COMPLEX NUMBER

COMPLEX NUMBER

INTRODUCTION

Indian mathematician Mahavira (850 A.D.) was first to mention in his work 'Ganitasara Sangraha'; 'As in
nature of things a negative (quantity) is not a square (quantity), it has, therefore, no square root'. Hence there
is no real number x which satisfies the polynomial equation x>+ 1 = 0.

A symbol ,/_1, denoted by letter i was intrdouced by Swiss Mathematician, Leonhard Euler (1707-1783) in

1748 to provide solutions of equation x> + 1 = 0. i was regarded as a fictitious or imaginary number which
could be manipulated algebrically like an ordinary real number, except that its square was — 1. The letter i was

used to denote ./_1 , possibly because i is the first letter of the Latin word 'imaginarius'.

DEFINITION

Complex numbers are definited as expressions of the forma + ib wherea,b € R & i= /—1. Itis denoted by z i.e.

z=a+ib. ‘a’ is called as real part of z (Re z) and ‘b’ is called as imaginary part of z (Im z).

EVERY COMPLEX NUMBER CAN BE REGARDED AS

Purely real Purely imaginary Imaginary
ifb=0 ifa=0 ifb=0

-
(A) The set R of real numbers is a proper subset of the Complex Numbers. Hence the complete
number systemisNCWCICQCRCC.
(B) Zero is purely real as well as purely imaginary but not imaginary.
(C) i=4/-1 is called the imaginary unit.
Alsoi2=—1;i*=—1;i*=1 etc.
(D) /a /b =4fab only if atleast one of a or b is non - negative.
(E) Ifz=a+ib, then a—1ib is called complex conjugate of z and written as Z =a —ib
(F) Real numbers satisfy order relations where as imaginary numbers do not satisfy order relations i.e.
i>0,3 +1<2 are meaningless.
L J
Ex. Write the following as complex number
(i) =16 (i) Vx , (x>0) (iii) ~b + y/—4ac , (a, c> 0)
Sol. (i) 0+4i (i) v/x +0i (iii) b + i /4ac
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Ex.

Sol.

The value of i*” + 1/i'? is :-

B+ 1125 = 56, +-
1

ALGEBRAIC OPERATIONS

Fundamental operations with complex numbers

In performing operations with complex numbers we can proceed as in the algebra of real numbers, replacing
i>by — 1 when it occurs.

1. Addition (a+bi)+(ct+di)=a+bi+tc+di=(a+c)+(b+d)i
2. Subtraction (a+bi)—(c+di)=a+bi—-c—-di=(a—c)+(b-d)i
3. Multiplication  (a + bi) (c + di) = ac + adi + bci + bdi® = (ac — bd) + (ad+ be)i
) Divi a+bi  a+bi c-di ac—adi+bci-bdi’
' Hvision c+di  c+di c—di o2 - %2

ac+bd+(bc—ad)i ac+bd bc—adi
¢t +d? T2 4+d? Jr02+d2

Inequalities in imaginary numbers are not defined. There is no validity if we say that imaginary number is

positive or negative.

e.g.z>0,4+2i<2+41are meaningless.

In real numbers if a? + b? = 0 then a= 0 = b however in complex numbers,

24,2 : - =
z,”+z,”= 0 does not imply z, =z, =0.

f (i) The algebraic operations on complex numbers are similar to those on real numbers treating i as a )
polynomial.
(ii) Inequalities in complex numbers (non-real) are not defined. There is no validity if we say that complex
number (non-real) is positive or negative.
e.g.z>0, 4+2i<2+4i are meaningless.
(iii) Inreal numbers, ifa*+b*= 0, then a=0=b but in complex numbers, z > + z,> = 0 does not imply z, =z, = 0.
. J
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Ex.

Sol.

Ex.

Sol.

Find multiplicative inverse of 3 + 2i.

Let z be the multiplicative inverse of 3 + 2i. then

= z.(3+21)=1
1 3-2i
= T 3h20 7 (3+20)(3-20)
_3 2.
RO TI TR
3 2.
———i
13 13
M will be purely imaginary, if 6 =
1 -2isin6
3 +2isin0®
+—.1s'1n will be purely imaginary, if the real part vanishes, i.e.,
1 -2isin0

G +2isin@) (1 +2ising) (3 ~4sin’6)+i(85in0)

(1 —2isin®) (1 +2isin0) (1+4sin”0)

3-4sin’0
1 +4sin”> 0

=

0 = 3-4s5in’>0=0 (onlyif 0 be real)

soo- (7] - (3]

s
O0=nn+ g,nel

EQUALITY IN COMPLEX NUMBER

Ex.

Sol.

Two complex numbers z, = a, + ib, & z, =a, +ib, are equal if and only if their real and imaginary parts are equal

respectively

1.C.

7,=2, = Re(z)) =Re(z,) and I _(z)) =1 (z,).

Find the value of x and y for which (2 + 3i) x> — (3 - 2i) y = 2x — 3y + 5i where X, y € R.
(2+31)x*—(3-2i)y=2x—-3y+5i

U J i

2x2—3y=2x-3y

x2—x=0
x=0,1 and 3x2+2y=5
5
ifx=0, y=5 and ifx=1,y=1
5
XZO,y:E and x=1,y=1

are two solutions of the given equation which can also be represented as (0, %) & (1,1)

5
(O,Ej,(l, 1)
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Ex. If x =5 +2+/—4 | find the value of x* + 9x> + 35x> —x + 4.

Sol. Wehave, x=-5+ 2+/-4

= x+5=4i = (x+5)?=16i2
= x>+ 10x+25=-16 = x>+ 10x+41=0
Now,

x*+9x3+35x2 —x +4

= (2 +10x+41)—x(x>+10x +41) +4(x> + 10x +41) - 160
= x%(0)—x(0)+4(0)— 160
= -160

Ex. Find square root of 9 + 401

Sol. Let x +iy = /9 + 40i
(x +1iy)>=9 +40i
x-y*=9 . @)
and xy =20 (1))

squaring (i) and adding with 4 times the square of (ii)
we get x*+y*—2x2y?+4x%y* =81+ 1600
= (x2+y»)? =1681

= X+y*=41 . (iii)
from (i) + (iii) we get x?=25 = X=%5
and v’ =16 = y=+4

from equation (ii) we can see that
X & y are of same sign
x+iy=(5+4i)or—(5+4i)
sq. roots of 9 + 401 ==+ (5 + 41) and + (5 +4i)

CONJUGATE OF A COMPLEX NUMBER
If z=a+ib then its conjugate complex is obtained by changing the sign of its imaginary part & is denoted

byz.i.e. Z=a-ib.

