Monotonicity

Monotonicity (Introduction):

Increasing / Decreasing / Strictly increasing / Strictly Decreasing Nature of a Function
at a Point:

I. Increasing atx = a:

0 s a t

If f(s) < f(a) < f(t) whenevers < a < t,wheres,t € (a—h,a+h)n Dy
for some h > 0, then f is said to be increasing at x = a.
(1) When 'a’ be left end of the interval
f(a) < f(x) Vx € (a,a + h) N Dy for some h > 0
= f isincreasing at x = a.
(2) When 'a’ be right end of the interval
f(x) < f(a)Vx € (a- h,a) N D for someh > 0
= f isincreasing atx = a.

II. Strictly increasing at x = a:

fla+h) [0 | e — :

f(x) ()
f(a) fla-h)

0 a x a+h 0 a-h x ;l

Iff(s) < f(a) < f(t) whenevers < a <t,wheres,t € (a—h,a+h)n Dy
for some h > 0, then f is said to be strictly increasing at x = a.
(1) When 'a’ be left end of the interval
f@) < f(x)Vx € (a,a+h)Nn Dy forsomeh >0
= f is strictly increasing at x = a.
(2) When 'a’ be right end of the interval
f(x) < f(a)V x € (a- h,a) N Dgfor some h > 0

= f is strictly increasing at x = a.
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III. Decreasing atx = a:
Iff(s)>f(a)=f(t) whenevers <a <t,wheres,t e (a—h,a+h)Ds
for some h > 0, then f is said to be decreasing at x = a.
(1) When 'a’ be left end of the interval
f@=z=f(x)Vxe(aa+ h)nDsforsomeh >0
= f is decreasing at x = a.
(2) When 'a’ be right end of the interval
f(x)2f(a) Vxe(a-ha)n Dsforsomeh >0
= f is decreasing at x = a.
IV. Strictly decreasing at x = a:
Iff(s) > f(a) > f(t) whenevers < a < t,wheres,t € (a- h,a + h) N Dy
for some h > 0, then f is said to be strictly decreasing at x = a.
(1) When 'a’ be left end of the interval
f(a)> f(x)Vx € (a,a + h) N Dy for someh >0
= f is strictly decreasing at x = a.
(2) When 'a’ be right end of the interval
f(x) > f(a)Vx € (a- h,a) N Dy forsomeh >0
= f is strictly decreasing at x = a.

Fig-1 Fig.-2 Fig.-3 Fig.-4
PP N *

OI X =a OI XxX=a 0

x=a
Strictly increasing Strictly decreasing Strictly increasing
atx = a atx = a

x=a
Strictly increasing
atx = a

atx = a

Illustration 1:

Let f(x) = x® — 3x + 2. Examine the monotonicity of function at points x = 0,1 & 2.
Solution:

atx =0,

f(0)=2,f(0+h)=hth-3)+2<2

f(O—h)=h(B-h)+2>2

=f(O0—=h)>f0)>f(0+h)

f is strictly decreasing at x = 0.

atx=1,f(1—h) > f(1) < f(1 + h) neither increasing nor decreasing
Similarly,atx = 2, f(2 — h) < f(2) < f(2 + h) increasing at x = 2.

Increasing Decreasing Nature of a Function in an Interval:
Consider an interval I ¢ Dy

I. Increasing Over an Interval I :
YV x1,% € Ixy <x3 = f(x1) < f(x;,), then f is increasing over interval I.
II. Decreasing Over an Interval I :
V x1,% € Ixy <x3 = f(xq1) = f(x), then f is decreasing over interval I.
III. Strictly increasing over an Interval I :
Vx,x, € Ix; <xy, < f(x1) < f(xy), then f is strictly increasing over interval /.

IV. Strictly decreasing over an Interval I :
V xq,%, € I,x1 < x5 < f(x1) > f(x3,), then f is strictly decreasing over interval /.
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Monotonic Function:

If a function is either increasing or decreasing over an interval then it is said to be monotonic function over
the interval.
If a function is either strictly increasing or strictly decreasing over an interval then it is said to be strictly

monotonic function over the interval.

