ALLEN JEE (Main + Advanced) : Mathematics

Hyperbola

SOLUTIONS

EXERCISE - O
1. Ans. (B)
XZ B y2 B
5 5cos‘a
2 2
e =1+b—2 =1+ Scos’a 1 + cos2a;
a
eccentricity of the ellipse
X2 v, 25cos’o . 2 2
——+—=1ise,=1-———— =sin?a, ; put e; = \/§e = e =3¢
25cos’o 25 2 Pt & 2 ! 2
= 1 + cos?a = 3sin20. = 2 =4 sinZ2a
) 1
=sinoa=—
2
2 Ans. (B)
5 3 9 2
ey=—1ep=—=>—=1-— =h%2=7
H74 P74 7 16
3. Ans. (C)

x%-4x-3(y*+2y)-11=0
=(x-2)2-3(y+1)2=12
_(x=2y (y+1’ _1

12 4

a?=12,b%>=4, e= /1+i=i
12 3

focal length = 2ae = 2(@)(%)28

4. Ans. (B)
Forellipse29-p>0and4-p>0=p <4
for hyperbola29-p>0and4-p<0=p e (4, 29)

5. Ans. (B)
XX . . 2
:_;_Y_{l; X?e —y—b2=1or%—l=1orex—y=a:>m=e
a b a a-b a a
6. Ans. (A)

y=—(5/2)x+5 = m=2/5 =a’*m?-b%?=9.4/25-4=(36-100)/25<0
Note that the slope of the tangent (2/5) is less than the slope of the asymptote which is 2/3 which
is not possible

7. Ans. (D)
yz B Xz B
1/16 1/9

Locus will be the auxiliary circle x? + y? =1/16
Feet of perpendiculars to a variable tangent lies on auxiliary circle.
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8.

10.

11.

12.

Ans. (A)

A=ab=a’*tanA = b/a=tan), hencee? =1+ (b? /a?)
= e?=1+tan?L = e =sech

Ans. (B)

] 2 2 &
=1+b—:>x =(b +l)b—2 -(1)

now x? + (%2 =41> = x? = 3/? (2)
a?(b? +1%)
b2

= a?b? + a?1? =3b?I?
12 (3b% - a®) = a%b?
21W2 2 2
1?= %>0 =3b%2-a*°>0 = b—2>1; 1+b—2>é
3b*-a a“~ 3 a“ 3

from (1) and (2) =3I

= e? >ﬁ:e>i
3 3

Note : 9>i = 1+—2>— = e'>— =>e>—
a 3 a’ 3 3 B

Ans. (B)

OT =acos0 ;ON =asec® = OT.ON =a?

Ans. (C)

2 2

;+§:1 o (1);
XZ yZ

2 _ Y (2
a® bl (2)
R= \a*-b’

2R = Ja’ + b’

: 2\/a1z—b2 = a2 +b? ez—l—b—z-e2—1+b—12
. 1 1 az’ 2 az

v

Ya

Vi

g

24
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4(a’-b}) = a® + b

5]

4[(1-(e2-1)]=1+1-¢?
8-4es=2-¢e?
4e2 -e?=6
13. Ans. (C)

Tangent: 1+Lt =2
ct

c
puty = 0;x = 2ct (T)
x=0;y= Zt_c (")
. C_ > %‘
normalis y - = =t* (x -ct) (0,2¢/0)1 P(ct,c/t)

puty=0;x=ct—t£3 (N)

1/ > x
¢, Ny N \,;(za, 0)
x=0; P ct® (N') Tangent

204 L34
Areaof APNT =2 [ct+ S | o= SHT) normal
20 o
2 4
area of APN’T’-C—t( +ct ) Are SA+T)
2\t 2
11 2 2 ) ,
S —4+— = 3 4+2 2 = > ; (t4+1):—2
AAT Cc(1+tY) cf(1+tY)  cf(1+tY) c

which is independent of t.
14. Ans. (D)
hx + ky =h? + k2. Solve it withxy =c2&D =0

2

Put y=c— in hx + ky = h? + k? Ya
X
2
= K€ Rk = ha? — (W2 4+ K2)x + ke? = 0 (h, k)
X
=D =0= (h? + k?)? — 4hkc? = 0 N
Now replace (h, k) by (x,y)

= (x%+y%)? —4xyc* =0

15. Ans. (A)
note that chord of xy = ¢ whose middle point is (h, k) in E+%=2
further, now 2h = x; + x, and 2k =y, +y, Y,
%4_%:1 (h k (xp}fli
X LY 4 (xz:h/) ‘C

X +X Y, +Yy,
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16. Ans. (B)
\/§x—y=4\/§t (1)
B+ y:ﬂ (2)

t
Now multiplying (1) & (2)
= 3x2 —y?2 =148

2 2

Xy
16 48
e= f1+§=2
16
17. Ans. (C)
ey=5/4;ec=5/3
area = d,d, 100 50
2
Ac: x2+y?=16;Ay =x*+ y>= 9
18. Ans. (A)

Let a point on given hyperbola
(3secH, 2tanod)
Equation of chord of contact

(3secd)x + (2tand)y =9 (1)
Let (h, k) is mid point of chord of contact

then

hx+ky-9=h%?+k%?-9

hx + ky =h? + k? -(2)

(1) & (2) represent same line, so

3secO _2tan® _ 9
h k h? +k?

3h 9k
Sece=ﬁ, tano = 7 -
h®+k 2(h*+k*)

sec?0-tan0 =1

o g1k _
(F+KF 4 + k7Y
47 - 0K? = Z(h? + 1)
WK (0 kY
9 4 81

2 2 2 2 2
Locus of (h, k) is %_Y_z (X +y ]

4

www.allen.in [167]



ALLEN

JEE (Main + Advanced) : Mathematics

19.

20.

21.

22,

Ans. (C,D)
asecO=y+ xtan 0
bsecO=x —ytan

(a® + b?)sec?0 = x% (1 + tan20) + y? (1 + tan20)

= x? +y?=a%?+b?=(C)and (D)
Ans. (A,B,C,D)
solving xy = c? andx?+ y? = a
+ % =a?

