ALLEN JEE (Main + Advanced) : Mathematics

Parabola

SOLUTIONS

EXERCISE - O

1. Ans. (B)
A =—2; h? = ab = parabola
2. Ans. (C)
SP = ePM
1
= e = 1, possible when k = ———
P (E+m2)
3. Ans. (D)
Eliminating ¢, we have
y + 1)2
=(— 3
x ( > +
=>@+1)2=4(x-3)
Vertex : (3,—1) = focus : (4,—1)
4. Ans. (C)

3
2= __
y 6@ 9

Equation of directrix x —

ieex =0

wh|w
N W

3
Let coordinate P be (E + 5 t?, 3t>

~ Coordinate of M are (0, 3t)

& MS = /9 +9t?

mp =243
202
3 3 .\2 (1 +t?)?
=9 9t2=(— —t2) >14+t2="r—7"
* 2132 + 4

“4=1+t*> MP=6
5. Ans. (A)

yd
/

N is foot of perpendicular from vertex on directrix.
N(2,3)

A is mid-point of NS

S—> 3“1
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6.

10.

11.

12.

Ans. (D)

a = distance between two parallel lines

s 4a =82
Ans. (C)
o
2 1 -2 1
Ans. (A)

Vertex (1, 0), focus (1, 2)
Equationis (x — 1)?2+ (y —2)?2 =4

Ans. (A)
The two parabolas are
yi=xy?=—x

if (a, 2a) lies out side the parabola

=4a%—-a>0
4a’ +a>0

(-39 3
= —00, —— — o
a ) 4 4!

Ans. (A)

Given line is focal chord for parabola and its slope is tana =

1
.. Length = 4acosec?a = 4. " (2)? = 4.

Ans. (B)

Focus will be (0,0) & directrix 6x + 8y =5
perpendicular distance of focus from directrix = 2a

0+0-5
10

1
2

:>2a=|

Ans. (A)

(t1)

(t2)

tltz = -4
A(3,6)

tl = 1

= tz = —4

So B = (48, -24)
0B =245

o]

- ¢(LR) =4a =1

www.allen.in
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13.

14.

15.

16.

17.

Ans. (A)
The given equation is (y - %)2 =4 (x - %), whose focus is (g,%)

5Y 1Y
The equation of circle is (X_Ej +[y—5j =4

and the axis y = % cuts it at (g, %) and (%,%)
9 1\ /1 1\

length = \/(i_i) t(z-2) =V =14

Ans. (A)

Focus of the parabola y? = 4x is (1, 0)

So diagonals are focal chord

1 1
we known that A + SC 1

SA=/(t?=1)2+4t2=1+t>=a (say)

1 1

At
4

25 25 ,
4 447 ¢

5
4a2—25a+25=0:>a=Z,5

=1

:tzi%

=

5 . 5
fora=—,14+t"=—= t* =
4 4

A=(3.1),B=(44),C= (44 andD = (3,-1)
15
AD = 2 and BC = 8, distance between AD andBC=:

1 15 75
.. Area of trapezium ABCD =7 (2+8)x il :sq. unit.

Ans. (C)
A
Using tangency condition C = 7

Wegeta=3
Ans. (D)
End points of latus rectum (8, £+ 16)

T =0

= (16)y = 32(53) > +y=x+8
=>x+y+8=0&x—-y+8=0

Ans. (A)

Let P(h, k)

4
Equation of tangent: y = mx + -

my

_ 4 2 _
=>k—mh+ﬁ > m h—km+4—0{4m1

c _k.4 2_4:4<k>2_4
M =pam =g sn) T h

:>k2=25h =>y2=25x:>LLR=25

()

[94]
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18.

19.

20.

21.

22.

23.

24.

Ans. (B)

Any normal to y? = 4ax at (am?,—2am)

y = mx - 2am — am? if it passes through (h, k)
then k = mh — 2am - am?

=am?®+mQRa-h)+k=0=Im; =0

_ —2alm _
y - 3 -
Ans. (D)

Normal chord PQ subtends 90° at the vertex
2
(zo)<—p—5)=—4=>pz+2=4=>p=i\/E

Ans. (D)
General point on y? = 4x is (t2,2t). Thus A corresponds tot = 1

2
= B corresponds to —t — ; = -3 and C corresponds to 3 + % = %
121 22
s (12,2)
9 3
Ans. (C)

2
If normal is drawn at the point ¢, then its other end corresponds to the point —t — ?’ and slope of

2, 2 2. . o . 2. .
normal at —t — 7 1s t+ 7 Ift + 7is negative then inclination is obtuse, and if t + Z is positive then

t+ % > 24/2 and hence inclination is more than 60° in each case.

Ans. (C)

The given line will be a normal, if

sin3 @ = - 2sin® -sin® 0 = sinB(sin? 0 + 1) = 0

= sin® = 0 = given normal isy =0

Thus no value of 0 will make the given line a normal to the parabola y? = 4x, other than the

X —axis.

Ans. (C)

Leth = 2t? & 12 = 4t,

We know t, = —t; — 2
ty

=>t;=-1lor-2

=h=2o0r8

Ans. (A)

Minimum distance will be along the common normal of parabola

y? = 8x is y = mx — 4m — 2m3 should passes through centre of circle

ie. (-2,-8) (2,-4)
>m=1

.. foot of normal is (am?, - 2am) = (2,-4)

. Minimum distance between curves (-2,-8)

=42-V2=3V2

www.allen.in [95]
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25. Ans. (A,B)

Q lies on directrix, which is image of (1,1) with respect to line
x+y=7=0Q = (66)
PQ|| axis

2
mPQ:§=>axi52x—3y+1=0

Slope of the directrix is — %, which passes through (6, 6)

