Ellipse

General Equation of an Ellipse:

In the previous chapter, we have learned that ellipse is one of the conic sections.
Let (a, B) be the focus S, and #x + my + n = 0 is the equation of directrix.

Let P(x,y) be any point on the ellipse. Then by definition.

/

P gx,y)

Directrix

2
%=e = SP = e PM (e is the eccentricity) = (x — a)? + (y — B)? = e? %

= ({2 +m?) {(x—a)®> + (y — B)?} = e?{fx + my + n}?
This simplifies to ax? + 2hxy + by? + 2gx + 2fy +c =0
in which A # 0,h? < ab & if (h = 0 then a # b)
Illustration 1:

Find the equation of an ellipse whose focus is (2, 3) eccentricity is 1/3 and the directrixx + 2y —1 =0

Solution:
Let P(x,y) be any point on the ellipse )
whose focus is S(2, 3) and the directrixisx + 2y —1 =10 Pex. )
PM perpendicular from P(x,y) on the directrix x + 2y — 1 = 0 M 1 ?
Then by definition SP = ePM
= (SP)2 =e?(PM)? = (x —2)*+ (y —3)? = l{%}z \ @3

I 5 x+2y-1=0

=45(x?+y? —4x—6y+13) =x% +4y?2 + 1 +4xy — 2x — 4y
= 44x% + 41y? — 4xy — 178x — 266y + 584 = 0

which is the required equation of the ellipse.
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Standard Equation of Ellipse:
Standard Equation & Definition:

2 2
Standard equation of an ellipse referred to its principal axes along the co-ordinate axes is —2+§:1.
Where YA
a>b&b%?=a%(1-e?)=a?—-b?=a?e?
where e = eccentricity (0 < e < 1). M,§
Foci: S = (ae,0) &S’ = (—ae,0). o i ) a
(a) Equation of directrices: X< ;, S T ;é(ae.m TR > x
a a o :
x=2 & x=-12, £ h 7 E
e e o ! B'(0,-b) st
: : o
(b) Vertices: Es i
Y’V /A

A = (—a,0)&A = (a,0).
(c) Major axis: The line segment A" A in which the foci S" and S lie is of length 2a and is called the major
axis (a > b) of the ellipse. Point of intersection of major axis with directrix is called the foot of the

directrix (x) = (ig, Oj.
e

(d) Minor Axis: The y —axis intersects the ellipse in the points B’ = (0, —b) & B = (0, b). The line segment
B’B of length 2b(b < a) is called the Minor Axis of the ellipse.
(e) Principal Axes: The major & minor axis together are called Principal Axes of the ellipse.

(f) Centre: The point which bisects every chord of the conic drawn through it is called the centre of the
2 2

conic. C = (0,0) the origin is the centre of the ellipse %+§ =1.
(g) Diameter: A chord of the conic which passes through the centre is called a diameter of the conic.
(h) Focal Chord: A chord which passes through a focus is called a focal chord.
(i) Double Ordinate: A chord perpendicular to the major axis is called a double ordinate.
(j) Latus Rectum: The focal chord perpendicular to the major axis is called the latus rectum.

2 : 2
(i) Length of latus rectum (LL") = 2b" _ (minoraxisy’

_ 22 =2a(1-¢€%)
a major axis

(ii) Equation of latus rectum : x = + ae.
b? b? b? b?
(iii) Ends of the latus rectum are L(ae,—), L'[ae,——j, L, [—ae,—} and L, '(—ae,——j.
a a a a

(k) Focalradii:SP =a—ex&S'P=a+ex = SP + S'P = 2a = Major axis.

b2
(I) Eccentricity: ez'/l_g

Note:

(i) The sum of the focal distances of any point on the ellipse is equal to the major Axis. Hence distance of

focus from the extremity of a minor axis is equal to semi major axis. i.e. BS = CA.
2 2

(i) Ifthe equation of the ellipse is given as — +y—2 =1 & nothing is mentioned, then the rule is to assume
b

thata > b.
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Another form of Ellipse:

X y2 4
§+b—2=1. (a <b) WDirectrix J2.250e .
(a) AA' =Minor axis = 2a B(0,b)
(b) BB’ = Major axis = 2b
C az = b2 1-— 82 & &
( ) ( ) Zaz (*€ be) L' (O,be) S .......... L(? be)
(d) Latusrectum LL' = L;L,;"==", equation y = + be
b , (-a,0) 4’ A(a,0)
(e) Ends of the latus rectum are: X< c|©.0 i
a’ [ a° a’ [ a°

L[F,be),L (—F'bejnh(ﬁr—bejrh (—3»—“} AL E—

(f) Equation of directrixy =+ b/e
22 B'(0,-b)

Eccentricity: e=,[1-— 41 WO
(&) Y b? Direct y=-b/e
Illustration 2: Y
Find all parameters of the ellipse 16x2 + 25y2 = 400
Solution:

2 2 2 | 16 |
XY 1,a=5b=4, e:Jl—b—zz§ I (0,4) (3?) I
25 16 a’ 5 ! , !
=ae =3 E=2—5 i i i

e 3 (=50 _: 0,0) (3,0)(5,0) |
i(—=5,0)\_ (=3,0) [(0,0) ((3,0)(5,0)
Centre (0,0) I ! I
Vertex: (+a,0) = (£5,0) i 0, —4) (3’ _E) i
Foci: (+ ae,0) = (+3,0) | e 5 i
b’ 16 x=-= =2
Ends of latus rectum=| tae,+— |= iS,i? 3 3
a

