Hyperbola

General Equation of Hyperbola:
In the previous chapter, we have learned that hyperbola is one of the conic sections.
Let (o, B) be the focus S, and £x + my + n = 0 is the equation of directrix.

Let P(x,y) be any point on the hyperbola. Then by definition.

P(x.y)
M4
S
Directrix
2
Eze = SP = e.PM (e is the eccentricity) = (x - @)% + (v - B)? = e? w
PM (7 +m?)

= (#*+m*) {(x-a)* + (y - )%} = e*{x + my + n}?

This simplifies to ax? + 2hxy + by? + 2gx + 2fy+c =0
inwhich A # 0,h? > ab. (A =abc + 2fgh- af?- bg? - ch?)
Illustration 1:

Find the equation of a hyperbola whose focus is (1, 2) eccentricity is v/3 and the directrix 2x + 3y = 0.

Solution:
Let P(x, y) be any point on the hyperbola
Whose focus is S(1, 2) and the directrixis 2x + 3y =0 P(x,)
PM is perpendicular from P(x, y) on the directrix 2x + 3y =0 M
Then by definition SP = e. PM
2
— (SP)2 = e2(PM)2 = (x- 1)% + (y - 2)? = 3{2’Ey} . S

= 13(x? + y?-2x -4y + 5) = 3(4x% + 9y? + 12xy)
= x? -14y? -36xy -26x -52y + 65 =0

which is the required equation of the hyperbola.
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Two Standard Hyperbola:

Standard Equation and Definitions:

2 2

Standard equation of the hyperbola is X—2—§ =1, where b? = a? (e? — 1)
a

ora’e

(a)
(b)

(©)
(d)
()
(i)

(iii)
(e) (0

(i)

(0

]

0 " 2
2 = g2 4+ b2ie e = 1 + b_z: 1+ Length of Conjugate AXI.S
a Length of Transverse Axis
Ll. / y
Be(0,0) L
AR - x
s Ja| o
B'$(0,—b
L,1 ’ v v <
Foci:S = (ae,0)&S' = (—ae, 0).
. . . a a
Equations of directrices: x = — & x = ——.
e e

Vertices: A = (a,0) & A"’ = (—a,0).
Latus rectum:
Equation:x = t ae

2b?  (Length of conjugate Axis)

Length=—=
a  (Length of Transverse Axis)

=2a(e?—1)=2e

(distance from focus to directrix)

b? —b? b? —b?
Ends: [ae,—J,[ae,—j;(—ae,—].(—ae,—]
a a a a

Transverse Axis :

The line segment A’A of length 2a in which the foci S’ & S both lie is called the Transverse Axis of
the Hyperbola.

Conjugate Axis:

The line segment B'B between the two points B’ = (0, — b) & B = (0, b) is called as the Conjugate
Axis of the Hyperbola.

The Transverse Axis & the Conjugate Axis of the hyperbola are together called the Principal axes of
the hyperbola.

Focal Property:

The difference of the focal distances of any point on the hyperbola is constant and equal to

transverse axis i.e. | |P S| - |P S'| | = 2a. The distance SS’ = focal length.

Focal distance :

Distance of any point P(x,y) on Hyperbola from foci PS = ex- a & PS’ = ex + a.
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Another Standard Hyperbola: y
2 2
b \ /
=1
b a? L > L
1
Conjugate axis = AA" = 2a \/
Transverse axis = BB' = 2b . (0,0)| B R
~ D 7
b (e 1) e = 1+a—2 A(e—a,O) Ae(a,O)
b? 0 x
b 2 >
Foci: (0, +be) SS' = 2be Equation of directrix y = + P (0,—b)|B’
2
Latus rectum LL' = L,L," = 2% equation of latus rectumy = +be L P\ L'
s’ \
Illustration 2:
oy \
Find all parameters of hyperbola ——=—=1.
9 16
Solution:
2 16
a = 3,b =4, e=,/1+b—2 = /1+£=§ (0,44 p (5,3—>
a 9 3
Foci: (£ ae,0),(£5,0) 7,
Vertices : (+ a,0), (£3,0)
2 - - 0J0 A 5,0
Latus rectum = &ZQ 5030 o (010) A 30) (5.0)
a 3 Xz — x=+=
a 9 5 5
Directrix: Xx=+*—=%— 16
e 5 (0,- 4) <5, 3>

Illustration 3:
Find all parameters of hyperbola 3x? — 6y? = —18.

Solution:
%
(/3.0) .
(-/6,0) (/6,0)
(7~/§1 O) y B
XXy .
< 3 =-1, Conjugate hyperbola
a’? =6,b% =3,

Transverse Axis = 2b:2\/§ ,
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Conjugate Axis = ZJg

2
e= 1+;—2 :\/§

Foci: (0, £he) = (0,13)
Vertices: (0,+b) = (0,+V3)

2

Latus Rectum = 2%=4\/§

Directrix: yzig = y=%1.
e

Shifted Hyperbola:

In case the centre of the hyperbola is (o, B) and axes parallel to coordinate axes then its equation can be
2

(x-a)f (Y=B) _

@ -

b? !

taken as

1]/
=\

Note: In case the transverse and conjugate axes of the hyperbola are parallel to y and x axis respectively

(x=a) (y-B) _
a’ b?

then the equation of hyperbola becomes -1.