= Directrix is 3x + 2y = 30

LR =2 25
- V13

26.  Ans. (A,B,D)
normal,y—1=m(x—1)—2m —m3putx =10,y =7
m3-7m+6=0=>m=12,-3
Foot of normal is (1 + m?,1-2m)
= A(2,-1),B(5,-3) C(10,7)

17
A=720,G (?, 1)

27.  Ans. (AB,CD)

y=mx+—

Ay
mzx_my+1=0 A/
I3m? +1| 3
Vm* + m2 >x
1 C 0
20

S>Omt+em?+1=9Im*+ImM?=>m=o0,+—

l—\/§ B

= Tangents are x = O,y=%x+\/§;y= —%x—\/g

Points of intersection are A(O, \/§),B(0, —\/§), c(-3,0)
28.  Ans. (AB,CD)

General equation of normal is

y=—tx+2t+t3puty=0
=B =2+t> A 1
(A)t?+2=3>t=+1
.. Area of quadrilateral PTQR = 8
(B) If PT = 4+/5P(t?,2t),T = (-t2,0)
= t=1+2.50,8=6

\ /(t2 +2,0)

»x = (f,0)

<
<

€ p>2 (—t%,0) = (a,0)
(D) B=4>t2=2>T(-2,0),R(4,0)
~ TR is diameter, TR = 6

So, area of circle = %(TR)2 =91

[96] www.allen.in



Parabola

ALLEN

29. Ans. (B)
Right angle at origin t;t, =-4
equation of chord:(t — %) y=2x—8
2—4)+Ay=0
fixed point (4, 0)
Normal passing through (4,0) = 0 = 4m-2m-m3
m3-2m =0
m=0,+v2
A(0,0),B(2,2V2),C (2,—2V2)
Area of AABC = 42

30. Ans. (A)
Length of normal chord PQ, which is normal at P(t;)

m=+2:t; = —2,P(2,—2V2)

t, = \/§+% = 2v2 : Q(8,4V2)
Length = 6v/3
31. Ans. (B)
y? =12x

B(3t?,6t)

30° D(3t?,0)

C(3t%, —6t)
BC =12t

1
tan30° = —=

V3 ot
t=2V3
BC =243
32. Ans. (A)
x+y=1
comparing with yy; = 6(x + x1)
wegetx; =—1,y;, = —6
33. Ans. (A)
Figure is a square of side 2v2a.

s Area=(2v2a)? =8(c a=1)
34. Ans. (B)

Centre is focus of parabola = (1, 0)

www.allen.in
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EXERCISE - S
Ans. (1)
Equation of the normal is y = mx — 2m — m3
If it passes through (21, 30) we have
30 =21m-2m-m*=>m3-19m+30=0
Thenm=-5,2,3
But if m = 2 or 3 then the point where the normal meets the curve will be (am?, —2am) where the
curve does not exist.
Therefore m = -5
m+6=1
Ans. (2)
Let any tangent to parabola y? = 4x at P(t?,2t) is yt = x + t2
and A(—t?,0), B(0,t)
LetRis (h, k) rE
2h=—t?and2k =t /4

2h 1o K2 1h
5> — = -] [
(2k)? 2

x
Locusis y? = ——

2
Ans. (4)
Equation of tangent of parabola y? = 4x is

f- i

y =mx - ()
Equation (i) is also a tangent of x? = —32y

Then x? =—32(mx+l) = x2 +32mx + 22 = 0
m m
Condition of tangency (D = 0)
1 1

= - = —
g~ "7 2

From Equation (i), x-2y + 4 = 0.
Ans. (4)

PQ = (t N %)2 P(atzl,Zat)

Equation of line PQ is
1
2x - y(t—?)—2a=0

2a =>t+1 2 0 a 2a
SN (o)
e o

4
PQ=p—2=>1,”p2=4

m3

[98]
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5. Ans. (7)
P(l, 2) = (t%,ztl) = tl =1

we know t, = —t; — é =t, =-3=0(9,-6)

Also Mpo-Mop=-1=13 = 5= R(25,10)

Area of APQR =% PQ.QR = %8\/7.16\/7 =27
6. Ans. (8)

Given parabolaisx? + 4y —6x + k=0

:>(x—3)2=—4(y+k4;9>

.. equation of directrix is

y+k;9=1:>y=1—<g)=—1
4 4
=k=17
.. Parabola (1) becomes
(x—3)*=-4(y +2)
.. Vertex = (3, -2) and focus = (3, -3)
7. Ans. (4)

(5,2) (34)
o

x-y=1
Reflection of §(3,4) in tangent
is foot of directrix (5,2)
.. Directrixis x-y = 3.

8. Ans. (6)

Equation of PQ y = %
solve with parabola
x?—36x—108=0
Mid-point of PQ (18,6\/§) r
equation of perpendicular bisector of PQ «{?O
y—6v3 = —3(x — 18) e
= R(24,0)

S=(0,00=RS=24
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9. Ans. (3)
A(-a,a(ty + t,)), B(at?,2at,), C(ats, 2at,)
a(t?+t2)-1
h=—1—2"
3
= 3h = a((t1 + tz)z + 2) —a

&k = a(t; +1t,)

k? k?
=>3h=a<—2+1>=>3h:—+a
a a

= k?=3a(h—a/3)=>A=3a
10. Ans. (9)

16
Let equation of tangentis y = mx + —
m

It passes through (h, k)

16
thenk = mh + —
m

—>m?h—mk +16=0
It will have roots m,, 8m,

k
my +8my = E &m,.8my = 1—h6 eliminating m,, we get

k2
~18h
11. Ans. (3)
Given parabolais (x — 1)? =- (y — 3)

9

~ latus rectum= 1 = SP 1

’Z’SQ are in H.P.
1 _2.5P.SQ 1 e
2=5prsg 0=z @97 =3
12. Ans. (1)

=>y=m(x—1)+£=>—4=—4m+i
m m
4m?—4m—-1=0=>m;+m, =1
13. Ans. (4)
5(1,0); Q(a,0)
.. Circle on SQ as diameter is
(x—a)(x—1)+y*>=0 (1)
As (1) touches y? = 4x, so equation (x — a)(x — 1) + 4x = 0 has equal roots.

