Ellipse Al-l-:.®

Ellipse

SOLUTIONS

EXERCISE - O
1. Ans. (D)

E Ex—z+y—2—1=0
9 4

C=x*>+y2-9=0

P(1,2)&Q(2,1)

E, > 0&Cp <0 = P lies inside C but outside E

Epg <0&Cy <0=Qliesinside C & E
2. Ans. (C)

2(x2 —4x) +3(y? —6y)+35=k

2x—2)2+3(y—-3)? =k

if k > 0, then locus is ellipse.

if k < 0, then no locus

if k = 0, then equation represents a point (2, 3).
3. Ans. (C)

X2 2
216!
a=>5
F, & F, are foci of ellipse
So PF; + PF, = 2a =10
4. Ans. (C)
Area of ABFF'

1BF><BF'=1><b><2ae
2 2

BF x BF' = 2abe
BF + BF' = 2a -
= (BF)? + (BF")? + 2BF - BF' = 4a? F'

= (FF")? + 2(2abe) = 4a?

= 4a?%e? + 4abe = 4a* = a?e? + abe = a?

QS

7

—=a® — b? + abe = a? = b? = abe

b
= —=e
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5. Ans. (A)
Directrix: x =0
e=1/2
Focus = (3, 0)

1
L J(xX=3Y +y? = E-|x|

(=32 +y?= %-XZ = 4(x — 3)% + 4y? = x?

=3x% —24x+4y?>+36 =0

AV 2
—=3(x—4)2+4y2 =12 = % + y?=1 (1)
s a=2;b=+/3;centre (4, 0) = auxillary circle is (x — 4)? + y2 = 4.
6. Ans. (B)
(_C;‘Q//\(c, 0)

g

A 0 B

A = mab 'a'is constant and b varies
A% =n?a?(a? - c?)
for A to be maximum ¢ must be minimum; A & B — centre
asA—>B=c—>0
ellipse becomes circle
7. Ans. (A)
3y =(x+2)>—-13
3y +13 = (x +2)?

. 1
C(x+2)? = 3(y+?3j:> Latus Rectum = 3
The other conicis, (x — 3)? + 4(y? + 4y) =24 +9

(x—=3)2+4(y+2)2=49

(x=3)° . (y+2)°
7° (7/2)

=1 which is an ellipse

2
Latus Rectum = & = & = Z
a 4.7 2

.. positive difference %— 3= % Ans.
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8. Ans. (C)
2ae = 132 = focal length (1)
+2a=26 = a =13 (By focus-directrix property)

.. On putting a = 13 in equation (1), we get

1
2(13)e = 132 = e =—

7

9. Ans. (C)

x+y=17;xy = 60, To find ,/x2+ y: ]
now, x% +y? = (x + y)? — 2xy
=289 —120 = 169
= X’ +y* =13
10. Ans. (A)
y = x/2 + 2 is tangent on the ellipse then 4 = 4.(1/4) + b> = b* =3
parabolais,y = mx + 1/m

1
using condition of tangency, — = 4m? + 3 /
m

4y2+3y—1=0 (when m? = y)

4y’ +4y—y—-1=0 =4y(y+1)—(y+1)=0
>y =1/4;y =-1 \
m==1/2

y=§+20ry=—x/2—2

= 2y + x + 4 = 0 (other tangent)
11. Ans. (A)
8x 3y _1

T tat(-8,3)is —~——+—==
angent at ( ) is 100 25

25
putx =0, y—?
12. Ans. (B)
m=4
c? = a*m? + b?
c?=64+1=65
c=+/65

two values of c.
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13. Ans. (C)

XZ 2 bZ
¥+§:1 e=4/1—§ (a > b)

Let point P = (acos6, bsind)
ax by 5.,

Normal atP =

cosO sin0O
2.2
x=0 y=-— be sin©
a’e’cosH
y a

2,2 242 s
Let mid point (h, k) =| 2¢_¢0s9 _ &€ sing
2a 2b

€c0s20 + sin20 =1

[Zah jz ( 2bk jz h? k?
=> |53+ - | =1 = + =
a’e —a’e [a“e‘*j (a"e“j

43* 4b*
*e*  a'et 2
eccentricit =—— (1-(€e'
Y 4a®>  4b* (a=(e))
b% = a?(1-(e'))
e=e
14. Ans. (B)

) 1)
(x-2) +9(y+§j =1

1 2
+7
oz (3]
g + n =1
)
x =2+ cosO
_ 1 sin@
3 3
4x — 9y = 8 + 4cos0 + 3 - 3 sind
=11 + 4cos0 - 3sinb
=11+5=16
15. Ans. (A)
by property y,y, = b?
b? =20 x 55 = 1100

distance between foci F,(49,55)
F;(9,20
fify = 2ae=~72825 19.20)
4a® = 2825 + 4400 v, ¥,
a =85
www.allen.in
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16. Ans. (A,B)
Whena > b
As given 2b = 2ae = b = ae (i)

2b2 2 s
Also —=10=b“ = 5a -(ii)
a
Now since b? = a? — a%?e? = b%? = a? — b?> [From (i)]
= 2b% =a? ..(iii)
(i), (iii) = a? = 100, b2 = 50
2 2

Hence equation of the ellipse will be XY 1oy 2y%2 =100
100 50

Similarly, when a < b then required ellipse is 2x? + y? = 100.
17.  Ans. (A,B,D)
Equation of normal is
4x b’y

/

= ———2=4-p°
XY
= ax_2y =4-b?
2e b
It passes through (0, —b)
2b =4—b?
=b?+2b—4=0
=b% =6-2V5
equation of director circle x*+ Yy’ =4+6—2\/§

length of latus rectum = - = b

eccentricity e=1/1—(6+‘2r\/§)
_ [5-1
2

equation of auxiliary circle is x? + y? = 4
18. Ans. (A,Q)

We have

Slope of AB = Slope of tangent at C

o+p
—cos
b(sinp—sina) _—bcosOZ> 2 ) -—cosO
a(cosp—cosa) asin6

sin(OHBj sin 6
2

ztan(aTHSj:tane :>e=°‘T+B+ na(nel)

19. Ans. (A,C)

(0,-b)

The tangent & normal at a point P on the ellipse bisect the external & internal angles between the

focal distances of P.
So answer are (A) and (C)

www.allen.in
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20.

