Binomial Theorem

Binomial Expression:
An algebraic expression consisting of two different terms is called a Binomial Expression.

eg (Dx+y (i) x — y (iii) 3x — 2y (iv) X+ —
X

Note:
(i) x4y + zistrinomial.
(ii) The expression containing more than two different terms is multinomial.

Binomial Theorem:
The formula by which any positive integral index (power) of a binomial expression can be expanded in the
form of a series is known as Binomial Theorem. (This theorem was given by Newton)

Binomial Theorem
]

neN Any index (not in JEE)
(JEE) (negative or fractional index)
(C.BS.E)
Observations:

(x +)° 1 1 0Co
(x+y)?! x+y 1 1 1Co, 11
(x +y)? X2 + 2xy + y? 1\/2\/ 1 2Cy, 2C1, 2C;
(r+y)3 * 4320y + 30" + 57 1 3 3 1 3Co, 3C1, 3C2,3C3
(x + y)4 x* 4+ 4x3y + 6x%y? + 4xy3 + y3 1\4/\6/\4/ 1 4Co, 4C1, 4Co, 4C, *Ca

Pascal’s Triangle
(i) Pascal's triangle - A triangular arrangement of numbers as shown. The numbers give the binomial

coefficients for the expansion of (x + y)n. The first row is for n = 0, the second for n = 1, etc. Each
row has 1 as its first and last number. Other numbers are generated by adding the two numbers
immediately to the left and right in the row above.

(ii) Pascal triangle is formed by binomial coefficient.

(iii)  The number of terms in the expansion of (x + y)™ is (n + 1) i.e. one more than the index.

(iv)  The sum of the indices of x & y in each term is n.

(v) Power of first variable (x) decreases while of second variable (y) increases.

(vi)  Binomial coefficients are also called combinatorial coefficients ("C,)

(vii)  Binomial coefficients of the terms equidistant from the beginning and end are equal.

(viii) Binomial coefficients of middle term is greatest.
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General Expansion of Binomial Theorem:

Statement: ne N

(x+ )" = "Cox™ + "Cix™ly + "Cox" iy L L S R e A ST AL
n
= Z "C, xyr.
r=0
OR
n
(+1y=2."C, (=
r=0
Proof: (Desirable)
v x+y)E+y) ... (x+y) = 2"+ Cy)x" T+ Cyy)x" P+ (YY)

and number of terms in Yy, is "C;, number of terms in Y}y, y, is "C, and so on.
= (x+ )" =x"+ "Ciyx"T+ "Cyix 2+ +"Cy".

General Term:
General term in the expansion of (I + II)"is T,;; = "C,.(D™"(UI)",0<r<n

Illustration 1:

6
1
Expand (X + ;] and write general term:

Solution:
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=x"+6x"+15x°+ 20+ +—+—
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Illustration 2:

Expand the following binomials:
2 4
) G - 3° i 12

Solution:
(i) (x —3)°> = 5Cox® + 5Cix*(=3)' + 5C,x3(=3)? + 5C3x2(=3)3 + 5Cux(=3)* + °C5(-3)°
=x% —15x* + 90x3 — 270x2% + 405x — 243

2 4 3X2 2 2 2 3 2 4
(i) 1_3i =4Co +4C1| —— | +4C LS A 1Cs 33X 4Cy _3x
2 2 2 2 2

27 27 81
=1—6x?+—x*——x+—x8
2 2 16
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Illustration 3:

(2 3y)
Expand the binomial 3 + > up to four terms

Solution:

20
_ . [ 2x 3y
Expanding upto four terms in 3 +—=

2
20 19 18 2 17 3
=20(, 2x +20C; 2x 3Y )+ 200, 2x 3y +20C, 2X 3y
3 3 2 3 2 3 2

20 18 16 14
2X 2 2 2
=l — | +20.|Z| x¥+190.| | x™y?+1140.| = | x'7y3
(3j+ (ijw (3jx n (?ny

Illustration 4:

The number of dissimilar terms in the expansion of (1 — 3x + 3x? — x3)20 s

(A) 21 (B) 31 (C) 41 (D) 61

Ans. (D)

Solution:

(1-3x+3x2—x3)20=[(1-x)3]2°=(1 - x)®°

Therefore, number of dissimilar terms in the expansion of (1 — 3x + 3x2 — x3)2%is 61.
Illustration 5:

10

z 10C,(2)10" (3)" =2

=0

10

(A) 510 (B) (- DY (C) 610 ) (3)
Ans. (A)

Solution:

[2 + 3]10 = (5)1°

Illustration 6:

20
z 20C,(2)21-T(3)" =?
r=0

(A) 3(5)2° (B) 2(5)2° (C) 2(-1)32° (D) None of these
Ans. (B)
Solution:

20
> 206, @)
r=0

20

=21 3 (206,22 T 3)']

r=0
=2[2 +3]2° = 2(5)%°
Illustration 7:

1
If 6t7, 7t", 8t terms in the expansion of (x + y)" are respectively 112, 7 and " Find x, y, n.
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Solution:
"Csx" Py =112
NCex™0y6 =7
7_1
4
Divide (1) by (2) and (2) by (3)

= nCS [EJ =16
C,\y

- s (5}28
C,ly

"Cox™ 7y

Divide (4) by (5)
C-'C, _16_4
"C,-"C, 28 7
n! n!

(n-5)I5! (n-7)17! _4

= M:f
(n=5)-7 7

=>n=8
Put in (5)

8C (x
(-
C, Ly

8x7

= A(ﬁjzzza
8 \y

=

X=8=>x=8y
y

Putin (3) = 8C7(8y)t-y’ = %

Note : Z "C.(a)"" (b) =(a+h)"

Number of Terms in Expansion:

(1)
(2)

(3)

(%)

.(5)

(x+a)" = "Cox™+ "Cix"tal + "Cpx™2a’+.....

(x—a)" = "Cox™ — "Cix"tal + "Cpx™2a?—.....

