
Indefinite Integration   

www.allen.in    [ 139 ] 

Indefinite Integration 

 

SOLUTIONS 

EXERCISE - O 
 

1. Ans. (B)     
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+ +   {Put 𝑥3 +  1 +  𝑥–1 =  𝑡  (3𝑥2– 𝑥–2). 𝑑𝑥 = 𝑑𝑡} 
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2. Ans. (D)     
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1
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1 1
1 1
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x x e eI dx dx
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+ +   

   
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e
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3. Ans. (A)     

 Let 
2

2

· [ 1 ]
·

1

x n x x
I dx

x

+ +
=

+
   

 Put  2[ 1 ]n x x t+ + =  

  21 x+ + 𝑥 = 𝑒𝑡  
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  1 + 𝑥2 = (𝑒𝑡–  𝑥)2 

  1 = 𝑒2𝑡–  2𝑥𝑒𝑡 

  
2

t te e
x

−−
=  

   ·
2

t te e
dx dt

−+
=  

 Now,  

  21 tx x e+ + =   ...(1)  

 &  21 tx x e−+ − =   ...(2) 

  (1) + (2)  21
2

t te e
x

−+
+ =  

 (1) – (2)   
2

t te e
x

−−
=  

  

· ·
2 2

2

t t t t

t t

e e e e
t dt

I
e e

− −

−

   − +
   
   

=
 +
 
 

  

  
use by part

· ·
2

t t

I

II

e e
I t dt

− −
=  

 
  

  · 1·
2 2

t t t te e e e
I t dt

− −   + +
= −   

   
    

  
2 2

t t t te e e e
I t C

− −   + −
= − +   

   
 

  21I t x x C= + − +  

  
2 21 . [ 1 ]I x ln x x x C= + + + − +   

4. Ans. (B)     

 𝐼 = 
sin cos

2
2 sin

xe x
dx

x
  

 put  sin x t=  

  
1

2 sin x
 × cos𝑥 𝑑𝑥 = 𝑑𝑡  

 𝐼 = 2 sin2t xe dt e c= +  

5. Ans. (A)     

 sin(100𝑥 + 𝑥) sin99𝑥  

 = sin(100𝑥)·cosx·sin99𝑥 + cos(100𝑥) · (sin𝑥)100  

 99sin(100 )· cos ·sin
III

I x x xdx=   + 100cos(100 )·(sin )x x dx  
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 use I.B.P. on first integration    

 𝐼 = 
100

100(sin )
·sin(100 )– (sin ) cos(100)

100

x
x x xdx  + 100cos(100 )(sin )x x dx  

 = 
100sin(100 )(sin )

100

x x
C+  

6. Ans. (C)     

 21
2sin sin( ) 2sin

2 2

x
x dx

  
 −  + −   

  
  

 =  
1

cos(2 ) cos( ) 1 cos( 2 )
2

x x x dx − − + − −   

 = 
1

(1 cos )
2

x dx−  = 
1

( sin )
2

x x C− +  

7. Ans. (B)     

 
2( )

dx

x
x

x

−
− 

− 

  

 put 2x
t

x

−
=

− 
 2

( ) ( )

( )

x x
dx

x

− − −

−
= 2𝑡𝑑𝑡  

  2

2

( )( )

dx
tdt

x
=

 − − 
 

 𝐼 = 
2 2

( ) ( )

tdt
dt

t
=

 −   −    

   =
2 2

( ) ( )

x
t C C

x

−
+ = +

 −  − − 
 

8. Ans. (D)     

 =
2 2 2 2 2

2 2 2

4 ( 1) 7( 1) 12

( 1)

x x x x
dx

x x

+ − + +

+  

 =  2 2 2

4 7 12

( 1)
dx dx dx

x x x
− +

+    

 𝐼 = 4𝑛𝑥 + 2 2

7
12

( 1)

dx

x x
+

+  ...(1) 

 Let 1 2 2( 1)

dx
I

x
=

+  put 𝑥 = tan  

 𝐼1 =
2

2

4

sec 1 cos2
cos

2sec

d
d d

  + 
=   = 

    

 = 1

2

1 sin2 1 1 2
tan

2 2 2 4 1

x
x

x

−   
 + = +   

+   
 

 = 
1

2

1
tan

2 2(1 )

x
x

x

− +
+

 

 So, 𝐼 = 4𝑙𝑛𝑥 +
7

x
 + 6 tan–1𝑥 +

2

6

1

x
C

x
+

+
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9. Ans. (C)     

 (𝑥 + 1)3– (𝑥 – 1)3 = 6𝑥2 + 2 = 2(3𝑥2 + 1)  

 So 
3 3 3 3

2 3 3 3

1 ( 1) ( 1) 1 ( 1) ( 1)

2 2( 1) ( 1) ( 1)

x x x x
I dx dx

x x x

+ − − + − −
= =

− + −   

 = 3 3

1 1

2 2( 1) ( 1)

dx dx

x x
−

− +   

 = –
2 2

1 1

4·( 1) 4·( 1)
C

x x
+ +

− +
   

10. Ans. (A)     

 3 2 3

3

1( 1)

t A B C D

t tt t t t

+
= + + +

++
 

  𝑡 + 3 = 𝐴𝑡3 + 𝐵𝑡2(𝑡 + 1) + 𝑐𝑡(𝑡 + 1) + 𝐷(𝑡 + 1)  

 𝑡 = 0  3 D= , 𝑡 = – 1  2 = – 𝐴  2A= −  

 coef. of 𝑡3 = 0 = 𝐴 + 𝐵   2B =  

 coef. of 𝑡2 = 0 = 𝐵 + 𝐶   2C = −  

 So  3 2 3

3 2 2 2 3

1( 1)

t

t tt t t t

+
= − + − +

++
 

  
2

6 2 2 2 4 6

3 2 2 2 3

( 1) 1

x
dx dx dx dx dx

x x x x x x

+ −
= + − +

+ +      

 = – 2tan–1(𝑥) –
3 5

2 2 3

3 5
C

x x x
+ − +  

11. Ans. (B,D) 

 
2

1

1

1

x
n

x
I dx

x

− 
 

+ 
=

−     put 1

1

x
n t

x

− 
= 

+ 
    

2

2

1
dx dt

x
=

−
 

   
2

2 4

dt t
I t C= = +  

 = 
1

4
ℓ𝑛2 1

1

x

x

− 
 

+ 
+ 𝐶 = 

1

4
ℓ𝑛2 1

1

x

x

+ 
 

− 
 + 𝐶 

12. Ans.  (A,C) 

 
2 2

( 1)

2 2 1

x dx
I

x x x

−
=

− +
  = 

3

2

( 1)

2 1
2

x dx

x
x x

−

− +

   

 Put  2 – 
2

x
 + 

2

1

x
 = 𝑡2 , then 

3

1x

x

− 
 
 

𝑑𝑥 = 𝑡 𝑑𝑡  

  
t dt

I
t

=   = 𝑡 + 𝐶 = 
2

2 1
2

x x
− +  + 𝐶 = 

22 2 1x x

x

− +
 + 𝐶  

 So  𝑓(𝑥) = 22 2 1x x− +  and 𝑔(𝑥) = 𝑥 
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13. Ans. (A,B) 

 
4 6

.
9 4

x x

x x

e e
dx

e e

−

−

+

−  = 𝐴𝑥 + 𝐵ℓ𝑛 |9𝑒2𝑥–  4| + 𝐶  

 put 4𝑒𝑥 + 6𝑒–𝑥 = 𝑃 ( )9 4x xe e−−  + 𝑄(9𝑒𝑥 + 4𝑒–𝑥)  

  4 = 9𝑃 + 9𝑄 and 6 = 4𝑄 – 4𝑃  

 comparing, 𝑃 = 
19

36
− , 𝑄 = 

35

36
  

 
19 35 9 4

36 36 9 4

x x

x x

e e
I dx dx

e e

−

−

+
= − +

−   = ( )
19 35

. 9 4
36 36

x xx n e e C−− + − +   

 = ( )219 35 35
9 4

36 36 36
xx n e x C− + − − +  = ( )235 54

9 4
36 36

xn e x C− − +   

 = ( )235 3
9 4

36 2
xn e x C− − +   

 So 𝐴 = 
3

2
− , 𝐵 = 

35

36
, 𝐶  𝑅 

14. Ans.  (A,C)  

 Put 𝑥 = 𝑡6,  𝑑𝑥 = 6𝑡5𝑑𝑡 

 𝐼 = 
6 4 5 3

5

6 2 2

1
6 ( ) 6

(1 ) 1

t t t t t
t dt dt

t t t

+ + + +
=

+ + 
4

3 1

2

1
6 6 tan

41

t
t dt t c

t

−  
= + = + +  

+   
   

= 2/3 1 1/63
6tan ( )