IMPORTANT PROPERTIES OF CONJUGATE

A) z+Z=2Re(2) (B) z—Z =2ilm(2) C) @) =z

D) 72, +2 =7tz E) 72, -2, =2 — %

® 7, z, =7 . Z, . Ingeneral z,z,......... Zy =2 Zyeeeennnn Z,

©) [Z_lj =2 7,20 M) If fa+iB)=x+iy = f(a—iB)=x—iy
Z, zZ,
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Note that
(i)
(i)
)

(vi)

Modulus

zZ =a?+b? which is purely real
Ifzis purely real, thenz— z =0

If zis purely imaginary, thenz+ zZ =0

If z lies in the 1% quadrant, then Z lies in the 4" quadrant and ' —>Re

—Z lies in the 2™ quadrant.

If P denotes complex number z = x + iy, then the length OP is called modulus of complex number z. It is

denoted by |z|.

OP=[z|= x> +y’

Geometrically 1 represents the distance of point P from origin. ( lz| > 0)

IMPORTANT PROPERTIES OF MODULUS

GV
B)

D)

®)

G)

H)

]

)

@©
™)

|z| >0
|z| > Re (z) (©) |zZ|1zIm(z)
— — — 2
2 =1Z|= |2 = -Z| (€) zZ=|
|z, z,|=|z,|.|z,| . In general | z,z,......... z, |9 z| .| zp] e | z,]

|z'|=lz]",n el
lz,+ 2 =z +[z,f + 2Re(z,Z,)

|z, +z,f =z +|z,] +2/z |lz,| cos(o.— B), where a, B are arg(z,), arg(z,) respectively.

|Zl + Z2|2 + |Z1 _Zz|2 =2 |:|Zl|2 +|Z2|2j|

A
A

| |zl|— |Zz| | < |zl+zz| < |21| + |zz| [Triangle Inequality]

IA

| |Z1 |— |ZZ| | |Z1_Z | < |Z1| + |ZZ| [Triangle Inequality]

119



MATHS FOR JEE MAINS & ADVANCED

( )
. z if z>0 .
Unlike real numbers, | z | = ] is not correct.
-z if z<0
© Argument or Amplitude : Imaginary P(x, y)
If P denotes complex number z = x + iy and if OP makes an angle 6 with axis
real axis, then 0 is called one of the arguments of z. 12l
0 =tan™ s (angle made by OP with positive real axis)
X 0
L 0 Real axis )
IMPO7RTANT PROPERTIES OF AMPLITUDE
A) amp (z,.z,)=amp z +ampz,+2kn; kel
(B) amp LZ—' =ampz —ampz,+2kn; kel
Z,
© amp(z") =namp(z) + 2kn;nk el
where proper value of k must be chosen so that RHS lies in (-7, m].
( )
@) Argument of a complex number is a many valued function. If 6 is the argument of a complex number, then 2nm +
0 ; n € I'will also be the argument of that complex number. Any two arguments of a complex number differ by 2nm.
(i) The unique value of 0 such that — 1 <0 <« is called Amplitude (principal value of the argument).
(iii)  Principal argument of a complex number z = x + iy can be found out using method given below :
Im
A) Find 6 = tan™" |2 such that 6 ¢ [0, ZEJ . 0 T 0
X & S
R
B) Use given figure to find out the principal argument according 0-n l -0 )
as the point lies in respective quadrant.
(iv) Unless otherwise stated, amp z implies principal value of the argument.
(\J) The unique value of 6 = tan™! Z such that 0 < 9 <2 is called least positive argument.
X
(vi) Ifz=0, arg(z) is not defined (vii) Ifz is real & negative, arg(z) = .
(viii) Ifzis real & positive, arg(z) =0 (ix) If6= g , z lies on the positive side of imaginary axis.
x) Ifo= —2£ , z lies on the negative side of imaginary axis.
By specifying the modulus & argument a complex number is defined completely. Argument impart direction &
modulus impart distance from origin.
For the complex number 0+ 0i the argument is not defined and this is the only complex number which is given by
\ its modulus only. y
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Ex.

Sol.

Find the modulus, argument, principal value of argument, least positive argument of complex numbers

(A)1+i3 (B)—1+i3 (©) 1-i3 (D) —1-i3

A)

B)

©

D)

Forz=1+i.3

| 7= +(3) =2

arg(z)=2nn+ %, nel

v/ (1.43)

. . T
Least positive argument is 3

If the point is lying in first or second quadrant then amp(z) is taken in anticlockwise direction.

s

In this case amp(z) = 3

Forz=-1+1./3
ll=2
2
arg(z)=2nm+ Tn ,nel
.. 27
Least positive argument = T
2
amp(z) = L
3
Forz=1- i\/g Y
~ Ja N 5
[4=2 su3 TN -3 L
arg(z):2nnf§,nel
5m (1.+/3)

Least positive argument = ES

If the point lies in third or fourth quadrant then consider amp(z) in clockwise direction.

In this case amp(z) = e

3 \Y

Forz:—l—i\/3— 1 /.\471/3 R

l2l=2 Hoos U ouz X
{3

arg(z):2nn723—n,nel

.. 4n 1+3)
Least positive argument = T
anp(z) = 2%
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G +4iYl +iX1 +3D) |
(1 —i)4 —30)2i) '

Ex. Findamp zand |z|if z = {

Sol. ampz= 2[amp @ +4i)+amp(l +i)+amp( +~/3i)—amp(l —i)— amp(@ —3i)—amp(2i)}+2k7rWherek€Iand

k chosen so that amp z lies in (—m,7].
= ampz =2 tan 2T T [T et [ 23] E ok
3 4 3 4 4) 2

= amp z= Z{tan‘1 %+cot‘l %+§}+2kn = ampz=2[§+§}+2kn

= amp Z:_3E [atk=—1]
Also,

(3 +41)(1+1)(1 ek
| 7

:‘ (1-i)(4 -30)(2i) ‘

3+t +il1 +3i 2
Tl 431 2]

| z

[sxa2x2 2_1
= = \/EXSXZ

-1 . .
Ex. It Z is purely imaginary, then prove that |z | =1
Zz+
Sol. Re Z—_l =0
z+1
z—-1 z—1
= +|——1|=0
z+1 z+1
z—-1 N zZ—-1
= _— =
z+1  Z+1
= z7 -7 +z-1+zZ-z+72-1=0
= zz =1
= |Z|2:
= |z|= Hence proved
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Ex.