[70]
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Total Number of Terms in:
@ (x+a)tisn+1
e.g. (1 + x)'°: Total terms = 11

. n
—> 1N is even—>§+1

(b) x+a)"+(x—a)" - 1
L n is odd— %

eg () (x+2)10+ (x—2)10
Total term = % +1=6
(i) (x +2)1 + (x — 2)11

11+1
Total terms : 2 =6

: n
—» N 1S even—>§

@ G+a)"-(x-a)"-

Ly nis odd_>7%1

eg. () (x+2)10—(x—2)10
10
Total terms :? =5
(i) (x +2)11 — (x —2)11

11+1
Total terms : > =6

(d) Number of terms in the expansion of (x + y + z)™ :
(x +y + 2)" can be expanded as -
x+y+2)"=(@x+y)+z}"
=10 (x +y)'+"Ci (x +y)- L. z+"Co (x +Y)"2 22 + ... +"Cr 2"
=(n+ 1) terms + nterms + (n — 1) terms + ... + 1 term
Total number ofterms=(n+1)+n+ n—-1)+---+1

(n+1)(n+2)
2

Illustration 8:

The number of terms in the expansion of (x + 2y + z)2 are -

(A)9 (B) 28 (C) 45 (D) None of these

Ans. (C)

Solution:

Since given expression is trinomial

(8+1)(8+2)
2

.. Number of terms = =45

Illustration 9:

Find the number of terms in expansion of (1 + 4x + 6x2 + 4x3 + x*)1°

(A) 40 (B) 41 (C) 42 (D) 43

Ans. (B)
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Solution:

[(1+ )] = (1 +x)*°
.. number of terms = 41
Illustration 10:

Find sum of rational terms in the expansion of (3§ + 5%)9

(A) 31527 (B) 26717 (C) 16517 (D) 40571
Ans. (A)

Solution:

1 1
Ters1) = “Cr (337 (52)

=°C,(3) * (5)°

—gew—>r= 3,6
r —
7EW—)r_ 214161

Common 'r’' = 0,6
Rational terms are T; and T,
Sum=T; + T,

1 1 1 1
="C,(3)(52)" +°C, (3*)'(5*)°
9x8x7

3x2
=27+ (84 x 375)
=27+ 31500
=31527

= 3+ x3x(5)’

Middle Term:
T =T

LY n+2
2 2

n+1 & Tn+3

2 2

whenniseven

Middle term in the expansion of (x + y)" is
when nisodd

Explanation:

If n is even then number of terms are odd and, in this case, only one middle term

= When n = 2m then number of terms = 2m + 1 = T(;,1) is middle term
similarly, if n is odd then number of terms are even and in this case 2 middle terms.

= n = 2m + 1 then number of terms = 2m + 2 = T(;,41) & T(;p42) are 2 middle terms.

Illustration 11:

Find the middle term(s) in the expansion of
Xz 14 a3 9
i)|1—-— ii) | 3a——
o [1-% ] @) 382
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Solution:

. XZ 14
® [“7}
th

Here, n is even, therefore middle term is (142 ) term

N
It means Ty is middle term, Tg = 4C, (— x_)

2
(ii) (3a - %3)9

_ _ 9+1)" (9+1 "
Here, n is odd therefore, middle terms are & +1] .

_ 429 14
=—qgx

2 2

It means T & Tgare middle terms

3\* 3\°
TS = 9C4 (30)9—4 _a_ :@ 017’ T6 = 9C5 (30)9—5 _a_ = _E (119l
6 8 6 16

Illustration 12:

7
1
Find the middle term in the expansion of (ZX2 —;j .

Solution:
n=7

.. middle terms = T, &T

741 743
2 2

T4_ = 7C3(16)XS,T5 = 7C4_8X2

Properties of Binomial Coefficient:
Property-1 "C, xr!="P,

Property-2 "C, = "C,_,

if"C,="C, = x=yorx+y=n
"Cr  n—(r-1)

nCr1 r

Property-4  nCy+ "Cri1 = "1Criq

Property-5 "C, = Zm™lc,

Property-3

r
n n+1
Cr Cr+1
Property-6 =
perty r+1 n+1
Proof : (L+x)" = "Co+ "Crax+ "Cox? + "Cax® 4+ "Cpx" =Y 'C xinEN

r=0

where "C,, "C;, "C,, ... C,, are called combinatorial (binomial) coefficients.

n!
Pl'OpEl'ty-l nCr = m
n ="M =™
So, "C, X 1! o X r! o P.

(D)
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) ne n!
Property-2 C, = =)
n _ n! _ n! _ n! nr _ n
Cnr = (n—r)!(n—(n—-r))! — (n—r)!(n—n+r))!  (n—r)! r! = "G = Tl
nc n! r—=D)!(n-r+1)! n—-(r-1
broperty-3 - (r-D!(n-r+D! _ n=(r-1)
nNCr—q1 rin-1)! n! r
i n n _nl n! _nl n!
Property-4  "(r + "Cri1 = T Y rE DG r )T - A=) T Gk D). (=1
n! " n!
“rfn—n.n—r—D0! " 7+ D.rL.(n—r—1)!
B n! [ 1 N 1 ]_ n! r+l1+n—r
Crltn—r—=Dlln-r r+1l r-r-DUn-r).0r+1)
_ (n+1)!
T+ DI(n=1)!
=1,
PPOperty-5&6nCr:Dn71Cr71 :E-n_1n72Cr72: ....... :n(n—l)(n—Z) ....... (I’]—I’—!—l)
r r r-1 r(r—1)(r—2)c. 1

"C, n-r+1
=
C.. r

Properties of Binomial Coefficient:

(L+0)" = "Co+ "Crx + "Cox® + "Cox® + et "Cux™ =Y °C ;€N (D)

r=0
where "C,, "C;, "C,, ... "C,, are called combinatorial (binomial) coefficients.
(a) The sum of all the binomial coefficients is 2n.
Putx =1, in (i) we get
"Cot "Cit "ot et "G = 2" = 3 0C, =20 (i)
r=0

(b) Putx=-1in (i) we get

"Cy— "Crt "Cr— "CaeeH D" "G = 0> 3 (21) °C, =0 ..(iii)
r=0
(© The sum of the binomial coefficients at odd position is equal to the sum of the binomial

coefficients at even position and each is equal to 21,

"Co+ "Cy+ "Cot o= TCL+ MC3+ MCs+ =210
Proof :

Add (ii) & (iii), we get

1Co + "Cy + "Cq + v =21
Proof :

Subtract (iii) from (ii), we get

"Cy + "C3 + "Cs+....... =n-1

Summation of Series:
Type-1:

IfCo, "C1, "C2, .ovuu.. "C, are binomial coefficients in the expansion (1 + x)" then -

[74] www.allen.in



Binomial Theorem Al-l.:.®

Illustration 13:
10

If T, = 1°C,(2"-1), then find ) T, =?
r=0

Solution:
10 10
> T.=>["c @ -1]
r=0 r=0
- Y[rc@ -y e, ] = (+2)1 - @0 = 310-210
r=0 r=0

Illustration 14:

11

Evaluate : ) *C,

r=0

Solution:
= #C, +”C, +...+”C,,. Total 12 terms
In(1+x)*2putx=1

223 = 2360 + 23C1+ ...... + 23C11 + 23C12 + 23C13+ ...... + 23C23
= 223 = (2360 + 23C1+ ...... + 23C11) + (23C11 + 23C10+ ------ + 23C0)
= 223 - 2[ 2360 + 23C]_+ ...... + 23C11]

11 223
= Z:BCr :_:222

Py 2
Illustration 15:
C, +2.ncz+3.nCS ...... +n. Gy =M
"C, "C, "C "C 2

Solution:

n-1

d(-r+l)=n+n-1+ ...+2 +1

r=1
_n(n+1)
2
Illustration 16:
'C,+™'C, +™*C, + o t"C, =7

Solution:

% + M 4 THC 4 4 G

r r+1
TR0+ TR0 44T, [rc,=""C,., =1]
T3 1ot MC,
n+1Cr _ Cn—r
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Type-2:
Find the sum of the following series:
Illustration 17:

1."C +2"C+3"C3+ e+ 0. "Cy = 0. 200D

Solution:

Method-I : (Federal Carl Gauss Method)
§=0."Co+ 1."C;+ 2"C, H+........ +n. "C,
S=n"Cy + (n-1)."C; + (n-2). "C, +........ +0.*C,
Add2S =n(Co+Ci+Cp+.......... Cp)
25 =n(Co+ Cy + Catennn.... Cp)

=n2"=>S5=n2"1
Method-II :

ZTFir-”CFZ r.n! )!ZZ n.(n-1)! znZ“:n_ch

ri(n—r (r-D!(n-r) =
=n["1C+ "IC + 0+ 1C,4] = n.2™t

or > r(ﬂ."'lCrlj =n.2"1

r=1 r

Method-III (Calculus Method):

(1+x)"="Co+ "Cix + "Crx’+....... + "Cpx"
Differentiate both the sides, we get
n(1+x)"1 =0+ "C; + 2. "Cpx + 3. "C5x*+....... +n. "Cp x™1
Putx =1
n. 271—1 = nC]_ + 2 TlCZ + 3 TlC3 + o + n. TlCn
Illustration 18:
nCo+3MC, 4+ 5"Cot....... +(2n+ 1) "C,
Solution:
S="Co+3"C;+5 "Cot.ninn... . +(@2n+1"C,
S=02n+1)"Cy+ 2n-1)"C, + (2n-3) "Cr+....... +1"¢c,
25 = (2n+2)(Co + Cy + Co+....... +Cp)
=S=02n+2)2"1 = (n+1)2"

OR
x(1+x2)" = Cox + Cyx%.x + Cox*ox+....... + Cpx?™. x
x(1+x2)" = Cox + Cyx%.x + Coxtox+....... + Cpx®.x
x(1+x2)" = Cox + C1x3 + Cox5+....... + Cpx?ntt

Differentiate it w.r.t. x :

A+ x)"+x.n(1+x2)"1.2x = Cy+ 3 Cx% +5Cx*......
Putx =1

"Co+3 ™"Cy +5™Cy+........ +2n+1)"C, =+ 1)2"
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Short Trick :

(1) If (_CII_)"C0+(a+d) "C,+(a+2d)"C,+ o+ [a+nd]"C,

= [Ist coefficient + last coefficient] 21
=[a + (a + nd)]2"™?
Coefficient of binomial coefficient are in A.P.
All the sign is +ve
"Cyto ™"Cp
2) If(a)™Cy—(a+d)"Cy+ (a+2d)"C,........ +C-D"(a+nd)"C,=0
Coefficient of binomial coefficient are in A.P.
Alternate sign (+,-,+,-)

"Cyto "Cp
Illustration 19:
1."C; + 2. "Cy + 3. "C3+....... +n "C,.
Solution:
0."Co+1.m"C; + 2. "Cy + 3. "C5+....... +n "C,

=[0+n].2"1 =n)"?
Illustration 20:

1nCy + 3C; +5nCy +........... + (2n + 1)nC,
Solution:
=[1+ (2n+ 1)].2™1
=(n+1).2"
Illustration 21:
(D3¢, +(2)2.C, + (3)%.C3+......... + m)2.Cc, =7
Solution:

n : nY(n n

Z(r)Z(nCr) = Z|:r2.(Fj{ 1Cr_1}:| = nz’:r{n_lc,—,l}]
r=1 r=1 r=1

=n[l. C+2 .n-a +3. €1+12 + .10 p-1]

\L_lo/\lj

AP.

=n[1 +n]2n11
=n(n+ 1)2"2
Type-3:
Using Integration (With Suitable Limits as Per Requirement)
Illustration 22:
Find the sum of the following series:

C , G,

C0+—1+C—+—
2 3 4 n+1
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Solution:
Method-I: (1+x)"=Cy+ Cix + Cpx? + C3x3+......... + Cpx™
Integrating both the sides

n+1 % 2 3 4 n+l \¥
{&} =[C0X+C1X—+CZX—+C X—+ +C X j
2 3 4

n+1 0 n+1 0
1 n+1 1 2 3 4 n+1
)" 1 _cyicXic,Xic i X (@)
n+1 n+1 2 3 4 n+1
Put x = 1 in equation (i)
C, C, C C i
Co+t—+2+2+.+—" _z 1
2 3 4 n+1 n+1
Method-II :
S :L[(nﬂ)co+(”+1)cl+(”+1)cz+....+Mcn}
n+1 2 3 n+1
S :Ll:l'i‘r”lc +n+1C + +n+1C :|:>S=i[2n+l—1]
Y ) T . Y
Method-III :
Z”:”Cr_ 5 (n+1) "C( 1 j
~r+1 S or+1 "Un+1
— n+ C
(n+1)§1 S
1 n+1 n+1 n+1
= C,+"C,+..+"C
(n+1)|: 1 2 n+1:|
— 1 n+1 _1]
(n+1)
Numerically Greatest Term:
Let numerically greatest term in the expansion of (I + II)" be T} .
Tt 2T, |
=< " ' where Ty, = "C.(D™"UD)"
{|TH1|Z|TH2| r+1 T() ( )
1 1
Solving above inequalities we get nes 1<r< et
14— 14—
I I
n+1
Case-I: When il I is an integer equal to m, then T, and T,,,,; will be numerically greatest term.
1+|—
I
n+1

Case-II : When

I is notan integer and its integral partis m, then T,,,, ; will be the numerically greatest
1+|—
I

term.
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Proof:
Let numerically greatest term in the expansion of (I + II)" is Ty ;.
|Tr+1|2|Tr| and |Tr+1|2|Tr+2|
Tl o "C.() Y
T “Cr,l(l)“*'“(u)”l
n-r+1\f n+1_1 15 :>n+1_1 ‘
r I
r< ”+|1 (1)
1+‘
I
|Tr+1|
Tolela = g
r+2
n n-r r
N O (DI N
nCrJrl(I )n—r—l( ” )r+1 |
A
= — |- S
n—r /il r+1
ll_n-r ll_n-r+r+1
= 1+|—|z2—+1 => 1+|—|2————
I r+1 I r+1
N PELLE -(2)
(i)
1+|—
I
From (1) & (2)
n+1 n+1
—— |-1<r<
1+L 1+|—
1 I

Illustration 23:

If x= %, find the Numerically Greatest Term in the expansion of (1 + 4x)8.

