Definite Integration ALLEN’

Definite Integration

SOLUTIONS

EXERCISE - O
1. Ans. (B)

2n
I:I[Zcosx]dx kingx —» 3n-x

2n
I = j[—Zcos x]dx

2n
L 21 = I[Zcos X]+[—2cos x]dx

T

T

2n
= 21 :I(—l)dx:> I =

( [+ [=x] :{ 0 xe Integer)

-1 xglInteger

2. Ans. (B)
-+ {x} and sin2nx both have period equals to 1.

« 1= (37-19) [ | ({x)* +3sin2m)dx
1 1
= 18“x2dx+3jsin2nxdxj
0 0

= 18(1+3.0j=6
3

3. Ans. (B)

1 3

X+ x|+1
J#dx
X +2]x[+1
1

_ I x3dx +.1[ [ x]+1
X*+2|x|+1 X*+2]x|+1

-1 -1

0dd function Even function
1
=0+2[ L g
o (x+1)
= 2[£n(x+1)](1) =2(n2

=a=2,b=0
4. Ans. (B)

= [ XB-X)(4+X)(6-X¥)(10-x)]dx-+ [ 'sinxdx

= 1 =] " (6-0(B=X)(10-X)x(4+ X)+[cos X;
King prop.

= 21 =2[- cos4 + cos2] = I = cos2 - cos4
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5. Ans. (D)

T
I= j()z sin xsin2xsin3xdx

T

= —Ifcos Xsin2Xxcos3xdx (king prop.)
=2 = J.:/Z sin2x(sin3xsin X —cos3xcos x)dx

n/2
= —IO sin2xcos4xdx

= _%Ion/z[sin6x—sin2x] dx

/2

1[cos6x cost}

2| 6 2,
1 11 11

= — —_t— = ——=
2 (53 H3)
1 1

=== ==
3 6

6. Ans. (A)

n/4 )
I; ='[ /4€n(smx+cos x)dx
—T,

= Jlf/; n(—sin X + cos X)dx (using prop.)

_ n/4 2 .2 _ /4
21 = Jimfn(cos X—sin® x)dx = J‘in//n(cosZX)dx
n/4
= 2_[0 {n(cos2x)dx (even function)
put2x =t

1 n/2 1 n/2 . .
= I1=§IO ﬁn(cost)dtzzj.o (n(sint)dt (king)

7. Ans. (D)
L= xfx(1-x)dx
=] - f (LX) (king prop.)
k
= 21 =j1_k f(x(1—x))dx =1,

|
= -£=2
Il

[170]
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8. Ans. (D)
hx=t=>x=cet
o 1 0<e'<1 ; te(—:,0]
..f(t)—{et; e f()—{et; o)

.. We observe, f(x) is derivableat x = 0
= continuous alsoatx = 0

t+c, ; te(—xo,0]
S f@) = { !

e'+c,; te(0,)

v f(0)=0=0+¢c;=0=¢; =0

Also, f(x) is continuous atx = 0

204 =e+ct=c=—1
t ; te(—»,0]
S f®) =4,
e—-1; te(0,x)
9. Ans. (A)
Put x:% = dx=—tlzdt

-] ( jf“t |

=>1=-1
=I1=0
10. Ans. (C)

differentiate both the sides w.r.t. 'x'

fx)=1+0—x2f(x)

1 11
= f(x)= = dx=2[tan' x]} ==
(x) 1+ x? J.*11+x2 [ lo

11. Ans. (B)
dx

1
dy—,/l+y2
:%z«/1+y2
X
d’y d (dyj d (dy] dy
dx* dxldx/) dyldx) dx

\/1+y =y

1+y
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12. Ans. (D)

N P
5X—6—X +E-X>X-2-J.0 sin” xdx (Queen property)

= 5X—6-X%* +§x > xz(%gj (Walli's formula)
= /5X—6—x* >0 which is true in domain except x = 2,3
=5x—6—x2>0 (domain)
=>x—-2)(x—3)<0butx=#2,3
=xe(23)

13. Ans. (A)

3n

limz

1
nﬁwr:l\/ﬁ ’n+r

3n 1
= lim
n%w; r-
n- ’1 +—
n

14.  Ans. (B,C,D)

2x2-6X+6 ; 1<x<
=f(17)=2=f(1)
fatH)=2-6+6=2
RHS=LHS=f(1)
So continuous

1 ; 0<x<1 ‘
f(x)z{x+ X<2; g(t)= [ f(dx forte[1,2]
t-1

1 ;o 0<x<1
= f'(x)=

4x-6; 1<x<£2
f'(1)=-2 So non differentiable
fr1)=1

t

= g(®) = | fdx
t-1 2
g) = j. f(x)dx+i f (x)dx 1
(t-1) 1
gO=fO-ft-1)=0 0 1 2
fO=ft-1

2t2—6t+6=(t—1)+1
2t —6t+ 6=t
2t2 —7t+6=0
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SHRONES

=2—9+6—§:0

2 2
g'@2)=f2)-fD)
=2-2=0

3
g'(t) vanishes for t:E,Z

gO=f®-ft-1

9"(3/2) = [4@]—6)—(1)
=6-6-1=-1

g(t) is maximum att = %
zg(t)=j f(x)dx
9(1)=jf(x)dx=j(x+1)dx

2 1
(x ] 1 3
=| —+X| ==+1==
2 0o 2 2

g(2):f(2x2—6x+6)dx

So minimum att =1
15. Ans. (A,B,C)
(A) Cont. on (0, 1)

(B) g(@=] t sin(1/t) dt
ocont.  cont.
cont.

.. g(x) will be cont. function by fundamental theorem of calculus.

©) h[(%"j] - Zsin(gx%j - ZSin(gj =1
h u%j_j =1 .. continuous
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D) g((znzzsinzzz
2 2 2 2

Sl (x)isDC atX:g
16. Ans. (B,C,D)

Fx)= [ e® Vdt [oﬂ

sinx

=1 2 . P B 2
FI(X):e[1+Sln oS X) (_Slnx)_e[lJrsm sinx) cos X

=- [e[mm 1[5”{ )D (sinx)+e cos X}

(145+)
1+—=-X 2
=—|:e 2 sinx+e cosx}

F'(x) =-ve
F'(0) =-e
F (Ej = —[E(Hg g)z} =—e
2
For option (D) — at x=2 both sin x = cos x = L soF(c)=0
4 N

For option (C) —» F'(x) is always - ve

For option (B) — F'(x) is continuous in (O,gj
F'(0) = F'(/2)

F"(x) = 0 for some ce ( 5 j from Rolle's theorem.

17. Ans. (B)
f@)-f'x) = f-2)-f'(x)
- f'ix)_f'(x)

f(-x) f(x)
J-f (- X) J-f (X)
f(- X) f()

=-Inf(-x)+C=+n(f(x))
=tnf(x) - f(-x)=C
=fx) - f(-x)=a
Atx=0:C;=f(0)-f(0)=a=9
Sf)fEx0)=9
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18. Ans. (A)

(1)

-[ 13+ f(x)
Klngi«

-[ 3+ f( X)
51 dX
| =
—.5“134_9
f(x)
J BRI
3f(x)+9

_1 J f(x)
f()+3

| :_T f(+3-3
3 f(x)+3

-51

51 51
= 1=2 [aca| &
3 5 F(x)+3

= | =1(51-(-51))-|

=2l = 122 1=17

19. Ans. (A)
v fx)-f(-x)=9Vx€eR
.. f(x) can never be zero for any x as this product is non zero.
.. Norootfor f(x) =0

20. Ans. (A)

1
2 2\ Tn
(P) f:limKH%j{HZ—ZJ ..... (1+”_2H
n—oo n n n
2 2
fn(ﬁ)=lim1[€n(1+%)+€n(1+2—j ..... +€n(1+n—zﬂ
n—>oon n n n
r’\1
m(0)= hmZ(’n(h—_j_
N> n°/n

n(0)= j 1 .En(1+|x2)dx

N fL2X
m(0)=(xen(1+x ))0—jx —dx
o 1+X
= (n2-0- zjx LN
X’ +1

— (n2-2[x-tan™ x](l)
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€n€:€n2—2+g

