Monotonicity ALLEN

Monotonicity
SOLUTIONS
EXERCISE - O
1. Ans. (A)
f'(x) =4x—k

f'x)=4= f"(x) >0V xell,2}
= f'(x) is increasing in [1, 2]
and f'(1) is its least value in [1, 2]
L) >0
=>4-k>0=>k<4
2. Ans. (C)
f(x) =x3—10x? +200x — 10
= f'(x) = 3x? — 20x + 200
a>0D<0=f'(x)>0Vx€ER
= f(x) is strictly increasing V x.
3. Ans. (C)
A)  f(x)=x%-3x2+3x+3
= f'(x) =3x?>—-6x+3=3(x—-1)% >0 VxeR
(B) f(x)=2x3-3x*2—12x+6
= f'(x) =6x%—6x—12x = 6(x*> —x — 2)
= ff(x)=6(x—-2)(x+1)

o) Tin (-0, -1]; [2, )
QO  fix)=3x>-2x+1= f'(x) =6x—2

1) ———— . G0 Tin [1/3,)
1/3

(D) fx)=x3+6x2+6 = f'(x) =3x%+12x

+ |
=  f'x)=3x(x+4) ~* 0
f() T in (- o0, - 4] ; [0, 0)
4, Ans. (A)
f(x)=2x*+3x—m#enx, x(0,1)

/
+o
T
_

G

:>f’(x)=4x+3—m
X

2 p—
= f'(x) = wso for decreasing
X
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vx>0=4x2+3x—m<0 Vxe(0,1)

fH)<0=44+3-m=<0
=>mz=7
Ans. (C)
x>1=>f(x)=2f(1)
x>1=>gx)<g(1)
= f(9(x)) = f(g(2))
=>h(x)<1 (i)
Range of h(x) is subset of [1, 10]
=h(x)=1 ..(ii)
By (i), (ii) wehave h(x) = 1= h(2) =1
Ans. (A)
: a®  bx?
Consider f(x) = ?+7+CX

Continuous and derivable function

a b
0)=0;f(1)==+=+C
f0)=0;f(1)= Z+o+
=2a+36b+6c:O

.. for atleast one, x € (0,1), f'(x) =0
=ax?+bx+c=0

Ans. (B)

Let f(x) = sinx + xcosx

consider g(x)= j(sint +tcost)dt =sint]} = xsinx
0

g(x) = x sin x which is differentiable.
now, g(0) = 0 and g(n) = 0, using Rolles Theorem hence for at least one x € (0, 1),
where g'(x) =0

i.e.x cos x + sin x = 0 for atleast one x € (0, 7)

Ans. (A)
f (X) - notdifferentiableat x=1/2in(0,1)| LMVT

g(x)— Discontinuous at x=0 not
h(x) — Discontinuous at x=1 applicable

K (x) is cont. in [0,1] & derivable in (0,1)

.. LMVT can be applied

Ans. (B)

d

1) =1 (f(2x))= £'00,x>0

= 2f'(2x) = f'(x)
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x=1:2f'(2) = f(1)= f(2) =

x=2:2f'4) =)= f'(4) =

el Ll SR TN

- LMVT in [2,4] on f'(x) :

ey = S H-F'2) o _1/4-1/2 -1
rO=— 0 =105 "3
10. Ans. (A)
f(x)=2x*+3x+5
£1(2) = f(a)- f(l):>4x+3|X:2= f(a)-10
a-1 a-1

= 11(a—1) = f(a) — 10

=2a’+3a+5-10=11la—-11

=2a’2-8a+6=0

=a’—-4a+3=0,a=1a=3
11. Ans. (A,D)

1 1
f'(x)=2- -
) 1+x* 241

1 1
>+1-
1+x NS

__ X +[1- ! Jzo
1+x? N
12. Ans. (A,C,D)
LMVT on f(x) in [4, B]
fB)-f(A)_(c)
B-A
sin® B—sin* A
B-A
A< C<B=2A < 2C < 2B
= sin 24 < sin 2C < sin2B

= 2 sinC cos C = sin 2C

. R . . s
( sin X 1s Increasing In X € l:O’E:D

= (B- A)sin2A <sin2?B -sin24 < (B - A) sin2B
Also 24 < 2B = cos 2A > cos2B
(v cos x is derceasing f™)

B>A

Now = Bcos2A> Acos2B
cos2A>cos2B
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13. Ans. (A,D)
O'(x)=B(f())2-6(f(x))+4)f'(x) + 5 + 3cosx - 4sinx
5-49+16 <5+ 3cosx - 4sinx <5+ v/9+16
adding (3(f (x))? - 6(f () + Hf'(x)
BEFE)2-6(f(x)) +4)f' () <¢'(x) < B () - 6(f () +4f'(x) + 10
w3(f(x)2-6f(x) + 4 = 3(f(x)-1D2+1>0
B @))2-6(f(x)+4)f'(x)=0 when ever f(x) is increasing.
= ¢'(x) = 0 = ¢(x) is increasing, when ever f(x) is increasing.
If f'(x) =-11 then
B2 -6f(x) +4) f'(x) +10=-33 (f(x)-1)2-1<0
> PW<0
= ¢(x) is decreasing.
14. Ans. (B,C)

g(x)=2f[§j+f(1—x) and

g = fx/2)- f(1-x)

