()

(b)

(9

Area Under the Curve

Area Under the Curves and x-axis (Vertical Strips):

Y y=f(

Area bounded by the curve, the x —axis and the ordinateatx = aand x = bisgivenby A = f: ydx,

where y = f(x) lies above the x-axis and b > a.

Here vertical strip of thickness dx is considered at distance x.

Yla b .
0

If y = f(x) lies completely below the x-axis then A = | f: ydx|

If curve crosses the x-axisatx = c,then A = |fac ydx| + fcb ydx

Illustration 1:

Find area bounded by x = 1,x = 2,y = xz,y =0.

¥\

(000 O x=1x=2
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Solution:

2
_ 2 _
A—fl(x 0)dx

[x3]F
3

8-1 7
73 ~3

Illustration 2:

3n
Find area enclosed between y = sinx & x-axis as x varies from 0 to -

Solution:
y N
T 3m/2 ]
A=f sinx dx + f sinx dx 31/2
0 ™ 0 I
= [-cosx]§ + |[—cosx]?t"/2| =1+1)+1](0-1)] =3
Illustration 3:
Find the area bounded by y =sec2x,x = g, X = g & x-axis
Solution:
/3 w3, /3 b i 1 2 )
= = =1t X = _ = — = -_— = . .
Area bounded J.T[/6 yadx L/6 sec” xdx =[tanX]/; =tan 3 tan . NE) 56 sq.units
Illustration 4:
Compute the larger area bounded by ¥ = 4 + 3x — x? and the coordinates axes
. y

Solution:
Fory=0&x=-1,4
A_J-Ald—4+3x2 x34—56 -1 4 55

LT T s T3 0

0
Illustration 5:
The area of the region bounded by the curves y=|x—-2|, x=1, x=3 and the x-axis is
(A) 4 (B) 2 @3 (D)1
Ans. (D)
Solution: y
. _ 3

Required area —L | Xx—2]dx \
=I2(2— x)dx+j3(x—2)dx

1 2

2 72 2 3
:[ZX—X?} {%—24 :%%:1.
1 2 1 2 3 x

[162] www.allen.in



Area Under the Curve Al.l.E.®

2. Area Under the Curves and y-axis (Horizontal Strips):

VA
(@) If g(y) =0 for y € [c,d] then area bounded by curve x = g(y) and y-axis — ~-y=d
‘ x=g(y)
between abscissay = candy = d is I g(y)dy —+—y=c
y=c X
Illustration 6:

Graph of x=g(y)
Find area bounded between y = cos™! x and y-axis between y :g andy = m.

Solution: y
y =cos 1x / T
=X = cosy
x m/2
Required area = —I cosydy
g -1 0 1 >x
=—sin y]z =1
2
Graph of y =cos™* x
Illustration 7:
Find the area bounded by the parabola x? = y, y-axis and the line y = 1.
Solution: 1
. . B E A
2
Area OEBO = Area OAEO =||x|dy = | ydy== .
Jirar =[vor=; 3T
Illustration 8:
Find the area bounded by the parabola x? = y and line y = 1.
Solution: ,
Graph of y = x2
=1
Required area is area OABO B E &Y
1 1
=2area(0AE0)=2j|x|dy=2j\/§dy:§. 0
0 0
Illustration 9:
Find the area in the first quadrant bounded by y = 4x2, x =0,y = 1and y = 4.
Solution:
. YA
Required area = rx dy = rﬂ =dy = 12 y*?
1 12 213 L y =4
1 1 x=0
=— [432-1]==-[8-1
s [0 -1]=5 [8-1] —
7 1 . > X
=— =2 —sq.units.
3 3

Illustration 10:
Find the area bounded by the curve y = (x — 1) (x — 2) (x — 3) lying between the ordinates x = 0 and
x = 3 and x-axis
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Solution:
To determine the sign, we follow the usual rule of change of sign.
y=+ve forx>3 Ya
y =-ve for2 <x <3 c
y=+4ve forl<x<?2
B D F/

y=-ve forx<1. 0 1 2 3 7 X
[Ciytde=[yldx+ [ Tylax+ [ yldx E

0 0 1 2
_ 1 2 3 A 0 —6
= jo—ydx+jl ydx+.|'2—ydx (0,-6)

Nowlet F(x) =J(x-1) (x-2) (x-3) dx = f(x3—6x2+11x—6)dx=%x4—2x3+ % x2 - 6x.