Illustration 4:

Find the equation of hyperbola whose centre is (1, 0); focus is (6, 0) and transverse axis 6.
Solution:

Equation of hyperbola with centre (1, 0)

(x-1° y*
a’ a*(e’*-1)

(1)

Givena = 3andae = 5hence e =g (1,0 (6,0)

.. equation (1) becomes
=17y L =1y

9 25 V9 16
9[9_1j

Illustration 5:

Find the equation of hyperbola whose centre is (- 3, 2), one vertex is (- 3, 4) and eccentricity is 5/2.
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Solution:
(x+3)° (y-2)
z 7 =-1
a b
(as the line joining centre to the vertex is parallel to y-axis)
now b = 2 (distance between centre and vertex)

focus =be = 2 - g=5

Equation of hyperbola is

Also a? = b?(e?-1) = 4[%—1) =21

o (x+3) (y-2) _q
21 4
4(x + 3)2-21(y- 2)? =- 84
4x%- 21y% + 24x + 84y + 36 = 0.

Conjugate Hyperbola:

A(=3,4)

c(-3,2)

1IN

Corresponding to every hyperbola there exist a hyperbola such that, the conjugate axis and transverse axis
of one is equal to the transverse axis and conjugate axis of other, such hyperbolas are known as conjugate

to each other.

XZ y2

Hence for the hyperbola, 7 o =1 (1)
. . Xty

the conjugate hyperbola is, poiaies =-1 -(2)

. _ . . . 1 1
if e; and e, are the eccentricities of a hyperbola and its conjugate respectively, then —+—=1

Proof:
2 2 2
For hyperbola e/ =1+ % = %
2 2 2
For conjugate hyperbola = € = 1+Z_2 _a btb
iz + iz =1
el eZ

> x
F(ae,,0)

Conjugate
Hyperbola

1 2

www.allen.in

[231]



ALLEN JEE (Main + Advanced) : Mathematics

Note: The foci of a hyperbola and its conjugate are concyclic and form the vertices of a square.
Proof:
All the four sides of the quadrilateral F; F3F, F, obviously are equal with their diagonals at right angles = a
rhombus. Now to prove that F; F5F, F, is a square it is sufficient to prove that,
ae; = beyor a’e’ =b’e; =a’(e’ —1)e; or € =e’e’ —€’
or € +e =e’e’ or lz+12:1 which is True
1 &
Hence ae; = be, = F;F;F,F, is a square.
Illustration 6:
The eccentricity of the conjugate hyperbola to the hyperbola x2-3y? = 1 is-
(A) 2 (B) 2/V/3 (C) 4 (D) 4/3
Solution:

Equation of the conjugate hyperbola to the hyperbola x% - 3y? = 1 is

Herea? = 1,b% = 1/3

~. Eccentricity e = y/1+a° /b* =4/1+3=2.

Position of a Point 'P’ w.r.t. a Hyperbola:

XZ y2
Consider the hyperbola Z bt =1
X 2 y 2
The quantity #z—b—lzzl is positive, zero or negative according as the point (x4, y;) lies within, upon or
a

without the curve.

Explanation: (x4, y,) lies on the hyperbola

:—z—g—gzl = (2—12—1le =Y, (\(/)VI;E}SliC()ilft) P(x,y,)

Now if P(x;,y,) lies outside then Y. >V, /‘/Q(xl'yz)

y; >(Z_12_1jb2 = g—§>:—1z—1 or :—12—;/—;2—1<0 (Iwnisti}?;) (O’OC) q (‘I/\r/listihdii)
Note: S; > 0 Inside On

S; = 00n
S, < 0 Outside

Illustration 7:

Find the position of the point (2, 4) relative to the hyperbola 3x? - 5y = 15.
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Solution:

Here, x; =2andy; = 4
S; = 3(2)?2-5(4)?-15=-83 <0
Hence the point lies outside the hyperbola.
Illustration 8:
Find the position of the point (- 1, 2) relative to the hyperbola (x - 1)? - 2(y + 1)? = 1.
Solution:
Here, x; =-1landy;, = 2
S =(-1-1?%-22+1)?%-1=-15<0
Hence the point lies outside the hyperbola.

Auxiliary Circle/Eccentric Angle/Parametric Coordinates:

Definition:
2 2
Circle described on the transverse axis as diameter is called the auxiliary circle of the hyperbola X—Z _E)/_Z =1
a
A
Q P(asecH, btanf)
0 N .
(—a,o)j 01(0,0) @) >
has the equation x* + y* = a? (i)

Corresponding Points:

Perpendicular drawn from the point P on the hyperbola, to the transverse axis meet it at the point N then
tangent drawn from the point N to auxiliary circle, touches it at Q then @ is known as corresponding point.
From the above figure P & Q are corresponding points of each other.

Eccentric Angle of Point P:

Angle made by radius vector through Q (corresponding point of P) with transverse axis is eccentric angle

of point'P’. ZQON =60 # £PON 0 < 6 < 2m, 0 qt{g 3775}

Parametric Coordinates of Any Point P:
If Q=(acos6,asin0)

%zsece =ON =asecO
0oQ

2 2 2
a sezc 0 —#zl =y = btan6
a

Hence P=(asec6,btan0)

Put in hyperbola:

P and Q are corresponding points.
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Note:
2 2

The equation x = a secf & y = b tanf together represents the hyperbola X—2—§:1, where 0 is a
a

parameter. If 6 e[O,gj, (x— +,y— +) then P lies on right upper branch; if 0 ¢ (g,nJ (x> -,y— -) then

P lies on left lower branch; if 0 e [n,?)?nj (x— -, y— +) then P lies on left upper branch and if 6 € [%,an ,

(x— +,y— -) then P lies on right lower branch.

