Tangent and Normal ALLEN

Tangent and Normal

SOLUTIONS

EXERCISE - O
1. Ans. (D)
\Y =énr3 :>ﬂ=4-‘rcl‘2£:>35=4-Tc(7)2ﬂ
3 dt dt dt
=35= 4.2.7.7ﬂ:ﬂ:i (1)
7 d dt 88

A=4nr’= d—A=8m‘ﬂ3d—A=8.Q.7.i by (1)
dt dt dt 7 88

= d—A =10cm? /min
dt

2. Ans. (B)
dy .
Slope =— = cosx - 2 cosx. sinx = 0.
. 1
cosXx=0 or sinXx==
= (cosx) (1-2sinx)=0= ¥ v
X =§ Notinoption
3. Ans. (A)
2 3 ! 2 ! 3XZ
ay‘=x’= Zayy =3x*=>y= —
2ay

Atx =at? y=at?: a_ 3(at2)2 _dy 3t
' dx 2a(at’) ~dx 2

.. eq" of tangent : y - at3 = % (x - at?)

3
=y-atd3= %X_Sat = 3tx—2y=at’
4. Ans. (A)
Area of square 4 = x? = (;—A=2X
X

0ld area x2 ; Now Area = (x, + h)? = x2 + h? + 2hx, (exact)

exact change in Area = x2 + h? + 2hx,- x2 = |h*+2hx,

Approximate change in Area = h. 3—A =2hx,

X| X=X,

Difference = h?
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5. Ans. (D)

JEE (Main + Advanced) : Mathematics

for tangent to be parallel to x axis : % =0
X

ﬂ:l—%=02x3=8:>x=2
dx X

Atx=2:y=2+%:>y=3.'. P(2,3)

eqn of line of zero slope through (2,3)isy = 3
6. Ans. (B)
x2+2xy—3y2=0
= x?+3xy—xy—3y?2=0 e ‘
= (x+ 3y) (x —y) = 0 (Pair of st. lines.) “-| y =
(1,1) liesony = x line \"‘-‘ (L1
Nat(1,1)toliney=x:y—1=-1(x—1) \
= x+y=2 ;
Its pt. of int. with x + 3y = 0is (3,—1)
Note : Answer can also be concluded from figure.
7. Ans. (C)
dy
dy do B a(O—(—Sil’l 9)) _ sin®
dx  dx a((1+cos@)) 1+cos®

do
Zsingcosg
ﬂ:tan E = Slne = tan E — 2 2
dx 4) 1+cosO 4 2 c0s? ©
cos” —
2
9 TT T
= tan—=tan— = |0=—
2 4 2
s
.‘.x=a(5+1j,y:a(1_0):a_
8. Ans. (B)
dy
ﬂ=4t+3;%=3t2_8t_3,ﬂ:i
dt dt dx %
dt

for horizontal tangent : &:0 :Q:O =>4t+3=0=>t= =3
dx dt 4

dx

. dx
for vertical tangent: —=0 = -

0

= 3t?2-8t—-3=0=>t=3,t= _?1

H=1V =2

[46]
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9. Ans. (B)
If0A=a;0B =2a=tanf =2
slope of the tangent is 2

Ei
dX (X,¥1)

=3x} —6%,—7=2
=X —2x,-3=0

= x4 = 30or — 1 (rejected)

= (3,-15)
10. Ans. (B)
P (4t +3,8t3-1)
Q (4t +3,8t) -1),mpq = ay
dx|, o
8t> -8t 2t 2(t1—t)(tf+t2+tt1):3t oty 1) |
4t -4t* 8t (t, -t)(t, +1)

= 2t7 +2t% +2tt, =3tt, +3t° StP+ - 20 = 0= (t—t)(E+2t) =0

= t =t (rejected)ort; = _?t

—t
putt; = ?,We get:

(el

=Q ((t*+3),(-t* - 1))
11. Ans. (C)

C;:x%-y?=5 (hyperbola); C,: I_8+yE:1 (ellipse)

Point of intersection : x2 - y? =5 = x2=y% +5
2 2
Y5, Y —yi=4

8
x?=y?+5=>x%=4+5=x=+3.
... four points of intersection (+3, +2)
By symmetry, angle of intersection at all points will be same.
Cy:x%-y%2=5

putin ellipse :

:>x2—2yy’=0:>y’=§

3

:>m1=5
Xty 2x 2y -8x
C:—+—=1=2> —+—=y'=0= y'=—n
18 8 18 8 18y

. . i
.. mqy my = -1 = Angle of intersection = —
2

curves are orthogonal .

www.allen.in

[47]



ALLEN

JEE (Main + Advanced) : Mathematics

12.

13.

14.

15.

16.

17.

Ans. (D)
Cp:y3—x%2+5y—2x=0=5y'—2=0
Cp:x*—x3y2 +5x+2y=0=5+2y' =0

2 5
=>m = E,mz =—E:>m1m2:—1

. g=2
2
Ans. (D)
C,:y’'=8x=2yy'=8= y'|(2,4]=1| o 0°
C,: X} =4y—12=2x=4y'= y'|(2’4]=1|
the curves touch each other at this point.
Ans. (C)
C1:y? = 6x;Cy: 9x% + by? = 16
Let pt. of intersection be P(xy,y;)

PliesonC; : y? = 6x; (1)
Ci:y?=6x=2yy =6=y' = 3 =m
Yi
C,:9x% + by? =16
, , 9x,
=18x+2byy =0=>y'= —=m,
by,
mim, = -1 3—27)21 = —1.
by,

by equation (1)
27X,
e
b(6x,)
Ans. (C)
xZ+xy+y?=7=2x+xy'+y+2yy'=0

_13b:£:>b:2
6 2

Atx=1,y=-3:2(1)+(1)y' +(-3)+2(-3)y'=

, -1 y -3

=2 o L= =—2 =15
TY I TRy —1/5‘
Ans. (D)
Ly X Loy = F(x, )‘ |y1f (% )| (y1)?
Ans. (A)