< F(0) = 0,F(1) = —%, F(2) = —2,F(3) = —%.

Hence required Area=—[F(1) = F(0)] + [F(2) —F(1)] - [F(3) —F(2)] =2 % sq.units.

(b) If g(¥) <0 for y € [c,d] then area bounded by curve x = g(y) and y-axis between abscissa y = ¢

d

andy =d is—j g(y)dy

y=cC
Note:
General formula for area bounded by curve x = g(y) and y-axis between abscissa y =c and y =d is

[ latidy.

3. Symmetric area:
If the curve is symmetric in all four quadrants, then
Total area = 4(Area in any one of the quadrants).
y

N

\ Area=4A

Illustration 11:
2 2

Find the area bounded by the ellipse % +yZ =1

Solution:
3
3
Area bounded by ellipse in first quadrant = J%\/9 —x%dx = 775
0
*» Curve is symmetrical about all four quadrant

.. Total area = 4 (Area in any one of the quadrants) -3 3
= 4[3_nj =6m
2
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Area Enclosed Between Two Curves:
(a) Area bounded by two curves y = f(x) &y = g(x)

y y=f(x) YT X X,
0

A /

a yf(x) |
- 1y=9(x) ‘—¢j<,

ol x Xy

y=9(x)
such that f(x) > g(x) is

A= rw-gwiax

where x; and x, are roots of equation f(x) = g(x)

(b) In case horizontal strip is taken we have

yp x=g)

Y2 -\Z-‘
ix =f EJ’)

/ X
Y1

P

Y2
A= f F&) —g 0] dy
Y1

Where y, &y, are roots of equation f(y) = g(y)

(o) If the curves y = f(x) and y = g(x) intersect at x = c, then required area
c b b
A= [ (g@-r @)+ [ (F@-g@)dx = [ If @ - g Wldx

Y y=g(x)

r o)

x=a c x=b

X

Note: Required area must have all the boundaries indicated in the problem.
Illustration 12:

Find the area enclosed between y? = x and y = x. 7 /
Solution: 0 /
Area = fol(\/E —x) N1
32 %2 21 1
“1327 2] 7 (5-2)-0-0=3

Illustration 13:
The area of figure bounded by y=e*,y=¢e™* and the straightline x=1 is

1 1 1 1
(A) e+g (B) e—g (C) e+g—2 (D) e+g+2
Ans. (C)

7 X
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Solution:

Given equations of curves y=e*;y=e* and straight line x=1

We know that area of the figure bounded by the curves and

straight line
1 X —X X -x11 1
=L(e —e )dx=[e*+e ]0=e+g—2.

Illustration 14:

_/
0 1

Find the area enclosed between y = sin x ; y = cos x and y-axis in the 1stquadrant

Solution:
Vi
4
A= f (cosx — sinx)dx
0

= [sinx +cosx]g/4 = (\/—17+i> -(0+1)

V2
=+2-1
Illustration 15:

yﬂ

o
3
-
o~
3

Find the area bounded by y = sin"! x; y = cos™! x and the x-axis

Solution:
If vertical strip is used

1/V2 1
Azf sin‘lxdx+f
0 1/V2

cos™ 1 xdx
If horizontal strip is used

/4
A= f (cosy-siny)dy
0

T

= [siny + cosy]g =v2-1
Illustration 16:

Compute the area of the figure bounded by the straight lines x

y = 2%,y = 2x — x2.

=\

cos™! /2

= 0,x = 2 and the curves

Solution:
R(2,4)
The required area= Iz(yl -y,) dx
0 ")f
X 2 2 ox 2 yxé x=2
where y; = 2*¥andy, = 2x — x* = IO (2* —2x+x")dx
Q
x 2 0,1 2
2 , 1 5 4 8 1 3 4 ) Yo =2X — X
-X°+=X"| =| ——-4+— |=——=——-— =sq.units. o
{fnz 3 l (énz 3) m2 m2 3 1 0 M(2,0)
Illustration 17:
Compute the area of the figure bounded by the parabolas x = —2y?,x = 1 — 3y?2.
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Solution:

Solving the equations x = —2y?%,x = 1 — 3y?, (—2.1) y
we find that ordinates of the points of intersection |1
of thetwo curvesasy; = —1,y, = 1.

