Vector Algebra

Introduction:

Vectors is a useful tool to deal with the problems contained in mechanics, rotational motion and in applied
mathematics.
Physical quantities are broadly divided in two categories viz (a) Vector Quantities & (b) Scalar
quantities.
(a) Vector Quantities:
Any quantity, such as velocity, momentum, or force, that has both magnitude and direction and for
which vector addition is defined and meaningful; is treated as vector quantities.
Note:
Quantities having magnitude and direction but not obeying the vector law of addition will not be
treated as vectors.
For example, the rotations of a rigid body through finite angles have both magnitude & direction but
do not satisfy the law of vector addition therefore not a vector.
(b) Scalar Quantities:
A quantity, such as mass, length, time, density or energy, that has size or magnitude but does not
involve the concept of direction is called scalar quantity.

Mathematical Description of Vector & Scalar:
To understand vectors mathematically we will first understand directed line segment.
Directed line segment:
Any given portion of a given straight line where the two end points are distinguished as Initial and
Terminal is called a Directed Line Segment.
The directed line segment with initial point A and terminal point B is denoted by the symbol AB.
The two end points of a directed line segment are not interchangeable and the directed line segments.
AB and BA mustbe thought of as different.
(a) Vector:
A directed line segment is called vector. Every directed line segment have three essential

characteristics.
/ i
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(i) Length: The length of AB will be denoted by the symbol ‘ﬁ‘

Clearly, we have |E| =|§4|
(ii) Support: The line of unlimited length of which a directed line segment is a part is called its line
of support or simply the Support.

(iii) Sense: The sense of AB is from A to B and that of BA from B to 4 so that the sense of a directed
line segment is from its initial to the terminal point.

(b) Scalar:
Any real number is a scalar.

Some Special Vectors:

(a) Zero Vector (Null vector):
A vector of zero magnitude i.e. which has the same initial & terminal point, is called a Zero Vector.
It is denoted by O and its direction is arbitrary.

Note:- zero vector has many properties similar to the number zero.
E.g. A boy throwing a ball up and catching it back in his hand, the displacement of the ball is a null
vector.

(b) Unit Vector:
A vector of unit magnitude in the direction of vector d is called unit vector along a and is denoted

by & symbolically & =ﬁ
a
Illustration 1:

Find unit vector of

(1) A=3i+4]-5K

(2) A=ai+(b+c)j+ck

Solution:

(D ‘A‘:\/9+16+25:\/5_0 = unit vector: %

al +(b+c)j+ck
\/az +(b+c)+c*

(2) W :\/a2 +(b+c)*+c® = unit vector:

Illustration 2:

Find B in direction of 3iA+4j°+5I2 & B has magnitude 3
Solution:

B =(3) x unit vector in given direction

3 31 +4]+5k
5.2

(c) Equal Vectors:
Two vectors are said to be equal if they have the same magnitude, same direction & represent the
same physical quantity with same or parallel line of support.
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(d) Vectors can be Classified as:

(i) Free vectors: Vectors which when transformed into space from one point to another point
without affecting their magnitude and direction, can be considered as free vectors i.e. the physical
effect produced by them remains unaltered.

e.g. displacement, velocity. (Generally, IIT-JEE deals with free vectors only)

(ii) Localized Vector: Vectors which when transformed into space from one point to another point
with affecting their magnitude and direction, can be considered as localized vectors i.e. the
physical effect produced by them are changed

e.g. force in case of rotational motion (torque will be changed).

Note that:

(i) Number of distinct unit vectors in space perpendicular to a given plane is 2.
(one upward and one downward).

(ii) Number of unit vectors in space parallel to a given plane is infinite.

(iii) Number of distinct unit vectors perpendicular to given line in space. (Infinitely many, think of the line
as perpendicular to the xy plane. The unit vector might make any angle 6 with the x-axis.)

(iv) Number of distinct unit vectors parallel to a line in space is 2.