Monotonicity of Differentiable Functions:

For Differentiable Functions:

Consider an interval I (< Dy) that can be [a, b] or (a, b) or [a, b) or (a, b].

(1) f'(x)>0Vx€e I = fisstrictly increasing function over the interval /.

(2) f'(x) =0V x € I= fisincreasing function over the interval I.

(3) f'(x)>0Vx € Iand f'(x) = 0do not form any interval (that means f'(x) = 0 at discrete points)
= f is strictly increasing function over the interval I.

(4) f'(x)<0Vx € I= f isstrictly decreasing function over the interval I.

(5) f'(x)<0Vxe I = fisdecreasing function over the interval I.

(6) f'(x) < 0Vx € Iand f'(x) = 0 do not form any interval (that means f'(x) = 0 at discrete points)
= f is strictly decreasing function over the interval I.

Illustration 2:
Prove that the function f(x)= log(x3 +Ux°+ 1) is strictly increasing.

Solution:

Now, f(x)zlog(x3 +4x° +1)

5 2
1 {3X2+ 6x ] 3x

f'(X)=——— = >0
() x> +lx+1 2\/x6+1 \/x6+1

= f(x) is strictly increasing.

Examples using Monotonicity of Differentiable Functions:
Illustration 3:

The function f (X) =tanx—X

(A) always increases (B) always decreases

(C) never decreases (D) sometimes increases and sometimes decreases
Ans. (A)

Solution:

f(x)ztanx—x

f'(x) = sec’x — 1 > 0 = Always increases.

Illustration 4:

Find the intervals of monotonicity of the function y=x*-log, |x

, (X;tO).
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Solution:
Let y= f(x):xz—loge|x| _ +
f'(x)sz—% ;forall  x(x#0) _i

2 _ \/Ex—l \/Ex+1 \/E
f'(x):zx 1:> f'(x)z( )( )

X X

1

So f'(x)=0 when xe[—%,Oju{ﬁ,wj and f'(x)<0

when xe (—oo, —i} U(O,i}
V2 2
. f(x) is strictly increasing when x e |:—i,0j;|:i,00j
27 )2

1 1
and strictly decreasing when x e (—oo,—_}(o,—}
V2 U2

Illustration 5:

0 1

2

Ifgx)=f(x)+ f(1-x)and f""(x) <0; 0 <x <1, show that g(x) strictly increasing in x € (0,1/2) and

strictly decreasing in x € (1/2,1)

Solution:

~f"(x) < 0= f'(x) is strictly decreasing function.
Now, g(x) = f(x) + f(1 - x)

Lg @)= )- f'(1-x) (1)
Casel:Ifx>(1—-x)=x>1/2
LffO)<ffA-x)= f'x)—-f'Q1-x)<0
=9g'(x)<0

1
. g(x) strictly decreases in x € [E' 1)

Casell:lfx<(1—x)=>x<1/2

SfO)>FfA-x)=f)-fA-x)>0=9'(x)>0
.. g(x) strictly increases in x € (0, 1/2)
Illustration 6:

Which of the following functions are strictly decreasing on (0,%)

(A) cosx (B) cos 2x (C) cos 3x (D) tanx
Ans. (A,B)
Solution:
f(x) =cosx
0 /2
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’ m/2
0‘ /4 ' f(x) = cos2x

| /3 f(x) =cos3x

n/6 /2

Non-monotonic
. . , o T
f(x) = tanx is strictly increasing in (O, Ej

Option A & B are correct.

Illustration 7:

Prove that the equation e~ + x = 2 has one solution.
Solution: f(x) — (e(x—l) + x)
Let f(x) = e®™ D +x y=2

flx) = e®* D +1

f (x) is strictly increasing funtion
}me f(x)=0 & Xll}l@ f(x)=0

f(x) = 2 has exactly one solution.
Illustration 8:

The function f, defined by f(x)=(x+2)e™" is-

(A) decreasing for all x (B) decreasing in (—, —1) and increasing (-1, «) in
(C) increasing for all x (D) decreasing in (-1, «) and increasing in (-, —1)
Solution:

fx)=((x+2)e™

ff)=x+2)e*(-D+e*=—e*(x+1)

Increasing it f'(x) > 0= -e*(x+1) >0

= (x+ 1) < 0[-r e™™ always positive]

x € (-0,-1) &decreasing in (- 1,0) as f'(x) < 0.