25
Directrix: Xx=ta/e= X:i?

Illustration 3:

If LR of an ellipse is half of its minor axis, then its eccentricity is -
3 2 3 V2

A) - B) - C) — D) —

(A) 7 (B) 3 (@ = (D) <

Ans. (C)

Solution:
2

As givenﬁzb =2b=a=4b?=a?
a
=4a’(l—e?)=a’=1—-e*=1/4
Le=—.
2
Illustration 4:

The equation of the standard ellipse with respect to coordinate axes whose minor axis is equal to the
distance between its foci and whose LR = 10, will be-

(A) 2x%2 +y%2 =100 (B) x? + 2y% =100
(C) 2x? + 3y? = 80 (D) none of these
Ans. (A, B)
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Solution:
Whena > b
As given 2b = 2ae = b = ae -(1)
2
Also 22 210 = b? = 54 (i)
a

Now since b? = a? — a’e? = b? = a? — b? [From (i)]
= 2b% = a? ..(iii)
(i), (iii) = a? = 100, b2 = 50

2 2

X Y 1 =x%+2y2=100
00 50

Hence equation of the ellipse will be

Similarly, when a < b then required ellipse is 2x2 + y? = 100.

Shifted Ellipse:

Equation of Ellipse having Axes Parallel to Coordinate axes:
2 2

If the ellipse having equation X—2+§ =1,a>Db, is shifted (translated) such that its centre is at (h, k), then
a

_h)2 A =h
equation of ellipse becomes (x azh) + Ly bzk) =1. g x=h-aje ¥
x=h+a/e
Sincea > b,
F, F
major axis is along y = k and minor axis alongx = h. S )
y =
Eccentricity is given by relation b? = a?(1 - e?).
Fociare F;(h + ae, k) and F,(h - ae, k).
a 0 ¥
Equation of directrices are x=h+ o
: . . (x=hY (y-kY
If equation of the ellipse having " + o =1,
a < b, then a? = b%(1 — e?). Foci are F;(h,k + be) and F,(h, k — be). Equation of two directrices are
yzkiE.
e
y
x=h
y=k+b/e

A

C (W, k)

F,

y=k-b/e
0 x
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Illustration 5:

Find the equation of the ellipse whose foci are (2, 3), (—2, 3) and whose semi minor axis is of length /5.
Solution:

Here Sis (2,3) &S'is (=2,3) and b = /5 =SS’ = 4 = 2ae = qe = 2
buth? =a’(1—e?)=>5=a*—4=>qa=3.

Hence the equation to major axisis y = 3

Centre of ellipse is midpoint of SS' i.e. (0, 3)

2 22 2 22
.. Equation to ellipse is X—2+(yb23) =1or X3+¥=1

Illustration 6:
Find the equation of the ellipse having centre at (1,2), one focus at (6,2) and passing through the point (4,6).
Solution:

. . o (x=1) (y-2)
With centre at (1,2), the equation of the ellipse is —+

=1. It passes through the

b2
point (4, 6)
9 16 ,
= ? + b—z =1 (l)
Distance between the focus and the centre=(6 —1) =5 = ae
= b? =a? —a?e? =a?—-25 ..(ii)

Solving for a? and b? from the equations (i) and (ii), we get a? = 45 and b? = 20.

2 2
(x—1) +(y—2) 1
45 20

Hence the equation of the ellipse is

Illustration 7:
Find the equation of axes, directrix, co-ordinates of foci, center, vertices, length of latus-rectum and
2 2
(=27, (y=4F _,
25 16

eccentricity of an ellipse

Solution:
2 2

Letx —2 =X,y —4 =Y, so equation of ellipse becomes as ra + e =1.

equation of major axisisY = 0=y = 4.
equation of minor axisis X = 0 = x = 2.
center X =0Y=0>=>x=2,y=4

C =24

Length of semi-major axis a = 5

Length of major axis 2a = 10

Length of semi-minor axis b = 4

Length of minor axis = 2b = 8.

Let 'e' be eccentricity

L bt=a%?(1-e?)

/az—b2 ,25—16 3
e = 2 = =—.
a 25 5
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z 2x16 32
Length of latus rectum = LL' = 2 _ _2X20 24
a 5 5
Co-ordinates fociare X = + ae,Y =0
=>S=X=3Y=0&S'=X=-3Y=0)

=5=(54)&S' =(-1,4)

Position of a Point w.r.t. an Ellipse:

Position of a Point w.r.t. Standard Ellipse:
x2 y2
Consider the ellipse P} + i 1

Consider the point P(x,y;)

f — + y_1 < 1,then P lies inside the ellipse

2
If —; + y_1 = 1,then P lies on the ellipse
xi  »i
If ; + b; > 1,then P lies outside the ellipse.

Position of a Point w.r.t. Shifted Ellipse:

. _(x-h)? | (y-k)?
Consider the ellipse 2 + bz = 1
Consider the point P(xq,y1)

¢ (x1 -h)? + (y1-k)?