/,n2+£—2
(=g 2
l(75—4)
(=2e?
1
.| ntin
Q) y=hm[—n}
n—oo n
|
fny:limlén{n—n'}
nawn n
fnyzhmlfn[l«gé... E}
n—w nnn n

1 1 2 3 n
ény=lim—[€n—+ fn—+€n—+....+€n—}
n>enl N n n n

fnyzlimzl-fnL

n—x—=n n
1
ny =Ifnxdx
0

ony =[xtnx-xJp
tny=[0-1-[0-0]]

(R) lim 1(Lj

=3-/n4
2n n 2n 1/n
S lim =lim
() nem;nz_f_rz n—m; rjz
n
_Iz dx
01+ x
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EXERCISE - S
1.  Ans.(2012)

1/n
j(2010sinx+2012cosx)lxldx

= lim 2 —

Nosoo 1 0
n
(201Osin(1j+2012cos(1}}(1)(—gj—(zowsin(—1j+2012cos(—1j(1j12J
) n n n n n n/\nj/n
= lim
n—oo 2
n?
—(201051n(1)+2012cos(1]}—(—20105in(1J+2012cos(1D
) n n n n
= lim
n—o _2
1
—2(2012)Cos(j
. n
= lim
n—oo _2

= lim2012cos(lJ =2012
n

n—oo

2. Ans. (90)

xsin®xsin®x dx

__C
II

Xsin X(l cos X)dx

TC

C
I

c
5
Il
Ol |3 O[3 O[3

Xsin de—jxsm xcos? xdx
0

_[(xcosx) (sin8 X-COoS X)dx
| |

(@
i
(=]
Il
C
@
O'—-.N\::

n I
. rY 2 .
sin” X
Uw:US—[Xcosx ] Icosx Xsinx) 5 dx
0

9

/2 sin’x =/2 Xsin'°x
U10=U8—0+I0 COS X d —I

9

dx

m

UlO:U8+M—1U

90 9 1
10ﬁ=U8+i
9 90
100U,, -1 _90
U8
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3. Ans. (8)

I =2f(x)(- )cos(——ljz E+T 2cos(5—1de

H—T ! Zsm(——ljdx}

_Z{Zf (2+m)+2f'(2—-n)- Zf”(x)zj‘nsm(z—ljdx}

X

=0+2[2f (X)sm(——lj

( f(x)=ax’ +bx+c— f”(x)zconstant)

2+m

=4(f'(2+n)+ f'(2—n))—4f"(x)(—z)cos(§—1j

=4(f'(2+m)+ f'(2-m))
Iff(x) =ax?+bx+c = f'(x) =2ax+b
—>f'2+n)=2aR+n)+b
—>f'2-n)=2aR2—-n)+b
f'(2+7c)+ f'(Z—Tc)=8a+2b
=2(4a +b)
f'(2)=1=4a+b=1
= f'(2+n)+ f'(2—-n)=2(1)=2
=1 =4[f’(2+1‘c)+ f’(Z—n)}
=4(2)
=8
4. Ans. (5250)
s 4a "’ x-cosx-dx
J- sin® x+a® cos® x +3asin® xcos X +3a’ sin X cos® xdx — I =
) R T
[ sin 3x = 3sinx - 4sin3x & cos3x = 4cos3x — 3cosx]
T[3sinx—sin3x+a3(c053x+3cosx)
) 4 4

2-7

+3asin® X cos X + 3a* sin X cos? XJ dx

/2
_ﬂ{(Xsin X)g/2 - j sin de} =2

n—2 0
3cosx cos3x a’sin3x 3a’sinx .3 2 3 " 4a = /2
= |- + + + +asin’x—a’cos’x | ———| —+(cosx) " [=2
4 12 12 4 0 n—-2|2 0
3
0+0—a—+31+a I T S N )
12 4 4 12 n—2\2
:>8i+a+£+a —2a=2
12 12

= Zi+a —a+§—2 0
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=2a2+3a>-3a-4=0
a1+a2 +a2 = —3/2 & aia, +a2a3 +a3a1 = —3/2
af+a22+a32=(—3/2)2—2(—3/2) =21/4

1000x%= 250 x 21 =|5250

5. Ans. (125)

1

1
Put X:? = dX=—t—2dt

O]

4 2 2 1 1 \/t —2t* 42
t3 T
- 1j —( U,
R A, )
Putt* —2t* +2=x*
(4t° —4t)dt =2xdx

(tz—l)tdtzgxdx
=_5'/'_4&
12X

i

1_

"2
U
Y

1
2

-PI»—\ o

1
8

|-

[}

) 100 U :1000:

v 8
6. Ans. (153)

I\/l+1+1+2(cosx+cosx+c052x) dx:j\/3+2(2cosx+c052x) dx
0 0

= Ix/3+4cosx+2c052xdx
0

= j«/3+4cosx+4cosz X—2 dx
0

= J\/4COSZ X+4cos X +1dx

= I|2cosx+1|dx
0
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2n/3 T

= _[ 2cosX+1dx+ J' —(2cosx+1)dx
0 2n

3

= (25i1’1X+X)? —(25i1’1X+X)2n

= 3+2—n—n+ 3+2_n
3 3
= 2\/§+%—n

=2\/§+§

=\/E+n/3

=>k=3&w=12
o |k*+w* =153
7. Ans. (5)

2
Let J. f (x)dx:l
1

I +1=j f (x)dx+j. f (x)dx

Putx =2t = dx = 2dt

= jf(Zt)dt-z
=2[3f (t)dt w{f20)=31 (1)}

1
I +1=6[f(t)dt=6
0

2
[I=5= _[f(x)dx:S
1

8. Ans. (9)
f(x) = x + sinx
f'(x)=1+cosx=0

2n

| = j(f’l(x)+sinx)dx

I :T f’l(x)dx+Tsinx dx
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10.

| =[(2n>< Zn)—(TCX 77:)] —T f(x)dx + [_COS X]in

27n
I=3n2- I(x+sinx)dx+[—cosx]

| =3n° _%[(zn)z _(TC)ZJ—[—COS X]in +[~cos x]i’t

| =3n° —ﬁ
2

2

21
So, | = |=|n*|=9
2]
Ans. (0.5)
Putnx =t we get

% _f tan™" (t)dt tan'l(nj /4

= lim —*! =lim =
T o P s n - TE/Z
1 j sin™ (t)dt sin™ (j
n/n+1

Ans. (0.66 or 0.67)

1= [ X))+ [} [ o

-1

Ilzi{xz}[{x}+{x3}]dx (1)

-
Il
Le—y
—_——
/l.\
>
N
n
N
—
|
>
e
+
—_——
|
>
N—"
w
N
L
o
>
~
>
i=]
o)
=
<
o
=.
=}
o]
e

Ilzj{xz}[l—{x}+1—{x3}]dx -(2)

www.allen.in
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EXERCISE - JEE (Main) PYQ

1. Ans. (2)
X 1 1
f =X f f'l=1=?
! (t)dt=x +£t (t)dt (2)
Differentiate w.r.t. 'x’
f(x)=2x+0—-x%f(x)
2% (1+ xz)Z—Zx(Zx)
f(x)=—"=5=f'(x)=
1+x (1+x°)

2

2X% —4x* +2
fr=2"22 12
) (1+x2)2

f'(lj—i@ @_48_24

2 ( 1j2 ~25 50 25
1+— P
4 16

2. Ans. (2)
Let f(x) = x?(x% — 2)

VZ p Vz

Aslong as f(x) lie below the x-axis, definite integral will remain negative, so correct value of (a, b)
is (—JE,JE) for minimum of .

