Indefinite Integration

If f&F are function of x such that F'(x) = f(x) then the function F is called a PRIMITIVE OR
ANTIDERIVATIVE OR INTEGRAL of f(x) w.r.t. x and is written symbolically as

I f(X)dx=F(x)+C < di{F(x) +C}= f(x), where C is called the constant of integration.
X
1. Geometrical Interpretation of Indefinite Integral :
J. f(x)dx=F(x)+C =Yy (say), represents a family of curves. The different values of ¢ will correspond to

different members of this family and these members can be obtained by shifting any one of the curves

parallel to itself. This is the geometrical interpretation of indefinite integral.

Let f(x) = 2x. Then I f(x)dx=x*+C. For different values of C, we get different integrals. But these

integrals are very similar geometrically.

Thus, y= x*>+4C, where C is arbitrary constant, Y\

represents a family of integrals. By assigning different y=x243

values to C, we get different members of the family. These 245
y=x

together constitute the indefinite integral. In this case, each
integral represents a parabola with its axis along
y-axis.

Ifthelinex = aintersects the parabolasy = x%,y = x2 + 1,

y:x2+2, y=x2— 1,y:x2—2 atpo,Pl,Pz,P_l,P_z etC,

WA A

respectively, then &y at these points equals 2a. This X
dx LW y=x%-3
indicates that the tangents to the curves at these points / /
Pl
are parallel. Thus, J-ZXdX =x*+C=f(x)+C (say), /
implies that the tangents to all the curves f(x) + C, x=a
C € R, at the points of intersection of the curves by the Y/’
line x = a, (a € R), are parallel.
2. Standard Formulae :
n+1
(i) I(ax+b)”dX=M+C;n¢—1 (ii) I d zlgn|ax+b|+c
a(n+1) ax+b a
pPX+q
(iii) Ieé‘“bdx=leax+b +C (iv) ~[a"“qu=l 2 .c, (a>0)
a p (na
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) Isin(ax+b)dx=—1cos(ax+b)+C (vi) Icos(ax+b)dx=lsin(ax+b)+C
a a

(vii) Itan(ax+b)dx=lﬁn|sec(ax+b)|+C (viii) jcot(ax+b)dx=1€n|sin(ax+b)|+C
a a

(ix) J.secz(ax+b)dx=ltan(ax+b)+C (x) Icosecz(ax+b)dx=—1cot(ax+b)+C
a a

(xi) Icosec(ax +Db).cot(ax+b)dx = —1cosec(ax +b)+C
a

(xii) [sec(ax + b).tan(ax + b)dx = L sec(ax+b)+C
a

T X
tan| —+—
(4 2)

(xiv) jcosec xdx = {n |cosec X—cot X|+ C=m

(xiii) IseCXdX=fn|secX+tanX|+C =/{n +C

+C =—In|cosecx+cotx|+ C

X
tan —
2

. dx 1 _x
(xv) J‘\/i_sm —+C (xvi) -[a2+x2:5t 1a+C

:fn[x+\/x2+a2J+ C

——sec —+C

(xvii) I N m (xviii) .[ %

dx
(xix) J :gn[x_l_ /X2—32:|+C o) | 2dx : 1, lavx], o
I -a a’—x* 2a |a-x
. dx 1 X—a p [h2_ 2 X [2_y2 a’ . X
(xxi) J' =—/(n +C (xxu)_[ a’—x“dx=—+a°—x"+—sin" —+C
x*—a®> 2a |x+a 2 2 a

2

(xxiii) J'\/x2+a2dx=§\/x2+a2+%ﬁn(x+\/x2+az)+c
2

(xxiv) f\/xz—azdx=§\/x2—az —%6n(x+\/x2—az)+c

ax ax

e (]
e¥.sinbxdx=———(asinbx—bcoshx)+C =
(xxv) I a2+b2( ) ’_a2+b2

ax

sin(bx —tan! g] +C

ax

e
(xxvi) jeax.cosbxdx: 0 (acosbx+bsinbx)+C =

@D

cos(bx —tan! Ej+ C
a

Elementary Integrals (Loving Integrals)
(Direct formulae Based or Converting into Known formulae)
Illustration 1:

j (x+5)%dx

Solution:
3 2

X X
M-1: =I(x2+25+10x)dx=?+ +25x+C

_ (x+5)’ LC = x> +15x* +75x+125
3 3

M-2: +C
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Illustration 2 :

dx

J- X4X—3i— 1

Solution:

1 2 -2
I X1 4'——5 dx ::zi_.+. X +C =
X 2

(-2)

+
2 2%

2 1

Extension of Standard Formulae :

If x is replaced by (Ax + B) then also the standard result remain true provided the result is divided

by co-efficient of x
_ (Ax+B)™!

[(Ax+BY dx=2"""——4C,n#-1

(n+1)A

Similarly ifJ.f(X)dX=g(X)+C then Jf(AX+ B)dx=

Illustration 3 :

dx
8x+3

Evaluate (i) j
Solution:
(i) %£n|8x+ 9+C

Illustration 4 :
Evaluate (i) Icos (6+2x)dx

Solution:

0 sin(5+4x) ‘C
4
Illustration S :

I cos® xdx

Solution:

dx==+
2 2 22

Illustration 6 :

I cos® xdx

+C

J-1+c052x X sin2x

Solution:

I3cosx+c053x
4

N J-3cosx J~c053x

dx + dx

3sin X N sin3x
4 12

+C

(i) [e™* dx

8Xx+9

€ +C
8

(i)

(ii) Isecz (6—5x)dx

tan(3-4x) LC

(i) 2

dx [cos3x = 4 cos® x - 3cosx]

g(AX+ B)+C

www.allen.in
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Illustration 7:
I sin* xdx
Solution:

