Differential Equations

1. Differential Equation:
An equation that involves independent and dependent variables and the derivatives of the dependent
variables is called a differential equation.

A differential equation is said to be ordinary, if the differential coefficients have reference to a single
2

d’y —Zdﬂ +cosx=0 and it is said to be partial if there are two or more

independent variable only e.g.

XZ
. . ou ou oau ) s . . :
independent variables. e.g. 8_+5+8_: 0 is a partial differential equation. We are concerned with
X z

ordinary differential equations only.

2. Order of Differential Equation:
The order of a differential equation is the order of the highest differential coefficient occurring in it.

3. Degree of Differential Equation:
The highest exponent of the highest order differential coefficient, when the differential equation is
expressed as a polynomial in all the differential coefficient is called degree of the differential equation.
Thus the differential equation :
n m i n, m-1 i
3+ .4, (%j +Y 4, (%j +.. = 0isof order m & degree n.
i=1 i=1

where a; ; is some expressioninx,yand a, ; #0
: ¥

Note:

(i) The exponents of all the differential coefficient should be free from radicals and fraction.
(ii) The degree is always positive natural number.

(iii) The degree of differential equation may or may not exist.

Illustration 1:

Find the order and degree of the following differential equation :

2 2
() d—Z=,3/d—y+3 (ii) 9Y _ sin (ﬂj (iii) d—y:«/3x+5
dx dx dx? dx

dx
Solution:

(i) The given differential equation has the order 2. Since the given differential equation is not a
polynomial in the differential coefficients, the degree of the equation is not defined.

(ii) The given differential equation has the order 2. Since the given differential equation is not a
polynomial in the differential coefficients, the degree of the equation is not defined.

(iii) Its orderis 1 and degree 1.
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Illustration 2:

2. \? 3
The order and degree of the differential equation (?j +3(Ej +4=0 are -

t° dt
(A)2,2 B)2,3 3,2 (D) none of these
Ans. (A)
Solution:

Clearly order is 2 and degree is 2 (from the definition of order and degree of differential equations).

4. Formation of a Differential Equation:
In order to obtain a differential equation whose solution is
f(%1,Y1,€1,€2, €300 ,cn) =0
where ¢4, ¢3,....... ¢, are 'n' arbitrary constants, we have to eliminate the 'n' constants for which we
require (n + 1) equations.
A differential equation is obtained as follows :
(a) Differentiate the given equation w.r.t the independent variable (say x) as many times as the number
of independent arbitrary constants in it.
(b) Eliminate the arbitrary constants.
(c) The eliminant is the required differential equation.
Note:
(i) A differential equation represents a family of curves all satisfying some common properties.
This can be considered as the geometrical interpretation of the differential equation.
(i) For there being n differentiation, the resulting equation must contain a derivative of nt" order
i.e. equal to number of independent arbitrary constant.
Illustration 3:
Find the differential equation of all parabolas whose axes is parallel to the x-axis and having latus rectum a.
Solution:
Equation of parabola whose axes is parallel to x-axis and having latus rectum 'a’ is

-pP=alx—a)
Differentiating both sides, we get 2(y — 8) % =a
X

Again differentiating, we get

2 2 2 3
=20y —B) d y+2(d—yJ =0 =>a ‘; J +2(QJ = 0.

dx? dx X2 dx
Illustration 4:
Find the differential equation whose solution represents the family : c(y + ¢)? = x3
Solution:

cy+c)?=x3 (i)
Differentiating, we get, c. [2(y+c)]% = 3x2

Writing the value of c from (i), we have

3 3 3
2X 2(y+c)d—y=3x2: 2x° 2X
(y+c) dx y+Cy+cC

= 3x?
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e id—y=3:> Z—X[d—y}:wc

T y+cdx 3 | dx
Hence ¢ = Z—X{d—y} -y
3 [dx
2
Substituting value of ¢ in equation (i), we get 2x[dy -y 2xdy =x’
3 Ldx 3 dx

which is the required differential equation.