2
x x c−+ +   

  
3

& 6
2

P q= =   

15. Ans. (A→Q, B→P, C→P,R,S ,D→P,R)    

 (A) sin sin sin
( ) cos  x xd x
x x x nx

dx x

 
= + 

 
    

  sin sin sin
( ) cos .x x x

f x x dx x x nx xdx
x

 
= + + 

 
   

  = sin sin sin
. . cos .x x x

x x x x x nx dx
x

 
− + 

 
  + sin sin

. cos .x x
x x x nx dx

x

 
+ 

 
  

   𝑓(𝑥) = 𝑥 · 𝑥sin𝑥 + 𝑐  

  As 
2

·
2 2 2 4

f
    

= = 
 

   𝑐 = 0  𝑓(𝑥) = 𝑥 ⋅ 𝑥sin 𝑥 

   𝑓() =  · 0 =    (Q) 

 (B) 
2

1 2cos
( )

(cos 2)

x
g x dx

x

+
=

+     

  divide numerator and denominator by sin2 𝑥   

           = 
2

2

cosec 2cot ·cosec

(cot 2cosec )

x x
dx

x x

+

+   

  put 2cosec𝑥 + cot𝑥 = 𝑡  

  (– 2 cose𝑥. cot𝑥 – cosec2𝑥)𝑑𝑥 = 𝑑𝑡 
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  𝐼 = –
2

1dt
C

tt
= +   

             =  
1

cot 2cosec
C

x x
+

+
 

     = 
sin

cos 2

x
C

x
+

+
 

    𝑔(𝑥) = 
sin

cos 2

x

x +
, as 𝑔(0) = 0  

    
1

2 2
g

 
= 

 
   (P) 

 (C) 
2

3 3

( 1)
( )

3 6

x dx
k x

x x

+
=

+ +
     

  put 𝑥3 + 3𝑥 + 6 = 𝑡3  

  (3𝑥2 + 3)𝑑𝑥 = 3𝑡2𝑑𝑡  

  𝐼 =
2 2

2

t dt t
C

t
= +  

             = 
3 2/3( 3 6)

2

x x
C

+ +
+  

   3 2/31
( ) ( 3 6)

2
k x x x= + +   

3

1
  ( 1)

2
k

 
− = 

 
 

         2/3( 2) ( 8 6 6)
2

k


− = − − +  

                   = 21
( 2) 2

2
− =  

        (P), (R), (S)  

 (D) 
cos sin 1

sinx

x x x
dx

e x x

− + −

+ +     

  
cos sin

1 sin

x x x x

x x

e x e x e e x
dx

e x e x

− − − −

− −

− + −
=

+ +  

  
( )

Put 1 sin

cos sin

x x

x x x x

e x e x t

e x e x e e x dx dt

− −

− − − −

+ + =

 − + − =
 

  
1

dt
t

=   

  = ( )n t C+  

  
sinx

x

e x x
n C

e

 + +
= + 

 
 

  ( )sinxn e x x x C= + + − +  

  ( ) sin & ( )xf x e x x g x x = + + = −  

  So, ( ) ( ) sin( )xf x g x e x+ = +  

  (0) (0) 1f g+ =  ..........(P,R) 
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EXERCISE - S 

1. Ans. (0) 

  𝑓"(𝑥) = – 2

2

1
sin( )x

x
−    

  2

2

1
'( ) sin( )·f x x dx

x
= − −    

  21 cos( )
'( ) ·

x
f x c

x


= +  +


 

 

1
'(2)

2

1 1
cos(2 )

2 2

0

f

x c

c

 
=  + 

 
 

+  + =  + 
 

 = 
 
 

 

  𝑓′(𝑥) = 
1

x
+ cos(𝑥) 

 𝑓(𝑥) = 
1

cos( )·x dx
x

+    

  𝑓(𝑥) = 𝑙𝑛(𝑥) + 1

sin( )x
C

 
+


 

 1

1

(1) 0

sin 0

0

f

c

c

 =
 

  + = 
  = 

 

  𝑓(𝑥) = 𝑙𝑛(𝑥) + sin(𝑥)  

  
1 1

ln sin
2 2 2

f
     

= +     
     

 = 1 (2)n−  

2. Ans. (5)     

  
2 3

·
( 3)( 1)( 2) 1

x
dx

x x x x

+

+ + + +  

 = 
2 2

2 3
·

( 3 )( 3 2) 1

x
dx

x x x x

+

+ + + +  

  
2Put 3

(2 3)·

x x t

x dx dt

 + =
 
 + = 

 

 =  
2( 2) 1 ( 1)

dt dt

t t t
=

+ + +   

 = –
1

1
c

t

 
+ 

+ 
  

 = 
2 3 1

c
x x


−

+ +
   

  𝑓(𝑥) = 𝑥2 + 3𝑥 + 1  

 through compare   
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  

1

3

1

a

b

c

= 


= 
= 

  𝑎 + 𝑏 + 𝑐 = 5 Ans.  

3. Ans. (6) 

  
5/2 7/2 7/23

5/2 7/23
·( 1) 1

· · 1

dx dx

x x
x x

x

=
+  

+ 
 

   

 = 
2

7/6
·

1
1

x
dx

x

−

 
+ 

 

   
2

1
Put 1

.

t
x

x dx dt−

 
+ = 

 
 − = 

 

 = –
7/6

dt

t  

 = 
1/6

1
6· c

t
+   

 = 

1

61
6

x
c

x

−
+ 

+ 
 

  

4. Ans. (2) 

  ( ).
xe

x x dx
x

+             {Put 𝑥 = 𝑡2  𝑑𝑥 = 2𝑡 . 𝑑𝑡} 

 = 2( ).2
te

t t t dt
t

+  

 = 2(2 2 ).te t t dt+  = 2[(2 4 ) 2 ] .te t t t dt+ −  

 = 
2

( ) '( )

(2 4 ) 2 · .t t

I II
f x f x

e t t dt t e dt
 

+ −   

 =  2·2 2[ · 1· · ]t t te t t e e dt− −   

 = 22· · 2[ · ]t t te t e t e c− − +  

 = 22 · 2 · 2t t te t e t e c− + +  

 = 𝑒2 [2𝑡2 – 2𝑡 + 2] + 𝑐  

 = 2 [ 1]xe x x c− + +  

5. Ans. (2010)     

 
2008 2008

2010 2010

(sin ) (cos )
(cos )(sin )

(sin ) (cos )

x x
I x x dx

x x

−
= 

+  

 𝐼 = 
2009 2009

2010 2010

cos (sin ) sin (cos )

(sin ) (cos )

x x x x
dx

x x

−

+  

 put (sin 𝑥)2010 + (cos 𝑥)2010 = 𝑡  

  (cos𝑥 (sin𝑥)2009 – sin𝑥 (cos𝑥)2009)𝑑𝑥 = 
2010

dt
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1 1

| |
2010 2010

dt
I n t C

t
= = +  

 = 2010 20101
|sin cos |

2010
n x x C+ +  Ans. 