Now, g(x) is increasing if g'(x) = 0

f{ijzfxl_m
2

[ f"(x) < Oi.e. f'(x) is decreasing]

= —<1-x=>x<2-2x

X
2

N

=23x<2=>x<2/3=0<x=z—-

w

= g(x) increasesin0<x<2/3
and g'(x) < 0 for decreasing

= f'(ijsf'(l—x): Xo1-x
2 2

=x22/3
=2/3<x<1
15. Ans. (C)
sin x is concave downward in (0, )
and sin x is concave upward in (7, 27)
16. Ans. (D)

e*,2%,tan"1x (If x € R7) is concave upward and /nx is concave downward

17. Ans. (A)
f(x) concave downward (f"(x) < 0)
f(x) increasing (. f'(x)>0)
Letg(x) =f'(x) =x
flg(x)) =x
fg(x)).g(x) =1
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1
f'(9(x))

gx) = > 0

g'(x) =- x f"(g(x)).g'(x)

-
(f'(g(x))*
g'(x) >0
g(x) = f1(x) concave upward
18. Ans. (B)

(P)  f()=2e""*
f'(x) =4(x—2)e*2’4X

- f(x) strictly increases Vxe[2,00) & f(x) strictly decreases Vx &(—0,2]

(P)-(1)

eX

Q) f(X)=?
(me(1 L)€
()= 1- %)= %)

~. f(x) strictly increases Vxe&[1,00) & f(x) strictly decreases Vxe(-,0);(0,1]

Q-03)
(R) f(x)=x%e"

f'(x)=e (Zx—xz)
- f(x) strictly increases Vx&[0,2] & f(x) strictly decreases Vx &(—0,0];[2,)

(R) = (2)
(S) f (x)=2x*—(n(x)
1 (2x-1)(2x+1)

f'(x)=4x——=
(x)=4x—= "
. . -1 1 . -1 1
f (x) strictly increases Vxe {7,0}[5,00) & f(x) strictly decreases Vxe (—00,7};(0,5}
O adC))
EXERCISE - S
1. Ans. (0)

flx)=2e*—ae™*+ (2a+1)x—3
f(x)=2e*+ae™*+2a+1)>0Vx€ER
_ 2"V +(2a+1)e* +a
= e)( >
=2(e*)?+2a+1)e*+a>0Vx ER
=2(e*)?+2a-e¥*+e*+a>0

= (26*+1) (e*+a)>0=>e*+a>0

S

+ve

0

= a>-e*=a>0
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2.

Ans. (8)

For mean value theorem in [0, 2] f(x) must be continuous in [0, 2] and derivable in (0, 2)

s.cont.atx =0: f(0+) = f(0)
=>0+0+a=3=
cont.atx=1: f(1*)=f(1) =f(1)
>m1)+b=—-1)?+31)+a
>m+b=a+2=>m+b=5 -(1)
Derivable atx = 1: f'(17) = f'(1%)
= -2x+3 oy =m=>

S by (1):

Ans. (9)

f(x) is st. increasing in (0, ©)
L) <fx)=>0<x; <xy

S f(Ba?—4a+1) < fRQa®’ +a+1) ?

=0<3a’?—4a+1 <2a®°+a+1

o

1/3

3a2—-4a+1>0 & a?*-5a<0
Ba-1D(@-1)>0&al(a—5)<0
Soae(0,1/3)U (1, 5)

Ans. (8)

, _ _ 2
f(x)=[1—MJx3+5x+ﬁ
a+1

f'(x)=0
[1_\/21—4a—a2

} 3x2+5> 0 VxeR
a+1

(ax?+bx+c>0=>D<0&a>0)

_ _ 2
02 —4x3 [1——“21‘“"6‘}530

a+1

_N21-4a-a’ S
a+1
Case-l: a + 1 < 0and21-4a-a*=>0
a <-land(a + 7)(a-3)<0
a<-land-7<a<3
ael[-7,-1)

Case-Il:ifa + 1 > 0

1 0 (1)

2
J21-4a-a <
a+1
(a +7)(a-3)<0and (a+1)2>(21-4a-a?)

-7<a<3andaz2+3a-10=0

21- 4a- a?>0and 1
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a<-50raz=2
e [2, 3]
so,a € [-7,-1)U [2, 3]
5. Ans. (-10)

X

Sl e
Put t =/

3 3 1
f(X)=x%+x? —4(x+—}

—ezpp L4l l
f) =t t+t2-t 4[t +t2j
=t3+l3—4[t2+lzj

t t
=(1+1) _31.1[“1}_{(“1) _z.t;]

t t t t t
() e
t t t
(t+lj—4£t+l)2+8
t t

-1/3 2 3

1
put t+?:a

vt>0=a=2

f(a)=a®- 4a*-3a + 8
f'(a) =3a?- 8a- 3
=3a’-9a + a- 3

=3a(a-3) + (a-3) S f(@min = £(3)
=@Ba + 1)(a-3) =33-432-33+8
=27-36-9+8
Hence f(a) has minimum values ata = 3 =35-45
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6.