< 1, then P lies inside the ellipse

a? b2
-h)? -k)?
f (1 > ) + (17k) = 1,then P lies on the ellipse
a b2
x1 —h)? -k)?
f (1 > ) + 1K) > 1,then P lies outside the ellipse.
a b2

Illustration 8:
The position of the point (2, 6) with respect to the ellipse x + 5y2 = 20 is

(A) Outside the ellipse (B) On the ellipse
(C) On the major axis (D) None of these
Ans. (A)

Solution:

Since §; = (2)2 + 5(6)? — 20 = 164 > 0.

Hence the point is outside the ellipse.

Illustration 9:

The point (—4, 1) with respect to the ellipse 9(x — 2)? + 4(y + 1)?> = 36

(A) Lies on the ellipse (B) Is inside the ellipse
(C) Is outside the ellipse (D) Is focus of the ellipse
Ans. (C)

Solution:

Since S; = 9(—4—2)2+ 4(1+ 1)? —36 = 9(—6)% + 4(2)?> — 36 = 304 > 0.
Hence the point is outside the ellipse.

[182] www.allen.in



Ellipse ALLEN’

Focal Distance / Focal Radii:

y‘
P(xll yl)

MZ /\ Ml
X

F,(-ae,0) |0 F;i(ae, 0)/A

I Q
o|a

2 2
For the ellipse P + IYh 1(a>b)
Fi(ae,0), F;(—ae,0)

PF1=e(g—x1)=a—ex1

PF2=e(g+x1)=a+ex1

= PFl + PFZ = Za
x2 y2
Similarly, for the ellipse P + Tl 1(a<b)

F;(0,be), F,(0,—be)
b
PF, = e(g‘}ﬁ) =b—ey;

PF, :e<§+y1) =b+ey,

= PF, + PF, = 2b

Note :

Greatest focal length = Length of semi-major axis.
Least focal length = Length of semi-minor axis.

Illustration 10:
%2 2
Find the focal distance, from focus on the negative x —axis, of a point on the ellipse S + 36" 1 whose

abscissa is 4.

Solution:

P(xq,y1), hence x; = 4,e = @

Focal distance =a + ex; = 7 + g X4 = —49+;h/ﬁ

Illustration 11:

Find the focal distance, from focus on the positive y —axis, of a point on the ellipse :—Z + 2—: = 1 whose
ordinate is 1.

Solution:

P(xq,y1), hencey; =1,e = %

Focal distance =b —ey; =5—1 X % = %
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Illustration 12:

2 2
Find the product of focal distances of a point on the ellipse Y + Vil 1 whose abscissa is 2.

Solution:
5

P(x;,y,), hencex; = 2,e2 =1 —% =3

629

product of focal distances =(a — ex;)(a + ex;) = a? —e?x? =9 — % 4 =2

Auxiliary Circle/Eccentric Angle/Parametric Coordinates:
Auxiliary Circle/Eccentric Angle:
MY

4
A e 0 _yA (a,0)
(_ a, 0)

A circle described on major axis as diameter is called the auxiliary circle. Let Q be a point on the auxiliary
circle x2 + y% = a? such that QP produced is perpendicular to the x —axis then P & Q are called as the
CORRESPONDING POINTS on the ellipse & the auxiliary circle respectively. ‘0’ is called the ECCENTRIC
ANGLE of the point P on the ellipse (0 < 6 < 2m).

[((PN) b Semimi ,
Note: uz_: eml minor axis

[(QN) a Semimajor axis

Parametric Representation:

2 2
The equations x = a cosf & y = b sinf together represent the ellipse %+§ =1
where 0 is a parameter (eccentric angle).
Note that if P(68) = (a cos6, b sinf) is on the ellipse then;
Q(6) = (a cosB, a sind) is on the auxiliary circle.

Parametric Coordinates of Shifted Ellipse:
x-h? -k?
a2 + bz

Parametric equation = x = h + acosf,y = k + bsinf

1

Auxiliary circle = (x — h)? + (y — k)? = b?
Illustration 13:

3
Find the equation of auxiliary circle of the ellipse having foci $(2, 3) and S’(5, 7) and eccentricity T
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Solution:

. . . . . . 3
Semi-major axis = a, semi — minor axis = b, e = 7

_5x4_2

SS’=5=2ae =a =
2x3 3

7 10
Centre of the auxiliary circle is mid-point of SS’ which is (E'Sj and radius is a = 3

2
7 100
Hence equation is (X_Ej +(y—5)2 :T.

Illustration 14:
Find the equation of ellipse in cartesian form whose parametric equation is
x =2+ 4cosf and y = —3 + 5sinéf.

Solution:
Herea = 4, b =5 h =2, k =-3
Centeris (2,-3)
2 2
(=2 (y+3)' _,
16 25

= Equation is

Chord Joining Two Points Ehose Eccentric Angles are P(a) & Q(B):
Equation of Chord of an Ellipse:
Equation of a chord of an ellipse joining two points P(a) and Q () on it is equal to

icos(a—ﬂsj + Xsin [a—ﬂﬂ =CoS EQ—_BJ
a 2 b 2 2

Proof
P(a) = (a cosa, b sina)Q(B) = (a cosp, b sinp)
equation of chord PQ is

bsinB—bsina

(y — bsina) = (x—acosa)

acosf—acosa

—2cos (+B) sin (a;[})

. X
= —-—=SIna= ——Cosa

Zsin[OH_Bjsin(a_BJ a
2 2
Y @tB) X (a+B) (a+B)

in—— osT :cosacosT+sinasin

b 2 a
If this particular chord passes through (d, 0) then we have

cos(mj
9cos[&—ﬂaj:cos(a_Bj; 2 )_a
a 2 2 (a—B] d
cos
2
By C & D rule
cos(aﬂ}j—cos(a_ﬁj
2 2 a—d
cos(a_B}Lcos[a—Bj a+d
2 2

www.allen.in [185]

(2B) _ (@=P)
2 2

=




ALLEN

JEE (Main + Advanced) : Mathematics

_ 2sinoy2sinf/2 _a- d
2cosa/2cosB/2 a+d

ifd = ae i.e. PQ is afocal chord then tan— 5 %tan?