Sol.

z, -2z, . . . . .
z, and z, are two complex numbers such that ZL_~22 is unimodular (whose modulus is one), while z, is not
2-21z,
unimodular. Find |z,|.
z, =2z, |Zl_222| _
Here | m——==|=1= |, _—|~
4% |2 TA%
— 5 0
= |Zl—2Z2|:|2—ZIZ2| :>|zl—222| :|2_lez|
= (Z1 —222)(21—222)=(2—ZIZ)(2—212)
= (Z1 —222)(2—2Z)=(2—ZIZ)(z—ZZZ)
= 212—2212—22224—4222:4—2222—ZZIZ-FZIZZZZ
2 2 2 2 2 2 2 2
= |zl| +4|22| =4+|Zl| |zz| = |zl| —|zl| |22| +4|zz| -4=0

= (laf -4)1-12f)=0
But|z,| # 1 (given)

P-4
Hence, |z,|=2.

DISTANCE, TRIANGULAR INEQUALITY

Ifz, =x, +iy,, z, = x, *+ iy, , then distance between points z , z, in argand plane is

2, =2, = \/(X1 ~X3)? +(y1—Y2) C(z,+2,)
B(z,)
In triangle OAC
OC<OA+AC
Az)
OA<AC+O0C
AC<OA+0C ¢)

using these in equalities we have ||z,| - |z,|| < [z, + z,| < |z,| + [z,

Similarly from triangle OAB

we have [|z,| - |z,|[ < [z, — z,| <[z, + |z,|

) llz,| -
(B) [z, +z,)| = |z,| + |z,|, |z, - |2,|| = |z, — z,| if origin, z, and z, are collinear and z, and z, lies on the same

|Z,||= |z, +z,|, |z, - 2,| = [z,| + |z,| if origin, z, and z, are collinear and origin lies between z, and z, .

side of origin.
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2
zZ— 2 ‘ =1 then find the maximum and minimum value of |z|

Ex.
2 2 2
Sol. z-——| =1 lzl=| = || <=3 <|z|+ 7=
z z 2
Let|z|=r1
2 2
= r=—1<1<r+—
r r
2 +
r+ —>1 = reR"™ . @)
2
and |T—=—| <1 = —lSr—?Sl
= rel,2y L. (ii)
from (i) and (ii) re[1,2]
rell,2]
|Z|max: 2’ |Z|min:1
4 .
Ex. If 12 =71 =2, then the greatest value of |z| is -
Sol. We have |Z|:Z—£+£S2—i+i:2+i
z z z |Z| |Z|
= I <2ld+4 = (-1) <5
= lZ-1<+5 = <5 +1

Therefore, the greatest value of |z| is \/g +1.

REPRESENTATION OF A COMPLEX NUMBER

Cartesian Form (Geometric Representation)
Every complex number z=x+1y can be represented by a point on the cartesian

plane known as complex plane (Argand diagram) by the ordered pair (X, y).

length OP is called modulus of the complex number denoted by |z| &0 is called

the argument or amplitude .
eg. |z| =Jx*+y &

0=tan™! % (angle made by OP with positive x—axis)

124
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) . _ ] z if z>0
@) | z | is always non negative . Unlike real numbers | z | = i 0 1s not correct
-z 1f z<

(i) Argument of a complex number is a many valued function . If 0 is the argument of a complex number then
2nn+0 ; n € Iwill also be the argument of that complex number. Any two arguments of a complex number differ
by 2nm.

(iii) The unique value of 6 such that — <0 < 7 is called the principal value of the argument.
(iv) Unless stated, amp z implies principal value of the argument.

(v) By specifying the modulus & argument a complex number is defined completely. For the complex number 0 + 0 i

the argument is not defined and this is the only complex number which is given by its modulus.

(vi) There exists a one-one correspondence between the points of the plane and the members of the set of complex
numbers.

\. J/

Trigonometric / Polar Representation
z=r1(cos 0 +isin0) where lz| =t ; argz=0; z =r(cosB—1isin0)
Note : cos 0 +isin 0 is also written as CiS 0.
Euler's formula :

The formula e* = cosx +1 sin x is called Euler's formula.

It was introduced by Euler in 1748, and is used as a method of expressing complex numbers.

e +e™ er—e™
Also cosx= —— & sinx= ————— are known as Euler's identities.
2 2
i

ix

Exponential Representation

Let z be a complex number such that| z |=r & argz = 0, then z=r.e®

VECTORIAL REPRESENTATION OF A COMPLEX NUMBER

y
A) In complex number every point can be represented in terms of position vector. P(z)
If the point P represents the complex number z then, OP =z & loP | = |z].
ol X
(B) If P(z)) & Q(z,) be two complex numbers on argand plane then A
Q(z,)
- P(z,
PQ represents complex number z, — z,.
0 X
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( )
" Q(z,)
@) If OP =z=re® then 0Q =z, =re'®*® =z e If OP and OQ are , P2)
z
A A . L
of unequal magnitude then 0Q = OP ¢'* i.e. Zi_ Z i b
] 1 “
) X
o C(z))
(i) In general, if z,, z,, z, be the three vertices of AABC then
23-2, _|2z3-2| S i Z, — 7, o o
- e'*. Here =a. 2
Z; — 7 | Z) =7 | z, —Z, A(z)
4
PR Z2—7 .
(iii) Note that the locus of z satisfying arg =a is:
z—12,
Case (A) O0<oa<m/2
Locus is major arc of circle as shown
excludingz, & z,
s
Case (B) 5<0c<1r
Locus is minor arc of circle as shown
excludingz, & z,
(iv) If A,B,C&D are four points representing the complex numbers
z, — 2z,
z,,z,,2z, & z, then AB | | CD if . _ is purely real ;
2
. Z4 - Z3 . . .
AB LCD if is purely imaginary.
Z, — 7
(\J) If z,z, z, are the vertices of an equilateral triangle where z, is its circumcentre then
(i) z% +z% +z§ -2,2,-2,2,—2,2,=0 (i) z% +z% +z§ 2323
L J
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GEOMETRICAL REPRESENTATION OF FUNDAMENTAL OPERATIONS

(i) Geometrical representation of addition.

f R(Z1 + Zz)

P(z))

If two points P and Q represent complex numbers z, and z, respectively in the Argand plane, then the sum

z, + z, is represented by the extremity R of the diagonal OR of parallelogram OPRQ having
OP and OQ as two adjacent sides.