Ans. (1)

f) = [(x-a)*| + | (x- b)°|
(x—a)’ +(x-b)’ x>b

f(x) =<(x-ay+(b-x)’ a<x<b

(a—x) +(b-x)’ x<a
3(x—a)’ +3(x—b)’ x>b
f'(x) = {3(x—a)*-3(b—x)° a<x<b
—~(3(a—x)* +3(b—x)*) x<a
fl(x)=0=(x-a)>=(b-x)*
a+b
=>x-a=b-x=x :T

SO min =

I 3
(__b)
2

(a+b jw
—-a| |+
2
_la-b’|_(b-a)’

4 4
Ans. (-2)

/n(l + x) >,x > X -1 (domain)
1+X
X
=/n(l +x)- —>0
1+x
X
Leth(x) =¢n(1 + x) - ——

1+X

1 {1+x—x}_1+x—1

=M= Ay Ty

X

= h'(X)Zm

h'(x)s
. h(x)has aleastvalueatx = 0
h(0)=0=h(x)>2h(0) V x € (-1,)

X
= /Mm+ x)- —20Vxe (-1
1+x
equality to zero existsatx =0

L+ x) > —— Vxe(-10)-{0})
1+X

— (1l + %) > —— Vxe(-1,0)U(0,x)
1+X

<+ |
o —+
_>+

[82]
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1. Ans. (3)
f(x)-14
(x-1)°
Also, f(x) = x> —3(a—2)x* + 3ax + 7, aeR

f(x)is Tin (0,1]and ¥ in[1,5)

= f'(x) =3(x%?—-2(a—2)x+a)= f'(x)>0in (0, 1] and f'(x) <0in[1,5)

=Sfl(x)=0atx=1=x*—-2(a—-2)x+a=0atx=1

=1-2@-2)+a=0=>1-2a+4+a=0=>a=>5

S f)=x3-3 x3x2 + 15x + 7

f(x)=x3-9x% + 15x + 7

fX)=14=x3—-9x% + 15x + 7 = 14

=x3-9x2 + 15x-7 =0= (x-1)?(x-7)=0= x = lor7
2. Ans. (2)

h(x) = f(g(x))

= h(x) = 9™ — g(x) = h(x) = ¢ - (x2 - x)

=0=f(x) = 14

=h(x) = e (@2x-1)- 2x- 1) = (2x-1)(" -1
=(2x-1) ('Y -1)

=S h(x)T:xe [Oﬂ [1, )

3. Ans. (2)
f(x) = xJkx—x*
kx —x2>0

=>x’—kx<0=>x(x—k)< 0

=xe03]= [k>3]= £r(x) = Vhx—x? + XK=2X)

24/kx — x*

92 9.2 A2

N f'(x]=2kx 2x° +xk—2x N f,(X):ka 4x
24/kx — x* 24kx — x*

ff(x)=20=3kx—4x2> 0
=4x2 —3kx<0=>x(4x—-3k)< 0=>4x—-3k<0{- x<[0,3]

=>x< %:%23 = k>4
4 4

.. minimum value of k = 4

s f(x) = x4x—x°
FOmaxat x = 3= () max = 3v3
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4. Ans. (4)
£ = w 32— ge4g = 1—4+81+11—11
=3c>—-8c+8=5=3c2-8c+3=0
oo 8+/64-36 N :81\/% N C:4iﬁ
6 6 3
= ce(0,)=c = 4_3ﬁ
5. Ans. (2)
LMVTin [-7,-1] = fED-1(=7) =f'(x) <2
-1+7
=f(-1)<9 (i)
LMVTin [-7,0] = f(0)- f(-7) = f'(x) <2
= f(0) < 11 ...(ii)
H+@)=fC-1+ f(0)<20

6. Ans. (1)
f(x) = xcos(-sin|x|), x € [-n/2, /2]
f(x) = x(n-costsin |x])

= f(x) = x(n—§+sin1 sin| x|j, [x] € [O,g}

X ngXj x>0
= f(x) = x[§+sinlsin|x|j:>f(x) = x(gﬂx@ = f(x) =
X E—x} x<0
2
E+2x x>0
Also, f'(x) =
T _2x x<0
2
fON=£0)= 7
£ _ 2 x>0 . 1 ~L TEO df T OTC
(x)= 2 %<0 S f'(x)is+¥in (—E, )an f'(x)is 1n( 'E)
7. Ans. (3)

LMVT for xe[a, c] = Mz f'(a),ae(a,c)
c—a

LMVT for x € [c, b] = W= £'(B),B &(c,b)
—C

= f"(x) < 0= f'(x) is decreasing & a. < B = f'(a) > f'(B) = f(ci:;(a) g f(bt)):cf(a)
f(c)-f(a) c-a

£(b)—f(c) b-c =f)ish
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8. Ans. (4)

-55; x<-5
f'(x)=46(x-5)(x+4); -5<x<4
6(x-3)(x+2); Xx>4
f(x) is increasing in
x € (-5,-4) U (4, )
9. Ans. (1)
f) = f(2)
=>1-a+b-4=8-4a + 2b-4
=3a-b =7 (1)