X
x*—a?x?+c¢*t=0

= in:O ; Zyi:O

_ 4 _ 4
X1XX3X4 = C° = Y1Y2Y3Ys = C

2

xZ

Ans. (A,C,D)
(A) %=t+1 (1)
a t
2y 1
—=t-= (2
. ; (2)
4x> 4y°
(17~ (28= —- b{ —4
XZ yZ
2 b
X y X ty
B) t|—+1|== 2 1=
(B) (a+)band(a1j -

(€ x*-y*=4
(D) x2—6=2(2coszé—1j

X2 —6=4c052£—2
2

x2_6 =y2

x2 _y2 =6
Ans. (B,C)
Xt y? 1
Z 4+l —1=a =22,b =2, ="r
8 4 4 1 1 \/E

2 2
X° oy = f 3
?—?:13a2=a,b2: 3,e2= 1+¥

both are confocal so a;e; = a,e,
=>a=1
= ez = 2
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It is obvious that 4, B, C, D are the vertices of a rectangle so concyclic.

y=mx+./am’+b? tangent to ellipse

& y=mx+,/am’ b’ tangent to hyperbola

Making constant terms equal

=8m?+4=m?-3

= 7m? = -7 = m? = -1 not possible

so no common tangent can be drawn.
23. Ans. (B,D)

Given hyperbola is X—Z Y 1
a

b2

2 2

y

X
ellipse is —+——
P 2?

eccentricity of ellipse =, / \/7 ?
b*> |4
eccentricity of hyperbola = —2 -

2
= b_:% = 3b2 = a (1)

2

also hyperbola passes through foci of ellipse (i\/§,0)

3

?zl =a’*=3 -(2)
from (1) & (2)
b*=1

XZ y2
equation of hyperbola is 31 =1

—x%-3y*=3

eccentricity of hyperbola= /1 +% = \/g

(¥2,0)

focus of hyperbola = (Jr\/_ — Oj

NER
24. Ans. (A,B,C)
foci are (1,1) & (3,3)
2ae=+/8 &2a=2=a=1

e=+2

. . , . . 2a .
Given hyperbola is a rectangular hyperbola distance between directrices are — =+/2 centre is
€

(2,2) &liesony = x
Asymptotes are always perpendicular.
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25. Ans. (A,B,C)
Put y= ¢ in equation of ellipse
X

=x*-4x2+2c%=0
Putx?=t=1t%-4t+2c%>=0
ellipse touches hyperbola
=D=0=>16—8c? =
=c2=2=c=H2
Let c=+/2 .. P(\/E,l) and Q(—\/z,—l)
=PQ=23 = 0P =v3=0Q
= PQ =0P+0Q
= 0, P, Q are colinear points.
26. Ans. (A,B)
For two distinct tangents on different branches the point should lie on the line y = 2 and between
A and B (where A and B are the points on the asymptotes).

Equation of asymptotes are 4x =+ 3y
Solving with y = 2

3
x=% =
2
\A B/
y=2
Som— << —.

27.  Ans. (AB,CD)

2
Extremities of L.R. = [iae, + b—J
a

o= /1-2:1
16 2
= (£2,3) = (x1, 1)

Equation of circle = (x—x, )’ +(y-VY, ) +7{%+%—1)=0

It passes through (0, 0) = A =X} + Y’
Put value of (xq,y;) = (2, £3)
=>A=4+9=13
equation of required circles are

2 2 2x 3y
= (x£2) +(y=£3) i13[1—6+ﬁ—1j:0
So option A, B, C, D are
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28.

29,
30.

31.

Ans. (A,D)
Hyperbola passes through (0, + b) = (0, i«/ﬁ)

So length of transverse axis =2+/12
eccentricity of hyperbola = 2

a’=b?(e?-1)
a’?=12(3)=36
X2 y2
Equation of hyperbola =— —-2—=-1
a P 36 12

Focus (0, +be) and (0, - be)

(0,4+/3) and (0,-4+/3)

Ans. (A)

Ans. (A)

Solution for Q.29 & Q.30

The equation of required hyperbola is

[2x—y+4j2 [x+2y—3j2

) L &
' (1j
S

~h+b+g+f+c=-2-2+5+2+0=3

Now let directrix of hyperbola 2x - y + A = 0 (as it is parallel to conjugate axis)

. . . . . . a
using distance between conjugate axis and directrix = [—j =

=1 =>x%-4xy-2y2+10x+4y=0

semi T.A.

e Eccentricity

‘ ( 2] LRt oL, 4—+\ﬁ aa=dx |3
1/3) || 25 2 2
1/2
Since centre of hyperbola is intersection of axis C(-1, 2) and foci lies on T.A. at a distance ae from
centre

1
. focus ((-1 £ ae cos 0), (2 * ae sin 0)) by transverse axis slope - 2

we get cos 0 2 sin® 1 :{ 1F¥ 2 2+ ! j

= = = —= - +_l B

NN S G N SN 3

Ans. (C)

(A)  Since 3x? - 5xy - 2y% + 5x + 11y + ¢ = 0 are asympotes
.. It reprsents a pair of a stright lines

coeos 2o oy o5

275 363 25 25
jee.6————-——+—-—c=0

4 4 2 4
i.e.-24c-275-363+50-25¢c=0
i.e.49¢c =-588

ie.c=-12
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(B) Let the point be (h, k). Then equation of the chord of contact is hx + ky = 4
Since hx + ky = 4 is tangentto xy = 1
g X(4 _khxj =1 has two equal roots
ie hx?-4x+k=0
ie.hk =4
- locus of (h, k) isxy = 4
ie.c2=4
. Xy . a+b
(9] Equation of the hyperbola is - =1 eccentricity e =
c/a c¢/b b
\Fs 13\/€,a+b 13 5 b b 144
. m=—and —=,|—. 5> —=—/1+— => —=—
b 2 2 a b 2 2 a a 25
- S-36
a
.. the hyperbola is 25x2 - 144y? =900
s.a=25b=144,c=900
Ly
C
XZ y2
(D) Let the hyperbola be Z bt =1
then 2a = aeie.e =2
bZ
o e’ -1=3
(2b)* _
(2a)*
EXERCISE - S
1. Ans. (4)

Point of intersection of lines
7x+13y-87=0and 5x -8y + 7 =0is (5, 4).