The points are (-2, -1) and (-2, 1). P,
The required area 2 10 1

2 [[(x —x,)dy =2 [ [(1-3y*)~(-2y")ldy =2 [ (1-y*)dy

. (-2,-1)
=2 {y_y } =§ sq.units.

? 0
Illustration 18:
Area bounded by curvesy = x2andy = 2 — x? is
(A)8/3 (B)3/8 () 3/2 (D) None of these
Ans. (A)
Solution:
y =x? (i)
y=2-—x? (i) Y
~By equation (i) and (ii) , we get, x = +1 y=x

2

= Required area :ZU:(Z— X2 )dx—J.O1 dex} (-11) (L1

3! 37t =2-x?
_ {22_} 4{_} :4[2}5 y=2-x
3 | 3| \3) 3

4. Standard Areas (To be Remembered):

1
a) Areabounded by parabolas y? = 4ax; x? = 4by,a > 0; b > 0is ——
(a) Areabounded by parabolas y? = 4ax; x* = 4b 0;b > 0i 63ab

Intersection point:

x> =4by i i
y® = 4ax
(0,0)
x? = 4b\dax

x* = 64b%ax
x=0orx = 4b?/3q1/3

4h331/3

A= | (@—X—Zjdx:@

4b 3

(b) Whole area of the ellipse, x?/a? + y?/b? = 1 is wab sq.units.

(c) Area included between the parabola y? = 4 ax & the line y = mxis 8 a®?/3 m3 sq.units.
(d) The area of the region bounded by one arch of sin ax (or cos ax) and x-axis is 2/a sq.units.
(e) Average value of a function y = f(x) over an interval a < x < b is defined as :

y(av) = é E f(x)dx
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(f) If y = f(x) is a monotonic function in (a, b), then the area bounded by the ordinates at x = a,

x=b,y=f(x)andy = f(c) [where c € (a, b)] is minimum whenC=a—er .
Proof : Let the function y = f(x) be monotonically increasing. y y = f(x)
A
c b — L2
Required area 4 = [ (c)~ f (x)]dx-+ [ [ (x) f () dx y =1
X =
For minimum area, dA =0 < >
dc Ov x=a x=c

=[f'(c)c+f(c)-f'(c)a—f(c)]+[-f(c)—f'(c)b+ f'(c)c+ f(c)]=0

2

= f'(c){c—aTer}:O = arh
Illustration 19:

Area bounded by :

(@) y?=4x&x?*=16y

(b) 4y?=x&x?% =4y

Solution:

(@) y? =4ax x? = 4by
~a=1 & b=4
Area = ‘16.1.4‘= 64

3 3

(b) y*=2, x2 =4y

4
y? = 4ax
_1
16
x% = 4by
b=
16.i.1 1
Area = 16 |_=
3 3
5. Area under various cases:

(= f'(e)# 0)

I. Where the curve sketching is very significant:

Curve Tracing:

The following procedure is to be applied in sketching the graph of a function y = f(x) which in
turn will be extremely useful to quickly and correctly evaluate the area under the curves.
(@) Symmetry : The symmetry of the curve is judged as follows :

(i) If all the powers of y in the equation are even then the curve is symmetrical

about the axis of x.

(ii) If all the powers of x are even, the curve is symmetrical about the axis of y.
(iii) If powers of x & y both are even, the curve is symmetrical about the axis of x as well as y.

[168]
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(iv) If the equation of the curve remains unchanged on interchanging x and y, then the curve

is symmetrical about y = x.

(v) If on interchanging the signs of x & y both, the equation of the curve is unaltered then

there is symmetry in opposite quadrants.

(b) Find dy/dx & equate it to zero to find the points on the curve where you have horizontal

tangents.

(c) Find the points where the curve crosses the x—axis & also the y—axis.

(d) Examine if possible the intervals when f(x) is increasing or decreasing. Examine what

happens to ‘y’ when x — o or — .