=>a=09.
So, centre of circle is (5, 0) and radius equals 4.
14. Ans. (6)
Equation of normal to the parabola y? = 12x with slope —1ism = —1,a = 3

>y=—x—-203)(-1) +3(-1)3
x+y=9ie. k=9

focus of parabolais (3, 0)

3-9

>p2=18=p= 32
7 P p

p:
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EXERCISE - JEE (Main) PYQ

1. Ans. (2)
Circle and parabola are as shown:
Minimum distance occurs along common normal.
Let normal to parabola be
y+tx =22.t+2t3
pass through (0, -6) :
—6=4t+2t3=>t3+2t+3=0

\4

0
= t = —1(only real value) b (262, 4t)
5 P(2,—4) ©0,-6)d 1
L CP =\VA+4=2\2

.. equation of circle
2
(x-22+ (@ +4?%=(2V2)
=>x24+y2—4x+8y+12=0
2. Ans. (1)

> X

/4 C.(4,0) B(24,0)
(~16,0)

Equation of tangent at P(16,16)
isx—2y+6=0
4

mPc=§

Mpp = —2

Mpr—m
Hence, tanb = M|

1 +mPC.mPB
tan0 =2
3. Ans. (3)

Given y? = 4x (i)
andx?+y*>=5 (i)
by (i) and (ii)

=>x=1landy =2

Equation of tangent at (1,2) to y? = 4xisy = x + 1

www.allen.in [101]
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4. Ans. (3)

1 2
Ty () =50+ B

5. Ans. (2)
Equation of circle is
x—12+ (y=2)24+A(x—-y+ 1 =0
=>x2+ 2+ xA—-2)+y(-4-D+GB+1) =0
As circle touches x axis then g?-c = 0
(A—2)°
4
A2+ 4—4n=20+42
A —8r—16=0
8 + 128
A=
A=4142

Radius = |@|

=(5+2)

Put A and get least radius.
6. Ans. (1)
y? =4ax = 16x > a =4

1
AL 4)=24.1=4>1 =3
132
.. length of focal chord = a (t + ?)

—abe2) —aBoos
YA

A(1,4)

\,
\,

L S(41)
N,

\,
N,

N\,
N,

N\,
N\,

\\I
B(at?,2at)

[102]
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7. Ans. (4)

’ \4)

1\2 25
_ 2 4 — N — ==
Area= 5|t —t—6| =5 |(t 2) 7 |

1
is maximum if t = E

8. Ans. (0.50)
AOPQ = 4

0 01 e

%tz t 1=4

—tz 0 1 Q(_tzjo) (0]
t=2(.t>0)

1
. m=-—or0.50
2

9. Ans. (2)
y? = 8x

1 y
4‘t1:—2:>t1:_5, 'I'B

=t O
ty !
=>t, =2 1
So coordinate of B is (8, 8) (—, —2)
.. Equation of tangent at B is
8y=4(x+8)=>2y=x+8
10. Ans. (2)

www.allen.in [103]
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11.

12.

13.

Yy h K
K=o+ +7

3h K 3K
R IR A I
Y =4x% +1

2
<3k—h):4<3h—k) +1
Ans.2(9) ’

3
P= (— t2, 3t)
2

Normal at point P
3
tx +y =3t+ §t3

Passes through (3,%)

3t+3 3t+3t3
= - = —
2 2

P= (%3) = (a, B)

>t3=1=2t=1

2(a+B) =2(§+3)=9

Ans. (1)

Tangentat P :y(2) = 2(1/2)(x + 2)
=>2y=x+2

L Q=(-20

NormalatP :y—2 = _@

1
2-7

(x—2)

Sy—2=-2(x-2)

=>y=6—2x
- Solving with 2=2x:3R(2—3)
A g y 5
2z 21
~Ar(APQR) ==|72 1 1
219
S 3- 1

= =~ sq. units
Ans. (2)
Clearly RS is latus-rectum

“VF=2=a
..RS=4a=28

Now OF = 2a =4

= Area of triangle ORS = 16

P02
y? =2x
Q a = 1/2
/l'/
R
/R/
0(0,0) 2,0Y F (4,0
S

[104]
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14.

15.

16.

Equation of Normal is

7_1( +1)

Yma7 "3
X4

Y=3

Now put y in equation (1)

x+2 3_( 1)2
2 4 \* 72

:>x=2&—%

=0Q(2,3)
125
Now (PQ)* = —
ow (PQ) 16
Ans. (4)
Equation of tangent to y? = 30x
30

= + —
y mx am

30
Pass thru (—30,0):a = —30m + — = m?
i4m

U
3
I

NlR, N[R
o
3
Il
|
N | =

x
Ty = E+15:x—2y+30=0

=
3
I

225 225
Lap =2JR2—P2 =2 [ _=

Ans. (2)
Locus is directrix of parabola
x—3+4=0=>x+1=0.

(1)

=1/4

www.allen.in
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17.

18.

19.

20.

Ans. (1)

Equation of tangent at (2, —4)(T = 0)
—4y = 4(x + 2)

x+y+2=0 (1)
equation of normal

x-y+A=0

(2,-4)

A= -6

thusx —y =6 -(2)
equation of normal

POl of (1) & x = —2is A(—2,0)

POI of (2) & x =-21is B(-2,—8)

Given AQBP is asq.