Illustration 9:
2 2

Find the parametric equation of the hyperbola ;(—6—y— =1.

25
Solution:
Here,a = 6,b =5
x = 6sect and y = 5 tanf
Illustration 10:

Find the parametric equation of the hyperbola

(=5 _(y+3F _,
36 25

Solution:

Here,a = 6,b = 5 and centre (5,-3)

x =5+ 6seclandy =-3 + 5tanf

Illustration 11:
2 2

Find eccentric angle of the points lie on the hyperbola % —% =1 which is/are at a distance of ¥Y139 from
the centre.
Solution:

16sec?6 + 25tan?0 = 139
= 41tan®0 = 123

= tand = +3

=60 = 60°120°,240° 300°.

Chord Joining Two Points of Hyperbola:
Chord of Hyperbola:
Joining two points with eccentric angles o and B is given by

y — b tanﬁ = M(X—aSGCB)
aseco—asecp

bsin(o—

B

a(cosB—cosoc)(X asecp) @
P(o

2sin (@=B) cos (@=B) Qp) /4

By e e (Y

b Zsin(a;rmsin(a;m a \

=y-—btanf =

= Xsin(a;m—sin(a;mtanﬁ

b
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= ﬁcos—(a_m
2

(a—B)
2

—secP-cos

X ao—B y . a-B oa+f

—COS——————S1n =CO0S
a 2 b 2 2

If (1) passes through (d, 0) then

9cosOL_BzcosOHrB
2 2

p p

cosgcos——singsin—
d_""2""2 2 2

a _a_ B B

Lo
COS— cos—+sin—_sin—
2 2 2 2

a P
COS—COS— a B
2 2 ltanZtant=

B 2 2

Lo
sin—sin*
2 2

d+a_
d-a

a—d
a+d

Illustration 12:
2

x
Find the equation of chord of a hyperbola 36

Solution:

Here, oc:E, [3:2—71: a=6b=5
3 3

Equation of the chord PQ

= icosm—_ﬁ—lsinm_ﬁ=cosoH_B
a 2 b 2 2

[TC an
7+7
3 3

(1)

2

25

=sin =cos
2

—53x—12y=60
Illustration 13:

If (a sec, b tan®) and (asece, b tang) are the ends of a focal chord of X—Z—y—
a

to

e—1 1-e
A) —— B) —
(A e+1 (B) 1+e
Ans. (B, C)
Solution:

(n an

7_}_7

3 3
2

1+e
C R
()1_e

2 = 1 joining two points P

2 2

b2

e+1
D R
( )e_1

(5) and e (5)

=1, then tangtang equal

Equation of chord connecting the points (asec8, b tanf) and (asece, b tang) is

5cos(ﬂj_zs
a 2 b

in(mj = cos(mj
2 2

If it passes through (ae, 0); we have, ecos (6%

www.allen.in
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cos(d)j 1—tan9.tan$
62 = S 42) = tang.tan—z—
COS(—d)) 1+tan—.tan—+ 2 2 1
2 2 2
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oo o 1-e
+e

Similarly if (i) passes through (- ae, 0), tang.tang = ?
—e

Tangents to The Hyperbola:
Line and a Hyperbola:

2 2

Consider the line y = mx + ¢ and hyperbola X—Z Y 1
a

b2
b%x% - a?(mx + ¢)® = a?b?
(b? - a?m®)x? - 2a’mcx - a?(b®> + c®) =0 (1)
D = (2a’mc)? - 4(b? -a?m?) (-a?b? - a%c?)
=4a%b%[b? + c? - a*m?]
If D > 0 then line is secant
If D = 0 theline is tangent
If D < 0 the line does not intersect the hyperbola

For the line to be tangent D = 0= c? = a’m? - b2.
2

2
Tangent to the hyperbola X—Z - é =1.
a

(a) Point form:

XX
Equation of the tangent to the given hyperbola at the point (xy, y;) is —- LI 1.
a

b?
Note: In general two tangents can be drawn from an external point (x; y;) to the hyperbola and they are
y—y,=my (x — x1) &y— y; = my (x — x;1), where m; & m, are roots of the equation
(x? — a®)m? — 2 x;y; m+ y? + b? = 0.1f D < 0, then no tangent can be drawn from (x; y;) to the

hyperbola.

(b) Slope form:
The equation of tangents of slope m to the given hyperbola is y = mx ++a’m?—b?. Point of
2 —h2
L am , Fb ]
Ja?m?—b* a?m? —b?
Note: There are two parallel tangents having the same slope m.
(c) Parametric form:

contact are [

XxsecO ytanf _

Equation of the tangent to the given hyperbola at the point (asec8, btan@) is 5

1

cos (el;ezj 040
Note: Point of intersection of the tangentsat 6, &6, is x =a ———=<, y =b tan (%j .

Os(eﬁezj
2
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Illustration 14:

Find the equation of the tangent to the hyperbola x? -4y? = 36 which is perpendicular to the line
x-y+4=0.

Solution:

Let m be the slope of the tangent. Since the tangent is perpendicular to the linex -y +4 =0

omXl=-1=>m=-1
2 2

y

Since x?-4y? =36 0or ——"-=1
36 9

X2 y2
Comparing this with — o7 =1
a

= 36and b2 =9

. a?
So the equation of tangents are y = (- 1)x ++/36x(-1)* -9

y=-x +27 :>x+yi3\/§ =0.