(ii) Geometric representation of substraction.
Q(z,)
o P(z)
R(Z|_Zz)
Q(-z)

(iii) Modulus and argument of multiplication of two complex numbers.

Theorem For any two complex numbers z, z, we have |z, z,| = |z | |z,| and arg (z,z,) = arg (z,) + arg (z,).
Proof z, =1, el »Zy =T, g%

= i(04+65)
ZZ)=T0, e

= 2,2, = |2, 12,

arg (z,z,) = arg (z,) + arg (z,)

ie. to multiply two complex numbers, we multiply their absolute values and add their arguments.
( )
(i) P.V.arg(zz,)#P.V.arg(z,)+P.V.arg(z,)
(i) |z,z,....z|=z/||z,| ..... |,

(iii) arg(z,z,....z ) =argz +argz,+ ... +argz
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(iv)

(v)

(vi)

Geometrical representation of multiplication of complex numbers.
Let P, Q be represented by z, =, e, z,=T, el repectively. To find point R representing complex number
z,z, we take a point L on real axis such that OL = 1 and draw triangle OQR similar to triangle OLP. Therefore

R(z.z,)

OR OP A
E = a = OR=0P.0Q ie. OR=rr, and QOR = 0,

LOR = LOP + POQ + QOR =6,+0,-6,+6, =0, +6,
Hence, R is represented by z,z, =r 1, g(®*02)

Modulus and argument of division of two complex numbers.

lz Z | _
= and arg Z— =arg (zl)—arg(zz)

|ZZ| 2

Theorem : Ifz, and z, (#0) are two complex numbers, then —+4
z 2

Note: P.V.arg (ij #P.V.arg (z,) - P.V. arg (z,)
z

2

Geometrical representation of the division of complex numbers.

Let P, Q be represented by z, = r1ei91 »Zy= r2eiez respectively. To find point R representing complex number

z
Z_l , we take a point L on real axis such that OL = 1 and draw a triangle OPR similar to OQL.

2

OP T
Therefore — = O—R = OR=—+
0Q OL T,
and  LOR = LOP - ROP =6, -6,
z I .
Hence, R is represented by z_l =L 00

2 T,

CONJUGATE OF A COMPLEX NUMBER

128

Conjugate of a complex number z = a + ib is denoted and defined by Z =a —ib.
In a complex number if we replace i by — i, we get conjugate of the complex number. Z is the mirror image of
z about real axis on Argand's Plane.
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Geometrical representation of conjugate of complex number.

2=17] 7

arg(z) =—arg(z) ~ _69

General value ofarg (zZ) =2nn—P.V. arg (z) QE)
Properties

@) Ifz=x+1iy, thenx = Z+2,y: z—.i

2 21

(ii) z=7 = z is purely real

(iii) z+7=0 = z is purely imaginary

(@iv) Relation between modulus and conjugate. |z|*=zZ

\J] Z=z

v (mEn) =7 +7

(vii) (z,2)) =7, 7,

(viil) (z—lj - E;—S (2,#0)

2

Theorem Imaginary roots of polynomial equations with real coefficients occur in conjugate pairs

Proof Ifzjisarootofayz"+ alz“’1 + o +ta _,z+a =0,
I R a_eR, then azy +azp”" +...... +ta_ z,ta =0
By using property (vi) and (vii) we have a,z) + a,z) "' +....... +a,,Z +a =0
= Z, is also aroot.

Note  Ifw=1f(z),then W =1(7Z)

Theorem |z, + Zz|2 = |zl|2 + |22|2 £(2,%Z, + 7, 2,)
—ly 12 2 =
=lz,|” +|z,|"+2 Re(z, Z, )

_ 2 2
~ 12+ 42 12, 2y cos (0, -6,

Ex. Express the complex number z=—1 + J2iin polar form.

Sol. z:—1+i\/§
2)= 0P +(V2) = Viv2 =43
Argz=n —tan’! (?] =1 —tan! (\/5):6 (say)

z=3 (cosO+isin®) where®=n—tan"' 2
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Ex.

Sol.

Ex.

Sol.

130

Express the following complex numbers in polar and exponential form :

C143i ) i-1
(l)l Y gGi) ———
-l cos— +1isin —
3 3
, g l¥3E_ 1430 1420
@ T2 1221 1+2i

| Z=y1F 12 =2

1 T
tana =|—|=1 :tanZ:a:

r
4

Re(z) <0 and Im(z) > 0 = z lies in second quadrant.

n 3n
0= = — =
arg(z)=n—o=n 1"

Hence Polar formis z= \/E (0053'4_15 +1sin 34_7:) and exponential formis z = \/z Q34

(i) Letz= i—-1 il 23-1)
11 € - - . = .
cos ~ +isin ~ L+£ (1 +i3)
3 3 2 2
L, 2D L1-V3) o[ B, (B
1+i3) (1 -i/3) 2 2
Re(z)>0and Im(z)>0 = z lies in first quadrant.
2 2
2= V3ot (Bt _ 264D _ 5.
2 2 4
V3 +1 5n 5n
tan0 = =tan—=> o = —
NERS| 12 12

St .. 5m
Hence Polar formis z = \/E[COSE +18In Ej and exponential formis z = \/565"/ 12

Find the locus of :
A)|z—1P+|z+1P=4 (B)Re(z%)=0
A) Letz=x+1iy

= (x+iy—1)*+ (x+iy+ 1)) =4
= x—1P+y*+(x+1)y+y*=4
= X2=2x+1+y?2+xX2+2x + 1 +y? =4 = x2+y?=1

Above represents a circle on complex plane with center at origin and radius unity.
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Ex.

