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CHAPTER

Gravitation and
Satellites

Learning Objectives
After reading this chapter, you will be able to understand concepts and problems based on:

(a) Newton’s Laws of Gravitation
(b) Principle of Superposition
(c) Gravitational Field Strength

(h) Relation Between Gravitational Field and

Gravitational Potential

(i) Conservation Laws for Gravitational Systems

(d) Acceleration Due to Gravity and its Variation (j) Escape Speed

)
(e) Gravitational Potential Energy
(f) Gravitational Self Energy

(2) Gravitational Potential

(k) Satellites and Kepler's Laws
() Double Star System or Binary Star System

All this is followed by a variety of Exercise Sets (fully solved) which contain questions as per the
latest JEE pattern. At the end of Exercise Sets, a collection of problems asked previously in JEE (Main

and Advanced) are also given.

NEWTON'S LAW OF GRAVITATION

The force of gravitation between any two particles
having masses m; and m, separated by a distance
r is attractive and acts along the line joining the
particles. The magnitude of the force is given by

po Smim (1)

r2

where G is a universal constant called Gravitational
Constant having the same value for all pairs of

particles. Its numerical value is 6.67 x 10" Nm?kg ™.

The gravitational forces between two particles always
form an action-reaction pair. The first particle exerts

a force on the second particle that is directed toward

the first particle along the line joining the two.
Similarly, the second particle exerts a force on

the first particle that is directed towards the second

particle along the line joining the two. These forces

are equal in magnitude but oppositely directed.

In the vector form, equation (1) is written as

Gmym,

T (2)

r

F=-

where we must remember that 7 has its origin at the
source of the force.

It is important to realize that Newton's Law
of Gravitation is stated only for point particles. For
two arbitrary bodies, as shown in figure, there is no
unique value for the separation r. So, the equation
~ Gmym,

2
r

F cannot be used for arbitrary bodies.
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To compute the force between them requires integral
calculus. However, for the special case of a uniform
spherical mass distribution, r may be taken as the
distance to the center. Also, when the separation
between two objects is very much larger than their
sizes, they may be approximated as point masses and
then, equation may be used.

Problem Solving Technique(s)

(a) The gravitational force between two particles is
independent of the presence of other bodies or
the properties of the intervening medium.

(b) Gravitational force is conservative force, therefore
work done in displacing a body from one place to
another is independent of path. It depends only
on initial and final positions.

(c) The mass of air bubble in material medium is

negative.
(d) The gravitational force obeys Newton'’s Third Law
i.e.
Fa==Fn

= m-|a-| - mzaz

(e) Gravitational force is a central force.

PROPERTIES OF G

(a) Its value does not depend upon place, time and
masses of the bodies and hence it is called a
Universal Constant.

(b) The value of G is 6.67x10™"' Nm?* kg™

(¢) Its dimensional formulais M™'*T2.

(d) Its value is extremely small. Hence, we do not
experience it in our daily life.

(e) G is numerically equal to gravitational force of
potential between two bodies each of mass 1 kg
placed at a distance of 1 m.

ILLUSTRATION 1

Spheres of the same material and same radius r are
touching each other. Show that gravitational force
between them is directly proportional to 7*.

ae
SOLUTION
Since, m; = n1, = (volume )(density)
R
o P Gn1]2n12 i i'
r I I
A 1 —2r—»!
G(gm3 )(—m3 )92
= F=—
2
=  Focy!

ILLUSTRATION 2

The figure shows a uniform rod of length | whose
mass per unit length is 4 and the total mass is M.
What is the gravitational force of the rod on a particle
of mass m, located a distance d from one end of the
rod, as shown in the figure?

— ——p— d—>

[ | Q
My

SOLUTION

Consider an infinitesimal element on the rod having
length dx ata distance x from the point mass . If
dF is the force between the infinitesimal element of
mass dm and m,, then

d
aF =M here dm = Adx
X
ﬂq Mg

[ | | Qo

[ X )
| Ll

To obtain the total force on m; due to the rod, we
integrate the above expression for force within appro-
priate limits. So,

d+l
G (Adx)my 1 1) Gmy(il)
F: —_— A —_— =
.! 2 Gm”(d dH) A(d+1)

_ GmyM
Cd(d+])

PRINCIPLE OF SUPERPOSITION

Experiments show that when several particles
interact, the force between a given pair is independ-
ent of the other particles present.
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The net force F, on the point mass m; due to
the other particles as shown in the figure is found by
first calculating its potential with each of the other
particles one at a time.

The net force on 1 is the vector sum of the pair-wise
potentials.

E=FK,+FK3+....+F, ...(3)

I
my

The net force on m; is

F1 =P12*F13 +1314

Problem Solving Technique(s)

1. Setup a convenient coordinate system

2. Indicate the directions of the forces acting on the

particle under consideration.

Calculate the (scalar) magnitudes of the forces.

4. Find the net force by using the component
method.

ILLUSTRATION 3

Three point particles with masses m; =4kg,

o

m, =2kg and m;=3kg are at the corners of an
equilateral triangle of side L=2m, as shown in
figure. Find the net force on 1, .

y Qm2

\
A
/ \
/ \
/ \
X / \

SOLUTION

The first two steps have already been done in the
figure. The magnitudes of forces are
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E, = Gmgml 133x107 N
I
Ey, = % =1.01x10™" N

The net force on 1, is F, = Fy, + Fys
Its components are

F,, = —Fy; c0s60°+ Fy; c0s60° = -1.6x10™"" N
Ey, =—Fy sin60°- F; sin60° = -2.03x 107" N
Thus, F, = -(1.61 +203])x10™" N

ILLUSTRATION 4

Three particles each of mass m are placed at the three
corners of an equilateral triangle of side a . Find the
force exerted by this system on another particle of
mass m placed at

(a) the centre of the triangle and
(b) mid-point of a side.

SOLUTION

To solve the above problem, we apply the gravi-

tational potential which follow the principle of

superposition.

(@) When another mass m is placed at O, it expe-
riences three forces F,, F, and F.. Since AO,
BO and CO are equal hence ‘?A‘=|FB|=‘IEC

Angle between any two forces is same i.e. 120°.
Therefore, the resultant force exerted by the sys-
tem on particle at O is zero.

|
/ : \
/ v
N
/ 1 \
/ 1 = N
/ \
/ A \
/‘\\ ta'\
/ ~ |- \
’ \
; o
7 | AY
o e 2N
’ \
hiVie B | Fc RO



ICON

4.4 JEE Advanced Physics: Mechanics - 1|

(b) In this case the particle is placed at point D,
which is equidistant from B and C.

|ﬁ8|=‘FC’

But they are opposite in direction. Therefore, the
effective force at D will be due to mass m at A.

3a

By geometry of the figure AO =asin60 = T
2

Therefore, F, = along DA

3a*

GRAVITATIONAL FIELD STRENGTH (E ﬂ)

Every mass particle is surrounded by a space within
which its influence can be felt. This region or space is
said to be occupied with gravitational field.

Each point in the field is associated with a
(vector) force which is experienced by a unit mass
placed at that point and is called the gravitational
field strength.

The region of space around a body in which its
gravitational influence is experienced by other bodies
is the gravitational field of that body.

OR
The gravitational force of attraction acting on a body
of unit mass at any point in the gravitational field is
defined as the intensity of gravitational field (Eq ) at
that point.

OR

The gravitational field is also defined as the force

. F . .
per unit test mass [—) placed in the gravitational
My

influence of source mass. Mathematically,
F Gm

Ep=—=—
my v

where m =Source Mass, m, = Test Mass.

Eg
A

Intensity of
gravitational field

(Distance)

Its ST unit is newton/kg (ng'1 ) and its dimensional
formulais LT *. Itis a vector quantity and its direc-
tion is always towards the centre of the body pro-
ducing the field. The value of E, is zero as r — .
The graph between E, and r.

Problem Solving Technique(s)

If a system has got a number of masses, then the
total gravitational field at a point P due to all the
masses is found in accordance with the Principle of
Superposition. So,

E —

9 =ng +E92 +E93 +'“+E9n

i.e. net field at a point P is the vector sum of the fields
due to individual masses (each calculated as if others
were absent) at the point of consideration.

ILLUSTRATION 5

Find the field strength at a point along the axis of a
thin rod of length L and mass M, at a distance d
from one end.

SOLUTION

First we need to find the field due to an element of
length dx. The rod must be thin if we are to assume
that all points of the element are at the same dis-
tance from the field point. The mass of the element is

dm = ( %)dx , 50 contribution to the field is

G(Adx) GM dx
2 Ly

dg =

—— | ———bt—— g —>

dg
[ T Fem——— —~—

oxX —x ——»

The total field strength is

+d
_G_MLJd_x_G_M(z_ L) o
8771 J 27 L\ Lea) T d(L+d)

Notice that when d L ,wefind g — G—T , the result
for a point particle. d
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Problem Solving Technique(s)

(a) For calculating the gravitational field at a point P

at distance r due to a source mass m we proceed
as follows.

STEP-1: Place a test mass of 1 kg at point P.
STEP-2: Calculate the force between m and 1 kg.
STEP-3: This force is the value of E, due to m at
the point P.

The direction of force experienced by
the 1 kg mass is the direction of £, due
to m at the point P.

STEP-4:

(b) If we are to find the gravitational field due to

()

assembly of masses m;, m,, .., m, at a point P,
then we apply Superposition Principle and then

EP=E'|+E2 +...+En

where we find 51, Ez,... En at point P by the tech-
nique mentioned above.

If we are to find the gravitational field at a point P
due to a uniform mass distribution, then we cal-
culate the field due to an infinitesimal element of
the distribution at the point P and then integrate
it within appropriate limits.

\”L

(a) Continuous
distribution

dA r .P

(c) Surface mass
density, ¢

= [ae=[
r

For mass distributed on a wire with linear mass
density 4,

Adt
Eg = GJrT

For mass distributed on a surface with surface
mass density o,

odA
r2

(b) Linear mass density, A

(d) Volume mass density, p

E,=G

A
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For mass distributed on a volume with volume
mass density p,

E, =GJ@

r2

v

If the mass distributions are uniform, then mass
densities can be taken out of the integral to get
desired results.

ILLUSTRATION 6

Two identical uniform rods of length | and mass M
are placed along the same line so that their closer
ends are a distance d apart, as shown in the figure.

d

—»

ROD 1 ROD 2

(a) Find the gravitational force of attraction between
the rods. )

(b) Show that lim F = GM—2 )
d—ee a'

SOLUTION

(@) The gravitational field due to thin rod at a
distance x from one of its end is

_ GM
x(x+1)
A B C I? (ID D
ROD 1 ROD 2
— >t
X dx

Now consider an infinitesimal element of mass
dm at a distance x from end B of rod 1. Then
force on this element is

! de !GM
=(dm)E= ‘,

x(x+1)
2 2
. dF:GM dx _GM [__ 1 ]dx
I x(x+D) 12 Lx x+I

d+l

2 d+l
= F:JdF:GM [logf( - H
12 x+1/];

d
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[ (441 ]
| d(d+21)

(b) The above expression can be written as,

GM?

= F= 7 log,

GM?
F= 7 log, | - BT
(+%)
d)J ]
oM. [(. P 21)( 21)
F= 1 l+—+—=|[1-—=
- TR Og"_( FER
GM? 12
= F= 2 log, 1+dz]

{neglecting the higher terms of é}

GM*( I PY P
= F= ]2 [d_z) {10g€(1+d—2sz—2

_GM?
GRAVITATIONAL FIELD LINES

= F= 7

A gravitational field line (or a field line) is a line
straight or curved such that a unit mass placed in the
field of another mass would always move along this
line. Field lines for an isolated mass m are radially
inwards.

If two masses are placed close to each other then field
lines are shown in figure.

Two field lines never cross each other.

The direction of the field can just be found by drawing
a tangent to the field line at the point of consideration.

\
.

The Gravitational field lines
(for two equal masses).

FIELD DUE TO SPHERE AND SHELL

For an external point (r>R), a sphere (solid or
hollow) behaves as if whole of its mass is concen-
trated at its centre, so the gravitational field outside
the sphere/shell is given by

E =GM

outside 2
r

{for r >R}

In case of a spherical shell, for an internal point,
(r<R) the gravitational field inside is zero. So,

E =0

inside
In case of a spherical volume distribution of mass (i.e.,
a solid sphere) for an internal point (r <R), the por-
tion of the sphere that lies outside the radius r will
not contribute to the field (because the field inside a
spherical shell is zero), so

E =GM

inside
J,,2

Field inside a solid sphere

where M’ = mass of sphere of radius .
Now if M is the mass of solid sphere, then

M M

L

, 4 4 M,
and M'=—mr’p=—r
3" P R?

= E :E(Mr‘?’J:

inside ] 3
r“\R

GM

'

ie, intensity inside a solid sphere varies linearly
with distance from the centre. So, it is minimum
(Eeentre =0) at the centre and maximum at the
GM

surface (Esurface = F) This is shown graphically

in the figure.
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Eq Eq
4 A
Solid sphere
GM 1 __.
R EgocrI
i E,e< 1
FONS 7
: >
r=R r=R "

Problem Solving Technique(s)
Gravitational Field For a Shell

[GM r>R
- ' (outside and at surface)
g r<R
(inside)

Gravitational Field For a Sphere
[ 6M r>R
rt (outside and at surface)

9 (GM) r<R
[\ R ! (inside)

ILLUSTRATION 7

There are two concentric shells of masses M; and
M, and radii R; and R, . Find the force on a particle
of mass m when the particle is located at

@ 7, >R,

(i) R, <, <R,

(iii) 7, <R,
SOLUTION

(i) From the figure, it is clear that the point P, lies
outside to both the shell. Therefore, gravitational
Intensity at the point P} is given by

G(M,;+M,)
5| 7’12 :
Therefore, force on the particle of mass m is

G(M;+M, )m

2

F=m(Ey, )= :

Chapter 4: Gravitation and Satellites 4.7

M,

[N/

(ii) When R; <1, <R,, the point P, lies outside the
smaller shell but inside the larger shell.
Therefore, Intensity at P, is

Intensity Intensity
due to due to GM,
E P = = —n + 0
2 smaller larger 2
shell shell
M
Therefore, force on mass m is F=mEp = G_Z]m
T

2
(iii) When r, <R, Point P; lies inside to both the
shells. The intensity of the field at P; is

Intensity Intensity
E, = due to . due to _0+0=0
3 smaller larger
shell shell

ILLUSTRATION 8

A spherically symmetric gravitational system of
py forr<R
0forr>R
po is a constant. A test mass 1, can undergo circular
motion under the influence of the gravitational field
of particles. Calculate its speed v as a function of dis-
tance r from the centre of the system. Also draw a
plot of speed versus distance .

particles has a mass density p = { , where

SOLUTION

2
M~ _ GmyM

J (1)

For r <R,
r r

where, M = (gmg ) Po

Substituting in Equation (1), we get

4
f_G(gxf)pﬂ

r r2
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4 5 \/4
= =.|=nG =r.|=nG
v \/3 por” =1\ 7Gpy

= Vet

i.e. v-r graphis astraightline passing through origin.
For r > R, we have

4 3
M= Mtotal = ETCR Po

4
2 Gmy ( 3 R’ ) Po

myv

= Uoe—F=

NE

The corresponding v-r graph is shown in Figure.

v
A

Tt-—-—-——-—-—-==

ILLUSTRATION 9

Asphere of radius R hasits centre at the origin. It has
uniform mass density p, except that there is a spheri-

1 1
cal hole of radius r = ER whose centre is at x = ER’

as shown in figure. Find the gravitational field at
points on the x-axis for [x|>R .

y
!