Illustration 15:
2 2

. . X : .
Show that the line x cos @ + y sin @ = p touches the hyperbola —2—§:1 ifa? cos? a - b? sin®> a = p?.
a
Solution:
The givenlineis xcosa + ysina = p = ysina =-xcosa+ p
=y =-xcota + pcoseca

Comparing this linewithy = mx + ¢

m =-cota,c = pcoseca
2 2

Since the given line touches the hyperbola X—Z _;)/_2 =1then
a

c? = a’m? - b? = p?cosec’a = a?®cot? a- b? or p? = a?cos?a- b?sin’a
Illustration 16:

A common tangent to 9x? - 16y? = 144 and x* + y? = 9is -

2. 15 2, 2, 2, 15
A) y=3,/-x——=  (B) y=3 C) y=-3 D) y=-3
(A) y= \f 7 (B) y= J’ @y \/- D)y N

Ans. (A,B,C,D)

Solution:
2 2

X y—zl,x2

_ +2=9
16 9 Y

Equation of tangenty = mx + +16m°>-9  (for hyperbola)

Equation of tangenty = m'x + 3 J/1+m” (circle)

For common tangentm = m'and 3 \/1+ m'2 =16m?—9

or9 + 9m? = 16m?-9or7m? =18 —=m —+3\/E

required equationisy = +3\/7 x+3‘f1+— or y= +3fx+—
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Asymptotes:

Definition:

If the length of the perpendicular let fall from a point on a hyperbola to a straight line tends to zero as the
point on the hyperbola moves to infinity along the hyperbola, then the straight line is called the Asymptote
of the Hyperbola.

To find the asymptote of the hyperbola:

2 2

Let y = mx + c is the asymptote of the hyperbola %—% =1.
Solving these two we get the quadratic as (b? — a?m?)x? — 2a?mex — a? (b2 + ¢3) =0 ..(D)

In order that y = mx + c be an asymptote, both roots of equation (1) must approach infinity, the conditions
for which are : coefficient of x? = 0 & coefficient of x = 0.

y N
X 2o
a b
B|(0,b
6 S
(-a,0)[4’ ¢ 40
B'|(0,-b)
i + Z =0
a b
2 2,2 b 2
=>b‘—am* =0 orm==2—&a*mc =0 =c =20
a
X X
equations of asymptote are —+ Y_ 0 and —- Y_ 0
a b a b
2 y2
combined equation to the asymptotes Z b =0
Note :
(i) A hyperbola and its conjugate have the same asymptote.

(ii) The equation of the pair of asymptotes differ the hyperbola & the conjugate hyperbola by the same
constant only.

(iii)  The asymptotes pass through the centre of the hyperbola & the bisectors of the angles between the
asymptotes are the axes of the hyperbola.

(iv) A simple method to find the co-ordinates of the centre of the hyperbola expressed as a general
equation of degree 2 should be remembered as : Let f (x,y) = 0 represents a hyperbola.
Find ot & ﬂ Then the point of intersection of ﬂ= 0 & of = 0 gives the centre of the

ox  dy ox oy

hyperbola.
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An Important Concept:
Region from where tangents drawn to same/different branches of hyperbola
If point lies in region-I (R;) then both tangents drawn will

be on the same branch (B;) of the hyperbola.

If point lies in region-II (R;;) then both tangents drawn will
be on the different branches (B, B,) of the hyperbola.

If point lies in region-III (R;;;) then both tangents drawn will

be on the same branch (B,) of the hyperbola.

If point lies in region-1V (R;;,) then both tangents drawn will
be on the different branches (B, B,) of the hyperbola.

If point lies on the line A; then one of the tangent will be A
itself and another will be L;" on the branch (B;) of the
hyperbola.

If point lies on the line A, then one of the tangent will be
A, itself and another will be L," on the branch (B,) of the
hyperbola.

www.allen.in
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Illustration 17:
Find the asymptotes of the hyperbola 2x? + 5xy + 2y? + 4x + 5y = 0.Find also the general equation
of all the hyperbolas having the same set of asymptotes.

Solution:
Let 2x2 + 5xy + 2y? + 4x + 5y + 1 = 0 be asymptotes. This will represent two straight line so
25 25

4A+25——-8-——A=0=21 = 2
2 4

= 2x% + 5xy + 2y? + 4x + 5y + 2 = 0 are asymptotes

=2x +y +2) =0and(x + 2y + 1) = 0are asymptotes

And 2x? + 5xy + 2y? + 4x + 5y + ¢ = 0is general equation of hyperbola.
Illustration 18:

Find the hyperbola whose asymptotes are 2x - y = 3 and 3x + y - 7 = 0 and which passes through the
point (1, 1).

Solution:

The equation of the hyperbola differs from the equation of the asymptotes by a constant
= The equation of the hyperbola with asymptotes 3x + y- 7 =0and2x- y =3 is
BGx+y-72x-y-3)+ k=0

It passes through (1,1) = k =-6.

Hence the equation of the hyperbolais (2x - y- 3)(3x + y- 7) = 6.

Normal to the Hyperbola:

2 2
Normal to the Hyperbola % — é =
(a) Point form : The equation of the normal to the given hyperbola at the point P(x;,y;) on it is
2 2
ﬂ-ﬁ-u:az +b? = a? e?.
X1 y1
(b) Slope form : The equation of normal of slope m to the given hyperbola is
m az + bz 2 me
y:mxiﬁ,where me(—g,gj foot of normal are (i F
/az_mzbz b'b \/az_mzbz \/az_mzbz
(© Parametric form : The equation of the normal at the point P (asec@,b tan@) to the given
hyperbola is X . by =a’+b’=a?e? oraxcos® + bycotd = a? + b? = a?e?.
secO tan6

Illustration 19:

Find the equation of tangent and normal to the hyperbola 16x2? - 9y? = 144 at the point (5, 13—6j

Solution:
X2 y2
9 16
/(5)
Tangent : X—le—ﬂzlzl = @——3=1:> 5-3y =9
a® b 9 16
2 2
Normal : 2X+2Y _95 = 9%, 16V o5 . gy 415y =125
X Y 5 16/3
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Illustration 20:

Find the equation of normal to the hyperbola 3x? - 4y? = 12 having slope 1.
Solution:

Here,a? = 4,b* =3 andm =1

m(a + bz) a a
Equation of the normal in slope form is y=mx ¥ ————=%,where me Y

Ja% —m?p?

