 2= ( P 0 +— )
r
and V2 = Ax
Under isothermal (T = constant) conditions, we have

P1V1 = P2V2

r

= X 2T
B+—
r
Substituting the values, we get
~ (1.01x10°)(0.11)
B -2
(1.01x10° )+2X5‘?]X_,,10

= x=01m

The length of the tube immersed in liquid is
I'=1-x=011-01=0.01m

If the seal is now broken, then the pressure now becomes
P, and the rise of liquid will be given by
o
P8

2x5.0x107

h=ﬁ=102m
107 %107 x9.8

However, the length of tube outside the liquid is only
0.1 m, so the liquid will rise only to the top of the tube and
will stay there with radius of meniscus

h (6=0°)

=

27 hz

_ (1.02)(10°%)
0.1

f =1.02x107* m

A thin wire of cross-sectional area a is bent to form a cir-
cular ring of radius R. The ring rotates about an axis per-
pendicular to its plane and through its centre with angu-
lar frequency . Given density of the wire is p, Young's
modulus of elasticity is Y. Find the total energy stored in
the wire.

SOLUTION

dm = mass of element PQ of the wire

= dm=(Rd6)(ap)
Now, 2Tsin(d2—9)—(dm)Rm2

=  Tdd=apR*w*d0

Since, sin% =~ d2_8 for small angles

= T= apR2m2
. N T
So, stress in the wire is given by ¢ = — = pR? 0’
a
Potential energy per unit volume,

- 1 stress ¥ _1p°R'e*
2 Y 20
Total potential energy is the product of energy density and

volume. So,

E =u(Volume) ..(1)
254 4 255 4
. E:lp Rw (zﬂm):xp R aw
Y Y
Kinetic energy

K=1t10? = L(mr?)
2 2

= K= %(ZnRap)(szz)

= K=rRpo’ )
So, total energy
' 2 2
Epra =U+K = E@2R3pa[1+pRTw]

A uniform material rod of length L is rotated in a hori-
zontal plane about a vertical axis through one of its ends.
The angular speed of rotation is @ . Calculate the increase
in length of the rod if the density and Young’s modulus of
rod are p and Y respectively.

SOLUTION

Consider an element of length dx ata distance x from the
axis of rotation of the rod as shown in Figure.
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L ax
| 1B
 ——TE———
1 X P

The centripetal force required to move this element in a
circle of radius x is

dF = (dm)xo* = (pAdx ) w*x

Tension at a point P at a distance x from the axis is equal
to sum of centripetal forces on all elements lying between
P and B. So, at point P, tension is given by

L
T :pszjxdx = pAzm

X

(Lz—xz)

Now assume that dl is extension in an element of length
dx located at a distance x from the axis.

Strain = —
dx

Stress:ﬁzépmz(ff —x2)

2
= dl= lﬂ(ﬁ—xz)dx
2Y

So, change in length of the entire rod is given by

3 L

2
Al:JdI:pw(sz—x)
2y 3 /)y

2 3 2713
- M_p‘”(L?'—L]_lp“’ L
2Y 3)°3 Y

PROBLEM 10

A sphere of radius 0.1 m and mass 87 kg is attached to
the lower end of a steel wire of length 5 m and diameter
107 m. The wire is suspended from 5.22 m high ceiling
of a room. When the sphere is made to swing as a sim-
ple pendulum, it just grazes the floor at its lowest point.
Calculate the velocity of the sphere at the lowest position.
Young’s modulus of steel is 1.994 x 10" Nm 2

SOLUTION

Let Al be the extension of wire when the sphere is at mean
position. Then, we have

5.22m
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I+Al+2r=5.22

= Al=522-1-2r
= Al=522-5-2x0.1
= Al=002m
Let T be the tension in the wire at mean position during
oscillations, then from Hooke’s Law
_YAA _ Yrr?Al

l !
Substituting the values, we get

T

(1.994x10" ) x 7x(05x 107 ) x0.02
5

T:
= T=620643N

The equation of motion at mean position is, given by

?T’IT)Z

T—mg:T ..(1)

where, R=522-r=522-0.1=5.12 m
and m=8n kg =25.13 kg

Substituting the values in equation (1), we get

(25.13)0°

(626.43)—(25.13x9.8) =
5.12

Solving this equation, we get

v=88ms!