Illustration 5:

Find the differential equation whose solution represents the family : y = a cos(0x) + b sin(6x), where 0 =
fixed constant

Solution:

y = acos(0x) + bsin(6x), 6 = fixed constant (i)

d
Differentiating, we get §= —6Basin(6x) + 8bcos(6x)

2
Again differentiating, we get (; Z = —62%a cos(fx) — 62b sin(Ox)
X

2

using equation (i), we get —- = —6%y
X

5. Solution of Differential Equation:
The solution of the differential equation is a relation between the variables of the equation not
containing the derivatives, but satisfying the given differential equation (i.e., from which the given
differential equation can be derived).

Thus, the solution of % =e" could be obtained by simply integrating both sides, i.e,, y = e* + ¢ and
X

d _ X : :
that of, d_y =px+qisy = pT + gx + ¢, where c is arbitrary constant.
X
(i) A general solution or an integral of a differential equation is a relation between the variables
(notinvolving the derivatives) which contains the same number of the arbitrary constants as the order

of the differential equation.
2
For example, a general solution of the differential equation% =-4xisx = A cos2t + B sin2t

where A and B are the arbitrary constants.
(ii) Particular solution or particular integral is that solution of the differential equation which is
obtained from the general solution by assigning particular values to the arbitrary constant in the

general solution.
2
X
For example, x = 10 cos2t + 5 sin2t is a particular solution of differential equation prea =—4X.
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Note:

(i) The general solution of a differential equation can be expressed in different (but equivalent) forms.

For example
logx —log(y +2) =k (i)

where k is an arbitrary constant is the general solution of the differential equation xy' = y + 2.

The solution given by equation (i) can also be re-written as

X X
log| —— |=k or =e"=c¢ (i
g£y+2j y+2 ! (i1)

Orx =c y+2) ..(iii)

where ¢; = e is another arbitrary constant. The solution (iii) can also be written as

y+2=cyx
where ¢, = 1/c, is another arbitrary constant.

(ii) All differential equations that we come across have unique solutions or a family of solutions.

dy

For example, the differential equation

dy

The differential equation r +|y|+c=0, c>0 has no solution.
X

™ +|y¥|=0 has only the trivial solution, i.e. y = 0.

6. Elementary Types of First Order & First Degree Differential Equations:

(a) Separation of Variables:

Some differential equations can be solved by the method of separation of variables

(or “variable separable”).

This method is only possible, if we can express the differential equation in the form

A(x)dx+ B(y)dy =0
where A(x) is a function of 'x' only and B(y) is a function of 'y' only.
A general solution of this is given by,
[A(x)dx +[B(y)dy = c
where 'c' is the arbitrary constant.
Illustration 6:

dy 1+y?

Solve the differential equation xy o Tax (1+x +x2).
X + X

Solution:
Differential equation can be rewritten as

dy X y 1 1
Z=(14+vy¥ |1+ dy = | —+ dx
™ ( y)( 1+XZJ:>1+y2 Y [x 1+x2J

Integrating, we get
1 -1
5 (1l +y?)=fnx+tanx +fnc=1+y* =cxe™

Illustration 7:

dy

—Z+y +x*y*=0.
i y y

Solve the differential equation (x3 — y2x3)

[120]
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Solution:

The given equation (x3 — y2x?) %+ y?+xy* =0

Case-1:y = 0is one solution of differential equation
Case-1I: If y # 0, then

1-y* 1+x* 1 1 1 1),
= 7 dy+ = dX_OjI(F_yjdy+I[F+;JdX_O

y=0or log[ij:%(%+%j+c Ans.
y

Illustration 8:
dy 2
Solve: —=(x —3)(y + 1)3
dx
Solution:
Case-1:y = —1 is one solution of differential equation
Case-11:Ify # —1, then