Illustration 15:

B d-

d

e. tan— tan
2

+
B e-1

e+l

2 2

. . . X y 2
Find the equation of chord of an ellipse 7 + — = 1 joining two points P ( ) and Q (?)

Solution:

Equation of a chord of an ellipse joining two points P(«) and Q(f) on it is equal to

X a+B) Yy . (a+B)_ a—
_COS(T}-BSIH(T)_COS( 5 j,a—( )andB ( )a—Zb V2
T, 2 T, 2 m_2n
X 6 3 Y . |6 3 6 3
—> —CO0S +——=SIn =COoS| —
2 J2

bl
NI

= X(3-1)+Y(2)(3+1)=4
Illustration 16:

M

T
Find the eccentricity of the ellipse if chord joining two points P, Q whose eccentric angles are - %and >
passes through the focus.
Solution:
oo
3 E e-1
PQ is a focal chord then tan—=tan < =——
2 2 e+l
-1 1 _
= tan(—zjtanzz—e =[ —) = ez—ﬁ 1
6 4 e+1 NE) B+1
Tangents to the Ellipse:
Equation of Tangent in Slope form
Liney=mx +c (1) D=0 y
NG yz
solving (1) and (2)
b%x? + a?(mx + ¢)? = a?b? >
ie. (a®*m? + bz)x2 + 2a%cmx + a?(c? —b?) =0 0 x
Here D = 4a*m?c? — 4a?(c? — b?) (b? + a?m?)
For tangent
D =0 = a’m?c? = ¢?b? + c?a’m? — b* — a?b?m?
D <O D>0
= c? = b% + a’m?
Hence|y = mx + Va?m? + b?|is always a tangent to the ellipse for all m € R.
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Equation of Tangent in Cartesian form

x2 2
2 =t
Equation of tangent at P(x4,y;) isT =0

XXy YY1

2t =t

bix
Slope of tangent = — 1
g azyl

Equation of Tangent in Parametric form
x2 2
2 =t
X, = acosb Yy, = bsinf

Equation of tangent at P(6) is
. x(a:;cz)se) N y(b;izne) _q
xcosf  ysinf
b
Slope of tangent=
Illustration 17:
Find equation of tangent to an ellipse 3x? + 4y? = 12, parallel to the line y + 2x = 4.

— bcqs@ = — Q cotf
asinf a

Solution:

a’?=4,b>=3,m=-2

= y =—2X+,/4(-2)*+3=y=—2x+19

Illustration 18:

Find the equation of the tangent to an ellipse 9x2 + 16y? = 144 passing from (2, 3)
[Ans. y = 3,x+y =15]

Solution:

y—3=m(x—-2)=>y=mx+3—-2m

Now

c?=a’*m?+bh*=>(B-2m)?=16m?+9=>m=—-1and0

OR

Solvey = mx + \/a’m’+b* putx =2andy = 3

=3 =2m=+,/16m*+9 = m = —1 and 0 but now don’t put in above equation because it will give four
equation. Rather use y — 3 = m(x — 2) and put values of m.

Illustration 19:

Find equation of tangent at the point (3, 2) on the ellipse x? + 4y? = 25.
Solution:

Herex; =3 andy, =2

Equation of tangentis T = 0

=x(3)+4(y)(2) =25=3x+8y =25
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Illustration 20:
Find the equation of the tangents to the ellipse x? + 16y? = 16 each one of which makes an angle of 60°
with the x-axis

Solution:
2 2

We have, x? + 16y = 16 = x_2+y_2:
4 1

comparing this equation :—j+i/—j = 1where a? =16and b? =1

Slope of tangent m = /3

So, the equations of the tangents are

y=mx + Va?m2 +b? ie. y=+3x +V48+1 =>y=+3x +7
Illustration 21:

Find the equations of tangents to the ellipse x? + 4y? = 25 at the points whose ordinate is 2.
Solution:

x2+4(2)2=25=>x,=43,y, =2

Equation of tangentis T = 0

= +3x +4y(2) =25=3x+8y =25,-3x +8y =25

Illustration 22:

For what value of 1 does the line y = x + A touches the ellipse 9x? + 16y? = 144,

Solution:
2 2

Equation of ellipse is 9x2 + 16y% = 144 or %+y?:1

2 2

Comparing this with %+§ =1 thenwe geta? = 16 and b?> =9

and comparing theliney =x+ Awithy=mx+c¢ . m=1landc=21

If the line y = x + A touches the ellipse 9x2 + 16y? = 144, then c¢? = a?m? + b?

[2212=16x12+9=> 12 =25 ~A= 15

Illustration 23:

Find the equations of the tangents to the ellipse 3x2? + 4y2 = 12 which are perpendicular to the line
y+2x =4.