Also f! Ej:o given

= (3x2 "23X+b)x:i =0= §_83_a+b:0
3
=8a-3b-16 = 0 -(2)
Solving (1) and (2)
a=5b=8
10. Ans. (2)

o-n(2) xeo

f(x)z 0 x=0

foul2) o
ot ot v

f'(x)=
(Z—Sinl)+x(—cosl(—%n x>0
X X X
—2+sinl—lcosl x<0
2—sin—+—cos— x>0
X X X

f'(x) is an oscillating function which is non-monotonic in (-, 0) U (0, ).
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11. Ans. (1)
f(x)=log.(x?+1)-e*+1

2X

+e*>0 Vx€ER

= f'(x)=
()x2+1

= f is strictly increasing

g(x)= =e —2"= g'(x)z—(Zex +e’*)<0 Vx€E€R

= g is decreasing

o (25 o)

= g(@]>g(a—gj3 M<oc—E

3 3
= o2-50+6<0= (-2)(aa-3)<0
=ae(23)

12. Ans. (2)

f(x)=x7+5x3+3x+1
f'(x)=7x"+15x*+3>0

. f(x) is strictly increasing function
X —>—0, y—>—©

X—0 , y—>0

.. no. of real solution =1
13. Ans. (1)
f@) = xex-®
() =-eX02x + 1) (x- 1)

1
f(x) is increasing in (—E, 1)

14. Ans. (2)
f(x) = 2x +tan"1x and g(x) = #n (1/1+X2 _,_X)
and x € [0, 3]

, 1
g(x) = =
VJ1+x
Now, 0<x<3
0<x*<9

1<1+x*<10

S0, 2+ = < f'(x)<3
10

21 1
—<f'(x)<L3 —<g'(x)<1
10< (x)<3 and N g'(x)

option (4) is incorrect
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From above, g'(x) < f' (x) V x € [0, 3]

Option (1) is incorrect.

f'(x) & g'(x) both positive so f(x) & g(x) both are increasing
So,max (f(x)atx = 3is6+tan13

Max (g(x)atx = 3is¥n (3 + \/ﬁ)

And 6 +tan-13>¥n (3 + «/E)

Option (2) is correct

15. Ans. (4)
1+e* 2e*
x)=f(—x)-f(x)= =g'(x)=——=>0
)= 0= 10=1"5 =W
= g isincreasing in (0, 1) = g is one-one in (0, 1)

16. Ans. (2)
gx)=fx)+fA-x)&f"(x)>0,x€(0,1)
g@=f')-f1-x)=0
=) =(1-x)

x =1-x

gx) =0

1

2

g@ =+ 1-x)>0
g 1s concave up

atx =

hence o = l
2

_ 41 Lo+l
tan 2a+tan ' =+tan " ——
o o

— tan '1+tan ' 2+tan '3=7n

EXERCISE - JEE (Advanced) PYQ

1. Ans. (A)
xe(0,1);b e (0,1); f(x):lb__b);
- f,(X)z(1—bx)-(—1)—(t2>—x)(—b)=_1+bx+b22—bx
(1-bx) (1-bx)
= f '(X):ubiT)z = -ve b e (01)=f(x)is

.. Range of f € (f(1), f(0)) = Range € (-1, b) # codomain = Non invertible

www.allen.in
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2. Ans. (2)
Consider f(x) =x* - 4x3+ 12x?2+x -1
fl(x) =4x3-12x% + 24x + 1
f"(x) =12x% - 24x + 24
= 12(x* -2x+2)
Tive VxeR

f(x) is concave upwards V x € R
f(0)=-1

Also lim f(x) > «

lim f(x)—>©

f (x) has only 2 real roots.
3. Ans. (C)

-1

(Approx. graph)
x*-xsinx-cosx=0
= Let h(x) = x? - x sinx - cosx
= h'(x) = 2x - xcosx - sinx + sinx

Lol
h'(x) = x(2 - cosx)
h'(x):
h(0) = -1

7
-1

(Approx. graph)

Also h(x) is a continuous function and lim h(x) — oo; limh(x) —

X—>-©

.. we can estimate a graph of h(x) as :
Decreasing for x < 0

Increasing for x > 0

-latx=0

As x = o, h(x) > o and

Asx — -0, h(x) > ©

Exactly 2 distinct roots.

X—0

[88]
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4. Ans. (B,C)
f(x) = xsinnx,x >0

= f’(x) = ntx cosnx + sinnx = 0 = tannx = - ©x
Letnx=t=tant =-¢
.. unique solution in:
(()0<t<m=>nn<t < nu+mn
(tan x is periodic)
> n<mx < (n+D)rn= n<x<n+1
5. Ans. (B,D)
Consider a = 5x -x° = g(x)
graph of g(x):

) B 5

Sllennansd _4
for only oneroot:a >4 ora <-4
for exactly three roots: a € (-4, 4)
for exactly two real roots : a € {-4, 4}
6. Ans. (A,B,C)

f(x):(ﬂn(secXthanX))3 |

2
3(€n(secx+tan X)) (secxtar1x+sec2 x) 0 —n/2 | /2

f'(x)=

f(x) is an increasing function

(secx+tanx)

lim f(x)—> - & lim f (x) >
X‘)*E X%E
Range of f(x) is R and onto function

f () :(gn(secx—tan X))3 :(m(;jf

secX+tan X
f(-x) =-(¢n(secx + tanx))3

f(x)+ f(-x) =0= f(x) is an odd function.