Y _ (x-3)(y+ 177

dx
d
IW:I(X—BMX

1
Integrate and solve for y: 3(y + 1)z = 7 (x—3)2+C
11 1 ’
y+1)s= g(x -3)2+Cy = y+1=(g(x—3)2+coj

3
y=—1lor y:(%(x—3)2 +C0j -1
Illustration 9:
Solve g—yz cos(x +y) — sin(x + y).
X

Solution:

j—i= cos(x +y) —sin(x + y)

dy dt
Substituting, x + y = t, we get —=—-1
8 Y 8 dx dx
dt .
Therefore — —1=cost-sint
dx
, t
sec” —dt
= IL =J.dX:>I—2:IdX = -In 1—tanxer =x+c.
1+ cost—sint 2

2[1—tantj
2
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Illustration 10:
Solve:y' = (x +y + 1)?
Solution:
y=x+y+1)>2 (i)
Lett=x+y+1
b
dx dx
Substituting in equation (i) we get
E=t2+1:>_|-i2=fdx:>tan‘1 t=x+C=t=tan(x + ()
dx 1+t
x+y+l=tan(x+C)=y=tan(x+C)—x—1
(ii) Equation of the form :
dy ax+by+c,
dx  ax+by+c,

Casel: If i:b—lic—l then
a'2 2 CZ
a, b ,
Let ==-+1=A thena; = la, (1)
a‘Z b2
b, = b, ..(ii)

from (i) and (ii), differential equation becomes
dy _ Aa,X+Ab,y+c, N dy _ Ma,x+Db,y)+c,
dx ax+b,y+c, dx a,x+byy+c,

or we can say, % = f(a,x+b,y)

which can be solved by substituting t = a,x + b,y
Illustration 11:
Solve: (x +y)dx+ B3x+3y —4)dy =0
Solution:
Lett=x+y
=dy=dt—dx
Sowe get, tdx + (3t —4)(dt —dx) =0

2dx + @i)dm 0= 2dx — 3dt%+ dt = 0

Integrating and replacing t by x + y, we get

2x =3t =2[tn|2 -] =

=2x—=3(x+y)-2[fnQ2-x—-y)|]l=¢

=>x+3y+2n|(2—-x—-y)|=c Ans.

Casell:

If a, + by = 0, then a simple cross multiplication and substituting d(xy) for xdy + ydx and integrating

term by term, yield the results easily.
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Illustration 12:
dy  x-2y+1

Solve =
dx 2x+2y+3

Solution:
dy x-2y+1
dx  2x+2y+3
= 2xdy + 2y dy + 3dy = xdx — 2y dx + dx
= 2y +3)dy = (x + 1)dx — 2(xdy + ydx)
On integrating, we get
:>j(2y+3)dy:I(x+1)dx—j2d(xy)

2

Solving : y? +3y:x?+x—2xy+c

(iii) Equation of the form :
= yf(xy)dx + xg(xy)dy = 0 (1)

The substitution xy = z, reduces differential equation of this form to the form in which the variables

are separable.

Letxy =z .(ii)
dy = [Xdz;zmx} ..(iid)
X
using equation (ii) & (iii), equation (i) becomes
=z f(z)dx+xg(z)[XdZ—_ZZdX}:O =N E{f(z)—g(z)} dx+g(z)dz=0
X X X
= Loxe 9@ ___,

X z2{f(2)-9(2)}
Illustration 13:
Solve y(xy + 1)dx + x(1 + xy + x?y*)dy = 0

Solution:
Letxy =v
v xdv —vdx
X X
Now, differential equation becomes = X(V +1)dx+ X(1+v+ vz)(XdV—_ZVdXJ =0
X X

On solving, we get

v3dx —x(1+v+v¥)dv=0

separating the variables & integrating we get

= I%— (13+lz+l)dv=0 = ﬁnx+i2+l—,€nv=c
X A A 2ve v

v

= ZVZKn(
X

j—Zv—l =-2cv* = 2x%y%fny — 2xy — 1 = Kx?y? where K = —2¢
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(iv) Transformation to polar-co-ordinates :
Sometimes conversion of cartesian co-ordinates into polar coordinates helps us in separating the
variables.