-,x

SOLUTION

Let, E be the gravitational field at x due to the com-
plete sphere.

If, E, be the field due to hole and E, be the field due
to the remaining portion, then we have

E=E +E,

where, M = %nRSpU and

4 (RY
””:5755 Po

Substituting the values in equation (1), we get

nGp R’ 1 8

Problem Solving Technique(s)

For symmetrical mass distributions, if we are asked

to calculate the gravitational field at a point which lies

symmetrically with respect to the mass distribution,

then we proceed as follows

STEP-1: Consider an infinitesimal element having a
mass dm (say) that lies at a distance r from
the point P. If dE is the gravitational field due
to this element then

_ G

rZ

STEP-2: Now consider another identical mirror
infinitesimal element having same mass and
located at the same distance from P. Then
field due to this element will also be dE.

STEP-3: On resolving dE due to both the elements
along suitable axis we observe that one set
of components cancels and the net gravita-
tional field will then be calculated by taking
the integral of the component of the gravi-
tational field due to the contribution of the
single element.

dE

Eo= J(contribution due to a single element)
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However, in the case of unsymmetrical mass distri-
butions, if we have to calculate the gravitational field
at any point P, then we proceed as follows:
STEP-1:
Consider an infinitesimal element having a mass dm
(say) that lies at a distance r from the point P. If dE is
the gravitational field due to this element then

=S

r

STEP-2:

Resolve dE along the selected axes (say x and y) so as
to get the components dE, and dE,.

STEP-3:
Integrate dE, and dE, separately to get £, and £,
STEP-4:

Then §=Exf+Eyj such that |E|=E = ,/E§+E§ and

. E
if E makes an angle Bwith x-axis, then tanf3 = E—y
X

GRAVITATIONAL FIELD AT THE AXIS OF A
CIRCULAR UNIFORM RING

Consider a ring of mass M, radius 2 and uniform
linear mass density A.Then

M
A=— (1
2ma M

2 r
U
!
N
[is]
+
>
R

[®]

Q.

m

o

o

w
A

T/ a
/”’

dE sin@

’
I

-
=<

r

A
r

\
\
\
Q.
m

ol 1ok sino
Let us calculate the gravitational field due to this ring
at a point lying on the axis of the ring at a distance x
from the centre of the ring. Since this point is located
symmetrically with respect to the ring so let us con-
sider two elements of length dI placed symmetrically
on the two diametrically opposite ends. If dE is the
field due to each such element, then dEsin€ compo-
nents will cancel out such that the net field is just due
to dEcos@ components summed up over the entire
ring. So,

E.=E = J‘dEcosf):J‘LIQcosG
ﬁ+f)

Chapter 4: Gravitation and Satellites 4.9

2na

_ GAcosO Jd!— GAcos@

E =
(2 4+x2) g

(27a)

(a2 +2%)

But from equation (1), we have 4 ( 27m) =M and also,

we have from the figure, cos6 = , 50 we get
a +x
= E=E, = GLY” (along +x axis)
’ 2, 2\
(a2 +22)
Remark(s)

(a) For the point P to lie at far off distance from
the centre of the ring i.e, for x>>a we have

(x*+a? )3/2 =x.

_GM

= E, =~
X2

This result under the specified condition just
matches with the field due to a point mass at a

distance x from it.

dE
(b) For this field to be a MAXIMUM = 0
x

= i[x(x2 v ) } =0
dx

= (x2+a2)_3’12+x(——)( 2102)7(2x)=0

= x’+a’=3x
a
2

i.e., the field will attain a maximum value at

= x==

a
x =1 — along the axis of the ring and the maxi-
N g g

mum value equals E,, given by

E _GM(a/\/E)
max_ﬁ
2 a
a‘+-—
" _ZGM
max 3\/502
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ILLUSTRATION 10

Calculate the gravitational field due to a uniform rod
AB at a point P at perpendicular distance a from
the rod as shown in figure. Assume that the rod has a
linear mass density 4.

AN
A
Y
N
hY
AY
.
AN
N
N
A
N
A
.
N\
a (04
] S— - Lsp
B/
’f
s
-
-
//
e
//
B_/

SOLUTION

Here it is very important to note the unsymmetrical
placement of the point P and hence we must calcu-
late the components of the gravitational fields E, and
E, separately. For this, let us consider an infinitesi-
mal element of length dx at a distance x as shown.

M. dEsin
X \\\\ de
l dE
________ 9
28  dEcosh

BUY

The net gravitational field at point P due to this
infinitesimal element is dE . This dE is resolved into
components.

(@) dE, =dEcos6

(b) dEy =dEsinf

The net field E can be calculated by finding E, and
E, from the above expressions. So

G(Adx)

2
¥

- E Gljdxcos@ Gljdxcosﬁ
a +x )

= JdEcosB, where dE =

Also, we observe that

x
tanf=—
a

= x=atan@
=  dx=asec’ 0do

asec? Bcos 040

2

= EX=G}LJ‘ >
a“sec 6

a

o
= E-= A J cos 6d6
-B

E1=%(sinﬁ+sina)
a

Similarly, let us calculate the value of E y given by
E, = JdEy = JdEsinB

- E —Glj dxsmﬁ

a+x

Since x =atan@
= dx=asec’ 0do

E _GAJ‘asec Osin0dl
a*sec’ 0

=

= Ey = Gljsin@dﬂ
a
-

@(—cosﬂlfﬁ)

= E

y=i—l(cos[3—cosa)

So, the gravitational field due to a rod of length hav-
ing uniform mass density A at a point P, that sub-
tends an angle o at one end and f at the other is
given by

X

E, = @(sinaﬂinﬁ) and
a

A
Ey=%(cos[3—cosa)

ILLUSTRATION 11

Mass M is distributed uniformly along a line of
length 2L . A particle of mass 1, is at a point that is a
distance # above the centre of the line on its perpen-
dicular bisector (point P in figure).
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For the gravitational force that the line exerts on the
particle, calculate the components perpendicular and
parallel to the line. What happens when 2 L ?

SOLUTION

Consider an infinitesimal element of mass dm, as
shown in figure.

l— X—p Ol le—

Then dm = ( E)d:{
2L

aM

dF = GT“ ‘

(a2 +2?)
Consider another identical mirror element of the
already taken infinitesimal element, then we observe
that the components dFcos6 (i.e., parallel to line)

due to these components cancel each other and the
net force will be perpendicular to the rod.

contribution due to o .
F. =J . = j dFsin®
a single element

x=-L

GmyMdx a

= fhe = j
' LZL(RZ +22) Va? +x?

L
_ GMmya J dx

Phd - 3/2
2L _L(a2+x2)’
E o= GMm,

net
aNI? +a?
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ILLUSTRATION 12

Calculate the gravitational field at the centre of a uni-
form wire in the form of an arc of radius r. The wire
subtends an angle ¢ at the centre.

SOLUTION

Consider an element din(=Adx) of the wire that
makes an angle § with y-axis and subtends an angle
d0 at the centre. Then

dm = A(rdg)
e, .-G _ 218
r r
JE = GAdo

r

Again, take another element which is the mirror image
of the element already taken. On resolution, we observe
thatthe x components cancel, while the net field is equal
to integral of contribution due to a single element. Hence

E=Ey =JdEc039

= E:JdEcosﬂ
N
2
= E=— ] cosfdo
¥
¢
2
[
2
= E=—sinh
r ¢

= E=

sl
I
|C)
=~
[pe]
2] w
NS ple PIe e
S——_—

ZGA.(
1mn
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Problem Solving Technique(s)
(a) For semi-circle, ¢=n

2GA
T
(b) For Quarter-circle ¢:§
_2GA
"2

(c) Forcircle, o=2x
= E=10

So, E

= E

ILLUSTRATION 13

Calculate the gravitational field at point P that lies
on the axis of a uniformly disc at a distance x from
the centre. Assume the disc to have a radius R and
uniform surface mass density o.

SOLUTION

To find gravitational field at point P due to this disc
let us consider an elemental ring of radius y and
width dy . If dm and dA be the mass and area of this
infinitesimal element, then

dm=0cdA = 0'(271'ydy )
{dA=2rydy)

Now we know that gravitational field strength due to
aring of radius R, mass M, at a distance x from its
centre on its axis can be given as

E. = _ OMx (Derived earlier)

(x2+R2)"
So, due to the infinitesimal elemental ring the gravi-
tational field strength dE at point P is

G(dm)x

dE = )3:,2

(247

Go ( 2rydy )x

= JdE= )3,-*2

(x2 +

Please note that, here once point P is taken, then
value of x remains fixed. So,

R
E= Eaxis = J-dE
0

R

= E=J‘dE=2G0'erIydy3,2
2 2\
o (¥ +77)

R
2yd

o Eecom| 2

0(x2+y2)/

- ) y=R

= E=Gonx| -

y=0

= E=2Gorn|1-

X
Vx? +R? J

. M .
Since, 0 = ? , so the above expression becomes
T

£ 2GM 1___*
R’ Vx? +R?
If we assume that the complete disc subtends an apex
angle o at P, as shown in the figure, then

coso =

VR + 12

So, the gravitational field can also be expressed as

E—ZGM 1-—2 —ZGM(l—cosa)
R? VR +27 R’

ILLUSTRATION 14

A spherical body of radius R is made of material
having constant density p. The body is in equilib-
rium under its own gravity. If P(r) is the pressure
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at a distance r from the centre of the body inside it,
then calculate P(r).
SOLUTION

Gravitational field at a distance r due to mass
m(—éfrr3 p) is
3

4 3
Gp ( 3" J _4Gprr

¥ 3
Consider a small element of width dr and area AA
at a distance r from the centre. Pressure force on this

element is due to the gravitational force on dm from
m inwards towards the centre.

E=

= (dP)AA=E(dm)
where dm=(AA)(dr)p and m=(§ﬁf3).0

= —dPAA= [ %Gﬂpr)(pAAdr)

P r 2
= —J.dP - J( 463”’ T )rdr
0 R

2
P:4Gp E(]‘Z—Rz)
3x2

= -

2
P=2G§ E(R2—r2)

ACCELERATION DUE TO GRAVITY (g)

Earth attracts all bodies towards its centre. This prop-
erty of the earth is called ‘gravity” and the force with
which it attracts a body is called the ‘force of gravity’
acting on that body. Thus, when a body falls freely

towards the earth’s surface, the force of gravity F
produces an acceleration g in it given by

F
m

§=
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This acceleration is called acceleration due to gravity.
Its magnitude ¢ is independent of the mass, size,
shape and composition of the body. It is directed radi-
ally inward to the centre of the earth.

If in Newton's law of gravitation one body (say
earth) is taken as ‘reference body’, the force with
which the reference body attracts any other body
towards its centre is called force due to gravity (of
reference body) and the phenomenon ‘gravity’. Now
if the body is free to move, force of gravity (of refer-
ence body) in accordance with Newton's Second law
will produce an acceleration in it. The acceleration
produced in a body by the force of gravity of refer-
ence body (usually earth) is called acceleration due to
gravity and is represented by g .

If the reference body has mass M and radius R,
the force on a body of mass m at the surface of refer-
ence body by Newton's law of gravitation will be

F=(GMm)
R

and if ¢ is acceleration due to gravity of reference
body on its surface, by Newton's Second law,

F=mg
_F_GM
§ m R?

This is the relation between ¢ and G showing that
¢ depends on reference body. Also, from this rela-
tion we observe that actually the acceleration due to
gravity is also the measure of the gravitational field
of the earth So,
F GM
= E ==
5 TLTR

It is independent of mass, shape, size, etc., of ‘falling
body’, i.e., a given reference body produces same
acceleration in a light and a heavy falling body.

VARIATION IN g
With Altitude

As for an external point a spherical distribution of
mass behaves as if the whole of its mass were concen-
. GM
trated at the centre, i.e., g =E g = (—)
T2
So, at the surface of earth
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e
R

and for a height / above the surface of earth

8

gh=[(RiAi)2} {as r=R+h}
& K
g (R+h)

So, with increase in height, ¢ decreases. However, if
h R, then

8

2h
= &=g\l-%

gh =

With Depth

As in case of spherical distribution of mass, for an
internal point

GM
8=t [R—]
GM :
So, at the surface of earth g =(—2) and for a point
R
ata depth d below the surface,
GM
g4 =?(R—d) { T=R—d}
g_d_(R—d)
g R
d
= 8i=8§ .1—§

So, with increase in depth below the surface of earth
g decreases and at the centre of earth it becomes zero.

Due to Rotation of Earth

The earth rotates from west to east on its axis, due
to which every object on the surface of earth experi-
ences a centrifugal force in the reference frame of the
earth. The effective value of acceleration due to grav-
ity at a place of latitude ¢ is given by

g'= \/gz +(a)2r)2 +2grw* cos(m—¢)

ae
S
Zf
Now ro* g
= g'=g% - 24R0’ cos? ¢ [ r=Rcos¢}

= ¢ =~g-Rawcos’¢

Atequator ¢=0° ie. g =~ g—Ro’

At the poles ¢=90° ie. gp=¢

Note that the vector ¢’ is not exactly towards the
center of earth. Therefore, we note that the decrease

in ¢ is maximum at equator and zero at poles. As we
go from equator to the pole, value of g increases by

2

Ag=(8,~8.)=Ro
The fractional change in the value of g is

A _Ro® 1
g g 291

ILLUSTRATION 15

Find the height at which the gravitational field of the
earth becomes one fourth the field at the surface.

SOLUTION

The acceleration due to gravity is the measure of the
gravitational field. Let the gravitational field be one
fourth the field at the surface at a height /1 above the
earth’s surface. So, we have

_8&_ &R
Sh="77 2
4 (R+h)
()
= = —
4 \R+h
. R_,1
R+h 2
= h=
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ILLUSTRATION 16

Assuming earth to be a sphere of uniform mass
density, how much would a body weigh half way
down the centre of the earth if it weighed 100 N on
the surface?

SOLUTION
Given, mg =100 N

-4

8§ =8
h_1
R 2
1
- ¢g1-3)4
= mg’=%:@=50N

ILLUSTRATION 17

What is the acceleration due to gravity of earth at
the surface of moon if the distance between earth
and moon is 3.8x10° km and radius of earth is
6.4x10° km ?

SOLUTION

If M and R be the mass and radius of the earth then
the acceleration due to gravity due to earth on the
surface of earth i.e.,
_GM
8 R
Similarly, acceleration due to gravity at a distance
r(>R) of the earthi.e.,

':G—ZM .(2)

(D)

¥

If r be the distance between earth and moon then ¢’
will give you the value of acceleration due to gravity
on the moon due to earth. Therefore, from equation
(1) and (2)

(6.4x103 )2

: =(3.8><105)zg

= ¢=000275ms™ { ¢=98ms™ }
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ILLUSTRATION 18

Aplanet of radius R equal to one-tenth the radius of
earth has the same mass density as earth. Scientists

dig a well of depth % on it and lower a wire of the

same length and of linear mass density 107 l<grn'1
into it. If the wire is not touching anywhere calculate
the force applied at the top of the wire by a person
holding it in place.