6. Ans. (3)     

 Let 𝑓(𝑥) = 𝑎𝑥2 + 𝑏𝑥 + 𝑐  

 To find: 𝑓′(0) = 𝑏  

 𝑓(0) = 1  𝑐 = 1 

 
2

2 3

1

[ 1]

ax bx
dx

x x

+ +

+  is a rational function  

 = 
2 2 31 ( 1) ( 1)

A B C D E

x xx x x
+ + + +

+ + +
  

 become log fun  𝐴 = 𝐶 = 𝑂 (one of the posibility)  

  𝑎𝑥2 + 𝑏𝑥 + 1 = 𝐵(𝑥 + 1)3 + 𝐷𝑥2(𝑥 + 1) + 𝐸𝑥2  

 𝑥 = 0  1B =  

 compare coff. of 𝑥  

 𝑏 = 3𝐵  3b =  

 𝑓′(0) = 3 

7. Ans. (2)     

 
5tan( )

tan( ) 2

x
dx

x −   

 = 
5sin( )

·
sin( ) 2cos( )

x
dx

x x−  

 = 
(sin( ) 2cos( )) 2(cos( ) 2sin( ))

sin( ) 2cos

x x x x
dx

x x

− + +

−  

 = 
cos( ) 2sin( )

1· 2 ·
sin( ) 2cos( )

x x
dx dx

x x

+
+

−   

 = 𝑥 + 2ℓ𝑛|sin(𝑥) – 2cos(𝑥)| + 𝐶 
8. Ans. (5) 
 Let 𝑥(1 + 𝑥–2)2 + 1 = 𝑡2 
 𝑥(1 + 𝑥–4 + 2𝑥–2) + 1 = 𝑡2 
 𝑥 + 𝑥–3 + 2𝑥–1 + 1 = 𝑡2 
 (1 – 3𝑥–4– 2𝑥–2)𝑑𝑥 = 2𝑡𝑑𝑡 

 
( )4 2

4

2 3
2

x x
dx tdt

x

− −
=  

 
2

2
tdt

I t C
t

= = +  

 
3

1 2
2 1x C

xx
= + + + +  

 𝑎 = 1, 𝑏 = 1, 𝑐 = 2, 𝑑 = 1 

𝑎 + 𝑏 + 𝑐 + 𝑑 = 5 
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9. Ans. (46) 

 ( ) ( )f x dx F x=  

  45( 1) ( )x dx F x− =  

    𝐹(𝑥) = 𝑥5 – 5𝑥 + 𝐶 

  𝐹(1) = 20  𝐶 = 24 

  𝐹(𝑥) = 𝑥5– 5𝑥 + 24 

 𝐹(2) = 46 

10. Ans. (0.19 or 0.20) 

 1

2

1
tan

4 416

dx x
C

x

−  
= + 

+  
  

 given (4)
16

f


=   11
( ) tan

4 4

x
f x −  

=  
 

 

 1 14 1 1 1
(2) tan tan

3 4 2 3 16
f f − −    

+ = + =   
   

 

 

EXERCISE - JEE (Main) PYQ 
 

1. Ans. (1) 

 
3 6 2/3 2/3

7

6

cos cos

sin (1 sin ) 1
sin 1

sin

xdx xdx

x x
x

x

=
+  

+ 
 

   

 Put 
6

1
1

sin
t

x
+ =  

 
7

6cos

sin

x
dx dt

x

−
=  

 
2

3

1

6

dt

t

−   

 

1/3

6

1 1
3 1

6 sin
c

x

 
= −  + + 

 
 

 
6 1/3

2

1 (1 sin )

2 sin

x
c

x

+
= − +  

 Hence,  = 3 and 𝑓(𝑥) 
2

1

2sin x
= −  

 so, 2
3

 
 = − 

 
f  

 REMARK  : Technically, this question should be marked as bonus. Because 𝑓(𝑥) and  cannot be 

found uniquely. 

 From example, another such 𝑓(𝑥) and  can be 

1
6 6

2

(1 sin )

2sin

x

x

+
−  and 6 respectively. 
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2. Ans. (1) 

 
2cos (tan2 sec2 )

d
I


=

  +   

 
2 2 2

2 2

2 2

sec (1 tan )sec

2tan 1 tan (1 tan )

1 tan 1 tan

d d
I

  −   
= =

 +  + 
+

−  − 

   

 tan 𝜃 = t  sec2 𝜃  𝑑𝜃 = 𝑑𝑡 

 
2

2 2

1 (1 )(1 )

(1 ) (1 )

t t t
I dt dt

t t

− − +
= =

+ +   

 
1

1 1

t
dt

t t
= −

+ +  

 
1 1

1
1 1

t
n t dt

t t

+ 
= + − − 

+ + 
  

 = ℓ𝑛 |1 + 𝑡|– 𝑡 + ℓ𝑛|1 + 𝑡 | + 𝐶 

 = 2ℓ𝑛 |1 + 𝑡| –  𝑡 + 𝐶 

 = 2ℓ𝑛 |1 + tan 𝜃|– tan 𝜃 + 𝐶 

  = –1, 𝑓(𝜃) = 1 + tan 𝜃 

3. Ans. (1) 

 
8 6 8

7 7 7
24( 4) ( 3) ( 3)

3

dx dx
I

xx x
x

x

= =

+ + −
− 

− 

   

 Let 
2

4 1

3 7( 3)

x dx
t dt

x x

+
=  = −

− −
 

 8/7

8/7

1 1

7 7

dt
I t dt

t

− = − = −   

 
1/7 1/7

1/7 4 3

3 4

x x
t C C C

x x

−

− + −   
= + = + = +   

− +   
 

4. Ans. (3) 

 
cos sin

8 sin2

x x
dx

x

−

−
  

 
2

cos sin

9 (sin cos )

x x
dx

x x

−
=

− +
  

 Let sin 𝑥 + cos 𝑥 = 𝑡 

 1

2
sin

39

dt t
c

t

−= +
−

  

 1 sin cos
sin

3

x x
c− + 

= + 
 

 

 So, 𝑎 = 1, 𝑏 = 3. 
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5. Ans. (2) 

 
2

2

1

( 1)
xx

e dx
x

 +
 

+ 
  

 =  
2

2

1 2

( 1)
xx

e dx
x

 − +
 

+ 
  

 = 
2

1 2

1 ( 1)
xx

e dx
x x

− 
+ + + 

  

 =  ( )( ) '( ) xf x f x e dx+  

 =  ( ) xf x e c+  

 Where  
1

( )
1

x
f x

x

−
=

+
 

  
( )2

2
'( )

1
f x

x
=

+
 

  
( )3

4
"( )

1
f x

x

−
=

+
 

  
4

12
'''( )

( 1)
f x

x
=

+
 

  
12

"'(1)
16

f =  

 = 
3

4
 

6. Ans. (1) 

 
2 2022 2022( ) sec .sin 2022 sin

                 II          I

I x x xdx xdx− −= −   

 2022 2023 2022tan .(sin ) (2022)tan .(sin ) cos 2022 (sin )x x x x xdx x dx− − −= + −   

 𝐼(𝑥) = (tan 𝑥)(sin 𝑥)−2022 + 𝐶  

 At 𝑋 = /4,  21011 = 

2022
1

2

−

 
 
 

 + 𝐶      𝐶 = 0  

 Hence   
2022

tan
( )

(sin )

x
I x

x
=  

 
2022

2022

1 2
( /6)

31
3

2

I  = =
 
 
 

 

  
( )

2022

2022 2021 1010

3 2 1
( /3)

6333

2

I I
 

 = = =  
  

 
 

 

 10103
3 6

I I
    

=   
   
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7. Ans. (4) 

 ( )ln xx e=   ( ) ( )
2 2

2 ln 2 ln
log ln

x x

x x x x x x

e

x e
xdx e e xdx

e x

− − −
      + = +           

   

 s𝑥 ln𝑥 – 𝑥 = 𝑡 

 ln𝑥. 𝑑𝑥 = 𝑑𝑡 

 ( )2 2t te e dt−+  

 
2 2

2 2

t te e
C

−

− +  

 
2 2

1 1

2 2

x x
x e

C
e x

   
= − +   

   
 

  =  =  =  =  

  + 2 + 3 – 4 =  

8. Ans. (1) 

 Put 𝑥2 = 𝑡 

 
1 1 1

( 1)( 3) 2 1 3

dt
dt

t t t t

 
= − 

+ + + + 
   

 
2

2

1 1
( ) ln

2 3

x
f x C

x

 +
= + 

+ 
 

 ( )
1

(3) ln10 ln12
2

f C= − +  

 0C =  

 
1 17

(4) ln
2 19

f
 

=  
 

 

9. Ans. (64) 

 
7x

x

+
  𝑑𝑥 

 Put 𝑥 = 𝑡2  

 𝑑𝑥 =  2𝑡𝑑𝑡 

 2 2 7t +  𝑑𝑡 = 2 2 72t + 𝑑𝑡 

 2 27
( ) 2 7 ln 7

2 2

t
I t t t t C

 
= + + + + +  

 

 𝐼(𝑥) = x  + 7 ln 1 7x C+ + +  

 𝐼(9) = 12 + 7 ln7 = 12 + 7 (ln (3 + 4)) + 𝐶 

  𝐶 = 0 

 𝐼(𝑥) = x  7x +  + 7 ln ( )7x x+ +    

 𝐼(1) = 1 8  + 7 ln ( )1 8+                   

 𝐼(1) = 8  + 7 ln (1 + 2 2 )  
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  = 8  