7. Ans. (B,C)
Consider h(x) = f(x) -3g(x)
h(-1) = f(-1)-3g(-1) =3
h(0)=6-3=3,h(2)=3
— h'(x) = 0 has atleast one root in (-1, 0) & (0, 2)
but since h"'(x) = 0 has no rootin (-1, 0) as (0, 2)
— h'(x) = 0 has exactly one root each in
(-1,0) & (0, 2).
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8. Ans. (D)
f(X) =X+ {nx - x¢nx
f'(x):l—fnx
X
" 1 1 1+x
ek 1120
X® X X

f'(1).f '(e):(%—1j<0:> f'(x)=0 for somexe(1,e)

lim(l - ﬂnx] =—0
X—0 X

f'(x) is decreasing for x € (0, )
9. Ans. (D)
lim f(x)=lim1-(x-1)({nx—1)=—0

fle)=1-1<0, f "(x)<0
e

= f(x) is decreasing in (e, e?)
10. Ans. (D)
f'(x) is decreases and f'(1) = 1

= f'(x) = 0 has no rootin (0,1)

11. Ans. (C)
f(1/2)=1/2; f(D=1,f'"(x) >0
Let h(x) = f(x)-x
h(1/2)=h(1)=0=byRT; f'(c) = 1
for somea € (1/2,1)
Also, f"(x) > 0= f'(x)is T

= f'()> (@) (ae(1/2,1)
= f'(1) > 1 Ans. (C).
12. Ans. (5)
f(x) = (*-1)*h(x): h(x) = ay + a;x + ayx* + azx®

Now, f(1) = f(-1)=0

= f'(@)=0,a e (-1,1) [Rolle's Theorem]

Also, f'(1) = f'(-1) =0 = f'(x) = 0 has atleast 3 root, -1, o, 1 with-1<a < 1
= f"(x) = 0 will have at least 2 root, say B, y such that

-1<B<a<y<l [Rolle's Theorem]

So, min<mf,.) =2

and we find (mf. +mf.,) =5

Thus, Ans. 5.
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13. Ans. (C)
f (x) is a non-periodic, continuous and odd function

—x*+xsinx, Xx<0
f(x)=

x*—xsinX, x>0

f(_w) — XI__:tw(_XZ)[l _ sin Xj —

X

fle) = Lt X (1— Sinx):oo

X
= Range of f(x) =R
= f (x) is an onto function (1)
—2X+sinX+XcosX, X<0
f'(x)=
2X—sinX-XxcosX, x>0
For (0, )
f'(x) = (x - sinx) + x(1 - cosx)
always +ve always +ve

or0 or0
> f0>0
= f'(x) =0, VXe(—oo,oo)
equalityatx =0
= f(x) is one-one function (2)
From (1) & (2), f(x) is both one-one & onto.
Ans. (C).
14. Ans. (A,B)
x> —3X—6
f(X)=——"7——
() X +2X+4

(x2 +2x+4)(2x—3)—(x2 —3x—6)(2x+2)

f'(x)=

(x2+2x+4)2
i) 5X(x+4)
(x2+2x+4)2
-4 0
11
f(—4)=z, f(O):—E, lim f(x)=1
Range : {—%,%} , clearly f(x) is into
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JEE (Main) Practice Paper
SECTION-A
1. Ans. (3)

F0)>f(e)=x>% 5 9(x)<g(x%)=x>x
. f(g(a*—20))> f(g(Ba.—4)) = g(a® —2a)> g(3o.—4)
= o’ -20<3a-4 = o’ -50+4<0 = (a—1)(a—4)<0
= ae(l, 4)

2. Ans. (3)
f(x)=|x+|x-1], x[0,1]
Sf)=x+1-x=>f(x)=1 (Constant)

3. Ans. (1)
f(x):xz(x—z)2
= f'(x )—2x(x—2)2+x22(x—2): f'(x)=2x(x—2)(x—2+Xx)
= f'(x)=4x(x-2)(x-1) = f'(x) T:[0,1]; [2, )

4, Ans. (1)
f(x), g(x) are strictly . = f/(x) <0; g'(x) <0

f'(9(x))-9'(x)
Consider h(x) = f(g(x)) = h' ()= % -w
orZero

= h'(x)20 = h(x) is increasing.
5. Ans. (3)
f(x) =x* = f(x) = x* (1 + ¥nx), x > 0 (domain)

- +
flx — — Linx € (0,
5 e = f(x)vinx ( )
6. Ans. (2)
-1 0 1
2cos’ 0,1
COS_l(ZXZ—l): cos X . xe[0,1]
2m—2c0s X Xe[-1,0]

Not differentiable at x = 0, non monotoric even function extermum atx = 0
7. Ans. (4)

2

L[1-x oo 1%
f(x) = tan (1+x2j = f(x) = tan [1+1-x2j

= f(x)=tan"1-tan'x* = f(x)= g—tan'l X2

= f'(0) = 0-—2% 0
1+X

= f(x) : strictlty T in (-o0, 0) ; strictlty ¥ in (0, )
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8.

10.

11.

12.