= y=Xzt Xt7.

,—_ =Yy=
Hence equation of normalisy = x + 7.
Illustration 21:
If a chord joining the points P(a sec 8,a tan 8) & Q (a sec ¢, a tan ¢) on the hyperbola x? — y? = a?is
anormal to it at P, then show thattan ¢ = tan 6 (4 sec? 6 — 1).

Solution:
x?-y? = g2 (1)
Equation of normal at P is

X Y _oa -(2)

secO tan®

il
secO tan6

(asec¢, atang) = Qm

j yz = g2 P(0) = (asecl, atanf)

tan©

o[-
{ 4ay} o= o o6/

tan® 6 tan0
sec 4asecH
-1 |y*-—
(tan ‘0 jy ( tano jy
+a%(4sec?6-1) =

Y1V, = a?(4sec?0- 1) -tan?8 = tanB tang a? (y; & y, are two roots of above quadratic equation)
tang = tanf(4 sec?6 - 1) Hence proved.

S€C
sec?

I
Q

Common Articles:

Equation of Pair of Tangents from a Point:
2 2

Equation of pair of tangents to hyperbola X—z —é —1=0 from a point P(x4,y;) notlying on it is given by
a

oy, ) (X Y X2y
PO R e S

OrT? = SS,;
Director Circle:
Like ellipse in hyperbola also, locus of point of intersection of perpendicular tangents is circle which is

called director circle.
2 2

Equation of director circle for hyperbola X—z—é—l =0 isx? + y? = a?- b?
a

Director circle is only possible whena > b.
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Chord of Contact:
Equation of chord of contact for point P(x;, y;) with respect to hyperbola :—2—5—2—1 =0 isT = 0, which
is % - % -1=0.
Chord with Given Mid-Point:
2 2

Equation of chord of hyperbola X—z —# —1=0 with mid-point P(x4,y;) is T = S;.
a

Illustration 22:

2 2

On which curve does the perpendicular tangents drawn to the hyperbola X_S —y—6 =1 intersect?

Solution:
2 2
The locus of the point of intersection of perpendicular tangents to — —é =1 is the director circle given by
a

x2 + y? = q?- b?
Hence, the perpendicular tangents drawn intersect on the curve x? + y? = 25-16 = 9,

Illustration 23:

Find the equation of the tangents to the hyperbola x? - 9y = 9 that are drawn from (3, 2).

Solution:

Here P(x1,y1) = (3,2)

Hence equation of pair of tangents is T? = SS,;

(Bx-18y-9)? = (x2-9y%2-9)(9-36-9)

Factorizing above equation we get equation of tangents as 5x - 12y + 26 = Oandx = 3.
Illustration 24:

Find the equation to the locus of the middle points of the chords of the hyperbola 2x? - 3y? = 1, each of
which makes an angle of 45° with the x-axis.

Solution:

Let P(h, k) be the mid-point

T =3S5;

= 2xh- 3ky-1=2h?-3k*-1

Now slope = 2 =1
3k

= 2x = 3y
Illustration 25:

2 2

Show that the mid points of focal chords of a hyperbola X—Z —% =1 lie on another similar hyperbola.
a

Solution:

Equation of chord AB with T = §;

hx ky h*> k°

2 2
It passes through (ae, 0) he _ h_z _k_z
a a b
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Hyperbola
2 2
Locus is __y_:e_x
a? b* a

o
:>i2[x2—aex]—y 0 =

a [

which is also a hyperbola with eccentricity e.

Rectangular Hyperbola (Part-1):

Rectangular Hyperbola:

A hyperbola is said to be rectangular hyperbola if its length of transverse axis is equal to its length of

conjugate axis

ieeb = a=e = \/E

In rectangular hyperbola asymptotes are perpendicular to each other. If x2-y? = a? its asymptotes are

. T i .. .
y = +x then rotating the axes by an angle 2 or 1 about the same origin, equation of the rectangular

hyperbola x? - y? =

2 2

Inxy = c? orxy = -c? asymptotes are coordinates axes.

Note : (i) Equilateral hyperbola < rectangular hyperbola.

(ii) If a hyperbola is equilateral then the conjugate hyperbola is also equilateral.

Basics of the Rectangular Hyperbola xy = c2.

a? isreduced to xy = a7 (l.e.xy =c®)orxy = _a7 (i.e.xy =- c?)respectively.

1. Eccentricity J2
(angle between the two asymptotes = 90°) D, ¥ y=x
2. Asymptotes x=0,y=0 N F,
3. Transverse axis y=x DZ\\\ \B W Ay
4, Conjugate axis y=-x . 7 \\\ x
5. Centre (0,0) F; A%Z\ \\ \\
6. Vertex (c,c)and (-¢,- ©) N xty=0
7. Foci (c/2,64/2) and (—c+/2,—¢c+/2)
8. Length of Latus rectum = % =2a=2/2¢c
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9. Equation of auxiliary circle ~ x? + y% = 2¢?
10.  Equation of director circle ~ x2 + y2 = 0

11. Equation of the directrices x+y=+= J2c
Illustration 26:

Find everything for the conic xy = -36.