Solution:

Let m be the slope of the tangent, since the tangent is perpendicular to the line y + 2x = 4.

1
m= —
2
XZ yZ
Since 3x%2 + 4y? =120r —+2-=1
4 3
XZ yZ
Comparing this with —2+F =1
a

s.a’?=4andb?=3

1 ’ 1
So the equation of the tangent are y= 2 X+, [4x 1 +3

1
:>y=5xiz =>x—2y+4=0.
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Normals:

Point form:

2 2
The equation of normal at P = (x4, y;) on ellipse S = 0 is given byﬂ—w =a’
Xl yl
Proof:
The equation of tangent at P(x;,y,)isT = 0
NY
(x1,¥1) 4N
P
X
¥ /) N\
T
S=0
\
XX
= a—zl + % -1=0
—b*x
So, slope of tangent = -
1
a’y,
= Slope of normal =—;
b*x,

Hence, equation of normal at pint P is

2 2 2
=a2yl(x—xl) or ﬂ—Mzaz—b2
bx, X, Y,

y_yl

If (x1,y1) = (acosb, bsinf) then equation of normal is

ax _ﬂ:az _p?
cosO sin0

Note: Major axis and minor axis are two normal to ellipse.
Normal other than major axis, never passes through focus.
Equation of Normal to Ellipse with given Slope

2 2
The equation of normal to the ellipse = + IThe 1 at point p(acos, bsinf) is
axsecl — bycosecd = a? — b?
a a? — b?
or y= (Etane) X — %sin@
Let — tand ing = £ —"
et —tanf = m = sinf = + ———
b va? + b2m?
+ (® —b)m €R
Sy=mxt——, m
va? + b?>m?

-b?.
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Illustration 24:
2 2
If the normal at an end of a latus-rectum of an ellipse — + > = 1 passes through one extremity of the
a b?

minor axis, show that the eccentricity of the ellipse is given by e = @
Solution:
The co-ordinates of an end of the latus-rectum are (ae, b?/a).
The equation of normal at P(ae, b?/a) is
ﬂ_bz(y)zaz_bz or %_ayzaz_bz (0,b) B
ae b"/a e
[t passes through one extremity of the minor axis (-a,0)4) :
whose co-ordinates are (0, - b) / 5 A(a,0)
. 0+ab = a?—b? = (a?b?) = (a® — b?)? :
= a’.a’(1-e?) =(a%e?)’=1-e? =¢* /B'(O:‘b)

=et+e?-1=0=(e?)?+e?2-1=0
~1+v1+4 / -
e’ =T+:> e= % (taking positive sign)

Illustration 25:
Find the equation of normal to the ellipse 9x2 + 16y? = 288 at the point (4,3).

Solution:
x2 y2
Elllpsels§+g =1Lx =4y, =3
2 2
Equation of normal is ax_by_ a’-b?
Xl yl
2x 1
3——ﬂ=32—18 = 8x-6y=14
4 3
=>4x—-3y=7

Illustration 26:

Find the equation of normal of with slope 1 to the ellipse x? + 3y2 = 6
Solution:

m=1,a?>=6, b*> =2

2
. . . (az—b )m 6-2)
Equation of normal with slopemisy =mx+ ——=>y = x+ ——
a2+b2m2 V6+2

Sy=x++2

Common Articles:

Equation of Pair of Tangent from an External Point:
2 2

If P(x;,y1) be any point lies outside the ellipse X—2+§ =1 and a pair of tangents PA, PB can be drawn to
a

it from P. Then the equation of pair of tangents of PA and PB is §S; = T?
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P(x1,¥1)
1)1 \é\\

Director Circle:
Locus of the point of intersection of the tangents which meet at right angles is called the Director Circle.

2 2

Consider the ellipse having equation X—z + Yy _ 1=0.
a

bZ
Let perpendicular tangents to ellipse intersect at point P(h, k).
So, the equation of pair to tangents through point P is.

hx  ky 2 X2y h? K2
(¥+b—2=1j = (g_'_?_lj (g-l—ﬁ—lj

Since tangents are perpendicular, in above equation sum of coefficients of x? and y? is zero.

1 (n K 1(h* K* h* k*

e e Y T e
k2 1 n 1

T @ a2y b

= h? + k% = a® + b?

Thus, locus of pointis P is x? + y? = a? + b?, which is circle.

This is called director circle of ellipse.
Note: Director circle is always concentric with the ellipse

x—h)? —k)2
For the shifted ellipse ( az) + (ybz )

(x—h)?+(y—k)?=a%+b?
Illustration 27:
The angle between the pair of tangents drawn to the ellipse 2x2 + 3y? = 6 from the point (—1, 2), is

= 1 equation of director circle is
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Solution:
§8$,=T?=> (2x2+3y?-6)2+12—-6)=(—2x+6y—6)2=> x> +2xy—y?> —2x+6y—7=0
a=1,b=-1,=2a+b=0

i
Hence angle between tangents is o

Illustration 28:
The equations of the tangents of the ellipse 3x? + 4y? = 12 which pass through the point (2,1) is

Solution:

Tangent will be of the form y = mx + Va?m? + b? = y = mx + Vv4m? + 3.
Put (2,1) in above equation = 1 = 2m + V4m? + 3

:4m2—4m+1:4m2+3:>m=—%.