3. Ans. (3)

40{} e“xdx+_2[e‘“dx} =5
-1 0

BRI

—=4e 7 14 -3=0

Let €7 =t,4t” +4t-3=0,t =%,_73(Rejected)

e =1:> a=/,(n2
2

4. Ans. (1)

1
f(x)=
9 J2X —9x% +12x+ 4
F(x)= —6(x—-1)(x-2)

2(2x° 9%’ +12x+4)3/2

.. f(x) is decreasing in (1, 2)

-3 -

%< | <i:> |26[1,1j

J8
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5. Ans. (2)
a>0
Letn<a<n+1,neW
~a=[a]l+{a}
U U

G.LF Fractional part
Here [a] =n

Now, jeHX] dx=10e-9
0
n a
= Iem dx + J'ex‘[x] dx=10e-9

njeX dx+.a[ex‘" dx=10e-9
0 n

= n(e-1)+(e""-1)=10e-9

g and {a}=log,2
So, a=[a]+{a}=(10+log, 2)

= Option (2) is correct.
6. Ans. (3)

f(x):j(5+(1—t))dt+f(5+(t—1))dt

2 X
=6—1+(4t+t—J
2 2

1

feH=2+8+1=11

fQ)=f2)=5x2+1=11

= continuous atx = 2

Clearly differentiable atx = 1

Lf'(2)=5

Rf'(2) =6

= not differentiable at x = 2
7. Ans. (3)

loge
f(x)= j (™

1/x
( j jﬂdt let t=L
y

ny y
J‘1+y y
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-I5

ny
1+ y

hence

K

X 1 t Int X
(1] J' + ndt_."fnt
t(1+t) It

1 ,

=—/

Ly (x)
1 1
f fl=|==
so f(e)+ [ej 5

8. Ans. (3)

cos
e

1

X

sin X

I 2 cosX —COS X X
o (L+cos” x)(e™" +e ")
Use King's property

U

=]

On adding equation (1) and (2), we get

e

—CcosX

sin X

o (1+cos

X)(efcosx eCOSX)

(1 +tan” x)dx

dt

1+ tan? X)—(l—tam2 X)

(1)

(2)

(1)

(2)

www.allen.in



ALLEN’

Definite Integration

10. Ans. (1)

| = [ 2x-3x* =3x—2x+2|+1 |dx

2/3

[2x—|(3x—2)(x—1)|]dx+j1dx 1= [(2x—(3x2_5x+2))]dx+ j (2x+(3x* -5x+2))dx+1

2/3

2/3 1
Izj [—3x2+7x—2]dx+J(3x2—3x+2)dx+1 y=—3x%+7x—2
0 2/3
ol 1/3 B 2/3 4 3
I(—Z)dx+ j (—1)dx+ j 0dx+ j 1.dx /
0 a 1/3 B
L a 1/? , 2
=-20—|=—a |[+=—B=—a—-B+= 0.1/ B2/3
a ( aj 3 B=-a-PB 3 _q
When Xe(_'lj ) ( 737 713
=% F="%

3X2—3X+2€[£,2j
3
[Bx2-3x+2]=1

e, 2) 1
j[3x -3x+2dx=1| 1= |== 2 .
23 3) 3 X
4/3 x

Hence |=(%—(a+ﬁ))+(%)+1 a |
:E_(7—\/§+7—JEJ

3 6 6

2 373

3 6

RORNER!

6
11. Ans. (4)

| = T ex(ln(eX +y1+e* ))dx
—In2

Put " =t=e“dx=dt
2
1= ln(t+\/1+t2 )dt
1/2
Applying integration by parts.

:[tln(t+m)}2_i t (1 2t Jdt :21n(2+\/§)_%1n(1+2\/§J_j- t

+
; 1/2t+\/1+t2 2\/1+t2 1/2\/1+t2

:21n(2+\/§)—%1n[1+\/§J_£

2 2
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12.

13.

(5] | &
[\EHJ;

2

=In

Ans. (3)
Minimum {x2, {x}} =x2; x€[0,1)

[x—log, x]=1;x€[1,2)

.~.f(X)={eX2;X€[O.1)
e;xel1,2)
2 1 ) 2
_[xf (x)dx:J'xeX dx+.[ex dx
0 0 1

=%(e—1)+%(4—1)e
:29_1
2

Ans. (13)
_ F5“(1+cos xcos3X +cos’ X+ cos’ Xcos3X) dx

I
1 + 5COSX

0
| £57%(1 4 cos xcos3X +cos” X + cos® Xcos3x) d
_.(l). 1+5—COSX X

U

21 =J‘(1+cosxc053x+cos2 X +cos® Xxcos3x)dx
0

Z1=7

(1+cosxcos3x+cos® X+ cos® Xxcos3x)dx

oct—|a

(1+sin X(—sin3x)+sin® x—sin® xsin3x)dx

Il
ct—n

(3+cos4x+cos® xcos3x —sin® xsin3x)dx

)
Il

3+COS4X+(COS3X+3COSXJ

cosSx—sinSx(
4

21

N
Il
= L] O V| 3 O V| 3

3+cos4x+l+§cos4x dx
4 4

21
16

—_ X — —

4 2 4

13 = 7(sin4sz 13n
4 ==

0

3sinx—sin3xj
——|dx

[186]
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Definite Integration

14. Ans. (1)
1
S, :lim n(n;r )=1:True
n—oo n
15
.1 1 r
S, =122F<2f“>=m.152(ﬁ)
=I1x15dx=i:>True
0 16
15. Ans. (1)
For x<0

f(x) :ie"xdt —e ™ (e*-1)
For 0 <Ox <2
f(x)z.xfex‘tdt+j‘e“xdt = e +e’ -2
For xzoz X
f(x):j'ex‘tdt =e" (e -1)
0

For X<0, f(x)is¥ and x>2, f(x)is T
.-. Minimum value of f(x) lies in x<(0,2)
Applying AM >G.M,

minimum value of f(x) is 2(e — 1)

EXERCISE - JEE (Advanced) PYQ
1. Ans. (B)

n
a
12 4+2% 4o +n? T
=lim

n—w

(n+1)a1|:na+na+na+ .......... +na+1+2+3+.. +n} (”+1)a1{n2a+n(n2+1)}

ntimes
1) L 1ert
i) 0x3

L=Ilim

n—o

=lim ni=n’ N =lim -
(nJrl)“{nzaJrn(nz+ )} IS n2a+n(n2+ )
( n j 2
1
Ixadx
=-2 2 —l:>2a2+3a—119=0:>a=7&—%

T60  (a+1)(2a+1) 60

B 1
a+=
=)
1 17

a= —177 will be rejected as J‘X_7 dx is not defined.
0
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2.

Ans. (A,Q)
Given that 1:[a,b]—[1,)

0 ; Xx<a

g)=1] fOdt ; as<x<b

j:f(t)dt; x>b
Now g(a)=0=g(a")=g(a)
gb)=g(b")=g(b)= [/ fltyct

= ( is continuous VxeR

0 1 X<a
Now g'(x)=4 f(x) :a<x<b
0 : x>b

g'(@)=0butg'(@)=f(a)>1

= g is non differentiable at x = a
and g'(b") =0but g'(b’)=f(b)>1
= g is non differentiable at x = b
Ans. (2)

using integration by part

iéLx3((1—x2 )5 )” dx

:4x3((1—x2 )5 )']O —.(|1;12x2 ((1—x2 )5) dx

using integration by part
1 1 5
=-12 xz( 1-x? 5) —[2x(1-x*) dx
(1] - farta-)
1
:122jx(1—x2fdx
0
Let 1—x2=t:>xdx=—%
0
=2ﬂf£-§j
1 2

1
=12jfdt:2
0

[188]
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4. Ans. (A)

Let cosecx+cot x=¢"

cosecx —cotx=e "

cosecx = %(e“ +e™ )&cotx=%(eu —e’“)

cosec’xdx = —l(e” +e )du
2

= ]). )217 (%(eue“ ))15 {—%(e%e“ )}du

/;‘n(\ﬁﬂ
n f+1
= I e +e™

5. Ans. (B)

F(x)z] f (ﬁ)dt
F'(x)=2xf(x) " x€[0,2]
= f'(x)=2xf(x) “EF'(xX)=1"'(X)

NEY
)

c=0 (vf0)=1)

=2x=(n(f(x))=x"+c
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7. Ans. (D)
Given

. 1-h o a-1
g(a):gl_)rg}.fh 2 (1-t)" " dt

" 1hln(1t_t dt
[l I - - 7 (1
J [2) o t(1-t) -
{-8)
g(%jzhlg? hlh(l—__t)tdt ~(2) (Apply [ 1 (x)x=]_ f (a+b—x)dx)

8. Ans. (A,C,D)
_(_H%)
e

t

dt

f0=[,

P
%)

X“) 1/x

RUS IR CH I G

= —+ =
X X X

- f(x) is monotonically increasing on (0, «) = A is correct & B is wrong.
1 1
e*[”?) " e*[”f]
t

NOWf(x)+f(1j=j:/X —)

X

fr(x)=1.

dt=0 Vxe&(0,)

e

Nowlet g(x) = £(2) = |

} —(H%j
— X\ — 2" €

9Cx) =@M = [, —

- f(2%)is an odd function.

