Quadratic Equation

1. Polynomial:
A function f defined by f(x) = apx™ + a, _ 1x" " +....... +a;x + qg

where ag,a4,a,,...... , a4, € Ris called a polynomial of degree n with real coefficients (a,, # 0,n € W).

Ifag, aq,ay,..... ,ay € C,itis called a polynomial with complex coefficients.

2. Quadratic polynomial & Quadratic equation:

A polynomial of degree 2 is known as quadratic polynomial. Any equation f(x) = 0, where f is a quadratic
polynomial, is called a quadratic equation. The general form of a quadratic equation is

ax’+bx+c=0 (1)

Where a, b, ¢ are real numbers, a # 0.

If a = 0, then equation (i) becomes linear equation.

3. Difference between equation & identity:

If a statement is true for all the values of the variable, such statements are called as identities. If the
statement is true for some or no values of the variable, such statements are called as equations.
Example:

(i) (x +3)? = x? + 6x + 9 is an identity

(ii) (x + 3)? = x2 + 6x + 8, is an equation having no root.

(iii) (x + 3)? = x? + 5x + 8, is an equation having - 1 as its root.

A quadratic equation has exactly two roots which may be real (equal or unequal) or imaginary.
ax?+ bx +c = 0is:

* aquadraticequationif a #0 Two Roots

* alinear equation if a=0,b+0 One Root

% acontradiction if a=b=0,c#0 No Root

* an identity if a=b=c=0 Infinite Roots

If ax? + bx + ¢ = 0 is satisfied by at least three distinct values of ‘x’, then it is an identity.

Illustration 1:

Check these statements are equation or identity

(i) 3x2+2x-1=0

([ (x+1)%2=x2+2x+1

Solution:

(i) Given statement is a quadratic equation because here a = 3.

(ii) Here highest power of x in the given relation is 2 and this relation is satisfied by three different values
x = 0,x = 1and x = - 1 and hence itis an identity in x because a polynomial equation of n*"* degree cannot
have more than n distinct roots
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Illustration 2:
If the equation (1% - 51 + 6)x2 + (12 -31 + 2)x + (4% - 4) = 0 has more than two roots, then find the value
of A7
Solution:
As the equation has more than two roots so it becomes an identity. Hence
A-51+6 =0 = A= 23

and 12-314+2=0 = A= 1,2
and 12-4=0 = A= 2,-2
So A= 2

4. Relation Between Roots & Co-efficient:
(i) The solutions of quadratic equation, ax? + bx + ¢ = 0, (a # 0) is given by a, 8
The expression, b2 — 4 ac = D is called discriminant of quadratic equation.

(ii) If a, B are the roots of quadratic equation,

=Sax’+bx+c=0 ()

then equation (i) can be written as

Salx-a)(x-p)=0

=ax’-a(a+pf)x+aaf =0 ..(i)

equations (i) and (ii) are identical,

.. by comparing the coefficients

sum of the roots, a + f = ——
a

c constantterm
and product of the roots, aff =—= — >
a coefficient of x

(iii) Dividing the equation (i) by a,

2 _b) c_
=X _(T x+a—0

=>x?-(a+p)x+af =0
= x2 - (sum of the roots) x + (product of the roots) = 0
Hence, we conclude that the quadratic equation whose roots are a & 8 is
=>x?-(a+PB)x+af =0
Illustration 3:
If « and B are the roots of ax? + bx + ¢ = 0, find the equation whose roots are « + 2 and 8 + 2.
Solution:
Replacing x by x — 2 in the given equation, the required equation is
=a(x-2)?2+b(x-2)+c=0ie.,ax’?-(4a-b)x+ (4a-2b +c) = 0.
Illustration 4:
The coefficient of x in the quadratic equation x? + px + g = 0 was taken as 17 in place of 13, its roots were
found to be -2 and —15. Find the roots of the original equation.
Solution:
Here q = (-2) X (-15) = 30, correct value of p = 13. Hence original equation is
=x?+13x+30=0as(x+10)(x+3) =0

.. rootsare -10,-3
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Illustration 5:
If @, are the roots of a quadratic equation x?> —3x +5 = 0, then the equation whose roots are
(a?—=3a+7)and (B> —3B +7)is-

(A)x2+4x+1=0 (B)x2—4x+4=0
(O)x?—4x-1=0 (D)x?+2x+3=0
Ans. (B)

Solution:

Since ¢, B are the roots of equation x2-3x +5 =0
So a’-3a+5=0

= B2-38+5=0
a’- 3a= -5
—~  B2_-38=-5
Putting in (a®- 3a+ 7) & (B%- 38+ 7) ..(0)
= -5+7,-5+7

2 and 2 are the roots.
The required equationis x?-4x + 4 = 0.
Illustration 6:
If @ and f are the roots of ax? + bx + ¢ = 0, find the value of (aa + b)"2 + (af + b)2.
Solution:
Ifa + B areroots of ax? + bx + ¢ =0

then,aa? +ba+c=0=aa+b=—

Rla

sameaSa,8+b=—%

2 2
= (aa +b)~? = (af + b)~2 =‘2‘—2+/j—2

_(@+p)?-2af _ (=b/0)*-2(c/a) _p*~2ac

c? c? a?c?
Illustration 7:

If the roots of the equation x2 + 2ax + b = 0 are real and distinct and they differ by atmost 2m, then b lies
in the interval

(A) (a?- m?,a?) (B) [a®- m?,a?) (C) (a?,a? + m?) (D) none of these

Ans. (B)

Solution:
ol

x2+2ax+b=0<B
=0<|a-p|<2m
=0<,(a+p)2-4aB < 2m
= 0 < 4a?-4b < 4m?