25 16 .
The ? — b—z =1 (1)
2
Also, latus rectum L.LR = = & = ﬁ
a 5
16+2a .
= .(ii)

5

From (i) & (ii) a* = 2—25 b* =16

=b=4

[172]

www.allen.in



Hyperbola

ALLEN

2.

Ans. (2)
As directrix cut the x-axis at (xa/e, 0)

Hence, 2_a +0=1
e

=2a=e
Now, b?=a? (e?-1)=a?*(4a®-1)

2
:>b—2:4a2—1
a

(for nearer directrix)

(i)

..(ii)

Given line y = - 2x + 1 is a tangent to the hyperbola condition of tangency is ¢? = a?m? — b?

=1 = 4a? — b?
=4a? —1=>h2
from (i) & (iii), a®? = 1
= from (ii), b?> =3

1+3

1

Ans. (8)
Hyperbola is x? — 9y% = 9

2 2
or X——y—:l
9 1

= e= =2

..(ii)

equation of tangent is y = mx £/a’m*-b*> ..(1)

it passes through (3, 2)

2=3m+/9m? -1

or4 +9m?—12m =9m? -1

5

or

5

12

equation of tangent (1) for m, =% =>y=—X% 9(

or -ix+i

YT 12
or yzixirE
12 4

5

12

T_l

on taking (-)ve sign point P(3, 2) does not satisfy the equation of tangent therefore rejecting (-)ve

sign.
Now the first tangent is

5x 3
5Xx-12y=-9| = |y=—+—
Y Y 12 4

(2)

equation of tangent from P(3,2) for m, — « is

-(3)

Now equation of chord of contact w.r.t. point P(3, 2) is

T=0

www.allen.in
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xx1 —9yy; =9

or3x —18y =9

orx- 6y =3 we(4)
solving (2) & (4)x =- 5,y = —%

solving (3) & (4)

x=3,y=0

Now vertices of triangle:-

(3; 2); (3: 0); (_SI _4/3)

3 2
Area=l 3 0
2 4
-5 ——= 1
3
1 4
= —x|3| = |-2(3+5)+1(—4
5 (3) (3+5)+1( )‘
=1|4—16—4|
2
= 8 sq. units
4. Ans. (5)
b> V5
a=10,b=5 = e = 1+—2=—
a 2

S and S’ are (5v5,0)and (—5v/5,0); vertex A(10,0)

— SA-S'A= J(sﬁ —10)°(=5V5 — 10)” = (5V5 — 10) (55 + 10) = 25

= VSA-S'A=5
5. Ans. (3)
Since tangents drawn from the point A(a, 2) are perpendicular, A must lie on the director circle
x% + y? = 7. Putting y = 2, we get a? = 3.
6. Ans. (9)
x?-y%2=9

Equation of tangent

= y=mx+3ym’-1 (1)
1

Equation of CM/CN = y=——X
m

=>x+my=0 -(2) C
For CM = (y - mx)2=9(m? - 1)

(x+my)2=0
2 2 _9(m2_1)_ 2 / N
= (y"+x )_—(m2+1) =cm -(3)

For CN = putx=-myinx?-y%=9
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9m?

m* -1

& Xt =

2 2 9(m*+1)

X4y == =CN?

CM?.CN? =81
CM.CN =9

7. Ans. (81.00)
Asymptotes = (x +y +1)(2x -y +2)=0
hyperbola = (x +y+1)2x-y+2)=A
putx=2=3+y)(6-y)-M=0
y2-3y-18+11=0
=D=0
9-4(-18+A1) =0

_81

X14

from (1) (x+y+1)(2x -y + 2) =%
So A =81.
8. Ans. (45.00)

2

X2y
XY _y,q=2b=+12,e=2
4 12

P(4,6)

tangent at (4, 6) = X—%zl =T(1,0)
normal at (4,6) = x + 2y =16 = ((16,0)
Area of APTG = %[PS)(TG)=4S

9. Ans. (77)
Let P(x,y) be any point on the hyperbola

distance of P from the focus

-(4)

(1)

(x1,51)

G

/T 5‘ (4,0) °

Then by focus directrix property

JOx+1) +(y-1)

X-y+3
17 +(-1)

2

or 7x% - 18xy + 7y? + 50x - 50y + 77 =0

distance of P from the directrix

=3 or (x+1)2+(y—1)2=9'[ —

www.allen.in
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10.  Ans. 455

Equation PQ : chord of contact T = 0
y=-12

1
Area: —PQ-TR 11(0,3)

xZ yZ
M amp—
TR = 3 + 12 = 15, Point P (35,-12) /\ 9 36
= PQ =65 / \
1 Q p

E.15.6\/§ = 455 sq. units R

Area of APTQ =

EXERCISE - JEE (Main) PYQ

1. Ans. (2)

e=+/1+tan’0 =secO

As,sec@>2:cose<%

e [E,ﬁj
32

2
Now, ¢(L-R) = ﬁ =2m
a cosH
= 2(sec 6 - cos 0)
Which is strictly increasing, so
2(L-R) €(3,).
2. Ans. (3)

XZ y2
Hyperbola — —-2+-=1
yp 5 4

slope of tangent =1
equation of tangent y = mx + Va?m? — b?
=>y=x+V5-4=>y=x+1

=>y=x+lory=x-1
3. Ans. (4)

2 2

y X

1+r 1-r
2 2

y +
1+r r-1

o 1_(r—1j _r+)-(r-1) :\/ 2 :\/ 2
- r+1) (r+1) r+1 r+1
yZ ~ 2
1+r 1-r

\/ 1—r 2
e=,[1+—=,|—
1+r 1+r

forr > 1,

=1 represents an ellipse.

Forr <1,

=1represents a hyperbola
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4.