(1)x=rcosH, y=rsin0
then x? + y? = r?
xdx + ydy = rdr
xdy - ydx = r?d0

(2)x = rsecH, y = rtan9
then x? — y? =12
xdx - ydy = rdr
xdy - ydx = r?sec0d0

Illustration 14:

dy
X+y— 4
Solve : dx _yz oy Y
y-x Y X
dx
Solution:

The given equation can be reduced to
xdx+ydy (x*+y*)
ydx — xdy x?

Substitutingx = r cos 6
y = rsinf

rdr  —(r*) dr 2 1
we get, = = |—=—|sec0d0 = ———=—-tan0+cC
8 r’d® r*cos”0 J‘r3 '[ 2r?
Substituting, %=X+K
2(xX*+y°) x

(b) Homogeneous equations :
A function f(x, y) is said to be a homogeneous function of degree n, if the substitution
x =Ax,y =Ay, A >0 produces the equality
fOx, hy) =" (x,y)
The degree of homogeneity 'n' can be any real number.
Illustration 15:
Find the degree of homogeneity of function

M) fGy) =22 +y> (i) f(x,y) = (2 +yD)/(x + ) (iil) £ (x,y) = sin@

Solution:
() f(AxAy) = 22x% + 2%y? = 22 (x? + y?) = A*f(x,y)
degree of homogeneity — 2

3/243/2 3/2.,3/2
(i) fQx ) = X FATY
AX+AY

1
fx, Ay) = 22 f(x,¥)
degree of homogeneity — 1/2
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(i) f (Ax, Ay) = sin[ﬂj =x°sin[sz 2° £ (x,y)
Ly y

degree of homogeneity — 0
Illustration 16:

Determine whether or not each of the following functions is homogeneous.

M) fGoy) =x—xy (i) f(x,y) = Xfyyz (iii) £ (x,y) = sin xy

Solution:
(i) f(x,Ay) = 12x2% — 2%2xy = 22(x? — xy) = 12 f(x,y) homogeneous.

2
(i) f(Ax, Ly) = X—X)le A f(x,y) not homogeneous.
AX+ATY
(iii) f(Ax, ly) = sin (A2xy) = A" f(x,y) not homogeneous.
(i) Homogeneous First Order Differential Equation
A differential equation of the form dy = foo0y)
dx g(x,y)

where f(x,y) and g(x,y) are homogeneous functions of x,y and of the same degree, is said to be
homogeneous. Such equations can be solved by substituting
y = vx,
so that the dependent variable y is changed to another variable v.
Since f(x,y) and g(x, y) are homogeneous functions of the same degree say, n, they can be written as
fery) =" fi Gj and g(x,y) = x" g, (%j .
As y = vx, we have ﬂ=v+ xy.
dx dx
The given differential equation, therefore, becomes
av_ M) gMdv _dx
dx 91(\/) f1 (V)_Vgl(v) X ’

so that the variables v and x are now separable.

v+x

Note : Sometimes homogeneous equation can be solved by substituting x = vy or by using polar
coordinate substitution.
Illustration 17:

d siny +Xx
The solution of the differential equation & - y is -
dx sin2y—xcosy
2 Xz
(A) sin?y = xsiny+?+c (B) sin?y = xsiny — ?+c
x? X2
(C) sin’y = x +siny + 7+C (D) sin®y = x —siny + ?-ﬁ-c

Ans. (A)
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Solution:
Here, dy __ siny+X
dx sin2y-xcosy

dy siny+x

=>cosy—=—"-", (putsiny =t)
dx 2siny-x

:ﬂ_t+x (putt = vx)
dx 2t—x P

xdv VX 4+ X v+1

—+v= =

dx 2vx—x  2v-1

' xﬂ _VHl V1= 4y

U dx 2v-1 2v-1

2v-1 dx _

or———dv=— on solving, we get

—2v-+2v+1 X

2
siny = xsiny + - +c.