Solution:

Eccentricity = \/5 ,

Asymptotes:x = 0&y = 0,

Transverse axis y = -x, Conjugate axis:y = x,
Centre (0,0),

Vertices (6,-6) & (- 6,6),

Foci (6\/5,—6\/5) & (—6«/5,6«/5),

Length of LR = 12\/5,
Equation of auxiliary circle x2 + y? = 72,
Equation of director circle x2 + y? = 0,

Equation of directricesx - y = + 62

Rectangular Hyperbola (Part-2):
Parametric Coordinates:

If equation is xy = c¢? then its parametric representationis x = ct,y = % ,t € R- {0}

Chord Joining Two Points P(t;) & Q(t;):

Equation of a chord joining the points P(t;) and Q(t,) is /@
c_c /
c (Pt (x—ct ) /
== (x-c
I T e, ! Qt)

=x + t1t,y = c(t; + t,) withslope m=—i
1%2

Tangent to The Hyperbola:

)] Cartesian form:
Equation of the tangent at the point P(xq,y;) is X4+ Y 2 tothe hyperbolaxy = c2.
Xl 1
Xy, + X
Proof: 21721 _¢2 X, Y,

(i) Parametric form:

Equation of the tangent at the point P(t) is %+ty =2¢ to the hyperbola xy = c?, (slope = _—1j

t2
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Normal to the Hyperbola: (Slope = t?)

Equation of the normal at the point P(t) is y—%:tz(x—ct): xt3 - yt = c(t*- 1) to the hyperbola

xy = c?.

Note: IfP(ty),Q(t,),R(t3) & S(t,) are four co — normal points then ¢;.t,.t3.t, =-1.
Chord With Given Mid-Point: (T = §,)
Chord with a given middle point i.e. (h, k) to the hyperbola xy = c? can be written as

k+yh
TR 2= p— 2

=kx + hy = 2hk

Illustration 27:

2

A rectangular hyperbola xy = c* circumscribing a triangle also passes through the orthocentre of this

C|. —C
triangle. If [Cti ,t—jl =1,2,3 be the angular points P, Q, R then, prove that orthocentre is [—,—ctltzgj

i tl 273

Solution:

Slope of QR = —ti

2t3
". slope of PN = t,t;
". equation of altitude through P

C
y_t_:tzts(X_Ctl)

1

C
y + c tl tz t3 = t—+Xt2t3

1

y+cttt =tt, (x +-C ] (1)
t1t2 3
Similarly, equation of altitude from Q is
c .
y+cttt =tt| Xx+—— (i)
1 2t3

—C
Solving (i) and (ii) we get orthocentre as (—,—Ctltzt3j.

17273

Illustration 28:

Consider hyperbola xy = 16 to find the following:

(i) Equation of tangent at point (2, 8)

(ii) Equation of chord of contact w.r.t. point (2, 3)

(iii) Equation of chord which gets bisected at point (5, 6)

(iv) Equation of normal having slope 2.
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Solution:

()

(i)

(iii)

(iv)

Equation of tangent at point (2,8) isT = 0
2y +8X

= -16=0

=>4x +y-16 = 0
Equation of chord of contact w.r.t. point (2,3)isT = 0

N 2y+3x_16:0

=3x +2y-32=0
Equation of chord which gets bisected at point (5,6)isT = S;

= Sy;6x—16:(5)(6)—16
= 6x + 5y = 60
We have ﬂ -
dx X

Thus, slope of normal at any point on the curve is
S _x_,

dy vy
Sox o= 2y

Solving this with hyperbola, we get points A( 2«/§,\/§ )and B( —Zx/g, —\/g) on the hyperbola where
slope of normal is 2.
Equation of normal at point 4 is

y—8=2(x-2\8)

= 2x—y:3\/§

Equation of normal at point B is
y+\/§ =2(x+2\/§)
= 2X-y= —3«/§

Important Highlights (JEE Advanced) (Part-1):

(@)

(b)

()

Feet of perpendiculars from foci upon any tangent lie on

Ny
auxiliary circle.
Product of perpendicular distances from foci upon any ST PN
tangent of hyperbola is equal to square of the semi- s’ ,', I;\ x
conjugate axis. i 0 A\ S —
x2 yz \ ///
— —_=1 S~F
a? b? l/ Q
(SP)(S'Q) = b? y

Length of tangent between the point of contact and the point where it meets the directrix subtends
right angle at the corresponding focus.

Chord of contact with respect to any point on directrix passes through the corresponding focus.
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(d) The tangent and normal ata point P on the hyperbola bisect
' Normal y Tangent
the internal and external angles between the focal 1
distances of P.
X2 2
7—L=1
a? b?
ZS’PQ = £SPQ
PS" §'Q S'R
PS SQ SR
(e) Reflection Property

An incoming light ray aimed towards one focus is reflected
from the outer surface of the hyperbola towards the other focus.
Illustration 29:
Find the equation of hyperbola having foci $(2,1) and S(10,1) and a straight line x + y —9 = 0 as its
tangent. Also, find the equation of its director circle.
Solution:
Foci are §(2,1),5(10,1)
So transverse axis is horizontal and has the equation y = 1.
Centre is midpoint of SS’, which is (6, 1)
So, equation of hyperbola is
(x=6)° (y-1y’
a2 b !
Now, tangentisx +y-9 =20

Product of length of perpendicular from foci on the tangent is b2.