 4 = ( )81/2 4 

 4 = 82 = 64 

10.    Ans. (1) 

 
1 cos2

sec2 1
cos2

x
x dx dx

x

−
− =   

 
2

sin
2

2cos 1

x
dx

x
=

−
   

 put cos 𝑥 = 𝑡 sin x dx dt − =  

 
2

2
2 1

dt

t
= −

−
  

 ln 2cos cos2x x c= − + +  

 21
ln 2cos cos2 2 cos2 2cos

2
x x x x c= − + +  +  

1 1
ln cos2 cos2 1 cos2

2 2
x x x c= − + +  + +  

 
1 1

, 1
2 2

 =  = −   −  =  

11. Ans. (3) 

 ( )
( )
( )

2 2

2

sec tan

tan 1

x x x x
I x dx

x x

+
=

+
  

 Let 𝑥tan 𝑥 + 1 = 𝑡 

 2 1 2

tan 1 tan 1

x
I x dx

x x x x

− 
= + 

+ + 
  

 2 1 cos
2

tan 1 sin cos

x x
I x dx

x x x x x

− 
= + 

+ + 
  

 2 1
2ln sin cos

tan 1
I x x x x C

x x

− 
= + + + 

+ 
 

  As 𝐼(0) = 0 ⇒ 𝐶 = 0 

 
( )

( )

2 24
ln

4 32 4 4
I

  +  
 = −     +   

 

  



Indefinite Integration   

www.allen.in    [ 153 ] 

EXERCISE - JEE (Advanced) PYQ 

1. Ans. (D) 

 
2

3 4 2

1
.

2 2 1

x
dx

x x x

−

− +





 

 
2

5

2 4

1

2 1
2

x
dx

x
x x

−
=

− +






 

 
3 5

2 4

1 1

2 1
2

dx
x x

x x

 
− 

 
=

− +








 

 

2

2 4

3 5

2 1
Put 2

1 1
4 2 .

t
x x

dx t dt
x x

 
− + = 

 
 

   − =    

 

 
2

1
.

2

t
dt

t
=   

 
2

t
C= +  

 
4 2

2

2 2 1

2

x x
C

x

− +
= +  

2. Ans.  (A) 

 

2

1/

2

1/

1

1/

1/

1/

1/

1/

( ) . ( )
(1 )

( ) .( ( )) (1 )[1 ( ( )) ]
( )

Put ( ) (1(1 )

( ( ))
(1 2. )

( )
again ( ( ( )))

[1 2( ( )) ]

(1 3 )

( .... )( ) ( )
(1 . )

n

n n

n

n
n n

n

n n

n n

n n

n n

n n

x
f x x g x dx

x
xf x x dxf f x n xf x

xx
f x

nx

x
f f x

x

f x
f f f x

f x

x

x

x
fo fo of x g x

n x

−

−

−

= 
+

== ++

==
++

=
+

=
+

=
+

= =
+





1
1

1/

2 1

1/

2

1
1

2 1
1

.
)

Put 1 .

( ) .

1
( ) .

1 ( )
.

1
.(1 )

( 1)

n

n n

n

n

n

n

n

n

dx
x

n x t

n x dx dt

t dt
n

t
K

n

nx K
n n

−

−

−

−

−

 + = 
 

=  

=

= +

= + +
−






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3. Ans. (D) 

 2( ) sin ( ).F x x dx=   

 
1

( ) [2 sin2 ]
4

F x x x C = − +  

 So,  𝐹(𝑥 + )  𝐹(𝑥) 

  Statement 1 is FALSE 

 But statement 2 is TRUE, because period of sin2 (𝑥) is  

4. Ans. (C) 

 
4 2

.
1

x

x x

e
J dx

e e

−

− −
=

+ +  

 
3

2 41

x

x x

e
dx

e e
=

+ +  

 
4 2

.
1

x

x x

e
I dx

e e
=

+ +  

 
2

4 2

( 1)

1

x x

x x

e e
J I dx

e e

−
 − =

+ +





 

 
Put

.

x

x

e t

e dx dt

 = 
 

=  

 

 
2

4 2

1
.

1

t
dt

t t

−
=

+ +  

 
2

2

2

1
1

.
1

1

t dt

t
t

−

=

+ +
  

 

2

2

2

1
1 .

1
1

1
Put

1
1

dt
t

t
t

t z
t

dt dz
t

 
− 

 
=

 
+ − 

 

 
+ = 

 
 

   − =    



 

 
2 1

dz

z
=

−  

 1 1

2 1 1

z
n C

z

− 
= + 

 + 
 

 
2

2

1 1

2 1

t t
n C

t t

 − +
= + 

+ + 
 

 
2

2

1 1

2 1

x x

x x

e e
n C

e e

 − +
= + 

+ + 
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5. Ans. (C) 

 Let 
9/2

sec( ).sec( ).

(sec tan )

x x dx
I

x x
=

+  

 Put sec 𝑥 + tan 𝑥 = 𝑡 

  (sec (𝑥)  tan (𝑥) + sec2 (𝑥)). 𝑑𝑥 = 𝑑𝑡 

  sec (𝑥) [sec (𝑥) + tan (𝑥)] .𝑑𝑥 = 𝑑𝑡 

 sec (𝑥) . 𝑡. 𝑑𝑥 = 𝑑𝑡 

 
1

sec( ). .x dx dt
t

 =  

 &  sec 𝑥 + tan 𝑥 = 𝑡 

  sec 𝑥 – tan 𝑥 = 
1

t
 

  2 sec(𝑥) = 
1

t
t

+  

 
1 1

sec( )
2

x t
t

 
 = + 

 
 

 
9/2

1
.

1

2 ( )

dt
t

t t
I

t

 
+ 

 
 =






 

 9/2 13/21
. .

2
t dt t dt− − = +

    

 
7/2 11/2

7 11

t t
C

− − 
= + + 

− − 
 

 
2

11/2 1

7 11

t
t C−  

= − + + 
 

 

 
2

11/2

1 1 (sec tan )

11 7(sec( ) tan( ))

x x
C

x x

 − +
= + + 

+  
 

 
 

JEE (Main) Practice Paper 

SECTION–A 

1. Ans. (2) 

 𝐼 =
2

1

1

1

x
n

x

x

− 
 

+ 

−  𝑑𝑥   

 put 𝑛  
1

1

x

x

− 
 

+ 
 =  𝑡  

2

2

1x −
 𝑑𝑥 = 𝑑𝑡  

  𝐼 = 
2

dt
t  = 

2

4

t
 + 𝐶 = 

1

4
 log2  

1

1

x

x

− 
 

+ 
+ 𝐶  
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2. Ans. (1) 

 𝐼 =  
(tan )

sin cos

n x

x x 𝑑𝑥 

 put  𝑛 tan𝑥 = 𝑡   
1

sin cos
dx dt

x x
=  

 𝐼 = 
2

21
( tan )

2 2

t
t dt C n x C= + = +   

3. Ans. (2) 

 𝑓(𝑥) = 
3

2sin sin2x x

x

−
 𝑑𝑥 

 𝑓′(𝑥) = 
3

2sin sin2x x

x

−
  = 

2sin x

x
. 

2

1 cos x

x

−
 =

sin
2

x

x

 
 
 

 . 

2

2

2sin
2

4
4

x

x


 = 
2 2

4

 sin x

x

 
 
 

.