Illustration 18:

Solve the differential equation (1 + 265) dx + 2e¥ (1 —x/y)dy = 0.

Solution:

The equation is homogeneous of degree 0.

Putx =vy,dx =vdy + ydy,

Then, differential equation becomes

1+ 2eV)(vdy + ydv) + 2e’(1 —v)dy = 0 = (v + 2e¥)dy + y(1 + 2e")dv =0
dy 1+2e"
7y+ v+2e’

dv=0

X
Integrating and replacing v by x/y, we get fny + /n (v + 2e¥) = fncand x + 2 ye» = ¢ Ans.

(ii) Equations Reducible to Homogeneous Form

The equation of the form ﬂ = m where & #* E
dx ax+b,y+c, a, b,

can be reduced to homogeneous form by changing the variable x, y to u, v as
x=u+hy=v+k
where h, k are the constants to be chosen so as to make the given equation homgeneous.
We have
dy _dv

dx du
dv_au+byv+(ah+bk+c,)

The equation becomes, —
du au+byv+(ah+bk+c,)

Let h and k be chosen so as to satisfy the equation
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aih+bik+c; =0 -(1)
ah+bk+c, =0 -(ii)
Solve for h and k from (i) and (ii)
du au+hbyv

Now —=
dv  au+byv

is a homogeneous equation and can be solved by substituting v = ut.

Illustration 19:

Solve Y = X*+2y+3
dx 2x+3y+4
Solution:

Putx=X+hy=Y+k

Y
Wehaved—- X +2Y +(h+2k+3)

dX  2X +3Y +(2h+3k+4)

To determine h and k, we write
h+2k+3=02h+3k+4=0=>h=1k=-2

dy X+2Y
So that —=
dX 2X+3Y
Putting Y = VX, we get
V4 x av._ 1+2v :>2+23V dV=—d—X
dX 243V 3vi-1 X
243 2-\3 dX
- v = ——
2(3V-1) 2(3V+1) X

_ 23, 2-43
=55 og(\BV-1)- 22 B
2443 2-3
5 log(\/gY—X)— o5

constantand X =x—1,Y =y + 2.

log (V3V +1) = (=log X + ¢)

log (\/§ Y + X) = A where A is another

(c) Linear Differential Equations:

A differential equation is said to be linear if the dependent variable & its differential coefficients occur

in the first degree only and are not multiplied together.

The nth order linear differential equation is of the form ;

dn dnl
2, (0) g +a00 o+

of the differential equation.

........ +a,(X) ¥ = ¢(x), where ay(x),a;(x) ....a,(x) are called the coefficients

Note that a linear differential equation is always of the first degree but every differential equation of

2
the first degree need not be linear. e.g. the differential equation z y +(

XZ

though its degree is 1.

3
j +y*=0 is not linear,
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Illustration 20:
Which of the following equation is linear?

(A) d_y+xy2 =1 (B) xzd_y+ y =e* (© d—y+3y = xy? (D) x d—y+y2 =sinx
dx dx dx dx

Ans. (B)

Solution:

Clearly answer is (B)
Illustration 21:
Which of the following equation is non-linear ?

2
(A)d—y:cosx (B)d¥+y=0 (Qdx+dy=0 (D)x(d—y]+ 3 =y?
dx dx dx (dyj
dx
Ans. (D)
Solution:

Clearly answer is (D)
(i) Linear differential equations of first order:
d
The most general form of a linear differential equation of first order is d—y+ Py=Q , where P & Q are
X
functions of x.

To solve such an equation multiply both sides by eI P

So that we get ejpdX [% + Py} = erpdx -(1)
i(ej de.yj _Qel™ . (i)
dx

On integrating equation (ii), we get
ye_[de _ J.QE"-PdXdX-i—C

This is the required general solution.