(v) Two vectors are equal if they have equal components in an arbitrary direction

(e) Multiplication of Vector by Scalars:
If d is a vector & m is a scalar, then (ma) is a vector parallel to & whose modulus is |m| times that of
| @ |. This multiplication is called Scalar Multiplication. If & and b are vectors & m,n are scalars,
then:
m(a) = (aA)m = ma
m(nd) = n(ma) = (mn)a
(m+n)a = ma + nd
m(a+b) = ma + mb

(f) Coplanar Vectors:
A given number of vectors are called coplanar if their line of support are all parallel to the same plane.
Note that “Two Free Vectors Are Always Coplanar”.

(g) Co-initial Vector:

Vectors having the same initial point are called Co-initial Vectors and the vectors having the same

final point are called Coterminous Vectors.

Vector Addition:

The vectors have magnitude as well as direction, therefore their addition is different than addition of real

numbers.

Let & and b be two vectors in a plane, which are represented by AB and CD. Their addition can be

performed in the following two ways.

()

Triangle law of vectors: If two vectors are represented in magnitude & direction by two sides of a

triangle taken in same order then their sum is represented by the third side taken in reverse order.
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Addition of Two Vectors:

QU

Qy

0 A

Let 4 and b be two given vectors. Take any point O. Let OA=a and AB=b , so that the final point of a is

the initial point of b. Then the vector OB is called the sum of vectors @ and b

Thus OB=0A+AB=a-+b

This is known as triangle law of vector addition.

(ii) Parallelogram law of addition of vectors: If two vectors be represented in magnitude and direction
by the two adjacent sides of a parallelogram then their sum will be represented by the diagonal
through the co-initial point.

P

4
a

Let & and b be vectors drawn from point O denoted by line segments OP and @ . Now complete

the parallelogram OPRQ. Then the vector represented by the diagonal OR will represent the sum of

the vectors & and b.

i.e.OP+0Q=0R

or a+b=0R

This method of addition of two vectors is called Parallelogram law of addition of vectors.
Illustration 3:

If a, b are any two vectors, then give the geometrical interpretation of the relation ‘5+6‘ =‘5—6‘.

Solution:
Let OP=a and P—Q =D complete the parallelogram OPQR. Then

OR=b and @:5

L R Q

From AOPQ OQ=a+Db, by the vector law of addition -1
From AORP RP=a-b .

- e R b
But ‘a+b‘=‘a—b‘ a+b
ie. [0G] =[P

0 > P

i.e,0Q = RP a

i.e., diagonals of parallelogram are equal.
i.e, OPQR is arectangle

OPL'OR > al'b
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Properties of Vector Addition:
(1) a+b=b+a (commutative) (2) (d+b)+C=a+(b+C) (associative)

(3) 4+0=a=0+4a (additive identity) (4) a+(-a)=0=(-a)+4 (additive inverse)

Polygon Law of Vector Addition (Addition of More Than Two Vectors):

Addition of more than two vectors is found to be by repetition of triangle law. Suppose we have to find the
sum of five vectors &, 5, C, d and €. If these vectors be represented by line segment @\, ﬁ, ﬁ, CD and

DE respectively, then their sum will be denoted by OE . This is the vector represented by rest (last) side
of the polygon OABCDE in reverse order. We can also make it clear this way:
By triangle's law

OA+AB=0B or d+b=0B
OB+¢=0C or (@+b)+c=0C
OC+d =0D or (3+b+¢)+d=0D
OD+&=0E or (@+b+¢+d)+8=0E

Here, we see that OE is represented by the line segment joining the initial point O of the first vector & and

the final point of the last vector €.

In order to find the sum of more than two vectors by this method, a polygon is formed. Therefore, this

method is known as the polygon law of addition.

Note: Ifthe initial point of the first vector and the final point of the last vector are the same, then the sum
of the vectors will be a null vector.