Sol.

Ex.

Sol.

(B) Letz=x+1iy

= Z2=x’—y?+2xyi
Re(z)=0
= X*—y'=0=y=%£x

Thus Re(z?) = 0 represents a pair of straight lines passing through origin.

Find the minimum value of |1 + z| + |1 — z|.
[1+z|+|1-z|z|1+z+1-2] (triangle inequality)
= [N+z|+[1-2 22

minimum value of (|1 +z|+ |1 —z|) =2
Geometrically |z+1|+]|l —z|=|z+ 1|+ |z—1]

which represents sum of distances of z from 1 and — 1

it can be seen easily that minimum (PA+ PB)=AB =2

Among the complex number z which satisfies |z— 25i| < 15, find the complex numbers z having

(A) least positive argument (B) maximum positive argument

(C) least modulus (D) maximum modulus

The complex numbers z satisfying the condition

|z—251< 15

are represented by the points inside and on the circle of radius 15 and centre at the point C(0, 25).

The complex number having least positive argument and maximum positive arguments in this region are the points

of contact of tangents drawn from origin to the circle

\/\‘
o . ,,\C
Here 0 = least positive argument Se
SN
q . " . &Y
an =maximum positive argumen S o
¢ P & D40i .

In AOCP,0P =+/(0C)’ —(CP)* =+/(25)* —(15)* =20

C J25i
. OP 20 4 Q o e
and sin@=—+=—=—
oCc 25 5 qu
O 0 N

tan0 = i = O=tan"’ [ij
3 3

4
Thus, complex number at P has modulus 20 and argument 0 = tan ™' (?j

.. 3 4
z, =20(cos0+isin0) =20(§+1g)
z, =12 +16i

Similarly z,=-12+16i

From the figure, E is the point with least modulus and D is the point with maximum modulus.
Hence, z; = OE = OC — EC = 25i—15i =10i
and z, =0D=0C+CD =25i +15i = 40i

131



MATHS FOR JEE MAINS & ADVANCED

Ex. Complex numbers z , z,, z, are the vertices A, B, C respectively of an isosceles right angled triangle with right angle
atC. Show that (z, —z,)* = 2(z, - z,)(z, - 2,).
Sol. In the isosceles triangle ABC, AC = BC and BC_LAC. It means that AC is rotated through angle /2 to occupy the
position BC.
Zz_Z3_ +in/2 _ s —
Hence we have, =e =+ = z,-z =+i(z,-z,)
zZ, -2
L B(z,)
= Z+7: -22,7, =—<Zf+z§ —2zlz3)
@) A(z))
= 7 +7 -22,2, =22,2, +22,7, 22,7, — 27
=2 (zl -z, )(23 - zz)
2
= (zl—zz) :2(21—23)(23—22)
ROTATION
Important results
@) arg z = 0 represnets points (non-zero) on ray eminating from origin making an Z
angle 6 with positive direction of real axis 9
z
(ii) arg (z—z,) = O represents points (#z,) on ray eminating from z, making z, Kb
an angle 0 with positive direction of real axis
real axis
. . . T . 21
Ex. Solve for z, which satisfy Arg (z—3 - 2i) = 5 and Arg(z—-3 -4i) = 3
Sol. From the figure, it is clear that there is no z, which satisfy both ray

132
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Ex. If arg (Z—) = g then interpret the locus.
z

-1
Sol. arg (Z—j -
z+1 3

Re

Here arg ( j represents the angle between lines joining —1 and z, and 1 and z. As this angle is constant,

-1-z

the locus of z will be a larger segment of circle. (angle in a segment is constant).

LOGARITHM OF A COMPLEX QUANTITY

1
@ Log,(a+if)= 5 Log, (o +B*) +i (2nn +tan”' Ej where n eI
o

—(2nn+£j
2

(ii) il represents a set of positive real numbers given by € ,nel

DEMOIVRE’S THEOREM
Case 1
Statement
If n is any integer then
@) (cos O +1isin B )" = cosnb + i sin nO
(ii) (cos 0, +isin ) (cos 0, +isin0,) (cosd, +isin0,) (cos O, +isin0,)....(cos O +isinB)
=cos (0, +0,+0,+......... 0)+tisin(0,+6,+6,+....... +0)
Case II
Statement
Ifp, q € Z and q # 0 then

2k + pb 2k + pb
(cos 0 + i sin O)P9 = cos [TETPJ +1isin [nij

wherek=0,1,2,3,...... ,q—1

Continued product of the roots of a complex quantity should be determined using theory of equations.

133



MATHS FOR JEE MAINS & ADVANCED

Ex. If cosa + cosP + cosy = 0 and also sino + sinf3 + siny = 0, then prove that
(A) cos2a + cos2P + cos2y =sin2a + sin2f +sin2y =0
(B) sin3o + sin3f + sin3y = 3sin(o + 3 + )
© cos3a+ cos3f + cos3y=3cos(a+ B +7)
Sol. Let z, = coso. +1isina, z, = cosP +isinB & z, = cosy +isiny.
z,+z,+z,=(coso.+ cosP + cosy) +i(sina + sinf + siny)
=0+i.o=0 (@)

1 C ..
A) Also — =(cosa +isina) '~ cosa —isina
Z,

1 .. 1 .
— =cosP —isinf, — =cosy —isiny
Z, Zy

1 1 1
—+—+—=(cosa + cosP + cosy) —i(sina. + sinf} + siny) ... (i)
Z, Z, Z4

=0-1.0=0

2 2 2 2
Now zZ; +2;, + 75 —(Z1+22+Z3) —Z(lez+zzz3+z3zl)

1 1 1 L .
=0-2zz77, [— +—+ —j =0-22272.0=0 {using (i) and (ii)}
Z; 7 I,
or (coso +isina)’ +(cosP +isin By +(cosy+isiny)2 =0
or cos2a +isin2a + cos2f +isin23 + cos2y +isin2y =0+1.0