Ans. (4)
2b = 5and 2ae = 13

b? =a%(e?-1) = 2_5:@_612
4 4

13
—a=6 —e=—
12

Ans. (3)

2

2
X——y—=1:>a=\/ﬁ;b=\/ﬁ

24 18

Parametric equation of normal: /24 cos0.x++/18.ycot 0 =42

Atx=0:y =£tan6 =73 (from given equation)

78

18
:>tan6:\/§:>sin6:i\/§
2 5

. —/24 cosH
slope of parametric normal =————=m

V18 cot O B
:,m__ﬁsme__iori
3 NGNS

Ans. (3)
V(£6,0) 22a=12 = a=6

Xy .
hyperbola —-==1 (i
yp 36 b (1)
P(10,16) lies on (i)
We get b? = 144

2 2

Xy

36 144

Equation of normal at (x4, y;) is

a’x  b?

21 4 2Y _ gze = 2x + 5y = 100
X1 Y1

Ans. (2)

2 2

y

Slope of tangent is 2, Tangent of hyperbola XZ -5 =

XX, VY,
——=—=1(T=0
13 ( )

Slope : %ﬁ:2:> X, =4y, (i)

1
(x1,y1) lies on hyperbola

X Yr )
O q .. (ii
PR (ii)

From (i) & (ii)

1 at the point (xq,y,) is

www.allen.in
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2 2
(.70 R FIV S [
4 2 2

= 7yf=2:>yf=§

Now x% + 5y% = (4y,)? + 5y
=QRlyi=21 x§=6

Ans. (2)

2 2
Ellipse : X—+y— =1
4 3

. . 3 1
eccentricity = ,(/1— Z = E

o foci=(£1,0)
1
for hyperbola, given 2a = V2=a=—
y g \/E
X2 y2
.. hyperbola will be -—=1
1/2 b

eccentricity = \/1+2b?

2
.. foci = [i4/1+22b , OJ

" Ellipse and hyperbola have same foci

2
= ,/1+2b =1= bZ:1
2 2

.. Equation of hyperbola :

2 2

y

1
=>x%-y2= =
Y 2

Clearly (\/g, %j does not lie on it.

Ans. (2)

y = mx + c is tangent to
2 2

X Y _1andx? +y% =36

100 64

For circle ¢ = /36(1 + m?)

For hyperbola ¢ = V100m? — 64
By applying conditions of tangency
= 100m? - 64 = 36 + 36m?

, 100 10
m-=—o—sm=+—
64

o2 36(1+100j=36x164
64 64

4c? =369

. A
1/2 1/2

[178]
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10. Ans. (1)

For ellipse X—2+y—2 =1 (b<5)
25 b’
Let e is eccentricity of ellipse
o b? = 25(1 - e?) (1)
Again for hyperbola
X2 yz
16 b
Let e, is eccentricity of hyperbola.
- b? = 16(ef-1) -(2)
by (1) & (2)
25(1-ef)=16(e’ - 1)
Now e e, =1 (given)
2

L 25(1-e?)= 16{1_261 j

e1

4
or elzg Soey = Z

Now distance between foci is 2ae

.. distance for ellipse = 2 x 5 x §= 8=a

distance for hyperbola = 2 x 4 x % =10=

= (o, B)=(8,10)
11. Ans. (4)
Tangent to hyperbola of slope m = -2 is given by

y=-2x++3(4) -3

(y = mx £ Va?m? — b?)

=>y+2x=123=2x+y=3 (k>0)

For parabola y? = ax equation of tangent with slope m = —2 is

y:mx+i
4m

=>y=-2x+ & = &3
-8 -8
=>a=-24.
12. Ans. (1)

Given hyperbola is
16(x + 1)?-9(y-2)? = 164 + 16- 36 = 144 A(e, )

x+1)° —2)’
e (-2

9 16 G

L [[[16 5 (hk)
Eccentricity, e=,[1+—=—
2 3 (-6,2) (4,2)

= foci are (4, 2) and (-6, 2)
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Let the centroid be (h, k)

and A(o, B) be point on hyperbola

_ oa—6+4 k:B+2+2

’ 3

=Soa=3h+2,3=3k-4
(o, B) lies on hyperbola so
16(3h + 2 + 1)2-9(3k- 4-2)? = 144
= 144(h + 1)2-81(k - 2)? = 144
= 16(h? + 2h + 1)-9(k?-4k + 4) = 16
= 16x2-9y% + 32x + 36y-36 =0

13. Ans. (2)

So h

: b* 3
For ellipse ¢, = 1—? =

for hyperbola e, =g

Let hyperbola be

2 2

X y©

~

(-3,0)

at b?

" it passes through (3,0) = 9. 1
a

2

= a’=9 = b*= az(ez— 1) :9(?—1):16

.. Hyperbola is

X2 y2

9 16
14. Ans. (2)

M3 Bx-y
Bx+y 43

2 2
—3x2-y2=48= XY _
16 48

Now, 48 = 16(e? - 1)
= e:\/Z =2

15. Ans. (3)

2 2

X ¥ _4 1

4 2
2
e:4/1+b—2:\/§
a 2 0

K =

/
N

'y P(4,V6)

.. Focus F(ae,0) = F (\/6,0) 4
equation of tangent at P to the hyperbola is
2x-yJ6 =2

‘0 F(Vs, o): i

x =6

[180]
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tangent meet x — axis at Q(1, 0)

& latus rectum x = \/g at R(\/g,i(\/g—l)j

J6
_1 2
*. Area of A (\/_— ) —(\/_—1)
6
7
=—-2
J6
16. Ans. (3)
2 2
%_%:1 ; (8, 3\/§) lie on hyperbola then % - % =1
Sar=-%_16
4

equation of normal at (8, 3\/§) :

16X 9 1649

3f
2X + \/§y =25
17. Ans. (4)
Tangent at (o, B) has slope 1
Bz =24a

Equation of tangent yf = 12(x + o), 1_52 =1

=>oa=6p=12
“(a+4,p+4)=(10,16)

2 2

Normal at (10, 16) to = — Y =1 is 2x + 5y = 100
36 144

18. Ans. (42)

2 2 2
L €LY,
a? 1 4 3

[1 3 1
" a’ - 4 2
(R=2 (R=23_3
a 2
2_3
a
2
a==
3
e, = 1+2=—‘13
4= 2
12(eﬁ|+e§):12(13+1j 1 _ 4
4 4 4
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19. Ans. (4)