PROBLEM 11

A rectangular tank of height 10 m filled with water, is
placed near the bottom of a plane inclined at an angle 30°
with horizontal. At height /i from bottom a small hole is
made (as shown in figure) such that the stream coming out
from hole, strikes the inclined plane normally. Calculate 5.

0
A c_,
10m h
30° X
o

SOLUTION

Speed of the liquid coming out of the orifice is

v=J2g(10-h)

Component of its velocity parallel to the plane is v cos 30°.
Let stream strike the plane after time ¢ at the point (x,y)
i.e. when the velocity of the stream is perpendicular to the
plane, so we get

0=vcos30° - gsin30°
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. vcot30°
g
Also, we have tan(30°) = ¥
X
2 o
= x:vt: ﬂ:\/ﬁy

v* c0s 30° ( 1 ., )
VST _ 3| h-—gt
= . =58

2 2 2 o
N \/gv -5 80 cot230
8 2 g
v° 3 ¢?
= —=h-——
g 2g
2
= §U—:h
2¢
= 5(10-h)=h
= h=833m

PROBLEM 12

A uniform solid cylinder of density 0.8 gcm™ floats in
equilibrium in a combination of two non-mixing liquids
A and B with its axis vertical as shown in Figure.

Air h
hy

A
B - Ihs

The densities of liquids A and B are 0.7 gem™ and
1.2 gem >, respectively. The height of liquid A is
h, =12 cm. The length of the part of the cylinder with
liquid B is hy =0.8 cm. Calculate the net force exerted
by liquid A on the cylinder and the length /1 of part of
the cylinder in air. If the cylinder is depressed in such a
way that its top surface is just below the upper surface
of liquid A and is then released, then calculate the accel-
eration of cylinder immediately after being released. Take
¢=10 ms ™.

SOLUTION

The liquid A exerts horizontal forces on all surface area
elements from all the directions. Due to symmetry, the
resultant of these horizontal forces is zero. So, the net force
exerted by liquid A on the cylinder is zero.

Let a be the area of cross-section of the cylinder. Then for
equilibrium of the cylinder, weight of the cylinder equals
the buoyant force, which equals the loss in weight of the
cylinder.

w=u
a(h+hy +hy)(0.8)g=(ahy ) pag+(ahy)ppg
(h+hA +h3)(0.8):hAPA +hypp

(h+1.2+0.8)(0.8)=(1.2)(0.7)+(0.8)(1.2)
0.8h+1.6=18
0.8h=02

h=0.25cm

L L O

Mass of cylinder is
M=a(h+hy+hg)(0.8)
= M=a(02+1.2+0.8)(0.8)=1.8a

When the cylinder is depressed just completely, its height
h goes inside the liquid B and hence the extra buoyant
force due to liquid B acts on it, due to which the cylinder
is accelerated upward.

Additional upthrust is given by

F=(ah)ppg
= F=(0252)(12)g=03ag

Acceleration is given by

Acceleration = £ = 0.3a _8
M 181 6
=  Acceleration = 0.5 ms
6 3

PROBLEM 13

A thin uniform metallic rod of length 0.5 m rotates with an

angular velocity 400 rads™" in a horizontal plane about a
vertical axis passing through one of its ends. Calculate the
elongation of the rod. The density of the material of the rod
is 10* kgm™ and the Young’s modulus is 2x 10" Nm™.

SOLUTION
Let the mass per unit length of rod be l(— %) (say).

Consider an element of length dx at a distance x from
centre. Then centripetal force on this element is

dF = (1dx) xa®

Tension in the rod is a function of x. The difference in ten-
sion at two ends of the section P provides the necessary
centripetal force.

—dT = A(dx)xe®

The negative sign indicates decrease in the value of T and
X increases.

T X
= —JdT = lmz'[xdx
0 1
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1 P '
o

\ —>x I

[y X !

% )
T —s T—dT

— lx —»

Now, we can also write 4 = ? =pA= pfrr2

2 42 2 2
nrepl X
> T)=LELZ 112
o 2 ( /2 }
Let dl be the extension of the rod in the small element dx
at P, then

_ T(x)

dl dx
AY
2 42 2 2
dl_m(l_x_)dx
2AY I?