Solution:

Let (r + 1)*" term is numerically greatest. Now I = 1, 1] = 4x| 1 %

3

n+1 n+1
-1<r<
1+L 1+|—
| |
8L;—lsm 8+; :>£sr£ﬁ =r=5
1+— 1+Z 7 7

= T, is Numerically Greatest Term.
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Illustration 24:

If x = 1, then which term is numerically greatest in the expansion of (3 — 2x)°.
Solution:

Let (r + 1)*" term is numerically greatest

Now,I =3,1I = =2x|y_q = =2

LIS L

1+|— 1+|—
1 1
:E_1grgg—+; =3<r<4,

1+§ 1+
2 2

Hence numerically greatest terms is T, and T5

Divisibility Problems:
Lets consider a number (7)!3, which can be written as (8 — 1)*3

Now (8 — D =12 (8)" - 1*C,(8)"2 + 1*C,(8)" - *C,(8)"° + “°C, (8)’ —....+ *C,,(8) - *

Multiple of 8
L B8-1DB¥=81-1
=8I—-1)+7
Hence on dividing (7)*3
Illustration 25:
Prove that for eachn € N, 23" — 1 is divisible by 7

by 8, we get remainder 7.

Solution:

22 —1=3)"-1=(1+7N" -1

=[14 "D+ "C(D? ... +1C, (DM -1
=7["Ci+ "Cy TH ... "Cp, 7 =71

Hence on dividing 23" — 1 by 7, we get a reminder zero.
= 23" — 1 is divisible by 7 foralln € N

Remainder Problems:

lustration 26:

Find the remainder when 5% is divide by 8
Solution:

59 = 5(5%)%9 = 5(24 + 1)*% = 5(*9C, 24*° + *9C, 24*® + .-+ %9C,524 + 1) = 24(5)[ + 5

Hence remainder when 5°° is divided by 8 is 5.
Illustration 27:
Find the last two digits of the number (17)1°,

Solution:

(17)'° = (289)° = (290 — 1)°

_ 5 5_5 4 5 1_5 0
= 5C,(290) C;(290)*+........ +5C4(290) Cs(290)

= 5C5(290)° — °C;.(290)*+......... 5C3(290)2 +5x 290 — 1

= A multiple of 1000 + 1449
Hence, last two digits are 49.
Note: We can also conclude that last three digits are 449.

[80]
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When Two Binomial Coefficients are in Multiplication:
(i) When Sum of the Suffixes is Constant:
Illustration 28:
If "Cy, ™Cy, "Cyy........ ", are binomial coefficients in the expansion (1 + x)" then prove that -
(i) "Co"Cp+ "Ci™Cpqg + "Cy"Cpy...... +7mC, "Cy = 2"C,
(i) ™Co"Cpog+ "Ci"Chg+ "Cy"Crst...... +"Cpq "Co = *"Cpyq
(iii) ™*"C. = ™C,"Cy+ ™Cp_q. "Ci + MCpy. "Cot...... + ™Cy. "C,
Solution:
A+x)"1+0"
=("Cy+ "Cix + "Cox? ...+ "Cp_g. x™ 1+ "Crax™) ("Co + "Cix + ™Crx? ...
et Cpq x™ T+ P x™)

For (i) Compare coefficient of x™
For (ii) Compare coefficient of x™~1
For (iii) Compare coefficient of x"in (1 + x)™. (1 + x)™

Illustration 29:

20)\(15) (20)(15 20)\(15) 4
Prove that : + + eeeerranne + ="C,;
10){ 0 9 )1 0 )L10

Solution:
Compare coefficient of x2° in (1 + x)2°. (1 + x)*®

(It is similar to selecting 10 fruits from 20 apples and 15 mangoes)

(ii) When Difference of the Suffixes is Constant:
Illustration 30:
If "Cy, "Cy, "Cy,........ "(, are binomial coefficients in the expansion (1 + x)" then prove that :
(i) M™Co"Ci+ "Cp MCy+ MCy MO+ "Cp1 "Cp = 2"Cp_q or *"Cpyq

2n!
(n=-D)!(n+1)!
(ii) M"CoMCr+ "Ci"Crypr+ "Cy MCryp Fenn.. .. "Cpey "Cp = 2"Cp_y or 2"Cpyy

_ 2n!

(n=r)!(n+r)!

iii) C?*+C*+C?+Ci+...+C2=*Cc ==L
() 0 1 2 3 n

Solution:
A+ =0+x)"(x+ 1"
= ("Co+ "Cix + "Cux? oo .+ Crpiq. x™ 1 4+ "Cppx™) ("Cox™ + "Cix™ 1 + MCpx™2 ..
H"C x4+ CY)
Now, compare the coefficient in both side
(i) ofx™?
(i) ofx™T"
(iii) of x™
Illustration 31:

Find the value of anzn:CiCj

j=0i=0
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Solution:
Since ("Cy + "C; + "Cot.unn...... +1C,)?% = (2M)2
= "C¢+ "CP+....... +C2 + 2[CoCy + CoCse....... + Cp-1Cp]
= 2) > CC,=(@2M*- 2",
0<i<j<n

Miscellaneous Problems on Summation:
Illustration 32:

Prove that Z:(—l)r "C, {(lj +(§J +(Zj +(1_5j + et M terms}
— 2) \4) (8) \16

Solution:

rZ:;(—l)r "C, (%jr +er:(—1)r "C, (%jr +... up to m terms
n ) . 1 r 1 r 1 r
=§ C,(-1) C{(l—zj +(1—?j +....+(1—2—mj}
(3] (12 ((21)] SE Ve Y
2 4 2 2 4 8 2

NGNGB EE IR

Illustration 33:

Prove that : Zn:(zn: nCmmCPj:3n -2"

P=1\m=P

Solution:

M-

n
"Cp.PCy +"Cpy. P 1Cp .t 'C,."C, =Y cofficient of X" in {”CP (14+%)" +...t"C, (1+ x)”}

1 P=1

o
Il

cofficient of X"in{"C, + "C,(1+X)+ .t "Cp(14+X)° +...+ "C, (1+X)"}
P=1

n n

= cofficient of x"in (1+(1+x))" =) "C,2"" =2+ D" —2"=3" - 2"
Pl P=1

Illustration 34:

Prove that ™Cy. 2"C,, — "C;. 2™ 2C, + "Cy. 2" M Cpp—.vvnnn... . = 2",

Solution:

Coefficient of x™ in { "Cy(1 + x)?™ — "C;(1 + )2 2......... }

Coefficient of x™ in (—1 + (1 + x)?)"