2 2
e= 142 122
a a

Given e* :£€
14

b* 11 2b?
1+—="—""
a- 14 a
a2+b2_2 b_2

a’ 7 a

2 2
Also e':4/1+a—2,£'=2i
b b

Given (e')2 = %8'

(1)

(2

New (1) + (2)
b> 4 b’
a? 7'a
s7a=4b ..(3)
From (2)
16b?
40 TP 11 160

b> 4 49
65 1116,
49 4 49
b 4x65

11x16

We have to find value of
77a + 44b
11(7a + 4b) = 11(4b + 4b) = 11 X 8b
4x65

16x11

(4)

s.Value of 11 x 8b =11x8x 130

20.  Ans. (85)

g =lt=—=>—5=— (1)

2 2
A ﬁ,gj satisfies X——y—=1
5’5 a
64 144
=2 2
5a® 25b

=1 -(2)

Solving (1) & (2) b=

ul| o

8
a=—
5
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\/_a X 5b2
12
Comparing it 8\/_X+By=k
Gives A =100, p=15
A—B=85
21. Ans. (306)

2 2

X y_1

1+n 3+n

/ b2 J 3+n 2n+4

1 + —
1+n n+1

2n+4

n+1
n=48 (smallest even value for which ecQ)

10
7

Y —a?+p?

Normal at A is

n

a’=n+1 b*=n+3
=49 ' =51

2

=length of LR =£
a

L=22L
7

| 102
7

210=306
22. Ans. (12)

2 2

Xy

a? b’

= a=

N | W

ae = 2 &e= —
3
also b2 = a%e’- a:>4—%

Slope of tangent = %

So tangent equation will be

y = mx +./a’m’-b?

3X 16 9 20 3x 4
>y=—=x,|— " Dy=—t-—=
2 94 9 2 3

9

Xintercept

—4:>|6a|+|5b| 18 @ @:12
3 9 9 9

yintercept
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23.

24.

25.

Ans. (3)

X’ - 4y’ = 36 3x + 2y=1
3
m=-—=
2

secO 3 3 1 -3

=+ = X =
J12.tan0 12 sin® 2

sin9=—i

\/§
(\/E.sece, 3tan9)

NE) 1 6 -3
()= (5 )
Ans. (2)

e, =2
e =L

2

Since the curves intersect each other orthogonally
The ellipse and the hyperbola are confocal

2 2

H: X Y _
1/2 1/2
= foci =(1,0)
For ellipse a.e. =1
—a=+2
1 b* 1 b 1
e.)=-l-—=——-==
(&)= a> 2 a 2
=b’=1
20 2
Length of LR="="2=2
8 a 12
Ans. (216)
XY
36 9

equation of normal is 6x cos® + 3y cot® = 45

slope=-2sin0 = —\/E

:>6=E
4

Equation of normal is J2x+ y=15
P : (asecH,b tand)

— P(6+/2,3) and K(0,15)
d? =216

[184]
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Hyperbola
EXERCISE - JEE (Advanced) PYQ
1. Ans. (B)
2 2 a2x be
Equation of normal at P(6,3) on — — =5 = 1is — +—— = a®e?
a b 6 3

It intersects x-axis at (9, 0)

9 3
el e = |2
¢ a‘e e >

2. Ans. (A, B)
Let parametric coordinates be P(3sec6, 2tanf)

= a?

Equation of tangent at point P will be
xsecf ytanf

3 2
- tangentis parallelto 2x —y =1

2secH
=

3tané@
.. coordinates are

1
=2 :>sin9=§

9 1 d 9 1
)2 w)
3. Ans. (A, B, D)
GivenH : x?2 —y?2 =1
Now, equation of family of circle touching
hyperbola at (x4,y;) is
(x=x)*+ @ =y)*+ Axxy —yy1 — 1) =0
Now, its centre is (x,, 0)
L2+ Ay = 0= A=-2

_ 2% =M :ﬁ=2x

2 1

P(xliy

" N
L P=(x, ¥ -1) /

N=(2xy,0)and M = (l,OJ
Xl

/

Also m:% = d_m:l vy >0

&3 - (A), (B) and (D)

L\ N A0

www.allen.in
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4. Ans. (D)

P(«E%J tangent \3x+2y =4
= (\/§) X+ 4(%) y =4 comparing with (II)

=a=2 .. y=mx++a’m’+1 is tangent for mz—g i.e. (ii)

.. point of contact fora = 2, m= —?is R.
5. Ans. (A)
y = x + 8istangent =>m = 1; P(8,16)
Comparing tangent with (i) of column 2, m = 1 satisfied and a = 8 obtained which matches for
point of contact (P) of column 3 and (III) of column I.
6. Ans. (D)
For a=+/2 and point (-1,1) only I of column-1 satisfies. Hence equation of tangent is

—x+y=2o0ry = x+ 2= m = 1 which matches with (ii) of column 2 and also with Q of column 3.
7. Ans. (B)

tan30"=E L
a
= b
= a=h\3 200
A an0
Now area of ALMN = %.Zb.b\/g i 30 N
43 =30 M
=b =2 and a=2\/§
=>e= 1+b—2 _ 2
a> 3
P. Length of conjugate axis = 2b = 4
SoP—>4

2
Q. Eccentricity e=—

NG

SoQ—3

R. Distance between foci = 2ae

2

= 2(243 )(ﬁj‘B
SoR—>1

S. Length of latus rectum
o 22 _ 4

a 23 B

SoS—>2
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8.

Ans. (A, D)

Since Normal at point P makes equal intercept on co-ordinate axes, therefore slope of

Normal = -1

Hence slope of tangent = 1
Equation of tangent
y—0=1(x-1)

y=x-—1

Equation of tangent at (x4, y;)
X W

a® b*
x —y = 1 (equation of Tangent)
on comparing x; = a?,y, = b?
Alsoa? —b% =1 (1)
Now equation of normal at (x;,y;) = (a?,b?)
y—b%=—-1(x —a?)