2

sin
2

2

x

x

 
 
 
  
 

  

 
0

lim
x→

 𝑓′(𝑥) = 
0

lim
x→

sin x

x

 
 
 

. 
0

lim
x→

2

sin
2

2

x

x

 
 
 
  
 

 = 1 

4. Ans. (3) 

 𝐼 = 3 6 3 6 3 1/3( 1)(2 3 6)x x x x x+ + + + 𝑑𝑥 

 = 2 6 3 9 6 3 1/3( 1)(2 3 6 )x x x x x x+ + + + 𝑑𝑥 

 Let 2𝑥9 + 3𝑥6 + 6𝑥3 = 𝑡 

 18(𝑥8 + 𝑥5 + 𝑥2) 𝑑𝑥 = 𝑑𝑡 

 𝐼 =
1

18

4/3
1/3 1

.
18 4 /3

t
t dt = + 𝑐 = 

1

24
 (2𝑥9 + 3𝑥6 + 6𝑥3)4/3 +𝑐  

5. Ans. (1) 

 
sin .sin( )

dx

x x +   

 = 
1

sin 

sin( )

sin sin( )

x x
dx

x x

 + −

+   

 = cosec  
sin( )cos cos( )sin

sin sin( )

x x x x

x x

+ − + 

+  = cosec  cot cot( )xdx x − +
    + 𝐶 

 = cosec   [log |sin 𝑥| – log |sin (𝑥 + )|] + 𝐶  = cosec  log  
sin

sin( )

x

x + 
 + 𝐶  

6. Ans. (3) 

 (1 tan tan( ))x x dx+ +   

 = 
sin sin( ) cos cos( )

cos cos( )

x x x x

x x

+  + + 

+ =  
cos( )

cos cos( )

x x
dx

x x

+  −

+  

 = cot 
sin( )

cos cos( )

x x
dx

x x

+  −

+ = cot 
sin( )cos cos( )sin

cos cos( ) cos cos( )

x x x x
dx

x x x x

 +  + 
− 

+  + 
    
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 = cot  tan( ) tanx dx x dx + −
    = cot [ |sec( )| |sec |]n x n x+  −    

 = cot  𝑛 
cos

cos( )

x

x + 
+ 𝐶 = cot  𝑛  

sec( )

sec

x

x

 + 
 
 

+ 𝐶  

7. Ans. (3) 

  
2 2

2

cos

1

x x

x

+

+ cosec2 𝑥 𝑑𝑥 = 2

2

1
cos

1
ec xdx dx

x
−

+   

 = – cot𝑥 – tan–1𝑥 + 𝑐 = − tan −1 𝑥 − 
cos

sec

ecx

x
+ 𝑐 

8. Ans. (3) 

 𝐼 =
1

1

x

x

−

+  ×
2

1

x
𝑑𝑥  

 Put 
1

x
  = cos 2    –

2

dx

x
  = – 2 sin 2 d  

 𝐼 = 
1 cos2

1 cos2

− 

+   2 sin 2 d 

 =  24sin d  = ( )2 1 cos2 d−    = 2 – sin2 + 𝐶 = cos–1
1

x

 
 
 

 – 
2

1
1 C

x
− +  

9. Ans. (1) 

 
4 6

.
9 4

x x

x x

e e
dx

e e

−

−

+

−  = 𝐴𝑥 + 𝐵𝑛 |9𝑒2𝑥 − 4| + 𝐶 

 put  4𝑒𝑥 + 6𝑒–𝑥 = 𝑃 ( )9 4x xe e−− + 𝑄 (9𝑒𝑥 + 4𝑒–𝑥)  

  4 = 9𝑃 + 9𝑄 and 6 = 4𝑄 – 4𝑃 

 comparing, 𝑃 = – 
19

36
, 𝑄 = 

35

36
  

 𝐼 = –  
19

36
dx  +

35

36

9 4

9 4

x x

x x

e e
dx

e e

−

−

+

−  = –
19

36
.𝑥 + 

35

36
 𝑛 ( )9 4x xe e−−  + 𝐶 

 = –
19

36
𝑥 + 

35

36
 𝑛 ( )29 4xe −   –

35

36
 𝑥 + 𝐶 = 

35

36
 𝑛 ( )29 4xe −   – 

54

36
 𝑥 + 𝐶  

 =
35

36
 𝑛 ( )29 4xe −  –

3

2
 𝑥 + 𝐶  

 So 𝐴 = –
3

2
 , 𝐵 = 

35

36
 , 𝐶  𝑅  

10. Ans. (2)  

  
3sin (sin cos cos sin )

dx

x x x − 
  =

2cos

cos sin cot

ec x

x − 
 𝑑𝑥 =

2

sin 
cos sin cot x −   + 𝐶 

11. Ans. (2) 

  
cos4 1

cot tan

x

x x

+

− 𝑑𝑥 = 𝐴 cos 4𝑥 + 𝐵 

 = 
22cos 2 sin cos

cos2

x x x
dx

x = 2cos2 sin cosx x xdx = 
1

sin 4
2

xdx  = 
1 ( cos4 )

2 4

x
B

−
+  
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12. Ans. (4) 

 We known that the reduction formula of cos𝑥 is  

 𝐼𝑛 = cosn xdx  =  
–1n

n
 𝑙𝑛–2 +

1

n
𝑐𝑜𝑠𝑛–1𝑥𝑠𝑖𝑛𝑥 

  𝐼6 = 
5

6
𝐼4 + 

1

6
cos5𝑥 sin𝑥  𝐼6 =

5

6

3
2

3 1
cos sin

4 4
x x

 
 + 

 

51
cos sin

6
x x   

  𝐼6 =
5

8
𝐼2 +

5

24
cos3𝑥 sin𝑥+

1

6
cos5 sin𝑥  

 𝐼6 =
5

8

1 1
cos sin

2 2
x x x

 
+ 

 
+ 35 1

cos sin
24 6

x x x + cos5𝑥 sin𝑥 + 𝐶 

  𝐼6 =
5

16
 cos sinx x x+   + 35 1

cos sin
24 6

x x + cos5𝑥 sin𝑥 + 𝐶  

13. Ans. (2) 

 𝐼 = 
11 8

1

(tan ) (cos )
dx

x x  = –11/2 4(tan ) secx xdx   

 =  11/2 2 2(tan ) (1 tan )secx x xdx− +  

 put tan𝑥 = 𝑡 sec2 𝑥𝑑𝑥 = 𝑑𝑡 

 𝐼 = 11/2 7/2( )t t dt− −+  

 =  9/2 5/22 2

9 5
t t C− −− −

+ +  = 9/2 5/22 2
(tan ) (tan )

9 5
x x C− −− −

+ +  𝐴 = 
1

9
, 𝐵 =

1

5
 

14. Ans. (3) 

  
( 1) –2

dx

x x+
  

 let 𝑥 − 2 = 𝑡2  

 𝑑𝑥 = 2𝑡𝑑𝑡 

  
2

2

( 3)

t dt

t t+ =  
2

3
tan–1

3

t
 + 𝐶 

 = 
2

3
 tan–1 

–2

3

x 
  
 

+ 𝐶. 

15. Ans. (4) 

 
5 3/4

4

1

1
(1 )x

x
+

 𝑑𝑥    

 Let 
4

1
1 t

x
+ =    

5

4
dx dt

x
− =    =  – 

3/4

1

4

dt

t =  –
1

4
.

1/4

1/ 4

t
c+   =  – 

1/4

4

1
1

x

 
+ 

 
 + 𝑐 

16. Ans. (3) 

  
( )

7

7

1

1

x

x x

−

+
 𝑑𝑥 = 

7 7

7

(1 ) 2

(1 )

x x
dx

x x

+ −

+  =
6

7

1
2

(1 )

x
dx dx

x x
−

+   = 𝑛 |𝑥| −
2

7
𝑛 |1 + 𝑥7| + 𝑐 
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17. Ans. (1) 

 Put 1 – 𝑥3 = 𝑡2  – 3𝑥2 𝑑𝑥 = 2𝑡 𝑑𝑡 

 𝐼 = 
2

3 3 31– 1–

dx x dx

x x x x
=  = – 

2 2

1 2 2
–

3 3(1– ). 1–

tdt dt

t t t
=   = 

2

2

3 1

dt

t −  

 = 
2.1 1–

3.2 1

t
n

t+
 = 

3

3

1 1– –1

3 1– 1

x
n c

x
+

+
 

18. Ans. (1) 

 𝐼 = 
2

1

1

x

x

e

e

−

−
  𝑑𝑥  

 = 
2 21 1

x x

x x x

e e
dx dx

e e e
−

− −
   

 put 𝑒𝑥 = 𝑡  𝑒𝑥 𝑑𝑥 = 𝑑𝑡 

  𝐼 = 
2 21 1

dt dt

t t t
−

− −
   

 = 𝑛 2 1t t+ −  – sec–1(𝑡) + 𝐶,   where 𝑡 = 𝑒𝑥   

19. Ans. (3) 

 𝐼 = 
( )xe x x

dx
x

+
  

 put x  =  𝑡   
1

dx
x

 = 2 𝑑𝑡  

  𝐼 = 2 ( )2te t t dt+   = 2 2. 2 . .t t te t t e dt e t dt − +
   = 2 2. .t te t t e dt −

    = 2 2. .t t te t t e e − +  + 𝐶 

 = 2𝑒𝑡 2 1t t − +   + 𝐶 = 2 xe  [𝑥 – x  + 1] + 𝐶   

20. Ans. (4) 

 𝐹(𝑥) = 
1sin

2
1

1

x x
e

x

−  
− 

− 
 𝑑𝑥  

 = 
1sin 2

2 2

1
1

1 1

x x
e x

x x

−  −
− + 

− − 
 𝑑𝑥  

 put sin–1𝑥 = 𝑡  
21

dx

x−
= 𝑑𝑡 

  𝐹(𝑥) =  ( )21 sin sinte t t dt− −  = et cos 𝑡 + 𝐶 = 
1sin 21xe x

−

−  + 𝐶 

 1 = 𝐹(0)  𝐶 = 0 

 Hence, 𝐹(1/2) = 𝑒/6. 
3

2
 = 

3k


  𝑒/6   (given)   𝑘 =

2


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SECTION-B 

1. Ans. (1) 

 𝑓(𝑥) = 
3

2sin sin2x x

x

−
  𝑑𝑥 

 𝑓′(𝑥) = 
3

2sin sin2x x

x

−
   = 

2sin x

x
. 