= a’- m?<b < a?

= b e [a%- m?, a?)
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Illustration 8:

The set of possible values of A for which x? - (A2 - 50 + 5)x + (212 -31-4) = 0 has roots, whose sum
and product are both less than 1, is

) (-13) (B) (1,4) ©[13] ) (1.3)
Ans. (D)

Solution:

Sum of roots < 1

=12-51+5<1

> A-DA-4) <0

=>1<1<4 (1)

= Product of roots < 1

= 2A2-30-4 < 1

= 2A2-31-5<0

= (2r-5Rr+1) <0

<>
= -1<A< > -(2)
(1) &(2)

5
= 1<hi<—.
2

5. Nature of Roots:

a Consider the quadratic equation ax? + bx + ¢ = 0 where a,b,c € R & a # 0 then; x = ﬂ

(i) D > 0 roots are real & distinct (unequal).
(ii) D = 0 roots are real & coincident (equal)
(iii) D < 0 roots are imaginary.
(iv) If p +iq is one root of a quadratic equation, then the other root must be the conjugate
p -iq & vice versa. (p,q € R)
(b) Consider the quadratic equation ax? + bx + ¢ = 0 where a,b,c € Q & a # 0 then;
(i) IfD isa perfect square, then roots are rational.

() fa=p+ \/C_[ is one root in this case, (where p is rational & ﬁ is an irrational) then other root will
bep — \/a
Illustration 9:
For what values of 'm'the equation (1 + m)x? -2 (1 + 3m)x + (1 + 8m) = 0 has equal roots.
Solution:
Given equationis (1 + m)x2-2(1+3m)x+ (1+8m) =0 ..(i)
Let D be the discriminant of equation (i).
Roots of equation (i) will be equal if D = 0.
=4(1+3m)?-41+m)(1+8m) =0
=4(1+9m?>+6m-1-9m-8m?) =0
=>m?-3m=0or m(m-3)=0
m=0,3.
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Illustration 10:

Find all the integral values of 'a’ for which the quadratic equation (x- a)(x-10) + 1 = 0 has integral roots.
Solution:

Here the equation is x? -(a + 10)x + 10a + 1 = 0. Since integral roots will always be rational it means D
should be a perfect square.

From (i) D = a?-20a + 96.

=D =(a-10)?-4

=4 =(a-10)?-D

If D is a perfect square it means we want difference of two perfect square as 4 which is possible only when
= (a-10)2=4and D = 0.

=(@-10)=+2

=a=12,8

Illustration 11:

Show that the expression x? + 2(a + b + ¢)x + 3(bc + ca + ab) will be a perfect square ifa = b = c.
Solution:

Given quadratic expression will be a perfect square if the discriminant of its corresponding equation is
Zero.

ie.4(a+b+c)?-4.3(bc+ca+ab)=0

=(a+b+c)?-3(bc+ca+ab)=0
:%((a—b)2+(b—6)2 +(c-a)*) =0

which is possible only whena = b = c.

Illustration 12:

If the coefficient of the quadratic equation are rational & the coefficient of x? is 1, then find the equation
one of whose roots is v2 — 1.

Solution:

Irrational roots always occur in conjugate pairs.

Hence if one root is (—1 + \/f), the other root will be (—1 — \/f) Equation is
(x-(-1+V2)(x-(=1-v2)) =0

=x2+2x-1=0
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Illustration 13:
Find the set of all real values of 1 such that the root of the equation
x2+ 2(a+ b + c)x + 3A(ab + bc+ca) =0

are always real for any choice of a, b, c (where a, b, c represents sides of scalene triangle).

() (-3) B) (3.) ©(3:3) ) (3.3)
Ans. (A)
Solution:
We,knowthat a + b > ¢,b + ¢ > aandc + a > b
=c-a < ba-b <cb-c<a
squaring on both sides and adding (¢ - a)? + (a- b)?> + (b- ¢)?> < a® + b? + c?
a’?+ b%*+ c*>-2(ab + bc + ca) < 0
=(a+ b + c)>-4(ab + bc + ca) < 0
(a+b+c)? _
ab+bc+ca -~ A
Now roots of equation x2 + 2(a + b + c¢)x + 3A(ab + bc + ca) = 0 are real, b
thenD >0
=4(a + b + ¢)?- 4.3\(ab + bc + ca) >0 a
(a+b+c)?
ab+bc+ca
(a+b+c)? 4
So3lSs——<4=1<
ab+bc+ca 3
Illustration 14:
If coefficients of biquadratic equation are all distinct and belong to the set {- 9, - 5, 3, 4, 7}, then equation has
(A) atleast two real roots
(B) four real roots, two are conjugate surds and other two are also conjugate surds
(C) four imaginary roots
(D) None of these
Ans. (A)
Solution:
Let biquadraticis ax* + bx3 + cx?+ dx +e =0
=a+b+c+d+e=0asab,c,dec{-9-5347}
Hence x = 1isaroot. So real root will be atleast two.
Illustration 15:
Letp,q,7,s € R,x* + px + ¢ = 0,x* + rx + s = 0 such that 2(q + s) = pr then
(A) atleast one of the equation have real roots.
(B) either both equations have imaginary roots or both equations have real roots.
(C) one of equations have real roots and other equation have imaginary roots
(D) atleast one of the equations have imaginary roots.
Ans. (A)
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Solution:
=x>+px+q=0 =D, = p*-4q (1)
=x2+rx+s=0 =D, = 1% 4s -(2)