%
x+y=a?+bhb? ..(Normal) &0?" R
point of intersection with x-axis is \)W z
(aZ + bz, 0) ?(ﬁn
2

Now e=, /1+b—2

a 2

; b (1,0) b™N (@ +p2,0)
e=,[1+—— from(1) ——«<1
b2+1 |: ( ) b2+1 :| /4 Q B\

1<e<\/§

A:l.AB.PQ
2
and A:l(a2+b2—1).b2
2

A:%(sz)bz (from (1) a? —1 = b?)

A=b*
9. Ans. (7)
|
S1
Ry
PR =SR, =9
S1R1 =51 (P sina/2 = Bsin a/2)
2
@SID(EJ :M :b_ — 7
9 9
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JEE (Main) Practice Paper
SECTION-A
1. Ans. (3)
If e; & e, are eccentircities of two conjugate hyperbolas

then i+l:1

2 2
e1 eZ

.. e; =seca & e, = coseca,
2. Ans. (3)

g (1)

and 2b = — -(2)

2
ande?=1+ b* -(3)

aZ

by (1), 2), 3)
2
B

3. Ans. (1)
2b=5

4. Ans. (2)
Centre of hyperbola = (5, 0)

A . 4 S
(0,0) (5,0) (10,0) (18,0)
S 2a=10
sa=5
soae=13
b* =a’e’ —a’

b? =169 - 25
o b2 =144
O
25 144
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5. Ans. (1)
XZ yZ
a b
2 2 2 2 2 2 2 2
62:1+b_2:¥:>y_2_x_2:1, (e’)2:1+a_2:b;2a
a a b a b b
1 1 a’ b? _a2+b2_1

& @) @b’ Diial aib?
So the point lie on X* +y* =1

6. Ans. (1)
\/Ez sec20 + \/Ez tan20 = 6
=1+2tan?0=3
. 0 =n/4 for first quadrant

7. Ans. (1)
Curve xy = c?
Point P (ct, %j Point Q (ct', tgj

Equation of normal  xt*—yt= C(t’* — 1)
Point Q satisfy the equation ct't? —%t = C(t4 - 1)

t't3—F=t4—1

(t) e —t=t'(t*-1)

t?tt +t'—t—t't* =0

= t'(t't+1)-t(1+t't*)=0

' ' 1
t =t or t=- o)
- ' 1
so only possibility t' = - a
8. Ans. (1)
Since x +y = a touches the hyperbola
x*—2y*=18

X' —2(a- X)2 =18 has equal roots
ie. x*—4ax+18+2a’=0 has equal roots
16a” —4(18+2a’)=0

8a>—72=0 a=+3
- |b]=3

www.allen.in [189]



ALLEN

JEE (Main + Advanced) : Mathematics

9.

10.

11.

Ans. (1)

Let tangent given by
y=mx++m?*-5

" it passes through (2, 8)
(8—2m)2 =m*-5
3m*-32m+69=0

23
=>m=3o0r 5
.. tangent can be

3x-y+2=0
or23x-3y-22=0

Ans. (1)

2 2

Xy
a2 bt

tangent at point P (a sec6, b tan0)
XsecO ytan6 _

a

cos0 :E, cotO = _E

a

cotO =
h? k?
a‘-h? =b_2
2 2
a b
h? k?
So locus is
a’ b
P
Ans. (1)

4x* —9y* =36 = 3

5x+2y-10=0
-5
m=—
2

Equation of tangent y = m'x + /a’ m* -b®

y= EX + ,/9xi—16
5 25

y= %X + +/-ve so not possible

r acos0 +(— bcot@)

Point A(acos®, 0), B(0, - b cot6)
Cordinate of point P is
(h, k) = (a cosH, - b cotb)

h
Jar-pz b

[190]
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12. Ans. (2)

2 2
Equation of the hyperbola can be written as X—z _ =
5

421

where X =x-3andY =y -2.
.. tangentY =X * m
y—2=(x-3)%3
= y—-2=x-34+3 or y—-2=x-3-3
>y=x+2o0ory=x-4

13. Ans. (3)
Equation of chord joining given points

écos (Hj _y sin(mjz cos (mj
a 2 b 2 2

If (ae, 0) satisfies it
cos 0-¢
ol
¢ cos(wj
2

Now by componendo dividendo

1-e tangtang -(B)
1+e 2 2

again if (- ae, 0) satisfies it

- e Cos (uj = cos (mj
2 2

= 1Le: tan9 tan9 ..(D)

1-¢ 2 2
14. Ans. (1)

byT =5;

3xh—2yk+2(x+h)—3(y+k)

=3h* —2k* + 4h -6k

= x(3h + 2) + y(—2k — 3) =3h*-2k* +2h -3k

If is parallel to y = 2x

~ (Bh+2) >y

U (2k+3)

=>3x-4y=4
15. Ans. (2)

Locus of R will be

T=0

X;z_ y_'1_1:0

16 9

9x —8y—72=0
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16. Ans. (4)

2 2

X y

2 ——=1
COS o SIn o

locus of perpendicular tangents
(Director circle) x2 + y2 = a2 - b2

X2+ y2 = cos2a - sinZa, = cos2a.
s
ButO<oa< — = 0<cos2a<1

O<xz2+y2<1
So there are infinite points.
17. Ans. (4)
The product of the lengths of the perpendiculars from the two focii on any tangent to the
hyperbola

2 2
X Y _1is3

25 3
S.3= \/E,hencek=9
18. Ans. (2)
2x =3y —=2(x+2)+2(y+3)=0
-y+2=0=>y=2
19. Ans. (4)

2
16x =1 = x:J_rl—5
225

15 15 15 15
Hence intersection points are P| —,— | and Q| -—,-—
4 4 4 4

za:szz\/Ex%S: 15 _ 15

NN/

5
ivenb = —
8 2

20. Ans. (1)

=4=m?(m?>-3)=>m*-3m?-4=0
m?>—-4)(m?>+1)=0

>m=%2

y=%2xz*1

=>zy=2x+1
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SECTION-B

1. Ans. (1)

.. P(rycosb, r;sinb)