9. Ans. (D)
(P) Letf(x)=ax?>+bx+c
{but £(0) = 0}

s F(x)=ax? +bx

So, j(ax2 + bx).dx =1
0

a¢ b |
= —+—| =1
3 2 |

dt=—-g(x)
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3 2

a=3 or a=0
b=0 b=2

so two polynomials

f(x)=3x"
(x)=3x are possible
f(x)=2x
(Q)  Max. of sin(x?) + cos(x?) is V2
— sin(x?) + cos(x?) =2; xe[ V13,413 ]
= sin(x2+§j:1; x> €[0,13]
= x* +E=2nn+z;ne |
4 2
= X =2nn+g;n €1;x?e[0,13]
ifn=0ifn=1
=" x2 =2m+ =
4 4
x=1+ |5 X = ’9—“
4 4
. No. of solution = (4) Ans.
2 2
3X
R I = dx (1
® =] (1)
King
2 2 2
3x°-e
| = dx (2
;[ 1+e (2)
(1) +(2)
2
2l = '[3X2 -dX  (even)
-2
2
21=2[3x" -dx
0
=1 —[x3]2: 8
- 0
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cos(2x)log(i+xjdx
—X

|
N N‘H'-—'NM—‘

O]

[

Icos(Zx) log( ;(] dx

o [

(odd function)dx

1/2
J. cos(2x)- log(“_ X)dx
0

10. Ans. (0)

N[ =

X X<2
Given f(x)= ]
0 , x>2
where [x] denotes greatest integer function.
2 2
Now |=J‘M
<2+ f(x+1)
0 2 1 2 N7 2 B 3 2
:J- xf (x°) dx+I xf (x°) dx+I xf (x°) I xf (x*) +I xf (x°) dx
22+ f(x+1) o 2+ f(x+1) 1 2+f(x+1) 3 2+ f(x+1) \52+f(x+1)

Il IZ |3
I=Il+12+13+14+15
Clearly I, I,, I, & I are zero using by definition of f(x).

I I

N

211

JJ-E xf (x*) X
4 4 4

L=l = =
2+f(x+1) J.2+0 4 )

3

L 4l—1=0
11.  Ans. (9)

1
o= J‘e9x+tan x [ 3 ZjdX
0 1+X

_ 1
o= (e9x+tan X )
0

9+ﬁ

=e *-1
3n
log|oc+1|=9+7:> Ans.=9
12. Ans. (7)
tim 0 i E )iy f(x) 1

-1 G(x) 1 G'(X) X—>1x‘f )‘ 14
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f£1j=7
2

f (%) #—7 as f(x) vanishes exactly at one point.

13. Ans. (A,Q)
Let

I, = Tet (sin6 at +cos* at)dt

0

= jze (sm at+cos* at dt+ _[ (sm at+cos* at dt +I (sm at +cos’ at dt+ I (sm at +cos® at)dt
0

m 2n 3n
t=n+Xx t=2m+y t=3n+z
transforms time transforms this transforms this
to to to
{ { {

= ]Ee (sm at+cos* at dt +J‘e"+t (sm at+cos* at dt+.|.627Ht sm6 at +cos* at)+
0

.Tfe‘”“ (sin6 at+cos” at) dt
0

Ll =(1vet +e” +e3“)fe‘ (sin® at +cos* at)dt

0

e' (sin6 at+cos* at)dt \
™

IS SPC I .
e" -1

ot——a [ot—3F

e (sin6 at+cos* at)dt

14. Ans. (A,B)

Given f(x) = (7tan® x — 3tan®x)sec?x

n/4
X(7tan6 X —3tan” X)sec2 x dx
01 p
Using I.B.P.

= x.(tan7 X —tan® x):/4 —T(tan7 X —tan® X)dx
0
n/4
- I tan® X(tan2 X—1)sec2 xdx
0

Puttanx =t

:I dt _
0
/4
Also, = I (7tan6 x—3tan’ X)sec2 xdx = tan” x —tan® x|/* =0
0

3-2 1

12 12

-Mv—k
crxlr—\

www.allen.in
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15.

16.

17.

Ans. (D)
192x°
f'(x)=
(%) 2+sin* x

3 3
192x gf'(x)glgzx
192 1 sj f'(x)dxsg xt-L
12 16)" o, 8 16

16x* -1< f(x)<24x* —%

1
2.6< [ f(x)dx<3.9

1/2
out of given options only option D is correct.
Ans. (A, B, C)
According to given data
F(x)<0¥xe(1,3)

f(x)=xF(x)

f'(X)=F(X)+xF'(x) (i)
ffH=F)+F(1)<O0 (use F(1) =0&F'(x) < 0)
f(2)=2F(2)<0 (useF(x) <0Vxe(L3))
ff)=Fx)+xF'(x) <0 (useF(x)<0Vxe(13))
F'(x)<0

Ans. (C,D)

Given

TXZF "(X)dx=-12
= [X*F(X)F —Zi XF(x)dx =—-12

:>i f(x)dx=-12 (Usex F (x) = f(x))
Given

3
jx3F"(x)dx=40
1

=DCF' (L —3j‘x2F '(x)dx=40

=[X*(f'(X)-F(X)F =4 (use equation (i) from Q.No.16)
I(f'B-FB))—(f'(D-F1) =4
9f'3)+36—f'(1) =4

9f'B)—-f'(1)+32=0

[194]
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18. Ans. (A)
Let

/2 2 n/2
X X 1 1
| = f COS 2 ix = I + x* cos X dx
o 1+e” o \1+e* 1+e™

n/2
—IX cos Xdx = (X sz —ZIXSIHXdX

(0 (0 (M

2

T 2 2
:Z—Z{ (xcosx +J.1cosxdx}=——2[0+1] (Z—ZJ

19. Ans. (1)
X 2

t
Let f(x) = dt—2x+1
-([1+t4

2

X
f'(x)= -2
() 1+x*

2

0<

<1 Vxe[0,1]
1+x*

So, f'(x) <0 Vxel[0,1] b
f(0)=1

2 1 2

Z <1l = O<It—4dt<1
o 1+t

0<
1+t

So, f(1) € (—1,0)
Number of solution = 1
20. Ans. (B,C)

(nf (x)=lim > ¢n

e g (T ﬁ(r/n)
H[ (r/n)z]

x +1
—X}LrgnZﬂ] ( ]
h 1+tx
=XI€n puttx =z

nf(x)= J'lfn(l: jdz

www.allen.in [195]



ALLEN JEE (Main + Advanced) : Mathematics

- f (x)zfn( 1+x2j
f(x) 1+Xx

Here f'(1) = 0. Sign scheme of f'(x) :
+ —_

1

1 1 2\
Also @_@:m(i}m@
f(3) f(2) 10 5

=€n[éj<0:>@<—f @)
6 f(3) f(2)

21. Ans. (2)
/2
gx) = f (f'(t)cosect — f (t)cosect cot t)dt
/2
- J' (f(t)cosect )'dt =[ f (t)cosect ]:/2

X

= f (chosec(zj—mz?,_w
2 2 ) sinx sin X

. Timg()=3-lim— a5 £(0)=1
x—0 x—=0 51N X

=3 _hmﬂ
x-0 cos(x)

= lin(}g(x)=3—1=2
22. Ans. (B,C)

| =§U“%dx}

_i(ku)[ﬂ”(%ﬁ)dx]