J.(sin2 x)* dx

2
:J‘(l—COSZXj i
2

_J-1+cos2 2X—2c0S2X
4

dx

—I dx ICOS 2X X—%J‘COSZXCIX

dx

1+cos4x 2c0s2X
[ L |

X 1 1 51n4X 1 sin2Xx
=—+—=X+—= —= +C
4 8 8 4 2 2

=§X+isin4x—lsin2X+C
8 32 4

Illustration 8:

jtanBXtan 2Xxtan xdx

Solution :
3x =x+ 2x
— tan3x = tan(x + 2x)

tan X +tan2x

tan3X=——————
- 1—tan xtan2x

— tan3x -tanx.tan2x.tan3x = tanx + tan2x

— tanx tan2x tan3x = tan3x - tanx - tan2x

— _[(tanSx—tan 2x—tanx)dx

— Itan?;xdx—J.tanZXdX—J.tanXdX

— |S§C3X|_ lS;C X _ inisecx+c

3. Methods of Integration:

(a) Substitution or change of independent variable :

If ¢(x) is a continuous differentiable function, then to evaluate integrals of the form I f(0(x))d'(X)dx , we

substitute ¢(x) =t and ¢'(x)dx = dt.

Hence | =J. f(0(x))9'(X)dx reduces to jf(t)dt.

[4]
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(i) Fundamental deductions of method of substitution :

_f[f(x)]n f'(x)dx OR J LCIIP" put f(x) = t & proceed.

[f AT

Substitution is said to be appropriate if the integrand in (i) is a loving one.

If [ f0ddx = 6(x)
J F(g00)g'()dx=7.(0)
Let g(x)=t = g'(x)dx=dt
j f(t)dt=¢(t)+c

=¢(t)+c

When substitution is directly observed :

Illustration 9 :

onx?
X

Solution :

Letfnx? =t

lz.Zde:dt

X

2 _

X

t 2 252

:}I—dt :t_+C :m+c
2 4 4

Illustration 10 :

J‘Sll’l X

fix

Solution :

Letsinlx =t

J~ 1

2
:>Itdt =%+C = (sin"'x)?+C

dx =dt

Illustration 11 :
J-sm(tan 'x) dx
1+x°
Solution :
Put,tanlx =t

! > dx=dt
1+X

:>jsintdt =-cost+C =-cos(tan''x) +C

www.allen.in
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Illustration 12 :

j(4x+6)\/2x2 +6X+5dx

Solution :
Let2x2+6x+5=t
(4x + 6)dx = dt

& 1372
tdt = C
= 372"

3

=§(2x2+6x+5)2+C

Converting the given integral form to make it suitable for substitution or to get directly loving form :
Illustration 13 :

_[ Jtanx dx

sin2X

Solution :

Im

2tan X

J‘m c

2tan X

(1+tan® x)dx

X dx

Puttanx =t
sec?xdx = dt
1o, t'/%x2
Ej(t) 1“olt:WH:
=t+C
=Jtanx+C
Illustration 14 :
IZX3dX

1+x°

Solution :
Put 1+x%=t
2xdx = dt

- J‘Zi-:(j(;jx:j(t—l)dt

-3

=t-¥nt+C
=(1+x?)-n(1+x*+C
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Illustration 15 :
_[ 9x* +2

— = = dx

3x3 +2x+10
Solution :
Put3x3+2x+10=t¢t
(9x% + 2)dx = dt

= fgzﬁnHC
t
=(3x*+2x+10)+C
Illustration 16 :
(x2-1)dx
Evaluate _[ 1
(x*+3x%+1)tan™ [x+j
X

Solution :

The given integral can be written as

-
[CORR

Let (x +1j = t. Differentiating we get (1 _izj dx = dt
X X
dt
Hencel=|—— —
'[ (?+1)tan't

Now make one more substitution tan-'t = u. Then

> :duandI:jd—u=€n|u|+C
t°+1 u

Returning to t, and then to x, we have
1 1
tan X+—
X

Substitutions involving trigonometric functions :

[=(n|tan""t|+C=/n +C Ans.

COS X .
. Jcotxdx=j ——dx=/(n|sinx|+C
sin X
—sin X
. Jtanxdx=—f dx =-¥n|cosx| + C or¥n|secx |+ C
cos X
secX(sec X+ tan X
. Isecde:J. ( )dx = ¥n|secx + tanx| + C or ¢ntan X T
secX+tan X 2 4

cosec X(cot X — cosecx) dX =01

cosecxdx= (cot x—cosecx)|+C or¥n
Jeoseexdx=[ | |

+C

X
tan—
2

cot X—cosecx

www.allen.in [7]
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Illustration 17:

3
cos” X
Evaluate J‘_z—'dx
sin® x+sinx

Solution :

0s X dx

| _J-(l—sin2 x)cosxdx_J‘l—sinx
sin X(1+sin x) sin x

Putsinx =t = cosx dx = dt
1-t
=1 =ITdt=ﬁn|t|—t+C =/(n|sinx|—sinx+C Ans.
Illustration 18 :
2X
e’ (1+2X
I—_ ( - )dx
sin(xe™")
Solution :
Put, xe?* =t
e%* 4 2xe®*dx = dt
e?*(1+ 2x)dx = dt
dt
= | ——=|cosectdt
J‘sint I

t

=/n|tan—|+C
2

2X

=/n|tan +C

Illustration 19 :

J‘COSZX dx

COS X

Solution :
2
J-Zcos Xx—1 dx
COS X

:I(Zcosx—sec x) dx
= 2sinx - ¥n|secx + tanx| + C
Illustration 20 :

J‘cosecxﬁn |cot x — cosecx| dx

Solution :
Put /n|cot x—cosecx| =t

—. cosecxdx =dt

jtdt
= —+C

(En lcot x — cosecxl)2
= 5 +C
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Illustration 21:

J' dx
sin(X+5)sin(x+8)
Solution :
Multiplying & dividing by sin(8 - 5)
o 1 J- . sin(8-—5)
sin(8—-5) " sin(x+5)sin(x+8)
1 J-sin((x+8)—(x+5))dx
sin(X+5)sin(x+8)

sin3

1 Isin(x+8)Cos(x+5)—cos(x+8)sin(x+5) dx

sin3 sin(Xx+5)sin(x+8)