Also x = 2 is tangent to ellipse at its vertex.
Hence tangents are y = — % + 2 and x = 2.

Illustration 29:
If the distance between directrices of an ellipse is 12 and its eccentricity 1s then find the radius of

director circle of this ellipse.
Solution:

2a 1 f 1 42
Distance between directrix = - =12,e = 3 s>a=2b=ayl1—e?2=2[1— 5 = =

32 2v17
Radius of director circle isv/a? + b%2 = |4 + 5 =—

Chord of Contact:
y’

If PA and PB be the tangents from point P (x4, y;) to the ellipse _+F =1.
a

2 2

The equation of the chord of contact AB is x_2+§ =1 orT =0 (at x1,y1)-
a

P(x1,y1)

Equation of Chord With Point (x;,y¢):
2 2

The equation of the chord of the ellipse X—2+§ =1, whose mid-pointis (x1,y,) isT = 84
a

2 2 2
whereTz—Jrﬂz1 1,5, =—12 yz—l ,le. X—X21+&21—1 = X—12+y—;—1
a> b a~ b a~ b a~ b
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P is mid-point of chord AB

A
P(x1,¥1)
B
Property of Segments of Focal Chord:
X2 y?
S = ; + ﬁ =1 (a > b)

The harmonic mean of segments of any focal chord is semi latus rectum.
Let AB be a focal chord passing through focus F;
2(AF)(BF;) _ b?
AF, +BF, a
Illustration 30:

2 2

Find the locus of the mid-point of focal chords of the ellipse X—Z +§ =1.
a
Solution:
Let P = (h, k) be the mid-point
. . L . xh vk h* k?
. Equation of chord whose mid-point is (h, k) is — + P 1=—+ POl 1
a a

since it is a focal chord,
-. It passes through focus, either (ae, 0) or (—ae, 0)
If it passes through (ae, 0)

en h* k* ex x* y?
= —=—4— —_—

a a b® a a b
If it passes through (—ae, 0)

2 2

*. locus is —%=X—2+y—

a a b’
Illustration 31:
Tangents are drawn from the point (—2,2) to the ellipse x? + 2y? = 6. Find the equation of chord of
contact.
Solution:
X, =—2,y1 = 2.
Equation of chord of contactis T = 0
=>x(-2)+2y2)—-6=0 2>x—-2y+3=0.
Illustration 32:

2 2

If x + 2y = 4 intersect the ellipse > + 31]_6 = 1 at P and Q, then the point of intersection of tangents at P
and Q is
Solution:
Let point of intersection is R(h, k)
PQ is chord of contact
hx ky .
—+—=1 (i)
25 16

. . XY .
Equation of PQ given is " + 5= 1 .(ii)
Comparing (il and (i ot K1 225 _g

> — =—-,— == = =, =
omparing (i) and (ii) s =216 2 2
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Illustration 33:

Find the equation of chord of ellipse 4x2 + 5y? = 20 whose mid-point is (2, —1)
Solution:

Equation of chord with given mid-pointis T = S;.

x1=2,y1=-1

T=S5 =4x(2)+5y(-1)—-20=16+5—-20 = 8x -5y =21

Important Highlights

Property - I:

The ratio of area of any triangle inscribed in an ellipse to the triangle formed by corresponding points on
the auxiliary circle is equal to the ratio of semi minor axis to semi major axis.

Let X, Y, Z be three points on an ellipse and P, @, R be three corresponding points on its auxiliary circle.
X2 y?

SE;-F?: 1,(a > Db)

Area of AXYZ b

Area of APQR _ a

Let the three point on the ellipse be X (acosa, bsina), Y (acosf , bsinf) and Z (acosy, bsiny).

Then corresponding points on the auxiliary circle are

P(acosa, asina), Q (acosf, asinf) and R (acosy, asiny)

acosa bsina 1

acosf bsinf 1

area of AXYZ  |acosy Dbsiny

Now, =
area of APQR acosa bsina

acosf bsinp

1
1
1
1

acosy bsiny
cosa sina 1
ablcosB sinf

cosy siny

| T

1
1
cosa sina 1
a‘{cosp sinp 1
1

cosy siny

Property - II:

The circle on any focal distance as diameter touches the auxiliary circle.

A

[~
%

yl

N

k
=V
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X2 y?
SE?+ﬁ:1(a>b)
PS is diameter = PQ = QS
0, Q, R are collinear.
Property - III:

Chord of contact w.r.t. any point on the directrix passes thought the corresponding focus.

X2 y?
S = ? + ﬁ =1 (a > b)
AB is focal chord

Property - IV:
Feet of perpendiculars from foci upon any tangent lie on the auxiliary circle.
Product of the lengths of perpendiculars from foci upon any tangent of ellipse is equal to the square of the
length of semi minor axis.
X2 y?
= =z + i 1 (a>Db)
(STY(S'T) = b?

T!