Equating real and imaginary parts on both sides,
cos2a.+ cos2f3 + cos2y =0 and sin2a + sin2 3 + sin2y =0
(B) Ifz +z,+z=0then z +7 +7, =3z,7,7,
(cosa+ isina)® + (cosP + isinf)® + (cosy + isiny)®
= 3(coso. +isina) (cosP + isinf) (cosy + isiny)
or cos3a +isin3a + cos3f + isin3f + cos3y + isin3y
=3{cos(o.+ P +7vy)+isin(a+p+y)}
Equating imaginary parts on both sides, sin3o + sin3f3 + sin3y = 3sin(o. + 3 +7)

© Equating real parts on both sides, cos3a + cos3f3 + cos3y =3cos(a +  +7)

CUBE ROOT OF UNITY
-1 + 1\/5 -1 - 1\/5 2
®
5 @, @),
B) If  is one of the imaginary cube roots of unity then 1+ o+ @?=0. In general 1+ o'+ ®*=0;

A) The cube roots of unity are 1,

where r € I but is not the multiple of 3 & 1+ o'+ w*=3 if r=3A;A el
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© In polar form the cube roots of unity are :

L. 2n . . 2m 4t 4nm
1=cos0+isin0; m:cosT+1sm T, mzzcosTJrlsmT

D) The three cube roots of unity when plotted on the argand
plane constitute the vertices of an equilateral triangle.

E) The following factorisation should be remembered :

(a,b,c € R & o is the cube root of unity)
a’-b’=(a—-b)(a—wb) (a—w?b) ; X+x+1=x—0)x—0?);
a’+b’=(at+b)(at+twb)(at+twb) ;

al+b3+c’—3abc=(a+b+c)(a+wb+wi)(a+wb+oc)

Ex. Find the value of »'*? + o'
Sol. o+
=1+’ =—o
Ex. If o & B are imaginary cube roots of unity then a" +B" is equal to -
cos2m | isin2m cos2m isin2m
o=——y == 2L o5 <0
Sol. 3 3 B=" 3

o+ B 2(0052n+isin2njn N (cosZn_isinZn)n
3 3 3 3

cos2nTw isin2nnj (cosZnn .. (Znﬂtjj (2nn)
- + + —isin| =] | = _—
( 3 3 3 3 2eos{ 73

n™ ROOTS OF UNITY

If 1,a,, o, ..o, are the n, n" root of unity then :

1

A) They are in G.P. with common ratio e¢®¥
B) Their arguments are in A.P. with common difference 2rn
n 2
. . . (a)A,
© The points represented by n, n' roots of unity are located at the vertices of a Ay(at)
. . . . .. . .. 27t/
regular polygon of n sides inscribed in a unit circle having center at origin, n2n in \\ A (1)
one vertex being on positive real axis. 2r/n >

D) 1P +al + ocg +...+aP | =0ifp is not an integral multiple of n Ae™)

=nifp is an integral multiple of n
®) (I-o)(I-0a)...(I-a _)=n
(1) (I+a)d+a).... (I+a, _,)=0if nis even and

=1 if n is odd.

G l.a.o,. o o, , = lor -1 according as n is odd or even.
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Ex. Find the roots of the equation z®+ 64 =0 where real part is positive.
Sol.  z°=-64
76=20. ¢l mn=0,1,2,3,4,5

i2n+hZ
= z=2¢€ 6

.5n .In 31 illi

. . T
1— 1— 1— 1— 1—
z=2¢e% 2e? 2e° 206 202 20¢°

in .lln

iz {Un
roots with +ve real part are =2 € 6,20 ¢

6
Ex. Find the value Z (sin# —cos 7

k=1

2 nk)

an) S 2nk ¢ 2k
cos—+1

6 6
Sol. Z(sm%ik] —Z[COST = sin—— —

k=1 k=0

- Z (Sum of real part of seven seventh roots of unity) +1 =0-0+1=1
k=0

SERIES SHOULD BE REMEMBERED

sin(nG/ 2) n+1
(A) cosO+cos20+cos30+...+cosnf=—; cos 0
sm(G/ 2) 2

THE SUM OF THE FOLLOWING

sin(ne/ 2) n+1
(B) sin@+sin20+sin30+....+sinnb= ———— sin —) 0.
sm(G/ 2)

X If 8 =2n/n) then the sum of the above series vanishes.

GEOMETRICAL PROPERTIES

Section formula
If z, and z, are affixes of the two points P and Q respectively and point C divides the line segment joining P

and Q internally in the ratio m : n then affix z of C is given by

mz, +nz,
= where m,n>0
m+n
. . . » — 7
If C devides PQ in the ratio m : n externally then z = o
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If a, b, ¢ are three real numbers such that az + bz, + ¢z, = 0 ; where a + b + ¢ = 0 and a,b,c are not all

simultaneously zero, then the complex numbers z,, z, & z, are collinear.

0}

(2)
3)
Q)
)

(6)

(7

®)

If the vertices A, B, C of a A are represented by complex numbers 2, Zy, Z4 respectively and a, b, ¢ are the

length of sides then,

, 7, + 2, + 7,
(i) Centroid of the AABC=———— :

(ii) Orthocentre of the A ABC =

(asec A)z, + (b sec B)z, + (csecC)z, o ZitanA +z tanB+ztanC
asecA + bsec B + csecC tanA + tan B + tanC

(iii) Incentre of the AABC = (az, + bz, + cz,) + (a+ b +c¢).
(@iv) Circumcentre of the A ABC =:

(Z,sin2A + Z,sin 2B + Z, sin 2C) + (sin 2A +sin 2B + sin 2C).
amp(z) = 0 is a ray emanating from the origin inclined at an angle 6 to the positive x— axis.
lz—al =|z-bl isthe perpendicular bisector of the line joining a to b.
The equation of a line joining z, & z, is given by, z =z, + t (z, — z,) where t is a real parameter.

z=z, (1 +it) where tis a real parameter is a line through the point z, & perpendicular to the line joining z, to

the origin.