=D+ D, =p?+ 1r?2-4(q + s) [ pr=2(q + 9)]

={p-1)?2>0

Since D; + D, is +ve, so atleast

one of the equations has real roots.

6. Transformation of the equation:

Let ax? + bx + ¢ = 0 be a quadratic equation with two roots a and S. If we have to find an equation whose

roots are f(a) and f(f), i.e. some expression in a and S, then this equation can be found by finding « in

terms of y. Now as a satisfies given equation, put this a in terms of y directly in the equation.

y=f(a)

By transformation, @ = g(y)

2
a(g®»)" +b(g) +c=0
This is the required equation in y.

Illustration 16:

If the roots of ax? + bx + ¢ = 0 are a and S, then find the equation whose roots are:
-2 -2 a B

—_—,— b _— 2’ 2
@5 O 7 Fot (©a2p
Solution:
@) -2 -2
a) — —
B
-2 —
put, y =— = a=—
2\? -2 _ 2 _
:>a(—§) +b(7)+c—0:>cy ~2by+4a=0
Required equation is cx? -2 bx + 4a = 0
a B
(b) —
a+l B+1
@ - Y
puty=,g=>a= -y
YNV (2 Vg
:>a(1_y) +b(1_y)+c—0

()

=(@a+c-b)y? +(-2c+b)y+c=0

Required equationis (a + c-b)x?+ (b-2c)x+c =0
a?,p? puty=a?=a =\/3_/

:>ay+b\/§+c= 0

= b%y = a’y? + ¢% + 2acy

= a?y? + (2Qac-b*)y+c?>=0

Required equation is a?x? + (2ac-b?)x +c? =0
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Illustration 17:

1 1 1
If the roots of ax® + bx? + cx + d = 0 are a, 8, ¥ then find equation whose roots are —, —, —.
ap By va
Solution:
1 Y ay d
Puty=—F=—"=-— =-=
uty=gp=oe =g @y =-Q)
Putx = — dy

3 2

=a(-2) +5(-2) 4 (D a0

Required equation is d?x3 - b dx? + acx-a? =0

7. Common Roots:
Consider two quadratic equations, a;x? + b;x + ¢; = 0 & a,x? + byx + ¢, = 0.
(i) If two quadratic equations have both roots common, then the equations are identical and their

co-efficient are in proportion.

(ii) If one root is common, then the common root 'a' will be:

C1ap—Craq blcz_bzcl
Sg= 22 1l-——=_==
ajby—azb1 ciaz—cpa4q

Hence the condition for common root is:
= (10, — ¢2a1)* = (ayby — azby)(byc; — bycy)
Note:
If f(x) =0&g(x) =0 are two polynomial equation having some common root(s) then those common
root(s) is/are also the root(s) of h(x) = a f(x) + bg(x) = 0.
Illustration 18:
Determine 'a’ such that x? - 11 x + a and x? - 14 x + 2a may have a common factor.
Solution:
Let X - a. be a common factor of x2 - 11 x + a and x? - 14 x + 2a.
Then x = o will satisfy the equations x> -11x + a = 0 and x? - 14 x + 2a = 0.
s a’-1la+a=0anda’-14a+2a=0
Solving (i) and (ii) by cross multiplication method, we get a = 0, 24.
Illustration 19:

Ifx?-ax+b=0and x?>-px + q = 0 have a root in common and the second equation has equal roots,

show thatb + q = %.
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Solution:
Given equationsare: x?-ax+b =0 (i)
and x?-px+q=0. ..(ii)

Let a be the common root. Then roots of equation (ii) will be @ and a. Let § be the other root of equation (i).

Thus, roots of equation (i) are «, § and those of equation (ii) are «, a.

Now

>a+f=a ..(iii)
Saf=>» ..(iv)
=>2a=7p (V)
=a’=q ..(vi)
LHS.=b+qg=af +a?=a(a+p) ..(vii)
and RH.S. = az_p = @ =a(a+p) .. (viii)

from (vii) and (viii), L.H.S. = R.H.S.
Illustration 20:
If a,b,c € R and equations ax?+bx+c=0 and x>+ 2x+9 =0 have a common root, show that

a:b:c=1:2:9.