Ans. (1)
function will be invertible if it is strictly increasing or strictly decreasing in its domain

f :[a, ) > R. (R is corresponding range)
f(x)=2x3-3x2+6

= f'(x)=6x’—6x = f'(x) = 6x(x — 1)

.. f(x) can be invertible if xe (-, 0] or x<[0, 1]
orxefl, )

.+ xela, o) isgiven =>a>1

(For any value of a > 1, the function will be increasing in [a, ©) = f(x) is invertible.)
Ans. (1)

ax"+a X"+ + a,x=f(x) (let) a is a root and x = 0 is a root and by Rolle's theorem

between any two roots of f(x) = 0 atleast one root of (x) = 0 exists

= f'(x)=nax""+(n-1) a,_x"* +..+a, =0

atleast once in (0, ).

Ans. (4)

For LMVT to be applicable, f(x) must be continuous in [-1,1] and derivable in (-1,1)

CHECK:atx=0: lirr(} f(X)=1in&Xcos(lj=0
X— X—> X

o f(x)cont.atx =0, and in [-1,1]
Also,atx =0:
£1(0)= f(0+h) f(0)

f(x) isNDatx = O in (-1,1)
. LMVT is not applicable.

Ans. (1)
g'(x)=2e"F ()(2(F (X))’ =3 () +2)+ ™ F "0 (6( f (x))* -6 f (x)+2)

= f'(0)=

im MOSL/M=0 oo (1 /)~ DNE
h h—0

+ve a>0 a>0
D<0 D<0
.. Always +ve .. Always+ve

If f'(x) is +ve then g'(x) is +ve
.. g(x) is strictly increasing

Ans. (2)
4
Consider h(x) = £+bi+ﬁ+d
4 3 2
h(x) is continuous and derivable
h(0)=0

h2)= 20 b?g +E24d2 = 2 (6a+4d + 2¢ +20)

= h(2)=0
.. Atleast one root of h'(x) = 0in (0,2)
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13. Ans. (2)
y — Xze—Zx
y'=(2x—2x2) e y
e-Zx (ZXZ—ZX):O 1/62/[ ________ .

x=2,x=0 | 1 x
atx=1, y=e?
atx=0,y=0
14. Ans. (2)
f'x)=e+x{1-2x} 0
=1 +x-2x"} =" (2x+1)(x-1)
15. Ans. (4)
f'(x) > 0= f(x) is increasing function
g'(x) < 0= g(x) is decreasing function
Now,
(i) x>x—1
f)>fx-1)
g(f(x) <g(f(x—1))

and
(ii) x+1>x
flx+1)>f(x)
g(f(x+1)) <g(f(x)
(iii) x>x-1
gx) <gx-1)
flgx) <flg(x—1))
(iv) x+1>x
glx+1) <g(x)
flg(x+1)) < flg(x))
16. Ans. (3)
- f(X)=x*=3x* +5x+7
f'(x)=3x*-6x+5
v D<0= f'(x)>0VvxeR

.. f(x) =isincreasing V xeR

17. Ans. (4)
X d—-x
f(x)= -
Jar+xt o7 +(d -x)
2 2
f'(x)= a b 77 >0VxeR

(a2 )" i (b2 +(d - x)z)

f (x) is an increasing function.
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18. Ans. (2)
¢ =f(x) +f(2—x)
') =f'"(x)-f(2-x)
Since f"'(x) > 0
= f'(x) is increasing V x € (0, 2)
Case-I:Whenx>2-x=>x>1
= ¢'(x)>0Vvxe(1, 2)
- ¢@(x) is increasing on (1, 2)
Case-II: Whenx<2-x=x<1
= ¢'(x)<0vxe(0, 1)
. ¢(x) is decreasing on (0, 1)
19. Ans. (4)
f(0)=11
f(1)=16

TW=1O) 32 _gerg
1-0
= 3¢*-8c+8=5 = 3c¢*-8c+3=0
47
€[0,1] =c= —\/_
3
20. Ans. (1)

|£"(c)|<2

= |f "(x)-f '(a)|s2|x—a| = |f '(x)- f '(a)|<2

a is that point on the interval when

(a)= ‘”2) f(”‘ 0 as f(1) = £(2)

SECTION-B

1. Ans (2)
X*-2x*-5x+6 _(x—1)(x* —x—6)
x—1 (x-1)

X*—x—6; x=#1
-6 ;o x=1

= f(x)z{
lim f(x) = —6; lir{; f(x)=—-6

x—1*

= LHL=RHL=f(1) .. f(x)iscontinuous
LHDatx=1is1

RHDatx=1is1

.. f(x) is differentiable at x = 1
f(-2)=0;f(3)=0

all the conditions of Rolle’s are holding

=x>—-x—-6

www.allen.in
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f'x)=2x—-1=0

Sx=1 w1 el[23]
2 2
2. Ans (4)
fl(x)=0=>x=-2,3
x=-2¢€(-3,0) SLc==2
3. Ans (2)
(2,3) (4,3)
(2,2)
(4.2)
(1,1) (4,1) (6,1)
1 2 4 6
x=2and4
4. Ans (0)
1_2X x<1, Xx#0
fe9=1 *,
XX_Z Lox>1,

The given function is not differentiable at x = 1

iz—%, x<1, x=0
freo=47 %
2 1
X—3—F, x>1
X-2

00 " <0 given x<1
Now f'(x) < 0 =

X<0 when x>1

X3
f(x) decreasing V x e(O, 1)u(2,oo) and f(x) increases V X e(—o, O)u(l, 2)

here f(x) is decreasing at all points in X €(0, 1)w(2,%) so will also be decreasingatx =3 atx=1

minima and at x = 2 maxima
5. Ans. (1)
f(-1)=-=2+a-b,f(1)=2+a+b
f1)=fA)=> -24+a-b=2+a+b
-2=b
f'(x)=6x*+2ax+b
1
f’(—): 61 +2.a.l+b:0
2 4 2
:>§+a+b=0 (vb=-2)

:>a=% c2a+bh=-1
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6.