2
yy1+(yY*

INY |
[E] =y | =)
y

Now check option

) s V1

LST |y/Y| Al

[48]
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18. Ans. (D)
XZ
=—-2
Y 4
y'—%
4
myatP =——
X\P(a, a?/4 —2)
2 i
, LW :
24 s
a '° a-10 ' Q(10,-1)
=a3=-4a+80
a’+4a-80=0=>a=4
- P(4,2).
19. Ans. (C)
y =x",neN
dy nx"1! =na"?
dx
1
slope of normal = ————
na
. 1
equation of normaly — a™ = ———(x-a)
na
put x = 0 to get y-intercept
y = a"+%; Hence b = a" +%
na na
20. Ans. (D)
Equation of normal is
X 3
y_?—_Z(X_Xl) (1, %{/3)
pass through (15,- 3) \//
2
_3_X_1=_i(15_x1) 1 .
3 2% Yas,-3)
solve for x;, we get x; = 3 = Radius = PQ = 180
21. Ans. (A,D)
xy = k?
X g Oy y_ 1 b
dx dx x t a
E >0
a
b & a have same sign.
www.allen.in [49]
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22. Ans. (B,D)

y = e?*cosx
Atx=0:y=1

y' =2e%* cosx + e?* (-sinx)

Atx=0:y'=2=T:y-1=2(x-0) 2 { -
=>y=2x+1 0 n/Z\/
for tangent parallel to axis : /2 37/2
y' =0=2e%* cosx - e?* sinx=0
= tanx =2
.. 2 solution in XE(—E,3—RJ
2 2
23. Ans. (B,C)
Letg(x)=ax+b=y—->m=a
= y=ax+b
= x = ay + b (for inverse function)
= y="2=¢"(9
gx)=ax+b; gl(x) = g—b
Now check orthogonality using slopes
24. Ans. (B,C)
y? = 4ax, dy_2a
dx vy
and xy=b, ﬂz—l
dx X
Also solving y? = 4axand xy = b
b—z =4ax Lo X = b
X 4a
For curves to cut at right angles.
Z—ax(—zj:—l
y X
2a =x
8a% = x3 = L
4a
32a* = b?
25. Ans. (A,B,C)
x=2=t?+3t-10=0=>t=2,-5
y=-1=t?-t-2=0=>t=2,-1
=t=2 (common value)
dy 4t-2
dx  2t+3
[50] www.allen.in
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26.

27.

dy
dx

t=2 7

subtangent =

tangent = _—1 1+— = —
8 é 49 6

7
Ans. (B,C)

oy} _si2
Xy S 27

Since given equation is homogeneous equation

S I
dxlay 3 dx?
Ans. (A,C)

Equation of normal

=0

(31

=YY ZW(X_XJ
(Xl-)h)

dx

x;=a, [%j =1=y; =b"

If n is odd then y, = b so point (x4,y;) = (a, b)
If n is even then y; = +b so point (x4, y;)
=(a,b) or (a,- b)

(&)
dX )y @

normal at point (a, b)

(&)
dx (ab)

= ax - by = a® - b? (1)

normal at point (a, - b)

(d_VJ _b
dX )ap) @

-1
b=~
=Sy+ (dyj
dx (a-b)

ax + by = a? - b? (2)

= y-b= (x—a):y—bzg(x—a)

b

(x—a) = y+b=—%(x—a)

www.allen.in
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28. Ans. (A,B,C,D)
f(1)=0 9(1)=0
1+a+b=0 c-1=0
at+b=-1 c=1

ﬂ=2x+aj ﬂ:c—Zx)X:1 =Cc-2
dx w1 Ox

29. Ans. (A)

dy
dx
and, k= y(O):>k-—

C=lkil + 5 = == 1)I,/ \/_

30. Ans. (C)
lyy'l = ly/y'| at (0,1) = (¥') at (0, 1) equal £1
= (peP* + p)(O,l) =+1=2p=x1=p=%1/2
31. Ans. (D)

=3x2+6x+4 —=m=4

Length of subnormal = ‘ycdi—y = —BSin(_T:Tj = %izg
X [—\Esin(_nj)‘ 22
4
32. Ans. (A)
33. Ans. (B)

(i) R=13;C:j—\t/=—6;y=8

V=2Y'GR-Y)

U

dv It 2\
5 =Ry -y )y = 6=(21(13)(8)-n(8)")y

[52] www.allen.in
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dr _ +2(R-y)-y'
dt 2R -(R-yy

dr (13-8) ( -1 j dar -5
== _ar
dt \/169—(13—8)2 24r dt 288n

34. Ans. (C)

length of tangent, normal, subtangent, subnormal are

(i) r=yR’-(R-y)’ =

|ycosec 0

ysecH

ycot 0

ytan 9| Respectively

) ) )

ﬂ=4x-e“2 +2
dx

d—y=2=tan6.
dx

x=0

35. Ans. (A —-p; B-r; C—>q; D —>s)
(A) 4yﬂ:2ax = —4d—y:2a
dx dx
= %:%a =-1=>a=2
2y?=ax?+b
2=a+b
b=0
a-b=2-0=2
(B) Slope of normal = -1

Slope of tangent =1 = ﬂ

dx

18yd—y = 3x?
dx
18b = 3a?

a.2

- (i)
9b* = a’ ..(i)