Solution:
Given equations are: x2 + 2x +9 = 0 -(1)
andax?+bx+c=0 (i)

Clearly roots of equation (i) are imaginary since equation (i) and (ii) have a common root, therefore
common root must be imaginary and hence both roots will be common.

Therefore equations (i) and (ii) are identical

>2 ===
= a:b:c=1:2:9

Illustration 21:

Find p and q such that px? + 5x + 2 = 0 and 3x? + 10x + g = 0 have both roots in common.

Solution:

a, =p,by =5, =2anda, =3,b, =10,c, =¢q

We know that:
aqa by ¢¢ p 5 2
—_— e D — = — = —
a, b, ¢ 3 10 g¢
3 4
= = — =
p Z’q
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Illustration 22:

Find the conditions on a, b, ¢ and d such that equations

2ax3 4+ bx? + cx + d = 0 and 2ax? + 3bx + 4c = 0 have a common root.
Solution:

Let ‘a’be a common root of the given equations,

then 2aa® + ba? +ca+d =0 (1)
and 2aa? + 3ba + 4c =0 «(2)
Multiply (2) by @ and then subtract (1) from it, to get
2ba?+3ca—d=0 -(3)
Now (2) and (3) are quadratic having a common root a, so

@@ a1 , _ bd+4c® _ 4bctad
= 2 = = 2 =3 » &= 2

—3bd—-12c 8bc+2ad 6ac—6b 2b°“—2ac 3ac—3b

Eliminating « from these two equations, we get
9
(4bc + ad)? = > (bd + 4c?) (b - ac), which is the required condition.

Illustrations 23:
If @, B are the roots of x2 + px + g = 0,and y, § are the roots of x? + rx + s = 0,

evaluate (a-y) (a-8) (B-v) (B-6)

in terms of p, g, r and s. Deduce the condition that the equations have a common root.

Solution:

a, B are the roots of x> + px + g = 0

Sa+f=-p,af=q (1)
andy, § are theroots of x> +rx +s =10
=>y+6=-r,y6=s -(2)

Now, (@ -y)(a-8)(B-v)(B-6)

= [a®-a(y +8) +y8] [B*-B (y +6) +V6]

=@ +ra+s)BE+rp+s)

= a?p? +raf(a+ ) +r?af +s(a?+ ?) +sr(a+ f) + s?

= a’p? +raf(a+p)+ r?af +s((a + p)?-2ap)) +sr(a+p) + s
=q?-pqr+r3q+s(p?-2q) +sr(-p) +s2

= (q-s)?-rpq+r?q+sp’-prs

= (q-5)*-rqlp-r)+sp(p-r)

= (q-5)*+@-r)(sp-rq)

For a common root (Leta =y or f = §) -(3)
Then (a-y)(a-86)(B-y)(B-6) =0 -(4)
from (3) and (4), we get

(@-s)*+@-r)(sp-rq) =0

= (q-5)? = (p-7)(rq-sp), which is the required condition.

[56]
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8. General Method to Solve Inequalities:

(Method of intervals (Wavy curve method)

k k k
x-b{) 1(x-b,) 2———(x-by) ™™ .
Letg(x) = ( 1)r ( Z)r ( n)rn (1)
(x-ap) 1(x-ay) 2———(x-an)
Where k4, k5, ..... knpandry,1ry........ 1, € Nand by, b,..... b, and a4, a,...... a, are real numbers.

Then to solve the inequality following steps are taken.

Steps:

Points where numerator becomes zero are called zeros or roots of the function and where denominator

becomes zero are called poles of the function.

)] First we find the zeros and poles of the function.

(i) Then we mark all the zeros and poles on the real line and put a vertical bar there dividing the real
line in many intervals.

(iii)  Determine sign of the function in any of the interval and then alternates the sign in the
neighbouring interval if the poles or zeros dividing the two intervals has appeared odd number of
times otherwise retain the sign.

(iv) Thus, we consider all the intervals. The solution of the g(x) > 0 is the union of the intervals in
which we have put the plus sign and the solution of g(x) < 0 is the union of all intervals in which
we have put the minus sign.

Illustration 24:

Find x such that 3x>-7x + 6 < 0

Solution:

f(x)=3x*-7x+6

=>D=49-72<0anda >0

=3x2-7x+6>0VXER=>XE P

Illustration 25:

Find x such that 2x? + 4x + 9 > 0

Solution:

f(x)=2x*+4x+9

=a>0andD <0

=2x2+4x+9>0Vx€ER

=X € (—00,00)

Illustration 26:

(x—Z)lO(x+1)3(x—%)5(x+8)2
224 (x-3)3 (x+2)°

Solve the inequality if f(x) = is>0o0r <O0.
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Solution:
5
10 3 1 2
(x-2)""(x+1)"(x-5) (x+8)
Let f(x) = 3( 2) = thepolesandzerosareO,S,—Z,—l,%,—8,2
x2%(x-3)° (x+2)
+ + + +
° ® ° . . . °
-8 2N - /-1 0 12N -2 -3