1
:Ej(cot(xw)—cot(xm))dx

—

3 (ﬂn(sin(x+5))—fn(sin(x+8)))+C

(ii) Standard substitutions :

dx
_[— or j\/a2+x2dx; put x = a tan® or x = a cotf
2 2
\/a + X
dx _
J‘ﬁ or I\/az—xzdx; putx = a sin or x = a cosf
a —X

dx
J.ﬁ or I\/xz—ade; put x = a secO or x = a cosecf
X" —a

J' a—X 4x ; putx = a cos20
a+x

I\/Eii dx or [\[(x-a)(B-X) ;put x = O cos? § +  sin’0

I X—o dx or I (x—a)(Xx—B) ;putx= O sec?d - ptan20
x—B
d
I—X ;put x - OL=t% or x - p =t2.
J(x=a)(x=B)
Formulae :

1. J.azct(xz =§tan’1§+c
dx
a’+x°
I asec’0do 1
a’+a’tan’0 a

Put x = atan® dx = asec?0d0O

Sol. j

jd9=16:1tan’1§+C
a a a

www.allen.in
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2. I [x+ﬁ}+

dx
J— Put x =atan® dx = asec?0dd
VXt +a

2 NG
J. asec 6d9 J.secedezﬁn[sec6+tan6] ={n ﬁ,1+—2 X fn[VXZ‘FaZ‘FX}‘C
Ja’tan’0+a’ a a

1 1
3. jaz—xz dx—zfn

X+a

X-a

+C

Sol. j;dx:ij( 1.1 )dx =i[—€n|x—al+€n|x+al]+c
(a—x)(a+x) 2a'la—-x a+x 2a

X
4. =sin' = +c

2 ﬁ
5. I [x+ﬂ}+c

X—a
X+a

J‘dX _1/

x—a> 2a

6. +C

Illustration 22 :

1J_1
\&x

Evaluate I

Solution :

Put x = cos?0 = dx = -2sin0 cosO d0O

= I:.Hl_cose. 12 (—ZSinGCose)dG:—IZtathanGdG
1+cos6 cos“6 2

= 4-..&66/2)(1 = 2]1 CoSede——an|sec6+tan9|+29+C

COS
1+41—x
NN

=—2/n +2cost/x+C

Integral of the form :

. J' ax '[ dx
ii )
R PR Jax® +bx+c
Express ax? + bx + ¢ in the form of perfect square & then apply the standard results.

pX+q

(i -[ax +bX+C ‘[\/ax +bx+c

Express px + q = ¢ (differential coefficient of denominator ) + m.

[10] www.allen.in
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Illustration 23 :

I sin x dx
cos’x—36

Solution :

putcosx =t = -sinx dx = dt

—dt 1 t—-6
Iﬁ:—— n—-/+C
t2 —(6) 26 |t+6
- —iﬂn COSX—6 LC
12 COSX+6
Illustration 24 :
J‘ dx
3x* +6Xx+15
Solution :
:> — e —
J.x2+2x+5
dx

J.(x+1) +4 3 (x+1)2+(2)2

= ltan’1 [il) +C
6 2

Illustration 25 :

dx
I VX% =5x
Solution :
dx

fig
ol 2T o

Illustration 26 :

2X
—dXx
I\/x“ +2X* +4

Solution:

putx?=t = 2xdx =t
dt ~ dt

j«/t2+2t+4 -l (t+1)"+(<B)

(t+1)+ (t+1)2+(\/§)2

2

t=x

www.allen.in [11]
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Illustration 27 :
dx
(x—a)(b-x)

Solution:

Evaluate J-

Put x = acos?0 + bsin?6, the given integral becomes

2(b—a)sinBcos0dO

1= .
{(acos2 0+bsin’0—a)(b—acos’6—Dbsin® 6}5

=J-2(b—a)sin9cosed9 =(—b_ajj‘2d9:29+c =2sin™ (X;aj +C  Ans.
(b—a)sinOcosO -a b-a

Illustration 28 :

Evaluate f —1
2X°+X

Solution:

|:J~ dx 1 dx 1'[2 dx

2 +x-1 27 2 x 1 27, x 1 1 1
2 2 2 16 16 2
-1 dx _1 &
(x+1/4)*-9/16 2°(x+1/4) —(3/4)
1 1 1/4-3/4
=—. og X+ / / | +C USing,J zdxzz ng a+C
2 23/4) x+1/4+3/4| X"—-a® 2a “|x+a
1 x—1/2‘ 1, |2x-1
:—10 +C=_l +CA .
38 xr1 3 %y A
Illustration 29 :
Evaluate IZ3X—+2
4X"+4X+5
Solution:

Express 3x + 2 = £(d.c.of 4x?> + 4x + 5) + m

or, 3x+2=¢B8x+4)+m

Comparing the coefficients, we get
8/=3and4f+m=2=¢=3/8andm=2-4£=1/2

8x+4
= .[ +_J'2—
4x* +4x+5 29 4X°+4X+5
1
=§log‘4x2+4x+5‘+—j o
8 8 X2+X+Z

:Elog|4x2 +4x+5|+1tan’1 (x+1)+c Ans.
8 8 2
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(b)

Integration by part : f u.v dx= u_[v dx —j[j—u I v dx} dx where u & v are differentiable functions and
X

are commonly designated as first & second function respectively.

Note : While using integration by parts, choose u & v such that

()

Jvdx & (ii) J'[g_u J' v dx} dx are simple to integrate.
X

This is generally obtained by choosing first function as the function which comes first in the word ILATE,

where; I-Inverse function, L-Logarithmic function, A-Algebraic function, T-Trigonometric function &

E-Exponential function.