= Myp.-Myp = —1

ﬁ(ai2)<_i4)=—1=>a+2=b -(3)

Also PQ must be parallel to x-axis thus
=>b=—-4

A(=2,0)

P(2,—4)

(a,b)@Q

S.a=-6 (0’_2)
Thus2a+ b =-16

Ans. (2)

2
Tangent of y2 = 8xisy = mx + -

2
P(2,-4) = -4 =2m+—
m

:>m+%:—2:>m=—1

.. tangentisy = -x-2

=>x+y+2=0 (1)
(1) is also tangent to x2 + y? = a

SOj—E:ﬁ o Va=+32

=>a=2

Ans. (3)

V — Vertex

F — focus

VF =S-R

So latus rectum =4(S - R)

Ans. (4)

Both point A(1, 3), B(1, -1) lies on the parabolay? — 2y —2x —1 =10
Equation of tangent aty A(1,3)isT =0
x—2y+5=0

and equation of tangentat B(1,-1)isT =0
x+2y+1=0

[106]
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So point P is (-3, 1)

1 3 1
= A:% 1 -1 1/=8
-3 1 1
21. Ans. (2)
Equation of tangent of y = x? be
tx =y + at? (1D
2
=tx — —
Y 4

Solve withy = —(x — 2)?
t2

tx — —= —(x — 2)?
2 ( )

2
x2 +x(t— 4)—%+4=0

D=0
2 t*
t—4)—-4-14-——|=0
== [a-1)
—4t=0
t=0ort=4
From eq. (1), required common tangent is
y=4(x—-1)

22. Ans. (10)
P, : Directorix :
x+2y=k
x+2y—k=0

3+4-K \/—
R FN
E

|7-kl=5 AN
7-K=5 7-K=-5 Y
k=2 k=12 T
Accepted Rejected )

(3.2) { (Z, 4)

Passes through e
focus

D, =x+2y= 2:|z>d

(=x+2y=6
D,=x+2y= C:l

23. Ans. (1)
x> +y* + Ax+ By +C =0 is passing through (0,6)
= 6B+(C=-36

The tangent of the parabolay = x? at (2, 4) is
4x—-y-4=0 (1)
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The tangent of circle x* +y* + Ax+By+C =0at (2, 4) is
(4+A)x+B+B)y+24+4B+2C=0 ..(2)
From Equation (1) and (2)

4+A:8+B:2A+4B+2C

4 -1 —4
A+ 4B =-36 ..(3)
344+ 4B+ 2C = -4 ..(4)
From equation (3) and (4)
A+C=16
24. Ans. (4)
parabola x? = 12y
SA L SB
SO, Tl’lAS * Tl’lAB = - 1
t2 t2 B(0,a)
3—— o——
3 3 X
. = — t
(0-2t) (0-2t) (Zt, E)A
by solving g
27t% +t* r(03)
3a=—p7——
t°—9
2
oc+t—+3
ordinate of centroid of ASAB = K = ?:j’
Ko 9+3a+t?
9
2 4
lim k=lim * 9+t2+27;[—+t _13
t—1 to1 9 (t _9) 18
25. Ans. (2)
By mid point theorem, we get P(xyy1)
1)1
X1 = O,XZ == 0,x3 = 2, 3’1 == O,yz == 2,y3 =0
Incentre of APQR (PQ =2,QR = 2\/5, PR =2) A(0,1) C(1,0)
is Ds[ 4 4 J
4422 44242 (%2,¥2)Q ® R(x3,y3)
B(1,1)
parabola y* =4ax passes through D
1 142
we geta= ==-22 = (a+B2,0 (Given)
& 44242 2 4 ( g )
1 1
o=—and f=—
2 b 4
[108 ] www.allen.in
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26. Ans. (16)

Given parabola: y? = 12x
Let P: (3t%,6t,) & Q : (3t2,6t,)

t
_1:3 :>t1:3t2
2

Point of intersection of tangent (a., 3)
a=3t, -t, =9t

B = S(tl + tz) = 12t2

2 2
Now, B—:% =16
a 9,
27. Ans. (1)

-
AP(SQ, 10t,)

/(50

Q(5t3,10t,)

10¢, + 10t, = 30

2 2
= m= ==
t+t, 3

1 2

C=m+6=§
3

2 2
PQ:4\/a —amc\/1+m :\/ﬁ

m2

28. Ans. (1)
2
9(t + %) =100

t =3 = P(81,54)& Q(1,-6)
M(21,9) =L is (y—9)=_?4(x—21)

3y—-27=-4x+84
4x+3y=111

29. Ans. (16)
y2=8x+4y+4
(r—2)?=8(x+1)

y? = 4ax
a=2X=x+1Y=y-2
focus (1, 2)
y—2=m(x—1)

Put (3, 0) in the above line
m=-—1

Length of focal chord = 16
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30. Ans. (3)
y? = 6x & y? = 4ax <0 2)
=S 4a=6=>a= % "2
y=mx+—;(m=0) y=mx+o—
2m 3
— y =
h = om-3 Jk = 6m+3 , Now eliminating m and we get M 0 N
4m? 4m x= 6m — 3
= 3h = 2(—2k? + 9k —9) ( 2m? "’ )
=4y2—18y +3x+18=10
EXERCISE - JEE (Advanced) PYQ
1. Ans. (D)
Single tangent at the extrimities of a focal 2 2at)
chord will intersect on directrix. X W paty
5 M(—a,a(t; +t3)) . WN”“X w
liesony =2x+a N\ z/o.“&
a(t1+t2) =—2a+a :>t1+t2 =_1&t1t2 =-1 V\ 9(Q° 0
2 2
tan0 = t1 1:2 Z(Z(tz _t1)j
1+ tit 3
172 ? th
vt —t)? = (t + )2 -4ty =5 )
tz - tl = i\/g
. tanO= i—ﬁ
3
but 0 is obtuse because O is the interior point of the circle for which PQ is diameter.
* tanO= —_2\/5
3
2. Ans. (B)

Length of focal chord PQ = a(t; — t;)?
=a[(t; +t%)? — 4ty t;]
=a[l+ 4] =5a
3. Ans. (D)