Take the radius of earth to be 6x10° m and the accel-
eration due to gravity of earth to be 10 ms 2.

SOLUTION

R
Given, R R=—=rh

planet = 10
earth

Since, density p= 1
5 T Rgarth

Mplanet
4 .3

g ﬂ'-Rplanet

M M
= Mplanet = Eﬂ;th = -

10° 1000
Let the acceleration due to gravity at surface of planet

and at the surface of earth be g, and g, respectively. Then

Also, p=

_ GMplanet _ Gf\/f.‘3 (10)2 _ Gf\/f.g3

g = =
’ R;lanet (10 )3 Rgz 10R?

_ &

= g,U = E

The value of g inside the planet at a distance x from
centre of the planet is

X X

Sinside = Ssurface of planet ( E ) = gp (E)

So, total force acting on wire is
R

F= J‘(/ldx)gp(;)

4R
5

A 2
R \ 2

R

4R/5
Substituting the given values, we get

F=108 N
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ILLUSTRATION 19

Two equal masses m and m are hung from a bal-
ance whose scale pans differ in vertical height by .
Calculate the error in weighing, if any, in terms of
density of earth p.

SOLUTION )

gR
(R+h)

Since ¢ varies with heightas ¢’ =
For h R, wehave
2h
r - 1 _=
§78 [ R )

From the figure we see that ; >h,, so W, will be
lesser than W, and hence

Since g=i—IZI and iy —hy =h, so we get

GM

WZ_WFZm(_z)LzGMmh
R

R R®

Since M =(%J‘L‘R3 Jp

ILLUSTRATION 20

Suppose the earth increases its speed of rotation. At
what new time period will the weight of a body on
the equator becomes zero? Take ¢=10ms™ and
radius of earth R=6400 km .

—nR = —qpGmh
R \3 P 3 pe

SOLUTION
The weight will become zero when
§'=0

= ¢-Ro’=0 {on the equator ¢’ = g —Ro’)

ae
- 0=,S
R
2
L x|
T R
= T=2rn B
8
Substituting the values,
/6400 x10°
2y | ———
R S (VR
3600
= T=14hr

Thus, the new time period should be 1.4 hr instead of
24 hr for the weight of a body to be zero on the equator.

ILLUSTRATION 21

A straight smooth tunnel is dug through a spherical
planet whose mass density p is constant. The tunnel
passes through the centre of the planet and is perpen-
dicular to the planet’s axis of rotation, which is fixed
in space. The planet rotates with the angular velocity
@ so that objects in the tunnel have no acceleration
relative to the tunnel. Find @.

SOLUTION

For no acceleration, we have
mg’ - mre?® =0

| @

/
\FH

= ¢'=r0
(GM) 2

= R_3 r=rw
G(EnRapg)
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ILLUSTRATION 22

Two concentric spherical shells have masses m; and
m, and radii 7 and 1, (r, > ). What is the force
exerted by this system on a particle of mass m; if it
is placed at a distance 7(r, <7 <r, ) from the centre?

SOLUTION

The outer shell will have no contribution in the gravi-
tational field at point P, because P lies inside the
outer shell. So, at P, the field will only be due to the
inner shell of mass m; .

my

v,

Gm,

= E = —
l”
T2

Thus, force on mass n1; placed at P is,
F= ( ngP )
_ Gmym,

= F=
?‘2

The field E, and the force F both are towards centre O.

ILLUSTRATION 23

A body is suspended on a spring balance in a ship
sailing along the equator with a speed v. Show that

the scale reading will be very close to W, (lir Zv_a))
8
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where @ is the angular speed of the earth and W, is
the scale reading when the ship is at rest. Also explain
the significance of plus and minus sign.

SOLUTION
Let R be the radius of earth and @ be its angular
speed.
When the ship is at rest, we have
W, =mg - mw’R (1)

When the ship moves with a speed in the sense of
rotation of earth, then its effective speed is v+Rw,

otherwise it is v —R@ . So, we have
+Ro)’
W= mg— %

2
= W= mg—[”}?era)zRiZmU(z))

2
= W=V\fﬂ—[%i2mvw) -2
From (1), we get
W, W,
m= 0 5= 0 .
g-Ro (I_Rw}
8
Ro* 1
Sinceﬂz—
¢ 291
W,
> m=—L2
8
- wzwo[uzv—w)
8

@ Test Your Concepts-|

1. Calculate the escape velocity from the surface of
moon. The mass of the moon is 7.4x10% kg and
radius is 1.74x10° m.

2. Aplanet of mass m, revolves round the sun of mass
m,. The distance between the sun and the planet
is r. Considering the motion of the sun, find the
total energy of the system assuming the orbits to
be circular.

Based on Acceleration Due to Gravity, Gravitational Field and Applications

(Solutions on page H.255)
3. Consider the ring-shaped body of mass M and
radius a. A particle of mass m is placed a distance x
from the centre of the ring, along the line through
the centre of the ring and perpendicular to its
plane.

(a) Calculate the gravitational potential energy of
this system. Take the potential energy to be

zero when the two objects are far apart.
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(b) Show that your answer to part (a) reduces to
the expected result when x is much larger than
the radius a of the ring.

(c) Use F, :—C;—U to calculate the force between
X

the objects.

(d) Show that your answer to part (c) reduces
to the expected result when x is much larger
than a.
(e) What is the force when x = 0? Explain why this
result makes sense.
4. In the arrangement shown, find the magnitude and
direction of the net gravitational force acting on
the central particle at O.

M
oM Q------ O------Q 4M
[ y :
MO Q5M
| Ml—»x &3m
0 }
e $om Id/;zd
M O------ 0---o- ot

5. The distance between two bodies A and B is r.
Taking the gravitational force according to the law
of inverse square of r, the acceleration of the body
A is a. If the gravitational force follows an inverse
fourth power law, then what will be the accelera-
tion of the body A?

6. A particle of mass 20 g experiences a gravitational
force of 4 N along positive x-direction. Find the
gravitational field at that point.

7. The density of the core of a planet is p, and that

of the outer shell is p,. The radii of the core and

that of the planet are R and 2R respectively. If the

N

gravitational acceleration at the surface of the
Ll
P2

planet is same as at a depth R, find the ratio

ah

8. Calculate the gravitational force of attraction on a
particle of mass m placed at the centre of a semicir-
cular wire of length L and mass M.

9. Inside a solid sphere of radius R, the density p is

given by p—p%R, where p, is the density at the
surface and r is the distance from the centre. Find
the gravitational field due to this sphere at a dis-
tance 2R from its centre.

10. A system consists of a thin ring of radius R and a
very long uniform wire oriented along axis of the
ring with one of its ends coinciding with the centre
of the ring. If mass of ring be M and the linear mass
density of the wire be 4, then calculate the interac-
tion force between the ring and the wire.

11. Determine the speed with which the earth would
have to rotate on its axis so that a person on the
equator would weigh 60% of his weight at the pole.
Take R=6400 km.

12. A thick spherical shell has an inner radius R, and an
outer radius R,. It has mass M and uniform density.
Find the gravitational field E, as a function of r.

13. At what height from the surface of earth will the
value of g be reduced by 36% in comparison to the
value at the surface? Given R=6400 km.

/

Gravitational Potential Energy (V)

Gravitational potential energy of a system of particles
is defined as the external work required to assemble
the particles from infinity to a given configuration (as
that required in system).

When particles/masses are lying at infinity,
their potential energy is taken to be zero, because no
potential exists between them. Since the gravitational
force between the particles is attractive in nature, so
the work will be done by the system and final poten-
tial energy of system will be negative.

In giving these arguments please keep this
thing in mind that work done by a conservative force
equals the decrease in potential energy of the system.

When all particles of a system are separated far
apart by infinite distance, there exists no interaction
between them. This state, we take as reference of Zero
Potential Energy (ZPE).

Gravitational potential energy is categorised in two
ways.
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(a) Gravitational interaction energy (U ) of a system
of particles.
(b) Gravitational self energy (U, ) of a body.

GRAVITATIONAL POTENTIAL ENERGY OF A
SYSTEM OF TWO PARTICLES

Figure shows two masses, a source mass m and a test
mass 11, separated by a distance r . The gravitational
potential energy of this system is found by calculat-
ing the work done in bringing test mass n, from
infinity to the given point P at a distance r from the
source mass 1. Let, at any instant the test mass
be at a distance x from the source mass m . Let m; be
displaced through dx towards m . The gravitational
force of attraction F acts on n, towards m .

A
>
A4

If AW be the work done, then

dW = F-d¥
= dW= Gmflo dxcos(0°)
X

= dW =Gmmyxdx

= W= GmmOJ.x_zdx

241 |
= W=Gmm,

2+1l.

1 1
= W=—Gmm0(———)

r oo
= WwH!):_GmmO =W

So, work done by the external force in bringing the
test mass 11, from oo to the point P under the influ-
ence of source mass 1 is

WoW_,=- Gmm,

’
This work done is stored in the form of gravitational
potential energy (U) of the system. So,

U= _ Gmmy

r
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GRAVITATIONAL POTENTIAL ENERGY FOR
A SYSTEM OF PARTICLES

When more than two particles are there in a system,
the potential energy can be given by sum of poten-
tial energy of all the pairs of particles with no pair
repeated.

For example, if a system of three particles hav-
ing masses m;, m, and m; is given as shown in
figure.

The total potential energy of this system can be given as

My m n,m nym
12_|_23_|_13

U=-G =Up+Up;3+Uy,

T 3 T3
Similarly, for an assembly of four masses m, , m,, m;

and m, (having total number of six potential = 'Cy),
we have

M-t
.,, \\\ ”' \\
i g \
! LY A
r14’.’, s NI
.rI - r24 ‘\" \\\
s ca— S Bmg
34
My, MMy oM
u=_Gl12+23+34+
fip I3 3y
Mgty 1My,

Myt
+ +—=2 4}
Iy I3 Iy

= u=u12 +U23+U34 +U41+ul3 +U24

From above we see that the total potential energy is
simply the sum of contributions due to distinct pairs.
Generalising to N masses, we get

N N mm,
-y 3"

i=1 j=1 ij
(7>1)
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where j>i assures that the pairs are not repeated.
Other way round, we can count every pair twice and

multiply the result by % .So,

u=-cii m:

i=1 j=1 Y 5:1 =1 1

ILLUSTRATION 24

Three masses of 1 kg, 2 kg and 3 kg are placed at the
vertices of an equilateral triangle of side 1 m. Find
the gravitational potential energy of this system. Take
G=6.67x10" Nm’kg ™.

SOLUTION

Malll,  Mallly MM
——G( 3ty | Mt | 1y 1)
I3y T31 31

m, =2 kg and m; =3 kg
Substituting in above, we get

3x2 3x1 2x1)
+ +
1 1 1

u=—(6.67x10‘“)(

= U=-7337x10"]

ILLUSTRATION 25

Find the gravitational potential energy of a point
mass m, and a thin uniform rod of mass n, and
length [, if they are located along a straight line at a
distance @ measured from the centre of the rod.

m
My 00

[ a »l
L} L

SOLUTION

Let us consider an infinitesimal element of length dx,
mass dm at a distance x from the point mass
Then,

—
mg C dm my

f I L] | L]

i : —>i dxle— :

! 1 1

| ] j—— X——p

| I‘ kI

| + a >

I

I

If dU be the gravitational potential energy between
dm and m, then

Ul = _ Gmgdm _ _Gmé dx

x I x
a+—

- U=J.du— Gmn J‘ dx
[

!
2 a+—
= U=—GTﬂloge —%
a_i
2
2
- U=—Gﬂlog6 2a+l)
l 2a-1

GRAVITATIONAL SELF ENERGY FOR ATHIN
UNIFORM SHELL

To calculate the gravitational self energy of a body,
it is supposed that initially the particles of the body
are scattered at infinite distance from each other.
Therefore, in the formation of a body some external
agent has to do some work in assembling the body.
This energy is stored in the body as gravitational
potential energy and is known as gravitational self
energy of the body.

Let us consider a thin uniform shell of mass M
and radius R whose gravitational self energy is to be
calculated. Let the shell at any instant have a mass 1.
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Since the shell is uniform and thin, so this mass is
lying at its surface. Now let us bring additional mass
dm to the surface of this shell, then the gravitational
potential energy between m and dm is

Gmdm
R

On integrating, the gravitational self energy is
obtained as

dl =

R 2R

" Gmd GM*
U5=—J- mdm _
0

GRAVITATIONAL SELF ENERGY FOR A
UNIFORM SPHERE

Let us consider a uniform sphere of mass M and
radius R whose gravitational self energy is to be
calculated. Let the sphere at any instant have a mass
m and radius r. Since the sphere is uniform, so this
mass m is distributed uniformly on the sphere. If the
sphere has a uniform mass density p, then

m—(ém‘g)
3 p

Now, let us bring an additional layer of mass dm in
the form of a thin spherical shell of inner radius r
and outer radius r+dr to be placed on the sphere
and repeat the process until it becomes a full fledged
solid sphere of radius R . Then

dm = (47rr2dr ) P

The gravitational potential energy between the
sphere and this infinitesimal shell is given by

4
Condm G(gm3p)(4xr2pdr)

r ¥

dl =

On integrating, the gravitational self energy is
obtained as
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R
0

———, so on substituting the value of p in

?‘5

5

2 2R 2.2
uS=_167r3,0 GJ‘r4dr=_16n:3p G{

0

the above equation, we get

_3aM’
5 R

ILLUSTRATION 26

A solid sphere of mass M and radius R is initially
placed at a distance 5R from the centre of a point
mass 11 as shown in figure.

u, =

Now it is shifted to a position at a distance 3R from
the point mass. During displacement, it is also uni-
formly expanded to a radius 2R so that its density
decreases uniformly throughout its volume. Find the
work required in this process.

SOLUTION

In this process during displacement the size of the
sphere is also changing. So, we have to also take into
account the self energy of the sphere. Initial total
energy of system is the sum of self energy of M and
the interaction energy of M and m . If E, be the self
energy of m, then

2
E =Em+(—§GM )+(_GMm)
5 R 5R

Finally the radius of M becomes 2R and it is situ-
ated at a distance 3R from m as shown in figure.