Let I:J. f(x).9(x)dx = f(x)-jg(x)dx—j(f '(X)) (.[g(x)dx)dx

I 1

= 15¢ function x integral of 2™ - J (diff. coeff. of I") x (integral of 2" )dx

Proof: %[ f(x).9(x)]=f(xX).9'(X)+9(x).f'(X)

If(x).g'(x)dx: f(x).g(x)—jg(x).f "(x)dx

Note : In applying the above rule care has to be taken in the selection of the first function(I) and the second

()

(ii)

(iii)

function (II). Normally we use the following methods :
If in the product of the two functions, one of the functions is not directly integrable (e.g. #nx, sinx,

cos lx, tanlx etc.) then we take it as the first function and the remaining function is taken as the

second function. e.g. in the integration of J‘Xtan‘1 xdx, tan"" X is taken as the first function and x as

the second function.
If there is no other function, then unity is taken as the second function e.g. in the integration of

jtan"1 xdx, tan ' X is taken as the first function and 1 as the second function.

If both of the functions are directly integrable then the first function is chosen in such a way that the
derivative of the function thus obtained under integral sign is easily integrable. Usually we use the
following preference order for the function (Inverse, Logarithmic, Algebraic, Trigonometric,
Exponent).

In the above stated order, the function on the left is always chosen as the first function. This rule is called

as ILATE e.g. in the integration of J.XSin xdx, x is taken as the first function and sinx is taken as the second

function.
Illustration 30:

Jelon.dX
Solution:
x_"exdx—j(l)(jexdx)dx

xe* —jexdx

xe* —e*+C

www.allen.in [13]
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Illustration 31:
j x* fnxdx

Solution:
= fnxj' x*dx —j(%j x“dxj dx
5

5
= fnx-x——jlxx—dx
5 X 5

5 5
= X nx— x +C
5 25
Illustration 32:
J. Xcos2x dx

Solution:

= xJ.cost dx —I(l)(jcost dx)dx

dx

Xsin2Xx sin2Xx
= -|
2 2

Xsin2Xx N CcoS2X
2 4

Illustration 33:
jfn(Zx +3)® 3 dx

+C

Solution:

= I (2x+3) (n(2x+3)dx
—_—

= En(2x+3)j(2x+3)dx—_[ (I(2x+3)dx)dx

(2x+3)

2 2
= Kn(2x+3)(zx+3) —j L (2x+3) oy
4 2X+3 2
2 2
= 6n(2x+3)(2X+3) —(2X13) +C
Illustration 34:
x* e* dx
(nan
Solution:

xz(ex)—j2xexdx
T

Xz(ex)—[erX —J'Zexdx} =x%e¥- 2xe* + 2e*+C

[14]
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Illustration 35:
.[sin’lx dx

Solution:

M-1:

Let 1 is algebraic function

I 1-sin *x dx
1 |

1

sinlx(x)—j(\/ﬁ] (x) dx

1-x%2=t
-2xdx = dt

x sin"1(x) +% a4

14t

xsin 'X+=——+C
21
2
x sin~lx + \/1—X2 +C
M-2:
sinlx =t
x =sint
dx = cost dt

_[t cost dt
|

I
t(sint)— [ (1)sint dt

t sint + cost + C

sintx (x) + ﬂ +C
Illustration 36:

J.ﬂnx dx

Solution:
M-1:
_[ 1- ¢nx dx

Kn(x)-(x)—j%-xdx

xfnx-x+C

www.allen.in
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M-2:

jfnx dx

Putfnx =t

x=et

dx = etdt

[t dt
[

_ te' —J'etdt

. te'—e'+C

— xtnx —x+C

Illustration 37:

Evaluate : Icos \/; dx

Solution:
Consider [ =J.cos«/;dx

1
Let \/; =t then ——dx=dt
2/x
ie. dx=2xdt or dx=2tdt
SO | =Icost.2tdt

Taking t as first function, integrate it by part

== Z{tj.costdt —J‘{%J‘costdt}dt}

I= Z[tsint —J.l.sintdt] =2[tsint+cost]+C

I= Z[&sin\/;-l—cos\/;}C Ans.
Illustration 38:
X

1+sinX

dx

Evaluate : I

Solution:

Let | :I X. dx :J- X(1-sinx)
1+sinXx (1+sinx)(1-sinXx)

=J-X(1—.sn21X)dX:J-X(1—521nx)dX
1-sin“ X

cos’ X
= {xjsec2 xdx—J{%Isecz de}dx} —{xj‘secxtan de—f{%jsec Xtan de}dx}

= [xtan X—J.tan de]—[xsecx—jsec de]

= I xsec” de—j xsec X tan xdx

=[xtanx—(n|secXx|]—[xsecx—(n|secx+tanx|]+C

(secx+tanx)
secX

x(tan x—secx)+/n +C

—X(1-sin X
- 2XA=SINX) L n 114 sinx[+C Ans.
COoS X

[16]
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Two Classic Integrands :

(@) [e*(f00+f()dx=e" f(x)+c

Proof:

Letl= [e[f(x)+ f'()]dx

= Izjexf(x)dx+jexf’(x)dx

Integrate the first integral on the RHS by parts taking e* as the second function, we get
I=e*f(x)- [efdx+ e fx)dx

=I1=e*f(x)

Thus to evaluate the integrals of the type jexg(x)dx, we first try to express g(x) as the sum of the function
and its derivative i.e.,, g(x) = f(x) + f’(x) and then we use the result derived above.
Illustration 39:

jex (sinx+ cos x)dx

Solution:

jex (sinx +cos x)dx
fx) f'(x)

= e*sinx + C

Illustration 40:

2 3
IeX(ZX +X de
X

Solution:

Iex(2x+ xz)dx
) f(x)

—=eX.x?+C
Illustration 41 :

I—Xe 5 dx
(1+x)

Solution:
J-ex X+1 N (-1 dx
(x+1)*  (x+1)

1 -1

= for] 2 L
Xx+1 (x+1)
%/_/

f(x) ')

=eX-L+C
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Illustration 42 :

J-ex ( sin2x—2 jdx
1—cos2x

Solution:

J- «( 2sinXxcosXx—2
e —_—
2sin® x

«[ 2sinXcos X 2
Ie ——————— |OX
2sin“X 2sin“X

Iex( cot X +(—cosec®x))dx
|
f(x) f'(x)
= e*cotx + C
Illustration 43 :