Note:

() The factor eI " on multiplying by which the left hand side of the differential equation becomes the
differential coefficient of some function of x & y, is called integrating factor of the differential
equation popularly abbreviated as LF.

(ii) Sometimes a given differential equation becomes linear if we take y as the independent variable

d
and x as the dependent variable. e.g. the equation; (X +y+ 1)d_§ =y*+3 can be written as

(y2 + 3)% =X+Y+1 which is alinear differential equation.
Yy

Illustration 22:

Solve (1 + y2) + (x —e™ ) @ _ 0.

dx

[128] www.allen.in



Differential Equations

ALLEN’

Solution:

tan! y

Differential equation can be rewritten as (1 + y?) :—X +x =¢e
y

dx 1 gy
X

_+ A= s i
or dy 1+y? 1+y? (0

[
LF=¢ 1+y? =etan’ly

-1 -1
. . anly etan yetan y
so solution is xe = J.—Z dy
1+y

tan"ly

Let e ¥ =t= dy =dt

2

1+y
xe® Y = I tdt [Putting = t]

tz C tan! y 2tan”! y
_+E:> 2xe =e +c.

tan~! y _

orx e
Illustration 23:

is -

The solution of differential equation (x? — 1) %+ 2Xy =— 1
X X*—
x—1

(4) Y(X2—1)=%log —|+C (B) yO2 +1)=~log
X+1 2

(©) yO¢ -1)="2log | X1
2 X

X__l_c
X+1

—|+C (D) none of these
+1

Ans.(A)
Solution:
The given differential equation is
dy 1 dy 2x 1
X —1)-2+2 xy=— = L+ =
( )dx Y ax k-1’ (x* 1)
This is linear differential equation of the form

2
Q+Py=Q, where P = — and Q = 1

dx x* -1 (x* —1)*

. LE. = el "% = PO geg =(x*-1)

multiplying both sides of (i) by LF. = (x? — 1), we get

dy

(x*-1) ™

+2 Xy =

Xt -1
integrating both sides we get

yo¢ -1)= |

7 Ox+C [Using:y (IF) = jQ.(l F.) dx+C]

x—1

1
=Sy(x%-1)= =lo +C .
y( ) > log I

This is the required solution.
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(ii) Equation reducible to linear form :
The equation of the form %Jr Py=Qy" , where P and Q are functions of x,

is called Bernoulli's equation.

On leldlIlg by yn’ we get y*“ %4_ Py—n+1 — Q
X

Let y ™1 =t,so that (—n + 1)y ™ dy _dt
dx dx

then equation becomes :—t +P1-nt=0Q(1 —n)
X

which is linear with t as a dependent variable.
Illustration 24:

Solve the differential equation x % +y=xy°.
X

Solution:
The given differential equation can be written as
ddy 1 _.

yodx  xy® -
Putting y~> = v so that

dy dv Ldy 1dv
—5y % —Z=—ory°*—2=-=—weget
Y dx dx ydx 5 dx &
AL e M S se L @)
5dx x dx x
This is the standard form of the linear deferential equation having integrating factor
5
LF= eI K oS logx :i5
X
Multiplying both sides of (i) by L.F. and integrating w.r.t. x
1 ., 1
We get v. F—I—SX .Fdx
v 5 ,
= —=-X"+C
x> 2

5
= yoxC= EX’Z +C which is the required solution.
Illustration 25:

Find the solution of differential equation g—y —ytanx=-Yy®secxX.
X

Solution:

1dy 1

— ————tanX=-secX

y dx 'y

1 -1dy dv —dv
y y® dx dx dx
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dv
—+Vtan X =secX, Here P = tan x,Q = secx
dx
J.tanxdx 2
LF.= e =|secx| v|secx]| =Isec Xdx+c

Hence the solution is y1|sec x| = tanx + ¢

7. Trajectories:
A curve which cuts every member of a given family of curves according to a given law is called a
Trajectory of the given family.
The trajectory will be called Orthoegonal if each trajectory cuts every member of given family at right
angle.
Working rule for finding orthogonal trajectory

1. Form the differential equation of family of curves

2
r
d_y T do ford— if differential equation is in the polar form.