4
9.a—=a3:>a=4;b=2=§
36 6 3

b=

a-b=4->=

B _4
3 3

(C) (1, 2) satisfies y = ax? + bx +%

= 2=a+b+Z :>a+b=_—3
2 2

d—y=2ax+b=2a+b
dx

m / min.

www.allen.in
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dy

for IInd curve —=—=
dx

2x+6=2

Slope of normal = —%

2a+b= 1
2
Solve fora & b
(D)Put, (1,1) 1+a+b=0
dy _
dx
y+xy' +a+by' =0
1+2+a+2b=0
a+2b=-3
get the values of a & b

EXERCISE - S

1. Ans. (9.00)
Vi =m (3)%h
o dh
dt dt
dh

1 .
= —=—m/min.
dt 9=x

2. Ans. (8.00)

r 5
—=—=r=

h 10 2

2
\Y =lnr2h :>V=1nh—-h =V =l'h3
3 3 4 12

av

dt
3. Ans. (4.00)

20 s Ty
dt 4

2 dh dh

Th

dt dt

4
Atl=4; h=(lcos—=—;
{ 4 2

av

r—fsinz—i}
4 2
(A A
J2) dt
de 2
—=—cm
dt 4=

dv , dr
=> —=nrt— = —
dt dt

dt
dr 1 d¢

Also, r= — ===
dt /2 dt

L
—_— =
2

..(if)

3 .
—_— = —=gcm/m1n.

T

dr 1
dt

47

/s.

1.5cm3/min

10cm

2cm3/s

[54]
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4.  Ans.(37.00)
ar’h r 15 3h
—_= =
3 h 10 2

2 3
= vzn—h(ﬁj _, y 3
3\ 2

V:

d_V=3_n.(3h2)@, d_V:C_l,ﬁzzl.
da 4 dt = dt dt

2
= c-1=(3’;h j(3'4)

=1+9n(2)2= C=1+36m
Note : For water level to rise, inlet rate (c cm3/&) must be

more than outlet rate (1 cm3/s)
5. Ans. (48.00)

— h="sv=daen
6 3
g V:l~n-(36h2)'h: V =12nh* = d—V=36nh2@
3 dt dt
= 12=36-n-16-@:> @:_1 cm/s
dt dt 48n

6. Ans. (0.25)
dA
At, t =0, 7 =0 (blot starts), i 2— dA=2dt
A=2t (-A=0att=0)

28 228 56
= cm

At t="—, 6 A==""—="—
11 11 11
A=nr?
_36_22 r:1—4; A, (given)
11 7 11 dt
dA dr 2.22 14dr d 1
= —=21r— = 2=—"—— — ==
dt dt 7 11 dt d 4

7. Ans. (6.00)

(1,2)liesony = ax2+bx+% = a+b+§:0

7
y=ax2+bx+E =y =2ax+b=y' =2a+bat(l,2)

y=x2+6x+10 = y' =2x+b=>y =-4+6=2at(-2,2)

h =10cm|

dh

dt

-

__________

-1
= mN 2?
2a+b=_7 solving, we geta =1, b:_?
www.allen.in [55]
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8.

Ans. (1.00)
1
y=——atx=2,y=-1
1-x

ﬂ_ 1
dx (1_)()2

% -1 (1)
Xl2,-1) '

B(th 2)

equation of tangent
y+1=1(x-2) @-D
y=x-3 .(2)
curve

y =-a?x? +5ax -4

x-3=-a’x?+5ax -4

(x, 1)

X, + X

a’x*+x(1-5a)+1=0<}

2=2=X +X, =4

for a real chord root of the above quadratic must be real and distinct
.. D of the above quadratic must be positive

(5a-1)2-4a?>0

21a? -10a+1>0

(7a-1)(3a-1)>0

5a-1

4= —=4a’-5a+1=0

a’
_ 5++425-44
2.4
5+3 1. .
a=——=a=1,— (a= — isrejected from D >0) . a=1
8 4 4
Ans. (9.42 or 9.43)

1eot=1+7%
36

, (72t
=X = — Va y=1+7x%/36
,72t (0,1\+ 2¢)B
=>X=,[— 72t
7 c( = .1+ 2t
’72
:—(1 ZtJ( - j > X

dA_1(, [72t 72 1
2. 2= (12t
dt 2[ EaS zﬁj

:>dA 1(26 412)_6+24_66
dt 7 7

[56]
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10.  Ans. (20.00)

where g =p?,s=-8/r 8
" o)

dx

=2X=2p (i)

A

Also, d_y

EXERCISE - JEE (Main) PYQ
1. Ans. (1)

y=xe* = y' = e +xe* (2x)
Atx=1:y'=e+1le(2)=>y =3e

Equation of tangent: y -e =3e (x - 1)
2. Ans. (3)

x2+ 2=4‘(ﬂ:—25j
Y dt

X—+Yy—>= l
dt dt 25cm/s

100@%—100(25):0 y

B
dx 25
=—=cm/sec 0

d 3

3. Ans. (2)

x2+2xy-3y?=0=(x+3y)(x-y)=0
(2,2)liesonx-y=0
Normal at (2, 2) totheliney=xisx +y=4

:izz\/f

0+0-4

72

Distance from (0, 0) is

www.allen.in [57]
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4.