21.

22,

Ans. (A,B)
y-intercept of the tangent is positive.

Equation of tangent to circle y = mx + 4y1+m’
Equation of tangent to ellipse y =mx++/25m* +4

Both represents the same line so

2
4J1+m? =25m* +4=>m=+-2
NE)

The tangent is at the point in first quadrantsom < 0 = m=-

2

NG}
. 2 7

So common tangentis y= _ﬁ X+4 3

It meets the co-ordinate axis at A(Z\ﬁ,O) and B(0,4«/7/3)
So,AB =0 =14 /-3

Ans. (A,C,D)
Farthest vertex is (-4, 0) for L.R. Through S(4e¢, 0)
2 2 Y

. b*/a _ b :16(1 e):1_

a(l+e) 16(1+e) 16(1+e)

1 _./(
Given cosec = /5 =>tanf=— _ <
\/_ 2 =40) a+ae

So e=% & b=ayl-e* =4 /1—%:2\/5

2

s

\ A=

. .1 2
Area formed by latus rectum with nearest vertex is > x—x(a—ae)=6.
a

Ans. (A,C,D)

N | =

Given slope of common tangentm=

Equation of general tangent to y2 = 4x is

y=mx+l (i)
m

1 1. :
= y=5x+2 [ mzz in given equation]

On comparing with given equation, we get k = 4
2 2

y

X
Equation of tangent of — +? =11is
a

y=mx++a’m?+3 ..(i)

On comparing (i) & (ii)

1 =+y/a’m? +3 ...(iii)
m

=a=%2 . (iv)
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23.

24.

Using (iii) & (iv) we getm = + %

So equation of other common tangent is
x+2y+4=0.
Ans. (C,D)

XZ yZ
?4—?:1

9 1
Case-I whena > b
b? = a%(1 - e?)
b? =a%(1-2/5)

5b? = 3a? -(2)
from (1) & (2)

231y 32

5b° b 5

a’ _32
3

= equationis 3x2 + 5y2 —32 =0
Case-Il whenb > a

a’? =b%(1—e?)= %bz (3)

from (1) & (3)
a’ =§, b? =16

5

2 2
LA

48 16

=5x2+3y2—-48=0
Ans. (A,D)
L (Ba—-c)Ba—-2c)<0
=9a%? —9ac +2c? <0

— |9ac—9a% —2¢* >0

(0,3a)

0,0)

B

<
<

Now we have

c<3a<2c (1)

c? < 9a% < 4c? -(2)
now multiply 1 by 2¢

2¢? < 6ac < 4c? -(3)
Now by (2) + (3)

3¢? < 9a? + 6ac < 8c?

= c? < 9a? + 6ac — 2c¢? < 6¢2
= 9a® + 6ac — 2¢? > 0

3a—c>0

y

c<3a<2c

\

(2'c, 0)

3a—2c <0

www.allen.in
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25.

26.

27.

Ans. (B,D)

=b=

2
ef-eﬁ:[l—z] -2
3 16

length of minor axis of ellipse E, = 2b = 4

Now second possibility is

oot (1-2)(116) . 1_1,
3 b 4 3
16 1
:>—2=—
b 4

b?=64=b=8

length of minor axis of ellipse
E, =2b =16.

Ans. (A,B)

Tangent to parabola is

1
y=mx+—
m

for ellipse

y=mxx+a’m*+b* =mx++4m’*+3

1
comparing both 4m’+3= o

4m3+3m?-1=0
am*+4m?-m?2-1=0
am?(m?+1)—(m?>+1)=0
(4m?-1)(m?*+1)=0

1 1

m==;m=—=
2 2

put in equation (I)
[X—2y+4=0& x+2y+4=0|

Ans. (A,B)

Equation of normal at the point (acos6, bsin®) is ax.sec - by cosecf = a? — b?

X3V 9.9

cos® sin6
(= e

J16sec? 0+25cosec?0
a?sec20 + b2cosec20 = (a+b), ;.
gmax = 9 = 1
(4+5)

so only A & B are possible

2
b 3 L p2y
16
_Ej_l 16_3
b? b* 4

Wl

[134]
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28. Ans. (D)

As shown in figure, one of the point of contact is (3,0)

Let equation of other tangent,

y=mx++9m*+4 asc >0

[t passes through (3,4), so

4=3m++9m? +4

(4-3m)? =9m? + 4

1
Solving, m = E

a’m b*
As we know that point of contact for the tangent given by | — ,
JaZm? +b? Ja*m? +b?

9 8
.. Point of contact is (——,—j

55
29. Ans. (C)
P(3,4)
y =8/5
D E
R
9 8
A3.0) B(~55)

Equation of line BD: y :%

Equation of line AE:2x +y = 6
Now orthocentre R of APAB will be

intersection of line BD and line AE.