2. Write— for or
dy /dx dx dr de

3. Solve the new differential equation to get the equation of orthogonal trajectories.
Note : A family of curves is self-orthogonal if it is its own orthogonal family.
Illustration 26:
Find the value of k such that the family of parabolas y = cx? + k is the orthogonal trajectory of the family
of ellipses x% + 2y% —y = c.
Solution:

Differentiate both sides of x? + 2y? — y = ¢ w.r.t. x, We get

2x+4y%—%:0

d
or2x + (4y—1) % = 0, is the differential equation of the given family of curves.

Replacing % by - j_x to obtain the differential equation of the orthogonal trajectories, we get
X y
(1-4y) _ 0 :>d_y _ 4y-1
dy dx 2X
dx

2x +

dx 1 1 1

= .[d_y = .[— = —/n(4y — 1) = = Inx + = (n a, where a is any constant.
4y-1 2X 4 2 2

=4y —1)=2¢nx+2¢naor,4y —1 = ax?

1 1 2
or,y = Zazx2 + T is the required orthogonal trajectory, which is of the form y = cx? + k where ¢ = az,

k=t
4
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Illustration 27:

2 2
" y
1+A 4+A

Prove that

=1 are self orthogonal family of curves.

Solution:
2 2

X Y 1 ()
1+A 4+A

Differentiating (i) with respect to x, we have

XY Wy, ..(ii)
1+A 44+Adx

From (i) and (ii), we have to eliminate A.

Now, (ii) gives

{4x+ ydy}
dx
A= =
X+ yﬂ
dx
:1_{-}\‘:&, 44+ = _(1_4)y(dY/dX)
X+ y(dy /dx) X+ y(dy / dx)
Substituting these values in (i), we get
dy dX s
v - 1 :_3 e
rer2or2)

as the differential equation of the given family.
Changing dy/dx to - dx/dy in (iii), we obtain

(x—yg—ﬁ(x+ y%)=—3 (i)

which is the same as (iii). Thus we see that the family (i) as self-orthogonal, i.e., every member of the family
(i) cuts every other member of the same family orthogonally.

Note:

Following exact differentials must be remembered :

(i) xdy +y dx = d(xy) (if) XYY _g (lj (iif) YW _g (fj
X X y Yy
(iv) 24 (1nxy) @) Y _gmixry) i) S g (fn Xj
Xy X+Yy Xy X
(it YEY g [fn 5) (viit) XYY _g (tanl 1) (ix) YW _g [tan'l 5]
Xy Yy X +y X X' +y Yy
xdx + ydy : 1) xdy+ ydx . e’ | ye‘dx—edy
(%) Tyzzd[fn‘lxz"Lsz (xi) d(—x—yjzxz—yz (xii) d 7 :T
e’ | xe’dy—e’dx
df & |- xedy—erdx
(xiii) { < ] v
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Illustration 28:

. 2
ve y+sz2cos (xy) dx + 2
cos’(xy) cos”(xy)

Solution:

Sol +sin yj dy = 0.

The given differential equation can be written as;

M+ sinx dx +sinydy = 0.

cos“(xy)
= sec?(xy)d(xy) + sinxdx + sinydy =0
= d(tan(xy)) + d(—cos x) + d(—cosy) = 0

= tan(xy) —cosx —cosy = c.