Ans. (4.00)
y2-3x2+y+10=0
] 6X

- =

Y 2y+1

2y, +1
LetP(xy,y1)=>my = -
6X,

3
2y1+1J_2_y1

my =Mpg = - =
N Fe ( 6X, 0-x,

:>2y1+1:§—6y1:>y1:1

Puty, =1ingivencurve: 1-3x) +1+10=0

= x; =12

Cyl=| 6E2)
"|y|_‘2(1)+1 )
Ans. (4)

Let L be the common normal to parabola y = x? + 7x + 2 and line y = 3x - 3

= slope of tangent of y = x%2 + 7x + 2at P = 3

=>2x+7=3=>x=-2=>y=-8
So P(-2,-8)
NormalatP:x+3y+(C =0

= C = 26 (P satisfies the line)

[Normal: x+3y +26=0|

Ans. (2)
Given equation of curve

y=(1 + x)% + cos?(sin"1x)

at x=0
y=(1 + 0)% + cos?(sin-10)
y=1+1=2

So, we have to find the normal at (0, 2)

Now Yy =" 1 cos? (cos’1 V1-%° )
2
y — eZyln(1+x) +( ’1_ X2 )

4

(x1,y1)P

b2(0,3/2)

—

y=x>+7x+2

v

[58]
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y = e2ytn(1+x) 4 (1- xZ) (1)

Now differentiate w.r.t. x

y':ezy"”“*x){Zy-(ij+€n(1+x).2y'}—2x

1+X

Putx=0&y=2

y'=e**"| 2x2 1 +n(1+0).2y' |-2x0
1+0

y' =e®[4+0]-0
y' = 4 = slope of tangent to the curve

so slope of normal to the curve = —% {mym, =-1}

Hence equation of normal at (0, 2) is

y_zz_%(x—O) =>4y-8=-x=> x+4y=8

2y'
dwr.tox: x*e¥y +eY4x3+—F— =0
Y 2Jy+1
atP(1,0)
yp+4+yp=0=yp=-2
Tangent at P(1, 0) is
y-0=-2(x-1)=>2x+y=2
(-2, 6) lieson it
8. Ans. (3)
f(x)=xlog,x
. e-0
f (X)|(c,f(c)) e 1
f'(x)=1+log, x

f '(X)|(c,f(c)) =1+log,c=——

—(e— R
e-(e-1)_ 1 _ _.
e—1 e—1

log, c=

9. Ans. (3)

2 2
X—2+§:1,x2+y2=ab
2X,  2y,y
PO
2
_T4 b
2
a 'y
S 2%, 42y, =0
. -(2)
Y1

=0

=Y (1)

www.allen.in
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Here (x;y,) is point of intersection of both curves

, a®b , ab’
1

X = VY, =
a+b a+b
-x,b* X,
VA 2y oy, —b*x,y, +a’x
. tanO= Yi =Y, |= aYr Vil tang= 21y21 - 21y1|
1+y1'y2'| xb? a’y; +b°x; |
1+—2 5
ay;
a-b
tan0=|—
Jab
10. Ans. (3)
a+b+c=2 (1)
d
and Y
dx 0.0)
2ax+b|(0’0) =1
b=1
Curve passes through origin
So,c=0
anda=1
11. Ans. (195)
y=5x2+2x-25 P(2,-1)
y' =10x + 2
Yp =22
.. tangent to curve at P y=x3—-x?+x
y+1=22(x-2)
y=22x-45
a,b
dy =3x*-2x+1 @(a.5)
dx|c,
d
Y _3a2-2a+1
dx Q
Hence 3a2-2a+1 =22
s.3a2-2a-21=0
3a2-9a+7a-21=0
(3a+7)(a-3)=0
fromcurve b=a3-a2+a
a=3
b=21 |2a + 9b| = 195
at a =-7/3 tangent will be parallel
Hence it is rejected
[60 ] www.allen.in
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12. Ans. (1)
sy B
Slope of tangentat P(t,t>) = —
dX g

= (3x%)y = = 3t?
So equation tangent at P(t, t3) :
y-t3=3t3(x - t)
for point of intersection with y = x3
x3-t3=3t2x-3t3 = (x - t)(x? + xt + t?) = 3t%(x - t)
for x #t
xZ+xt+t?2=3t2=>x%+xt-2t2=0= (x-t)(x +2t) =0
So for Q : x = - 2t, Q(- 2t, - 8t3)

2t° -8t°

ordinate of required point : =-2t°
2+1

13. Ans. (1)
Let r be the radius of spherical balloon
S =Surface area
S =4nr?

as =8nr x ar =k (constant)
dt dt

4nr? =kt+C (C is constant of integration)
Fort=0,r=3 = 36n=C
Fort=5,r=7 = K=32n
4mr? =32nt+ 367
r2=8t+9
fort=9
r2=81=r=09.

14. Ans. (4)
The tangent at (x4, y;) to the curve
y=x>+3x*+5

y-y, = (3X12 +6X, )(x —X, ) passing through origin

-y, =(3% +6x, )(—x,)

Y, =(3x +6x; ) (1)
And (x4, y,) lies on the curve

y=x>+3x*+5

y, =X +3%x +5 «(2)

From equation (1) and (2)
2y, =3x/ +15

www.allen.in [61]
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15.

16.

17.

18.