Illustration 4:

A,B,P,Q,R are five points in any plane. If forces ﬁ,m,ﬁ acts on point 4 and force @,@,@ acts on

point B then resultant is:

(A) 3AB (B) 3BA (C) 3PQ (D) 3PR

Ans. (A)

Solution: A

From figure

AP+ PB — AB

AQ+QB=AB \% Q

AR +RB=AB
So (ﬁ+ATQ+ﬁ) + (?B+@+@) = 3AB \

so required resultant = 3AB.

¥
a~

oy
N
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Illustration 5:
Prove that the line joining the middle points of two sides of a triangle is parallel to the third side and is of
half its length.

Solution:

Let the middle points of side AB and AC of a AABC be D and E respectively.

— BA=2DA and AC=2AE

Now in AABC, by triangle law of addition

— BA+AC=BC D

— 2DA+2AE=BC = FA+E=%E

- ﬁ:%%

Hence, line DE is parallel to third side BC of triangle and half of it.

Subtraction of Vectors:

Vector —b has length equals to vector b but its direction is opposite. Subtraction of vector d and b is
defined as addition of d and (—6). It is written as follows:

d-b=a+(-h)

Geometrical Representation:

In the given diagram, a and b are represented by OA and AB.We extend the line AB in opposite direction
upto C, where AB = AC. The line segment AC will represent the vector b. By joining the points O and C,
the vector represented by oC is é+(—5) .i.e. denotes the vector a—b.

Note:

(i) a-a=a+(-a)=o0
(i) a-b=b-a

Hence subtraction of vectors does not obey the commutative law.
(iii) a—(b—c¢)=(a—-b)—c

i.e. subtraction of vectors does not obey the associative law.
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Representation of a Vector in Space in Terms of 3 Orthonormal Triad of Unit

Vectors:
C A
' P
B €277
r \
(o) B
A
A sy
CI

Let P(x,y, z) be a point in space with reference to 0X, 0Y and OZ as the coordinate axes, then 0OA = x,
OB =yand0C =z

Let i, j, K be unit vectors along 0X, OY and OZ respectively, then
OA=xi,OB=Yyj, OC =k

OP=0C'+C'P=0B+0A+0C [..C'P=0C]
=OA+OB+0C =xi + Y] + K

Position Vector:

0

Let O be a fixed origin, then the position vector of a point P is the vector OP. If & & b are position vectors

of two point A and B, then E=5—é=pv of B — pv of A.

Illustration 6:

If dand b are two vectors of magnitude 1 inclined at 120°, then the angle between b and b-4 is-
n T T 5n

A) — B) = Q) — D) —

(A) 5 (B) 2 @ < (D) ~

Ans. (C)

www.allen.in [105]



ALLEN JEE (Main + Advanced) : Mathematics

Solution:
OA=4, OB=b, AB=b-a LAOB=120°
From the diagram, it is clear that

B

[yl

ZOBC =30° = g

Angle Between Vectors:

Angle between two vectors is angle between head-head or tail-tail. Angle between a & b is represented

byﬁ"BzO.
b b
a a a

b
0
(v) (x) (v)

Collinear Vectors:
Two vectors are said to be collinear if their directed line segments are parallel disregard of their direction.
Collinear vectors are also called Parallel Vectors. If they have the same direction they are named as like

vectors otherwise unlike vectors. (&, b, € are collinear)

> —a
b&—
—_—>C

Note: Symbolically, two non-zero vectors d& and b are collinear if and only if, d=Kb,where K € R.

If K > 0, like parallel vectors,
K < 0, unlike parallel vectors.
Illustration 7:

If & and b and are non-collinear vectors, then find the value of x for which vectors:
a=(x-2)a+ b and B=(3+2x)a- 2b are collinear.
Solution:

Since the vectors o and B are collinear.
.. there exists scalar A such that a.=A B

= (x-2)i+b=2{B+2x)d—2b}=(x—2—-2@+2x))d+(1+2)b=0
=>x—2—-AB3+2x)=0and1+241=0

:>x—2—A(3+2x)=0and/1=—%
= x-2+3(3+2)=0=4x—1=0>x = 4
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Illustration 8:

IfA= (21+3]),B = (pi+9]) and C = (i — j) are collinear, then the value of p is:
(A)1/2 (B)3/2 @7/2 (D)5/2

Ans. (C)

Solution:

AB=(p—2)i +6f, AC =—i—4}

Now 4, B, C are collinear < EHA—C & p—_lzz% &S p= %

Illustration 9:

The value of A when ész—3j+I2 and 5=8f+kj+4l€ are parallel is:

(A) 4 (B) -6 (C) -12 (D) 1
Ans. (C)

Solution:

Since & & b are parallel = z:—%—% =>A=-12

Section Formula:

If & & b are the position vectors of two points A & B then the p.v. of a point C(C) which divides AB in the
ratiom : nis given by:
(a) Internal Division:

A@ m C(P<—n > B(b)

&:F:mb+na
m+n

a+b
Note: Position vector of mid-point of AB = —
(b) External division:

m
A@) Bb)<—n—>C(d)
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Illustration 10:
Prove that the medians of a triangle are concurrent.
Solution:

Let ABC be a triangle and position vectors of three vertices 4, B and C with respect to the origin O be &, b
and C respectively.

- OA=&, OB=b, OC=¢
Again, let D be the middle point of the side BC,

—— b+¢
So the position vector of point D is OD = >

Now take a point G, which divides the median AD in the ratio 2 : 1.
~ 1/~ .
1.0A+2.00 18+25(0+€) sip.¢
1+2 1+2 3
Similarly, the position vector of the middle points of the other two medians, which divide the medians in

Position vector of point G is 0G =

d+b+¢
the ratio 2 : 1 will comes out to the same T , which is the position vector of G.

Hence, the medians of the triangles meet in G i.e. are concurrent.
Illustration 11:

If the middle points of sides BC,CA & AB of triangle ABC are respectively D, E, F then position vector of

centroid of triangle DEF, when position vector of 4, B, C are respectively I+ j, i+ 12, K+i is

(A) %(f+j+l€) (B) (I +j+K) (€ 20 +]+K) (D) %(f+j+l€)
Ans. (D)

Solution:

The position vector of points D, E, F are respectively %+ K, i+ szr ] and %+ i

So, position vector of centroid of ADEF = %{%+I€+f+%+%+ j _2 h+]+ kA] .

Illustration 12:
A(3f —4]- 4I2) B (Zf —j+ IZ) and C (f -3j- 5I2) . Show that the points are vertices of right-angled triangle

and also find:

(i) ortho centre of AABC
(ii) circum centre of AABC
(iii) centroid of AABC

(iv) circumradius of AABC
Solution:

AB=1/(1)* +(3) +(5)* =35
BC = /(—1) +(~2)* +(-6)* =41
AC = (=27 +(1)* +(-1)* =6
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AB? + AC? = B(C?
.. right angled A at A C(1,-3,-5)
(i) Orthocenter of AABC = A = (3,—4,—4)

(ii) Circumcenter of ABC : — mid — point of BC =(%,—2,—2j

(iii) Centroid = 3+1+2'—4—3—1’—4—5+1
3 3 3 2-11)

(3,—4‘,—4) 4

Hypotenuse /41

2 2

(iv) Circum radius =

Illustration 13:
If P(p), Q(qg), R(7) and S(5) be four points such that 3p + 8G = 67 + 55, then the lines PQ and RS are -
(A) skew (B) intersecting (C) parallel (D) none of these
Ans. (B)
Solution:
Given 3p + 84 = 67 + 5§
_ 3p+8g _ 6r +5s
8+3 5+6
= The point which divides PQ in ratio 8 : 3 is the same as the point which divides RS in the ratio 5: 6.
Hence, the line PQ and RS intersect.

Vector Equation of a Line:
(i) Vector Equation of a Straight Line Through a Given Point and Parallel to a Given Vector:

Let the line passes through the given point A(é) and parallel to the given vector b.