‘A,k_}A »

Illustration 34:
2 2
The ratio of the area of triangle inscribed in an ellipse P + 2/—2 = 1(a > b) to that of triangle formed by

the corresponding points on its auxiliary circle is 1/3 then, find the eccentricity of the ellipse.
Solution:

, ) b 1
Ratio of area of triangle =—=—
a 3
b’ 1 [8 2V2
a 9 V9 3
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Illustration 35:

Find the locus of point of intersection of tangents at the end points of any focal chord of ellipse

xZ yZ
=1
69

Solution:
Locus of point of intersection of tangents at the end points of any focal chord is its directrix.
e= 1- i — ﬂ
16 4
4

774

=t

= Equation of directrices are X==*

[UnN
N O

Hence locus is X = il—j

Illustration 36:

2 2

If F; and F, are the feet of the perpendiculars from the foci S; and S, respectively, of an ellipse ;(—5 +i/—6 =1

on the tangent at any point P on the ellipse, then prove that S; F; + S,F, = 8.

Solution:

We know that the product of perpendiculars from two foci of an ellipse upon any tangent is equal to the
square of the semi-minor axis.

Then (51 F;) - (S, F;) = 16

Now, AM. > G.M.

= %zﬂlslaxsza

= 51F; +S5,F, = 8.

Property-V:

Portion of tangent between the point of contact and the point where it meets the directrix subtends right
angle at the corresponding focus.

2,2

.y
SEa e
By solving equation of tangent and directrix we get

Q(E, b (1_C059jj
e sin® e

bsin0
acosO—ae

=1 (a>b)

Slope of PF =m, =
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Ellipse
b(l_cosej
Slope of FQ =m; = sin9 e /_ b(_e—cosez
a asin6(1-¢*)
——ae
e
Now, mym, = bsin® 8 b(.e—cosez
acosf—ae asinf(1-e")
bZ
T d0-e)

Property - VI:
The tangent and normal at a point P on the ellipse bisect the external and internal angles between the focal

distances of P. If incident ray emanating from one of the foci gets reflected by the ellipse, then reflected ray

passes through the other focus.

2 2

_ Yo
S:;'{'b—z—l, (Cl>b)
PS'_S’N
PS NS
T Normal
s’ 0 N S

Property-VII:

Image of one of the foci in the tangent lies on the line joining other focus and point of contact.
xZ yZ

S= E + b—z =1 (a > b)

Illustration 37:

2 2

The normal at point P [ 3 J on the ellipse % +% =1 meets the major axis of the ellipse at Q. if S and S’ are

T

foci of given ellipse, then find the ratio SQ : S’Q.
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Solution:
5 T Normal
P(gjz P[E,Z\Ej Equation of the ellipse is
XZ y2
, 16 9 3 S 0 ¢ s
gl=l-—=— —e==
25 25 5

Hence, foci are S(3,0) and S’(- 3, 0).
Normal at P bisects the angle 2SPS’.
Therefore, in triangle SPS’ using angle bisector

theorem, we get

SQ SP a-ex °

S'Q_S'P_a+ex_

3.5

5 2_7
.35 13
5 2

5

Illustration 38:
An ellipse has the points (2,2) and (1, -1) as its fociand x + y — 3 = 0 as one of its tangents. Find the point

where this line touches the ellipse.

Solution:
$5(2,2),5(1,-1), tangentisx +y—3 =0

Image of focus S(2,2) in the tangent at P lies on the line
S’P.

Letimage S” = (h, k)

~h-2 k-2 -2(2+2-3)
o1 2
=5"=01,1)

Equation of line §’S”isx = 1
Solving tangent and §’S”, we get P=(1,2).
Illustration 39:

N

-1

2 2

Find the equation of tangents to the ellipse ;—0+;’—2 =1 which pass through the point (15, —4).

Solution:
Tangent passes through (15, —4)
(y+4) =m(x—15)

2 2

[t is tangent to —+y—:1, SO
50 32

(4 + 15m)? = 50 m? + 32
= 225m? + 120m + 16 = 50m? + 32
=Gm+4)B5m—-4)=0
-4 4
™= s
.. tangents are 4x + 5y = 40 & 4x — 35y = 200.
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Illustration 40:
ABC is an isosceles triangle with its base BC twice its altitude, A point P moves within the triangle such

that the square of its distance from BC is half the area of rectangle contained by its distances from the two
2
sides. Show that the locus of P is an ellipse with eccentricity \/; passing through B & C.

Solution:
(PD)? = %PE.PF AQ0,a)

_ 1|h+k-allh—k+a|

2l V2l V2
4k?=—(h+k—-a)(h—k+a)
4% = —{h? — (k — @)%}

4k? = —{h? — k? 4+ 2ak — a?}
h?* +3k*+2ak-a* =0

.. Locus of (h, k) is
x2+3y?+2ay—a?=0

k2

2 1 a

2 2,2 a2y = g2 4 2

x“+ 3y +3ay+9a) a+3
2+3( +1 )2_4612
X yT3%) =73

o gl

+ =
4a* 4a*

3 9
2
Le= 4/1—%= /1—1=\/Z
a 3 \3

Illustration 41:

1
If focus and corresponding directrix of an ellipse are (3,4) and x + y — 1 = 0 and eccentricity is 2 then

find the co-ordinates of extremities of major axis.
Solution:

Let point P(5co0s8, 2sinf)

Equation of tangent at P to ellipse is

Xcos O N ysin0

=1
5 2
If it is also tangent to circle x2 + y? = 16, then
0+0-1
c0529+sm29
125 4
4 29+25'29—25=> in2 @ = 2
cos sin = sin = ITx 71
3 V3
=>sinf =——=—— & cosf =——
221 2V7 2V7
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W3 _,

. X
.. Equation of tangentis —+-"—==

27 4[

x+4 7

V=5

Intercept between coordinate axis i.e., distance between.