Illustration 20:

Find the area of a loop as well as the whole area of the curve a?y? = x2?(a? — x?).

Solution:

The curve is symmetrical about both the axes. It cuts x-axis at (0, 0), (- a, 0), (a, 0)

Area of aloop = 2 I:ydx =2 Joagxlaz —x*dx

Y

(—a,0) (a,0)

a
= lr\/az -x (—2x)dx=l[z(a2 —XZ)S’Z} R
a-o alL3 o 3
2 4 .
Total area = 2 x 3 az= 3 a?sq.units.

Illustration 21:

Find the whole area included between the curve x2y? = a?(y? — x?) and its asymptotes.

Solution:

(i)  The curve is symmetric about both the axes (even powers of x & y)

(ii) Asymptotesarex =+ a

A= 4} ydx
0

o ax
=4| ——dx
}[\/az—xz
=4a‘—\/a2—x2 ’

= 4q?

0

dx
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Illustration 22:

Find the area bounded by the curve xy? = 4a?(2a — x) and its asymptote.
Solution:

(i)  The curve is symmetrical about the x-axis as it contains even powers of y.
(ii) It passes through (2a,0).

(iii) Its asymptote is x = 0, i.e., y-axis.

2a 2a _ y
A=2j ydx=2.[2a'/2a de 1
0 0 X

Put x = 2a sin%0 )L
n/2 (2(1,0) X

A = 16a? I cos®0d6

0

=4ra?
Illustration 23:

Inx
Area enclosed between the curves y = ex.fnxand y = —
ex
Solution:
Inx
Solving ex (nX=—
ex

fnx(ezx2 —1) =0

1
x=1o0r Xx=-—
e

Wherex =1;y; =0;y, =0

1
Xx=—3;Vy,=-1;vy,-1

o Y1 Y2
Also examine the increasing and decreasing behaviour of the curve

1
A= I (m—x—ex Knx)dx:g—i
e\ X 4 4e

Illustration 24:

Area of the closed figure bounded by the curves y= 2—|2— X| and y= 3

X
Solution:
2-(2-x) if x<2 L= 2)
T[2+(2-%) if x>2 Y.
xpV P -3
203 3 3 3 . Ve 3
Area =I(x——]dx+](4—x——jdx y=— — y==
B X ) X —x : \ x
/;&“
 4-3(n3 3 y=d-x
2

Illustration 25:
Area of the loop ay? = x%(a—x),a > 0
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Solution:

ay? =x%(a—x),a >0
Cuts x-axis at
0=x?%(a—x)

x?(a—x)=0 \\y

> X
sx=0x=a 2a/3 (a, 0)

cuts y-axis at
ay?> =0
y=0

2

II. Problems based on inequalities:
Illustration 26:

Shade the region.
(i) x+y>5 (i) x?2+y%2<1
equality
(0'5)\7
(0,0) (5,0)
(iii) y>e* (iv)y? > 4x

‘ 4 (0,1
](0,0) 00

Illustration 27:

2 2

Area bounded by Xz+y?21 &x? +y? <25

Solution:

Area=m(5)? -1 (2)(3)
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Illustration 28:

Areabounded by |x| + |y| > 1& x?2+y%2 <1 (0,1)
Solution: 2

Area = m(1)? —(\/E)Z (1,0)
=m—2

Illustration 29:
Find the area bounded by the regions y? > x, x > — ﬁ & curve x? + y? < 2.

Solution:

Common region is given by the diagram

If area of region OAB =\
x =~y
then area of OCD =LA C ) 7 = Vx
B =X &x =-—
ecause y JX &x ﬁ D i
will bound same area with x & y axes respectively. i
y=Ix =>y*=x N > ! Bﬁ

x = —\/§ = x? = y and hence both the curves are

symmetric with respect to the liney = x

2
Area of first quadrant OBC = % = g (v r= \/5)

T

Area of region OCA = 5 A

Area of shaded region = (g -A)+ A= g sq.units.
III. Enclosed Area for curve represented parametrically:

t=p =58
If the equation of the curve be in parametric form then A= j y.%.dt or j X.i—i’.dt,
= t=y

t=a

where a & fare values corresponding to values of x and y & dare values corresponding to values of y.
Illustration 30:
Find area bounded by curve x = 2 cost & y = 3sint where t is a parameter.

x =2costy = 3sint
cost=5 sintzl
2 3

Solution:

Use: cos?t +sin®t = 1
2 2

X_+y_=1

4 9

Area = 61
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Illustration 31:

Area bounded by curve y = 2t & x = t? & y = 3x where t is parameter.