Hence the equation of curve y= % x* + 15

2
This curve does not intersect g— y> =2
Ans. (3)
. r 7
From figure —=—=nh=5r
h 35

2
Givend—V=1:>i mrh =1
dt dtl 3

:i(s_nr3):1 pdr_1

dt\ 3 dt 5n
Let wet conical surface area =S

= nrfznr\)h2+r2 = \/%nrzjtjj_fZZ\/%nr%

When h=10thenr =2 :d_S:@
dt 10

Ans. (3)

dy _2(1+sint)xcost

dx 1+ cos2t

- 2(1;:15?:0“ :\/5 :t:g,yo _97

Ans. (5)

tanG:E:L
4 h
v _.
dt
1

V=Larth=Lihi tan? =2 = 37
3 3 48

16

h3

SV 3T e O g (dhj =£m/hr
h=4

dt 16 dt dt 31

Now, S = nr/ = 1—51ch2
16

dS 15m h dh N (d_S

—_—=— =5m?* /hr
i), =5

dt 16 dt

Ans. (4)

_ X—a
Y i (x=2)
At point (1, -3),
. 1-a
(1+b)(1-2)
=1-a=3(1+b)

(1)

X—a N d_y:(x+b)(x—2)x(1)—(x—a)(2x+b—2)

Now,y= — = —
Y (x+b)(x-=2) dx

(X+b)*(x—2)

35
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At (1, - 3) slope of normal is % hence g—y =-4,
X

A+b)(-1)-(1-a)
(1+b)*(-1)*
Using equation (1)
(1+D)(-1)-3b+1b _, , (~1)-3b
(1+b) (1+b)
=b=-3S0,a=7
Hence,a+b=7-3=4

So, 4=

= 4= (bi—l)

19. Ans. (3)
Normal of line is parallel to line x + 90y + 2 =0
S
90
{5, =&,
dy 0a¥1) 90 dx (xi¥1)
Now,

% =270x* —=540x*> —210x* +360x+210=90
X

= x=1, 2, _—2 _—1
3 3
(4) normal
20. Ans. (11)
f(x)=(x+1)(ax+Db)
1=2a+2b (1)
f'(x)=(ax + b) +a(x + 1)
1=(3a+Db) ..(2)
=>b=1/4,a=1/4
(x+1f
(="

2
OL+1:(on+1)

,o> -1

a+l1=4
a=3

f1@=5+%

f'3) = % +% = 2 =slope of tangent

Slope of normal = — %
normal at (3, 4)

1
—4=—=(x-3
y—4=—(x-3)

for x-intercept
y=0; x=8+3=11
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EXERCISE - JEE (Advanced) PYQ
1. Ans.(ﬁx—y—ZJ—:O)

Tangent at P is normal at Q.

dy —dx
dy| __dx dt| _ _dt
—| =——| =Mpg=> ——| =——| =m
dX P dy Q re % dl e
dtl dt o A
6t; _ 6t, 2t -2t
6t,  6t7 3t2-3t (362, 267)P \
1 2(t+t2+t,t) /J.\_/_[ >
=>ti=——=——xz - - 2 3
T3 (t+t) Q(3t3,2t3)
tit; =-1 (1)

and 3t7 +3t,t, =2t7 +2t7 + 2t,t, (by I and III term)

= U+t -2 =0 = (t1- t,) (¢4 + 2t,) =0=t; +2t, = 0 or t; = t, (reject)
= t; =-2t, —> Putin (1)

= 2 =-1= ;= -\/z:t1= V2

t=i ort =—i

2t 2

At tlz—ﬁ;tzzL:P(6,—4\/§);Q£§,LJ
V2 2’2

= Equation of PQ : J2x + y-2 J2=0 (Ans.)

1 3 1
At t; =25t = ———=P(6, 42 ;Q(—,——]
1 2 \/E ( ) 2 ,\/E
= Equation of PQ : J2x -y -2 J2 =0 (Ans.)
2. Ans. (D)

3n
my = tan v

:mN:—lj mT:1:f,(3)

3. Ans. (D)
y3 +3x2 =12y

jy':szy': ZXZ:DNEaty:iZ
12-3y 4-y

At y=2:8+3x%=24
4

=>x=t—
3

At y=-2:-8+3x%=-24
= 3x2 =-16 (not possible)

e )
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4. Ans. (D)
Q is point of intersection of tangent at P and line L to this tangent and passing through C (-8, -6)
y=x%2+6
=y =2x|p
=y ' =2=mpatP. L Q
.. Equation of tangent: y -7 = 2(x -1 ;
q frangent:y (x-1) P(L7) :
=2x-y+5=0 (1) . ;
1 C
Also My, cQ=- E /'\ |
— 2 C(_B' _6)
=x“+6
= Equationof CQ:y + 6 = (—%J[x+8) y=x
=>x+2y +20=0 w(2)
Solving (1) and (2), we get Q(-6, -7).
5. Ans. (A)
Concept:
Ya YA
/m1 i i
o o
L, //'x - L; E/vx -
» X A » X
0 0 !
Here m; < m, Herem; > m,
L, and L, intersect behind x = a L, and L, intersect beyond x = a
y=e*=y =e*
Ya
my = ef B J(c+1,eth)
eC+1 _eC—l //im
m= ——— R
27 C+1-(C-1) my
1 A /’i/l_’ (Cr eC)
(e_ej |'(c— 1Pec-1)
= m,=e"~—~2 5 : > X
2

Put e~ 271

=>my >my

= lines intersect to left of C (As case [ above)
6. Ans. (8)

w(y—x%)?% =x(1 +x?)?

Differenciate w.r.t. (x)

=20y —x%) [y =5x*]1=1-(1+x2)% +x-2(1 +x2) - [2x]

Now,put x =1,y =3

=23-1)-[y-5]=1-1+12?+1-2(1+1)[2]

dy

=>4-(y'—=5)=4+8 :>y’—5=3:>y’=8:>—] =8
dx (1.3)
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Ans. (1)
dy 1 dy

- =
dx  2x dx|;.

Slope of normal = 2

Equation of normal is 2x - y =

Ans. (3)
dy
dx
Ans. (3)

dy _ 5x*
dx

Equation of tangent at (h, k) is

JEE (Main) Practice Paper
SECTION-A

1

} is 4 = 0O=tan14
(3,0)

= (2-k)=5h*(2-h)=-h5=10n*-5h> = 4h®=10h*

= Equation of tangentsare y -2 =0and 16(y - 2) = 55 (x - 2)

Ans. (2)

Equation of tangent is
y-4/h=-4/h? (x - h)

It passes through (0,1) = 1-4/h%?=4h/h?