T T
Similarly Q(r2 cos(—+ ej, r, sin(—+ GD
2 2 O\ bt/ P

Q (-1,5inb, r,cos0) ¢
P & Q lies on Hyperbola
2 s 2
Ir12(cos2 e_sm2 Ble
a b
. ) aZbZ ) a2b2
L T 2.2 & hL=ro—— 2 2
(b*cos“6-a”sin” 0) (b*sin"0-a“cos” 0)
1 1 _b-a® _ 1 1
-+ —>=-—_-=—--=-HP
r12 r22 aZbZ aZ bZ
2. Ans. (2)
ellipse
XZ yZ
AT
X2 y2
Hyperbola, F_Ez
2 2
e =1—b—2, e =1+B—2
a A /’ ‘\
and 2ae =2Ae, \il y
Also, b =B
B
SO, L =
ae, Ae,
=125
Ae

e’e; =¢e; —e’el +e’
= e’ +6,°=2
3. Ans. (4)
By property, orthocentre always lie on rect. hyperbola
LAx4=16
Lh=4
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4.

Ans. (22)
Let (x4, y,) be the point, of contact of tangent
3x — 4y = 5to x? — 4y? = 5 Solving we have = (x;,y;) = (3, 1)

2 2

y

Now any tangentto — —=—=1is
ytang 25 16

y =mx + 25m*-16

= y%2 + m?x? — 2mxy = 25m? — 16 (1)
"+ (1) passes through (3, 1)
s 16m? +6m—17 =0 (i)
. 3 -17
Let m; & m, be the roots of (ii) and m; + m, = - 3 and mym, = Te

~o32(my + my —mymy) = 22
Ans. (4)
3x2-2y2=6

XZ yZ

2 3
Let the equation of tangent

y = mx + Ja’m® —b?

passes through (o, B)

(B -ma)?=a?m? — b?

m?o2 + B2 - 2map = a’*m? — b
m?(a2-a?) - 2mop + P2+ h2=0
BZ +b2
o —a
202 -2a% =2+ b2
or 202-4=p32+3
B2 = 202-7

Ans. (25)

P is (3sech, 4 tanO)

2

mim, = =2

Tangent at P is g sec O —% tanf =1

[t meets4x —3y =0 ie.

. 3 4
*Qis )
secO-tan0O secO-tan0
[t meets4x +3y =0

ie. 2=-Y inR
3

3 -4 .
R , is
secO+tan0 secO+tan0

2 2 2 2
- cQ.cr=| 3+ NI A g5
secO-tan® || secO+tan6
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7. Ans. (6)
Equation of director circles of ellipse and hyperbola are respectively.
x%2+y?=a?+b?

and x? + y? = a? — b?

a’ + b* = 4r? (1)
a’?—b%=r? -(2)
So 2a? = 5r?
a2=
2
2
b2 = 4.1'2 —SL
b? = ﬁ
2
2 2
=12 -1, 2_ 432
a 2 5r 5 5
2 3 8
eﬁ=1+b—2 = e=1+==—
a 5 5
So 4e§—ej=4x§—z=@=6
5 5 5

8. Ans. (16)

The line y=mx+cym®+1 is a tangent to the given circle. Since it passes through the foucs

(\/EC, \/EC) of the hyperbola, V2c=my2 c+cym?+1 = m?+1=4m  ..(1)

The line y=mx+cym*+1 intersects the hyperbola xy = c? at the points given by

2

C
—=mx+cym?+1
X
or mx+cym?+1x-c?=0.

If x4, x, are the roots of this equation, then

_ —cm?+1 c?

X% =, xlxzz_F so that
CZ m2+1 4‘C2 8C2 .
(X1 _X2)2 Z(Xl +X2)2 —4'X1X2 2%4'?:? (usmg (1))
2 Qa2
Also (y, —y,) =m*(x, %) = m r‘nBC =8c’m.

2

Hence the length of the focal chord = \/(X1 %) (Y~ Y,)

8(1+m?
=c /§+8m:c,/u=\/32c:4\/§c.
m m
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9. Ans. (6)
Let S and S’ be the focii and b be the length of semi-minor axis of the hyperbola.
Let A and B be the feet of perpendiculars from the focii upon any tangent.
We have to prove that AS + BS' > 2b
We know that, AS x BS' = b?
Applying A.M >G.M
AS +BS’ S \/b—z
2
AS + BS' > 2b.
10. Ans. (3)

Let A is [t, %] ,then B is (%,tj
2 2
Now (t—%j +(%—tj =14

2(t2+tlzj—4=14 = t2+tlz=9:r2

=>r=3
JEE (Advanced) Practice Paper
1. Ans. (A)
c 2 A1 S
(0,0) (a,0) (ae, 0)

Clearlyzﬁ —a=>e= 3
3 2

5= (2]
2

2
bt —ate’ —a® —-a’—a’ s
4 4
Equation of hyperbola
2 2
X ¥y 4

=
4
Which reduces to 5x* —4y* =5a°
2. Ans. (C)

Homogenizing the equation of hyperbola with the help of line

z 2 . 2
We have X_Z_y_:(x cos 0tp+y sma]

2a’
Now this subtends an angle of 90° at origin

so coefficient of x? + coefficient of y2 = 0
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3. Ans. (C)
Let equation of directrixbe y = 2x + C -(1)

.+ (1) passes through centre (2, 3) of the circle
=C=-1

o (i)reducestoy = 2x —1

.. equation of required hyperbola will be

JOP T (y-3F =2 (%j

which reduces to = 11x* —y* —16xy —16x+38y—41=0

4. Ans. (D)
Circle x* +y* =a’e’ (1)
For P,AB is
givenby T =0= Z_?_Z_L(:1

Itis tangent to (1)
So, by p = r we get

2 2
;=ae; X—4+y—4:% H.P.
h? K2 a* b* a“+b
7+7
Va*  b*
A

(—ae, 0)e
5. Ans. (B)
2 y2

Let P(x4,y,) be a point on pria =1
XNy
a b?