Ans. (4)
Using LMVT in [-7, -1]
f(-1)-f(-7) <2
1-(-7)
fED-f(=7)<12
=f(-1)<9 (1)
Using LMVT in [-7, 0]
f(0)-f(-7) <2
0-(-7)
f0)-f(-7)<14
f(0)<11 w(2)
from (1) and (2)
f(0)+f(-1)<20

7. Ans. (4)
9+a _ 16+a =12
21 28
2 _ 2
Also, f'(x)= 27X X 212 __ X1z
X +12 7x x(x2+12)
Hence, C=2\/§
1
Now, f"(c)=—
(€)=1;
8. Ans. (3)
f@=fG)=f6)=f(7)=0
By Rolle's theorem on interval
[4, 5], [5, 6], [6, 7] we have
f'(x) = 0 for at least once in each intervals (4, 5), (5, 6), (6, 7).
9. Ans. (1)
fd g T
let  h(x) =f(x)—g(x)
h(1) =2,h(2) = -6
= h(x) = 0 has at least one root in (1, 2).
but A =f'(x)—g'(x)<0 = h(x) is always decreasing so only one root
10. Ans. (2)
fle) =12(x+2)(x+ D(x—1)
+ +
- -2 -1 -1
sings of f'x
=>a=—-2b=-1
www.allen.in [97]
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Ans. (A,B,C,D)
According toRolle'stheorem
f(x)=e*cosx—1
f'(x)=e*(-sinx)+e* cosx=0 \ cosx  sinx

tanx=1

Similarly we can get option (B)
for option (c) :

e I
.

b/w 0 and a, we have one value 8 for which sin 8 = e #
.. (c) is correct

similarly for D

Ans. (A,C,D)

LMVT on f(x) in [4, B]

N

e*cosx = 1= cosx = e~

o

= 2 sinC cosC = sin 2C
A<C<B =2A<2C<2B

= sin2A < sin2C < sin2B ( sinx is increasing inx € {OgD

= (B—A)sin2A<sin’ B—sin’ A<(B—A)sin2B
Also 2A < 2B = co0s2A > cos2B
(cos x is derceasing f™)

B> A
Now = Bcos2A> Acos2B
cos2A>cos2B

Ans. (B,C,D)
e*X
x+1

we part of the graph of f(x)

y= = f(x)

\ One real root

> No solution

2 Real and distinct
solutions

[98]
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4, Ans. (A)
x* —2x—log, |x—1| =3

= x* —2X—3=log2|x—1|=y

we plot graphs
x2-2x-3

1
-

y = log, |x — 1] y X
~ _—

\ y = log, |x — 1]

\ > x

S
e

5. Ans. (A,B)

f'(x):EX(m;nj
n
m — nis odd.
f'(x)<0 Vx e(—o, 0)
f'(x)>0 Vx €(0,90)
6. Ans. (A,B)
x+p* pq  pr

f(x)= x+q? r | =xX+(p*+ri+q’)x
Pq q q p q
pr qr x+r’

2

’f'(x)sz2 +2X(p2 +q° +r2) =x{3x+2(p2 +q° +r2)}

+ - +

2
-3 @ +q%+r%) 0
Here f (x) is increasing if
2 2 2 2
x<—§(p +q°+r )andx>0

decreasing is if —(p2 +q*+r? ) <x<0

7. Ans. (A,B,C)
X X
f(x)=—cosec’* =
(x) 2 5

£'(x) == cosec? ~cot~| tan -~
2 2 2 2 2

ForO<x <1, tan§>i
2 2

= f'(x) >0 = f(x) is increasing.
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8. Ans. (B,D)
f(0)=0=f(1)

there will be no x € (0, ) (.. Rolle's theorem is not applicable)
for which f'(x) = 0 i.e, cot ' x=— -
1+x
2 2
. -1 (1+x )—ZX -1 <% -1
f(x)= 2 z z T 2
1+x (1+x2) 1+x (x2+1)
-2
f"(x)= <0
(x) (x2 +1)2

f'(x) is strictly decreasing

lim f'(x)=1gmw(1‘xz rcot” xj:o

+ X

x—0"

f(x+2)— f(x)

T
2/n

f(0+)=1lim| cot™ x- X _I
(0+) [ 1+X2J 2

- £'(c) ce(O,g) (. LMVT is applicable)
Y
()<=
(c) >
f(x+gj— f(x)<2xZ
T T 2

f(erzj— f(x)<1
T

f'(x) <0; f(x) is increasing

f(x) € [f(0), f(0))
f(0)=0
-1
lim f(x)=limxcot™ x =lim cot_x
X—>0 X—0 x—0 1/ X
=lim 1+x° x(-x*)=1
f(x)e[0,1)
f (x) = sec x will have no solution
9. Ans. (C)
10. Ans. (B)

Sol. Q.9 to Q.10

+sin
Let g(x) = XTSImX

, x€[0,n]. g(x) is increasing function of x.