= Coefficient of x™ in (x? + 2x)" = 2"

[82]
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Multinomial Theorem:

n
Using binomial theorem, we have (x + a)" = z "C,x""a’,neN
r=0

n
n! _ n!
= E ———x""a" = E —x°a" ,wheres+r=n
= (n—-r)ir! ez rlsl

This result can be generalized in the following form.

n!

Grtxg+tx)h= D XXX
e P AT o
. . n! .
The general term in the above expansion ————— '.xlrl X5 X5 v X
G
1°°2°73 k

The number of terms in the above expansion is equal to the number of non-negative integral solution of

the equation r; + rp+....... +71, = n because each solution of this equation gives a term in the above

. . . n+k-1
expansion. The number of such solutions is Cs

Particular Cases:

|
0 G+y+2"= >, n X"y*z'

r+s+t=n ristt!

The above expansion has "*3-1C;_; = ™"2(, terms
(i) (x+y+z+w'"= D n—!xpy“z’uS
e plglrts!
There are "**°1C,_ ; = ™*3(C; terms in the above expansion.
Illustration 35:
Find the coefficient of x2y3z%in (x + y + 2)*°
Solution:

]
Ans{ 10! }
213!5!

Illustration 36:

Coefficient of x* in the expansion of (2 — x + 3x

2y6

Solution:

(2—x+3x2)°=[2+x(3x—1)°

Trp1 = 6C.2°7"x"(3x — 1)7

= 0Cy26 + 6C125x(3x — 1) + 0C,2%x2(3x — 1)2 + C323x3(Bx — 1)3 + ©C,2%x* Bx — D* +.....
Coefficient of x* in ©C,22x*(3x — 1)*is ©C,2?% = 60

Coefficient of x* in 6C323x3(3x — 1)3is 6C323 x 9 = 1440

Coefficient of x* in ©C,2%x?(3x — 1)?is ©C,2* x 9 = 2160

Total 3660

OR Use Multinomial theorem. Make cases
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Solution:

s o )
EBE(&QV(xV(D Now 2p +q = 4
=>pqrp+q+r=56

2,0,4

0,4,2

1,2,3

L_2_04 |§ 0 1v4(912 |§ LAY =

= o ¥V gy O U@ 5 B ()= 3660

Binomial Theorem for Negative and Fractional Indices:

Ifn€R,then (1+x)"=1+nx+ n(nzrl) x? + n(n-1)(n-2) x3 + + n(n-1)(n=-2)...(n-r+1) x" +..

3! r!
e
Remarks
(i) The above expansion is valid for any n belongs to rational number other than a whole number if

|x| < 1.
(i) When the index is a negative integer or a fraction then number of terms in the expansion of
(1 + x)™ is infinite, and the symbol ™C,. cannot be used to denote the coefficient of the general term.
(iii)  The first term must be unity in the expansion, when index ‘n’ is a negative integer or fraction

x”(1+%)n=x”{1+n (%j+%(%j F oo } if % <1
(x+y)" = ) | )

y"(1+§J =y"{1+n (1]+M(ﬁj + e if | X 1<1

i y y 2! y y

(iv)  The general term in the expansion of (1 + x)" is Ty 1 = n(n-1)(n _Zr).' """ (n=r=+1) X"

(v) When ‘n’ is any rational number other than whole number and |x| < 1 then approximate value of
(1 + x)™is 1 + nx (x? and higher powers of x can be neglected)
(vi)  Expansions to be remembered (|x| < 1)
@ A+x)t=1—-x+x?2—x3+.......... +(-D"x"+..... oo
b)) A—x)t=14+x+x%+x3+.......... +x" 00
Illustration 37:
Prove that the coefficient of x” in (1 — x)™is "*"~1(,
Solution:
(r + 1)™ term in the expansion of (1 — x)™ can be written as
-n(-n-1)(-n-2)....(-n—r+1) (_X)r
r!

Try1 =

- (-1) n(n+1)(n+2)....(n+r-1) (—x) = n(n+1)(n+2)...(n+r-1)

r! r!
_ (n=1)! n(n+1)...... (n+r—1)xr
(n-1)!r!
_1)
Hence, coefficient of x” is M: n+r-1¢ . Proved.
(n=1)! r!
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Illustration 38:
If x is so small such that its square and higher powers may be neglected, then find the value of
(1-3x)"* +(1-x)*?
(4+x)"*
Solution:
(1-3x)"*+(1-x)"
(4+x)"?

1—§x+1—g
2 3

X 1/2
2(1+)
4

=]-——X=1——

12 24

al
%[ x19xj1x19 141

An Important Concept Using Pseudo Function:

Illustration 39:

If n is a natural number, then show that the integral part of the number N = (3 + \/7)n is an odd integer and
N(1 — F) = 2™ where F is fractional part of N.

Solution:

Let I be integral part of N

=>I4+F=N;0<F<1

Step-1:

Consider a positive proper fraction F' = (3 — \/7)n; 0<F <1

Step-II:

Now consider the value of I + F + F' (sign should be adjusted s.t. irrational terms vanishes)
[+F +F =2[nCo3)"+"C,3)" 2(N+"Co(3) *(7)2+..... +"C, (V)"

= I + F + F' is an even integer

Since [ is an integer

= F + F' must be an integer

NowO< F+F <2

= F + F' =1 (Since F + F' is an integer)

= [ + 1 = Even integer

= I = odd integer
Now,

*N(1=F) = NF’
=(3+v7)"(3-V7)" =27
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Illustration 40:

Show that the integral part of the number N = (3\/§ + 5)2n+1 is an even integer NF = 22"*1 where F is
fractional part of N.