Solving for R, we getR = [1':_)—1%)

30 Ans. (A)
Equation of line ABisx + 3y =3
Now let the point be (h, k)

According to question,
h+3k-3

2 2
ﬁ Z\/(h—g) +(4—k)
After solving, we get
9x2 + y? —6xy — 54x — 62y + 241 =0
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31. Ans. (A)

Equation tangentis (y — 6) = — (%j (x—4)ie,x+2y—16=0

So a-(-1) _p-0 _ [1(-1)+2(0)-16]

1 2 (1) +(2)
12 34

= (o, B) =[? ?j

32. Ans. (D)
23
\5’5
A (4,6)
(_1I ) (354)
” :
FAF'B=b?
= \/g-—‘289=b2:> 17=b* = 17 =Db
J5
33.  Ans. (A5S;B>R;C>P;D>Q)
Y
(0,b) B
P(h, k)
X
A(a,0)

(A) 2x—3y =6 intersects x —axis at (3, 0) and 4x + 5y = 20 intersects y —axis at (0, 4)
2 2

. . X Yy
equation of ellipse —+=-—=1
q P 9 16
e= 1_i=£

16 4
(B) AB = 20
a? + b? = 400 (1)
P divides AB inratio 2: 3
3a 2b
hk)=|—,—
(h, k) (5 5)
_5h sk
3 2
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2 2
from (1), h—+k—:1

(2] (a9

Blo)

(C) S(ae,0) S'(-ae,0) B(0,b)
SB = S'B = SS'and b? = a?(1 —e?)

a’e’ +b* =2ae

7N\
N

(D) The given distance is clearly the length of semi major axis

/az 2b?
Thus, +2 =a =2b?=0a? = 2ad*’(1-e?)=a?

—Sel=—=Se=

1
2 V2

EXERCISE - S

1. Ans. (5.00)
a(x2+y2+2y+1)=(x-2y+3)?

Sax2+(y+1)2)=(x- 2y+3)2:>1/x +(y+1) _:;__|x ?*3'

Above is an ellipse equation whose focus is (0, -1) and directrix x - 2y + 3=0

This represents ellipse if e= ﬂ <1.
Ja
This gives a € (5, «).
Hence, b =5
2. Ans. (64.00)

Let the equation be

XZ y2

It pass through (-3, 1) & (2, -2)
9 1

So Y b—z—l -(2)
4 4
Solve (2) & (3) to get
g2
3 5

10 x b2 =64
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3. Ans. (2)
2ae =10 (1)
& 2_ae=15 -(2)
e

Solving we get divide (1) by (2)

ae 5
— == =3ef=1-¢°
1 15
al ——e
e
1
ge=—
2

4. Ans. (8.00)
Letx -4 =2 cosb, i.e,, x =2 cosO + 4 and y = 3 sinO. Now,
g_X Y _(2cos0+4)
4 9
_ 4cos’0+16+16cos0+4sin’6  20+16cos6O
= n =
Emax=5+4=9
Emn=5-4=1
Hence, Emax — Emin=9 -1 =8.
5. Ans. (80)
pq = 200 & mab = 200%
FiF, = 2ae
p* +q* = (F{F,)* q p

p? + q% = 4(ae)? = 4(a® — b?)
p+q=2a \/
C

p? + q% + 2pq = 4a?

4(a%? — b?) + 400 = 4a?
a?—-b?>+100=a? = b=10
ab=200=a=20

sin’@

=5+4cos0

p+q=40
Perimeter =2(p + q) = 80
6. Ans. (2)
X2 y2
Equation of ellipse is —+-—=1
16 9
Equal intercepts >m = -1

Let equation of tangent be
x+y=tVva*m? + b?
x+y=%5

2 2
25/ LM | o5 1715
c 25
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7.

Ans. (3)

Let point is P(2 cos6, sinB).
Equation of tangent is gcos 0+

Equation of normal is 2xsec6 - y cosecO = 3
Now tangent and normal meet major axis at

Q L,Oj and R §c056,0j respectively
coso 2

GivenQR =2=>

cos6
2 .
= |cosB|= 5,—2([’6]60'[)

= cosO=+ z :Ezz
3 b 3

—§cose

=2 = 3|cos0|2 + 4|cosO| -4=0

8. Ans. (1.05 or 1.06)
b* = a2(1 - ¢*)
9a’
b:_ e 1
e (1)
Let A(acos6, bsinB) 4
B(acos6 - bsinb)
s AR
centre of circle is (acos6, 0)
radius = a — acos0 = bsin0 \\I_j
a?(1 - cosB)? = b2sin20 B
2 2
use (1) = ZS(ZSin2 9) 9[25in9cosgj
2 2 2
,0 9
tan” —=—
2 25
9
1-——
cosez—zgszgzg
1.9 34 17
25
radius =a 1—i :%
17 ) 17
9. Ans. (60)
Given a = 20
(SP) (S'P) = b?
10
. > (SPR)(S'P)=10b’
i=1
= 10b?% = 2560 = b? = 256
b? =a?(1-¢e?)
= 256 = 400 (1 —e?)
= e:% = 100e=60
www.allen.in [139]
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10. Ans. (0.50)

Here 2a =10

perimeter of triangle PS1S2 = PS1 + PS2 + 5152 = 15

=2a+ 2ae =15

=2ae=5 :>e=1

EXERCISE - JEE (Main) PYQ

0,3)

5
Equation of tangent at (2, §)

X_'2+z.(§j:1
3

5

9
9 3

. (0,3)and (2, Oj are the points of intersection of above line with co-ordinate axes.
2

4.2.3.2 =27
272

Ans. (3)

1
Eccentricity of ellipse = 7

a
Now, ——
e

—4:>a=4><%=2

. b?=a?’(1-e?) =a? (1—%)

3

.. Equation of ellipse

X—2 + y—2=1 (0’0)
4 3
X 2
:>_+_y)(y’=0:>y’_ 3_X
2 3 4y
x =—4 x=4
Vlaam=—ox=
(1,3/2) 4 2
.. Equation of normal at [1;)
3
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3. Ans. (3)
Equation of general tangent on ellipse
X ¥y
asecO bcosecd
a=2,b=1> X y

+ =1
J2seco cosecd
Let the midpoint be (h, k)

h:\/Esece = cos@:—1
2 J2h
and k=COSece = sinezi

-+ sin20 + cos20 =1

1 1 1 1
onz TRz s
2h® 4k 2x* 4y
4. Ans. (3)
Mgp .méB =-1

b? = a%e? (i)

%S’B.SB =8 "

S'B.SB =16 B
. <D

aze2+b2 =16 .(ii) s N

i S —» X

b? = a%(1 —e?) ..(iii) S'(—ae,0) S(ae, 0) "
using (i), (ii), (iii) a=4
b= 22

e =

1
J2
2
L rLR)= 2 g
a
5. Ans. (1)

Tangent at (3,—%}

3 9 4

a’ 2b’

Comparing this with x — 2y = 12
3 9 1

a4’ 12

wegeta=6andb = 3.3

L(LR) =2f:2=9
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6.