Illustration 9:

Function f(x) = x3 + 6x2? + (9 + 2k)x + 1 is increasing function if

3 3 3 3
A) k>— B) k>— C) k<— D) k<—
(A) k>3 (B) k> (©) k<3 (D) k<3
Ans. (A)
Solution:

f)=x3+6x2+(9+2k)x+1

f'(x) =3x%+ 12x + (9 + 2k)

— 3%+ 12x+ (9+2k) >0VXx ER=D <0
— 12.12-12(9 4+ 2k) < 0

3-2k< 0

:>k2§.
2
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Illustration 10:
The function f(x)=cosx—2px is monotonically decreasing for

) p<% (B) p>% ©p<2 D)p>2

Ans. (A)

Solution:

f(x) =cosx — 2px

f'(x) = —sinx —2p

For monotonic decreasing f'(x) < 0

= 2p > —sinx
1
= p<§ [—1 <sinx < 1]

Illustration 11:

The value of ‘a’ for which the function f(x) = sinx - cosx - ax + b decreases for all real values of x, is
(A4) a=—2 (B) a<—/2 (C) a<v2 (D) a=v2

Ans. (D)

Solution:

f(x) =sinx —cosx—ax+b

f'(x) =cosx+sinx—a<0Vx€ER

=>a=>cosx +sinx Vx €R

=a=V2

Greatest and Least Value of Functions:
(a) Ifacontinuous function y = f(x) is increasing in the closed interval [a, b], then
f(a) is the least value and f(b) is the greatest value of f(x) in [a, b] (Figure-1)

f(b)
f@f—

0 a b
Figure-1

(b) If a continuous function y = f(x) is decreasing in [a, b], then f(b) is the least
and f(a) is the greatest value of f(x) in [a, b]. (Figure-2)
f(b) .....

f(@)

0 a b
Figure-2

(c) Ifacontinuous function y = f(x) is increasing/decreasing in the (a, b),
then no greatest and least value exist.
Y, ¥y

0 0
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Illustration 12:

Show that f(x)= sin™’

X
J1+x2

Solution:
- cinl__ X — tan—1 oy L
f(x) = sin -tnx =tan" " x —fnx = f'(X) = ———
J1+x° 1+x
1
Lffx)<0v X€|:—, \/5}
3
= f(x) is strictly decreasing.

1 n 1 t 1
f =f| —=|==+=fM3& f - =f\J3)=——=¥n3
(X)|max (\/gj 6+2 n (X)|mm (\/_) 3 2 n

n 1 n 1
.. Rangeof f(x) = | =—=(n3, —+=/n3
8 fe) [3 2 6 2 }

Illustration 13:

- ¥nx is strictly decreasing in x € [

1 , \/ﬂ . Also find its range.

NG

1 _—(1+x2—x)

;_ x(1+xz)

Find the minimum and maximum values of y in 4x? + 12xy + 10y?-4y + 3 = 0.

Solution:
(2x)2+22x.3y+(By)?’+(y—-1)(y—-3)=0
= x+3y)*+@-D(¥-3)=0

X€ER

SoD =0

144y? —16(10y%2 — 4y +3) =0

16 [-y?2+4y-3]=0

y?-4y + 3<0

-DE-3)<0

L1<y<3

So y =1

min

=3andy

max

Establishing Inequality:
Proving Inequalities using Monotonicity:

Comparison of two functions f(x) and g(x) can be done by analysing their monotonic behaviour.