So, final total energy of system is given by

[ 3GM2) ( GMm)
E,+| —= + -
5 2R 3R

Ef =
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External work W required in the process is given by

W = Ef - E;
) Let us find the difference in potential energy of a mass
W= 3M GM_m( 1 1) m in two positions shown in figure. The potential
10 R R A3 5 energy of the mass on the surface of earth (at B) is,
W=G—M(9M—4m) U __GMm
30R B R
POTENTIAL ENERGY OF A PARTICLE ON and potentia] energy of mass m at hEight h above the
EARTH'S SURFACE surface of earth (at A) is,
GMm
If M be the mass of earth, R be the radius of earth Up= “Rih (UA > UB)
and m is the mass of particle on earth’s surface, then
. . , . GMm GMm
potential energy of particle on earth’s surface is = AU=U,-Uz=- R ( - )
U:-GAA_mz_ng {g:G_Af} - AU—GMm(l— 1 )_ GMmh
R R R R+h/ R(R+h)
At height £, L AU GMmh {GM g}
- —=
u, = -2 R2(1+h) R
R+h R
If a particle is taken from the surface of the earth to a = AU= mgh
height 11 close to the surface then 1 R. So, 1+ h
GMm R
Uinitial = R U; and For h<R, AU=mgh
GMm oA
U =——=U |
final R+h f h:
Hence, work done is equal to change in energy. i 5
 Weu, _y, - GMin G
R+h R

o weawn(1 L)

* Thus, what we read the mgh is actually the differ-

GMm{ ( h )-l] ence in potential energy (not the absolute potential
W="""|1-

1+ R energy), that too for h<R.

G m{ ( h)]
= w 22
R R GRAVITATIONAL POTENTIAL (V)

{ forx 1; (1+x)" 1+nx } The gravitational potential at a point P due to a source

GMm ( h mass is the work done per unit test mass in bringing

= —( —) the test mass (1, ) from infinity to the point P under
the gravitational influence of source mass . So,

=P

My

Vp = Potential at point P =
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[ ] ]
. Gmm
Slnce ww_)p == 0
r
W__p Gm
= VP = —_” - —_
m r
m r P
@O .

It is a scalar quantity. Its ST unit is joule/kg (Jkg™" )
and its dimensional formula is M’L*T

The gravitational potential due to a source mass m at
a distance r from it is

_Gm

r

GRAVITATIONAL POTENTIAL DUE TO AN
ASSEMBLY OF MASSES

V=

Before moving further with this discussion, let us
know this and keep in mind that gravitational poten-
tial is a scalar quantity. Let us now calculate the grav-
itational potential due to an assembly of masses at
point P shown.

The gravitational potential V' at point P due to the
assembly of masses shown is the algebraic sum of the
potential due to each of the mass in the assembly. So,

Problem Solving Technique(s)

(a) The gravitational potential at earth’s surface is
-GM, _
o
(b) For an assembly of masses m,, m,, m;, ..., at dis-
tances r,, r,, r,,.. from point P, net gravitational

potential equals the algebraic sum of gravitational
potential due to each of the mass at point P. So,

V=

-9 Re

e
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V=Vi+V, +V; +..

m m, m
= V=-G| 1+2+2+..
h L B

o m
= V:—GZ—f
~ |

GRAVITATIONAL POTENTIALDUETO A
THIN ROD

Consider a thin rod of length L, having a uniform
mass M . Let us find the gravitational potential at a
point P due to the rod at a distance r from one end
of the rod.

For this we consider an infinitesimal element of
length dx ata distance x from the point P.Mass on
this element is

dm = M dx
L
The potential 4V due to this element at point P is
qv = - Sim
X
G( % ) dx
= V=
X

Net gravitational potential at point P is obtained by
integrating this expression. So

GMHLd
= V=JdV=—— =
L X
r+L
= V=—G—M10ng
L r
V=_G_Mlogf(ﬂ)

If mass density of therod is 4, then 4= Af . So,

V=—Gllog€[r+L)

r
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GRAVITATIONAL POTENTIALDUETO A
RING AT ITS CENTRE

Let us first find potential dV at centre C due to an
infinitesimal mass dm on ring which is

1y - _Gim
R
Total potential at C is V = JdV
= V= _do_m __m
R R

Since all the infinitesimal dm’s of the ring are situ-
ated at same distance R from the ring centre C so,
we can directly say that the total gravitational poten-

tial at centre of ring is V- = —GTM .
M
R
] | ——

Here we must see that even if mass M is non-uni-
formly distributed on ring, the gravitational potential
at C will remain same (we shall discuss this with an
example below) because in that case too

GM
. v __ total

centre
R

on ring

GRAVITATIONAL POTENTIAL DIFFERENCE
(V)

Gravitational potential difference (AV) is the work
done per unit test mass 1, in bringing it from point
A to point B under the gravitational influence of a
source mass 71 .

W
= AV=V,-V, =ﬁ=—cm[l-iJ
My fg T4

1 1
B Ta

THE GRAVITATIONAL POTENTIAL
AND FIELD STRENGTH DUETO A THIN
SPHERICAL SHELL

Let M be the mass and R, the radius of thin spheri-
cal shell.

GM r=R

Vv r ( outside and at surface )
- GM r<R
R (inside)

Also, as discussed earlier, we know that the gravita-
tional field due to a thin spherical shell is

GM r>R
E I’2 (outside and at surface)
8§~ r<R

0 ( inside )

Problem Solving Technique(s)

(a) Gravitational field E; exhibits discontinuity at the

surface of shell (atr =R). Because inside it is zero
whereas outside and at surface it suddenly shoots

GM
up to a value o

(b) Gravitational potential exhibits continuity at the
surface of shell.

(c) Gravitational potential inside the shell is equal to
the potential at the surface of shell i.e.

GM
e S = _?
E,
O, r=R . 2
T GM
R2
_GM
H - .
 J (0] >r

THE GRAVITATIONAL POTENTIAL AND
FIELD STRENGTH DUE TO A SOLID SPHERE

Let M be the mass and R, the radius of solid sphere

G7M r=R
. - r (Gutside and at surface)
- R
_M(3p2_2) =

2R3 (inside)
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o
Also, we observe that at the centre of the sphere,
where r =0, the gravitational potential is
__3GM
centre 2 R

Also, as discussed earlier, we know that the gravita-
tional field due to a sphere is

GM r2R
- r—z (()utside and at surface)
3 GM r<R
( ? J ' (inside)

Problem Solving Technique(s)

Both field and potential exhibit continuity at the
surface. The graphs also show the continuous nature.

ILLUSTRATION 27

A particle of mass 1 kg is kept on the surface of a
uniform sphere of mass 20 kg and radius 1.0 m. Find
the work to be done against the gravitational force
between them to take the particle away from the
sphere.

SOLUTION

Potential at the surface of sphere,

o oM _ (667x10™)(20)
R 1

Jkg™

V=-1334x10" kg™

i.e., 1.334x10”° J work is obtained to bring a mass of
1 kg from infinity to the surface of sphere. Hence, the
same amount of work will have to be done to take the
particle away from the surface of sphere. Thus,

W=1334x10"]
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Problem Solving Technique(s)

To find the gravitational potential due to a shell of
radius R, mass m we should keep in mind the follow-
ing two points:
(a) Gravitational potential on the surface and at any
point inside the shell is
G
y=_2m
R

(b) Gravitational potential at any point outside the
sphere/shell at a distance r from the centre is
Gm

V=-o
r

For example, in the figure shown, potential at A is
m, mp m
V,=—G| A+—L24+-<
a8 Ic

Mg

Similarly, potential at B is
m, mg m
VB=_G _A+_B+_C
B B It
and potential at Cis

m, m, m
VC=_ _A+_B+_C
e T I

GRAVITATIONAL POTENTIAL AT APOINT P
ON THE AXIS OF THE RING AT DISTANCE X
FROM ITS CENTRE

If we wish to find the gravitational potential at a point
P lying on the axis of ring, we can directly calculate
the result because here too, all points of ring are at

same distance r = yR* + x> from the point P.
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M

GM GM

ILLUSTRATION 28

There are two thin wire rings, each of radius R, whose
axes coincide. The masses of the rings are m1; and m,.
Find the gravitational potential difference between
the centres of the rings separated by a distance a.
Also calculate the work done to move a mass
from centre of first ring to the centre of other ring.

SOLUTION
Net potential at centre of ring A is

( Potential at A J [ Potential at A )
A =

due to itself due to B

- 2
1 \‘h”‘%’@'ﬁ\ J@"d i
my ! “"“-.62 e ! ms
T 1
R: Jpvid il iR
1 ',”' ‘."‘--“_ 1
| .- ~o_!
(SRR - >
A B
m m
= VA — — 711‘ 22 5
R R +a

Similarly, net potential at centre of ring B is

[Potential at B ) (Potential at B)
B =

due to itself dueto A

L v,- ("fz o m ]
. =-G| ==

R VR? +4°
Thus, potential difference,

AV =V,-V,

(] |
m m m
= AV=G|-2-—L—+1+ =2 J
( R VR +4° R VR? +4°

1 1
= AV=G(m1—m2)(§—?]
+a

Since, Wy_p =m,y (V3 =V,

1 1
= WA—>B=G”"0(”"1‘””2)[E‘ 2 2]
+a

ILLUSTRATION 29

Figure shows a ring of mass M, and a sphere of mass

M, separated by a distance V3R . A small object of
mass m is displaced from A to B. Find the work
done by gravitational forces.

SOLUTION

In this case as shifting is from A to B so, work done
by the gravitational forces is given by

Wy =m(V,—Vy)

where V, and V; are gravitational potentials at
points A and B respectively, given by

GM,; GM,
VA ==
R 2R
and Vy= _CM, My
2R R

So, work done by gravitational force is given by

W =mH_GM1_GMZ)_(EGMZ_GM)]

g R 2R 2 R 2R
M M
= W=G 2 My
g R 2R
GM
= W =—I(2M,-M
g ZR( 2 1)
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GRAVITATIONAL POTENTIALDUETO A
UNIFORM DISC AT A POINT P ON ITS AXIS

Consider a uniform disc of radius R with surface
mass density o . We wish to find gravitational poten-
tial at point P lying on its axis at distance x from the
centre. For this we consider an infinitesimal elemen-
tal ring of radius y and thickness dy concentric with
the disc. Then mass on this infinitesimal element is

dm = o (Area of element)

= dm= 0'(27rydy)

dy

The gravitational potential at point P due to this
infinitesimal element is

dV=—de=— Gdm

T {xl + yZ
(Please note here that once the point P is taken, then

x becomes a fixed value)

Go(2ryd
_Co2Y) | ere o= M.
\/x2+y2 TR

Net gravitational potential at point P due to entire
disc is calculated by integrating this expression.

R
= V= J.dV = —27rchJ ydy
0

= dV=

R

= V=-210G _vly
5 x4y
I. 1
=  V=-210G|(x*+y*) 2 2ydy (1)

0

n+1

Again usin (x)]" ’(x)dx=M,n¢—1
8 g|Lf f

n

+1
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= V==2r0G

R
_ 2.2
= V=2210G| Jx"+y ‘U)
= VI;=—27I0'G(VR2+.‘X'2—X)

) M
Since o=—>
R
Vp =_2§T(VR2+J€2 _x)

Also, at the centre of the disc, we have x =0, so

Voonire = Ve = —2m0GR
M
= Ve =Ve=-2r| — |GR
t C ( ﬂ.'RZ )
2GM
= Vcentre = VC = _T

If we are asked to find the potential due to an annu-
lar disc of inner radius R, and outer radius R,, then
we shall be integrating equation (1), within the new
limits as

R, .

V= —27:0'GJ‘ (x2 + y2 )_5 2ydy , where

Ry
e M
7R3 -R})
(e[
= V=-210G J

=  V=-210G| {Jx* +y*
1

iGMz (\/Rg +x° —\/Rf +2° )

= VP =-
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ILLUSTRATION 30

A thin uniform annular disc (shown in figure) of
mass M has outer radius 4R and inner radius 3R.
Calculate the work required to take a unit mass from
point P lying on its axis to infinity.

TP

1
4R
1

(2h g

SOLUTION

For annular disc, gravitational potential at the point
P lying on the axis at a distance x from centre is

2GM 2 2 2 2
Vp=——2([R2+2% - [R2427 )
(R; -R})
where R, =4R, R; =3R and x=4R
Vp =2 (4 3R -5R)
7R
Also, V_ =0

Since Wy_,.. =my(V,, -V, ), where m; =1 unit

2GM
= WI)_)WZ7G—R(4\/§_5)

@ Test Your Concepts-Il

1. Find the gravitational potential energy of a system
of eight identical masses each of mass m placed at
the corners of a cube of side a.

2. Calculate the gravitational potential energy of a
point mass m, and a uniform thin rod of mass M,
length L. Assume that m,, is at a distance a from one
end of the rod on the extended portion of the rod,
as shown in figure.

M My

@

|

I I
I I
— a —m

3. A particle of mass m is placed at the centre of a
fixed, uniform semi-circular ring of radius R and
mass M as shown in figure. Calculate the work
required to displace the particle from centre of the
ring to infinity.

p

4. A particle of mass m is located at a distance r
from the centre of a sphere of radius R(<r) and
\_ mass M. Find the gravitational potential energy of

Based on Gravitational Potential, Potential Energy and Applications

(Solutions on page H.257)
the particle-sphere system. What happens when
the sphere is replaced by a thin shell?

5. A particle of mass m is transferred from the centre
of the base of a uniform solid hemisphere of mass
M and radius R to infinity. Find the work performed
in the process by the gravitational force exerted on
the particle by the hemisphere.

6. Two bodies of masses m and M are placed a dis-
tance d apart. Find the gravitational potential at the
position where the gravitational field due to them
is zero.

7. A uniform spherical shell of mass M and radius R
has a particle of mass M placed at its centre. Find

the gravitational potential at a distance R from the
centre. 2

8. Find the gravitational self energy of a uniform
(a) thin spherical shell of mass M and radius R.
(b) solid sphere of mass M and radius R.

9. A thin uniform rod of length 2/ has mass per unit
length A. Calculate the gravitational potential as a
function of distance a from centre of the rod along
the straight line
(a) perpendicular to the rod and passing through

the centre,
(b) coinciding with the rod’s axis (at points lying
outside the rod).

/
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RELATION BETWEEN GRAVITATIONAL
FIELD AND GRAVITATIONAL POTENTIAL

Since dV = —E“g dl
In cartesian coordinates, we have

Eg = Ex;+Ey;+EZiC\ and dl = dx§+dy}+dzle ,
so we get

dv = —(EX;'+Ey}+E2§)-(dxf+dy}+dzJ§)
= dV= —(Exdx+Eydy+Ezdz)

1% 1% 1%
Eo=-2 B =2 andE =2
T RT Ty dy EETTR

Now, by introducing a new differential quantity

called the “del (gradient) operator (V)”, we get
Gravitational field as the negative gradient of poten-
tial. So,

Eg =-VV (1)
= ~d ~d 20
where V=i—+j—+k—
ox ]ay 0z
= ~dV ~dV -~ 9V
= E,=-|i—+j—+k—
£ [ ax oy oz J
where
WV Partial Derivative of V w.r.t. x  OR
—=| Derivative of V w.r.t. x keeping
dx y and z constant
WV Partial Derivative of V w.rt.y  OR
—= Derivative of V w.r.t. y keeping
dy x and z constant
Partial Derivative of V w.rt.z  OR
oV . .
—=| Derivative of V w.r.t. z keeping
oz x and y constant

Just to make you understand the concept dis-
cussed here, | have a small problem discussed
here for your comfort.
PROBLEM: Find the gravitational field E, for
the potential V = kxy .
SOLUTION: Since
~oV

E =124 kY ),
ox “dy oz
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where

oV ox

C oyl Z |=k

ox ky(ax) .
a—V=kx a_y =kx and
ady dy

Vo

0z

= E=—k(y?+x})

Notice that V operates on a scalar quantity (such as
gravitational potential) and results in a vector quan-
tity (such as gravitational field). Mathematically, we
can think of E . as the negative of the gradient of the
gravitational potential V. Physically, the negative
sign implies that if E . goes from higher V' tolower V.