If () > 0, then X & (~20,-8) U (-8, 2) U (-1,0) U (0,5) U (3, )

and if f(x) < 0, thenx e (-2,- 1) U (% 2) U (23).
Illustration 27:

Number of positive integral values of x satisfying the inequality
(x —4)2013 (x + 8)291%(x + 1)

2076 (x — 2)3. (x + 3)°. (x — 6)(x + 9y2012 = 08
(A)O (B)1 (2 (D)3
Ans. (D)
Solution:
Poles and zeros are 4,—8,—1,0,2,—3,6,—9

0 e 0 e 00" eo— o0~

-9 -8 -3 -1 0 2 4 6

Xe(-o0,-9Yu(-9,-3)ul-1,0)U(0,2) U [4,6)

so +ve integral solutions are x = 1,4, 5
Illustration 28:

Number of non-negative integral values of x satisfying the inequality
2 1 2x —1

x2—x+1 x+1 x3+1 = 0is
(A) O (B)1 (C) 2 (D) 3
Ans. (D)
Solution:
2 1 2x —1

- - >
x?—x+1 x+1 x3+1"
2x+2—-x*+x—-1 (2x—-1) 3x+1—x>—-2x+1

>0 >

x3+1 x3+1 — x3+1 -
—x*>+x+2 0 x2—x-2
—_— :—
x3+1 x34+1 ~
x+1)(x—-2 x—2
( ) ) So,x¢—1$¥ﬁo
x+D2—x+1) x2—x+1)
- - +
S

x€(-o,-1)U(-1,2]

required value of x = {0, 1, 2}.
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9. Absolute value function/modulus function:

The symbol of modulus function is f(x) = |x| and is defined as: y = |x| ={ x if x=20

—x if x<0O
y
N <
< * >
< » X
y = x|

Properties of modulus:
Foranya,b € R
(i) lal =0
(ii) la| = |-al
(iii) |a| = a,|a| = -a
(iv) lab| = |al |b]

a
W [5=11
(vi) l[a + b| < |a| + |b|; Equality holds when ab > 0
(vii) la — b| = ||a| — |b]|; Equality holds when ab > 0
Illustration 29:
Represent x on the number line when
(i) x| =2 (i) [x-3| <1 (iii) |5-x| <2 ivI<|x+2]<5 (v)]|2x-5|<1
Solution:
i) |x| = 2 = distance of x from O on the number line is greater than or equal to 2.

-2-1 0 1
(i) |x - 3] < 1 = distance of x from 3 is less than or equal to 1.
< } } i i } OI-I-H-I-II-I-I-H-I'O—I—P
-3-2-10 1 2 3 45

(iii)  |5-x| < 2 = distance of x from 2 is less than 2.

P
<

F——t——t—— O ) ————
012 3 456 789

v

(iv) 1<|x+2|/<5=>1<|x-(-2)|]<5

= distance of x from - 2 is greater than or equal to 1 and less than 5.

¢ t 0"“"""""""“"'"”H—.H'HHHHHHHHH'C } t
-7-6-5-4-3-2-1 01 2 3 4 5

»
»

(v) |2x - 5| < 1 = distance of 2x from 5 on the number line is less than 1.

/Zx
—————— (i ———>
4 5 6

=S54<2x<62<x<3
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Illustration 30:

2
Find the values of m so that the inequality: JCZLM < 3 holds forall x € R.
x“+x+1
Solution:
We know that
la| <b=-b<a<b (forb>0)
2 2
Hence. Pmxtll o5 o 5 xobmudd
x“+x+1 x“+x+1
Casel
x%+mx+1 (x2+mx+1)-3(x%2+x+1) —2x?%+(m-3)x—2
—— <3 0= 3 <0
x2+x+1 x2+x+1 (x_,_l) +3
2) 4

Multiplying both sides by denominator, we get :
=-2x%+4 (m-3)x-2 < 0 (because denominator is always positive)
=2x2-(m-3)x+2>0
A quadratic expression in x is always positive if coefficient of x2 > 0 and D < 0.
=(m-3)2-4(2)(2) < 0= (m-3)?-42 <0
>m-7)(m+1)<0=>me(-1,7) (i)
Case II:
x2+mx+1
xZ+x+1
(x2+mx+1)+3(x2+x+1)
j—
xZ+x+1
For this to be true for all x € R, coefficient of x> > 0and D < 0

=>(m+3)?-4(4)4) <0

=>(m+3-8)(m+3+8)<0
=>(m-5(m+11)<0=>me(-11,5) ..(ii)
We will combine (i) and (ii) because both must be satisfied.

= The common solutionism € (-1,5).

>0=4x’+(Mm+3)x+4>0

10. Graph of Quadratic Expression:

2

y = f(x) = ax? + bx + cor (3“"%) =a (x+%)

* the graph between x, y is always a parabola.
. b D
* the co-ordinate of vertex are (— 2a 4_a>
* If a > 0 then the shape of the parabola is concave upwards & if a < 0 then the shape of the parabola
is concave downwards.
y y=ax?>+bx+c y y=ax?+bx+c
(a>0) vertex(_i _2) (a<0)
o2a’ 4a
*(0,c
(0,0) . 5
0
0 a . —,8 X
(_i _2) vertex »(0,¢)
2a’ 4a
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* the parabola intersects the y-axis at point (0, ¢).
* the x-co-ordinate of point of intersection of parabola with x-axis are the real roots of the quadratic

equation f(x) = 0. Hence the parabola may or may not intersect the x-axis.