(c) Geometrical applications:

Let P(x1,y,) be any point on the curve y = f(x), then slope of the tangent at point P is (QJ
(X1, 1)

(i) The equation of the tangentat P is y-Yy, = %(X -X)

X
. dx
x-intercept of the tangent = x; — y; W
y
: dy
y-intercept of the tangent = y; — x; ™

1

(ii) The equation of normalatPis y—-y, =

Ty a0

x and y-intercepts of normal are ; X, +Y, :—y and y, +X %
X y

(iif) Length of tangent = PT =]y, | [1+(dx/dy);, ,

(iv) Length of normal = PN =|y, | [1+(dy / )},

y (dx]
=
dy (X, ¥1)
d
163
X (%15 ¥1)

(vii) Length of radius vector = /xf + yi

(v) Length of sub-tangent = ST =

(vi) Length of sub-normal = SN =
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Illustration 29:

Solve (ylog x — 1) ydx = xdy.

Solution:

The given differential equation can be written as

x d_y+ y =y?logx (i)
dx
Divide by xy? . Hence izd—y+i=l log x
dx xy x
Let lzvz—%ﬂ:@ SO thatﬁ—1V=—1 logx ..(ii)
y y“dx dx dx x X

1 1
(ii) is the standard linear differential equation with P =-—, Q =-—log x
X X

LF.= el ™ —el % 1

The solution is given by

V. 1 jl(—llong dx:—IIOgX dx = log x —jll dx = loiX+1+C
X X\ X

x* X X X X X

=v=1+logx +cx =logex +cx

Or %= logex + cx or y(logex + cx) = 1.

Illustration 30:
d’y

For a certain curve y = f(x) satisfying —- = 6x — 4, f(x) has a local minimum value 5 when x = 1. Find
X

the equation of the curve and also the global maximum and global minimum values of f(x) given that
0<x<2.

Solution:
2

d
Integrating d’y = 6x — 4, we getd—y =3x%2—4x+ A
X

XZ
dy
Whenx =1, &: 0,sothat A = 1. Hence
d
Y 32 _axi1 (@
dx

Integrating, we gety = x3 — 2x2+x + B

Whenx =1,y = 5,so that B = 5.

Thus we have y = x3 — 2x? + x + 5.

From (i), we get the critical pointsx =1/3,x =1
2

d7y

At the critical point x = 3 e is negative.
X

Therefore at x = 1/3, y has a local maximum.

2

Atx =1, d Z is positive.
dx
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Therefore at x = 1, y has a local minimum.

Also £(1) = af@}%.f@ =5,f(2) =7

Hence the global maximum value = 7, and the global minimum value = 5.
Illustration 31:

dy

Solve Fri tany cotx - secy cosx.
X

Solution:
dy

—= =tany cotx - secy Cosx.
dx
Rearrange it :
(sin x - siny)cos x dx + sin x cosy dy = 0.
Putu =siny, So,du =cosydy:
Substituting, we get

du cosx

(sinx - u)cos x dx + sinx du = 0, — —U——=—-C0SX
dx  sinx

The equation is first-order linear in u.
The integrating factor is

I = epr-—C?—SXdX =exp{-In(sinx)}=
sin X sin X

_ J‘COSX

Hence, u dx=—In|sinx|+C .

sin X sin X

Solve for u : u = -sin x #n |sin x|+ C sin x.
Put y back: siny = - sin x #n |sin x|+ C sin x.
Illustration 32:

Solve the equation XJ. y(t)dt=(x+ 1)It y(t)dt, x>0
0 0

Solution:
Differentiating the equation with respect to x, we get

Xy(x)+ 1.} y(t)dt =(x+1)xy(x)+ 1.ity[t)dt

ie., j y(t)dt = x*y(x)+ .X[ty(t)dt

Differentiating again with respect to x, we get y(x) = x2y’'(x) + 2xy(x) + xy(x)

2

ie, (1-3x)y(x) = Xdy(x)
dx

. (1-3x)dx  dy(x) . .
.e., = , Int t t
ie 2 Y09 integrating we ge
. C 1/
1.e., yZFe 1
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