(k+1)((nx—n(x+1))5)

O
=]

=
Il

1

((k +1)¢n(k +1)—k.¢n k)—i((k +1).0n(k +2)—k.fn(k +1)) + f(fn(k +1)— (nk)

k=

O
[e*]

=

(Difference series)

2x(99)"”
5 1=(99 ¢n 99)+(-99 £n 100 + (n 2)+(¢n 99)=(n 5| (1)
(100)

For option (B):
Now, consider (100)°° = (1 + 99)°°
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= Cy+” C,(99)+” C, (99) +..”?Cy; (99)” + 2 Cyq (99)” +7Cyy (99)”
(value(99)99) (value(99)99)

99
=(100)” >2.(99)” I G R
(100)

2x(99)""
(100)”

= 1</n99

<99 (on multiplying by 99)

For option (C) :

Kk +1)dx
(

k+1
Since, i.f k+1 ij
. +

k=1 g k=1

:i L <1
=\ k+2

(on integration)

1 1 1 1
—F—+ =+ — <l
4 5 100
98 terms
98 1 1 1 1
> —< =ttt t——<|
100 3 4 5 100
49
ol >—
50

Hence option (C) is correct.
23. Ans. (Bonus)

sin2x
gx) = I sin't dt = g'(x) = 2sin"!(sin 2x) X cos 2x — sin™! (sinx) cosx

sinX

=of3)oasl-3)

No option matches the result
= BONUS

24. Ans. (B,D)
For option (A) :

Let g(x) = e* —f f(t)sintdt
0

© g'(x)=¢e"~(f(x).sinx)>0vxe(0,1)
= g(x) is strictly increasing function.
Also, g(0) =1

= g(x)>1Vxe(0,1)

*. option (A) is not possible.

For option (B) :

Let k(x) = x° — f(x)

www.allen.in
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Now, k(0) = —f(0) < 0 (As f € (0, 1))
Also, k(1) =1—-f(1)>0(Asf €(0,1))
= k(0).k(1) <0

So, option (B) is correct.

For option (C) :

/2
Let T(X)= f(x)+j f(t)-sintdt

0
=T(x)>0Vxe(0,1) (Asf €(0,1))
so, option (C) is not possible.

For option (D) :

Let M (x)=x— [ f(t)cost dt

n/2
M(O):O—j f(t)-costdt <0

0
T
2

Also, M (1)=1— I f (t).cost dt>0

0
=>M0).M(1) <0
*. option (D) is correct.
25. Ans. (1)

= limlog y, =limi1ﬁn(1+£j
n—o now =N n
1
:longjﬁn(1+ x) dx
0

:>logL=10gg

4
=>L=—
e

=[L]=1
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26. Ans. (2)
; (1+/3)dx
e
(1++3)ax

Ja-xr]”
(1+x) {(1“()6}

put X o 20X _

1+x (1+x)2
1/3(1+\/3_’)dt (1+\/_)
I 2t 2
27.  Ans.(AB,C)

flx) =@ -1 —-2)(x=5)

O Cm— N |

(1))

1

F(x):j f(t)dt, x>0 A

0
F'(x)=f(x)=(x-1)(x=2)(x=5),x>0

1 2 5
clearly F (x) has local minimum atx = 1,5 : : : > 5
F(x) has local maximum at x = 2
flx) =x%—-8x2+17x—10
= F(x):j(ﬁ —8t* +17t-10)dt
0
4 3 2

Fpg=22-8 17 1

4 3 2
from the graph of y = F(x), clearly F(x) # 0V x €(0, 5)

28. Ans. (4.00)

n/4

21 _2 1 + ! dx (using King's Rule)

T3, (1+e5i“X )(Z—COSZX) (1+e’5i"X )(Z—COSZX)

17 dx
=== J

174 2—COS2X

2™ dx 2™ sec? dx
:>I=—J =— >

2—cos2x m y 1+3tan”X
2
tan «/_tanx} =—
\/_Tc[ ( ) 33

:2712=24xi=4
24
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29. Ans. (A,B)

n'/3 {Z":(rjl/sj
~\n
lim ! =

n—c 73 n 1 nN—o0 l n 1
" {;(an+r)2} (n;(awr/n)zJ
0

=ala+1)=72 = a’+a—-72=
30. Ans. (0.50)

nJ/.z 3m
; (m+m)s
j 3\/5in0

) (Jeost )

w2 3d0

! (\/cose Jr\/sine)4
2 sec’0d0
]

(1+\/tan6)
Let 1++/tan0 =t

sec’ 0

2/tan®

sec20d0 = 2(t — 1)dt

ZBTZ(t—l)dt

2| =

do=dt

-2 -3\”
21-6| | —6lo—0-4-141
-2 -3), 23

1 =0.50
31. Ans. (A,B,D)

(A) J.XCOSXdX>IX[ ;—zjdx 2%

(B) IX51nX dx>

c'—.»—n
/ﬁ\
>
|
|><

o
=
v
| w

(o) Ixzcosx dXSJXZdX Sl
0 0 3

| b X 2
(D) J'xzsinx dxz_[x2 X———|dx >=
) ) 3! 9
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32.

33.

Ans. (4)

F(x):j f (t).dt

0

= F'(x)=f(X)

f'(x).cos de+TF(X)cos(X)dX=2 (1)

O O ——

f'(x).cosxdx  (Let)

Il
Using by parts

I, = (cos X.f (X))Z +j£sin x. f(x)dx

I, =6 f(0)+jsin x.F '(x)dx
0

L=6—f(0)+1, -(2)
l, =fsin X.F'(x).dx

0

Using by part we get
1, =(sinx.F(xX)); —jcos x.F (x)dx

Izzjicosx.F(x)dx
(1) =1=6-1 (O)=2:> f(0)=4
2)=>I1,=6-f (0)—j|£COS X.F(x) dx

Ans. (A,B,C)
(A) Letg(x) = f(x) —3cos3x

n/3 n/3 n/3

Now [ g(x)dx= | f(x)dx~3 [ cos3xdx=0
0 0 0
Hence g(x) = O has aroot in (O,g)

(B) Let h(x) = f(x) — 3sin 3x + s
T

/3 n/3 n/3 n/3 6
Now .[ g(x)dx = .[ f(x)dx-3 .[ sin3xdx + J' —dx
T
0 0

0 0

=0-242=0

Hence h(x) = 0 has arootin (0,%)

www.allen.in
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X

X[ f ()t o [T
€ lim—>— =lim( 2} o
-0 1 _ ¥ x=0| 1 _g* X
5’1_/ Apply L'Hopital's Rule
= —lim—f (X) =-1
x->0 1
(sin X)I f(t)dt
®
[ f ot
0

. (sin xj
=lim
Xx—0 X X

1 Apply L'Hopitals Rule

x->0 1

34.  Ans. (2.00)

3n 31/8 3n/8 n 37'[ 3n/8
Slzj f(x)dx = I sin® xdx:J' sin2(§+§—xjdx= I cos® x dx

/8 n/8 /8 /8
3n/8 3n . .
28, = f (sin2 X + cos® x)dx:___:_
n/8 8 8 4
16S
= 1 =2
T

35. Ans. (1.50)

Sz zjj;;/s f (X)gz (X)dX =E/T;/8 Sin2X|4X—n| dx

:J.3n/BSinz [E_ Xj 4(2_)(}_7_[
n/8 2 2

= rn/s(cos2 x)|n—4x| dx
/8

dx

31/8 . 2 )
323221/8 |4X—n|(sm X+ COS X)dx
3

3n8
N J“n:/B

4X—7t|dX

=2X X —X—=—
2 8 2 16
2
:>82=n—
32
o 2
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36. Ans. (C)
f'(x) = (IX|-x*)e™ +(|x|-x*)e ™, x>0
f'(x)=2 (x-x*)e ™

I
1 1
0 1

hence option (D) is wrong
g'(x)=xe* 2x
f'(x)+g'(x)=2xe™
f(X)+g(x)=—e" +c

f(X)+g(x)=—e" +1
f((n3)+g(/(n3)=1 —% =§ (option (A) is wrong)