Ans. (4)
3x2+4y?2 =12
2 2

X_+y_:1

4 3
x =2c0s0,y = /3sind

Let P(2cos0, /3sin0)

2 2
Equation of normal is ax_by_ a’—b*
X1 yl
2xsin6—\/§cosey =sinOcos0O
Slope itan6=—2 tanez—\/g 2
3 V3

Equation of tangent is

it passes through (4, 4)
3xcos0 + \/§Zsin6 y=26
12cos0 + +/3 8sin0 = 6

B

cosez—l, sinb=— .. 6=120°
2 2

Hence point P is (2 cos 120°, \/§ sin120°)

3
P(—l, E) ,0(4,4)

Ans. (2)

2 2

3x+4y = 12\/5 is tangent to X—2+y?:1
a

c? =m?a® + b?
=a?=16

9 7
e= [1-—="=
16 4

Distance between focii = 2ae = 2\/7
Ans. (3)
Given 2ae = 6 = ae=3 (1)

and 2—61:12:a:6e -(2)
€
from (1) and (2)

2 _ _1
6ec=3=> €=

2
= a=3/2
Now, b? = a?(1 — e?)

= b2 =18 (1—%}:9

Length of LR = @ =32

342

[142]
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9. Ans. (4)
Any normal to the ellipse is
Xsece—ycosece——l
2 2
= X + y =1
(—cose) [sinej
2 2
cos6 1 sin©
= = and =pB
V2 32 2
N/
=>B=—
b 3
10. Ans. (2)
2 yZ
Let —+==1;a > b;
b
=2 sp=2 S p=2
BB
tangent y =%X+§ compare with y = mx + Va?m? + b?
-1 [a® 4 4
>M=—=,—+—=— =>a=4%
6 36 3 3
2
N A
a~ 2\3
11. Ans. (1)
yZ — 3x2
and x? +y% = 4b
Solve both we get
sox?=b
2 2
X_+3L2=1
16 b
b 3
_+_:
16 b
b?>—-16b+48=0
b-12)(b—4)=0
b=12,b >4
12. Ans. (2)
Tangent to parabola
2y =2(x+6)—20
>y=x—4
Condition of tangency for ellipse.
c? = a*m? + b?
=16=2(1)*+b
=b=14
www.allen.in [143]
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13. Ans. (2)

2 2
RN A
16 9
equation of tangent to the ellipse is

y=mx++a’m? +b?
y=mx++/16m*+9 (1)

x2+y?2=12
equation of tangent to the circle is

y=mx++/124/1+m? ..(ii)
for common tangent equate eq. (i) and (ii)
= 16m? + 9 = 12(1 + m?)
16m? —12m? =3
4m? =3
12m? =9
14. Ans. (3)

o L J
P(4,3) D Q(2cos8,V2sind)

2 2
X_+y_:1
4 2

Coordinate of D is

(2cose+4_«/§sm6+3J:(h’k)

2 2
2h—4 =cos0 -(1)
2k-3 y
——==sin0 (11
7 (ii)

3 2
2 2 2 y—J
(2h—4j +(2k—3} 1o (x-2) +( 2) _4

2 J2

’ 1 1
. Required eccentricity is €=,/1-==—F&
q y 5 \/E

15. Ans. (3) A
For line AB x + 3y = 3and circleis x* + y2 =9 [ _

P - ~ o
(B-3y)2+y*=9 z ©1f ™\,
=10y’ -18y =0 / .

9
=y=0,—-
y 5

Area =1X3X2:2—7 ~ Phs
2 5 10

m-—-n=17
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16. Ans. (1)

Kx* +K?y? =1

2 2

LS A
1/K 1/K?
Now equation of B,(0,1/K)

; Y1 JKx+Ky=1

AB, 1/J_ /K y=
r, =L r distance of (0,0) from line A; B,

_|(0+0-1)| 1 A,(1/VK,0)

JK+K? | K +K?

1 5 1 20 5
—=K+K =>Z =Y (K+K?)
I k=1 I‘K K=1

20
—ZK ZKZ 20%x21 202141
6
=210+10x7%x41 =210+2870
=3080
EXERCISE - JEE (Advanced) PYQ
1. Ans. (4)

o Pisy? =8x
P, isy? =-16x

Let equation of tangent at (2t2, 4t)

Cy=mx +2
1

If passes through (-4,0)

B —4m1+£:0 P2 P1

. m1 /
1
c. 2:— —2,0 20
m =2 (=20Y (20

1

N fi
equation of tangent to P, (=473 \xz 2
+ T =1

y:m2x+ﬂ K
2

It passes through (2,0),

om -2 0= m=2 & Limioa

2 1

2. Ans. (A,B)
2 2

Let E: X +X =1 (a>h)
a

bZ

2 2
&E,: X—+y—2=1 (c<d)
cc d

&S:x2+(y—1)2=2
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& tangentto Eq,E, & Sisx +y =3

Now, point of contact of § & tangent is (x4, ¥1)
Letx=X &y—-1=Y

LXP+Y2=2

&X+Y =2

Let (X1, Y;) be point of contact.