Illustration 14:

Let f(x) and g(x) are two function which are defined and differentiable for all x > x,. If f(xg) = g(x)

and f'(x) > g'(x) for all x > x, then
(A) f(x) < g(x) for some x > x,

(C) f(x) > g(x) only for some x > x,
Ans. (D)

Solution:

Leth(x) = f(x) — g(x)

K =f'(x)- g'(x) >0V x> x,
h(xo) =0

= h(x) >0V x>x

(B) f(x) = g(x) for some x > x,
(D) f(x) > g(x) forall x > x,

www.allen.in
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Illustration 15:
Forx € (0, g} prove that sinx < x < tanx

Solution:

Let f(x) =x —sinx= f'(x) =1 —cosx
f'(x) >0forx € [O, g)
= f(x)is ML = f(x) > £(0)

=x—sinx >0=x >sinx

Similarly consider another function g(x) = x —tanx = g'(x) = 1 — sec?x
g'(x) <0forxe (O, g) = g(x) is M.D.

Hence g(x) < g(0)

x—tanx < 0= x < tanx
sinx < x < tan x Hence proved
Illustration 16:

3 3
For xe(0,1) prove that x—%<tan'1 X < x—%.

Solution:

X3
Let f(x)= x—?—tan'1 X

X4

1
= f'(x) = 1-x? - =
F@ 1+ x2 1+x°
f'(x) < 0forx € (0,1)

= f(x) is M.D. = f(x) < f(0)

X’ X’
= x—?—tan‘1 x<0 = x—?<tan‘1 X (i)

3
Similarly, g(x)=x— % —tan " x

X 1 _Xz(l—xz)
2 1+x* 2(1+x%)

g =1-

g'(x) >0forx € (0,1) = g(x) is M.L
3 3

X X iy
x—z—tan'1x>0:> x—z>tan'1x (i)

3 3
from (i) and (ii), we get x—% <tan ' x< x—% Hence Proved.
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Concavity - Convexity of Function:

Significance of the Sign of II»d Order Derivative:

The sign of the 2™ order derivative determines the concavity of the curve. If f"(x) > 0V x € (a, b) then
graph of f(x) is concave upward in (a, b). Similarly, if f'(x) < 0V x € (a, b) then graph of f(x) is
concave downward in (a, b).

concave

concave downwards

upwards

Q e e e e
O e ———————
O e ——————

Illustration 17:
Separate the intervals of concavity and convexity of f(x) = x + sinx

Solution:
f'(x) =1+ cosx
f’(x) =-sinx

ffx)>0vxe(@n—-1m2nm)nezZ

where graph is concave upward

f’(x) <0V x € ((2nm, (2n + 1)), n € Z Graph is concave downward.

Illustration 18:

If graph of f(x) = 3x* + 2x3 4+ ax? — x + 2 is concave up for all real x, find values of a
Solution:

f7(x) =36x%+ 12x + 2a

f'(x) >0=36x%2+12x+2a>0Vx €R

D<0
— 122 - 4(36)(2a) < 0
1-2a<0

1
a> —

2

Rolle’s Theorem:

Let f be a function that satisfies the following three hypotheses:
(a) f is continuous on the closed interval [a, b].

(b) f is differentiable on the open interval (a, b)

(@ f(a@)=f(b)

Then there exist at least one number c in (a, b) such that f'(c) = 0.

yA yA N mn
A B 4 g fl‘T B A B
; : i P = ! ’
P P i i Py i i
i R | N P N : N
ol a & &2 ph x ol a c b x ol a ¢ &b x ol a ¢ b x
(a) (b) (0 (d)
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Note :

If f is differentiable function then between any two consecutive roots of f(x) = 0, there is atleast one root

of the equation f'(x) = 0.

(d) Geometrical Interpretation:
Geometrically, the Rolle's theorem says that somewhere between A and B the curve has at least one
tangent parallel to x-axis.

Illustration 19:

Verify Rolle's theorem for the function f(x) = x3-3x2 + 2x in the interval [0, 2].

Solution:

Here we observe that

(a) f(x) is polynomial and since polynomial are always continuous, as well as differentiable. Hence

f (x) is continuous in the [0,2] and differentiable in the (0, 2).

&
(b) f(0)=0,f(2)=23-3.(2)2+2(2)=0
= f0)=£(2)

Thus, all the condition of Rolle's theorem are satisfied.
So, there must exists some ¢ € (0, 2) such that f'(¢) = 0
= f'(c)=3c?-6c+2=0= c=1+ L

B

where both ¢=1 i% €(0,2) thus Rolle's theorem is verified.