Solution:

Let I be integral part of N.

= I[I+F=N;0<F<1

Step-1:
2
Consider a positive proper fraction F' = (3\/§ — 5) i 0<F <1
Step-II:
Now consider the value of I + F — F' (sign should be adjusted s.t. irrational terms vanishes)

SI+F—F=(3V3+5)""" = (3V3 = 5)2n1 = 22n+1¢, (3V3) " 542710, (3v3) " 5%,

= I + F — F' must be an even integer

.. F — F' should be an integer,but -1 < F — F' < 1
=F-F =

=F=F

—> [ is an even integer

= NF = NF' = 221

Sum of Binomial Coefficients
Illustration 41:

IfF(1+x)"= "Co+ "Cix+ "Cox®+..ccunnn.n.. + "C,x™, then show that
(i "Co+3M"Ci+32Co+cn.n..... +37"C, = 4™,
(i) "Co+2"C,+3."MCy........ +(m+1)"C, =2""1(n+2).
n n I‘IC nC
(iii)y "C,- &, C G, +(-1)— -
2 3 4 n+1 n+1
Solution:
(i) A+x)"= "Co+ "Cix + "Cox’*+........... + "Cox™
Putx =3
"Co+3MC; +3% "Cotennnn..n.. + 3™ "C, = 4"
(i) I Method : By Summation
L.HS.= "Cy+ 2. "C; + 3. "Cot........ +(n+1). "C,.

= n(r+1),"Cr -y r."C, + n "C
r=0 r=0 ' r=0 '

=n Zn: "IC, +Zn: "C,=n2"1 42" =2"1(n+2) R.H.S.
r=1 r=0
II Method : By Differentiation
(1+x)"= "Cy+ "Cix + "Cox?+........... + "Cpx™
Multiplying both sides by x,
x(1+x)" = "Cox + "Cyx?% + "Cox3+........ + MCx™tL,
Differentiating both sides
A+ +xn(1+x)"1="Cy+2."Cix + 3 Cox?+....... +(n+ 1) "Cx™.

[86] www.allen.in



Binomial Theorem

ALLEN’

putting x = 1, we get

= "Co+2."C; +3."Cy+...... +(n+1)"C, =2"+n.2"1

= "Cy+2."C; +3."Cy+...... +(n+1)"C, =2""1(n + 2) Proved.
(iii) I Method : By Summation

LHS.="C - ngl + ngz — n% F v (—1)”.35”1

A

:ﬁ. 2(_1)r "C {using :T*i ., - n+1cm}

= ﬁ [n+1C1 — n+1C2 + n+1C3_ ________ + (- n+1Cn+1]

= ﬁ [— n+1C0 + n+lc1 — n+162_|_ ........ + (D™ n+1Cn+1 + n+1C0]

= ﬁ [(=1) ("*1Cy — ™1C, 4+ "F1C,+...... F(=1nHL, ntle Y 4 e
= ﬁ =R.H.S,, since {—”“ C,+"C, —n C,+t(-1) n+l C., =0}

II Method : By Integration
1+0)"="Co+ "Cix+ "Cpx?+...... + " C,x™
Integrating both sides, within the limits - 1 to 0.

- 0 2 3 n+1 0
[(1+X) } ={”COX+”C1X_+"C2X—+ ..... +ic X }
) 2 3 1

n+1 n+1
L 0=0- {—”CO +£—£+ ..... +(-)™ ﬁ}
n+1 2 3 n+1
= "C,- n& +n&— .......... +(—=D" 3:L Proved
2 3 n+1 n+1
Illustration 42:
If(1+x)"= "Co+ "Cix + "Cyx?+........ + "C,x™, then prove that
(i "CZ+ "CP+ "Ci+...... +"C2 = 2nC,
(i) MCo"Cy+ "CLMCy3+ MCy"MCyt ... +"Cpop "Cp = *"Cppor *"Cpyy
(i) 1. ™CZ+3."C?+5. "C2+......... +(2n+1). "C:.=2n. 2™1C, + 2"C,,.
Solution:
(i) (A+x)"= "Co+ "Cix + "Crx’+........ + "Cpx™ (1)
(x+ D" = "Cox™ + "Cix™ + MCx™ ... +1C,x% (i)
Multiplying (i) and (ii)
("Co+ "Cix + "Cox?+......... + Cpx™)(MCox™ + MCix™ ...l +"C,x% = (1+x)*"
Comparing coefficient of x™,
"CE+ "CE+ "CEi+........ +nC2 = ¢,
(ii)  From the product of (i) and (ii) comparing coefficients of x™ 2 or x™*2 both sides,
nCo™Cy+ ™Ci"C3+ "CyMCht........ +"Cp_p "Cp = 2"Cpy 0or 2"Cpyr.
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(iii) I Method : By Summation

LHS. =1. "CZ + 3. "C? + 5. "C3+.......... +(2n+ 1) "C2.

=i(2r+1) nCE= znlz.r ("CHPH+ Zn;("c,)z
r=0 r=0 r=0

={2 >n"'c,, ."cr}#“cn
r=1

A+x)"= "Co+ "Cix+ "Cox?+...c.n...... nC,x™
(L+x)1=nCy+nCy x +1Cy X2 + v nC, xn
(x + 1)1 = n-1Cy X1 + 11C; X2 + v #1-1C, 4 X0 ..(ii)

Multiplying (i) and (ii) and comparing coefficients of x.
n-1Cy . nCy + 171C; . 1Cy + v +n-1C ;. nC,=2m-1C,

i n-1 C,,."C.=2m1C,

r=o

Hence, required summation is 2n. 22-1C, + 2nC, = R.H.S.
II Method : By Differentiation

(1 + x2)n=nCy + nCyx2 + nCyrx* + 1C3x6 + ...+ 1C, x21
Multiplying both sides by x

x(1 + x2)n =nCyx + nCyx3 + 1C,X5 + ........ +nC x2n+1,

Differentiating both sides

x.n(1+x2)-1 . 2x + (1 +x2)n=nCy+ 3.7C,x2 + 5.7C, x* + .....