2
o 1=X
Evaluate je ( j dx

14 x°
Solution:

1-x : 2
e dx = «(1—2x+X%)
J [1+x2j fe iy =X

__[ex LR S P +C A
I la+d) @a+xy 1+x° ns.

Illustration 44 :

J x+2 _
The value of je m dX is equal to -
A & (x+1) ic B ex(l—x+x2)+C o £a-x ic
* (1+x2)°7? ®) (L+x?)7? (© (L+x?)7?
Ans. (D)
Solution:

Let] J‘ex x"+2 dx Jex 1 N 1-2x* dx
e = = .
(1+ XZ)S/Z (1+ Xz)l/2 (1+ Xz)s/2

) 1 X X 1-2x2
-[e A)” A+ aexy”  qay” )

X

_ e N xe* L= e*{1+x*+x}
A+x3)?  (1+x2)? (1+x2)?
Illustration 45 :

Prove that jeg(x) (9'(Q).F(x)+ ') dx =5 f(x).

Solution:
I = [ (g' 000+ F'(x))dx
= J'egmg "(x).f(x)dx +Ieg(x] f'(x)dx

(D) none of these

Integrate the first integral on the R.H.S. by parts taking es®.g'(x) as the second function, we get

I =e9(”f(x)—f f '(x)eg(x)dx+jeg(x).f "(x)dx
= eg(x).f(x)

[18]
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(b) J'(f(x)+xf'(x))dx=xf(x)+c
Proof: = j f(x)-ldx+fo "(x)dx

=[ f (x)-x—j f '(x)-x]+.|.xf "(x)dx
=xf(x)+c

Illustration 46:

J(sin X+ Xcos X)dx

Solution:

= J(sinx+xcosx)dx
f(x) f'(x)

= xsinx+ C

Illustration 47:

j(@n(fnx2)4-—33;jdx
/nx

Solution:

j(ﬂn(fnxz) + x( 1 _ x%xe)dx
— nx® X
f(x)
')
=x¥n (fnx?)+C

Illustration 48:

iy [ T+ X+ X
o (1252 o

Solution:
o (14X X
J'etan Ix . + . dx =J'etan’1x 14+ X dx
1+x° 14X 1+ x?
tan~!
=J. etan’lx +X- g dX :Xetan’lx +C
%,_,f 5 1+Xx

x f'(x)
Illustration 49:

X+sinX

Evaluate I dx

1+cosx

Solution:

X+sin X X+sin X X
I=I S dx =_[ dx=J' xlsec2§+tan5 dx=xtan—+C Ans.
1+cosX 2cos? 2 2 2 2
cos” —
www.allen.in [19]
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Integrals of the Type :
Ieax sinbxdx, _[eax cosbxdx

Results :

(i) Ie“.ﬂnbxdx:

ax

ﬁ(asinbx—bcosbx)Jrc
+

(ii) '[eax.cos bx dx =

2 (acosbx+bsinbx)+c
+

Proof:
Method-I Let I=Ieax sinbxdx

Integrate by parts taking e®* as the first part, we get

I=_e cosbx_-.-aeax _COSbX)dx
b b

On integrating the second term by parts again, we get

|=—1eax cosbx+2 leaX sian—J'Eeax sinbxdx
b blb b

1 a . a’
= l=-—e" coshx+—e"sinbx——1
b b b

b2

ax

a2 eax .
= |1+ |l ZF (a sinbx - bcosbx) + C

= I=

=20 (a sinbx - bcosbx) + C
a‘+

2

eax
a’+b?

(a cos bx + bsinbx) + C

Similarly we can show that jeax cosbx=

Illustration 50:

Evaluate | = '[ex.sin xdx =sin x.e* —Icos x.e*dx
Solution:

= sinxe* — [cos xe* — J.(—sin x)exdx]
=sinxe*-cosxe*- |

= 2] =sinxe*-cosxe*

— %(sinx—cosx)ex+ c

Method-II Assume .[ e™ coshxdx =e* (Acosbx+ Bsinbx) and then differentiate both sides

Illustration 51:
_[ezx cos3xdx = e**{Acos3x+ Bsin3x} + C find A & B.

Solution:
differentiate both sides
e**cos3x =e**(-3Asin3x+3B cos3x)+2e**( Acos3x + Bsin3x)

=e”[(2A+3B)cos3x+(2B —3A)sin3x]
=2A+3B=1
2B-3A=0

= A=i and BziAns.
13 13

[20]

www.allen.in



Indefinite Integration ALLEN’

(c) Integration of trigonometric functions :
(i) Jsinm xcos" xdx

Case-I: When m & n € natural numbers.

* If one of them is odd, then substitute for the term of even power.
* If both are odd, substitute either of the term.

* If both are even, use trigonometric identities to convert integrand into cosines of multiple angles.
Case-II : m + n is a negative even integer.

* In this case the best substitution is tanx = t.

Illustration 52:

Evaluate J.sin3 xcos® X dx
Solution:

Put cos x = t; -sin x dx = dt.
so that | =—I(1—t2).t5dt

8 6 8 6
_ .[(t7—t5)dt:t——t—:cos X cos X+C
8 6 8 6

Alternate :
Putsinx = t; cos x dx = dt

so that | =jt3(1—t2)2dt:j(t3—2t5+t7)dt

sin®*x 2sin®x sin®x
= - + +C
4 6 8
Note : This problem can also be handled by successive reduction or by trigonometric identities.