=>h-4=4= h=8 = tangentisy-1/2=-1/16 (x - 8).

Ans. (3)
y-eY+x=0

Differentiating w.r.t. to y

1-e* [% y+xJ+d—=0
dy

=y

dy

1-xe® =0

xe* =1 x=1,y=0

Pointis (1, 0)
Ans. (4)
dy
dy do _ a(-sin0)
dx  dX  a(l+cos6)

do
dyl _B__ 1
dXe=g 3 \/§
3
tano=-— = o=m-—
NE)
51
o= —
6

y_E =5 h* Which passes through (2,2)

=>h=0, =
2
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7.

10.

Ans. (2)
d_y} _ —12} -4
dX (3t,4/1) XZ (3t,4/1) 3t2
_ 2
equation of normal y_43{[t = 3% which passes through (3¢, 4/t;)
X_
2 _Ot2 _

:i—i=3l(3t1—3t):>i: o =t = 136

t, t 4 t, 4 9t
Ans. (1)
dy 1, 1
L fory=x?+ = is2x- —
a oY X X
dy . 1
— at(h,k)is2h- =
dx (h. k) h?

_(h2
equation of tangent at (h, k) is L—n—hl/h) =2h- hiz
X_
y = 2h—i2 x - 2h?% + l+hZ+ 1
h h h
_h3 2
y:(Zh_inx+£_h2:>z_h2:;z ju:t;—
h h h 2h-1/h h 2h” -1

=h®-2h3+1=0 = (h®-1)2=0=(h-1)2(h?+h+1)2=0=h=1
= equation of tangentisy =x + 1

Ans. (1)

1=1+b+c =c=-b
d—y:2x+b:2+bat(1,1)
dx

equation of tangentis y -1 = (2 + b) (x -1) = x intercept = ?

+2
1x[thLlj><(b+1) =2
2 \b+2

y intercept=- (b + 1) =

b2+2b+1=4b+8or-4b-8
b%?-2b-7=0o0rb?+6b+9=0 = integral b = -3

Ans. (2)
For (3, &y =axfna‘ =/na
(0.1
((BY
For G, o :bxénb‘ = (nb
dX g1y 1)
loga-1 1
= angle between curve is 0ga—logh |= og(a/b) |
1+logalogb| 1+logalogb|
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11. Ans. (4)
Both curves are confocal, where focus of both curves is (v/24,0)and (—/24,0)

— angle between curves x2 + 4y? =32 and x2 - y% = 12 is =

12. Ans. (4)

dy :XZ—yz dy | _ —2xy
dx o, 2xy dx -y’

:}ﬂ:l Xﬂ} :—1
dx e dxg

13. Ans. (3)

For C;, ﬂ=_?x and For C,, d_y=1_62
dx a‘y dx 3y

- 4 1
= ?Xx1—62=—1 == |x 63X =-1 = a’=4/3
ay 3y 3a y

14. Ans. (2)

1 1
V= >nr’h == J2m
3" ( 2]

V=

W
a
|
1]
|
o

77x10°= 225X w70x70x M (- 1lire=10%¢.c) 4m
7 4 dt

. dh - v
' E = 20 cm/min. 77 lit/min.
15. Ans. (3)
x3=12y
3xzd—x=12d—y:%>ﬂ
dt dt dt  dt

= 12 d—y . Lz > ﬂ
dt  3x dt
= x?<4=x€e(-2,2)
16. Ans. (1)

From figure z2 = x% + y?

dz  dx dx
Z —=X—

dt dt dt
If z=500 then x = 400 y =300

dz dz
= 500 — =400(5)= — =4
dt (5) dt x

Figure
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17. Ans. (2)
Lety =tanx
Ay =tan (x + Ax) -tanx = g—yAx =tan (x + Ax) -tan x = (sec? x)Ax =tan (x + Ax) - tan x
X
putx =459 Ax=1° = 2% —tand6°-1=> tand6°=1+ 9—’;
18. Ans. (3)
V= 4%(10”)3 ,0<r<15
CLANY)
dt
an10+rp o5 = I -1 (where r = 5)
dt dt 18 =«
19. Ans. (1)
)
sinx” _
f'(0)= Eirg X—O =1 (slope of tangent)
X—> X_
slope of normal is - 1
Equation of normalisy - 0 = - (x - 0)
20. Ans. (4)
Y_q_ X
b a
Y _extasy gwa-q X
b a
X
putt=- =
a
et=1+t
Draw graphofy=ef,y =1+t
Itis clear that t = 0 is the only Solution
= x=0= y=b (0, b)
SECTION-B
1. Ans. (1)
For Cy, dy :[2—+€nx.2X.€n2] =2
Xl L X (1.0)
dy _ 2x 2x-1 _ — —
ForCo, 2| =(X".fnxx2+2x(x)™ ") =2 =0=0=cosH=1
X (10) (1,0)
2. Ans. (90)
Given curves are y? = 4x + 4and y? =36(9 -x) ... (1)
On solving, we get the point (8,6) and (8,-6)
On differentiating equation (i) , we get
Zyd—y =4 and 2y dy =-36=> dy -2 andd—y - 18
dx dx ax y dx y
At point (8,6), m; = dy . and m, = dy =-3
dx 3 dx
m1m2 = - 1
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3. Ans. (2)
Let P be perimeter
P=2x+2y
d_P = 2% _’_2%
dt dt dt
d—A = %y +xﬂ -6+4=-2
dt dt dt
4. Ans. (2)
Let AC be pole, DE be man and B be farther end of shadow as shown in figure