Sign of Quadratic Expressions:

The value of expression f(x) = ax? + bx + ¢ at x = x, is equal to y-co-ordinate of the point on parabola
y = ax? + bx + ¢ whose x-co-ordinate is x,. Hence if the point lies above the x-axis for some x = x,, then
f(xp) > 0 and vice-versa.

We get six different positions of the graph with respect to x-axis as shown.

Graph Conclusions
@ a>0
(b) D>0
1 (c) Roots are real & distinct.
a B x | (d) f(x)>0inx€ (—o,a) U (B,x)
(e) f(x)<0in x € (a,B)
@ a>0
(b) D=0
(ii)
p x (c) Roots are real & equal.
(d f(x)>0inx € R-{a}
(@ a>0
(b) D<O
(iii) . :
(c) Roots are imaginary.
X (d) f(x)>O0vxe€ER.
(@) a<o
a B . (b) D>0
(iv) (c) Roots are real & distinct.
(d) f(x) <0inx€ (-, a)U (B )
(e) f(x)>0inx € (a,pB)
o (@) a<o0
* I p=0
v)
(c) Roots are real & equal.
(d f(x)<0inx € R-{a}
x (@) a<o0
(b) D<O
(vi) .
(c) Roots are imaginary.
(d) flx)<O0vxeR.
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11. Range of Quadratic Expression f(x) = ax? + bx + c.
(a) Range:

Ifa>0= f(x)e [_R,oo]
4a
D
Ifa < 0= f(x) e (_oo,__}
4a
D
Hence maximum and minimum values of the expression f(x) is i in respective cases and it occurs at
a

b
x = —— (atvertex).
2a

(b) Range in restricted domain:

Given x € [x;,x,]

b
(A)  If—— [y, x,] then, £(x) € [min{ f (1), f (x2)}, max{ f (x1), f (x2)}]

b
(B) If—; € [x;,x,] then,

= f(x) e min{f(xl), f(xz),—%},max{f(xl), f(xz)1_4_Da }

Illustration 31:

Ifa < 0and ax? + bx + ¢ = 0 does not have any real roots then prove that
Da-b+c <O (ii)9a + 3b + ¢ < 0.

Solution:

a<0andD <0

= f(x) = ax?+ bx + ¢ < Oforallx e R

=f(-1) =a-b+c<0andf(3) =9a+3b+c <0
Illustration 32:

Find the maximum and minimum values of f(x) = x2- 5x + 6.

Solution:

. f _[g]t _ b _ (25—24)t_§_1
minimum of f(x) =-|zg] AatX =-355=- 7 ax—z——4
maximum of f(x) — o
Hence range is [_ % ooj.

Illustration 33:
2
Find the range of rational expressiony = xx-;j_i_l if x is real.
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Solution:

x24+x+1
V=" = y-Dx*-x+ (@y-1)=0 (1)
Casel:
if y # 1, then equation (i) is quadratic in x

~D>0 =>1- 4(y—1)%2>0

-= < —I <=—= -< <-
= 2= ST= > >

13
yelz3]-m
Case II:
if y = 1, then equation becomes
—x=0
= x = 0 which is possible as x is real.

R [1 3]
.. Range >3
Illustration 34:

_ (6x2-22x+21)
Find the least value of y = for real x ?
5x2-18x+17

Solution:
(6x2-22x+21)
T 5x2-18x+17
or (6 - 5y)x%- 2x(11-9y) + 21-17y = 0
= D>0=4(11- 9y)%- 4(6 - 5y)(21 - 17y)>0
= -4y 4+ 9y-5>0
= 4y2- 9y + 5<0

= 4(y- 1) (y-3) <0

5
=yelig]
least value is 1.
Illustration 35:

ax?+3x—4

Find the values of a for which the expression ————=—— assumes all real values for real values of x.
3x—4x%+a

Solution:

ax?+3x—4

3x—4x%+a

=x%(a+4y) +3(1-y)x-(4+ay)=0

IfxeR,D>=0

=9(1-y)?+4(a+4y)(4+ay) =0=(9+ 16a)y? + (4a® + 46)y + (9 + 16a) = 0

forally e R,(9+16a) >0&D <0

= (4a®+46)>-4(9+16a)(9+ 16a) < 0=4(a’-8a+7)(a* +8a+16) <0

Lety =
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=a’-8a+7 <0=>1<a<7
=94+16a>0&1<a<s7
Taking intersection, a € [1, 7]

Now, checking the boundary values of a

Fora=1
x2+3x—4 (x—1D(x+4)
= = = —
Y sy —ax+1 (x—D@x+ 1)

vx#Flsy#F-1
= a = 1is not possible.
Ifa=7

_ 7x%4+3x—4 _ (Tx—4)(x+1)

YT sx—axZy7 T (T-AOGHD)
So y will assume all real values for some real values of x.