Taking any point P(F) on the line. b

Then, P(fﬁ =th, te R) and is parameter A p
- - - (@ Q)

or, r—a=tb

or, r=a+tb

This represents the vector equation of the required straight line.
(ii) Vector Equation of a Straight Line Through Two Given Points:

Let A(é) and B(B) be two given points. Taking P(F) -be any point on the line.

Since AP and AB are collinear, then ﬁztﬁ,te R

A P
@) B )

or, F—azt(b—é)
or, FzéH(B—é)
or, Fz(l—t)§+t6

This represents the vector equation of the required straight line.
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Important Note:

(i) Two lines in a plane are either intersecting or parallel, conversely two intersecting or parallel line
must be in the same plane.

(ii) However,in space we can have two neither parallel nor intersecting lines. Such non-coplanar lines are
known as skew lines.

(iii) If two lines are parallel and have a common point then they are coincident.

Illustration 14:

Find equation of line which is passing through (0, -1, 1) & parallel to the line r =(1, 2, 3) -A(1, 2,-1)

Solution:

Direction: -1 -2 j +K

Required line & given line are parallel lines implies they have same direction ratio.

Point: (0, -1, 1) direction: (-1, -2, 1)

equation: r= (Of - j + I2)+ k(—f -2 j + 12)

Illustration 15:

Ifaline has a vector equation 7 = 2i + 6] + A ({ — 3j), then which of the following statements does not hold

good?

(A) the line is parallel to 2T + 6] (B) the line passes through the point 3% + 3j
(C) the line passes through the pointi + 9] (D) the line is parallel to XY - plane

Ans. (A)

Solution:

For option (A)

Since (I — 3j) is not parallel to 2i + 6;.

For option (B)

31+3j=2i+6]+A({—3))
=>1-3]=10-3))

>Ai=1

Hence, the line passes through the point 3% + 3j
For option (C)

i+9]=21+6j+1(-3))
=>—-1+3j=20-3))

>i1=-1

Hence, the line passes through the point i + 9§
For option (D)

Normal vector to xy plane = k

Line is parallel to  — 3]

Sincek.(1—37) =0

Hence, line is parallel to XY plane.
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Illustration 16:
Vector equation of a line passing through points (1, 0, -1) and (2, 5, 1) is:

(A) T —K+A(f +5] +2K) (B) 2 +5] +K+A(i —K)

(C) 2 +5]+K+A(l +5]+2K) (D) I —K+A(2f +5]+K)
Ans. (A, C)
Solution:
r=a+ib

b=2i +5]+k—(i —K)

b=i+5]+2k

— a

I —I2+k(f+5i+2I2) or F=2f+5]+|2+k(f+5i+2l2)

Vector Equation of The Bisectors of the Angles Between The Lines:

Note: Angle Bisector of Two Vectors: If @ & b are two vectors & € is along their angle bisector then

¢=MA+Db) where >0

Lines given by F=a+Ab and F=a+ UC has angle bisectors along line given by F=é+t(6+é) and

+5(€—b), where t & s are parameters.

Q;

F=

Proof:

Take AB=b and AC=2¢ as unit vector and note that ABDC is a rhombus so diagonal is bisecting the angle.
- b+¢ . R
Hence AM = — . one bisectoris r=a+t(b+¢)

Similarly, another bisectoris r=a+s(¢— 5)
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Illustration 17:
Let O be the centre a regular hexagon ABCDEF. Then the magnitude of sum of the vectors

OA,0OB,0OC,0D, OE and OF is

(A) \3 (B) 0 (€)2 (D)1
Ans. (B)
Solution:

We know that the centre of a regular hexagon bisects all the diagonals passing through it.
&z—@,@z—@ and OC= -OF

= @ﬁ@:O, OB+OE =0 and OC +OF = 0

Hence, @+@+&+Oﬁ+(ﬁ+ﬁ

(OA+0D)+(0B+0E)+(0C+0F) =0

Illustration 18:

If S is the circumcentre, O is the orthocentre of AABC, then SA+SB+SC =

(A) SO (B) 250 (C) OS (D) 20S

Ans. (A)

Solution:

Let 6 is centroid
SA+SB+SC=A-S+B-S+C-S= A+B+C-3S
— SA+SB+SC= 36—3§

Now 6:O+ZS

(Here S is circumcentre and O is orthocenter)

— SA+SB+SC=0+25-35=0-5=50

Test of Collinearity:
3 points 4, B, C will be collinear if AB = ABC,
Necessary and sufficient condition:

Three points A, B, C with position vectors &, b, C respectively are collinear, if & only if there exist scalars

x,y,z not all zero simultaneously such that; xa+ y5+26 =0,wherex+y+2z=0.
Illustration 19:

Vectors Collinear/non-collinear
1. i+ i+l2, 3f+3j+3I2 Collinear
2. 2i—j+K, —4i+2]-2k Collinear
3. 2i+4]+6K, 31 +6]+8k Non-Collinear
4. 3i+6]+8K, 3f—§j+6|2 Collinear
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Illustration 20:

Prove that the points with position vectors a=i -2+ 3k, b=2i +3 j— 4K & -7 j+ 10K are collinear.
Solution:

If we find, three scalars ¢, m & n such that (a+ mb +né 26, where /+m+n=0 then points are collinear.
001 =27 +3K)+m(2i +3] —4K)+n(=7 ] +10k) =0

= (0+2m)i +(=2¢+3m=7n)]+(3¢—4m+10n)k =0

=/+2m = 0,-2/+3m-7n = 0,3/-4m + 10n = 0

Solving, weget/ =2,m=-1,n=-1

since/+m+n=20

Hence, the points are collinear.
Alter:

) ( —2}+3I2)=f+5]°—7l2

4K
BC=c-b (7j+10k) (2|+3j—4l€):—2f—10j+14l2=—2(f+5j—7l€)

Hence &, b & € are collinear.
Illustration 21:

The vector €, directed along the bisector of the angle between the vector 7i—4 | —4K and -2i - i+ 2K with

1€ |=56 is -

(A) g(f— j+2K) (B) §(5f+5j+2|2) (©) g(f+7]+212) (D) none of these
Ans. (A)
Solution:
Let =71 —4] -4k c
and b=-2f — j+2k B lact
S b ¢

Angle bisector of A divides the BC in the ratio of
- P\ 148l
-

A A ~ A \ = — B
AD— 9(-21-J+2k)+3(7i-4)-4k) | 1-7j+2k a

9+3 4
C= ‘a‘ N (. 7]+2K) -
Illustration 22:

1 3 :

Let & & b are non-collinear vectors (linearly independent) and smO—E a+ cosE)—? b =0 then find

general solution of 6.
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Solution:
It is possible only when,

NG

sine—lzo & cosO——=0
2 2

3

sin@ = cosO=—

N | =

9=2n7't+E

Scalar Product of Two Vectors (Dot Product):
Definition: Let @ and b be two non-zero vectors inclined at an angle 0. Then the scalar product of d& with

b is denoted by a-b and is defined as é-6=|51||5|c059; 0<0<m.

S
Yol
D

Qy
\
\

(a) a-b=|a|lb|cos6(0<0<n)

Note that if @ is acute then a-b >0 & if 8 is obtuse then d-b <0

(b) (i) a-a=|af=a’ (i) 4-b =b-a (commutative)
(c) a-(b+c)=a-b+a-c (distributive)
(d) a-b=0<4a_Lb;@, b=0)

Simple Identities to Remember Are:

(i) (a+b)-(a-b)=a’-b>

(i) (d+b)°=&2+2d-b+b?=(d+b)-(d+b)=(4)*+(b)*+2lallblcoso
(i) (d-b)’ =a2-2d-b+b?=(a)*+(b)> -2lallblcoso

(iv) (a+b)}=(a-b)*+44d-b

(v) (d+b+C) =a*+b’+c*+2> (d-b)

(vi) a-B:i((mB)z—(a—B)z)

General Expression for Dot Product:
If= (_i = ali + a2j+ agl’é & = B = bli+ b2j+ b3i€then C_l)B = a1b1 + azbz + a3b3 &
a-b ab, +ab, +ab,
Se: — — =
|allb] Ja? +a?+a? b} +b? +b?
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Illustration 23:

If & and b are unit vectors, then which of the following values of a-b isnot possible?