C

4.5

A x D Yy B

From triangles ABC and DBE
45 15
X+y Yy
3y=15x
9 _,
dt
5. Ans. (66)

att=0;x=0, y=1

(0, k)
dy 2
it 2cm/sec (h,l +¥>

1 7h? ds ¢
A= EXhX[l'FgJ
(0’1)0

dA (1 7h*) h({14h)) dh
— = l+— |+=| — || — ; A
dt (2 36 ) 2\ 36 dt
d—A=(1x8+3x14X6jxé
dt 2 36 7
(At, t = 7/2 sec, change in y-co-ordinate = 7 hence, pt. C has

6 132

y-co-ordinate = 8 and x- co-ordinate=6att=7/2sec.) = (4 +7) x - x 2= E cm?/sec

6. Ans. (1)
Both curves passes through (1, 2) hence

2=1-cand2=1+a+b = c=-1 anda+b=1

Also 3X2‘ _1=2X+a|X:1 3=g+2=a=1andbh=0

Hence |a| + |b| +|c|=2and Ja+ b -c| =2
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7. Ans. (3)

x2=—4y:>2x=—4d—y:>d—y=i:>(ﬂ] =2
dx dx 2 dX )iy 4

We know that equation of tangent is,

-y = [?] (x-x)
XJtx )

>y+4=2x+4)=>2x-y+4=0
8. Ans. (3)
x=t?andy=2t=Att=,x=1andy =2

Now (ﬂj_dy/dt —1 =l:>[ﬂJ =1
t=1

dx ) dx/dt 2t t dx )._

.. Equation of the normal at (1,2) isy - 2 =;—; (x-1)
dx
=>y-2=-1x-1)=>x+y-3=0
9. Ans. (1)

Given curve is y* = ax3 = 4y3 = g—yi’aax2
X

(dy) 38 3
= | — = — = —
dx .. 4a° 4

.. Equation of normal at point (a, a) is
y-a= —g (x-a)=>4x+3y=7a

10. Ans. (1)
Slope of tangent to the curve y=X+siny

3

at(a, b)is 2
1
——0
2

=1+cos y.g—y (from equation of curve)
X

Q} =1+Cosb.d—y}
X dx X

-a
=cosb=0

=sinb=+%1

Now, from curve y = x + siny
b=a+sinb

= |b-a|=|sinb|=1
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JEE (Advanced) Practice Paper

1. Ans. (A)

x3 +y3 =8xy,y? = 4x = x3 + 8x3/2 = 8x 2x1/2

x3-8x32=0=x%-64x3=0=x3=00rx3=64

x =4,y = 4. Point of intersection (4, 4)

3x% +3y%y' =8y +8xy’

y'=-1

slope of normal is 1

Equation of normalisy-4=1(x-4) =>x=y
2. Ans. (B)

2/3 2/3

Here x** + y** = a

+2 y’1/3d—y:0
3 dx

. I 2 _
Differentiating w.r.t. to x 3 13

K 1/3
(h, k):_(ﬁj

K 1/3
Equation (y - k) = - (Ej (x-h) p

P(0, k' (h** + k*?)) or P(0, a** k'?)
And,  Q(h* a*3,0) | AN
PQ = Jh*3a*”? + a**k*? = |a| = constant.
3. Ans. (C)
The tangent at ( x,, sin x,)isy -sin X, =cosx, (x - X,)

dy
dx

It passes through the origin.

sin X, = X, cos X, = X, 4/1—sin’x,

y,> =sin?x, = xlz(l - ylz) = (X, ) lies on the curve

y'=x(1-v?) = xX-y*=xly
4. Ans. (B)
y=e™=einx e[a,a+1)

d_y ex—a — e{X}

dx

equation of tangent (Y - y) = (;_y (X -x)
X

passing through (-1/2, 0)

(0-)=e" (-1/2-x)

1 1
—=-1= ———Xx=x=—
2 2

. 1 1/2
s.point | —, €
P [2 ]

Number of tangent = 1
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5. Ans. (B)
Let y = mx + ¢ be tangent touching both branches.

f(x)=-x*, y=mx+c, x<0

x2+mx+c=0, m>0 (" x <0) (negative roots)

D=0=m?=4c 8
f(x)=x?+8,y=mx+c,x>0
x2-mx+8-c=0, m>0 (positive roots)
D=0=>m?=32-4c
—c=4m?=16=>c=4,m=4
6. Ans. (C)
Let thickness of ice be 'h'.

Vol. of ice = v=43—n((10+h)3 ~10°)
dv  4n 2\ dh
—===(3(10+h)").—
dt 3 ( ) dt

Given % =50cm® /min and h = 5cm

= 50=2"(31045") M 5 I __ 30 _ 1 o /min
3 dt dt 4mnx15° 18xn
7. Ans. (C,D)
2y’ =ax’ +x°
6y* d 2ax+3x*
dx
dy _ 5a* _ 5
Tangent at (a, a) is 5x-6y=-a
(a,a)5x-6y=-a
-a a
=5 Py
o’ +B2=61= a_2+a_2 =
25 36
a’ =25.36
a==%30
8. Ans. (A,B,C)
x=2 = t?+3t-10=0 = t=2,-5
y=-1 = t?-t-2=0 = t=2,-1
= t=2 (common value)
dy 4t-2
dx  2t+3
dy| 6

www.allen.in [73]
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7
length of subt t=|—| = —
ength of subtangen G .