ILLUSTRATION 31

Suppose that the gravitational potential in some
region of space is given by

V(x, y, z)=Vyexp(-az)cosax,
where a is a positive constant. Find the gravitational

field everywhere.

SOLUTION
E =-VV=- 8_V§+8_V4+8_V£
§ dx dy' oz

E = v -V, exp(—az)i[cos(ax)]
ox ox

E, = %—Z= +aV) sin(ax)exp(-az)

Since the given expression has no dependence on v,
80
v g B

1% Jd
E, = - -V, cos(ax)a—z[exp(—az)]

=
Z

E 0

= E = _Ba_V =V}, cos(ax)exp(-az)
Z

1 E =0}

= Eg =aV, exp(—az)[sin(ax)f+cos(ax)l2]
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Problem Solving Technique(s)

If we are given Eg (x,y,2)=E,i+ Ey} +E,k, then
V= _JEQ dl

where, d/ = dxi + dyj’ +dzk

= V:—(J.Exdx+JEydy+JEzdx)

The integrals are to be calculated within specified
limits.

integral of £, to

e
e,\‘-“

“a*

ILLUSTRATION 32

A gravitational field is given by Eg =- ( y§+ x})
Find the gravitational potential generating such a
field.

SOLUTION

Since V=~ ]

Let dfz?dxﬁdyﬂ%dz

= V :Jk(y§+x})—(§dx+}dy+}2dz)

= V—kJ.ydx+xdy

= V—kjd(xy) {'.'d(xy):xdy+ydx}

= V=k(xy )+ constant

ILLUSTRATION 33

Find the potential function V (x, y ) of a gravitational

field Eg = 2axy1A'+ a(x2 - yz )} where 2 is a constant.

SOLUTION

Let V,, be the potential at origin and V' be the poten-
tial at the point (x, y ), then we have

dV:—Eg-d?:‘

= 4V :—(2axydx+a(x2 —yz)dy)

(x.¥) (v y)
= J dV =— J 2axydx+a(x2—y2)dy
(0,0) (0,0)
(x.¥)
= V-V,=- (2axydx+ax2dy)—ay2dy

(0,0)

{d(axzy)—ayzdy}

a 3 (x.v)
= V-V, = {—ax2y+%J

(0,0)
ay

= V:VU—axzy+T

Remark(s)

(a) For an attractive system U is always NEGATIVE.
(b) For a repulsive system U is always POSITIVE.
(c) For astable system U must be MINIMUM

dx
= [r= —d—U =0
dx

(d) If two points A and B are at potentials V, and V,

then work done in taking a test mass m,, from A to

(e) Consider two points A and B situated in a uniform

gravitational field at a distance d such that the line

joining A and B is parallel to the field. If V be the
potential difference between them, then

V =Ed(in magnitude)

(FOR A STABLE SYSTEM)
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@ Test Your Concepts-Ill

1. In a region of space the gravitational field is given
by E =(xi —2yj+zk) Nkg™'. Calculate the poten-
tial difference V,, between A(2,1,0)m and
B(0,2,4)m.

2. Determine the potential V(x,y,z) of a gravita-
tional field E, = ayi +(ax+bz) j+byk, where a

and b are constants, i, jk are the unit vectors of
the axis x, y, z.
3. Find potential difference V,, between A(0,0,0)m

and B(1,1,1)m in a gravitational field given by
(@) E=yi+x
(b) E=3x%yi+x].
What can you say about the nature of the fields?
Explain.

4. Find the gravitational field due to the gravitational
potential given by V/(x,y,z)=3x"y+y’z.

5. Determine the gravitational field strength vector if

the potential of this field depends on x, y coordi-
nates as
\

Based on Relation Between Gravitational Field and Potential

(Solutions on page H.259)
(a) V=a(x2 —yz)
(b) V=axy
where a is a positive constant.

6. Over a certain region of space, the gravitational
potential is V =5x —3xy +2yz*. Find the expres-
sions for the x, y and z components of the gravi-
tational field over this region. Also calculate the
magnitude of the field at the point P that has coor-
dinates (10,-2)m?

7. In a region of space, the gravitational potential is
given by, V=20(x+y) Jkg'. Find the magnitude
of the gravitational force on a particle of mass
0.5 kg placed at the origin.

8. The potential of a certain gravitational field has

the form V= a(x2 +y* )+bzz, where a and bare

constants. Find the magnitude and direction of the
gravitational field strength vector.

9. In a region of space, the gravitational potential is
represented by V =2x+ 3y -z . Obtain an expres-

sion for the gravitational field strength.

J

CONSERVATION LAWS FOR
GRAVITATIONAL SYSTEMS

For a variety of problems, we have to understand the
Conservation Laws that can be applied to the gravita-
tional system of particles.

LAW I: Law of conservation of Linear Momentum
For a gravitational system of masses, when no exter-
nal force acts on the system, then we observe that
no net internal forces will be acting on the system
because gravitational forces always form an action
reaction pair. So, by a suitable selection of a system
or subsystem we can apply Law of Conservation of
Linear Momentum.

( Total Initial ) 3 [ Total Final )

Momentum |~ | Momentum

LAW II: Law of Conservation of Mechanical Energy
Since gravitational forces are conservative in nature,
so, in the absence of an external force and a dissipa-
tive force (such as forces of friction) we can easily use
this law as

( Total Initial Energy ) [ Total Final Energy J

of the system of the system

Here we need to read the problem carefully for the
energies possessed by the system (as selected) ini-
tially and finally.

Another point which should be kept in mind is
that gravitational field is a conservative field. Work
done by gravitational field on a moving mass only
depends on the positions of the mass. If a mass is
moving freely in the gravitational field, work done
by gravitational field on mass is equal to the change
in kinetic energy of the massi.e.,

W=AK

In the presence of an external force and the dissipa-
tive non- conservative force, the law will be suitably
modified as below i.e.,

W.. +W

ext nc

=AU+ AK
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LAWIII: Law of Conservation of AngularMomentum
Since gravitational forces are central in nature, so
torque due to gravitational force will be zero. So,
we can easily use Law of Conservation of Angular
Momentum too.

ILLUSTRATION 34

Two masses n1; and 1, at an infinite distance from
each other are initially at rest, start interacting gravi-
tationally. Find their velocity of approach when they
are at a distance r apart. Assume air drag and other
dissipative forces to be absent.

SOLUTION

Since both the particles, initially at rest and lying at
infinity, start interacting gravitationally, i.e. the gravi-
tational force between them is an internal force and
also no external force is acting on them, so accord-
ing to Law of Conservation of Linear Momentum we
have

Total Initial Total Final
Momentum N ~ | Momentum N

= 0+0=my, +mz(—vz)
= mu =m0, (1)

Further, applying the Law of Conservation of Energy,
we get

(U+K)  _=(U+K)

af oo atr

Gmm, 1 5, 1

= 0+0=- +—my vy + = myv
5 Mo T 5 h

(2)

r

From equation (1), we have v, = M4 So, from (2),
we get "

1 ("71”1 Jz _ Gmym,

2 1, r

1 m Gmym
= —mlvlz L |==122
2 1y r

2G

-oaTh (m1+m2)r

Similarly using the above equations, we get

2G

. (m1+m2)r

If v, be their velocity of approach, then we have

v, =0, +0,
= v.=m 2 +m 2
ro 2 (my +my )r ! (my +my )r
2G
= Ur:(ﬁ11+ﬁ12) W

2G (my+my )
r

= 0=

Problem Solving Technique(s)
This problem can also be solved quickly by using the

mm
concept of reduced mass y = —-—2— and the Law of

m; +m,
Conservation of Energy according to which, we have

(U+K)aton =(U+K)atr

Gmm
0+O:l,uvf—# (1)
2
mm
where, 11 =Reduced Mass = ——2—
m; +m,

Substituting in equation (1), we get

2G(my; +m, )
Vr= f

ILLUSTRATION 35

Inside a fixed sphere of radius R and uniform

density p, there is spherical cavity of radius g such

that surface of the cavity passes through the centre of
the sphere as shown in figure. A particle of mass m is
released from rest at centre B of the cavity. Calculate
velocity with which particle strikes the centre A of
the sphere. Neglect earth’s gravity. Initially sphere
and particle are at rest.
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SOLUTION

Applying conservation of mechanical energy, we
have

(U+K)at8=(u+K)atA
= Uz+Ky=U,u+K,
1 o
= UB+O=UA+Eva
where Uy =mVy and U, =mV,, so we have

%mvi =Up-Uy=m(Vy-V,)

Potential at A

Potential Due Potential Due

V4 =| to the Complete |-| to the Spherical
Sphere at A Cavity at A
. __SGM_(_GM’)_ GM’ 3GM
A7 2R r r 2R
where
3
M= EﬂRa.{J , = E and M’ = é]rr‘?’p: EPR
3 2 3 6
Substituting the values, we get
G( mpR’ 3 5 2
V, =—| ——=27pR° |=-=—rGpR
A R[ 3 P 3 p
Potential at B
Potential Due Potential Due
Vi =| to the Complete |—| to the Spherical
Sphere at B Cav1ty at B
VB—-G—AQI 3R* - 2 - E
2R 2 r
where
3
M=2aRp, r=2 and M’ = 2zr3p= "8
3 2 3 6
11GM 3GM’
Vp = +
8 R R
3 3
v, = G| mpR”  11mpR _ —éﬁGpRz
R{ 2 6 3
1 2
= V-V, = gnGpR

Chapter 4: Gravitation and Satellites 4.33

So, from equation (1)

v= f%erpRz

LAUNCHING SPEED OF A PROJECTILE

Let us suppose we have to launch a projectile having
mass m toreach aheight /. The gravitational poten-
tial energy of the projectile on the surface of Earth is

u(R):-WT’” (1)

Its gravitational potential energy at height 11 from the
surface of earth is

GMm
(R+h)
Therefore, the change in potential energy is

U(R+h)=- Q)

AU=U(R+h)—U(R)=—GMm{ﬁ—%}

AU=G—M nh _ mgh

[T

If h R, AU =mgh, which we have already used in
the Chapter Work, Energy and Power.

This difference in the potential energy is ful-
filled by providing an initial kinetic energy. If v be
the velocity then

mgh

(]
o~
p—

+
= |
——

2gh
(%)
R

MAXIMUM HEIGHT ATTAINED BY A
PROJECTILE

= 7=

Let a projectile of mass m be projected vertically
upward with velocity v, so that it attains a maximum
height /. At maximum height 7, the velocity of par-
ticle is zero, so kinetic energy is zero. When a body is
thrown vertically upwards with a velocity v then by
Law of Conservation of Energy,

(U+K) =(U+K)

at surface at height h
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., _GMm 1 »__GMm . Problem Solving Technique(s)

R 2 " R+h

Time taken by the particle to reach a height h
v’ G ( 11 ) Suppose a particle of mass m is projected vertically
—=GM
2

= = ———
R R+h upwards with a speed v,. We want to find the time
2 taken by the particle to reach a height h. First of all we
v GMh . . , .
= —= find the speed of the particle at a height x by applying
2 R(R+h) Law of Conservation of Mechanical Energy, i.e.,
2GM R+h v
- 2R h I
B
2GM | R g
= =1+— Yo
v’R h A

Since, v, =2gR = Z‘G—M

R

R RUZ 1 max
= h= = Il —y2 )= M9X
[ZGM—-l) 2gR-0* Zm(vg ?) 1+2
v’R R

2

v

= h=R or (1)

From this we can see that dx
. Now, v can be written as ——
() if v=0, or v° =v; =2¢R, h — e and if we have dt

. Hence, equation (1) reduces to
(i) © to be small, then we have h=— dx
28 —=dt
2 29x
VO -
IMPORTANT 1+
If h<R then : . R. - ,
: : By integrating with limits from 0 to h on left hand side
2_2M Hﬁ)' } and from 0 to t on right hand side we get the desired
R | time.

, 2GM h
o 22 (1

A particle is projected from the surface of earth with

= v2=@- h an initial speed of 4 kms™. Find the maximum

R AR height attained by the particle. Radius of earth is
o 2 =2(@)h R=6400 km and g=9.8 ms™.

R
5 SOLUTION
= v =2gh . . . o
The maximum height attained by the particle is,
= v=,/2gh )
v

So, the formula v=/2gh only holds good for heights h= 2

[
close to surface of the earth. 28~ R
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Substituting the values, we have
3 2
pe—(4x10°) -=935x10° m
3
298 10 2
6.4x10

= h=935km

ILLUSTRATION 37

A spaceship is launched into a circular orbit close to
the earth’s surface. What additional velocity has now
to be imparted to the spaceship in the orbit to over-
come the gravitational pull. Given that, radius of the
earth is 6400 km and g=9.8 ms 2.

SOLUTION

The speed of the spaceship in a circular orbit close to
the earth’s surface is given by,

U0=\/é?R

and escape velocity is given by,

0, =+/2¢R
So, the additional velocity required to escape is given
by

v, =y = /28R —\/giR
= U,-7= (\/f—l)\/giR

Substituting the values of ¢ and R, we get

v, -1, = 3.278x10> ms™

ESCAPE SPEED

The minimum velocity to be imparted to a body from
the surface of the earth (or planet) such that it just
escapes the gravitational pull of the earth (i.e. reaches
infinity and stops there) is called the escape velocity.

When a body is launched from the surface of the
earth with the minimum speed, say escape speed 0,
then it will reach infinity with zero speed. Then by
Law of Conservation of Energy, we have

(U+K) =(U+K)

at surface at e

~ GmM

+%mvf =0+0

2GM

‘ R

Chapter 4: Gravitation and Satellites 4.35

Substituting M = 6x10* kg,
G=6.67x10" Nm*kg™* and
R=64x10° m, we get
Dpge =11.2 kms™

Note that the escape speed does not depend on the
mass of the body launched from the surface of the
earth.

Also, escape velocity is independent of the angle of
launch or the angle of projection.

(a) If the particle is launched from the surface of the
earth with a velocity u>v,, then the body will
reach infinity with a non zero velocity v which can
be calculated by using the Law of Conservation of
Energy, so

(U+K) =(U+K)

at surface at

GmM 1 2 1
———+-—mu =0+-—mv
R 2 2

2

(b) If the particle is launched from the surface of
the earth with a velocity u<v,, then the body
will attain a maximum height h (say) and then
return to the surface of the earth. The maximum
height h can be calculated by using the Law of
Conservation of Energy, so

(U4K) e = (U+K)

at surface

ILLUSTRATION 38

Arocket is fired vertically with half the escape speed.
What is its maximum altitude in terms of the radius
of the earth R? Ignore the earth’s rotation.