2
y=mx+—
m

\

‘0—0+2‘
m —_—

V1+m? V2

P

T
=2=m?1 + m¥)=>m=+1 /\
Q

TP:—x+y=2
SoP(-1,1)&Q(-1,-1)

/

& R(E,i)z R(2,4) & S(2,—4)
m m

So A=%x10><3=15
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4. Ans. (D)
-+ PQ is a focal chord

2
.. co-ordinates of point Q are = (%'_Ta]

1)
z2al r+-—
t 2

R = 1 1 R(ar?,2ar)
o) (1) \

2at-0 2t

PK_a(tZ—Z)_tZ—Z a 2a
-7

(a,0) 'k(2a,0)

Given mQR = Mpg

2 2t t?-2 1
— = =r= +—
1 t?2-2 t t
"t

2 1 P -1
= r=t—?+?:r=

5. Ans. (B)

Equation of tangent at point P is ty = x + at? (i)
1 2a a

Equation of normal at point S is T X+y= T + g

= t’x+t3y=2at*+a (i)

Multiply equation (i) by t? and then add to equation (ii),

we get,

2t3Y = 2at?> +at*+a

= 2t3y = a1+ t* + 2t?)

a(l1+t*)*
y= ( 3 )
2t

=

6. Ans. (2)

The co-ordinates of latus rectum are (1,2) and (1, —2)
L dy 2
clearly slope of tangent is given by —=—
y slop g g y Xy (1'.2)
.. Aty = 2 slope of normal = —1
and Aty = —2 slope of normal = 1

.. Equation of normal at (1,2) (1,0

y—-2)=—1(x—1)=>x+y=3

Now, this line is tangent to circle

(x =32+ (y+2)?=1r?

.. perpendicular distance from centre to line = Radius of circle
C13-2-3]

N

.. Ans. is 2.

1,-2)

r=r=2
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7. Ans. (4)
Let there be a point (t2, 2t) on y? = 4x
Clearly its reflection in x + y + 4 = 0 is given by
x—t? y-2t -2(t?+2t+4)
11 2
Lx=—Qt+4)&y=—(t>+4)
Now,y = =5 =t =+1

L.Xx= —6orx=-2
. Distance between 4 & B = 4
8. Ans. (A, D)

4P0Q=§ —tyt, = —4

0 0 1
1|t t’t, —t,t2 0

Lot 1)=32 = P22 =6\2

2 (0,0)

t

Z 41

4 3

= |t -t =32 = t1+t—=3ﬁ (- t; > 0) Q|5

1

We gett; = 2\/5,\/?
P(4,2v2) or (1,/2)
9. Ans. (A, B, C)
On solving x? + y? = 3 and x? = 2y we get point P(~/2,1)
Equation of tangent at P
V2.x+y=3
Let Q, be (0, k) and radius is 2v/3
J2(0)+k-3 23
N
~k=9,-3
Q2(0,9) and Q3(0,—3)
hence Q,Q; = 12
R, R; is internal common tangent of circle C, and C5

S RyR3 = \[(QZQS)Z —(2v3+ 2\/§)2
— V12748 = V96 = 446

R,

Perpendicular distance of origin O from R, Rj; is equal to radius of circle ¢; = V3

Hence area of AOR,R; =%X(R2R3)\/§=%.4\/g.\/§=6\/§
Perpendicular Distance of P from Q,Q; = V2

1
.. Area of APQ,Q5 = Elex«/E=6\/§

Q2(0,9) ¢,

2y = x?

: P(V2,1)

o i3

Q3
(0,-3)
Gs

[112]
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10. Ans. (A,C,D)
y? = 4x
point P lies on normal to parabola passing through centre of circle
y+tx=2t+1t3 (i)
8+2t=2t+t3
t=2
P(4,4)
SP=,/(4—2)2 + (4 — 8)2
SP =25 S\(Z'g)

SQ =2 Q

= PQ = 2v5 — 2 /é(
SQ__ 1 541

QP J5-1 4
To find x intercept
puty = 0in (i)
—x =2+t
xX=6

" Slope of common normal = —t = —2

.. Slope of tangent = %

11. Ans. (D)
Equation of chord with mid point (h, k) :
k.y—16(%h] _Kk?-16h
=8x—ky+k?*-8h=0
Comparing with 2x + y-p = 0, we get
k=-4; 2h-p =4
only (D) satisfies above relation.

12. Ans. (A, B, D)

_—
/
P(-2,4 0
IR Syw = a2
S>y=x-2

Q/ F(2,0)

Note that P lies on directrix so triangle PQQ’ is right angled, hence QQ’ passes through focus F.
PF =42

Equationof QF isy =x—2&PFisx+y =2

Hence A,B,D.
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13. Ans. (1.50)
Let the circle be ‘ y2=4—x
x2+y2+2x=0 /
For point of intersection of circle & parabola y? = 4 — x. °
x2+4-x+2x=0=>x2+x(A1-1)+4=0 ‘ \ (.0
For tangency: A= 0= (1-1)2 -16 =0
= A1 =5 (rejected) orA = -3
Circle: x%2 + y2 —3x =0

Radius = E = 1.5
2

14. Ans. (2.00)
For point of intersection:
x2—4x+4=0=>x=2s0a =2
15. Ans. (B,C,D)
Let equation of tangent with slope ‘m’ be
T:y=mx+ 1
m Pl(A"AA
T : passes through (—2,1) so

1 -
1=-2m+ — :m:—lorm:l P
m 2 (-2,1)
N

Points are given by [%,Z—aj
m- m

(021 P
So, one point will be (1, —2) & (4,4) (1,-2
LetP1(4,4) & P,(1,-2)
P;S:4x—-3y—4=0
P,S:x—1=0
PQ. :|4(—2)—3',(1)—4|:3
5
SP =410 ; PQ, = 3; 5¢, =1 =50,
1 (quz
20 2

j x+/10 = % x3x1 (comparing Areas)