Illustration 53:

Evaluate Isinz xcos* xdx

Solution:

2
Isinzxcos4 de:_[ 1—cos2x \( cos2x+1 dx
2 2

:J%(l—cost)(cos2 2x+2c052x+1)dx
=%I(cosz 2X+2cos2x+1-cos’ 2X—2c0522x—c052x)dx

=%J‘(—cos3 2X —cos” 2X+cosZX+1)dX

_lj-[cos6x+3c052x N 1+cos4x
8

= —cos2x—1 |dx
4

1 | sin6x 3sin2x 1 sin4x sin2x X
= —+ ——X— + +—+C
32[ 6 2 } 16 64 16 8
sin6Xx sin4x 1 X
=—————-———+—sin2x+—+C
192 64 64 16
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Illustration 54:

Evaluate I “Smx

cos” x
Solution:
Let | = sinl/zxd_ dx

e _J. 9/2 __[ s —1/2 9/2
cos ' X sin”/“ xcos™’* X
1 9 : .

Herem +n= 575" —4 (negative even integer).

Divide Numerator & Denominator by cos* x.

| = J.\/tan xsec* xdx = J.\/tan X(1+tan® x)sec® xdx

= I\/t_(l +t%)dt (using tan x = t)

=Zt3/2 +%t7/2 +C =§tan3/2 x+§tan7/2 X+C

Integral of the form :
dx dx dx
i) | ——— OR ————— OR
(i) J.a+bsinzx J.a+bcoszx J.asin2X+bsinxcosX+Ccoszx
Divide N" & D" bycos?x & puttanx =t.
Illustration 55:

Evaluate : I
2+sin® X

Solution:
Divide numerator and denominator by cos? x
I = I sec® xdx =I sec® xdx
2sec’ Xx+tan®x * 2+3tan’X
Let \/3tanx =t - 3sec? xdx=dt

B i ot t e \/§tanx

-
2+th Z Tk (ﬁ

Illustration 56:

J+C Ans.

dx
(2sin x +3cos x)*

Evaluate : .[

Solution:

J~ dx
4sin® x+12sin X cos X +9cos” X
Divide numerator and denominator by cos? x

I__[ sec’® xdx _J- sec’® xdx

4tan’ x+12tanx+9 7 (2tanx+3)?

Let 2tanx+3=t, . 2sec?xdx = dt

I :1 ﬂz_leC:_;Jrc Ans.
27 t? 2t 2(2tan x+3)

[22] www.allen.in
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Integral of the form :

(iii) | _ X oR |

a-+bsinx

dx
a+bcosx

OR

dx

a+bsin x+ccosx

Convert sines & cosines into their respective tangents of half the angles

& put tan %zt

In this case sin x = —,
1+t

Illustration 57 :

j dx
3+4sin2X
Solution:
J- dx

N 4.2tan X

3 2
1+tan” X

=J- (1+tan® x)dx
3+3tan® X+8tan x
Lettanx =t

sec?xdx = dt

dt
! :I3t2+8t+3
_1I dt

4 7

t+———
3 3

t+é+£
3 3

N

4
tan X+ - ———

27 4 7

tanX+_—+——
3 3

+C

+C

Illustration 58:
dx

Evaluate: | ——8MM8
J.35in X+4cos X

Solution:

2

1+t

dx

;tz,x =2tan1t;dx =

2dt
1+t?

X
sec? = dx
2

I _J‘ dx _
3sin X+4cos X

3

X

2tan —
2

X
1+tan*>
2

let tan > = t, .. lsec2 X dx =dt
2 2 2

+4

4+6tan§—4tam2

N | X<

www.allen.in
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2dt 1

2=_I __j 2
4+6t—4t" 2 1_(t2_;t) 25 (t—B)

soI:J

Integral of the form :

. acosx+bsinx+c

(i) | .
pcosXx+qsinX+r

dx

Express Numerator (N") =£(D") + mdi (D™) + n & proceed.
X

Illustration 59:
2+3cos0O

Evaluate :
J‘sin(9+2cose+3

Solution:

Write the Numerator = #(denominator) + m(d.c. of denominator) + n

= 2 + 3 cos 0 =£(sinb +2cos0 + 3) + m(cosO - 2sinb) + n.

Comparing the coefficients of sin6, cosd and constant terms,
weget3f+n=22+m=3,¢{-2m=0 = {’—6/5 m=3/5 andn =-8/5
cos0—2sin6

Hence 1I= jéd6+§j _ ——J
57sin0+2cos0+3 sm9+2cose+3
6. 3 do
= —0+=/n|sin®+2cosO+3| - —I WhereI3—I -
5 5 5 sin0+2cos0+3

In I3, put tangzt = seczng):Zdt

I3=ZI dt =2j dt :2_1tan_l[t+1j=tan_l(tan6/2+1)
t*+2t+5 ¢ (t+1)°+2° 2 2 2

Hence I—%9+2€n|51n9+2cose+3l g nl(%)+c Ans.

(d) Integration of rational function :

(i) Rational function is defined as the ratio of two polynomials in the form % ,where P(x) and Q(x) are
X

polynomials in x and Q(x) # 0. If the degree of P(x) is less than the degree of Q(x), then the rational
function is called proper, otherwise, it is called improper. The improper rational function can be reduced

to the proper rational functions by long division process. Thus, if % is improper, then
X

P -
Q(x)
possible to write the integrand as a sum of simpler rational functions by a method called partial fraction
decomposition. After this, the integration can be carried out easily using the already known methods.

T(x) + @, where T(x) is a polynomial in x and % is proper rational function. It is always
X X

[24] www.allen.in
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S. No. | Form of the rational function | Form of the partial fraction
X PX® +OX+T A B _C
' (x—a)(x=h)(x-c) x—a x-b x-c
PX* + QX+ A B C
2. A v “a T x_ar T xC
(x—a)*(x-b) Xx—a (x—-a)> x-b
3 PX* +QX+T A _BxiC
' (x—a)(x* +bx+c) x—a x*+bx+c

where x2 + bx + ¢ cannot be factorised further
Illustration 60:

Evaluate : J. ;dx
(x=2)(x+5)
Solution:
X A B

(X—2)(x+5) X—-2 X+5

orx = A(x +5) + B(x - 2).

by comparing the coefficients, we get

A=2/7and B =5/7 so that

J';dx:z x5 ﬁ:E€n|(x—2)|+E€n|(x+5)|+C Ans.
(Xx—=2)(x+5) 7x-2 7I%x+5 7 7

Illustration 61:

X4
————dx
(x+2)(x*+1)
Solution:
X—4—(X_2)+3X2—+4
(x+2)(x*+1) (x+2)(x*+1)

L 1.2
X +4 16 57§

Now, = +
(x+2)(x*+1) 5(x+2) x*+1
1X 2
X! 16 55

S0, —————=X-2+ +—=
(x+2)(x"+1) 5(x+2)  x°+1

Evaluate I

16 5
J’_
5(x+2)  x*+1

Now, I (x-2)+

2
=X ox+Ztan x+£€n|x+2l—i€n(x2 +1)+C Ans.
2 5 5 10

. x?+1 x* -1 .
iv) Integrals of the form | ———— dx OR |———— dx, where K is any constant.
(iv) & J.x‘*+Kx2+1 Ix‘*+Kx2+1 y

Divide N” & D" by x? & proceed.
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Note : Sometimes it is useful to write the integral as a sum of two related integrals, which can be evaluated
by making suitable substitutions e.g.

2% X2 +1 X2 -1 2 X2 +1 X2 —1
* dx = dx+ dx * dx= dx— dx
J.x“+1 J.x“+1 J‘x“+1 jx“+1 J‘x“+1 J‘x‘*+1
These integrals can be called as Algebric Twins.

Illustration 62:

4
Evaluate : I —— X
sin” X+cos” X

Solution:
1 sect x
[=4|——dx=4|—— " dx
Jsin4x+cos4x I1+tan“x
B J-(tanz x+1)sec? x
(tan* x+1)

Now, put tanx = t = sec? x dx = dt

2
== 4[1“ t_4j—12/t 1t
t"+1/t

Now, putt-1/t=z= (1+lzjdt= dz

= 4j 42 copfZtan L/,

2+2J_ "2 V2

=22 tan™ E—tan X—1/tanx j +C Ans.

2

Illustration 63 :

Evaluate : j— X
x* +5x% +1
Solution:
2
_ij4+5x2+1dx
1 1+ X
:>|_2Ix4+5x2+1 -[x +5x +1
:_J- 1+1/X __J' 1- 1/X
X +5+1/x° x? +5+1/x
{d1v1d1ngNT and D" by x?}
I (1+1/x%) j(l 1/ x*)dx
(x— 1/x) +7 (x+1/x) +3

o e ey

1
wheret = x-— andu =Xx+—
X

[26] www.allen.in
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(e) Integration of Irrational functions :

] dx dx
M I(ax+b)~/px+q & j(ax2 +hx+c)/px+q

. dx
o '[(ax+b)\/px2 +OX+T

;put px+q=t°

,put ax+b=1; j

dx put x = l
(ax2+b)\/px2+q ’ t

Illustration 64:

Evaluatej. X+2
(x? +3x+3)\/x+
Solution:
X+2
Let, I = dx Putx+1=1t> = dx = 2tdt
'[(x2+3x+3)\/x+1
2_ 2
a1 (-1)+2 (20t _zj t +1 dt =2 RS VA
{[t2—1)2+3(t2—1)+3}\/— +1 141/t
2
:ZI 1+1/t = I {whereu:t—l}
(t—l/t)2+(ﬁ) u +(I) t

“fon (e (ftj "5 t[ﬁj

Illustration 65:

dx
Evaluate
'[(x—l)\/x2 +x+1

Solution:

+C Ans.

dx 1
Let, I = putx- 1= = = dx=-1/t%dt
J(x—1)\/x2+x+1 t

,:I ~1/t%dt =‘fL
1/t\/(:+1j +G+1j+1 3t 43t+1
:-%I dt =_i3log‘(t+1/2)+\/(t+1/2)z+1/12|+C

\/(t+;) +1/12
1 1

2

12(+j +1

=—ilog(i+1)+ x-1 2 +C Ans.
BooAx-1 2 12

Illustration 66:

Evaluate : | dx
valuate ! | ——F——
(1+x*W1-x°

www.allen.in [27]
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Solution:
dx 1 -1
Let, | =| ———— Put x = —, So that dx = —-dt
j.(1+x2)\/1—x2 t t*
. —1/t%dt B tdt
..I—I —j

(A+1/8W1-1/8 @+ -1

Again let, t? = u. So that 2t dt = du.

_1J' du which reduces to the form J.i where both P and Q are linear so that we put
u+1Ju— PJQ
u-1=z?sothatdu = 2zdz
| :_lj 220z Z—I dz
(ZZ+1+1W2 (P +2)

| :—%tanl [%)+C

1 L[ Nu-1 1 t*—1
l=——tan'| ——— |+C :——tan‘l( J+C
7 [ N J N7 A

' 2
:—Ltan’1 [i]-i-c Ans.
2 2x

Integrals of Some More Types
Here, we discuss some special types of standard integrals based on the technique of integration by parts :

() [V —a® d (i) [V +a* dx (i) [Va?-x* dx
(UMth{Jﬁ—ﬁdx

Taking constant function 1 as the second function and itnegratin by parts, we have

I:x\/xz—az—j1 2 dx
2 XZ_aZ
2

=xyx*-a’ - X dx

-

=xyx* —a’ —J. \/;j
—xyx:-a —I\/

x> —a® dx- a'[\/i
=x\/x2—a2—l—a2J'L

Xt —a’
dx
or 2l ZX’\/XZ—a2 —aZJ.
x* —a*

[28] www.allen.in
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2
or | =I\/x2 —a? dx=2\x*—a? —%log|x+\/x2 —az|+C

2
Similarly, integrating other two integrals, by parts, taking constant function 1 as the second function, we
get

2

(i) j\/xz +a’ dx:%x\/x2 +a’ +%log|x+\/x2 +a2|+C
2

(iii) f\/az —x? dx=%x\/aZ —x? +%sin’1 §+C

Alternatively, integrals (i), (ii) and (iii) can also be found by making trigonometric substitution
x = asecH in (i), x = atan® in (ii) and x = asin® in (iii) respectively.
Illustration 67:

Find J'\/x2 +2X+5dx

Solution:
Note that

I\/xz +2X+5 dx:j\/(x+1)2 +4 dx

Putx 4+ 1 = y,so thatdx = dy. Then s

J'\/x2 +2X+5 dx=.Ny2 +2% dy
=%y y2+4+%log‘y+\/y2+4‘+c

=%(x+1)\/x2+2x+5+210g|x+1+\/x2+2x+5|+C

Illustration 68:

Find [\3-2x-x dx

Solution:

Note that [3-2x—x* dx=[\4—(x+1)* dx
Putx + 1 =ysothatdx =dy

Thus  [3-2x—x* dx=[\/4—y* dy

1 4 .y
==yJ4-y’ +—=sin" =+C

Zy y 2 2
=%(x+1)\/3—2x—x2 +2sin™ (%1)+C

(f) Manipulating integrands :

(1) J'L neN,take x™ common & put 1+ x™" = ¢.
xX(x" +1)

. dx
(ii) I o7 NeN, take x™ common & putl +x™" =t"
X(x"+1) /n
(iii) J'L , take x™ common and put1 + x™ = t".
X"(1+x")V"
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Illustration 69:

Evaluate : IL
X"(1+x")V"
Solution:
dx
S oo e

1
Put 1+— =t", then
X

I =—j tdt jt” 2dt =

1/
( )
X

1
de = —tn_ldt
X

n-1 T
t +C= 1 (1+ij +C Ans.
n-1 n-1

Miscellaneous Illustrations :

Illustration 70:

cos” xdx
Evaluate I 3

sin® x{sin® X+ cos® X}

cos* x

cos* x

Solution:
3 dx = j

1=

sin® x{sin® X+ cos® X}*
Put 1+ cot’x =t
5 cot* x cosec?®x dx = -dt

sin® x{1+cot® x}°

=—= j dt ——lt2/5+C =—1(1+cot5 x)2/5+C Ans.
571 2

3/5 2
Illustration 71:

dx .
J‘ﬁ is equal to -
cos® X+sin” X
(A) $n|tanx - cotx| + C
(C) tan*(tanx - cotx) + C
Ans. (C,D)
Solution:

6
Let ! = sec’ x

s ax =

cot* xcosec?xdx

(1+cot® x)*/°

(B) £n|cotx —tanx| + C
(D) tan"(- 2cot2x) + C

_ I (1+tan”® x)* sec” xdx

dx j
cos® X +sin® X 1+tan® x
Iftan x = p, then sec? x dx = dp

(L+p)dp _; (1+p°)
=I 6 :J v
1+p p*-p°+1

dk _
= Jm:tan '(k)+C

1+tan® X
1
abr)
B
p* [ p’ +12—1]
p
(where p—lzk,(1+izjdp =dk]
p p

dp

1 _
=tan! [ p—E\]-l-C =tan 1(tanX—C0t X)+C = tan‘l(— ZCOtZX) +C

[30]
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Illustration 72:

2sin2X—cos X
Evaluate : I dx
6—cos” X —4sin x

Solution:

I=J- Zsinzx—cos.x dX=I (4sin.x;1)cos>f dX=J- (.452inx—1.)cosx dx
6—cos” X—4sinX 6—(1—sin“ Xx)—4sin X sin“ X—4sinX+5
Put sin x = t, so that cos x dx = dt.
I (4t —1)dt
—4t+5)
Now, let (4t -1) =A(2t-4) +p
Comparing coefficients of like powers of t, we get
2 =4, -4r+p=-1 .(ii)
A=2,u=7
_ IZ(ZZt_4)+7dt
t°—4t+5
2t—-4
B zjt2—4,t+5OI

(D)

{using (i) and (ii)}

dt
Z_4t+4-4+5

dt
7| ———— =2log|t> —4t+5[+7
" It2—4t+5 og| +5l+ jt

dt
(t—2)" +(1)°
= 2log|sin? x - 4sinx + 5| + 7 tan"'(sinx - 2) + C. Ans.
Illustration 73:

The value of J‘«’ .sin” ( jdx is equal to -
X X
(A) Z{_ (cos (gjj +2V9-x*.cos” (§j+2x}+c
(B) 1{— (cos (Xn +2\/9—x2.sin1(5j+2x}+c
4 3 3
©) %{—{sinl (;D 29— sin™ @) +2x}+ C

(D) none of these
Ans. (A)
Solution:

Here, I = _H;;—i.sin'l [%\/3—X]dx

Put x = 3c0s20 = dx =-6sin20d0

-_HB 3C0529 J3-3c0s260 (-6 sin 20)d6
- 3+3c0526

= J-sm .sin”'(sin0).(— 651n29)d9——6.|-6(251n 0)do
cos0

= 2log |t? —4t+5|+7J' =2log|t? - 4t + 5|+7.tan"!(t - 2) + C
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2
= -6]9(1—cosze)de= - 6{%—I6c0526d9}+0
2 . . .
_ {9__[esm26_J‘l.(sm%jdej}Jrc2_362+6{esm29+c0529}+c
2 2 2 > 2

2
=l —3{cos‘1(§jj +2 9—X2.cos‘1(§j+2x +C
4 3 3

Illustration 74:
i
tan ( — X)
4 dx

Evaluate : I 5 - -
cos X\/tan X+tan” X+tanx
Solution:
tan| T —x
= J‘ 4 dx = (1—tan® x)dx
cos? x/tan® X+ tan® X+ tan x (1+tan x)* cos® x/tan® X+ tan® X + tan x
1
—(1— ; jsec2 xdx
[ = J‘ tan® x

1 1
tanX+2+ tanX+1+
tan X tan X

let,yz\/tanx+1+ ! = 2y dyz(seczx— > .seczxjdx
tan X tan” x
1= —22ydy -2 dyz
(y"+1)y 1+y
:—2tan‘1y+c:—2tan‘1{\/tanx+1+ j+C Ans.
tan X
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