.. range of g(x) is {0, g}

X+sinx

)=

, x€[0,n]
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11.

12.

Now let ©<t<2m, then
f(t)+ f2r—-t)==
2n—t+sin(2n—t) _

ief(t)+

X+sinx
for t<x<2mn

S flx)=

X +Ssin x

Thus f(x) = for 0<x<2mn

Also f(x) = f(4r — x) for all x € |2, 4m]
= f(x) is symmetric about x = 21

*. from graph of f(x)
La=2n—0=2m
L PB=a

Ans. (C)

y=(x-1)"(x-2)
% =3(x-1)"(x-2)" +2(x-2)(x~1)

=(x-1)' (x-2)[3(x~2)+2(x~1)] =(x-1)" (x—

(x* —2x+1)(5x* ~18x+16)

d

=20x> —42x*+11x-50=0 =10x>—-42x*+57x—-25=0

(x-1)(10x* -32x+25)=

x=1 or _ 32424
20

no. of points of inflections = 3

Ans. (B)

2
f(x)=x4+ax3+3%+1

f'(x)=4X3 +3ax®+3x
f"(x)=12x2 +6ax+3

Now f (x) will be concave upward along the entire

real lineiff f"(x)>0Vx e R
12x* +6ax+3>0 =D <0
36a’*-144<0
a’-4<0=ae[-22]

> =(2x-2)(5x* ~18x+16)+(10x—18)(x* ~2x+1) =0

www.allen.in
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13. Ans. (7)
f'(x):4[cos2 x—2(a+1)cosx+a’ +2a—4]
Let ¢(t)=t*-2(a+1)t+a’+2a—4, -1<t<1
It is sufficient to find values of t when ¢(t) = 0 has no rootin [-1, 1]
D =20
Case-1:
¢(-1)>0,a+1<-1,D=20>0

=a e(—w,—Z—Jg) U (—2,+J§,w) anda <-2

=>ace (—oo, —2—\/5)

Case-1II:
o(1)>0,a+1>1,D=20>0

=ac (—oo—\/g) U (\/g,oo) anda>0
= ac (5 )

14. Ans. (3)

1 y =x? y=(1-x%)

11/2 21
*=3 *=3 y=2x(1-x)

1 2
From figure we can see Rolle’s theorem is applicable for x e [5, 5} and f'(c)=0=2-4c

1
=>c=—
2
1 2 1 3
a+b+c=—+—+=—=—
3 3 2 2
15. Ans. (6)
fx)= logx is differentiable and continuous for every x > 0.
X
Now for RMV to be applicable f(a) = f(b)
= m—a=@:>ab= b* =>a=2,b=4
a
hencea + b = 6.
16. Ans. (2)

f(x)=3x2+5x+7
F(1) = 15(3) = 49
f'(x)=6x+5
oy f(b)—f(a)
f (c)— b a
49-15
3-1

6c+5= 17

c=2
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17. Ans. (6)
f(x)=49_7
f'(x)=(49-7)x* +2(a—3)x+1
f'(x)>0 or f'(x)<0
So,D<0&49—-7+0

X3 +(a—3)x2 +Xx+5

ae(2,8)& a;t%

a 6(2,8)
m=2,M=28
M-m=6
18. Ans. (3)
3x

) L f(x)=tan™
(i) Letassume f(x)=tan™x 3

Investigating the behaviour of f(x)i.e.

) 1| 3(x*+3)-3x(2x) 4x*

X)= - =
1+x° (X2+3)2 (1+X2)(X2+3)2

Hence f(x) is a strictly increasing function.

Moreover f(0) = 0 = f(x) > 0Vx >0 = tan ' x>

3+ x”

(i) Let f(x)=1+x€n(x+\/xZ +1)—\/1+x2

Then f'(x =€n(x+\/x2+1)+ X [1+ X J_ X
( ) x+x/x2+1 \/x2+1 \/1+x2

Now for all XZO,X-F\/m is greater than or equal to 1
f'(x)anle

Hence f(x) is increasing in (0, ). Hence x > 0 = f(x) > f(0) > 0
1+x€n(x+\/x2+1)—\/1+x2 >0 or 1+x€n(x+\/x2+1)>\/1+x2

=€n(x+x/ﬁ)

(iii) Let f(x) = sinx —x = f'(x) = cosx — 1 = 2sin? (g) <0
= f(x) is a decreasing function.
- f(x)<£(0) in (o%} Ssinx<x (i)

3 2
S —sinx:g'(x)zl_x

Let g(x)= —cosx=¢(x)(say)

This is done to find sign of g’(x).

¢'(x)=—x+sinx = ¢'(x)<0 from equation (i) = ¢(x) is decreasing function.
L0 <o) < 0= g'(x)<0

= g(x) is a decreasing function = g(x)<g(0)

3
X—X

= g(x)<00r <sinx
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