. b*=6
Distance between foci, 2ae = 8

s.ae =4
Now, a? + b? = a?e?
=a?=10

Therefore, equation of hyperbola is
(x-6F (y-1° _,
10 6
So, equation of director circle is (x - 6)?> + (y- 1) = a? - b?
“(x-6)?%+ (y-1)7 =4
Illustration 30:
A ray emanating from the point (5, 0) is incident on the hyperbola 9x2 - 16y? = 144 at the point

P(8,3 NG ). Find the equation of the reflected ray after first reflection.

Solution:
Given hyperbola is

2 2

Xy

16 9
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Here,a = 4andb = 3.
So, foci are (¥v/a* +b*,0)=(£5,0)
Incident ray through F; (5, 0) strikes the ellipse at point P(8, 3 \/§ ). Therefore, reflected ray will go through

another focus F, (- 5, 0). So, reflected ray is line through points F, and P, which is 3\/§X—13y+ 15\/§ =0.

Illustration 31:
Normal to a rectangular hyperbola at P meets the transverse axis at N. If foci of hyperbola are S and ',

then find the value of S—N .
SP

Solution:
We know that PN is external angle bisector of focal radii SP and S’P.
. SP SN
'SP S'N
. SN _S'N |SN-S'N]|
'SP S'P |SP-S'P|
B2
|SP-S'P|

(Using theorem on equation ratios)

Important Highlights (JEE Advanced) (Part-2):

Image of focus in a tangent property:

Image of one of the foci in any tangent to the hyperbola lies on the line joining the other focus and point of
contact.

Orthogonal Intersection of Ellipse and Hyperbola:

If an ellipse and a hyperbola are confocal, then they intersect orthogonally.

If they intersect orthogonally, then they are confocal.

Highlights on Asymptotes:

(a) [f the angle between the asymptotes of a hyperbola is 26,
then its eccentricity is secf.

X y
@ pz ot
e = secl

(b) The length of any tangent intercepted between the
asymptotes is bisected at the point of contact.

(© The area of triangle formed by any tangent to a
hyperbola and its asymptotes is constant and is equal to
product of semi-transverse and semi-conjugate axis.
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Illustration 32:

2 2 2 2

If ellipse % + g—z =1 and hyperbola X7 _YE =1 intersect orthogonally. Find the value of b?.

Solution:

As they intersect orthogonally, they are confocal
=25-b* =749

= b*=9

Illustration 33:

If eccentricity of a hyperbola is then find the acute angle between the asymptotes.

2
ﬁ )
Solution:

Let the angle between asymptotes be 260

e = secd = - —sec) =0="

B

. 20=2
3

Illustration 34:
2 2

A tangent at P[gj to X? —31—7 =1, intersects its asymptotes at A and B. If O is centre of hyperbola, find the

equation of median in AOAB through vertex O.
Solution:
Intersect of any tangent on asymptotes is bisected at the point of contact.

Hence, P(gj is the mid-point of AB.

P(§)( B 3B )09

*. Equation of median through Oi.e.,OP is 3x - 2y = 0.
JEE Advanced (Part-3):
Illustration 35:
From any point on the hyperbola H;:(x?/a?)- (y?/b?) =1 tangents are drawn to the hyperbola
H, : (x%/a?) - (y?/b?) = 2.The area cut-off by the chord of contact on the asymptotes of H, is equal to
(A) ab/2 (B) ab (C) 2 ab (D) 4 ab
Ans. (C)
Solution:
Let any point on hyperbola H, is (a sec 8, b tan 8).
Equation of chord of contact is

isect9 _ Y tan = 2 (i)
a b

. . b 3
Equation of asymptotesisy = + gx -(ii)
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From (i) & (ii) we get two intersection point

P(2a (sec 8 + tan 0),2b(sec 8 + tan 0))

Q(2a (sec 8 - tan 0),- 2b(sec 8 - tan 0))

Then area of triangle OPQ is A = 2ab.

Illustration 36:

Find the asymptotes of the hyperbola 2x? - 3xy - 2y? + 3x -y + 8 = 0. Also find the equation to the
conjugate hyperbola & the equation of the principal axes of the curve.
Solution:

Let equation of asymptotes are

2x2-3xy-2y2 +3x-y+8+4+1 =0

As it represents two straight lines

9 1 9 9
S-4(8 +4) + Z—E+E -8 +24 i 0
=1 =-7
So asymptotes are 2x% - 3xy - 2y2 + 3x-y + 1=0
=2y-x-1=0&2x+y+1=0
and the equation of conjugate hyperbola will be
2x%-3xy-2y2 + 3x-y + 8- 14 = 0.
Illustration 37:
Find the equation of the standard hyperbola passing through the point (—\/g ,3) and having the asymptotes

as straight lines \/g x+y=0.

Solution:
2 2

Let hyperbola is % —;/—2 =1

: - b 3 9
By given conditions —=+/5 and — -—=1

a a~ b
a’ 6 and b? = 6
Illustration 38:
2 yZ

The tangents and normal at a point on 2 o =1 cut the y — axis at A & B. Prove that the circle on AB as
a

diameter passes through the foci of the hyperbola.

Solution:

Tangent at (asec@, btan8) is gsece—%tane =1.S0,4 = (0,-bcoth)

2

2
ae tanHJ
b

Normal at (asec@, btan®) is axcosd + bycotd = a?e?. So, B:(O,

Circle AB as diameter is

a’e?

x2+(y+bcot6)£y— tan9j=0
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It passes through (+ae, 0). Put x = +ae and y = 0 in above equation.