So, total extension is given by Al = jd!
0

2 2 2L 2
Ly Eee (1_x_de
2AY I
0
213
= Al:pml as A =nr’
3y

Substituting the values, we get

_1(10*)(400)* (0.5)°
3 2x10"
= Al=333x10%m

PROBLEM 14

Length of a horizontal arm of a U-tube is 20 cm and
ends of both the vertical arms are open to a pressure of
1.01x10° Nm™. Water is poured into the tube such that
liquid just fills horizontal part of the tube. Now, one of the
open ends is sealed and the tube is then rotated about a
vertical axis passing through the other vertical arm with
angular velocity . If length of water in sealed arm is
5 cm, then calculate ©. Assume the density of water to be
10* kgm™, ¢ =10 ms™ and temperature to be constant.

Al

SOLUTION

Let the cross-sectional area of the tube be A. The initial
pressure of air in sealed tube is

P.=1.01x10* Nm™
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w

o

I

|

! 10-x
1

IC X
- B

X

Initial volume, V: =0.1A
Final volume, V; = (0.1-x)A

If final pressure is P, then for constant temperature, we
have -

BV; =P Vy
P, =1V (1.01x10° )( o1 ) (1)
- Vf 0.1_x
Also, we have
Py = P; + pgx ..(2)
and P =1.01x10° Nm™ ..(3)

So, pressure difference between B and C is
AP - PB _PC
= AP:(Pf+pgx)—PC (4

The centripetal force required for circular motion of verti-
cal column is provided by reaction of the tube while the
centripetal force required for circular motion of the hori-
zontal part is provided by the excess pressure at B.

= F=(AP)A=(mgy)re* =[(02-x)pA]re’

...(5)

where, r is the distance of centre of mass of horizontal

portion of liquid from the axis of rotation.

02-x ) _02+x
2 2

= AP=[(02-x)p]|re*

= r—x+(

..(6)

Substituting the value of r from equation (5)and AP from
equation (4) in equation (5), we get these values we have,

(1.01x103)( 01
01-x

)+pgx—(1.01x103)=

(0.2—3{);:)(0'2;}[)(&))2

Substituting the values given in the problem, i.e.

x=005m, p=10° kgm™ and g =10 ms™
we get
2.02+0.5-1=0.018750>

= ®=915rads”
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PROBLEM 15

A circular ring of radius R, mass M, made of a uniform
wire of cross-sectional area A is rotated about a stationary
vertical axis passing through its centre and perpendicular
to the plane of the ring. If the breaking stress of the mate-
rial of the ring is oy, then calculate the maximum angu-
lar speed @,,., at which the ring may be rotated without
breaking it. If Young’s modulus of the material of ring is Y,

then calculate the increment AR in the radius of the ring.

SOLUTION

Every element of the ring rotates in a circle of radius R
about the axis of rotation. The radial component of tension
(T) in the wire provides the centripetal force. The free
body diagram of a small element of mass Am is shown

in Figure.
T ] T
Al

JA0

2 2
T Y i
\ | 1
Vo) )
Ry ' /2T sin (—]
\ : ! 2
A f
AT AB
2N 2

The mass of this element is given by
2

The net force acting towards the centre is
2Tsin(A—9) = 2T(A—9]: TA®
2 2

This force provides the necessary centripetal force to the
ring to revolve in a circle of radius R.

= TAB—[M]mZR
2w

_ Mao®R
2r

According to the problem, the breaking stress is o,
so the maximum value of tension that the ring can bear is

= T

Tnax = 00A

Mo} R
2r

2noyA
= Ome T TuR

0,A

Stress (o) in the ring is

_ T _MRe’

A 2mA

If AR is the increment in the radius of the ring, then the
elongation in the length of the ring is

Al=27(R+AR)-27R = 27AR

The strain (&) is given by

_AN_ Al _AR
"1 27R R
By definition, we have Y = 25 _ &
Strain ¢
[0)
= £==
Y
2
. M:[g)R:(MRw ]5
% 2A )Y
2.2
N AR:MRm
2nAY

PROBLEM 16

A cylindrical weir has a diameter of 3m and alength of 6m,
whose cross-sectional view is shown in Figure. Calculate
the magnitude of the resultant force acting on the weir due
to water. Take ¢ =10 ms ™ and p, .., = 1000 kgm .