H(x)=%,(X)-1-ax=e"+x—1-ax, x>1&oe(1,x)
H1)=el+1-1-a<0

H((x)=—-e*+1-—a>0 = H(x)is = option (B) is wrong
(C) Appying LM.V.T. to ¥, (x) in [0, x]

\P;(B)Z‘Pz(x);“Pz(O)

2[3—2+2e*5=—\112(x)_0
X

=Y, (x)=2x("¥,(B—1)) has one solution
option (C) is correct.
37. Ans. (D)
(A) v, (X)=e7+x,x=0
\llll(x)zl—e’X >0=wy, (x)is T
v, ()2, (0) Vx=0=y, (x)>1
(B) v,(X)=x2 —2x+2—-2e* X20
v, (X)=2X—2+27 =2y, (X)—2>0 VX >0
=y, (¥is T= v, () 2 y,(0)= y,(X) 20
_of* 294t 1
(©) f(x)_zj0 (t—t)edt & xE(o,Ej
= f(0)=0, f'(X)=2(x-x*)e™*
Let H(x) = f(x) =1+ ¢ +§x3 —%XS,XE(O,%)

H(0)=0

H'(x) = 2(x —x%) e ¥ —2xe ¥ +2x* —2x*
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—_2x% " 42x2—2x*
=2x* (1—x2 —e’xz)

e >1-xV X2>0

=>H'(X)<0=H(x)<H(0) VXE(O,%)
25,25 1, 1
(D) Let P(x):g(x)—gx +§x —;x ; XE(O,ZJ

P'(x)=2x% —2x% +2x* —x°

YT R
=P'(x)<0
= P(x)is ¥
=P(x)<0
Option (D) is correct.
38. Ans. (182)

Letf(x)z(ig?%)

(x+1)—x
(x+1)

So, fTX)=10( jz 10 ~>0V xe[0,10]

(x+1)
So, f(x) is an increasing function

So, range of f(x) is {0, %}

9
2/3 10
10x dx+f fle dx 4 fle dx+j 10x dx
X+1 ol VX+1 X+1 5| VX+1
2/3

1/9 2/3 9 10
| = I =0+ I dx+2J. dx+3J‘dx
9

0 1/9 2/3
_2. 1 9092 +3(10-9)
9 3

3
_6-1

25 5 50
= +2x—
9

+3=—+—+3
9 3
5+150+27 182
9 9
So,91 = 182
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39. Ans. (C,D)
e (loge X)l/2
1 x(a—(loge X)3/2)

Let a—(log, x)”* =t

=1

2

1 1/2
Uog. X o 24
X 3
22 gt 201\
S =282 =1
3{ t? 3[tl

2
-1
3a(a—1)
3¢2-3a—-2=0
a_34_r\/£
6

40. Ans. (5)
f (x):logz(x3 +1): y

1/3

x3+1=2y:>x=(2y—1) =f(y)

t1(x)=(2-1)"

log, 9

log, 9

R — N P — N

8<9<27? :>3<log29<%
=5<2log,9-1<6
- [21og,9-1]=5

41. Ans. (B)

log, (x* +1)dx+ [ (2'-1)
1

f(x)dx+ j f(x)dx=2log,9-1
1

n - Y
f(n)=n+zl6r+[9 4r)n-3n
r=1

4rn+3n”

1 (16r +9n)—(4rn+3n?)
f(nN)=n+
() ; 4rn+3n°

f(n):n{i 16r +9n j_n

2
2 4rn+3n

-

www.allen.in
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1 1 1
=I16X+9dx=j4dx—j 3dx
o 4Xx+3 0 o 4x+3

=4—%(€nl4x+3l)(l,

—4-3m’
4 3

42, Ans. (C)
Diff. wr.t "x'

3f(x) = f(0) + xf'(x) - x?

dy (2
2| = ly=xX
dx (ij

, 1
—2/(nx
X

1 1
y(—zj:_[x.?dx

X

y = x2{nx + cx?

43. Ans. (0)

extan’lx—cos(xtan’lx)

: +tan" X
1+(xtan' x)** (1+x2 j

f'(x)=
Forx <0, tan! Xe[—g,oj

Forx>0, tan ' xe [O,g)

= xtan-lx>0Vx R
>0 For x>0

And X2+tan‘1x= <0 For x<0
1+x
0 Forx=0
f'

= +

L point of minima

Hence minimum value is f(0)= _[Ooz 0

www.allen.in
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SECTION-A
1. Ans. (3)

dx e*/? dx
o ] = =
.[\/ex 1 J-ex/z\/(ex/z)z 1

X
Letez =z=1 =2.[ =2sec’'z + ¢ = 2sec’'(e"?) + ¢

dz
| z [Nz -1

dx

Given — = j =2 [sec(e?) - sec'/2]
mNe* -1
Lsec'(@) =~ + =L
12 4 3

x X
e2=2:>5:£n2:>x:£n4

2. Ans. (3)
Dividing N & D" by x? we get

1 1
0 1"‘72 © (1+2j
J.4dx - j—x
0

1
X > dx , substitutex - ==t
2 1 1 X
X +—+7 O(X_ +9
X X
o0 1 @©
= '[ zdt = —tan71 £ = E
S t°+9 3 3, 3
3. Ans. (1)

na

j f(x)dx=ni f(X) dx

0

where a is period of f(x).
[x]

= j {X}dx = [x] jxdx {.. {x}=x, whenx < [0, 1)}:»1=%

0

4. Ans. (3)

11x1 1

11
I = j 11%dx = .[ 11™dx =11 Ill{X}dx {~+{x}is periodic with period 1}
0 0 0

1 X 1
=11j11*dx=11 L { n_1 }: 110 _ _k
) (i1, /mi1 (11| ¢n11 ~ /n11

k=110
5. Ans. (1)
n/2 /2 .2 2 /2 )
X X
[ Jtanx+cotx|dx = [ n SN XHCOS X} gy - [ - (stxj i
0 > sin Xcos X ) 2
n/2 . /2 /2
=- I n (stZx] dx = —f (nsin2x dx + j n2 dx
0 0 0

= (Efn 2] +/€n2.(£j =n/n?2
2 2
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6. Ans. (2)

f X
f'(x) = cosx.|-2C04Sydy+sinx.2CL
1Y +y+1 X +x+1

Note that f'(x) =0 Vx e (2n+1) g, neZ

7. Ans. (1)
Put x = sin20 & apply Wallis formula or solve directly.
8. Ans. (3)

Note that /2 <vx*+x* <3410 <V x € (1, 3)
3

Hence 22 < I\/x4+x3dx<6\/ﬁ
1

9. Ans. (3)
n-1 1
[ = lim Z kid sinr—TE =T J-sinnx dx=m =[-cosmt+1] =2
n—ow r=1 n n 0
10. Ans. (4)

1 1
I, = f(l—x3)”.1 dx = (1 - x3)n. x|(1) _3nj(1—x3)”*1(1—x3—1)dx
0 0

= 1,=0-3n(l,-1,_)=(3n+1) 1,=3nl_

11. Ans. (2)
fe'dt
- o t+1
¢ooetdt
~Jtean1
Putt=a—-y =dt =-dy

1 4y
e’d
then] = —e™@ f y:{

0

=-A¢”