_ QQ,-23_3J10
Jio 5
16. Ans. (A)
Let point P(at?, 2at)

normal at P is y = - tx + 2at + at?
m =-t

y=0,x=2a+at? /
Q(2a + at?, 0) F(a,0)
QQ2a + at?,0)

Area of APFQ = E(a+ at?)(2at)|=120

m=-t

v a?[1+m?lm=120 P(®)
(a,m) = (2, 3) will satisfy
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JEE (Main) Practice Paper
SECTION-A

1. Ans. (3)

y? = k(x — 8/k), Directrix will be = X—%z—%

= %—Ezl:k2+4k—32=0:>k=—8,4

2. Ans. (1)
x=0=y?-5y+6=0=>y=2,3
3. Ans. (4)

Centre of variable circle remains equidistant from given line and centre of given circle. that’s why
locus will be Parabola.

4. Ans. (1)
Let AB is double oxidinate

2 2
4 2 4 2
2
P ﬁ,ﬁ Locus ofPWillbey2=£x
4 6 9

5. Ans. (4)
m?(x -a)’-4ax=0 (D >0)
m2x? — 2a(m? + 2)x + m?a®? =0
4a?(m? + 2)%2 - 4a’m* >0 = meR - {0}

6. Ans. (2)

c(h k)

(0,0) A(a,0)
B

tanA+tan B = A
K K
ot =
Locus of Point € is Ax(x - a) = — ay (Parabola)
7. Ans. (4)
Centre (1, 2) and circle passes through (1, 0)

A

.. Equation (x - 1)2+ (y-2)2=4
8. Ans. (3)

Length of focal Chord = 4a cosec2a
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9.

10.

11.

12.

13.

14.

15.

Ans. (4)

Length of tangent = PT = VPAPB =/a =L
a

Ans. (1)

a -2a
(at?, 2at) one end then (t_Z’TJ another end.

l6t=-8=t=-1/2

.. Another end (32, 32)

Ans. (4)

If slope of focal chord is tana then it’s equation y = tano(x — a) = b = asina and C = 4a cosec2a
= 4a® = b?c

Ans. (3)

If PQ is double ordinate, then P(2bt, bt?) & Q(—2bt, bt?) Point of trisection R = {%bt,btzj

242
Locus x* = t :4-_by
9 9
Ans. (1)
y = Ax? y2+3=x%+4y

Solving both y*+3= % +4y

Ay?> —y —4Ay+34=0

Ay? —y(1+4A)+34=0
(1+4A)+(1+4A) —4A3A

Y= 2A

Both value of y are possitive so there are four point of intersection
Ans. (3)

y=mx+ 1 = myh—mK + 1 = 0, (my, m,) where P(h, k) and tanf, = m4, tan6; = m,
m

91+92=n/4:>m=1:>x—y—1=0

1-m,m,

Ans. (2)

8
Tangent to y? = 32x is y = mx + — and tangent to x? = 108y is y = mx — 27m? for common
m

8 2
tangent —=-27M"=>m = —=
m 3

[116]
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Parabola

16. Ans. (3)
x—y+3=0 (1)
polar and required point (x4, y;) be pole then yy; = 4(x + x4) -(2)

Comparing (1) & (2) (x1,¥1) = (3, 4).
17. Ans. (2)

6] =438

C,:X*+Yy* =(6+2\/§)x+2\/§y—6(1+\/§)
X —2(3+\/§)x+ y? =23y +3 +(3+\/§)2 =8
o-{o+ ) o8-

Shifting both carve to origin
Ci:y? =4x

C,:(x=3) +y? =(2J§)2
solving both

(x=3)° +4x=(2\/§)2
x2—-2x+1=0

(x—1%=0

x=1

y=1%x2

Both curve touch at two points.
18. Ans. (4)

Centre of circle (0,1)r =1

circle (x —0)?2+ (y—1)%?=1
point on circle (cos6, 1 + sinf)

this point lies on parabola y = ax?
1 +sin 0 = a cos20

1+sin0
cos’®
1+sin0
1-sin’0
1
1—sin® -8
sinB¢[-1, 1]
-sin6 g [-1,1]
1-sin 6 € [0, 2]

1 1
gl =,
1-sin® {2 j

1
ag| —,o©
{2 ]

0,1

www.allen.in
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19. Ans. (3)

parabola y? = 2x

let midpoint of chord (h, k)
equation of chord T = s;

yk — (x +h) = k?—2h
yk—x+h—k?=0

This chord touches the circle
x24+y2—-2x—4=0

centre (1,0) r= \/g

0.k —1+h—-k? _5
k*+1

(x—y*-1*=50%+1)

2+1-x)2=5@F?+1)

A=5

Ans. (2)

P(at?,2at),N(at*,0)

20.

2
Equation of MQ.isy = at = Q :(%,atJ

Equation of QM y= g(x -at?)

=T =[O,iatj
3

1. Ans. (1)
LF.(a% a — 2)
S=y2-2x

SECTION-B

Equation of line AB
-6
-2=—(x-2
y c (x=2)

y—2=—x+2
L=x+y—-4=0
Si=(@—2)?%-2a*<0
a’?+4—4a—-2a*°<0=>
—4a—a’+4<0

L <0

a’>+a—-6<0

a’?+4a—4>0
a’+4a+4>8
(a+2)>>8
a+2>2\/5 a+2<—2\/§
-3<a<?2

so integral value of a is equal to 1 only.