[04[} (247, O)IS$

Illustration 42:
The area of the rectangle formed by the perpendiculars from the centre of the standard ellipse to the
tangent and normal at its point whose eccentric angle is /4 is -

(a*—b*)ab (a®+b*)ab (a*-b?) (a® +b?)
(4) Cal+b? ®B) e (© ab(a* +b?*) ®) (a® —b*)ab
Ans. (A)
Solution:

2 2

y

Let equation of ellipse is X_2+F =1
a
. T LT .
Equation of tangent at P (acosz, bsin Zj is

XY_5

a b N ( a 2)
Equation of normal at P is ~/2ax—~/2by =a? —b? 2.2

0
NOW OT = ﬂ Y
Jar+b? pd
dON (o)
an =/
J2+/a? +b?
2
Area of rectangle = OT. ON = m
a‘+b

Illustration 43:
Q is a point on the auxiliary circle of an ellipse. P is the corresponding point on ellipse. N is the foot of
perpendicular from focus S, to the tangent of auxiliary circle at Q. Then -

(A)SP=SN (B)SP =PQ (C) PN =SP (D)NQ = SP
Ans. (A)
Solution:

XZ yZ
Let ellipse be —2+F =1, then

a \

Q

P(acos0, bsing)

N
Q(acosb, asinf) /‘72&
Sis (ae,0) & \ _y

tangent at Q will be
xcosf + ysinf = a
Now check for SP = SN
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Illustration 44:

2 2

Find the locus of the point the chord of contact of the tangent drawn from which to the ellipse X—z + g—z =1
a
touches the circle x? + y? = c?,wherec < b < a.
Solution:
Let point be (h, k)
chord of contact to ellipse
x> y? . hx ky
?+ b—2=1 is ?+ b_2=1
It is tangent to circle x? + y? = ¢?, then its perpendicular distance from centre = radius

0+0-1
- =|=c|
(o) +(5)
a b?
2 2
Locus is %+g—4=é

Illustration 45:
The tangent at any point P of a circle x2 + y? = a? meets the tangent at a fixed point A(a,0) in T and T is

joined to B, the other end of the diameter through A. Prove that the locus of the intersection of AP and BT

. . A |
is an ellipse whose eccentricity is — .

J2

Solution:
100
9\0005%’ r
h, k)
B A(a,0)
(-a,0)

Equation of tangent at P
xcosf + ysinf = a
which meets x =a atT

T (a,atan Qj
2

Equation of AP —» y=-cot [gj(x —-a) -(1)
2
Equation of BT >y = % (x+a) -(2)
From (1) & (2)
1
y? = -3 (2 —a?)

|
x2 + 2y? = a? whose eccentricity is —=.

7z
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Illustration 46:

The tangent at P (4c059 , isin GJ to the ellipse 16x2 + 11y? = 256 is also a tangent to the circle

J11

x%? +y? —2x — 15 = 0.Find 6. Find also the equation to the common tangent.

Solution:

Tangent at P (4 cos6, isin GJ to ellipse

J11

16x2 + 11y2 = (16)?

16
= 16.4cos0.x + 11 X —sinf y = 162
V11 Y

= 4.xcosf.x + \/Hysin9=16 -(1)

If it is tangent to circle x? + y? — 2x — 15 = 0, then
4cosf — 16

=4

p=1r= =
J(4 cos )% + (V11sin 9)2

On solving c059=% i.e. 9=§ or S?TE ,

So line will be 4x++/33 y=32

Illustration 47:

Find the equation of the largest circle with centre (1,0 ) that can be inscribed in the ellipse x? + 4y? = 16.
Solution:

Let radius of circle be r then equation of circle is
(x—1)2+y2=r? (1)
Let it touch the ellipse x? + 4y% = 16 at

P(4cos8, 2sinf), then equation of tangent to ellipse at P is
4xcosf + 8ysinf = 16

Now CP is perpendicular to tangent, so

2sin0-0 cos© -1
X =-—1 = cosO=—
4cosO—-1,/) 2sin6 3

* r=CP=./(4cos0—1)* +(2sin0—0)’

3] o e

11
. equation of circle is (x — 1)? + y? = 3

[202] www.allen.in



Ellipse

ALLEN’

Illustration 48:

The tangents from (x4, y;) to the ellipse X—Z + el =1 intersect at right angles. Show that the normals at
a

2 2
y
. . y X
the points of contact meet on the line— = —
yl Xl

Solution:
acos(wj bsin(m)
(X1 ) yl ) _ 2 ) 2
cos(a_B] cos(a_Bj
2 2

X
Tangent at P() —cosa+ %sin a=1
a

Tangent at Q(f3) §COSB+%SinB =1

bZ
Both are perpendicular so ZC(_)S—OLC(_)SB =-1 (1)
a’sinoasinf
_ by — aZ _ b2
cosX sina
if both normals interest at (h, k), then
ah bk ah bk

cosa. sina  cosf sinf

ah. sm[ j —bk COS(OH_B)

coso.cosf sina sinf3

sm( Bj
_ —cosa cosf
cos( ZBJ sina sinf

ah ay _ —cosocosf m—l
bk ‘bx, sinasinp kx,

Normal at p(x) =

+ |~

(2)

Q

Use (1) & (2) =
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