Solution:
2
Since, t:X SO, x=y—
2 4
y2=4x ; y=3x
4a =4 ; m=3
a=1
2
Area = 8a3 =8;1:£
3m’| 3.27 81
IV. Area enclosed by inverse of a function:

The area bounded by a curve (say y = f(x)) on x axis is equal to the area bounded by the inverse
of that curve (f~1(x)) ony axis.

Illustration 32:

Find area bounded by y = f(x) &y = f~1(x),x = 1 & x = e where f(x) = e”*.

Solution:

A= fle(e" — fnx)dx

e e y=€x
=fexdx—jﬂnxdx y = fnx
1 1
e 0 1 |e
=e*| —|1./nx
1 I |

=(e*—e)—(e—e—0+1) =€ —e-1.

Illustration 33:
Let f(x) = x3 + 3x + 2 and g(x) is the inverse of it. Find the area bounded by g(x), the x-axis and the
ordinateatx = -2and x = 6.

Ans.9/2
Solution:
The required area will be equal to area enclosed by y = f(x), the y-axis between the abscissaaty = -2
andy =6 y
Fory=-2,x=-1 6
andy=6,x=1 [
1 0 i
Hence A=f(6 —f (X))dx+j( f (X)—(—Z))dx (0,2)
‘ - -1/
1 0 i X
=_[(4—x2 —3x)dx+‘|.(x3 +3x+4)dx =9/2
0 -1 -2

Illustration 34:
If y = g(x) is the inverse of a bijective mapping f:R — R, f(x) = 6x° + 4x3 + 2x, find the area bounded
by g(x), the x-axis and the ordinate at x = 12.
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Solution:
y

F)=12= 6x5 +4x3 +2x =12 >x =1 F0.1)] D y=x
12 1 ' y — f(x)
I g(x)dx =area of rectangle OEDF - I f (x)dx V=900
0 0 A(0,1) % B

1
=1x12- j(6x5 +4x° +2x)dX =12 -3 =9 sq. units.

0 » x

0 F(1,0) €(12,0)

V. Shifting of origin:
Since area remains invariant even if the coordinate axes are shifted, hence shifting of origin in many cases
prove to be very convenient in computing the areas.

Illustration 35:

Find area enclosed between the parabolas y? = 4(x - 2) and (x - 2)? = 16y
Solution:

Letx-2=X E 2?
Y2=4X ; X?=16Y

(2,0)

o_|16ab|_[16(1)(4)_64

'3 1] 3 | 3
Illustration 36:
Area enclosed between the parabolas y? —2y + 4x +5=0and x2 + 2x—y + 2 = 0.
Solution: y
(y-1) =—4(x+1) ; (x+1) =y-1 Xe=y
Puty-1=Yandx+1=X X
Y2=-4X ; X?=

2_
1620 [16(-1)(1/4)| 4 n
3| 3 |3

lustration 37:
Find the area enclosed by |x — 1| + |y + 1| = 1.

Solution:
Shift the origin to (1, -1).

0.1

V2
(-1, 03\ (1,0)

(O’ _1)
X=x-1 Y=y+1
|X|+ 1Y =1

Area = \/Ex\/z = 2 sq. units
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Illustration 38:

Find the area of the region common to the circle x? + y? + 4x + 6y — 3 = 0 and the parabola

x% + 4x = 6y + 14.

Solution:

Circleisx? +y?+4x+6y—3=0
=x+2)2+@y+3)2=16

Shifting origin to (-2,-3).