(h, k)

a
A 4

S=y? —2a

A
\A(Z,Z)
0 \
(8! _4)

B

a>-2+202 a<-202-2 = —2+22<a<2

[118]
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2. Ans. (0)
The point P(—2a,a + 1) will be an interior point of both the circle x> + y> —4 =0 and the
parabola y? — 4x = 0.
(20 +(a+1)?-4<0

ie. 5a?+2a—3< 0 (1)
and (a + 1)2 — 4(-2a) < 0
ie.a?+10a+1<0 (i)

The required values of a will satisfy both (i) and (ii)
From (i), (5a—3) (a+1) <0
.. by sign scheme we get —1 < a < 3/5 ..(1ii)
Solving (ii), the corresponding equation is
a’?+10a+1 0
:—10i\/2m=_5ﬂ\/g
.". by sign scheme for (ii)
—5-2J6<a<-5+26 .(iv)
The set of values of a satisfying (iii) and (iv) is
-l<a<-5+ 2\/3
3. Ans. (2)

or a

P

/ (ap?, 2ap)
0 / '

(aq?, 2aq)
2a(p-q)
lope of PQ = —<AP-4)
Sope ot PO = o (p+a)
4. Ans. (9)

As the axis is parallel to the y-axis, it will be x - o = 0 for some o and the tangent to the vertex
(which is perpendicular to the axis) will be y - 3 = 0 for some p.

Hence the equation of the parabola will be of the form

(x-a)2=4a(y-P) «(1)

when o, f3, a are unknown constants, 4a being latus rectum.

(1) passes through (0, 4), (1, 9) and (-2, 6) so

(0-0)2=4a(4-P),

ie.az=4a(4-p) .(ii)
and (1 -a)2=4a(9-P)
ie.1-2a+0a2=4a(9-p) ..(iii)

and (-2 -a)2=4a(6 - )
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ie. 4+4a+a2=4a(6-P) .(iv)
L a=-3
4
5 1 23
a=—=—or f=—

40 8 8
.. from (i), the equation of the parabola is
(x+§j2 =4-1-(y—§j or x* +§x+i=1y—E or X° +§x—ly+2=0

4 8 8 2 2
S2x243x-y+4=0=>y=2x2+3x+4=>0=2%x22+3x2+4=18
5. Ans. (5)
xx; =2y +y1)
6x =2(y+9)
3x=y+9 3x—y—9=0 x° =4y
from equation of family circle is S + AL =0
S=(x—6)2+(y—91)?+k(Bx—y—-9)=0
is passes through (0, 1) e
36 +64+k(-10)=0 k=10
x2+36—12x +y2+81—18y+30x —30y — 90 =0
x2+y2+18x—28y+27=0
6. Ans. (2)

Here h? —ab = (—=12)2—9-16 = 144 — 144 = 0 Also A #0
.. the equation represents a parabola
Now, the equation is (3x — 4y)? = 5(4x + 3y + 12)
Clearly, the lines 3x — 4y = 0,4x + 3y + 12 = 0 are perpendicular to each other. So let

3x—4y 4x+3y+12 .
=Y, =X ..(i)
3 +(—4) 4% +3

1
The equation of the parabola becomes Y2 = X = 4 - 1 X

.. Here a = 1/4 in the standard equation
as ¥ =2a=1/2=41/¢ =2
7. Ans. (2)
Equation of parabola is y? = 4ax -(1)
Let A=(at;,2at,), B=(at?,2at,), C=(at?,2at,)
Equation of the tangents to parabola (1) at 4, B, C are

yt, =x+at? ~(2)
yt, =x+at’ (3)
and yt, =x+at? -(4)

Let the points of intersection of lines (2), (3) be P; (3), (4) be Q and (2), (4) be R.
Then P = (at1 ta, a(t1 + t2)), Q = (atats, a(tz + t3)), R = (atits, a(t1 + t3))
Now area of AABC,
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. at’? 2at,
A1 = modulus of =|at? 2at,
at? 2at,

. ot 1

= modulus of =-a-2alt; t, 1

ot 1

=a?| (t1-t2) (t2-ts) (tz-t1) |

Area of APQR
att, a(t, +t,) 1
A; = modulus of 3 at,t, a(t,+t;) 1
att, a(t,+t) 1
az tt, t+t, 1
= modulus of 5 tt, L+t 1
tt, L+t 1
a2 tz(tl _t3) L=t 0
= modulus of el t.(t,-t,) t,—t, O [Ri— Ri- Rz —> Rz2- R3]
t.t, t,+t, 1

= modulus of (t1 - t3) (t2 - t1) (t2 - t3)
a2

= <1t -6t -t 1))

Clearly A = 2

2
8. Ans. (9)
P(at3,2at;)

(0,0) -

,Q
(atZ ) atZ)
Equation of parabola
y? = 4ax

0Q=./a’t} +4a’? =at,[t? +4
QQ>22a.2+3>4+/6a
as t, =t _2

1
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[121]



ALLEN

JEE (Main + Advanced) : Mathematics

9.

10.

Ans. (3)
y = mx — 2am — am3
0=cm—2m—-m3
mi+R2-cm=0
m=20
summq +my, + m3 =0
_2a-h
B a

-k

mim;msz = ——
a

xm m

1772

mm,=2-—c
—1=2—-c=>c=3
Ans. (4)

=mx + a
y m

equation of OP is

1
y=-—x
m

a/m

J1+m?

OP=

Herea =1

mi=c—-2=>c>2

..(i0)

equation (ii) meets the parabola at Q

1
— X’ =4ax = x = 4am?,y = —4am
m

.. OQ=4amy1+m?, 0P - 0Q = 4a?