2

1 cos x

x

−
 =

sin
2

x

x

 
 
 

 . 

2

2

2sin
2

4
4

x

x


 = 
2 2

4

 sin x

x

 
 
 

.

2

sin
2

2

x

x

 
 
 
  
 

  

 
0

lim
x→

𝑓′(𝑥)  = 
0

lim
x→

sin x

x

 
 
 

. 
0

lim
x→

2

sin
2

2

x

x

 
 
 
  
 

 = 1  

2. Ans. (3)       

 4 4sin cosx x dx   =  
1

16
 4sin 2x dx = 

1

16

2
1 cos4

2

x− 
 
 

 𝑑𝑥 = 
1

64
( )21 cos 4 2cos4x x dx+ −  

 = 
1

64
 dx – 

1

32
cos4x dx  + 

1

64

1 cos8

2

x+ 
 
 

 𝑑𝑥 

 = 
64

x
 –  

sin4

128

x
 +  

1

64
 × 

2

x
 + 

1

128

sin8

8

x
 + 𝐶  

 = 
3

128
𝑥 – 

1

128
 sin 4𝑥 + 

sin 8

128 8

x


+ 𝐶 

 = 
1

128

sin8
3 sin 4

8

x
x x

 
− + 

 
 + 𝐶  

3. Ans. (12) 

 𝑓(𝑥) = 
3 2

9

x
dx

x

+

−
  

 put 𝑥 – 9 = 𝑡2  

 = 2 2(29 3 )t dt+  

 𝑓(𝑥) = 2(29 9x − + (𝑥 – 9)3/2) + C 

 𝑓(10) = 60  𝐶 = 0 

 𝑓(𝑥) = 2(29 9x − + (𝑥 – 9)3/2)  

 𝑓(13) = 132  sum of digits = 6 

 2(sum of digits) = 12 

4. Ans. (10)  

 𝐼 =
2

6

4 x

x

+
  𝑑𝑥  

 Put 𝑥 = 2 tan    𝑑𝑥 = 2 sec2  𝑑  

  𝐼 =  
2

6 6

2sec .2sec

2 tan

d  

  = 
4

1

2

3

6

cos

sin

d 

  

 = 
4

1

2

2

6

1 sin

sin

 − 
 

 
    cos  𝑑 
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 put sin  = 𝑡  cos  𝑑 = 𝑑𝑡  

 =
4

1

2 6

dt

t   –
4

1
dt

t    = 
1

16 3 5

1 1

3 5t t

 
− 

 
 + 𝐶  = 

1

16

2

5

5sin 3

15sin

 −
 

 
 + 𝐶 

 but  tan  = 
2

x
 

 So sin  =
24

x

x+
 

 = 
1

16

( )

2

2

5

5/2
2

5
3

4
15

4

x

x

x

x

 
 

− +
 
 
 +
 

 + 𝐶  = 
1

16

( ) ( )
3/2

2 2

5

2 12 4

15

x x

x

 − +
 
 
 

 + 𝐶 = 
1

120

( ) ( )
3/2

2 2

5

4 6x x

x

 + −
 
 
 

 + 𝐶 

5. Ans. (5)  

 𝐼 =
3 3

x

a x− 𝑑𝑥 

 put 𝑥3 = 𝑎3 sin2   

  𝑥 = 𝑎 sin2/3   𝑑𝑥 = 𝑎 × 
2

3 1/3

cos

sin




 𝑑 

  𝐼 = 
( )

2/3

3 2

sin

1 sin

a

a



− 
  × 

2

3

a
1/3

cos

sin

 
 

 
𝑑  =  

1/3sin

cosa



  × 
2

3

a
 

1/3

cos

sin




𝑑  =

2

3
 + 𝐶   

 = 
2

3
 sin–1 

3/2
x

a

  
     

+ 𝐶  

6. Ans. (2)   

 𝐼 = 
2 2 31 (1 )

x dx

x x+ + +
  

 Put 1 + 𝑥2 = 𝑡2 ,  then 2𝑥 𝑑𝑥 = 2𝑡 𝑑𝑡  

  𝐼 =  
2 3

t dt

t t+
  = 

1

dt

t+
  = 2 1 t+ = 22 1 1 x+ +  + 𝐶 

7. Ans. (2) 

 
3

sin

2

cos sin
.

cos
x x x x

e
x

−
𝑑𝑥 = sin ( cos tan sec )xe x x x x dx−    = sin sin. cos tan secx xe x x dx e x xdx−   

 (by parts integration) 

 =  sin sin sin sin1. [ sec cos .sec ]x x x xxe e dx e x e x xdx C− − − +   

 =  sin ( sec )xe x x C− +  

  𝑓(𝑥)  =  𝑥 –  𝑠𝑒𝑐 𝑥  

 2
3 3

f
  

= − 
 
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8. Ans. (16) 

 𝑔(𝑥) = 
2

1 2cos

(cos 2)

x
dx

x

+

+ ; 𝑔(𝑥) = 
2

2

cos (cos 2) sin

(cos 2)

x x x
dx

x

+ +

+  

 𝑔(𝑥) =  
2

2

1 sin
cos .

(cos 2) (cos 2)

x
x dx dx

x x
+

+ +   

 = 
2

2 2

1 ( sin ) sin
.sin .sin

(cos 2) (cos 2) (cos 2)

x x
x xdx dx

x x x

−
− − +

+ + +   

 𝑔(𝑥) = 
sin

(cos 2)

x
C

x
+

+
 

 𝑔(0) = 0  𝐶 = 0   

 𝑔(𝑥)  = 
sin

cos 2

x

x +
 

 
1

2 2
g

 
= 

 
 ; 32 16

2
g

 
= 

 
 

9. Ans. (12) 

 𝑓𝑜𝑔(𝑥)  = 1xe −  

 ( )fog x dx  = 1xe dx−  put 𝑒𝑥 − 1 = 𝑡2  

 =  
2

2

2

1

t
dt

t+  = 2𝑡 – 2tan–1𝑡 + 𝐶 = 12 1 2tan 1x xe e C−− − − +  

 𝐴3 + 𝐵2 = 23 + (–2)2 = 12 

10. Ans. (11) 

 𝐼 =  2

2 sin 2 cos

6 cos 4 sin

 − 

−  − 
 𝑑   

 =   2

(4 sin 1) cos

6 (1 sin ) 4 sin
d

 − 


− −  − 
 

 put sin  = 𝑡   cos  𝑑 = 𝑑𝑡 

  𝐼 =  2

(4 1)

5 4

t dt

t t

−

+ −
 = 2  2

(2 4) 7 /2

4 5

t
dt

t t

− +

− +
 =  2 [𝑛|𝑡2 – 4𝑡 + 5|] + 7 

2 2

1

( 2) (1)
dt

t − +
 

 =  2 [𝑛|𝑡2 – 4𝑡 + 5|] + 7 tan–1 
2

1

t
C

− 
+ 

 
 = 2 𝑛 2sin 4 sin 5− +  + 7 tan −1(sin− 2) + 𝐶 

 