SOLUTION

This Ilustration can be solved easily by using the
Law of Conservation of Energy, according to which

(U+K)at surface (U+K)at height h
2
O (O
R 2 \2 R+h 2
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[2GM
However, we know that v, = GT

_GmM+GmM__Gn1M
R 4R R+h

ae
_§ GmM__GmM
4 R R+h
3R+3h=4R
p=R
3

@ Test Your Concepts-IV

1. If a body of mass m is projected vertically upward
from the surface of the earth (of radius R) so as to
reach a height nR above the surface. Then find
(a) theincrease in its potential energy.

(b) the velocity with which it must be projected.

2. Ifabodyis released from a great distance from the
centre of the earth, find its velocity when it strikes
the surface of the earth. Given, R=6400 km and
g=98ms™.

3. Two particles of masses 20 kg and 10 kg are initially
at a distance of 1 m. Find the speeds of the particles
when the separation between them decreases to
0.5 m, if only gravitational forces are acting.

4. Two bodies, each of mass M, are kept fixed with
a separation 2L. A particle of mass m is projected
from the mid-point of the line joining their centres,
perpendicular to the line joining them. If the uni-
versal gravitational constant is denoted by G, then
calculate the minimum initial velocity of the mass
m so that it escapes the gravitational field of the
two bodies.

5. Distance between the centres of two stars is 10a.
The masses of these stars are M and 16M and their
radii a and 2a respectively. A body of mass mis fired
straight from the surface of the larger star towards
the smaller star. What should be its minimum ini-
tial speed to reach the surface of the smaller star?
Obtain the expression in terms of G, M and a.

6. Find the maximum and minimum distances of the
planet A from the sun S if at a certain moment of
time it was at a distance r; and travelling with the
velocity v,, with the angle between the radius vec-
tor and velocity vector being equal to ¢.

Based on Conservation Laws, Escape Velocity and Applications

(Solutions on page H.261)

7. Find the total mechanical energy of a body

launched from the surface of earth with a velocity
equal to escape velocity.

. A rocket is launched normal to the surface of the

Earth, away from the Sun, along the line joining the
Sun and the Earth. The sun is 3x10° times heavier
than the Earth and is at a distance 2.5x 10" times
larger than the radius of Earth. The escape velocity
from Earth’s gravitational field is v, =11.2 kms™".
Calculate the minimum initial velocity (v, )
required for the rocket to be able to leave the Sun-
Earth system. Ignore the rotation and revolution of
the Earth and the presence of any other planet.

. Givenathinhomogeneous disc of radius a and mass

m,. A particle of mass m, is placed at a distance /
from the disk on its axis of symmetry. Initially both
are motionless in free space but they ultimately
collide because of gravitational attraction. Find the
relative velocity at the time of collision. Assume
(>a.

10. Two spherical planets 1 and 2 have the same uni-

form density p, masses M, and M., surface areas A
and 4A respectively. The escape velocity from the
surface of planets T and 2 are v; and v, respectively.
The escape velocity from the surface of a spherical
planet 3 that has same uniform density and mass

equal to the sum of masses of planets T and 2 is v..
3

v v
Calculate —3 and 2.

J
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SATELLITES

Consider a satellite of mass m revolving around the

earth in circular orbit of radius r.

~ -

P

The gravitational pull between the satellite and earth

( GMm
r?
to satellite to revolve in the orbit.

mv;  GMm

r r2

So, orbital speed is given by

/GM
Up = T

If 1 is height of satellite from earth’s surface and R

is the radius of earth, then

r=R+h

ﬁ

0 /
O"\R+h
U = \/
If T is the time period of satellite, then
2Jrr 2rr

{GM V
3 3
= T=2m’(R+h) :27r,ﬂr—
GM GM

Problem Solving Technique(s)

(a) The square of the time period is directly propor-
tional to the cube of the distance of separation.

(b) We observe that the time period and the orbital
velocity of a satellite of mass m is independent of
mass of satellite and depend upon mass of planet
(M) and the radius of orbit (r).

) provides the necessary centripetal force
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(c) If satellite revolves close to the surface of planet,
then r ~R (= the radius of planet). So

3
T=2n 4R
G—nR’>
3 P
oy
Gp

i.e., Time period for two satellites revolving about
two different planets close to their surface is pro-

: 1
portional to T Hence
p

h_ P
L \p
(d) If a satellite is close to earth’s surface such that

h <R, then orbital speed

GM |R?
w=yg g~

The periodic time T and the angular velocity ware
given by

[R3 3
T=2rx R—=27r RT=275\/E
GM \}Rg g
fGM
w= R_3

For earth
g=98ms™

orbital speed, v, = V6.4x10°x9.8

vy =8x10% ms™' =8 kms™'

R=6400 km=64x10°® m and

and period of revolution i.e.

6
T=2n,/6‘4;810 =5x10° sec = 84.6 min

(e) The bodies are weightless in the satellite because
the centrifugal force on body in rotating satellite
is balanced by gravitational pull of earth.

ILLUSTRATION 39

A satellite revolving in a circular equatorial orbit of

radius 7=2.00x10" km from west to east appears
over a certain point at the equator every 11.6 hr.
Using this data, calculate the mass of the earth. The
gravitational constant is supposed to be known.
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SOLUTION
Here, the absolute angular velocity of satellite is
given by
0=, +0;
where @; is the angular velocity of earth, which is
also from west to east.
2r 2r
=—4—
t T
where, t=11.6 hr and T =24 hr

GM

Since, @ = —
r

fGM 2r 2w
_3 =4 —
r t T

__4n2(2x107)3( 1,1 JZ
(6.67x10"") \11.6x3600  24x3600
= M=6.0x10* kg

ILLUSTRATION 40

A satellite of mass m is moving in a circular orbit
of radius r. Calculate its angular momentum with
respect to the centre of the orbit in terms of the mass
of the earth.

M

SOLUTION

The situation in which a satellite is revolving around
the earth is shown in figure.

Vg

P Natellite
/7 m’ \
4

The angular momentum of the satellite with respect
to the centre of orbit is given by

L = muyrsin(90°) = mu,r

The direction of L is perpendicular to the plane of
the orbit.

Since the orbital speed v, of satellite is given by

[GM
UU = -
r
/GM
= L=myyr=m,|—r
’

= L=+GMm*r

KINETIC ENERGY OF A SATELLITE

The kinetic energy of a satellite having mass m and
orbital speed v, is given by

QZGMTH

1 { [GM }
K =—my, WUy = [ —
2 2r r

POTENTIAL ENERGY OF A SATELLITE

The potential energy of a satellite of mass m orbiting
around a planet of mass M in an orbit of radius r is
given by
GMm
r

TOTAL MECHANICAL ENERGY OF A
SATELLITE

U=-

Total mechanical energy (E) is

GMm

E=K+U=-
2r

This is negative, indicating that the satellite is bound
to the planet.

Problem Solving Technique(s)
1
TE=-KE = E(P.E.)

= PE=-2(KE)=2(TE)

BINDING ENERGY OF A SATELLITE

Binding energy is the minimum energy required to
make a satellite free from gravitational attraction of
the planet so, binding energy (B) is given by
_ GMm

2r

B=-E
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COMMUNICATION SATELLITE

It is also called Geostationary or Geosynchronous
or Parking or Relay or Transmission Satellite. It is
an artificial satellite of earth and appears stationary
to any observer on the surface of earth. A satellite is
said to be Geostationary when it fulfills the following
conditions.

(@) Theorbitof the satellite mustbe circular and in the
equatorial plane of the earth. (Equatorial plane
divides the earth into two equal hemispheres).

(b) The sense of revolution of satellite must be same
as the sense of rotation of the earth i.e. from west
to east.

(¢) The period of revolution of the satellite must be
equal to the period of rotation of earth about its
axis. Hence,

T =24 hour = 86400 s
Since

3 3
T2 /r_=2x /(R+h)
GM GM

= R+h=r 42400 km
= h 36000 km
(d) A geostationary satellite must revolve at a height

of 36000 km above equator or in an orbit of radius
42400 km.

ENERGY GRAPH

The variations of kinetic energy K have been shown
by the graph as shown, potential energy U and total
energy E with radius for a satellite in a circular orbit.
From following graph it is clear that the value of U
and E arenegative and that of K is positive. As the r
increases three curves have the tendency to approach
the value of zero.

Energy
A

Kin

uin
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IMPORTANT

1. Total energy of a closed system is always negative.
For example energy of planet-sun, satellite-earth
or electron-nucleus system are always negative.

2. Since the Law of Force obeys the inverse square

law i.e.,Foclz.AIso,F=_d—U.
r dr
K=|£|=|E|
2

The same is true for electron-nucleus system
because there also, the gravitational force

1
F,oc—
£ rz

ILLUSTRATION 41

A satellite of mass m is moving in a circular orbit of
radius r. Due to atmospheric drag if it loses energy
at a constant rate W . Find the time in which satellite
will fall to the surface of earth. The mass of the earth
is M and radius R.

SOLUTION
E£=_GMm,Ef=—%rE£>Ef
2r 2R ’
- AE=EI_Ef=m_m(ﬂ)
2 Rr
AE
= t=—
W
GMm(l 1)
= t= ——
2W \R r

ILLUSTRATION 42

A rocket with a payload of mass m is at rest at the
surface of the earth. Calculate the work needed to
raise the payload to the following states:

(a) at rest at an altitude equal to radius of earth (R)
(b) in circular orbit at an altitude R

SOLUTION

In both cases the initial energy of the payload is
purely potential energy.
GmM
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(a) At the given altitude the distance to the center of
the earthis r = 2R .

GmM
E =K, +U,=0-——
2 =K+, R
The work needed is E, -, =+ G;ﬁ‘d
(b) Since, the total energy in orbit is
GmM  GmM
E = K + u = — e
ITWTETTO0R) T 4R

3GmM

The work needed is E; —E; =+

Naturally, it takes more work to put the satel-
lite into orbit than merely to raise it to the same
altitude.

ILLUSTRATION 43

A sky lab of mass 2x10° kg is first launched from
the surface of earth in a circular orbit of the radius
2R (from the centre of earth) and then it is shifted
from this circular orbit to another circular orbit of
radius 3R . Calculate the minimum energy required

(a) to place the lab in the first orbit
(b) to shift the lab from first orbit to the second orbit,
Given R=6400 km and g=10 ms Z.

SOLUTION

According to the problem sky lab exists in three
energy levels, our task is to calculate the total energy
of the three level. i.e. on the surface, first orbit and
second orbit. Energy difference between first orbit
and surface of the earth is the answer of (a) and that
between first orbit and second orbit is the answer
of (b).

Total mechanical energy of the sky lab on the surface
of earth

GMm GMm

E,=KE+PE=0+-——=-"" (D)
R R
Total mechanical energy of the sky lab in first orbit i.e.
GMm
E,=- (2
= @

Total mechanical energy of the skylab in the second
orbit i.e.
_GMm

6R

3=

(a) Required energy

GMm . GMm E GMm
4R R 4 R

= AE = %ng =9.6x10" J

(b) In this case required energy

_GMm . GMm lGMm
6R 4R 12 R

1 10
= AEy=—mgR=11x107]

ILLUSTRATION 44

Consider two satellite A and B of equal mass mov-
ing in the same circular orbit of radius r around the
earth but in the opposite sense and therefore, on a col-
lision course as shown in the figure.

,,,,,

(a) Find the total mechanical energy E, +Ej of the
two satellite plus-earth system before collision.

(b) If the collision is completely inelastic find the
total mechanical energy immediately after
collision. Describe the subsequent motion of the

combined satellite.
SOLUTION
1GM m 1GM,m
2 2 r

GM,m
r

E,+Ez=

(b) Applying Law of Conservation of Momentum
along the axis perpendicular to the gravitational
force i.e., along the tangent, we get

mo+(—mv) = 2mv’
= 0v'=0
Energy of the system = Gravitational energy
2GM,m

r

E=-

Since velocity = 0, satellite will fall vertically down.
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BROADCASTING REGION OF A SATELLITE

If we know the height of a geostationary satellite,
then we can easily find the area of earth exposed to
the satellite or area of the region in which the com-
munication can be made using this satellite. Figure
shows earth (of radius R) and its area exposed to a
geostationary satellite. The angle 6 is given by

o ()
o8 R+h

Axis of rotation
of earth

~

Geostationary
satellite

The solid angle Q which the exposed area subtends
at the earth’s centre is given by

Q=21(1-cosf)
R )_ 21th

= Q=27r(1——
R+h

" R+h

Since the solid angle Q subtended at the centre of
earth is

Area exposed to the satellite A
©= R? N

Thus, the area of earth’s surface exposed to the geo-
stationary satellite is

27hR?
R+h

A=QR*=

ILLUSTRATION 45

Find the minimum colatitude angle which can
directly receive a signed from a geostationary satellite.
Assume that the radius of the geostationary satellite
is seven times the radius of earth.

SOLUTION

The farthest point on earth, which can receive signals
from the parking orbit is the point where a length is
drawn on earth surface from satellite as shown in

figure.
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-

Parking
orbit

The colatitude angle A4 of a point P is given by
sind = R
R+h
For a parking orbit, we have R+h=7R

= A:sin‘](l)
7

ILLUSTRATION 46

A satellite is orbiting around the earth in an orbit in
equatorial plane of radius 2R, where R, is the radius
of earth. Find the area on earth, this satellite covers for
communication purpose in its complete revolution.

SOLUTION

When satellite S revolves around the earth, it cov-
ers a complete circular belt on earth’s surface for
communication.

If the colatitude of the farthest point on surface upto
which signals can be received (point P)is 6 then we
have

sinf = K _1

2R, 2
> g==
6

During revolution satellite leaves two spherical
patches 1 and 2 on earth’s surface at north and south
poles where no signals can be transmitted due to the
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curvature of earth. The areas of these patches can be
obtained by using the concept of solid angle.

The solid angle Q subtended by a patch on earth'’s
centre is

Q=27(1-cos0)=r(2-3)
So, area of each patch is
Ap=QR? =7(2-3)R?

Hence total area on earth’s surface to which commu-
nication can be made is

Ac =4nR? 24,
= A.=47R?-27(2-3)R?
Ac=27R*(2-2+443)
= A =23R?

U

KEPLER'S LAWS

First Law

The planets move around the sun in elliptical orbits
with the sun at one focus.
An ellipse with two foci F, and F, is shown in the

figure.
Minor axis

2h Major axis

2a

r
k.

A circle is a special case in which the foci coincide at
the center. The short dimension is called the minor
axis and has length 2b; the long dimension is called
the major axis and has length 2a. The closest point P,
in the orbit to the sun is called the perihelion; the far-
thest point A, is called the aphelion.

Second Law

The line joining the sun to a planet sweeps out equal
areas in equal time.

Suppose that in a given time interval a planet
moves from A to B asshown in the figure, and from
C to D during another time interval. According to

the second law the areas SAB and SCD are equal. The
speed of the planet, therefore, must vary during its
orbit. It is greatest at the perihelion, and least at the
aphelion. This law is a consequence of the Law of
Conservation of Angular Momentum.

Va

Vp

Third Law

The square of the period of planet is proportional to
the cube of its mean distance from the sun.

The mean distance turns out to be the semi-major
axis, a.

Mathematically, T? g’ or T* =xa°

where x is a constant that applies to all planets.