L XX +YY, =2

Xy =1&Y =1

X =1&y, =2

Now, parametric equation of x +y =

3
Cx-1_y-2_ 22 5 4

22

1 8

= X=— & =_

3 Y 3
5 4 1 8
~P=(1,2),0=|2,=|&R=[=,2
1.2 =[5 5] r=(s 5]
Now, equation tangent at Q on ellipse E;

X5 y4

3 307
Comparing itwithx +y =3
na?=5&b%*=4

4 1

Now, &/ =1——=

Similarly, € =

1 7 43 1 7| 27
eZ+e2=_ —_=— P T R
1T%T5 e T a0 1o ez"s 8‘ 40
- (A) & (B)
3. Ans. (A)
Orthocentre lies on x —axis M(3/2’\/%)
Equation of altitude through M : y—\/_—i(x—§j ’// i
2\/8 2 :‘:/' FZ: H
. . o FL ™™\ (1,0)!
Equation of altitude through F;:y = 0 (-1,0) Rne
solving, we get orthocentre (—%,Oj

N(3/2,—V6)
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4. Ans. (C)

Normal to parabola at M: y—\/g— ;/;(X—Ej

Solving it with y = 0, we get Q= (%0j

2 y(«/_)

Tangent to ellipse at M: =1

Solving it withy = 0, we get R= (6 0)
.. Area of triangle MQR =~ (6——j J6 = 5\/_

Areaof quadrilateral MF,NF, :2_%_(1_(_1))_\/6 26

Required ratio=5:8
5. Ans. (A,Q)

1
y=mx+ —
m
y=mx4_ri 1+m’ :>£2=I+m2
2 m

>m*+2)(m*—-1)=0=>m=+1
>y=x+1&y=—-x—-1=0=(-1,0)

1/2 1
e=,[1-—=—
1 2
2
LR= 2 _21/2_,
a 1
2 2
y 1 2
Ellipse= —+—=1= y=——=4/1—-X
p 1/2 y 2
Area of region = 2 J. —=/1-x*dx
1/J'\/_
= [‘\/1 X2 += sm ' x :l
12
1 1 n =« n 1) (nm-2)
= \/E ———-}-———) = \/5[———]:
222 4 8 8 4) 42
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6.

Ans. (C,D)

Area of R; = 3sin20 ; for this to be maximum

T [3 zj
=20=— = | =,—
4 2 N2

Hence for subsequent areas of rectangles R,, to be maximum the coordinates will be in GP with

. 1
commonratio r=— = a_ =

3.
T

=

Eccentricity of all the ellipses will be same

Distance of a focus from the centre in
Eg = dg€q = 1’a§—b§ =1—\/§

202
Length of latus rectum of Eq = =

£
‘.'ZArea of R, :12+%+%+ ..... 0 =24

n=1

N+

3

"

P(3cos0, 2sinf)

N
= Z(area of R, ) <24, for each positive integer N

n=1

Ans. (A)
y? =4ix, P(), 2))

Slope of the tangent to the parabola at point P

dy_ar__an

dx 2y C2x2 -
Slope of the tangent to the ellipse at P

2x  2yy'

POMI TR

As tangents are perpendicular y’ = —1
2 4 __ a1
a’> bp b*> 2

2a? = b?

=b’>a’=b>a

a’ / 1 1
ne=sl-—=1--=—4
\/ b? 2 2

Ans. (4)
and M(P,Q" =M’
By mid point theorem:

MM '=%(QQ')

= max(MM") = %xmaX(QQ')

maximum of QQ’ is possible when QQ’ =

major axis.
.. QQ'=8
= max(MM") = %x8=4

Y4

A
P
M(P, Q) 4

43 S
q’

q

[148]
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9. Ans. (C)
Equation of auxiliary circle x? + y? = 4
.. Let f be (2 cos6, 2 sinB)
S Eis (2cose,\/3_’sin9)

XcosO ysinO

B

1

Equation of tangent at E,

[t cuts x —axis at (2 sec, 6, 0)
.. Gis (2sec0,0)

H is (2 cos 6, 0) and F(2 cosH, 2 sinB) k H

=

N\

.. Area of AFGH is %stinO(ZsecO—Zcose)

= 2 sinB(secO - cos0)

If ng,area=2xi(\/_—ij=1

NI
IszE,area= 2x£ 2_1 :ﬁ
3 2 2) 2
If@zE,area:le i_ﬁ — 1
6 2(3 2 ) 23
n B-1f 242 B+1 J3-1 ¥
If 6=—,area =2x — =
12 22 \B+1 242 8
10. Ans. (AC)
3
y=mx+—
m
C? = a’>m? + b?
9 5 ) 4
—2=6m +3=>m =1
|
T, &T, |
1
y=x+3,y=—-x—3 JI.N
T
Cuts x-axis at (-3, 0) !
1
4,(3,6) A4(3, -6) i
A,(-2,1) As(-2, -1) h
4

A1A4 = 12,A2A3 = Z,MN = 5

Area = %(12+2)><5 =35sg.unit
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SECTION-A
1. Ans. (1)

Let the fixed lines are co-ordinate axes

from diagram h = b cos® = k =asin 6

b
“e\(h, k)
a
9
h2 kZ
= — + —=1-—> whichis ellipse
b’ a’
2. Ans. (1)
s—a)(s—c) [(s—a)(s-b —
4‘tanE tan9=4' ( )( ) [ )[ ):1 24(5 a):]_ js:ﬁ:[}xé:g
2 2 s(s—b) s(s—c) s 3 3

but2s=a+b+c=16=b+c=10
Hence locus is an ellipse having center = (5, 0)
2ae = 6and 2a = 10
b?=a%?—-a%?=25-9=16

.. Equation of ellipse

2 2
x=5) Yy
25 16
3. Ans. (4)