(x2+ 1)1 =nCy x2n + nCy x2n-2 + nC, x2n-4 + ... +nC,

Multiplying (i) & (ii)

()

+(2n+1)nC, x2n ..(i)

.(ii)

(nCy + 3nCyx2 + 5nCyxt + ......... +(2n + 1) nC, x21) (nCy x2n + nCyx21-2 + ....... +1C)

=2n x2? (1 + xZ)Zn—l + (1 + xZ)Zn

Comparing coefficient of x2n,

nCy2 + 3nC2 + 5nC,2 + ... +(2n+1)nC2=2n.2m-1C,_; + 2nC,.

nCy2 + 3nC2 + 5nC,2 + ... +(2n+1)nC2=2n.2n-1C, + 2nC,,
Illustration 43:

2

10 Coz 10 C12 410 sz _""_( 10 C, )2 +(10 C10) =

(A4) 0 ®) (°c,) (©)-"C,

Solution:
Ans. (C)

(1+x)"° =" C, + C,x+" C,x* +..+ °Cox” + °C , x"°
(x-1)"°="Cx"-"Cx’+?Cx*-..-"C,.x+"C,,

10

S = coff.ofx1%in (xz—l) =-1C,

Proved.

(D) 2°C,

[83]
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Illustration 44:

n
The sum ) (r+1)C/ is equal to:

r=0

(n+2)(2n-1) (n+2)(2n + 1) (n+2)(2n + 1) (n+2)(2n-1)
() n! (n—1)! n! (n —1)! © n! (n+1)! () n! (n+1)!
Solution:
Ans. (A)
A4+ =Co+ Cix + e + Cpx™
Multiply by x & then differentiate
A+0)"+xn(1+x)"1=Co+ 201X + e +(m+1DCx™ (i)
and  (x+ 1" =Cox™+ Cix™ 1+ . +C, (i)
Multiply (i) & (ii) & equate the coefficient of x™ on both side
€2 4202+ oA+ DC2 = ¢y 4201y =B COZDE 5y @)

(nh) n!(n-1)! n!(n-1)!

Illustration 45:
F(1+x+x2+x3)5=ag+a;x +ax®+ covereereenn. + a;5x*5,then a, equals to :
(A) 99 (B) 101 (C) 100 (D) 110
Ans. (B)
Solution:

(x*- 1)°(x-1)° = 5Co(x-1)5 - 5Cix*(x - 1)5- SCx8(x -1)7° ...

Coefficient of x1° = 5C, x *C, — 5C; x 1°C, — 5C, x °C, =101

Illustration 46:

The value of p, for which coefficient of x°° in the expression

(1 +x)1000 4 25x(1 4+ x)999 + 3x%(1 + x)9%8 +.....+ 1001 x10% is equal to 1002C,, is :
Ans. (50)

Solution:

Co-efficient of x°°

S=(14x)190 4 2x(1 + x)999 + 3x2(1 + x)2%8+..... +1001x1990 (i)

XS (14 30% + 2x2(1 + x)°%....+ 100051000 4 1001 X (i)
1+ X (1+x)
S . (1+x)10% 4+ x(14+x)% +....... + x1000 _ 1001 X7
1+X 1+X
1001
1_() 1001
N S _ (1 + x)1000 1+X 1001 X
1+x 1% (1+x)
1+X

=S = (1 +x)102-x10°1(1 + x)- 1001 x1°0

1002

Co-efficient of x°° = Cso
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Illustration 47:

1001
If {x} denotes the fractional part of ‘x’, then 82 { > } =

Ans. (3)

Solution:

82 {31001 }z 82 {3.(82—1)250 }: - {3.[250C0(82)250 4250 C1(82)249(—1)+ _____ 4250 Czso]} _3
82 82

Illustration 48:

The sum of 3.7Cy - 8.7Cy + 13.7C; - 18.7C3 +....upto (n + 1) terms is (n = 2):

(A) zero (B)1 2 (D) none of these
Ans. (A)

Solution:

3.1Co-8.nC1 + 13 .7C,- 18 "C3 + ... up to (n + 1) terms

(1 +x5)n=Co + C1x5 + Cox10 + ... + Cpx5n

Multiplying by x3 and differentiating w.r.t. x

x3.n(1+ x> 1 5x% + 3x2(1 + x5)™ = 3Cox? + 8C x7 + 13C,x*2+...... +(5n + 3)C,x>"*?2
Now putx = —1

3Co —8C;+13C, +.......... +(n+1)terms=0

Illustration 49:

5
Let the co-efficients of x™ in (1 + x)2" & (1 + x)?" " be P & Q respectively, then[ P+ Q] =
Ans. (35)

Solution:

5
P=?"C,andQ = *"1(C, = g=2; (1+g] =(1+2)%=35

Illustration 50:

-X 5X

n
In the expansion of {34 +34J , the sum of the binomial coefficients is 256 and four times the term with

greatest binomial coefficient exceeds the square of the third term by 21n, then find 4x.
Ans. (2)

Solution:

2" =256 =28

n=23

-X 5x 8
(34 +34]

4Ts = T? + 21n
-X 5x

-X 5x 2
4x8C,x 34 x3° 4=£8C2x34 "x34 Zj +21n

280 x 3** =282 x 32X 4+ 21 x 8

1
= X==
2
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Illustration 51:

The coefficient of x® in the expression (2 + x)?(3 + x)3 (4 + x)* must be

(A) 26 (B) 27 (C) 28 (D) 29

Ans. (D)

Solution:

The expression (2 +x)2 (3 +x)3 (4+x)4=(x+2)(x+2) (x+3)(x +3)(x +3)(x + 4)(x + 4)(x + 4)(x + 4)
=x9+(2+2+3+3+3+4+4+4+4)x8+ e,

= Co-efficient of x8 = 29

Illustration 52:

The coefficient of x203 in the expression (x — 1) (x2 - 2) (x3 - 3) ceveens (x20 - 20) must be
(A) 11 (B) 12 (©)13 (D) 15

Ans. (C)

Solution:

1 2 2

Expression = x.x2. x3 ......... xzo(l—;j(l—gj(l—%J ....... (1—)(—200)
1 2 3 20
LetE=(1—;j[1——xzj(1—_x3j ....... (1__ij

Now Co-efficient of x203 in original expression
= Co-efficient of x-7in E.
But

_ 1 2 3 16 25 3 4 12 4
E—l_ ;"‘F‘i’?“" ...... + _'_6+_2'_5+_3'_4+ ...... - ;._2._4"‘ ......