7

-1 36| /85

length of tangent = |—, |1+ —| = ——
& 8 6 49 6

7

9. Ans. (B,C)

Since both C; and C, are symmetric about x-axis. if they have a common point (x4, y,), then

(XO,— yo) will also be common to them, so they meet at even number of points as they do not meet

on x-axis.

solving them we get X’ +3x-1=0

Let g(x)=x’+3x-1 and g(0) =-1and g(1) =3

and g '(X)=3(X2 +1) so g(x) = 0 has exactly one real solution in (0, 1).

3
for C, d_2 and for C, dy _3x+7
dx vy dx 2y

It (XO, yo) is a common point

23X +7

Yoo 2Y
10. Ans. (A,C)

f'(x)=3x*-9

= 3x*+7=4 = no real root

(t7 -9, —1)—(t] —9t—1)

32— 66 —90-1 ~ (tt; -9, 1)
= ) =3t2-9 (08 P)/ a

(ts—tlzt)—j(;z—n):mf_g ~7

=+t +tt,-9=3t"-9 = 27 -t -tt, =0

= 2t -2t +tt, -7 =0 = -2t (-t +t,)—-t,(t,—t,)=0
=2t +t,=0= t,=-2t,
my =3t; -9, m, =3t; -9

my —4m_ =3ty —9—12t; +36=27

mOQ:(t;—gtz—l)X t, :(—8t13+18t1—1)xt1z(—8+18—1) 9 1
Moo t, (G-9t-1) (-2t)(F-9-1) (-2)(1-9-1) (-2)(-9) 2
- Moe 5

moQ
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11.  Ans. (A,B,C)

2
Clzyz%, C,: X +y’=r?
(x +1)
2
yl_1+x12 C
1
X12+y12:r12 ( )
XY )P
dy 4x(x2+1)—2x2(2x) .
dx (x2+1)2
C
ﬂ: 4X ’

dx (x2 +1)2 .

4x

Tangentat P:(y-y, )=——=—(x—X,)
(xf+1)
Passes through (0, 0)
4
= Y1i= 5 7 (%) :>y1(x12+1)2=4X12
(x1 +1)

= 2X122 (1+x12)2=4x12 =1+x; =2 or x, =0
1+x1)
x, =0 or X, =1
X, =%1
If x, =0 vy, =0
= X' +y =r’= r=0 (rejected)
2%
14

—_

If X=1=y, =

y1:1

Xj+y;=r’

= r’=2=r=42
12.  Ans. (7.5m3)

V=a® = AV _v Aa
da
3

=3a’Aa = 3a? x 28 6x5 7.5m3

100 100

13. Ans. (2)

Parametric form of curve is x = 3t2, y = 2¢t3
d_y = t
dx

Let P(3t], 2t}),Q(3t;, 2t)

Conditions are
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WL |2 |-
dx |p ) (L dx g
(ii) gy = Slope of line segment PQ P
dx |, 0
2 2
tltz = _1 ,_,(i) ; tl = z M -..(ii)
3 L+ figure
:>3(—1+t12)=2(t22—1+t12)
2
t?== +1
1 £
t2=2,-1
1
t12:2 :>t1:i\/§:>t2: 13
1 3 1
Ift; =2 ,t,=- —= =P 6,4\/5),Q(—, ——j:Requiredlineis =2x-22
1 2 \/E ( 2 ,\/E y
1 3 1
Ift; =-+/2, ¢ =—:>P(6,—4\/§),Q[—, —]:Requiredlineisy: ~2x+22
1 2 »\/E 2 \/5

14. Ans. (24)
Any pointon y = x? + 4x + 8 is P(h,h? + 4h + 8).

p
Tangentat P is (2h + 4) x -y = h%? - 8.
It is sufficient to have only one solution for equations y =x*+8x+4,y=(2h+4)x+8-h’
= x?+(4-2h)x+h*-4=0=> D=0
(4-2h)*-4(h*-4)=0= h=2
8x-y+4=0
coordinates of point of contact are (2, 20) and (0, 4)
15. Ans. (3)
|#nx| = px
It is sufficient to find values of p for which y = |#nx| and y = px has three points in common.
If y = px is passing through points 0, 4, B then we obtain three roots.
Let us consider line y = px. When it is passing through points O, P. (tangent)
Let P(a, pa) (a0 > 1)
= po=|(na]

pa={no .. (D

dy_1

dx  x

p =é ..... (2)
(D, (2)=>a=e

Slope of tangent (OP) is % .

P 1
For three roots conditionis 0 <p < —.
e
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16.

17.

18.

Ans. (15)
y=50-16t2 So,d—y=—32t
dt
tan6=X= >0 :>y=( 50 j.x
X 30+X 30+x

dy _ dy dx
dt dx dt

1500 dx

L1500 x| g @7S)
(30+x)* dt dt 1500

=-1500 ft/sec. = 100A ft/sec =

Ans. (4)

x=y* xy=k

for intersection y° = k

Alsox =y* = 1=4y3ﬂ = dy_1

k dy

forxy=k = X:K:> l=——.—=>
y

y° dx

- Curve cut orthogonally

2
= %X( y J:—]_ = y:i
4y k 4k

o from (1) y® =k

= Lszk
(4k)

Ans. (0.50)

y=x2-3x+2

= 4 = (4k)°

Atx-axisy=0=x%-3x+2
x=1,2

d_y =2x-3

dx

A(1,0) B(2, 0)

(ﬂj =-1 and (ﬂj =1
dX x=1 dX X=2

dx dx 4y?

A=-15

(1)

#x+y=a:>g—y=—1SoA(1,0)liesonit
X

:>1+0=a:>

#x—y=b:>%:1 So B(2,0) lies on it
X
2-0=b=[b=2|

=

50 ft.

=15
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