15m

SOLUTION

Let us calculate the force on weir due to water from the left
side and the right side.

Hydrostatic force from the left side

Consider an infinitesimal element on the left side of the
weir subtending an angle 46 at the centre of the weir and
making an angle 6 with the diameter as shown in Figure.

The arclength of the element is Rd6, so area of the element
measured across the length of the weir is

dA=(6)Rd0

Depth of the element below the free surface of water is
h=R(1-sinf)

Force on this element due to water is

dF =(pgh)dA = 6pgR* (1-sin6)do
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The x and y components of this force are
dF, = dF cos 8 = 6pgR* cos8(1-sin8)d6 and
dF, = ~dFsin0 = ~6pgR’ (1-sin 6)sin 60

+m/2 +m/2
= F-= J dF, = 6pgR* j cos8(1-sin6)do
-2 -m/2
20\
= FE —6pgR2(sin9+&)
4 -2
= F =12pgR? (1)
Similarly, we have
+m/2 +1/2
F, = J dF, = —6pgR* J (1-sin)sin6d6
-2 -2
| sin2e 6\
= FE=-6 RZ(— 6+ -]
y Pg cos 1 20
= I =37rpgR2 ..(2)

Hydrostatic force from the right side

Similarly, consider an infinitesimal element on the right
side of the weir subtending an angle d6 at the centre of
the weir and making an angle 6 with the diameter as
shown in Figure.

Area of this element is
dA=6(Rd6)

Depth of this element below the free surface of the liquid is
h=Rsin@

Force on this element due to water is
dF = (pgh)dA = 6pgR? sin 66

The x and y components of this force are

dF, = —dF cos® = -3pgR* (sin26)dO and

dF, = dFsin® = 3pgR* (2sin” 6) 6

m/2

= FE-= SPngj(sin29)dB
0
= F,=-3pgR’ ...3)
2

= F =3pgR’ J (1-cos260)de
0
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3
= F = EﬂpgRZ ...(4)

From equations (1), (2), (3) and (4), we get
(Fr )t = 1208R* ~3pgR* = 9pgR? and

9
(F) e = 308K

2
= F.= pgR21/81+(92ﬂ) =16.76pgR*

= F_=(1676)(10°)(10)(15)*
= FE,. =377100 N = 377 kN

PROBLEM 17

A large open top container of negligible mass and
uniform cross-sectional area A has a small hole of

cross-sectional area in its side wall near the

bottom. The container is kept on a smooth horizontal floor
and contains a liquid of density p and mass M. Assuming
that the liquid starts flowing out horizontally through the
hole at t =0, calculate

(a) the acceleration of the container and
(b) its velocity when 75% of the liquid has drained out.

SOLUTION

Let y be the depth of the orifice below the free surface of
the liquid at any instant f after the start.

Y V

At any instant (f)

Fe—

(@) The velocity of efflux of the liquid coming out of the
orifice is
v =28y

The thrust exerted on the beaker due to the ejection of
the liquid is

F=av’p, opposite to v
= F=a(2gy)p

So, acceleration of the container plus liquid system at
the instant discussed is

I3

Acceleration =
Mliquid + Mcontainer
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Since, the container has negligible mass, so

2
Acceleration = F :a( 8y)p
liquid Ayp
= Acceleration =2 [Q)_z (1)
—780a) ™ oo

= Acceleration = Zg[ i) -8
AJ 50

(b) When 75% of the liquid has drained out, then height
y" of the free surface of the liquid is given by

, 25
Ay PZ@MO
= r_ MU
vy

So, the new speed of efflux is

M, M,g
'= Doy’ = 2o 20 | = (2208
=7 = ) o

PROBLEM 18

A tank having a small circular hole contains oil on top of
water. It is immersed in a large tank of the same oil. Water
flows through the hole. What is the velocity of this flow
initially? When the flow stops, what would be the position
of the oil-water interface in the tank from the bottom. If
the ratio of the cross-sectional area of tank to that of hole
is 50, determine the time in which the flow stops. The spe-
cific gravity of oil is 0.5.