JEE (Advanced) Practice Paper 
 

1. Ans. (A) 

 
sin( )cos( )

dx

x a x b− −  

 =   
1

cos( )b a−
 

cos(( ) ( ))

sin( )cos( )

x a x b
dx

x a x b

− − −

− −  

 = 
1

cos( )b a−

cos( )cos( ) sin( )sin( )

sin( )cos( ) sin( )cos( )

x a x b x a x b
dx

x a x b x a x b

 − − − −
+ 

− − − − 
  
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 =  
1

cos( )b a−
cot( ) tan( )x a dx x b dx − + −

    

 = 
1

cos( )a b−
  [𝑛 |sin(𝑥 − 𝑎)| – 𝑛 |cos (𝑥 – 𝑏)|] + 𝐶  = 

1

cos( )a b−
 𝑛 

sin( )

cos( )

x a

x b

−

−
 + 𝐶  

2. Ans. (C) 

 𝐼 = 
2 2

2 2

a x
x dx

a x

−

+  

 Put 𝑥2 = 𝑎2 cos 2   2𝑥 𝑑𝑥 = – 2𝑎2 sin 2  𝑑 

  𝐼 =
1 cos2

1 cos2

− 

+    (– 𝑎2 sin2) 𝑑  = –𝑎2 
sin

cos



  × 2 sin  cos  𝑑 

 = –𝑎2 ( )1 cos2 d−     = –𝑎2 + 
2 sin2

2

a 
 + 𝐶1 = 

2

2

a 4

4
1

x

a
−  –

2

2

a
 cos–1

2

2

x

a

 
 
 

 + 𝐶1  

 = 
1

2
4 4a x−  +

2

2

a
 sin–1

2

2

x

a

 
 
 

 + 𝐶  

3. Ans. (A) 

 𝐼 = 3 5 1/4

1

[( 1) ( 2) ]x x− + 𝑑𝑥 

 = 
3/4

2

1

1
( 2)

2

x
x

x

− 
+ 

+ 

 𝑑𝑥  

 put 
1

2

x
t

x

−
=

+
 ⇒ 2

3

( 2)x +
𝑑𝑥 = 𝑑𝑡  

  𝐼 = 3/41 1

3 3
t dt− =  

1/4

(1 / 4)

t
+ 𝐶 = 

4

3
 

1/4
1

2

x

x

− 
 

+ 
 + 𝐶 

4. Ans. (A) 

 𝐼 = –1sin
x

a x+ 𝑑𝑥 

  Put 𝑥 = 𝑎 tan2  𝑑𝑥 = 2𝑎 tan  sec2 𝑑  

  𝐼 = 
2

–1

2

tan
sin

sec

a

a



  × 2𝑎 tan sec2 𝑑   

= 2𝑎 2tan sec d     = 2𝑎 2 2[ tan sec – (1 tan sec ) ]d d d           

 = 2𝑎 
2

2sec 1
– sec

2 2
d

 
   

 
    

 = 𝑎 [ tan2 – tan + ] + 𝐶 = 𝑎 –1 –1tan – tan
x x x x

a a a a

 
+ 

  

+ 𝐶 

 = (𝑎 + 𝑥) tan–1 
x

a
  – ax + 𝐶 
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5. Ans. (A) 

 𝐼 = n n( )( ( ))x xnx
x n x dx

x
2

 

 put 𝑥nx = 𝑡  n2
( )xnx
x dt

x
=  

 𝐼 = ntdt  = 𝑡𝑛𝑡 − 𝑡 + 𝐶 = 𝑥nx(𝑛𝑥)2 – 𝑥nx + 𝐶    

6. Ans. (D) 

 𝐼 = ( )tan sec sine d −   = tan 2

2

sec sin
sec

sec
e d  −  

  
 

   

 𝐼 = tan

2

1 sin

sec sec
e   

− 
  

  sec2  𝑑  = 
( )

tan

3/22 2

1 tan

1 tan 1 tan
e 

 
 −

 +  + 
 

  sec2 𝑑   

 = 𝑒tan  .  
2

1

1 tan+ 
 = 𝑒tan . cos  + 𝐶  

7. Ans. (A) 

 ln(1 sin ) tan
4 2

x
x x dx

  
+ + −  

  
 =  (1 sin ) tan

4 2

x
n x dx x dx

 
+ + − 

 
   

 =  𝑥.𝑛(1+sin𝑥) – 
1

cos . tan
1 sin 4 2

x
x x dx x dx

x

 
+ − 

+  
   

 =  𝑥.𝑛 (1+sin𝑥) – 

2 2

2

cos sin
2 2 . tan

4 2
cos sin

2 2

x x

x
xdx x dx

x x

−
 

+ − 
  

+ 
 

   =  𝑥 𝑛 (1 + sin𝑥) + 𝐶    

8. Ans. (A) 

 
2

2

( 1 )
.

1

n x x
x

x

+ +

+
 𝑑𝑥 

 𝐼 = 2( 1 )n x x+ +  . 
21

x

x+
𝑑𝑥 

 = 21 x+  2( 1 )n x x+ + – 2

2

1
. 1

1
x dx

x
+

+
  (using integration by parts) 

 = 21 x+
2( 1 )n x x+ + −𝑥 + 𝐶 

 Alternate: 

 Let 𝑥 + 21 x+  = 𝑒𝑡   then 21 x+ −𝑥 = 𝑒–𝑡    

 
21

dx

x+
= 𝑑𝑡 

 𝐼 =  x t dt  =  
( )

2

t te e t dt−−
  =  

1

2
 𝑡(𝑒𝑡 + 𝑒–𝑡) – 

1

2
(𝑒𝑡 − 𝑒–𝑡) + 𝐶 

 = 21 x+  𝑛 (𝑥 + 21 x+  )−𝑥 + 𝐶.   
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9. Ans. (A,C) 

 
1

1

x
f x

x

− 
= 

+ 
  𝑓(𝑥) = 

1

1

x

x

−

+
 

 𝑔(𝑥) = ( )f x dx  = 
1

1

x
dx

x

−

+   

 𝑔(𝑥) = −𝑥 + 2𝑛|1 + 𝑥| + 𝑐 ; 
2

( ) 2 ( 1) 2 2 ( 1)
2

x
g x dx x n x x n x c= − + + − + + +    

 𝑔′(𝑥) = 
1

1

x

x

−

+
 

 lim
x→

𝑔′(𝑥) =– 1 

10. Ans. (B,D) 

 𝐼 =
2

1

1

1

x
n

x

x

− 
 

+ 

−  𝑑𝑥   

 put 𝑛 
1

1

x

x

− 
 

+ 
 = 𝑡  

2

2

1x −
𝑑𝑥 = 𝑑𝑡  

  𝐼 = 
2

dt
t  = 

2

4

t
+ 𝐶 

 = log2 
1

1

x

x

− 
 

+ 
+ 𝐶 = 

1

4
log2 

1

1

x

x

+ 
 

− 
+ 𝐶  

11. Ans (B,C) 

 𝐼 = 
3

2

cos

sin sin

x
dx

x x+  = 
2cos . (1 sin )

sin (1 sin )

x x
dx

x x

−

+  

 Put sin 𝑥 = 𝑡, then cos𝑥 𝑑𝑥 = 𝑑𝑡   

  𝐼 = 
(1 )(1 )

(1 )

t t dt

t t

− +

+   = 𝑛 | 𝑡 | – 𝑡 + 𝐶 = 𝑛 |sin 𝑥| – sin𝑥 + 𝐶 

12. Ans. (A,C) 

 𝐼 = 
2 2

( 1)

2 2 1

x dx

x x x

−

− +
   = 

3

2

( 1)

2 1
2

x dx

x
x x

−

− +

    

 Put  2 – 
2

x
 +  

2

1

x
= 𝑡2 , then 

3

1x

x

− 
 
 

 𝑑𝑥 = 𝑡 𝑑𝑡  

  𝐼 =  
t dt

t  = 𝑡 + 𝐶 = 
2

2 1
2

x x
− +  + 𝐶 = 

22 2 1x x

x

− +
 + 𝐶 

 So 𝑓(𝑥) = 22 2 1x x− +  and 𝑔(𝑥) = 𝑥 

13. Ans. (A,B) 

  sin–1 x + cos–1 x  = 
2


 

  𝐼 = 
2


12cos

2
x dx− 

− 
 
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 = 𝑥 – 
4



1cos x−

 𝑑𝑥 = 𝑥 − 
4



1 1 1
cos . . .