Illustration 20:

X’ —2x* —=5x+6 i xe1
Consider the function for x=[-2,3], f(x)= x—1 , then
-6 if x=1

(A) f is discontinuous at x = 1 = Rolle's theorem is not applicable in [- 2, 3]
(B) f(-2) # f(3) = Rolle's theorem is not applicable in [- 2, 3]
(C) f is not derivable in (-2, 3) = Rolle's theorem is not applicable

(D) Rolle's theorem is applicable as f satisfies all the conditions and c of Rolle's theorem is %

Ans. (D)
Solution:
f2)=f3B) =0
f (x) is continuous in [-2, 3] & derivable in (-2, 3) so Rolle's theorem is applicable.
So,in ce(-2,3) such that f'(c) =0

2¢® -5¢% +4c—1 1

) :0 - =
(c-1) 2
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Lagrange’s Mean Value Theorem (LMVT):
Let f be a function that satisfies the following hypotheses:
(i) f is continuous in [a, b]
(ii) f is differentiable in (a, b).
Tangent parallel to chord

—

ya I
Slope f'(c) B
- (b, f (b))
)-f(@)
Slope — 2
(a,f(a)
A
ol a c b X
y=fx)

Then there is a number c in (a, b) such that

(a) Geometrical Interpretation:
Geometrically, the Mean Value Theorem says that somewhere between A4 and B the curve has at least
one tangent parallel to chord AB.

(b) Physical Interpretations:

If we think of the number (f(b) — f(a))/(b — a) as the average change in f over [a, b] and f'(c) as an
instantaneous change, then the Mean Value Theorem says that at some interior point the
instantaneous change must equal the average change over the entire interval.

Illustration 21:

Find ¢ of the Lagrange's mean value theorem for the function f (x) = 3x% + 5x + 7 in the interval [1, 3].

Solution:

Given f(x) = 3x?2 +5x + 7 ..(0)

=f(1)=3+5+7=15and f(3) =27+15+7 =49

Again f'(x) = 6x + 5

Herea=1,b =3

Now from Lagrange's mean value theorem

£(c) = f(b)- f(a) — 6 45= f(3)- (1) _ 49-15

b-a 3-1 2

Illustration 22:

If f(x) is continuous and differentiable over [-2,5] and -4 < f'(x) < 3 for all x in (-2,5), then the

greatest possible value of f(5)- f(-2) is

=17o0rc = 2.

(A)7 (B)9 Q)15 (D) 21
Ans. (D)
Solution:
Apply LMVT
ey = £08)= f(=2) "
f'(x)= 5 (2) for some x in (-2, 5)
Now, -4 < w <3

-28<f(5)-f(-2)<21
.. Greatest possible value of f(5) - f(-2)is 21.
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Graph of Miscellaneous Function:
General Tips for Plotting the Graph

¢  Compute points where the curve crosses the x —axis and also where it cuts the y —axis by putting
y = 0 and x = 0 respectively.

d
¢ Compute d—y and find the intervals where f(x) is increasing or decreasing and also where it has
X

d d
horizontal tangent (d—y =0] or vertical tangent (d—y not definedj .
X X

¢ Inregions where curve is monotonic compute y if x = o or x — - oo to find whether y is asymptotic
or not.

» If denominator vanishes say at x = a then examine lim f(x)and lim f(x) to find whether f
x—-a x—-a

approaches o or - oo,

Illustration 23: /—
+ +
f(x) — x4_ _ 4x2 /‘\ -
- —V 2 0\/V 2

Solution:

f(x)=x*-4x2=0 T T
x2(x*-4)=0

Minima Maxima Minima

x=%22,x=0
fl(x)=4x3-8x = 0
= 4x(x? - 2)

= x=0,x=+2
—2 0 V2

|
N
()

Illustration 24: Z___ 174

X
f(x)= m-z

Solution:

X —
fx)=—-2 Domain of function = x > 0,x #1 f'(x) = L_%ljfnx_;l
Inx nx  (6nx)® x  (0nx)

ff(x)y=0=+nx=1
S>x=e

T o

Minima
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