Soa € (1,7)

12. Location of Roots:
Let f(x) = ax? + bx + ¢, wherea > 0 & a, b, c € R. Let a, 8 are roots of the equations f(x) = 0and a < j

vx#-1y#-1

Restrictions on roots | Required conditions Graphical Representation
b2—4ac>0&f(x0)>0&—£>xo %(xo'f(xo))
a > xgand B > x, - 2a
X0 a B X
b2 b (xo'f(xo;;))
— > = i
o < xgand f < x 4ac>20&f(xy) >0& 5q < %o |
H X
@ B %o
@ <x <P f) <0 |
a%o B x
(xo'f(xo)D
b?—4ac>0&f(x) > 0& f(x;) > 0 (0 fGa) - ey, £ (x2)
x1<a<f<x b
& x; <-57 <% o a AREPRE
exactly one root of
f(x) = 0liesin
the interval (xy, x3) ' X1, f (1)
lex; <a<x,<p f(x1).f(x2) <0 (check end points) o B )
ora<x; <f< x M1 X2 (xz, f (x2)
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Illustration 36:

Let x2 -(m-3) x + m = 0(m € R) be a quadratic equation, then find the values of ‘m‘ for which

(a) both the roots are greater than 2.

(b) both roots are positive.

(c) one root is positive and other is negative.

(d) one root is greater than 2 and other smaller than 1.

(e) roots are equal in magnitude and opposite in sign.
(f) both roots lie in the interval (1, 2).
Solution:

(a)

(b)

(c)

(d)

(e)

(0

Condition -I: JA€9)
D>0=(m-3)2-4m=>0
= m?-10m+9=0

=>m-1)(m-9)=0

= mE€ (-,1]U[9, ) (1)
Condition -II:

f2)>0=>4-(m-3)24+m>0

= m<10 ..(ii)

Condition -III:
b m-3
:>——>ZDT>23 m>7 ..(iii)
Intersection of (i), (ii) and (iii) gives m € [9, 10)
Condition-I1:D >0 =me (-, 1]U[9, x) £00)
Condition -II: f(0) > 0=>m >0
b

ol 2

m-—3
Condltlon-HI:—%> O:>T >0>m>3 ol

intersection gives m € [9, c0)
f(x)
Condition-I: f(0) <0=>m<0

Condition-[: f(1) < 0=>4<0=> me€ ¢
Condition -IT: f(2) < 0= m > 10 f)
Intersection gives m € ¢ Ans.

sumofroots= 0 =>m =3

and f(0) < 0=>m<0

T MmE ¢ Ans.

Condition-I: D >0 = m€ (-0,1] U [9,00)
Condition-II: f(1) >0=>1-(m-3) + m > 0 =4 > 0 whichistruevm € R
Condition -IlT: f(2) >0=> m <10 £(x)

Condition-IV:1<—%<2 = 1<mT_3<2 =5<m<7

intersection gives m € ¢ 0

www.allen.in
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Illustration 37:
if a, § are roots of quadratic equation x2-2p(x-4)-15 = 0 then set of value of p for which one root is
less than 1 and other root is greater than 2?

Solution:

This is clear from graph that

f(1)<0and f(2) <0

Condition -I:

fH)<0=>1-2p(-3)-15<0

6p<14 >p<s (@)
Condition -II:

f(2)<0=4+ 4p-15 <0

ap<i1=rp<il (i)

by taking intersection of (i) and (ii)

7
pe(-3)
Illustration 38:
Find value of k for which one root of equation x? -(k + 1) x + k? + k-8 = 0 exceeds 2 & other is less than 2.
Solution:
4-2(k+1)+k*+k-8<0= k?-k-6<0
(k-3)(k+2)<0 =>-2<k<3
Taking intersection, k € (-2, 3).
Illustration 39:
Find all possible values of a for which exactly one root of x2 -(a + 1) x + 2a = 0 lies in interval (0, 3).
Solution:
f0).f3)<0
=2a(9-3(a+1)+2a)<0=2a(-a+6)<0
=a(a-6)>0=>a<0ora>6
Checking the extremes.
Ifa=0x*-x=0
x=0,1
1€ (0,3)
Ifa=6x*-7x+12=0
x = 3,4 But both roots 3,4 ¢ (0,3)
Hence solution set is
a € (-o,0] U (6,2)
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13. Theory of Equations:

faya,as...... a, are the roots of the equation;

f(x) = apx™ + a;x™ 1+ a,x™%+....+a,_1x + a, = 0 where a,a,,....,a, are all real & a, # 0 then,
aq a as an

YA ==, 200 =+, X A3 = — T e A A Az a, = (D" —
ao Qo Qo Qo

Note

)] If « is a root of the equation f(x) = 0, then the polynomial f(x) is exactly divisible by (x — @) or
(x — a) is a factor of f(x) and conversely.

(ii) Every equation of nth degree (n = 1) has exactly n roots & if the equation has more than n roots, it
is an identity.

(iii)  If the coefficients of the equation f(x) = 0 are all real and a + if is its root, then @ — if is also a
root. i.e. imaginary roots occur in conjugate pairs.