1 2
x x x dx

x x

− −
−

−
  

 = 𝑥 –
4x


 cos–1 x  – 

2


 

1

x

x−
 𝑑𝑥 

 = 𝑥 – 
4x


 cos–1 x  –

2


 (sin–1 x  – x 1 x− ) + 𝐶 

14. Ans. (A,B,C) 

 𝐼 = 
( )

3 22 2

1

1 1

x x
e

x x

 
 −
 + +
 

 𝑑𝑥   

     

 𝐼 =  ( ) ( )( ' )xe f x f x dx+  = 𝑓(𝑥)𝑒𝑥 + 𝐶 

 𝐼 = 𝑒𝑥. 
2

1

1 x+
+ 𝐶 

 𝑓(𝑥) = 
2

1

1 x+
 

15. Ans. (A) 

 Let 𝑃 = sin3𝑥 cos3𝑥 

 
dp

dx
= 3 sin2𝑥 cos4𝑥 – 3 sin4𝑥 cos2𝑥 = 3 sin2𝑥 (1 – sin2𝑥) cos2𝑥 – 3 sin4𝑥 cos2𝑥 

 = 3 sin2𝑥 cos2𝑥 – 6 sin4𝑥 cos2𝑥 

  𝑃 = 3 𝐼2, 2 – 6 𝐼4, 2 

  𝐼4,2 = 
1

6
 (– 𝑃 + 3 𝐼2,2) 

16. Ans. (A) 

 Let 𝑃 = sin5𝑥 cos3𝑥 

  
dp

dx
 = 5 sin4𝑥 cos4𝑥 – 3 sin6𝑥 cos2𝑥 

 = 5 sin4𝑥 (1 – sin2𝑥) cos2𝑥 – 3 sin6𝑥 cos2𝑥 = 5 sin4𝑥 cos2𝑥 – 8sin6𝑥 cos2𝑥 

  𝑃 = 5 𝐼4, 2 – 8𝐼6, 2 

  𝐼4, 2 = 
1

5
 (𝑃 + 8𝐼6, 2) 

17. Ans. (B) 

 Let 𝑃 = sin5𝑥 cos3𝑥 

  
dp

dx
 = 5 sin4𝑥 cos4𝑥 – 3 sin6𝑥 cos2𝑥 

 = 5 sin4𝑥 cos4𝑥 – 3 sin4𝑥 (1 – cos2𝑥) cos2𝑥 

 = 8 sin4𝑥 cos4𝑥 – 3sin4𝑥 cos2𝑥 

  𝑃 = 8 𝐼4, 4 – 3 𝐼4, 2 

  𝐼4, 2 = 
1

3
 (–𝑃 + 8 𝐼4, 4) 



Indefinite Integration   

www.allen.in    [ 167 ] 

18. Ans. (13) 

 
2

4 2

( 1)

1

x
dx

x x

−
 =

+ +   =  
2

4 2 4 2

1 2

1 1

x x
dx dx

x x x x

+
−

+ + + +    = 𝐼1  – 𝐼2 

 Now 𝐼1  = 
2

2

1
1

1
3

x dx

x
x

+

 
− + 

 

  

 put 𝑥 –
1

x
 = t  

2

1
1 dx dt

x

 
+ = 

 
 

  𝐼1  = 2

1

3 3

dt

t
=

+   tan–1
1

1

3

x
x C

 
− 

+ 
  
 

  

 Also 𝐼2 = 
4 2

2

1

x
dx

x x+ +  

 Put 𝑥2 = 𝑡   2𝑥 𝑑𝑥 =  𝑑𝑡 

  𝐼2 =  
2 221 1 3

2 2

dt dt

t t
t

=
+ +   

+ +        

    =
2

–1
2

2 2 1
tan

3 3

x
C

 +
+ 

 
 

    
2

4 2

( 1)

1

x

x x

−

+ +
𝑑𝑥 = 

1

3
 tan −1

2 1

3

x

x

 −
  
 

  − 
2

3
 tan −1 

22 1

3

x +
 
 

 + 𝑐 

19. Ans. (1) 

 
( )2 2sin

1 cos

1 x

x x

x x e

+

−
 𝑑𝑥      

 Put 𝑥𝑒𝑠𝑖𝑛𝑥  = 𝑡   (𝑥𝑒𝑠𝑖𝑛𝑥 . 𝑐𝑜𝑠𝑥 +  𝑒𝑠𝑖𝑛𝑥) 𝑑𝑥 = 𝑑𝑡   𝑒𝑠𝑖𝑛𝑥(𝑥𝑐𝑜𝑠𝑥 + 1)𝑑𝑥 = 𝑑𝑡 

  𝐼 =  2(1 )

dt

t t−  =  
1

(1 )(1 )
dt

t t t− +  

 Let 
1

(1 )(1 )t t t− +
 = 

(1 ) 1

A B C

t t t
+ +

− +
 

 1 = 𝐴(1 –  𝑡)(1 +  𝑡)  +  𝐵(𝑡) (1 + 𝑡)  +  𝐶(𝑡)(1 –  𝑡) 

 put 𝑡 = 0  𝐴 = 1 

 Put 𝑡 = 1  𝐵 = 1/2 

 Put 𝑡 = –1   𝐶 = –1/2 

  𝐼 = 
1 1 1

2(1 ) 2(1 )
dt

t t t

 
+ − 

− + 
    =  𝑛 |𝑡| –

1

2
𝑛 |1–𝑡| –

1

2
𝑛 |1 + 𝑡| + 𝐶   

   = 𝑛 |𝑥 𝑒𝑠𝑖𝑛𝑥| –
1

2
log |1– 𝑥2 𝑒2 sinx| + 𝐶 =𝑛 

2 2sin

2 2sin1

x

x

x e
C

x e
+

−
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20. Ans. (2) 

 
4

2 2

1

( 1)

x

x x

+

+  𝑑𝑥 = 𝐴 𝑛 |𝑥| + 
21

B

x+
 + 𝐶 

 
4

2 2

1

( 1)

x
dx

x x

+

+  = 
2 2 2

2 2

( 1) 2

( 1)

x x
dx

x x

+ −

+   = 
1

x  𝑑𝑥 – 2 2

2

( 1)

x
dx

x +  = 𝑛 |𝑥| + 
2

1

1 x+
 + 𝐶 

21. Ans. (1) 

 𝐼 =  4

1

1 sin x−
𝑑𝑥 = 

4

4 4

sec

sec – tan

x
dx

x x  =  
2 2

2 2

sec . sec

sec tan

x x dx

x x+  

 = 
2 2

2

(1 tan ) sec

2tan 1

x x dx

x

+

+  

 put tan 𝑥 = 𝑡  sec2𝑥 𝑑𝑥 =  𝑑𝑡  

  𝐼 =  
2

2

1 2 2

2 2 1

t
dt

t

+

+  = 
2

1 1

2 2 1
dt dt

t

 
+ + 

   = 
11 1

tan ( 2 )
2 2 2

t t C−+ +  

 = 
11 1

tan tan ( 2 tan )
2 2 2

x x C−+ +  

22. Ans. (11) 

 𝐼 = 
3 5

2 4

cos cos

sin sin

x x
dx

x x

+

+  = 
2 4

2 2

(2 3sin sin )cos

sin (1 sin )

x x x
dx

x x

− +

+  

 Let 𝑠𝑖𝑛𝑥 =  𝑡 

 𝐼 = 
2 4

2 4 2 2

2 3 2 6
1

1

t t
dt

t t t t

− +  
= + − 

+ + 
   = 

2
t

t
−  – 6 tan–1(𝑡) + 𝑐 = sin𝑥 –  

2

sin x
 – 6tan–1 (sin𝑥) + 𝐶 

23. Ans. (10) 

 𝐼 = 
3 5sin cos

dx

x x
   = 

4

3 8 3

sec

tan cos tan

dx x dx

x x x
=   

 =  
2 2

3

(1 tan ) sec

tan

x x

x

+
 𝑑𝑥 

 Let tan𝑥 = 𝑡2/3  ⇒  sec2𝑥 𝑑𝑥 = 1/32

3
t dt−  

  𝐼 = 
4/3

1/3(1 ) 2

3

t
t dt

t

−+
   =  4/3 4/32

(1 ) .
3

t t dt−+  = 4/32
( 1)

3
t dt− +  =  

1/32

3 ( 1/3)

t
t C

− 
+ + 

− 
 

 = 1/3 2
2

3
t t C−− + +    = 3/22

2 cot tan
3

x x C− + +       𝑎 = –2, 𝑏 = 2/3  