XZ yZ
Chord of contact of 7 =2 from (xq,y;) is
XX
L % - (1)

equations of asymptotes are X Y. 0 and X + Y 0
a b a b

pts. of Intersection of (1) with two asymptotes are
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v = 2a yy = 2b
oy Xy
a b a b
v = 2a ), = -2b
ST e A
a b a b
'orA—l(xy—xy)—lM =4ab
. > 1)2 21 ) Xlz ylz
a? b2
6. Ans. (B,C,D)
X ¥y
3 2

= 3sin?a - 2cos?o. - 1 < 0 = 3sin?a. - 2 + 2sin2a-1<0

:>551n2a<3:>|sina|<\/g:—\/g<sinoc<\/§

7. Ans. (B,D)

On solving

xy = c? with

circle

x2+y2+2gx+2fy+1=0
c* 2 fc?

x?+ 2 +2gx + +A=0

X
x*+2gx3+ L x%+2fc?x+c*=0

le =-29
D XX, =2

and again by eliminating x from equation of circle and hyperbola we have

= y'+2fy’ +ay* +2gc’y+c* =0
Zy1=‘2f
Zylyz =i

Now CP?+ CQ*+ CR?* +CS?
ZX12+ZV12 = (Z:x1)2+(21y1)2 —2(2 X%+ VY, )= 497 + 4f 2 — 4d = 4r?
8. Ans. (A,C,D)
(i) Points o and B on the hyperbola are (a seca, b tana) and (a secf3, b tanf).
Equation of chord joining o and f is

icos[a__ﬁj_l sm[“_wj - COSEOHB)
a 2 b 2 2

By hypothesis this chord is focal chord and is passing through (* ae, 0)
. tecos (0‘__Bj = cos (OL_JFBJ
2 2

(i) Letk=+1
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COS[OL_FBJ—COS(OL_BJ
(ke_lj: 2 2 ) _ -2sin(a/2)sin(B/2)
cos(a+Bj+cos[a; j 2cos(o/2)cos(B/2)

9. Ans. (A,D)

C C
Equation of chord joining [Ct1 , t—J and [Ct2 , t—J is
2

1
x+tit, y=(t1 +t3)c (1)
(i) is parallel to y = x

= tltZ = —1
C C
Now equation of circle will be (x — ct;) (x — ct,) +[y—t—] [y_t_] =0
1 2
= X +y?—cx(t, +t, )+ yc(t, +t,)—2¢* =0
= X +y -2t —c(t, +t,)(x-y)=0 ..(2)
equation (2) is of the form § + AL = 0 where Sis X’ +y*~2¢*=0 and Lisx —y = 0
Solving S and L we get (¢,c) and (- ¢, -¢)
(2) will always pass through (c, ¢) and (- ¢, -c)
10. Ans. (AB,D)
Let the equation of the circle is
(A) X*+y*+20x+2fy+k=0

and the equation of the rectangular hyperbola is xy = ¢?
putx =ctandy = %

242 ¢’ 2f

c +t_2+2gCt+TC+k=0

c’t* +2gct® +kt* +2fct+¢* =0

CZ
bttt = 5 =1
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11.

12.

13.

c C C ¢C

(B) A.M. of 4 points is Chtcreh+ct, 1L & & %
4 ’ 4

c cf[1 1 1 1
-\t +L,+t,+t, ), —+—+—+—
(4( L) 4[t t, t, ot B

1 2 3 4
(j ij
2’2
mid-point of centre of circle (—g, —f) and hyperbola (0, 0) is (%%j

(D) Centre of circle is (—g, —f)

E(ﬁj'g(ﬁj = E(tl +t2+t3+t4),2 l+l+l+l
20 ¢ )2 2 2 2ttt ot

tttt, =1

(E[t1+t2+t3+ ! ],E(l+l+l+tltzt3n
2 ttt, )2\ttt

Ans. (B)
Equation of tangent is y = mx ++a’m?—b* where a?m? — b? > 0=y = mx * y3m*-2
As it passes through (2, 1) = 1 = 2m ++/3m* -2

— 1-2m=++/3m*-2 =m=1,3

sotangentsarey =x —landy =3x—5

The corresponding points of contact are (3, 2) and [ggj

Ans. (A)

Equation of tangentisy —2=m(x—-1)=y=mx+ (2 —-m)

it will be tangent if c2 = a?m? — b? provided c # 0
=>((2-m)P2=m2-4=m=20ro=m=w= tangentisx =1

Ans. (C)

Since equation of a hyperbola and its asymptotes differ in constant terms only,
.. Pair of asymptotes is givenby xy —3y —2x+1 =0

where A is any constant such that it represents two straight lines.
o.abc+2fgh—af?—bg?—ch? =0

2
:>O+2x(—§j x(—1)xl-0-0-x(lj =0
2 2 2

SLA=6

From (1), the asymptotes of given hyperbola are given by
xy—3y—2x+6=0 or (y-2)(x-3)=0

.. Asymptotesarex -3=0andy-2=0
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14.

15.

16.

17.

18.

Ans. (12)

2 2

Tangent to X Y -1is
5 9

y = mx++5m’ -9 comparing it with y = 3x + A we get A = + 6.
Ans. (0)

y = —J2x——L touches
2 2

V2
Xy

Z 2 —1hence,
9 16

\/E-+~/9( J2)P-16 . n=22.

Ans. (10)
It is clear from the diagram distance

(0,5)

i
NP2

between point of contacts is 10

Ans. (30)

Tangent on (3sec ¢, 4 tan ¢) is

secd tan¢ .

—tx-——y=1 -
3 R (1)

given that (i) is Lto3x+8y-12=0

- i(ﬂMﬁJ =-1= ¢=30°
3 (tang )\ 8

Ans. (264)

Focii of hyperbola are (* Ja1, 0)

*+ P lies on the circle x? + y2 = 41

Any point on hyperbola is (4sec 0,5tan 9)
= 16 sec?20 + 25 tan20 =41

P(4secB, 5tanf)

5 (‘m' 0)f1
=tanf = — and secO= ®

Jat

pfi+pf: = e(4sec9—§j +e (4sec9+§j

=8esecH

o 1, Vit
J_—Z\/_—x/g (Wheree—T)

T(va1,0)f,
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