2,2

(iae)2+(0+bcot9)(0—ae

tan9j=0 = 0=0

So, foci of the hyperbola lies on the circle.

Illustration 39:

Show that the locus of the middle points of normal chords of the rectangular hyperbola
x2—y? = a?is(y? — x2)3 = 4a? x% y2

Solution:

If (h, k) be mid-point of any chord of hyperbola

x% - y2 = a?, thenits equation is

hx - ky = h? - k? (i)

But (i) is normal to hyperbola, then its equation is

xcos@ + ycotf = 2a .(ii)
Comparing (i) & (ii)
h _ —k _ h% — k2
cos® cot  2a
2ak 2ah

= coth = T2 cosf = Py

2 _ 2 h2 k2
= tanf = Sak secl = >ah

sec’ —tan?6 =1

RZ —k2\* (k% — K2\’ .
= —_ =
2ah 2ak

(hZ _ kZ)Z [kZ _ hZ]
= =

4q? k?h?
So we get (y2 - x2)3 = 4a?x?%y>.
JEE Advanced (Part-4):
Illustration 40:

Chords of the circle x> + y? = a? touch the hyperbola Z—z —i—z = 1. Prove that locus of their middle point
is the curve (x? + y2)? = a?x? - b?y2.

Solution:

Let (h, k) be the mid — point of the chord of the circle x> + y? = a?,

so thatits equationby T = S;ishx + ky = h? + k?

h? + k?

ory=—Ex+ i.e.oftheformy = mx + ¢

It will touch the hyperbola if c? = a?m? - b?

2 2\ 2
[h :k j =a2(—2j b or (h2 + k?)* = a2h? - b2k?

Generalising, the locus of mid-point (h, k) is (x? + y?)? = a?x% - b2y

2
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Illustration 41:

2 2

C is the centre of the hyperbola %—% =1

.The tangent at any point P on this hyperbola meets the straight lines bx - ay = 0and bx + ay
= 0in the points Q and R respectively. Show that

CQ.CR = a? + b2

Solution:

Consider P = (a sec6, b tan®)
XsecH ytan6 _

a b
y

X
It meets bx - ay = Oi.e. —== atQ
a

b

Tangentat P is 1

. a b
S Qis )
secO—tan0 secO-tan0

It meets bx + ay = 0i.e. 5:—% atR.
a

: a -b j
S Ris )
(sec6+tan6 secO+tan0
J@+b?) (@2 +b?)

secO—tanO secH+tand
Illustration 42:
A circle with centre (h, k) of variable radius cuts the rectangular hyperbola x? - y?2 = 9a? inpoints P, Q,R

.. CQ.CR = =a% + b? (-~ sec?0 - tan?6 = 1)

and S. Determine the equation of the locus of the centroid of triangle PQR.

Solution:
Let the circle be (x - h)? + (y - k)? = r? where 7 is variable. Its intersection with x? - y? = 9a?is

obtained by putting y?> = x2 - 9a?.

x? + x%-9a% - 2hx + h? + k?-r? = 2k./(X*-9a%)
Or [2x% - 2hx + (h? + k?-r?-9a?)]? = 4k?(x? - 9a?)

Or4x* - 8hx3 +.....= 0
.. Above gives the abscissas of the four points of intersection.
XX = 8h_ 2h

4

Xy + Xy + x3 + x4 = 2h

Similarly,y; + y, + y3 + v, = 2k.

Now if (@, B) be the centroid of APQR,then3a = x; + x, + x3,38 = y; + y2 + ¥3
SoxXg = 2h-3a,y, = 2k- 38

But (x4,y,) lieson x? - y2 = 9q2

oo (2h-3a)? + (2k- 3B)% = 9a?

Hence the locus of centroid (a, B) is (2h - 3x)? + (2k - 3y)? = 9a?

2 2
Or (X—@j +[y—%j =a’
3 3
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Illustration 43:
If a circle cuts a rectangular hyperbola xy = c? in 4, B, C, D and the parameters of these four points be
t1,t,, t3 and t4 respectively, then prove that :
(@) titptsty =1
(b) The centre of mean position of the four points bisects the distance between the centres of the two
curves.
Solution:
(a) Let the equation of the hyperbola referred to rectangular asymptotes as axes be xy = c¢? or its
parametric equation be
x=ct,y=c/t -(1)
and that of the circle be
x2+y?+2gx+2fy+k=0 ..(ii)
Solving (i) and (ii), we get

2.2 , C c
c“t +t—2+29ct+2f¥+k=0

Or c’t* +2gct® +kt* +2fct+c* =0 . (iii)
Above equation being of fourth degree in t gives us the four parameters ty, t,, t3, t, of the points of
intersection.
2gc 2 ,
Sttty by = izz——g ..(iv)
c C
titats + titaty + t3tyty + t3tyt,
2fc  2f
= WV
o . )
CZ
titytsty, = — =1.Itproves (a) (Vi)
c

Dividing (v) by (vi), we get

1 1 1 1 2f .
—t—t—t—=—— ..(vii)
t, t, t, t, cC

(b) The centre of mean position of the four points of intersection is

c cllll_g_z_gg_ﬁ i -
{Z(t1+t2+t3+t4),Z[t—+t—+t—+t—):|{4( . j 4( . ﬂ by (iv) and (vii)

= (-9/2,-f/2)

Above is clearly the mid-point of (0,0) and (- g, - f) i.e. the join of the centres of the two curves.
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