initial
Air level

5m

Water 10m

SOLUTION
Since, the difference in pressure is

AP =h(p, —p,)g=(10)(1000-500)9.8
= AP =49000 Nm

According to Bernoulli’s Theorem, we have

1
AP = zprnvz
= U= 2AP J—2X49000 =98 ms™
pu 1000

When the flow stops, then let /1 be the height of oil water
interface. Also, flow will stop, because the pressure differ-
ence will be zero. Hence, we have

(10+ S)ng = 5Pug + kpwg

= 10p, =hp,
he 10x500 _ 5m
1000
ie., flow will stop when the water-oil interface is at a
height of 5.0 m

When the oil-water interface is at a height of y from
ground, then we have

AP =5pyg+yp.§ —15p08
= AP = YPu8 _10p0g

According to Bernoulli’s Theorem, we get

1
EprJZ = ypmg_lop{)g

= 0= Zg[y—mﬂ] =443,/ly->5

w

Further, according to the Equation of Continuity, we have

< ) )

50

t 5 10
dy dy
= jdt:——J—:11.29J—
113 T T
0 10 y 5 5 y 5
- t—11.29("y_5]
12

/

10

=2258(4/5)

5
= t=505s

PROBLEM 19

A horizontally oriented copper rod of length [ is rotated
about a vertical axis passing through its middle. Calculate
the angular frequency at which the rod ruptures. Assume
that the breaking or rupture strength of copper is ¢ and
density of copper is p.

SOLUTION

Since the stress is zero at the free ends and maximum at
the axis, hence the rod will rupture at the middle. Let us
consider the element of length dx of the rod at a distance
x from the axis of rotation of the rod as shown in Figure.

L
2 12 dx
 —— -
—
X

The mass dm of this element is dm = pAdx
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The centripetal force required to move this element in a
circle of radius x is
dF = (dm)xo® = (pAdx) o*x

Tension at a point P at a distance x from the axis is equal to
sum of centripetal forces on all elements lying between P
and B. So at point P, tension is given by
L2
T = pAe? j xdx =
0

pAm2L2
8

So, stress is given by
Fpo’P
A~ 8

The rod will rupture when the stress calculated in equa-
tion (1) equals the breaking stress o of the rod.

(1)

242
o goPol
8

8o
= 0= |—
pl’
PROBLEM 20

A solid cylinder of radius r=10 cm is floating with its
axis vertical in a cylindrical vessel of radius R =20 cm,
containing water. A spring of force constant k = 500 Nm ™
attached at the bottom of the cylinder is initially in its nat-
ural position. The cylinder is slowly pushed from top till
it gets just immersed in the water and in doing so 25] of
energy was spent. The height of the cylinder is /1 = 40 cm.
Calculate the density of cylinder. Neglect viscosity of the

liquid and take g =10 ms ~

SOLUTION

For equilibrium, the weight of the cylinder must be bal-
anced by the upthrust acting on the cylinder. If p be den-
sity of cylinder and /; be length of cylinder immersed in
water, then we have

(mzh)pg = (m’zh,- )ng

P P
= h=|—|h=|—|h (1
’ (p) (103) "
So, length of cylinder above the surface of water is
—~ H=h- ( L ]h
10
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3
H—(m 3");1 o)
10

When the cylinder is pushed downward by a distance y,
let the water level rise up through y’.

= arly=(aR? -2y’

R ,_( r’ )_( 100 )_E
Y2 )V Lwocw )V ™3

Since y+y'=H

4
Zy=H
3;1(103-;3} [103—p]
== =03 e
Y GETE 10° ©)

The net force acting on the cylinder is
, 4
F=ky+nr (y+y')pug =ky+ 3y pyg

The work done by this variable force is
¥

W:J‘de
0
2

4, )3‘
W=|k+=nrlp,g |-
= ( Sn'r P8 |5

Substituting the values, we get

4 2
500+ —(0.1)*(10%)(10) Ry
25_[ 3 }(0.3)2(10 ;’JJ
2 10

3 —
0= o774
10

= p=2255kgm™

PROBLEM 21

Acylindrical vessel having cross-sectional area A =0.5 m”
is filled with two liquids of density p, =500 kgm™ and
p, =1000 kgms ™, to a height /1 = 50 cm each as shown in
Figure.