(iv)  Ifthe coefficients in the equation are all rational & a + \/E is one of its roots, then a — \/E isalsoa
root where a, § € Q & S8 is not square of a rational number.

(v)  Ifthere be any two real numbers 'a’ & 'b" such that f (a) & f(b) are of opposite signs, then
f(x) = 0 must have odd number of real roots (also at least one real root) between 'a’ and 'b'.

Illustration 40:

If2x3 + 3x2 + 5x + 6 = O hasroots a, 8,y then find @ + 8 + y,af + By + ya and afy.

Solution:

Using relation between roots and coefficients, we get

Sa+pf+y = —;,aﬁ+ﬂy+ya = ;,aﬂy = —§=— 3.
Illustration 41:
If a, B,y are the roots of the equation x3 + gx + r = 0 then find the equation whose roots are
(A) a+B,B+yv,y+a (B) aB,By,ya
Solution:
(A) Given equation x3 + gx + r = 0 having roots @, f and y
Sum ofroots=a+pf+y =0
=af +py+ya= +q
=afy=-r1
For equation havingrootsa + 5, + v,y + «a
Sumofroots=a+f+f+y+y+a
= 2(a+p+y)=0
S @+BB+N+ BN+ +@+Py+a)=(a+B+y)*+af+py+pa
=0+gq
=q
Product of roots
= (o + B)(B + 1)y + o) = + yor + B2+ yB)y + )
= offy + 2B + 2o+ yo? + B2y + afi2 + y23 + afy

= - 2r + 0P + a?y + P2y + P20+ y2a + ¥2P
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= - 2r + o?(-a) + B2(-P) + v3(-v)
= -2r-(a3+p3+7y3)
= -2r- (3aPy) [o+B+y=0; ad+B3+y3=3afy]
=-2r- 3 x (-1)
=>r
Equation= x3+ gx-r =0
(B) For equation having roots af3, Sy, y«
Sum of roots=aff + fy + ya =¢q
= (aB)(By) + (BY)(va) + (ya) (aB) = a2y + By2o + ya
= ofy(a+p+y)
= —r(0)
=0
Product = (o) (By)(va) = o2p2y? =12
Equation = x3-qx?-r2 =0
Illustration 42:
If a, B,y are the roots of x3 -p x% + gx -7 = 0, find:
HXa?
(i) @*(B +¥) + B*(r + @) +y?*(a + B)
Solution:
We know thata+f+y =p
=af +fy+ya=q
=>afy=r
Ma®+ g2+ y® = 3apy + (a+ B +V){(a+p+y)* —3(ap + fy +ya)}
= 3r+p{p?-3q} =3r+p3-3pq
(i a?B+M+pa+y)+yi@+p) = a’-a) +p*@-P+r*®-7)
= p(@®+p*+y?) —3r—p> +3pq =p(*-2q)-3r-p>+3pq =pq-37

14. Newton’s formula in Quadratic Equation

It @ & § are roots of quadratic equation
ax?+bx+c=0andS, =pa™+ qB";p,q € complex number
aa’?+ba+c=0&aB*+bB+c=0

Multiply both side by pa™ & g™ in both equation respectively.

apa™? + bpa™?! + cpa™ = (i)
apB™? + bpp™tt + cpp™ =0 (i)
(1) + (ii)

a(pa™? +qB™"*) + b(pa™t +qB™) + c(pa™ + qp™) = 0
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Idea for Cubic Equation

If a, B, v are the roots of the cubic equation ax?® + bx? +cx +d = 0and
Sp=pa™+qp" +tr';p,q,t € complex number
We can write
aa® +ba’?+ca+d=0
ap3+bB?+cf+d=0
ay3+by?+cy+d=0
Multiply both side by pa™, gB™ and ty™ in above three equations respectively

apa™3 + bpa™? + cpa™! + dpa™ = 0 (1)
apﬁ”+3 + bpﬁn+2 4+ Cpﬂn+1 + dpﬁn =0 (i)
apy”+3 + bp}/n+2 + Cp.yn+1 +dpy® =0 ..(iii)

Adding equation (i), (ii) & (iii)

a(pan+3 + qﬂn+3 + tyn+3) + b(pan+2 + qﬁn+2 + tyn+2) + C(pan+1 + qIBTH'l + tyn+1) +
dlpa™ +qp"+ty") =0

aSps3 +bSpyo +¢cSpp +dS, =0

Note
We can extend this idea for higher order polynomial in same way also

Illustration 43:
aZl + b21 + a17 + b17

If a and b are the roots of equation x - 7x - 1 = 0, then the value of 2+ p”

is equal to

[JEE Main-2023]
Ans. (51)

Solution:
X =7x-1=0<;
By newton’s theorem

S,.,—7S,.,, —S, =0

n+

S21 _7520 _Sl9 =0
Szo _7819 - 818 =0
S19 _7818 - S17 =0
S21 + S17 _ S21 +(Sl9 _7818)
Sl9 S19
_ S21 +Sl9 _7(820 _7819)
819
_508,,+(8,,=7Sy)
S

19

=51-h=51
Sie
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