The equation of a line passing through z, & z, can be expressed in the determinant form as

z z 1
z, 7, 1} =0. This is also the condition for three complex numbers z, z,, z, to be collinear. The above
z, Z, 1

equation on manipulating, takes the formoz + &z + r = 0 where r is real and a is a non zero complex
constant.
If we replace z by ze'® and Z by ze ™ then we get equation of a straight line which makes an angle 0 with the

given straight line.
The equation of circle having centre z, & radius p is :

|z—zo| =porzz —ZOZ -Zzyz+ Eozo—pZZOWhichisoftheform
zZ+az+ oz +k=0,kisreal. Centreis — a & radius = /| o |* —k _
Circle will be real if o>~k > 0.

zZ-z, T
=*— or

zZ-7z, 2

The equation of the circle described on the line segment joining z, & z, as diameter isarg

(z-2)(Z - Z)+(2-2,)(Z - Z,)=0.
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)

(10)

an

(12)

13)

(14)

138

Z.—2, Z,-Z
3T 2 72 should be real.

Condition for four given points z,, z,, z, & z, to be concyclic is the number .
Zy—Z, Z,-Z
3 2 4 1

(z-2,) (2, -2)

(z-2)) (2, -2,)

Hence the equation of a circle through 3 non collinear points z,, z, & z, can be taken as isreal

1> 72

z—2
Arg(Z _ Zl ] = 0 represent (i) a line segment if 6 =t

(ii) Pair of ray if 6 =0 (iii) a part of circle, if 0 <0 <.

z, z 1
Area of triangle formed by the points z,, z, & z, is 4i z, 7z, 1
i

N

(S

Z3

N
S
—_

. . . . _ . |az,+az,+r
Perpendicular distance of a point z, fromthe linegqz+oaz+r=0 is M

2|al
R - ) o
(i) Complex slope ofaline 0z+0z+r=0 iso=— 5
e . e . . _ Z1 - Zz
(ii) Complex slope of a line joining by the points z, & z, is ® = 727,
(iii) Complex slope of a line making 0 angle with real axis o= e

Dot and cross product
Letz, =x, + iy, and z, = x, + iy, be two complex numbers [vectors]. The dot product [also called the scalar
product] of z, and z, is defined by
_ I _ _
|z,/ cos 0 =x,X,+yy,=Re {Z,2,} = > {z,z, +2,7,}

z,*2,=z)]

where 0 is the angle between z, and z, which lies between 0 and ©
Zl

z
. 2

z, are perpendicular thenz, ¢z, =0 = — +—=—=0.
12y perp 1°%, Z Z

If vectors z

(]

i.e. Sum of complex slopes =0
The cross product of z, and z, is defined by

. — 1 _ —
7, % 2,=|z,|[z,| sin 0 =x,y, - y,x, = Im {Z2,} = > {1z, —2,Z,}

NIlN
) [ie]

If vectors z

NI |_N

\» Z, are parallel thenz, x z, =0 =

i.e. Complex slopes are equal.
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o, & w, are the compelx slopes of two lines.
@) If lines are parallel then o, = ©,

(ii) If lines are perpendicular then o, + ®, =0

as)

(16)

17)

(18)

If|z—z/|+ |z -2z, =K>|z, —z,| then locus of z is an ellipse whose focii are z, & z,

aAz+ozZ+r
2]af

If|z-z)= then locus of z is parabola whose focus is z, and directrix is the line
oz + OZ +r=0(Provided 0z, +0az,+r=0)

-z,

z
If =k # 1,0, then locus of z is circle.

2

If | |zfz1 | - |zfzz| | =K< |zlfzz| then locus of z is a hyperbola, whose focii are z, & z,.

Reflection points for a straight line

Two given points P & Q are the reflection points for a given straight line if the given line is the right bisector of the
segment PQ. Note that the two points denoted by the complex numbers z, & z, will be the reflection points for the

straight line g z+aZz+r=0 ifandonlyif; g z,+0Z,+r=0, where r is real and o is non zero complex constant.

Inverse points w.r.t. a circle

Two points P & Q are said to be inverse w.r.t. a circle with centre 'O and radius p, if :
@) The point O, P, Q are collinear and on the same side of O.

(ii) OP-0Q=p?.

Note that the two points z, & z, will be the inverse points w.r.t. the circle

zZ+az+oazZ+r=0 ifandonlyif z Z + &z +0z, +r=0.

PTOLEMY’S THEOREM

It states that the product of the lengths of the diagonals of a convex quadrilateral inscribed in a circle is
equal to the sum of the lengths of the two pairs of its opposite sides.

Le. |Zl_Z3| |ZZ_Z4| = |Zl_22| |Z3—Z4| + |Zl_Z4| |ZZ_Z3|'
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Note

GV

(B)

140

TIPS & FORMULAS

Definition
Complex numbers are defined as expressions of the form a+ ib where a, b e R & j=./_] . Itis denoted by z i.e.

z=a+ib. ‘a’is called real part of z (Re z) and ‘b’ is called imaginary part of z (Im z).

Every Complex Number Can be Regarded As
|

| | |
Purely real Purely imaginary imaginary
ifb=0 ifa=0 b0

(i) The set R of real numbers is a proper subset of the Complex Numbers. Hence the Complex Number system is
NcWclcQcRcC

(ii) Zero is both purely real as well as purely imaginary but not imaginary.

(iii) j=+/—1 is called the imaginary unit. Alsoi?=—1;=-1;i*=1

(iv) Ja+/b =+/ab only if atleast one of either a or b is non-negative.

Conjugate Complex

If z=a+ ib then its conjugate complex is obtained by chamging the sign of its imaginary part & is denoted by z .

ie. z =a—ib.

Note that :
(i) z+z =2Re(z) (i) z— z =2iIm(z) (iii) z 7 = a*+b? which is real
(iv) Ifzis purely real thenz— z =0 (\4) if zis purely imaginary thenz+ z =0

Representations of a Complex Number in Various Forms
Cartesian Form (Geometrical Representation) imaginary P(xy)
Every complex nimber z=x + iy can be represented by a point on the axis

cartesian plane know as complex plane (Argand
diagram) by the ordered pair (X, y).

Length OP is called modulus of the complex number denoted by |z] &

q is called the argument or amplitude.

e.g. |zl=4x>+y? & 0= tan’lg (angle made by OP with positive

X - axis).