Y

h L—
S P

A small hole having area =5 cm” is made in right verti-
cal wall at a height y =10 cm from the bottom. Calculate
the velocity of efflux of the liquid coming out of the orifice.
Calculate the horizontal force F to keep the cylinder in
static equilibrium, if it is placed on a smooth horizontal
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plane. Also find the minimum and maximum values of F
to keep the cylinder in static equilibrium, assuming that
the coefficient of friction between the cylinder and the
planeis 4 =0.02 and g =10 ms™.

SOLUTION

The area a of hole is very small in comparison to base
area A of the cylinder, therefore, velocity of liquid inside
the cylinder is negligible. Let velocity of efflux be v and
atmospheric pressure F.

Consider two points A (inside the cylinder) and B (just
outside the hole) on the same horizontal line as shown in
Figure.

Reference y" |_
line

Pressure at A, P, =B + hng+(h -y )Plg
Pressure at B, P, =P,

According to Bernoulli’s theorem, we have
1

= ov=3ms’!

When cylinder is on smooth horizontal plane, force F
required to keep cylinder stationary equals horizontal
thrust exerted by the water jet emerging out from the orifice.

Ft}u‘ust Urel =5 d (U—O)(a’f)p):avzp

= By =5x1074x1000x(3)* =45 N

Total mass of the liquid in the cylinder is
M = Ahp, + Ahp, =750 kg

Limiting friction between the cylinder and the surface is
fi=uN=uMg=150 N

Since Fy,. =4.5 N, which is less than the limiting value
of the force of friction, so minimum force required to keep
the cylinder in static equilibrium is zero.

System ,'_ ~

fi=uNe$——=_T---o-om——mmmmmm - .

Considering free body diagram of the system for maxi-
mum value of force, we get

Fmax = Pthmst + pN
= F,,=45+150=1545N

PROBLEM 22

A glass prism of length L has its principal section in the
form of an equilateral triangle of side length | whose
cross sectional view and full view are shown in the Figure.

Full View

Cross-sectional View

The prism, with its base horizontal, is supported by a ver-
tical spring of force constant k such that half the slant sur-
face of the prism is submerged in water. If the surface ten-
sion of water is T, contact angle between water and glass
is 0°, density of glass is d and that of water is p(<d),
then calculate the extension in the spring in this position
of equilibrium.

SOLUTION

Volume of prism will be

p),

V—AL—(— R
4 4

Since half the slant surface of prism is submerged in water,
so the volume of prism immersed in water is

vy B(1F 28y
4 412 16
The forces acting on prism are
V3

(i) Weight of the prism, W =

(i) Spring force, F, = kx

> PLd
L [Ldg

LR

(iii) Buoyant force, Fy _(

(iv) Surface tension force, Fs; made up of two forces

L= T( é) and F, =TL as shown in Figure.
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= FEy=T(1+3L)

The Free Body Diagram (FBD) of prism showing all the
forces acting on it is shown in Figure.

In equilibrium,
FS + FB = W + FST

= SJ_ lszg =

x:1 \/5_, ILdg -
kL 4

PROBLEM 23

A glass U-tube is inverted with its open ends of diame-
ters 0.5 mm and 1.0 mm below the surface of water in a
beaker as shown in Figure.

V3

IZLdg+T(I+J§L)

BJ_ Iszg+ V3TL+ TI}

Q

I"s

Chapter 1: Mechanical Properties of Matter 1.131

The air pressure in the upper part is increased until the
meniscus in one limb is in level with the water outside.
If density of water is 10° kgm ™, surface tension of water
is 7.5%1072 Nm, contact angle is 6=0°, then calculate
height of water in the other limb.

SOLUTION

Let P be the pressure of air inside the U-tube and P, be
the atmospheric pressure, then pressure inside the liquid
below Q is (P, —hpg)

Since, we know that

2T
R
2T
= P—(PR-hpg)= h (1)
1

where, 1, is radius of the left limb.
= 1n=025x10"m

Pressure just inside the liquid below S is F,

= P- PU—ZT (2)
]

where, r, is radius of the left limb.

= 1r=05x10"m

From equations (1) and (2), we get

wal

P8\ 1h

h_2><7.5x]0_2(0.5—0.25] 1
10°x9.8 \05x0.25/107

= h=31x10"m