12. Ans. (3)
Substitute x** = t

= x* (x + 2x/nx).dx = dt = X< (1+2/mx).dx = dt

16

16 2
Hencel = J.tdt:t— _255
]
13. Ans. (4)
f[1j+x2f(x)= 0= f()=- 5 f(lj
X X X
cosecH cosecO
1 1
= 1= f(x) dx = -——f | =] dx
si.r[e ( ) si'r[e Xz (Xj
1 t = —iz dx = dt
X X
sin® coseco
=I= [ f®) d=>I=- [ f©) dt=-1221=0=1=0

coseco sin 6
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14. Ans. (1)
[[(Cx¢+Cx+C,)dx
3 2 1
= C2—X+C1X +Cyx| = &+&+& =0 (given)
3 2 . 1 2 3
= graph y = C2x2 + C1x + Co crosses x-axis atleast once.
= at least one root of the equation C2x2 + C1x + Co = 0 is present in (0, 1)
15. Ans. (2)
flx+m)= I (2cos®3t+3sin’3t) dt = I (2cos®3t+3sin*3t) dt + I (2cos®3t+3sin®3t) dt
t=x+y
n/2
=f(x)+ I(Zcos 3y+3sin®3y)dy =f(x)+2 _[(Zcos 3y+3sin®3y) dy = f(x) +2f( j
16. Ans. (2)
fix) = \/— & f"'(x) = —W,Alsog(f(X)) =X
12 —_ f"(X) - 3X2 3/2 17 3X
= X)) =- = 1 = X)) = —
9" (f(x)) 0y 20y (1+x7) g '(fx) = 5
Let f(x) =t=g(t) =
so2g'" =3g2
17. Ans. (3)
2 2x 2Xx
— _[ f(ydy =x+2= 2_[ f(y)dy =x2+2x
X X X
differentiate
S2[12f2x)-f(X)]=2x+2=2f(2x) - f(x) =x + 1 (i)
=4f(4x)-2f(2x)=2(2x+1)=4x+2 (i)
=8f(8x)-4f(4x)=2(8x +2)=16x +4 ..(iii)
Add (i) + (ii) and (iii) we get
=8f(8x)-f(x)=21x+7
1 1
= I(Sf(8x)— f(x)-21x)dx = j7dx =7
0 0
18. Ans. (2)
_ net 11 1 ontl 1 n+l
(tan™" x).x"" 1 ¢ x T X
I, = - dX=>m+1I,=—- dx
" nel | n+1£1+x2 (Dl =3 -([x2+1
1 n-1 1
o b1 X XX +1) 1
Simil -, = —— dx= (n+ 1), +(n-1), = —— | ———=dx —
imilary (n — 1l 4£X2+1 R o -
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19.

20.

Ans. (3)
tan x cotx 1
= | e [ L
e 1+t e t(1+t9)
1
putt = —
X
tanx tanx
1 -1
I=I — dt + j—‘—z.dx
1/e 1+t e l 1_{_1 X
X X2
tan X € e e
t X t 1
I=I 2dt+_[ de:_[—zdt=[—€n(1+t2))j =1
17e 1+t o 1HX e 1+t 2 1/

Ans. (2)

LH.S. = I{ uf(t) dt:} du

Integrating by parts taking 1 as 2nd function

LH.S. = { u j‘f(t) dt T_.X[f(u) udu :fo(t) dt—If(u) . udu
0 0o 0 0 0

=xjf(u) du—if(u) . udu = jf(u).(x—u)du:R.H.S.

SECTION-B
Ans. (61)
Note that (x + 1)3 - (x - 1)3=2(3x2+ 1)

Hence1=l{|‘(x+1) “(x-1) dx]:lﬁ dx _4 dx }
2

2 |7 (x+1P(x-1) c(x=1) 9 (x+1)

ety - 36
C 2 20x+1 2(x-1 ), 4[\25 9) \9 225

Ans. (64)
n/2 /2
U= I cos xdx =sin x|ﬂ/6 ==
n/6

V= j;(_xz)dx +Jj‘ xdx =%[—(1 +27)+(125—1)] = %[—28 +124]=32

V=M= A=64
Ans. (10)

100}

100 10 100 1 ( _

.[ f(x)dX:If(x)dHI f(x)dx=5+j t .t( 1020dt
X T X X 100 t

10 10

j (substituting x = 1?—0 )

1

[210]
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4. Ans. (29)

1002 1003

2 2 2 2
2005 [ V1003 - ¢ ~V1002" X + [ V1003 - x* dx

2005

0 1002
1
j\/ 1-x*dx
0

1003 1002

j 10032 — x? dx— j V10022 — X2 dx
_ 0 0
- 1
J.\/l—x2 dx
0

Putx = 1003t
Hence 22 + 52=29
5. Ans. (4)

n/2

I = sin26 cos0d6 ;I = sin26 sin6d6 (By proper
j N J y ty

LetsinO -cosO=t; 2] = J\/l t—ZI\/l t? dt;

-1

1
I= '([*\/1—'[2 dt:%

6. Ans. (4)
Substitute x = tan® in I,.
n/4 /4 b b
do de
I, = = f(x)dx=| f(a+b—x)dx
2= | Granoy | ; {I (0dx=[ f(a+b-x)
1+tan| ——0
n/4
I(1+tan9) 40 — %

7. Ans. (2)

. 2 2 2 L1
I=[e" +te" 2+ 1)dt = te™| =¢?
ot T 0

8. Ans. (2)

7)(

0
Let] = —
J.l(x+1)e +1

substituting 1 + (x + 1)e™* =t =>—xe™* dx =dt
I = C:t =—/(n2

1
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9. Ans. (0)

f(x) g(x) h(x) dx

e Ot

fmxmmxmmxwx{fM(mm

I =

O

3 5 %
qumwwwzyummw
ZI:O:>I:0

4

“H@M@M=0

f(x) g(x) dx

f(a—x) g(a—x) dx

O ) O ——

a

jwnmmw

D+ 2L =0=L=0

10. Ans. (2)
[ = Jf(X) dx _J*SlnX
:jf(n X) dx _jsmgxx) dx = ji :
() + (i) 0 0

; ; t sinXx
:>21=I SINX  SIMXL ax :>I=£J. dx
X 2 3 X(n-x)

r
8

(iii) + (iv)
:>g If(x) f(%—x)dx = If(x) dx

3h(x) 5 4

(i)

..(i0)

(D)

..(ii)

. (i)

.. (iv)

[212]
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1. Ans. (C)
J ({20 -2) ({30 -2)ax
= 1f(ZX D(B3x-1)dx + 1f(2x 1) (3x - 2)dx + 2f(Zx 2) (3x - 2)dx + j (2x—2) (3x - 3)dx
173 1/2 2/3
= 1f(6x =5x+1) dx + 1J/‘2(6x —7Xx+2) dx + 2J/‘3(6x —10x+4)dx + I(6x —12x+6) dx = %
2. Ans.(B) " " ”

f (Ll f(r-1+x) dx) = Llf(x) dX+_[01f(1+X) dX+L1f(2+X) OX + o +ij(99+x) dx

r =

O.—.H (=Y
—
~
x
(]
o
>
+
—— N
—
~
x
(]
o
x
+
+
e
—
—~
x
(]
o
>

{using shifting property}
= I:OO f(x)dx =a
3. Ans. (A)

t .
lim (-3 In(cos0)de , let coso = 2

t_{g)’ v VcosH

t 2
2 1im [20) {yfny—y}1 = 4.lim{-1+a-alna} =-4
as0"g Y a a—0"
4. Ans. (C)
1/2 2/3 3/4 nr-:-l 2
jf(x) dx—j1dx+j1dx+j1dx+ ..... +j1dx+ ......... + [1. dx

1/2 2/3 1

JOREE IEE Y

n
n n-1 n
[_——j+....+1:—+....+1 asn — o
taking limitn — oo

n+1 n n+1

2
we get J- f(x) dx=1+1=2
0
5. Ans. (D)

Let [ = Te‘axzdx
0

dt

Put \/5x=t =dx = —

Ja
1 % 2 1 e 2 1 \/; 1 Y
then] = — |e'dt = — |e¥dx = —— — == |=
\/Ei ng Ja 2 2 Va
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6. Ans. (A)

4
Z(sin‘lxi+cos‘1yi) b= X1=X2=x3=X4=1&Yy1=y2=y3=ys=-1

i=1

4 X
hence ] = j xIn(1+x?%) (1 € — j dx=0 (as f(x) is an odd function)
+€

-4

7. Ans. (A,B)

1
1 dx 1 X 1

L= —— = @+x¥)"dx = | ———| - [ (=m+x*y""2x%dx
= b Ty [ a+x) Lmz)nl [, Ema+x)

2 2
-1 njl%:l+2nr% dx:l+2nIn—2n I,

2" o0 (1+x°)"* 2" o (1+x°)"" 2"

so2nl, =2"+(2n-1)1,

1 1 1 1 =
2L ==+ = = +|tan" x| =, = =+=
27 71T [ ]0 2748

8. Ans. (A,B,C)

f(=x) = —f(x) (1)
fx+2)=f(x) -(2)
g(2n) = ff(t) dt:njf(t) dt = g(2n) =n g(2) -(3)

Now g(—x) = :[X f(t)dt

0

Putt=—z=dt=—-dz= I f(-2) (—dz)z—j f(-2) dz (from (1))

X

= [f(t) dt=g(x)

0

Lg(=x) =gx)

X+2

Again g(x +2) = jf(t)dt+j f(t)dt

Lgx+2)= j f(t) dt+ jf(t) dt (-~ f — period)

=g +2)=gx)+9(2) ~(4)
Puttingx =0, 2, .....
9(2)=9(0)+g(2)=g(0)=0

9(4)=9(2) +g(2) = g(4) = 29(2)

puttingx — -x we get
9g2—=—x)=g(=x)+9(2)=9x)+g(2)

atx =2

9(0) =2g(2)=g(2)=0

L g0)=g(%x2)=g(x4)=...=0

from (3) g(2n) =0

& from (4) g(x +2)=g(x) = prd. of g(x) is 2
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9.