Geometrically |z| represents the distance of point P from origin. (|z|>0) Real axis

Trignometric / Polar Representation

z=r(cos 0 +1isin 0) where |z|=r;argz=0; z = r(cosb —isin0)
Note : cos 0 +1isin 0 is also written as CiS 0

Euler’s formula

The formula e* = cos x + i sin x is called Euler’s formula.

ix —ix ix —ix

& sinx =

Also cosx = are known as Euler’s identities.

i
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©

Exponential Representation

Let z be a complex number such that |z|=r & argz=0 , then z=r.¢"®

IMPORTENT PROPERTIES OF CONJUGATE

(A) (2)=z (B) z,+z, =% +7 (©)z,-2,=%-7 (D) z,z,=%.%

Nll NI

(E)[E—IJ— ;2#0 (B)If fla+if)=x+iy = fla—if)=x -1y
2 2

IMPORTANT PROPERTIES OF MODULUS

(A)|z/20 (B) |z|2Re(2) ©dzlm(@z) (D) z=|z|=|-z|=]-Z|
— 2 — ﬂ ==z #0 N — |0
(E) zz=|z7 (B)lz,2,|=1z,|.Iz) ((C) oy D o L (H) |z1=|
2 2
(D) |z, +z,P =z, + |z, +2Re(z z,) or Iz, +z )=z + |z +2]z ||z, cos (,-0,)

2 2 — 2 2
(J) |Z1 +Zz| + |Z1 7Zz| =2 [lzll + |Z\2| ]

K) |lz,|-1z,||<£]z, + z,|< |z| +|z,| [Triangle Inequality]

(L) |z,|=1z,) L]z, = z,|< [z,| +z,| [Triangle Inequality]
1 ++/a’+ . 1

(M) If |z+—|=0(a > 0) , then max |z |:% and min | ZIZE(\/a2 +4 -a)
z

IMPORTANT PROPERTIES OF AMPLITUDE
(A) amp (z,.z,)=ampz, +ampz,+2kn;k €1

(B) (ij =ampz, —amp z, +2km; kel
Z2
(C) amp(z") =n amp (z) + 2kmn, where proper value of k must be chosen so that RHS lies in (-7, 7].

(D) log(z) =log(re®) =logr+i6 =log |z| +iamp (z)

DE’MOIVER’S THEOREM
The value of (cosB + isin0)" is cosn6 + isinb if ‘n’ is integer & it is one of the values of (cosO + isinB)" if n is a rational
number of the form p/q, where p & q are co-prime.

Note : Continued product of roots of a complex quantity should be determined using theory of equation.

CUBE ROOT OF UNITY

—1+i\/§ _ eizn/3 2 _ _l_i\/g — ei4n/3

(A) The cube roots ofb unity are 1, ® = > & ®
(B) l+to+w=0,w’=1,in general
,.| 01 is not integral multiple of 3
I+to' +o™ . .
3 ris multiple of 3
© a’+b’+c?—ab—bc—ca=(atbo+cw’)(atbw’+cw)

a’+b*=(a+b)(aw+bw’)(an? +bw)
a’—b*=(a—b)(a— wb)(a— w’b)
XX+x+1=x-0)(x— o)
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10.

11.

12.
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SQUARE ROOT OF COMPLEX NUMBER

- Jzl+a . 4J|z|-a Jlz|+ Az =
\/a+1b=i{ |2| +i ‘2| }forb>0 & i{ |Z2| i |ZZ| a}forb>0where|z|=\/az+b2-

C(z)
ROTATION
Zy=Zy _ Z,7Zy o
12, -2, [2,—2,|

Take 0 in anticlockwisev direction.

A(z,) ! B(z,)
RESULT RELATED WITH TRIANGLE A(z)
(A) Equilateral Triangle
2,72 _ L4377y i3 . / /
= - L

I e = — (ii) mr mrg

4 l B(z,) / C(zy)
from (i) & (i) Ao

2 2 2 _

= z, tz, vtz =22, 12,2, +2,7

1 1 1

i + + =0

o 2y—2y Z,—Z7Zy 72377 BGS ¢ “q Sz

(B) Isosceles triangle
dcos*a(z,—z,)(z,~2,) = (z,~2,)

. z, 7z 1
©) Area of triangle AABC given by modulus of N z, 1
z, z, 1

EQUATION OF LINE THROUGH POINTS Z, & Z,

z z 1

z, 7, 11=0=2z-2)+%z,-2)%27,-72,=0
z, z, 1
= 2z, —-2,)i+%z,—2)i+i(z2,2,-7z,) =0

Let (z,—z,) i = a, then equation of line is [az+aZ +b = 0] wherea e C&b e R.

Note:
) Complex slope of line az+az+b =0 is 2
a
(ii) Two lines with slope p, & p, are parallel or perpendicular if u, = p, orp, +p, =0
. . . . |ao+aa+b]|
(iii) Length of perpendicular from point A(a) to line az+az+b =0 is T
a
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13.

14.

EQUATION OF CIRCLE

GV
B)

©

D)
E)

Circle whose centre is z, & radii =r
lz—z,|r

General equation of circle
zz+az+az+b=0

centre ‘—a’ & radii= , /\ al’ b

Diameter form (z—2z,)(z-7%,)+(z-2,)(z-7)=0

z-z, | _ | W
or arg =+—
z-2, 2
. |z- . . . .
Equation LI=k represent a circle ifk #1 and a straight line ifk = 1.
z—-z,
Equation|z—z *+|z—z[? =k
quation 2~z + 2z, .
. . 1 2
represent circle if k > 5 |z, -z, |
z—z, | T B A
arg =0 O<a<mozr— e
z—-z, 2

represent a segment of circle passing through A(z,) & B(z,)

STANDARD LOCI

GV

B)

|z—2z,|+[z—z,| =2k (a constant) represent

i) if2k>|z ~z| = Anellipse

(ii) if2k=|z,—z)| = An line segment

(iii) if2k <[z, ~z] = No solution

Equation | |[z—~z,| — |z—z, || =2 k (a constant) representy

@ if2k> |z, —z| = A hyperbola
(ii) if2k=1z,~z| = Aline ray
(iii) if2k<|z,—z| = No solution
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