ILLUSTRATION 47

According to Kepler's second law of planetary
motion, the line joining the sun to a planet sweeps out
equal areas in equal time intervals. Show that this is a
consequence of the Law of Conservation of Angular
Momentum. The path of the planet is an ellipse.

3

SOLUTION

The gravitational force exerted by the sun on a planet
is a central force — it acts along the line joining the two
bodies, as shown in figure. The torque on the planet is

T=FxF=rFsin180°ii=0
which means that its angular momentum is constant.
The constancy in direction implies that the plane of
the orbit does not change. The constancy in magni-
tude leads to the “law of areas.”

In a time interval At , the planet moves from A

to B by a distance AB = vAt . The height of the trian-
gle SAB is

h= ABsin(180°-6)° = vAtsinf

Thus, its area is

AA = 1Jrh = 1rvAfsin@
2 2

AA 1
so, ——=—rusinf (1)
At 2
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The angular momentum of the planet is

L=rpsin® = mrvsin® ..(2)

Combining (1) and (2) we see that

AA L
— = — = constant
At 2m

The rate at which the radial line sweeps out area is
constant. Or, equivalently, the radial line sweeps out
equal areas in equal time intervals.

Problem Solving Technique(s)

1. The areal velocity of a planet is constant (Kepler's
second law) and is given by
dA L
dt 2m
Here, L is the angular momentum of the planet
about sun.
2. Most of the problems of gravitation are solved by
two conservation laws:
(i) Law of Conservation of Angular Momentum
about sun and
(i) Law of Conservation of Mechanical
(potential + kinetic) Energy
Hence, the following two equations are used in
most of the cases,

mvrsin@ = constant (1)
%m 2_GMm _ constant (2)
r

At aphelion and perihelion positions 6 =90°
Hence, equation (1) can be written as,

mvrsin90° = constant

= mvr =constant -(3)
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Further, since mass of the planet (m) also remains
constant, equation (1) can also be written as

vrsind = constant .(4)
= Vh=Vh {6=90°}
Since, ;>1,
= V<V,

. Applying the above mentioned Conservation

Laws at the aphelion and perihelion positions
along with the knowledge that

rH=a-ae h=a+ae

n= apheﬁon=a(]+9)andr2 =rperhiifon=a(1_e)

where e is the eccentricity of the elliptical orbit.
Then, we can show that

GM(]—E’)
V... =V o=V = |—] —
min aphelion 1 a \1+e

GM( 1+e
Vmax = Vpemh'fon =V;=
a \l-e

and total energy of the planet is calculated by

E=U+k=-SM 12 GmM 1 2
no 2 P
=)Ez_GMm
2a

It is interesting to note that the total energy is
same for both the circular and elliptical orbit.

. Trajectory of a body projected from point

A in the direction AB with different initial
velocities: Let a body be projected from point A
with velocity v in the direction AB. For different
values of v the paths are different. Here are the
possible cases.
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(i) If v=0, path is a straight line from A to O.

(i) If 0<v<vy, path is an ellipse with centre O
of the earth as a focus.

(iii) If v=yv,, path s a circle with O as the centre.

(iv) If vy <v<v,, path is again an ellipse with O
as a focus.

(v) If v=v,,body escapes from the gravitational
pull of the earth and path is a parabola.

(vi) If v>v,, body again escapes but now the
path is a hyperbola. Here, v, = orbital speed

{ ,I% J atAand v, = escape velocity at A.
r

A A
‘0<V<V0 ‘V0<V<Ve

NOTE:

(a) From case (i) to (iv) total energy of the body is
negative. Hence, these are the closed orbits and
are also called Bound Trajectories. For case (v)
total energy is zero and for case (vi) total energy
is positive. In these two cases orbits are open and
are called Unbound Trajectories.

(b) If v is not very large the elliptical orbit will inter-
sect the earth and the body will fall back to earth.

ILLUSTRATION 48

Two satellites S; and S, revolve around a planet in
coplanar circular orbits in the opposite sense. The
periods of revolutions are T and 1T respectively.
Find the angular speed of S, as observed by an astro-
naut in S;, when they are closest to each other.

SOLUTION

Since T2 = 1°
2
= roe]?3

" (Tl )2"3 [T ]2*”’ 1
= —_— = — =| — =—=
n \T nt ?]2""3

Now when they are closest to each other, then, the
separation between them is minimum i.e., as shown

in figure.
‘ i
Va
So, (ayy = el = L2101
1 h—h
2, | 2mn M(i;a)
- w_Tz T1= T, Thin
. h—=h _h
H
1 11
2E(1ﬂ"+Tn2F3J
= Wy = 1
2 /
2o
R Py

ILLUSTRATION 49

A planet of mass m moves along an ellipse around
the sun so that its maximum and minimum distances
from the sun are equal to 7, and 7, respectively. Find

the angular momentum of this planet relative to the
centre of the sun. Mass of the sunis M.
SOLUTION

Applying the Law of Conservation of Angular
Momentum and Mechanical Energy at P and A, we

get

mu,; 1, sin90° = mo,r, sin90°

= 0= ( r])v] 1)
]
1 Mm 1 GM
Also, fmvf—mzfmvi— n (2)
2 1 2 Ty
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Substituting value of v, from equation (1) in
equation (2), we get

2
lm(%—l]vf :GMm[l—lJ
2 \n n on

2(r1+r2) 2GM
0 =—

g} i

o o | XM
' ”1(”1“’2)

Since, angular momentum of the planet about the
sun is

L=muor

2GMnr,

(n+n)

ILLUSTRATION 50

If a planet revolves around the sun in an elliptical
orbit such that its minimum distance from sun is 7
and maximum distance is r, . Calculate the distance
of planet from sun when it is at a position where the
line joining the planet and sun is perpendicular to the
major axis of the ellipse.

L=m

SOLUTION

The situation is shown in Figure.

a — semi major axis
b — semi major axis

Major

Since, 1, =~ (latus rectum)
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Here semi major axis is given by

2
Also, we know that b? = 4 (1—6’2) and a—n =ae

= b =da—(a-n) =2an -7

n+r
= b2=2r1(1 Zj—r12=r2r1
2

So, from equation (1), we get

b? _2nn

a ntn

n =

DOUBLE STAR SYSTEM OR BINARY
STAR SYSTEM

In motion of a planet round the sun we have assumed
the mass of the sun to be too large in comparison to
the mass of the planet. Under such situation the sun
remains stationary and the planet revolves round the
sun. If however masses of sun and planet are com-
parable and motion of sun is also to be considered,
then both of them revolve around their centre of
mass with same angular velocity but different linear
speeds in the circles of different radii. The centre of
mass remains stationary.

We use following equations under this condition.
myr = iyt (1)

2 2 Gmym,
MR = Myh)™ = ————

-.(2)

(”1“2)2

Solving these two equations, we can find that

G(my+m || 32
0= ( 13 2)= GT or T=2M
r r VGM

Here, M=m;+m, and r=r1,+1,
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Further, angular momentum of the system about
centre of mass

L=(l+)o =(mlmz)r2a)=pr2m

my + 11,
Kinetic energy of system,
1( mym 1
K=—=| /2 |0’ = = e’
2\ my+m, 2

and moment of inertia of system,

mym
my +1m,

1My
Here, u= —L =
My + 11,

=reduced mass.

Thus, the two bodies can be replaced by a single body
whose mass is equal to reduced mass. This single
body revolve in a circular orbit whose radius is equal
to the distance between two bodies and centripetal
force of circular motion is equal to force of potential
between two bodies for actual separation.

ILLUSTRATION 51

A double star is a system of two stars moving around
the centre of mass of the system due to gravitation.
Find the distance between the components of the
double star if the total mass equals M and time
periodis T .

SOLUTION

Let d be the distance between the stars and let d;
and d, be the distances of stars from centre of mass

Therefore, d, =( a )mz and d, =( a )ml
my +n, My +

Gmym,

Since, we have = m0*d, = m,w°d
7 100y = M@

Also, my+my, =M {given]

= 4 =%mz and 4, =%ml

Gm, (M-m

= 1(d2 1)—m1a)2[—(M—ml)]
= GM=wd"
2
= d3=GM12F
i

@ Test Your Concepts-V

1. Two satellites A and B of the same mass are orbiting
the earth at altitudes R and 3R respectively, where
R is the radius of the earth. Taking their orbits to be
circular obtain the ratios of their kinetic and poten-
tial energies.

2. A satellite of mass m is orbiting a planet of mass M
at a radial distance R from the centre of a planet.
The satellite explodes by expelling very rapidly a
small amount of its mass Am in an opposite direc-
tion to its orbital velocity. The immediate recoil
velocity of the satellite is v (additional to the veloc-
ity already possessed by the satellite).

Based on Satellites, Kepler's Laws and Applications

(Solutions on page H.263)

(a) Show that the largest possible value of v, for

which the satellite remains within the gravita-
tional field assuming Am < m is,

vr=(ﬁ—1)\/?

(b) Deduce the result for v, in case of Am not
being negligible.
3. Ifasatellite is revolving close to a planet of density
pwith period T, show that the quantity pT* s a uni-
versal constant.




ICON

4. A satellite is projected into space with a velocity

5.

1.

v, at a distance r, from the centre of the earth by
the last stage of its launching rocket. The velocity
v, was designed to send the satellite into a circular
orbit of radius r,. However, owing to a malfunction
of control, the satellite is not projected horizon-
tally but at an angle o with the horizontal and, as a
result, is propelled into an elliptic orbit. Determine
the maximum and minimum values of the distance
from the center of the earth to the satellite.

Two small dense stars rotate about their common
centre of mass as a binary system with the period
of 1 year for each. One star is of double the mass of

the other and the mass of the lighter one is of ( %)

the mass of the sun. Given the distance between

the earth and the sun is R. If the distance between

the two stars is r, then obtain the relation between

randR.

In a double star, two stars one of mass m; and

another of mass m,, with a separation d, rotate

about their common centre of mass. Find:

(a) anexpression fortheirtime period of revolution

(b) the ratio of their kinetic energies

(c) the ratio of their angular momenta about the
centre of mass and

(d) the total angular momentum of the system

(e) the kinetic energy of the system.

Two satellites A and B revolve around a planet in

two coplanar circular orbits in the same sense with

radii 10 km and 2x10* km respectively. Time

period of A is 28 hours. What is time period of

10.

11.
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another satellite. Find the speed of B with respect
to A when A and B are at farthest distance from
each other.

A satellite is revolving round the earth in a circular
orbit of radius r and velocity v,. A particle is pro-
jected from the satellite in forward direction with

, , 5 N
relative velocity v = n -1 |v,. Calculate its min-

imum and maximum distances from earth’s centre

during subsequent motion of the particle.

Two identical stars each of mass M orbit around

their centre of mass. Each orbit is circular and has

radius R, so that the two stars are always on oppo-

site sides of the circle.

(a) Find the gravitational force of one star on the
other.

(b) Find the orbital speed of each star and the
period of the orbit.

(c) What minimum energy would be required to
separate the two stars to infinity?

Prove that the velocity of a satellite travelling in an

elliptical orbit when it reaches point C on the end

of the semi-minor axis is R 9 . Also show that this
a

velocity is the same as that for a circular orbit of
radius a.

C
Vet—er—0---
e ! S
s bt N
/ I .
i I G \
l\ a |r /l
Ay ] /7
\\‘- | ’I
I

Binary stars of comparable masses m; and m,
rotate under the influence of each other’s gravity
with a time period T. If they are stopped suddenly
in their motions, find their relative velocity when
they collide with each other. The radii of the stars
are R, and R, respectively. G is the universal con-
stant of gravitation.

J
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Two identical thin rods of length 24 have equal mass

M that is distributed uniformly along their lengths.
The rods lie along the x-axis with their centres sepa-
rated by a distance b > 2a.

y

—>X
-a | a b-a b+a

Show that the magnitude of the force exerted by the
left rod on the right one is given by

GM? ( b2 )
F= log,
447 8 b? - 44’

SOLUTION

This problem is a very special one where we shall
learn to calculate the force between two extended
bodies using the concept of gravitational field. For
this let us divide the problem in two parts.

PART I

Here we shall imagine the rod to the right to be absent
and then let us calculate the field due to the rod on
the left at a hypothetical point P (say) at a distance d
from one end of the rod. Let us consider an element of
length dx atadistance x from the point P.If dE, be
the gravitational field due to the rod at P, then

dE, = Gdm =(G—M)x'2dx

4 x2 24
d+2a 41 d+2a
T T
$ 2a 20 | =2+1
GM(I)M” GM(l 1)
= E =——| - = ———
8 2a \x )|, 20 \d+2a d
M
§ d(d+2a)

PART II
Now after we have calculated the field due to one rod,
we actually observe that the second rod will be lying

SOLVED PROBLEMS

in the field of the first rod. For finding the force on
this rod let us again consider an infinitesimal element
of length dx at a distance x from the nearest end of
the left rod. If dF be the force due to this rod then

dF=Edm=[ GM }/ldx
8 x(x+2a)
Y
b —»
dx
— X —P [—
— B —x
—a a b-a b+a
Since/1=M
2a
2
- dP=GM[ dx ]
2a | x(x+2a)
GME [ d
= P=J.dF= J *
2a x(x+2a)
b-2a
2 b
- F=GM —1log€(2a+x)
2a 2a ' X b 25

R F_GM2 I [2a+b)+10 ( b )
4q° 8 b Be b-2a

2 2
= F=GM logc[( d ]

44° b—2a)(b+2a)

GM? [ b2 ]
= F= log,
4q° Be b? — 44>

Calculate the gravitational field due to a thin uniform
very large hemispherical shell at its centre. Assume
the shell to have a radius R and a mass M.

SOLUTION

Let us consider an infinitesimal elemental ring on its
surface having angular width 46 atan angle 6 from
its axis as shown. The surface area dA of this ring is

dA =(2nRsin®)(Rd6)
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0 r = Rsin@
X = Rcos@

Mass on this elemental ring is

dm = 6dA = o 27R? sin 646)

where gis the surface mass density of the shell given
by
M
0= 2

2nR
Since the gravitational field strength due to a thin
ring of mass dm , radius r at a point lying on its axis
at a distance x from its centre is
Now due to this ring, gravitational field strength at
centre C is

dE= Lm);cz (1)
(r2+22)"
Also, from the figure, we observe that
x=Rcosf and r=Rsin®
Substituting these values in equation (1), we get
Gdm(Rcos8)

dE = 7
(R?sin? 6+ R cos29)”

Gcr(lzer2 sin Gdﬂ)RCOSB
'
= dE=Gon(2sinOcosBd0) = Gonsin(260)d0

= dE=

Net gravitational field at center is obtained by
integrating the above expression for dE between the

.. i
limits zero to E . So,

n/2

E= J.dE - Govrj sin(26)d6

0
72 ]
0

= E= GO’J‘L’[ __cos:(228)

= E=Govr(1+l)
2 2
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= E=G0'7r=G( Mz)zz
2nR

2R

Calculate the self energy of the sun, taking its mass

to be equal to 2x10™ kg and its radius to be very
nearly 7x10° metre. If its radius contracts by 1 km
per year, without affecting its mass, calculate the rate
at which it radiates out energy.