10.

11.

Ans. (A,B)
= odt ¢ dt
X) = —+ _—
/69 ~[1+t2 -!.1+t2
e e e e
! X) = — = — :O
re 1+e® 1+e” 1+e* 1+e*
¢ odt T
Hence f(x) = costant = f(0) = ==
f(x) £(0) j =
Ans. (B,D)
1 1 . dx
lim—z j =1 (say)
n%nkl(mkj(wk] 2 (@+X)(b+X)
n n
Ifa=>b

I:j» x 1] (1 1) 1
. (@a+x)? a+x|, a+1 a) a(a+1)

Ifazb

1
po 1 I( 11 jdx: 1 En[bﬂj
a-by\b+x a+x a-b (a+x
_ 1 m a(b+1)

a-b b(a+1)
Ans. (B,C,D)
Since [sin0] is continuous f(x) will be differentiable

PN n
f'(x) = sm[x+3j

f'(x) = 0= sin? (x+§) = sin2x = sin(2x+§j .sin g =0

1

0

—|sinx|

= 2x + E:Tc,Zrc:>3c: E,S—n
3 3 6

Indicator diagram of f(x) is

f(%’tj:z j sinxdx=2-+/3

51/6

f(n)z%

www.allen.in
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12. Ans. (A,Q)

Consider I, ,- 21, +1 =

J‘sm ’(n+2)x—2sin® (n+1)x+sm (nx)d
0 sin® x

_ .Tf{sinz(n+2)x—sin2(n+1)x} {sin*(n+1)x—sin nX}d J-smx{51n(2n+3)x sm(2n+1)x}d
5 sin® X

sSIn” X

J-Zcos(2n+2)x.smxdx _ 1lsin(2n+2)x|3=0
0

sin X n+
Hence I ,1,,1,, c..... are in A.P.
T o« 2 T
I = Jls?nzx J-451n X cos® x dx = 27
o sin® x 0 sin® X
Hence |, =n+(n—1)n= nn
13. Ans. (A,B,C)
_ (1 +2¢+3“+...+n")
hm 2 2 2 3 3 3
noo (1% 4+2% +...+n7) (17 +2° +....... +n’)
k k k 1
Now lim 2 F==n =jxkdx=i VpeN
N kit ! k+1
Hence the given limit is finite for k < 6 & equals 12/7 for k = 6.
14. Ans. (C)
Atx=1,y=0
d_y =2x.x8-x*=2-1=1
dx
.. equation of tangenty -0=1 (x - 1)
15. Ans. (A)

F(x) = I e'/? (1-1t2)dt

F'(x) = (ezu— XZ)J
L F'()=0
16. Ans. (A)
d_y= 4x3 (In x*)2 - 3x2 (In x3)2
dx
=4x3 (4 in x)? - 3x2 (3 /n x)?

= 64x3 (/n x)2-27 x2 (In x)?

. lim d_y 64 lim x3 (/nx)?2 - 27 hm x2 (Inx)? =

x—0" dX x—0"
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17. Ans. (A—q; B—s; C—p; D—t)

.
lim I(sin X +sin ax)® dx
—>®0

Let] = 0
T
T T '
J.sin2 x dx j(l—cost)dx T_ sin2T .
A) Ifa=0l=lm>— =lm> - jm— 2 _1
T T Tow 2T T 2T 2
.
4Isin2 xdx
(B) Ifa=11=lim—2>—=2
T oo T

C Ifa=-1 I=0
(D) IfaeR-{-1,0}

J.(sinz X+ sin” ax + 2sin xsin ax)dx

[ =lim?
T oo T

= 11m—{j(1 cost)dx+.f(1 cosZax)dx+.[{cos(a 1)x— cos[a+1)x}dx}

= limi 2T —
T~>w2T

sin2T  sin2aT N sin(a-1)T _sin(a+1)T 1
2 2a a-1 a+1

18. Ans. (25)
3n+a X
Let] = .[ |X—a—n|sin(—jdx
2

—n+a

Letx-a-n=t

2n
=1 I|t|51n(l+ jdt = j|t|cos(a+tjdt = _ft{cos(a—ﬂjﬁ%os(a—_tj dt
-2n 2 -27 2 0 2 2

2n
= It 2COSECOS£ dt = ZCOS( ]It cos( Jdt Let L:y
2 2 2

0
SCOS(%){[ycos ydy = 8cos[%){ysin y+cosy} = —16cos(%}

NowI=—16:>cos(%) =l=a=4kn, kel

Hence number of value of 'a’ is 25
19. Ans. (4)

1 1
X
2:J.(l—x2+x‘*—x6+x8—x1°+ ......... )dx

=}
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20.

21.

22.

23.

Ans. (65)

Flx) =x+ jt(x+t) f()dt; f(x) = x + xjt f (t)dt+jt2 f (t)dt

1 1
Let [tf()dt=a & [t* f(t)dt=b
0 0

Hence f(x) = (a+ 1)x+b

1
soa= ft{(a+1)t+b}dt:aT+1+g —4a—3b=2 (1)
0
1
&b= jtz{(a+1)t+b}dt=aT+1+g —8b—3a=3 -(2)
0
25 18
from (1) &(2)a= & b= —
rom (1) & (2)a=—2 >3
b 6 6 42
so | f(t)dt=—|(8t+3)dt=—7=— =p +q = 65
!() 235( Jdt=_"7 =2 =p+q

Ans. (5)

f(x).e™ = Ie’y.ey(ay+b+a)dy—(x2+x+1)

f'(x) e*—f(x)e™=ax+(a+b)—(2x+1)
f'(x)-f(x)=e*{(a-2)x+(a+b-1)}

= {(ax+b+a)—(ax+b)}e* =e*{(a-2)x+(a+b-1)}

=a-2=0&a=a+b-1=>a=2&b=1
=a?+b2=5

Ans. (11)

L do "¢ do , 1 1 sinXx—cosX
fE) = [—+[ == ()= ——-——==

cos0 sin© cosX sinX sinX-cosX

0

f'(x) = 0=>x= % = f ' (x) changes sign from (=) to (+) hence it is a point of minima.

/4 /2 7/4

Nowf[%j = I sec0dO+ I cosecdo = ZI sec0dO=2In(secO+tan0) ;‘/4 =2m(\2 +1)
0 n/4 0

=/m(3 + \/§)

Hencea+b =11

Ans. (3)

5= [ f(.sinx dx + [ sinx.f(x) dx
0

5=-(f(x).cosx); +

Oty O3

f'(x) cosxdx + (sinx.f'(x)); - f cosxf'(x) dx
0

5-2=f(0)= f(0)=3

[218]
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24. Ans.(2)
f'(x) = 6(x? —5x + 4)
g9' () =fx) - f(5-x)
for function g(x) to be increasing
g x)>0
Now graph of f(x) will be as shown

IfO<x<5
2

fG)>f(5-x)

So g(x) is increasing in (0, ﬂ . Hence 2 integers 1 and 2.
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