Point of intersection of tangent at point having eccentric angle ‘o’ & ‘B’ is

acos(aﬂ}j
2

h=—7"—"=
2
bsin(a;B]
k= W o+ = constant (let k)
cos
2
hence D= a
btank

hence locus is straight line
4. Ans. (4)
Let the director circle is (x — h)? + (y — k)? = a? + b?
origin lies on director circle
=h’+k?=a’+b%>=5

Locusisx? +y2 =5
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5. Ans. (3)
Let focus of ellipse are (o, B) and (h, k)

-+ Product of length of perpendicular dropped from focus on any tangent is b

hoc:1:>oc:l
h

1
kB=1=p=—
B B ”
Now distance between foci is 2 ae
2

So(h-a)2+ (k-B)2 =(2x2x§]

2 2
(h—lj slk=L) 12
h k
After simplification (h? + k?)(1 + h?k?) = 16h%k?
Hence the locus (x% + y2)(1 + x%y?) = 16x2%y?

=12

6. Ans. (3)
The figure shows two ellipses E,,_; and E,,.
C
B En

N
Nol_4

En i

The eccentricity is given to be independent of n, implies that the ratio of minor axis to the major
axis, is same for all the ellipses.
For ellipse E,,_4, let minor axis = b, major axis = a
For ellipse E,,, we have
b

: : : . OB _
minor axis = a, major axis=— = — [ B is the focus of E};]
e e

assuming e to be the eccentricity. Thus, we have
b a b?

—=——>e=—=1-e’=e*+e—-1=0

a b/e a

Givese = % [ e must be + ve]
7. Ans. (3)

y = x is angle bisector of y = x/2 and y = 2x
8. Ans. (1)

16+9=r2+r2:>r=i

V2

Area of square is = EXE =50

N
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9. Ans. (1)
2
Z_maomab g by e L2822
3 na a 3
10. Ans. (4)
X cos otp + L sin o+p = cos OL_B; cos otp = cos o—p
a 2 b 2 2 2 2
- cos%? 2sin“®  sing + sinp
e= . =
coso%rB ZSin("T+I3 sin (a+)
11. Ans. (1)
S,P S,P
By sine rule in APS,S,, we get — 2ae | 1= 2 = — 2a _
sin(a+p) sinf sina  sino+sinf
) 25in(a+BJcos(a+Bj
o= s.ln(oc+.[3) N %: 2 2 Y
sina +sinf ZSin(OH_Bj cos(a_ﬁj
2 2
1 1 m = (a+p)
1-e o B 1_5 2 1 52/4 a x
Now — =tan — tan— = —1 §:§ 1 S,
1+e 2 2 142 2 K_Zae
2 2
- tan = tan B = = -(1)
2 2 3
Also we know that
cot < +cot B rcot L =cot & cot B cot ~
2 2 2 2 2 2
= Zcot% = cotg + cotE = cot% , cotx, CotE are in A.P.
12. Ans. (1)
T- Xcos0 N ysin©0 1
a b y
_ ab 1 P (acos0, bsin®)
R B AT (1)
\/b cos“0+a“sin“ 0 x
Olp
2
Nl: ax _F)_y:aZ_bZ
cos® sin6
(a* —b®)sinOcosO
P2 = ———— -(2)
\/a sin“0+b”cos” 6
ab(a” -b’ ab(a? —b?
p1b2 = (2 2) when9=n/4;p1p2==—(2 2 )
a~ b a“+b
2] —+—
2 2
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13.

14.

15.

Ans. (3)

We have 4 cos 6 = 2h and 5(1 +sin 8) = 2k

As cos20 +sin20 =1

4

x* 4,
=2 + 2 (y2=5y)=0
2 25(y y)

XX 4 ( 5)2—25
=>—+—=||y—=| —1| =0

4 25 2 4
3

2 =1

25

4

X2
= — +
4

PutX=x,y—g =Y

.. Equation (1) becomes

2 2
XT+\2(—5=1 (Ellipse)
4
e2=1- 24 _9 .3
25 25 5

3 -3
F= 0,_,F= OI_
! ( 2) 2 ( ZJ

2 2 2 2
:>h—+(%—1j =1:X—+4y

_4_y:O
5

Hence in x — y system, foci are (0, 4), (0, 1)

Ans. (1)

2 2
X_+y_:1
1 4

Equation of director circle = x? + y?2 = 5

0,5

M
(W)

AY

© (40
P
(4cos6, 5sinf)

(1)

(4,0)

(0,-5)

Y
A

(0,5/2)

(iZ.O)

(—\/§, \/E) lies on director circle so tangents are perpendicular.

Ans. (3)

equation of tangent

yz—%i\/32+32

= —+==11 = xintercept=%6

o | X<
™ <

y intercept=+8

[ y =mx++/a’m’ +sz

= area of AAOB = %x6><8 = 24 Sq. units.

(0,-5/2)
y

> X
(2,0)

www.allen.in
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16. Ans. (4)

it clearly shows that (2, 3) & (4, -3) will be ends of diameter of circle PAB
So equation of circleis (x = 2)(x —4)+ (y—3)(y+3) =0
=x2+y2—6x—-1=0
as it intersects the circle (x + 5)? + (y — 3)? = 9 + b?
originally then (29,9, + 2f1f; = ¢1 + ¢3)
2(-3)(5) +2(0)(-3) =-1+ 25 — b?
= b? =54
17. Ans. (2)
ax by _g,
Xl yl
a=4b=2

ax__ by =12 P(acos8,b)
cosO sin0 /

4x 2y
- =12
cosO sin0 /(1,0)
It passes through (1, 0)
2xsecO - ycosech = 6 = 2sec = 6 = sech =3 /
1 8

cosezl, sin0=1--==
3 9

9
22

sin0=——
3

r2 = (acos0 - 1)2 + b2sin20

= a2co0s20 + b2sin20 + 1 - 2a cosO

= 16'1+4'§+1—§
9 9 3
= E'Fg-i-l
9 9

48 8 59 24 33 11

9 39 9 9 3

11
Hence circle in (x — 1)? + y* =—
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18.

Ans. (3)
Let the foot of perpendicular be (h, k)

then m,,, = % ~ P(hk)
equation of tangent is
y = mxz m 0
y = mx+ \6m*+2

satisfied by (h, k) and m = ——— =1
m, K
2\? 2
k+ L g +2
k k
multiply by k?