X2+v2=16

equation of parabola — (x + 2)? = 6(y + 3)
= X2 =6Y

Solving circle & parabola, we get X = + 2 NG

Hence they intersect at (—2\/§,2) & (2\/§,2)

Azzﬁﬁdv +j'de}

0 2

2 2 1 16 Y71
=2/ =2J6|Y¥* [ +| =Y16-Y? + —sin ' —
{Sﬂ 143 :

4 2

H

43 16n
3

6. Determination of Unknown Parameters:

Illustration 39:

sg. units
3E

(=2v3,2)

A

(0,4)

(2v3,2)

v

Let y = f(x) is non-negative function such that area bounded by y = f(x), x-axis,x =0&x =t, te (Ogj

is sint-tcost Vt e(O,gj then find f [%j
Solution:
t
sint-tcost =.[ f (x)dx
0
On differentiating
cost—(cost-tsint)=f (t)
cost-cost+tsint= f (t)
R oEgntor L
4) 4 4 4 o

Illustration 40:

4
Find the value of ¢ for which the area of the figure bounded by the curves y = F; X=1 and y = c is equal

9
to —.
4
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Solution:

1 4
A= I [C—7j dX
4

:[cx+—}1 , . y=c
X 2/ / <i )ll” (1,4)
, Y A2
—c+4-2Jc-24c Ve y—4=/x

7
020_4‘/E+Z il

A

N NY RN N Vo)

1 49
c=—,—

4" 4
Illustration 41:
Find the area of the figure bounded by the parabola y = ax? + 12x - 1 4 and the straight line y =9x-32if
the tangent drawn to the parabola at the point x = 3 is known to make an angle - tan™ ! 6 with the x-axis.
Solution:
y=ax?+12x—14

Q=2ax+12 ; ay =6a+12
dx dx|,_s
hencetan(m-tan"16) =6a+12=>—-6=6a+12 =>a=-3
hencey = -3x% + 12x-14 (notethat D <0,y < 0V x € R) Y
. . . . . —2 2 3
point of intersection of the line with parabolaare x = -2or 3 . — X

Hence A= j'[—sz +12x-14]-(9x-32) Jdx
-2

3
Az(—x3 +6X* —14x—gx2 +32xj
-2

2 3

A=l —x¢ +3X L 18x

2 2
A=—27+2—7+54—(8+6—36) _125

2 2

Illustration 42:
The area bounded by the x-axis and the part of graph of y = cosx, between x = -m /2 and x = /2
separated into two regions by the line x = k. If the area of the region for - /2 < x < k is three times the

area of the region for k < x < m/2,thenk =

Solution:

K /2 |

I cosxdx:BIcosxdx x=k

-n/2 K ‘

sink -sin I =3 sinE—sink - _
2 2 - O| | T

2 2
4sink=2 = k:g 2

[176] www.allen.in



Area Under the Curve Al.l.E.®

Miscellaneous Questions
Illustration 43:
Let y be the function which passes through (1,2) having slope (2x + 1). The area bounded between the

curve and x-axis is

(A) 6 sq. unit (B) 5/6 sq. unit (C) 1/6 sq. unit (D) None of these
Ans. (C)
Solution:
Y

ﬂ=2x+1 Sy=x*+x+c
dx
=y=x%4x [*c=0byputtingx =1,y =2 —\

y [ y putting y=2) (- 10) 00y X

1Y 1 . o .
= | X+= | =y+—, which is a equation of parabola, whose vertices is, v
2 4 (-1/2,-1/4)
[ -1
2 4

Area bounded between the curve and x-axis

0 0 3 270 _
= jydx = j(x2+x)dx S (RS O 0—(—1+1] =‘— 1‘:1

e ) 3 2], 3 2 6] 6
Illustration 44:

y(3x-1) ,
Let S=4(xy);———==<0; and §'={(x,y) €A,B;-1<A<1land
x(3x-2)

-1<B <1} ThenareaofSNS'is
Solution: E L2 -

olution: 0 2/3
Case-I wheny < 0, then ﬂ >0 =Xe [Olj u(z,ooj

x(3x-2) 3) \3
(3x-1) 12
Case-Il: wheny > 0, then ————-<0 = xe(—»,0)U| =,=
x(3x-2) 3'3

Also,x € [-1,1],y € [-1,1]

Area of S N §' = Area of shaded region = 1 +%x3 =2

Illustration 45:

The area bounded by the curve y = (x + 1),y = (x — 1)? and the line y =% is

(A)1/6 (B)2/3 @ 1/4 (D) 1/3
Ans. (D)
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Solution:

Required area = 2“11/4 (\/V —1)dy|,(From the symmetry)

y:(x + 1)2 Y y= (x_ 1)2

(0,1)
\\ — y =1/
-1 1 X

. . 1 .
On solving, we get required area = 3 sq. unit.