= Co-efficientof x-7=-7+6 +10+12-8=13

Illustration 53:

The coefficient of x98 in the expression of (x - 1)(x - 2)......... (x - 100) must be
(A) 12422 +3%+....... +1002

B)YA+2+3+... +100)2-(12+22+ 32+ ....... +1002)

(D) None of these

Ans. (C)

Solution:

The Co-efficient of x98 = (1.2 + 2.3 + .......... 99.100)

Sum of product of first 100 natural numbers taken two at a time
o

(1+2+3+...+100)2- (12 + 22 + 32 +......... +1002)]

Illustration 54:

The number of values of 'r’ satisfying the equation, 3°Cs,._;—39C,> = 39C,2_,—3°C5, is :
Ans. (0, 3)

Solution:

39Csy + 3951 = 3C,2 +39C,2_,

=10¢,;, = 1C,: => r2=3r orr=0,3
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Illustration 55:

Find the value of

6Co. T2C5.—OCL M1 Ce + 9C, 10C, — ©C3. 9°C4 + ©Cy. BCo— ©C5. 7Ce + ©Cq. 6C,

Ans. (1)

Solution:

Coeff of x®: 6Co. (1 + x)12 — 6C;(1+ ) + 6C,(1 + )10 — ¢C3(1 + x)° + ©C,(1 + x)8 —
6Cs(1+x)” + °Cs(1 +x)°

2 3 4 5 6

1 1 1 1 1 1

—a+x?|ec, ¢ [ ——|+oc,[ 2| —sc,| 2| +°c,| 2] —sc.| ] +°c [ ——
(1+) { ’ 1(1+xj 2[1+xj 3(1+x] 4(1+x) 5(1+x] 6(1+XJ:|

6
=(1+X)12.(1—ﬁJ = (14 x)%.x% =1 x coeffof x® = 1

Illustration 56:

-1

2
n 3 C
Ifn is a positive integer & C,, = "C,, find the value of | >’ kz - is:
an(n+1).(n+2){ C,
Ans. (12)
Solution:
c n—k+1)* Q& n
Zk3( j =Y k(n—k+1)* = 3 (n*k+k® +k —2nk? +2nk —2k?)
k=1 k k=1 k=1
~ (n+1)2.n(n+1)+ n(n+1) 2_ 2(n+1n(n+1)(2n+1) _n(n+1)*(n+2)
2 2 6 12
Illustration 57:
100
The value of L if ) '°C_ . ™Cqy = 2%. 100Cyy, is :
m=97
Ans. (3)
Solution:
s 3 n! m! 3
"C,."C. = x =Y'"c rC
mzzp P mzpm!(n_m)! p!(m— p)! mzzp ° P
= "C,[PCy + "TPC ... + " PCyp] = "Cp2™"P; wheren = 100 and p = 97.

Illustration 58:
If (14 x+x%+...xP)° = ap + a;x + a;x? + -+ + agp x°P, then the value of :

[a; + 2a; + 3az+.... +6pagy] is

p(p+1)°

Ans. (3)

Solution:

(1+x+x2+....... +xP)" = ag + ayx+..... +an,x"

Differentiating both side w.r.t. x

n(l+x+x%+........ +xP)P L+ 2x 4. ApxPTY) = ag 4 2apx+. L Anp Ay x P

Now putx =1

_np+)"p
—npth) p

a; + 2a,+..... +npay, =n(@+ D" (1 +2+....+p) , wheren = 6

[92] www.allen.in
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Illustration 59:

If zi _ " then find M.
“~KI(19-k)! 19!

Ans. (2)

Solution:

19,2( 2)". C‘1|z( 1).2rc,

1
:E[—” C,2+°C, 20 - C,.2" +..-2°°C,, |

_ 1 19 19 19 2 19 19 _ 1 19 _ _2
_1—9![ C,-C, 2+ C,.2" -..2". 019—1]_1—9!((1—2) ~1)=—2

A=2
Illustration 60:

x 2Y
The index 'n’ of the binomial (g + gj if the only 9t" term of the expansion has numerically the greatest

coefficient (n € R), is:

Ans. (n=12)
Solution:
n+1 n+1
For Ty to be the numerically greatest term,r = | —— | = 1 =8
1% 1+ ‘
a 2
S 8< M) 9 q1cn<i25on=12

Illustration 61:

10 10
C,
The value of the expression (Z j [Z( 1) J

r=0
Ans. (1)
Solution:
10 10 10 10 10 10 1 10
chr Z(—l)k ck:k = (10Co +ut 19C10) | °C, - G, + CZ:Z ....... + Cl:olo =210x|1-=| =1
r=0 k=0 2 2 2 2 2

Illustration 62:
If (27C)% 4 2.(2C,)? + 3.(2™C3) % +...4+2n. (2 "C,p)% = 18. *v1(,,_,, thennis :

Ans. (9)

Solution:

(4 x) =2+ Cx e + 20 Cy %

differentiating it

2n(1 +x)2"1 = 2nC, + 22" Cox+........ +2n 2nC,,x?" 1

Again (x +)2" = 2MCyx2" + 2NC x2M 4 2NC,x2M24 L. +21Cyp

Required expression = coefficient of x2™ 1 in 2n(1 + x)**1
=2n. 411.—1C2n_1
= Zn 4n_1Czn_1 = 18 4n_1C2n_1 orn= 9
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Illustration 63:
lf22r+3 r=(n+k).2”*1—1
= r+1 n+1

Ans. (2)
Solution:

then 'k'is

n
n+1
) Z Cr+1

L 2r+3
" + _” =2.2"+
> C,= Zz C, z C, Nl X

= r+1
(n+2).2"1 -1

1

Illustration 64:
s -1)'.C 1

f Z ( ) r -
S(r+1)(r+2)(r+3) a(n+b

Ans. (5)
Solution:

),thena+bis

n (-1)'.C, 1
rZ:::(r+1)(r+2)(r +3) (n+1)(n+2)(n+3) & z

— -1 n+3 n+3 0 . n+3 1 n+3 5
_(n+1)(n+2)(n+3)[(1_1) —{MC, (1) +" €, (-1)' + G, (-1)%} |

_ (n+2)(n+1) _ 1
2(n+2)(n+1)(n+3) 2(n+3)

Illustration 65:

3n
> onC, ,(-3) isequal to:
k=1

Ans. (0)
Solution:
3n

3
( r n+ Cr+3

>a=2,b=3o0ora+b=5

S= ). "Cu(-3) = S= 61C,(=3) + "Cs(=3)2+....... +1C,, 4 (- 3)3

k=1

:»5:(@)%6"0%_1(\@ i)™ 35=N§i){(1+ﬁ i)ﬁ";u—ﬁ i)ﬁn}o
k=1

Illustration 66:

If x is very large as compare to y, then the value of k in / / 1+ A

Ans. (2)
Solution:
1/2 1/2

X X 272 2
AN FAN 1 =[1_Y = 1_+-£1- ok =
Xty \X=y |4,V 1-Y x? 2 X

[94]
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