(k? + h?)? = 6h? + 2k?
= (x2+y2)? =6x2 + 2y?

19. Ans. (3)
2
e2 =180 % _ 00 (as secZa. > tan2ay)
sec” a
hence e = cos a ; vertex (0, + sec o)
2 2
foci=(0,1);I(LR) = & = M =2sino-tan o
a seca
20. Ans. (4)
A=mabx*+y?*=a+b (director circle)
A =mn(a+2)
a%bz Jab (By AM > CM)
n(a + b) > 2n</ab
Ifa =4bthen A; = 2nb
A, =5nb
2
= |A = = A,
SECTION-B
1. Ans. (2)
" 0 0 1
A= =| acosb bsin®  1|= %ab[cosGsin(e+(x)—sin9c056[6+(x)]
acos(60+a) bsin(0+a) 1
= a—bsin[9+oc—9]:a—bsinoc
2 2
asherea=4,b=2andoa=mn/6s0A =2
www.allen.in [155]
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2. Ans. (2)

PS = e(i—acosej =a—aecosH;PS' = e[g

+acosej = a+aecosd and SS! = 2ae
e e

Let incentre be (h, k)

b= -ae(a-aecos0)+ae(a+aecosf)+2a’ecosO h= 2a’e’ cos0+2a’ecosO
2a(1+e) 2a(1+e)
ae’ cosO+aecosO

= = ae cosH

(1+e)

. . 2 2 2 2
K= bsinBx2ae _ besin6 equation of ellipse | - k(1+e) 1o )2( L, y (12+2e) _

2a(1+e) 1+e ae be a‘e b%e
—_— \/ = |1+L e=2
(1+e)ae 1+e 1+e e
3. Ans. (3)

Let P =(0, 3+J§) and foci S = (2, 3), 5" = (-2, 3).
P is a point one the ellipse if PS + PS’' = 2a
Now, PS = [(-2)° +(J§2) —\J9=3,pP5 = ,[2* +(\/§)2 =3=PS+PS' =6 =2a

=>a=3
4. Ans. (1)
a® = b? + ¢? (1)

given a? + a? = (2¢)? N4
2a% = 4c?

a? = 2¢? ..(ii) F

U

5. Ans. (65)
ae=6=>b?+36=(b+4)>*=36=16+8b

Cb\
A o F/) B
D

b=E:>a —azez+b2—36+2—5—@
2 4 4

= % = (2a) (2b) = 65
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6.

Ans. (21)

Largest circle will be that circle which touches the ellipse at any point (5co0s8, 3sin6)

= Line joining points (5cos0, 3sinB) and (3, 0) will be perpendicular to tangent of ellipse at point

(5cosb, 3sinb)
3sin0 -3 cos0
X — =-1
5c0s0-3 5 sin0

31

or cosezE and sin0=——
16 16

so that point on ellipse is 7—5, @ .
16 16

so that

Hence radius of circle is %
Ans. (15)

2 2
Equation of a tangent to the given ellipse X—Z + g—z =1 (1)
a

can be chosen as y = mx + vJa’m® +b’ -(2)

The coordinates of the intersection points of this tangent with the coordinate axes are

m

(0, a’m? +b2) and {_—‘azszrbz , OJ

Length of the intercept made by the coordinate axes on the tangent is given by the equation

(2= (1+$j (a®m? + b?)

The value of m for which / is minimum (by calculus), is given by

2 2 1
défn_) - (Ej (a®m? + b?) + 2a*m (“WJ =0 -(3)
2 2 2
:>—2i —£+2a2m+ @ =0
m m m
2

2m(a? — b—4) =0=m = 0, not possible
m

2
m*=— =>m*=+4+=
a a

Putting this value of m2 in equation (3), gives the minimum value of / = a + b.

Ans. (9) 2 i
(x—\zl;siﬂJ +(2xt/;_/+2J :1:>a:£ &
s
2

3

equation of major axis is 2x + y + 2 = 0, equation of minor exisisx — 2y +1 = 0.

5

= centreis (-1,0)and e = 5

5

as given \/Ezk.? =5A2=9

www.allen.in
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9. Ans. (14)
Equation of circle
x—1 =1 cosO
y —0 =rsind
lies in ellipse L85<0
= (1+7rcosB)2+ 4 (rsinf)2-16<0
= 3r2co0s20 - 2rcosO +15-41r2>0
wa=3rz>0

- f(®)>0 V6eR
.D<O
41?2 —4 x 3r2(15—41r2) <0
4r2[3r2 —11]1 <0
4r?[3r2 —11] <0
v r2>0
L 3r2—-11<0
rz <1l
3
Hence equation of circle
11
(x—1*+y*= 3

10. Ans. (55)

2 2

24y, 0¥ 4
y 16 6
For common tangent
1 _ifiem <6

m
=16m*+6m?—-1=0

1
=+
22

.. Equation of tangent

=>m

1 . XX, Yy
= ——x+242 iven —+-—L =
PN & 16 6
yy1 = 2a(x + xq)
:>x1:8, Y1=4\/§ X3 =—2‘y3=iz
3
.'.x2:8,y1:—4\/§ x4:—2‘y4=—$

A=ty NN
nA=C {&/ﬁﬁ} (10)
=5542
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1. Ans. (A,B,C,D)
3(x—3)2+4(y+2)?=cC
if C = 0 apoint
if C > 0 ellipse
if C < 0nolocus.
2. Ans. (A,B,C)
(A) Director circlex? + y2 =a? + b2 =9+5 = 14
(B) By definition 2.b = 12

© tan%tangz \/(S—ZaeJ(s—b) (s—2a¢)(s-a)

s(s—a) s(s—b)
o B s—2ae a+ae—2ae a-ae 1-e
tan—tan—= = = =
2 2 S a+ae a+ae 1+e

3. Ans. (A,C)
We have
Slope of AB = Slope of tangent at C

oa+p
—cos
b(sinp—sina) _ —bcos6 - 2 —cos0
a(cosp—cosa)  asin® sin(OH-BJ sin®
2

jtan(a;B) =tan® = 0= OLTJFB +nn (n €l).