Ans. (A,B,C,D)
P(2t%,4t) : 5(2,0)

Mid-point (t2 + 1, 2t) = Locus will be y% = 4(x — 1)

Ans. (A, B, Q)

Puty =1 —x and checkforD =0

Ans. (A,B,C,D)
P_—

\e

Q 1\

rd

JEE (Advanced) Practice Paper

P(at?,2at) & Q(at?,—2at); Equation of normal at P is y =—tx + 2at + at® and Equation of Line

QGisy = —2at
y

3

y

- Locusof G y=—x-y-—

2a
y? = 4a(x — 4a)

8a*

[122]
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4. Ans. (A, B)
y2-2y=4x+7=>(@y—-1)?=4x+8
=>@-12=4(x+2)
y

4

(=21)

A

> X

| —
N
N~

T~

Equation of required parabolas is
(x+2)2=8y—-1)&x+2)?=-8y—-1)
5. Ans. (A, D)

M
N

a>0b>0

Oy
N

a<0,b<0
6. Ans. (B, C)

2

at at? a a
tltz =—4= PE[?'atll&QE[f'atzth:Z(tlz+t22)&k=E(t1 +t2)

2

=k* =az(tf +t +2t1t2):> k? =a(%j(tf +t22)—2a2 —=k*+2a’=ah=k*=a(h-2a)

7. Ans. (A)
P(6,5)
R
Q
C C,
(1,0)
y? = 4x

Parabola y? = 4x

P(6,5)

area of triangle formed by pair of tangent & chord of contact is
(y; —4ax,)"”

2a
C(25-24)" 1
2 2
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8. Ans. (B)
Let tangenty = mx + 1
m

it passes through (6,5)
5:6m+l

m
6m?—-5m+1=0
6m?—-3m—-2m+1=0
3m2m-1)—-12m—-1)=0
2m-1)Bm-1)=0

1 1

m==m==
2 3

tangent y=§+2 & y=§+3

point of contact Q (4, 4) R (9,6)
Circle C; Circle C,
(x-4)2+(y-4)2+A(x-2y+4)=0 (x-9)2+(y-6)2+pu(x-3y+9)=0
passes through (1, 0)

9+16+A5=0 64 +36+u10=0
A=-5 H=- 10
C;:x2-8x+16+y2-8y+16-5x+10y-20=0 x2+y2-18x-12y +81+36-10x+30y-90=0
x2+y?—13x+2y+12=0 x2+y?—28x+18y+27=0
radius /%+1—12 r=+196+81-27 =+/250
ENNT

9. Ans. (C)

Common chord §; — S, =0
15x — 16y —15=0

centroid PQR (%SJ

15?—16.5—15

96—-95 =0
Common chord passes through centroid of APQR:-
10. Ans. (A)
11. Ans. (B)
12. Ans. (C) N
Sol. (10 to 12)
Clearly triangle formed by given line is right triangles, so
circumcentre of triangle is midpoint of hypotenuses which is
1-2m 1+2m y=2

.. Now let P(h, k) be the circumecentre

~

x+my=1
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1-2m 1+2m 1 k-2
= =m= (=
2h(k-1)

20 2m 2k -2

- (¢, m) lies on y? = 4x

- m? = 4 :{;j %ﬁ]%@j Lo
2k -2 2h(k-1) 2) 8

)

S v(-z,%} length of L.R. 4a=%

Required area of triangle = %4a>< a=2a’= Zlg (unit)?

2
also, parametric form of (i) is (—2+t—,§+Lj
322 16
13. Ans. (2)
Given parabolas y? = 4ax and y? = 4c(x — b) have common normals. Then equation of normal in
terms of slopes are y = mx — 2am — am?3 and y = m(x — b) — 2cm — cm3 respectively then
normal must be identical, compare the co-efficient.

3
1:Lm3 =m[(c —a)m?+ (b +2c—2a)] =0,m=0 (" other than axis)
mb-+2cm+cm
—2c— 2(a—c)-b
And m? = w’m:i L
c—-a c-a
Or m== [—Z—Lj
c—a
fe2-2 5o
c-a
b
or-2+ >0 => ——>2
a-c a—-c
14. Ans. (2)

The equation of the tangent at (-3, 2) to the parabola y? + 4x + 4y = 0 is
2y+2(x—=3)+2(y+2)=0

or2x+4y—-2=0=x+2y—-1=0

Since the tangent at one end of the focal chord is parallel to the normal at the other end, the slope

of the normal at the other end of the focal chord is - % .

15. Ans. (3)
Let (h, k) be point of intersection of tangents then chord of contact is
vk =4(x + h)
4x —yk+4h =0 (1)
But given line is
x—y—1=0 -..(ii)
Comparing (i) and (ii)
AR A o k=4
1 -1 -1
.. point= (-1, 4)
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16. Ans. (8)
Let the slope of the tangent be m
- tand5° = |2 5 14 3m=+(3-m)
1+3m

.m=-2 or l
2

As we know that equation of tangent of slope m to the parabola y? = 4ax isy = mx 2 and point
m
. (a Z2a
of contactis | —, —
m" m

for m = - 2, equation of tangent is y = —2x — 1 and point of contact is (%, —2)

1 1
form = 7 equation of tangentis y = 2 x + 4 and point of contactis (8, 8).

17. Ans. (0)
Putting value of y from the line in the parabola -
(Bx+A)2=4x
= 9x2+ (6A-4)x+A2=0
-+ line cuts the parabola at two distinct points

~D>0
= 4(3%-2)2-4.922> 0
= OAZ- 124 +4- 92> 0

=Ai<1/3
Hence, A € (-, 1/3)
18. Ans. (4)
The given parabola is y? = 4x (1)
Let P=(t?,2t,), Q=(t?, 2t,)
Slope of OP = Zt—zlzE and slope of 0Q = 2
1 tl tZ
Since OP 1 0Q, %:—1 or t;t, =—4 (i)

172
The equation of PQ is y(t; + t3) = 2(x + t1t;)
= y(t1 —ti] =2(x-4) [from (ii)]

1

1

:>2(x—4)—y(tl—ti]=0:>L1+XL2=0

.. variable line PQ passes through a fixed point which is point of intersectionof L; = 0& L, =0
ie. (4,0)
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