SOLUTION
The gravitational self energy of the sun is given by
_ 3GM’
5 R

This is actually the self energy of the solid sphere. So,

y -3 (667x10™)(2x10 )"
T 5 (7x10°)

= U, ,=-229x10*]

Now, rate of change of energy of the sun, is

du; 3 M°GdR
dt 5 R® dt
dR| 1000 o

= ms
dt| 365x24x3600
So, the rate of energy radiated out by the sun,

where,

du; 3 M*G dR
dt 5 R* dt
2
. du, 3(2x10” ) (6.67x10™)( 1000
dt 5 (7x10°) 365% 24 3600
du,

;= 1.03x10% Js

Halley’s comet has a period of 76 years and in
the year 1986 the distance of closest approach of the
comet to the sun was 8.9x10" m. Calculate the
comet’s farthest distance from the sun if the mass of
sunis 2x10” kg and G=6.67x10""" Nm’kg ™~ and
1yr=3.15x10" s
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SOLUTION
Comet
Perigee Apogee
KE =maxf------¥-----#------------- KE = min
i PE = max

PE = min !

4 b'd

Sor

min ' fmax

From the problem it is self-evident that the orbit of
the comet is elliptical with sun being at one focus. For
elliptical orbits, according to Kepler’s third law, we

have
T? = —4E2 s
GM,

1
[ GMT? )3
a=

4r’

where T =76x365x 86400

G| =

6.67 %10 x2x10% x (76 x3.15% 107 )
= 4r?

= 4=27x10"m
For an ellipse, we know that

+1

2a=r ' nax

min
= Thax = 20~ Fmin
= o =2(27x107)-89%10"

= fom = 53x10% m

A body of mass m ascends from the earth’s surface
with zero initial velocity due to the action of two
forces as shown in figure.

y

b

3
Qi

The force F varying with height y as F= -2mg(1-ay)
where a is a positive constant. Find the work per-
formed by the force F over the first half of the ascent
and the corresponding increase in the potential
energy of the body in the earth’s gravity field, which
is assumed to be uniform.

SOLUTION

First let us find the total height of ascent. At the
beginning and the end of the path, the velocity of the
body is happens to be equal to zero and therefore,
the change in kinetic energy of the body is also equal
to zero. Therefore, from Work-Energy Theorem, we
have

Work Done by All the Forces =0

h

= |(E+mg)dy=0

1
=

= mg(l—?_ay)dy=0

0
= mgh(l—ah)=0

= h=

= |

The work performed by the force E over the first half
of the ascent is,
hj2 1/2a
W= I Fdy =2mg J. (1—ay)dy =
0

0

3mg
4a
The corresponding increase in the potential energy is

_mgh _mg
T2 ;

Al

Find the speeds of a planet of mass m in its perihe-
lion and aphelion positions. The semi-major axis of
its orbitis @, eccentricity is ¢ and the mass of the sun
is M. Also find the total energy of the planet in terms
of the given parameters.

SOLUTION
Let 7, and v, be the speeds of the planet at perihelion
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(]
Va
PQ) OA
vy
and aphelion positions, then
r=a(l1-e) and r, =a(1+e) (1)

Applying the Law of Conservation of Angular
momentum of the planet at P (perihelion) and A
(aphelion) about the sun, we get

muyr, sin90° = mv,r, sin90°

Applying the Law of Conservation of Mechanical
Energy in these two positions, we get

(u+K)nf P =(U+K)a!A
= lmvlz _CMm_ lmv% _CMm ..(3)
2 n 2 ty

Solving equations (1), (2) and (3), we get

GM(1+€) GM(l—e)
'(Jl=|,— — | and v, =, [—| —
a \1-e¢ a \1+e

Further, total energy of the planet is

n 2 1
1 [GM(He” GMm
= E:—m —
2 a \l-e a(l-e)
= Fo GMm [(lﬁ)—l}
a(1-e) 2

GMm (e—l)
= E= —
a(l-e)\ 2

GMm
2a

= E=

A cosmic body A coming from infinity with a veloc-
ity v, is approaching the Sun of mass M, with its line
of motion at a distance | from the Sun, as shown in
the figure. When it gets closest to the Sun i.e. at P,
what will be its distance from the sun?
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SOLUTION

By Law of Conservation of Mechanical Energy, we
have

(U+K), =(U+K),

at oo

where
M is the mass of the sun
m is the mass of the body
r is the distance of closest approach and
v is the velocity of the body at the point P

Since the torque due to the gravitational force on the
body about the sun is zero, so the angular momen-
tum of the body about the sun will remain con-
served, therefore by Law of Conservation of Angular
Momentum, we have

(mvg )1 = (mo)r

= yl=or (2)

Substituting this value of v in equation (1), we get

1 o, GMm 1 (gl ’
= —muy=- +—m| —

2 ro 2 r

) 2(3Mr+(v(2)[2)

p
= wrt+2GMr-ul° =0

Solving this quadratic in 7, we get

~2GM + \[4G*M* + 4oy |*
2
20}
Since we are here calculating the distance of closest
approach, i.e. the least distance between the sun and

the body, so we will reject the negative sign. Hence,
we have

r=-
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~2GM +1/4G*M? + 4o I*

2
2v;

GM o2l :
= Tmin=_2 -1+ |1+ GO—M

r=-

A body is projected vertically upwards from the
surface of earth with a velocity sufficient to carry it
to infinity. Calculate the time taken by it to reach a
height .

SOLUTION

Let v be the velocity of the body at a distance » from
the centre of earth. Applying Law of Conservation of
Mechanical Energy, we get

1 2 GMm 1 2 GMm
—mu” - =—mu, ———
r 2 R
M
where, v, =,/2¢R and ¢ = (';—2

Substituting in equation (1), we get

_RJ%g
N

(D)

dr
Since v = T so we have

An artificial satellite of the earth (radius R and
mass M) moves in an orbit whose radius is n times
the radius of the earth. Assuming resistance to the
motion to be proportional to the square of velocity
thatis F =av’. Find how long the satellite will take
to fall on to the earth.

ae
SOLUTION
. dv
Tangential force, F, = "
2 do
= v =m—
dt

Rearranging, we get

t vf P vf
Jdt= —EJ—;):—EJAU_Zdv
a il a

0 v v;
v
. m( 2t )
a\-2+1

'f_ m( 1)

o a\ v
ml 1 1
= f=—| ———
a\ vy v

Also, v,=,/G—M and v; = [G_M

‘ R
A&
a\\GM \GM

Since g =

Z.’f

[

, S0 we get

_mR
QJ_(I 1)

PROBLEM 10

A satellite is to be placed in an orbit just above the earth’s

atmosphere with a speed \E times the speed for a

circular orbit at that height. The initial velocity imparted
is horizontal. Calculate the maximum distance of the
satellite from the earth, when it is in the orbit.

SOLUTION

Since the satellite is to be placed in an orbit just above
the atmosphere i.e. it is to be placed in an orbit close
to surface of earth. Also, it is given that

0= \/EU
i 2 orbit

Close to surface of earth

f”o“\/g—R
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By Law of Conservation of Angular Momentum, we
have

THUI'T]‘ = mf)}:rf

= m(\E\/g_R)R=mvfrmax (1)

By Laws of Conservation of Energy, we have

1 (3 GMm 1 , GMm
Zm| Z¢R |- = Zmo? - .2
2m[23) R 27T @
3 1, ng

= —g9R-g¢R=—-v;-"—
L A

From equation (1), we have

3 p3
—gR
b

— gR=_
4 2 rmax Tmax
R® 4R 1
= ———+—=0
rmaxz 3F‘max 3
Y R T S
- _3 9 3_3 3——i—
Tnax 2 2 33
= —=1or~
rmax 3
Since r._. #R

max

= Iy =R

So, maximum distance of satellite from the earth
surface is

By =T,

max max

= I, =3R-R=2R

PROBLEM 11

Inside a uniform sphere of density p there is a spher-
ical cavity whose centre is at a distance / from the
centre of the sphere. Find the strength of the gravita-
tional field inside the cavity.

-R
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SOLUTION

Let us consider a point P inside the cavity. Let E; be
gravitational field due to sphere at P, then

- 4 .
El =(§EGP)F‘1

If E, be the gravitational field due to cavity at P,
then

Substituting in (1), we get
.4 -
E=-—nGpl

3 p
= |El= %ﬂGpl

So, we observe that the gravitational field inside the
cavity is independent of the location of the point P
and just depends upon the distance of the cavity’s
centre from the centre of sphere.

PROBLEM 12

A meteorite of mass m collides perpendicularly with
a satellite which was orbiting around a planet of mass
M in a circular path of radius R. Due to collision,
the meteorite sticks to the satellite of mass 10/m and
the satellite is seen to have gone into an orbit whose
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.. . . R )
minimum distance from the planet is 5 Determine
the velocity v of the meteorite before collision.

SOLUTION

The situation before collision and after collision is
shown in the figure.

Path after ,
collision ™’
' Path before
collision

Before collision, the speed of satellite is the orbital
speed given by

U =\/% (D)

After collision with meteorite, let the combined mass
11m moves at an angle ¢ with the orbit as shown in
figure. If finally, 11m moves at speed v* then apply-
ing the Law of Conservation of Momentum along
horizontal and vertical directions, we get

mo =11mv’sin0

= U’sin9=(£) ..(2)
11
10mu, = 11mv’ cos 0
1
= U’cosE):(OvﬂJ ..(3)
1

After collision applying the Law of Conservation of
Angular Momentum, we get

11m(v’c059)R=11m(v")§ ..(4)

where 0" is the speed at perigee.
Applying the Law of Conservation of Energy, we
have

(M) 1y GMATM) Ly
2 (R,-"Z) 2
’2 ’12

. _G_M+v =_2G_M+U ..(5)

R 2 R 2

ae
From equation (2) and (3), we get
2
72 =(£)2+(10u0) _ o* +100u] 6
11 11 121
From equation (4), we get
20
e 9:(_)
v U COS 1 (A (7)

Substituting the values of v’ from (6) and v”’ from
(7) in equation (5), we get

_G_M+1(vz+100u3J__26M+1(20 )2
R 20 121 R 2\

2
o v _G_M+[%)(L)(4oou§ ~100u3 )

242 R 121
e | SOO(GM) { GM}

= =t — WUy =
242 R 242\ R R
v 58GM

=5 —=—
242 242R

/SSGM
= U=, )—
R

PROBLEM 13

Two iron spheres, each of mass 1 kg and 100 mm
in diameter, are released from rest with a centre-to-
centre separation of 1 m . Assume an environment in
space with no forces other than the force of mutual
gravitational attraction and calculate the time f
required for the spheres to contact each other and the
absolute speed v of each sphere upon contact.

100 mm
—p —
O O
4—1m—p

SOLUTION

Let v, be the relative speed at separation r, then by
Law of Conservation of Mechanical Energy, we have

(U+K)atlm =(U+K)r

GmM 1 2 GmM 1 5
———t+—ul0) =- +=
. zu( ) S Hor
= lﬂvrz=Gmm[l—1) (1)
2 r
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where, /1 is the reduced mass given by

m(m) m

m+m 2

Substituting in equation (1) with m =1kg , we get

v, =2 }G(%—l) (2)

= —@—2 G(l—l)
dt r

dr

- oo i

Let the integral be

I=J ’Ldr
1-r

Substituting r = sin’ @, we get

dr = 2sin 6 cos 6dO
J‘ sin’ @

= I= 5
cos” 0

= I=J25in29d8=J(1—COSZB)d9

=  df=-

2sinBcosHdo

sin(26)
2
= [=0-sinfcosf

= [=0-

But sin” 6 =r

= I=sin'Vr—yr(i-r)

- t= T(Sm 1J¥—W)

= [ -0- smlrer/WJ
= (——032+03)

= —=(1.55)

2\/6

= t=95%x10°s
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From equation (1), relative speed at the time of
collision,

v, = 2\/(6.67><10‘” )(i—
0.1

1] =49%10”° ms™

So, the speed of each sphere is %” =245x10"° ms™'

PROBLEM 14

Two satellites S; and S, are to be set into the orbits

of % and % above the earth’s surface respectively.

They revolve around the earth in coplanar circular
orbit in the opposite sense. Determine

(a) the ratio of the speeds of projection from the sur-
face of the earth.

(b) the angular speed of S, as observed by an astro-
naut in S; when their radius vectors are making
an angle 120° with each other.

SOLUTION

(a) By Law of Conservation of Energy

(U+K)surface =(u+K)orbit
M M
O L o =
2(R+—)
4
1 GMm, [ GMml)
2(R+—)
1
2 6GM
= 0 =—— (1
1 5 R (1)
Similarly, _CMm, + %mzvg =— GMm,
2(R+—)
6
- ;mzvé-— GMmJTZE _(_Gﬂf{mz)
2(R+—)
6
8 GM
2
=—— (2
= @
From equations (1) and (2), we get
v 21
'U% 20
(4] 21

= —=.|—
v, V20
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(b) 1’1=R+5=g and r2=R+£=B
4 4 6 6
P=(O, rz)
and Q=(r,cos30°, —rlsin30°)=(%, —%1)

317 n Y
= PQ-= Tl+(r2+51) =21R

Applying Lami’s Theorem, we get

p! _ h __PQ
sin(90°~B) sin(90°—¢a)  sin(120°)

= cosq = ;—1Qsin(120°) =0.5 and

cos = ;—2Qsin(120°) =048

_ U, C0os 0+, cos B

Now, o

r YWy PQ
/GM /GM
——coso+ |—cosf

b n

= o= PQ
|gR? / R
8% cosa+t g—cosﬁ

1§ n
= =

2.1R

R 7R
Since, 1 = R and 1, =—
4 6

2 3
g | [981x6400x10° |
1 7/6

R2
= 82 cosar= 3666
g

R . ?
fg_cosﬁz[\/981x64f00x10 ]0‘48
" 5/4
R2

= |5 cosp=3402
n

Substituting these values in equation (3), we get

_36066+3402
2.1x6400%10°

=5.25%107* rads™

r

PROBLEM 15

An earth satellite is revolving in a circular orbit of
radius a with velocity v . A gunisin the satellite and
is aimed directly towards the earth. A bullet is fired

from the gun with muzzle velocity %0. Neglecting

resistance offered by cosmic dust and recoil of gun,
calculate maximum and minimum distance of bullet
from the centre of earth during its subsequent motion.

SOLUTION
Orbital speed of satellite is

vy =\/¥ (1)

Applying the Law of Conservation of Angular
Momentum at P and Q, we get

mav, = mor

an,
= p=—2L

(2)

Applying the Law of Conservation of Mechanical
Energy at P and Q, we get

r

1 (, vg) GMm 1, GMm
—m| vy +— |- =—mo- -

2 4 a 2 7
5 2 GM UZ GM

8 a 2 r

Substituting values of v and v, from equations (1)
and (2), we get

EG_M_G_M_é(G_M)_G_M
8 a a 2\ 24 r
3 a 1
= ——=——C
8 2% r

= 31" =4a* - 8ar

= 3’ -8ar+4a*=0
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_ 8.’1i\"64£12 —48&2 = r=2a and %
r= . 3
S8at4a

= 2a )
6 and 3 respectively.

Hence, the maximum and minimum distances are 2a
= 7