4. Ans. (A,Q)
The tangent & normal at a point P on the ellipse bisect the external & internal angles between the
focal distances of P.
So answer are (A) and (C)

5. Ans. (A,B)

Equation of tangent to circle y = mx + 4y1+m?
Equation of tangent to ellipse y = mx ++/25m* + 4

Both represent the same line so

2
41+ m?* =/25m*+4 = m=+—=
Jiem = > m-t—

The tangent is at the point in first quadrantsom < 0 =>m = -

V3
So common tangentisy = —i x+ 4JZ
NE) 3
It meets the co-ordinate axis at A (2\/7, 0) and B (0, 4\/7/_3)
SoAB = 14 /3
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6.

Ans. (A,D)

Let P(h, k) be the point of intersection of E; and E,
2

:>h—2+k2=1 = h? =a?(1-k? ..(1)

a

h*> k?

and —+—=1=k? = a*(1—h?) .. (2)
1 a

Eliminating a from (1) and (2), we get

—hz ——kz = h%(1—h?) = k?(1—k?)

1-k* 1-h?

=h-kh+kMh*+k*-1)=0

Hence the locus is a set of curves consisting of the straight lines
y = x,y = —x and circle x? + y? = 1.

Ans. (C)

y = mx + Ja*m® +b?
k = mh ++a*m? +b?
(k — mh)* = a®*m? + b?

m2(h? —a?) —2mhk + k? — b2 =0 "+ (m1 = tan01 , m = tan,)
2 _RKe
mimg; = Y =tan0, tan0, =4
2 K2 _
= yz bz =4 = (y bj=4{x+a]
X“—a X—a y+b
Ans. (B)

-+ ZQAP = ZPBQ =90°

hence a circle drawn taking 'PQ" as diameter will pass through B, 4, P, Q

.. center will be mid point of PQ

Ans. (A)
_ 2hk
my+m, = a2
and cotO; + cothz = A
1 1
—+ =
tan@, tano,
2hk
tan®, +tanb, _ jhj_az Y
tan0, tano, k“—b
h*-a’

= 2hk =\ (k2 - b?)
2xy =\ (y2-b?2)

[160]
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Paragraph for question nos. 10 to 12
2 2

y

Solving the curves y? = 2x and 3+Z =1 for the points of intersection, we have

4x?+18x—36 =0 :x=%,—6
But from y? = 2x we have x > 0

X ==
2

A

at whichyz=2- %
—Sy=+13
. P(% J’gj and Q[% —\/§j
Now equation of tangents at P and
y

Q to ellipse x_2+y_2_1 is x(3 +—(+\/§)=1 which intersect at R(6, 0)
P T T P olz) 4" ’

Equation of tangents at P and Q to parabola y? = 2x will be y(i\/§) =x + %which cut x-axis

20

10. Ans. (C)
1 3_(3
AreasPQs _ , OMS T ms 27 2) 3 2
AreaAPQR EPQ-MR MR 6—§ 9 3
2 2 2
11. Ans. (B)
1
Area of quadrilateral PRQS = %PQ(MS + MR) = % 23 (6-(-3/2)) =ST\/§

12. Ans. (D)

Clearly upper end of latus rectum of parabola is (%,1).
. 1
And equation of tangent at (E,lj to

yz=2xisy=x+l

2
.. The equation of circle is
1 2 1 < > X
X—=| +(y—=1)+Al y—x-=|=0
(x-2] =174 y-x-3]
As above circle passes through V7(0,0), so

1+1—&=0 :>7L=E
4 2 2

= The equation of required circle is

(x—%) +(y—1)2+g(y—x—%j =0

=2x2+2y2—7x+y=0
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13. Ans. (7)

x2+y?=r’= y=mxtry1+m’
2 2

X

—2+§=1 = y =mx + Ja’m® +b?

a

For common tangent

r}(1 + m?) = a2 m? + b2

r2 +12m? = a’?m? + b?

rz_bZ 2
2 2:m
a —r

/rz -b?
m= + aZ _ rZ
14. Ans. (13)

2ae =«/(12)2 +5°=13 (14,9)

24

b2=36:>ae:§

b=6

, 169 J313 13
2

ac=——+36=>a=
4

(2,0) (14,0)

15. Ans. (9)

Standard result
16. Ans. (6)

X2 . yz 1
r’-r-6 r*-6r+5
(i)r2-r-6>0
(r-3)(r+2)>0

(-o0, -2) U (3, )
(ii)r2-6r+5>0
(r-1)(r-5)>0

(=00, 1) U (5, )

2
(iii) Since in ellipse e? =1 e
e<1
r’—6r+5
- " <

S 0<l-—
r'—r-6

1

r € (5 )
..for above equation to be ellipse
=1 € (5, )
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Ellipse
17. Ans. (1)
Centre is intersection point of axes
X+y-1=0
X-y+2=0
i ly3
2 2
18. Ans. (3)

= Length of semi minor axis is = 2
Length of semi major axis is 4

then equation of ellipse is

2 2
X
LY

16 4
x? +4y? =16
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