Illustration 46:
Find the smaller of the areas bounded by the parabola 4y? — 3x — 8y + 7 = 0 and the ellipse
x2+4y? - 2x—8y+1=0.

Solution:

C,is4(y?>—2y)=3x—7

or4(y—1)2=3x—-3=3(x—-1) (1)

Above is parabola with vertex at (1, 1) (1,3/2)
Cris(x?2 =2x)+4 (y?—2y)=-1 11

or (x—1?+4(y—-1)2=-1+1+4

(x-1)* (y-1)* _ 3
% + I =1 .(ii)

Above represents an ellipse with centre at (1, 1). Shift the origin to (1, 1)

P
N /(2,0)

or

X

and this will not affect the magnitude of required area but will make the

M
(1,—V3/2)

calculation simpler.
Thus the two curves are

2 2
4Y? = 3X and >2(_2+YT =1 They meet at (1,i§j

Required area=2(A + B) = 2 [J.YldX +J.Y2dX}

NEXS! 24/4—X? 3 2n .
=2{7I0\/YdX+LTdX = ?+? sq.units.

Illustration 47:

Find the equation of line passing through the origin & dividing the curvilinear triangle with vertex at the
origin, bounded by the curves y = 2x — x2,y = 0 & x = 1 in two parts of equal areas.

Solution:

Area of region OBA = Iol (2x—x*)dx
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Area Under the Curve Al.l.E.®

Let pt. € has coordinates (1,y)

AreaofAOCB=%x1xy:%

Ly
3 A
C has coordinates (1, Ej
3 A, AC(Ly)
2 A
Line OC has slopem = 3—— _2 0 B(1,0)
1-0 3

Equation of line OCisy =mx =y = % X.

Illustration 48:
The area bounded by y = x2 + 1 and the tangents to it drawn from the origin is :-
(A) 8/3 sq.units (B) 1/3 sq. units (C) 2/3 sq. units (D) none of these
Solution:

The parabola is even function & let the equation of tangentis y = mx
Now we calculate the point of intersection of parabola & tangent
mx=x>+1

x2—-mx+1=0=D=0=>m?—-4=0=>m=+2

Two tangents are possible y = 2x & y =-2x

Intersectionofy =x2+1&y =2xisx =1&y =2

Area of shaded region

1 1
OAB = [(yz—yl)dx='f((x2+1)—2x)dx=§ SQ. units
0

0

1) 2
Area of total shaded region = 2 (5) = 3 Sg. units

Illustration 49:
3
If the area bounded by f (x)zxg—x2 +a and the straight lines x = 0; x = 2 and the x-axis is minimum

then find the value of a.
Solution:

Case-I

S

/\r/, 0 | )

Case-II
flx)=x*-2x=x(x-2)=0
(note that f(x) is monotonic in (0,2))
Hence for the minimum area and f(x)
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. 0+2
must cross the x-axis are T =1
1
Hence f(1)=§—1+a=0

2
= a==
3

Illustration S50:

If the area bounded by y = x? + 2x - 3 and the line y = kx + 1 is least. Find k and also the least area.

Solution:
x1 and X, are the roots of the equation
Sl SN
x*+@2-k)x—-4= E
(0,1) ;
x1+x2=k—2} i} //§
X X, =—4 j,k'Z —:1 0 1x2
A=f[(kx+1)—(x2+2x—3)]dx
X X ; X=X L1/ s B
= (k—2)3—3+4x = (k—Z)T.g(xz—xl)HL(xz—xl)
2
=(x2—x1)[(k_22) —%((x2+x1)2—x1x2)+4]
2

= (%, + X, )’ 4% X (k—2) 1 k-2)" +4)+4

2 1 172 2 3

3/2

k-2 +16 k-2)" +16

k-2 +16 [1(k_2)zg}:[( ) 16]
6 6 3 6

A is minimum if k = 2. Hence Amnz%
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