NE) 1 -1
(A) \3 (B) - © 5 (D) —
Ans. (A)
Solution:

Since d-b =|§||5| cosO=cos0O and cosO never be equal to \/§
Illustration 24:

If pth,qth,rth terms of a G.P. are the positive numbers a,b,c then angle between the vectors

loga’i +logb? ] +logc?k and (q—r)i +(r—p)j+(p-q)K is:

T I
A) — B) =
(A) 3 (B) 5
(C) sin™ [%J (D) none of these
a“+b+c
Ans. (B)
Solution:

Let x be first term and x the common ratio of the G.P.
na=xoxP™t b= xyx7c=xpx"1
= loga =logxy+ (p—1)logx;

logh =logxy, + (q —1)logx; logc =logxy + (r — 1) logx
If a=loga’f +logh?]+logck and b=(q—r)i +(r—p) J+(p—q)K
" é-BzZZ(loga)(q—r):ZZ(logxo+(p—1)logx)(q—r):0

— arb=",
2
Illustration 25:

Prove that the medians to the hypotenuse of an isosceles triangle is perpendicular to the hypotenuse.

Solution:

The triangle being isosceles, we have

AB = AC (i) A0
—— b+¢ o

Now AP :T where P is mid-point of BC. p

Also BC=¢-b

- AP-BC=2FC cpy=Lier oy B(b) A(0)

2 2
2%(ACZ—ABZ):0 {by (1)}

..Median AP is perpendicular to base BC.
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Illustration 26:
The vectors ﬁz3f+2j+2l€ & BC=—i-2K are adjacent sides of a parallelogram then angle between

diagonals is

(A) 60° (B) 45° (C)90° (D) 135°
Ans. (B, D)
Solution:
 The diagonals AC=AB+BC = 2f+2j D ¢
And BD=BC-AB=-4i -2]-4k
~. |AC|=2v/2,|BD|=6 A B
.. Angle between diagonals is
AC-BD |_ 050 = Q = 45°o0r 135°
| AC||BD|
Geometrical Interpretation:
Projection of & on 6 = T—;IT = a-B . It can be +ve, -ve or zero.
) L (aB). s G
Note that vector component of d along b=| — |b =(a-b)b
b2
. ib )~ 6 S
and vector component of @ perpendicularto b=a-| — |b b
b2
|d|cos 6

Illustration 27:
Find the distance of the point B(f+2]°+3l€) from the line which is passing through A(4f+2]+2|2) and
which is parallel to the vector C=2i+3 j +6K .

Solution: B(1,2,3)
AB=+3%+12 =10

AM :A*B'é:(_3|’\+|2)(2|%1+6k)

= —-6+6=0
2 2 2

BM® = AB* — AM A4+ 2j+2

So, BM = AB =+/10

Illustration 28:

& E I

—
C

d and b are two given vectors. On these vectors as adjacent sides, a parallelogram is constructed. The

vector which is the altitude of the parallelogram and perpendicular to a is given by

@ | 22 |5 @ | 2 5-3 (c) Dx(@b) o | 22 3+8
|af |BF B Ef;
Ans. (A)
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Solution:
The altitude required is BN
BN =ON-OB = projection of OB on OA-b

Linear Combination of Vectors:

Qu
oS

0 N

A vector 7 is said to be a linear combination of the vectors a, 6, C, ... if there exist scalars x, y, z... such that

r=xa+yb+zC+..
For example - F=25+6—4E, r=a+2b-3c

are linear combination of the vectors &, b, C.

Fundamental Theorem in Plane:

Let a,b be non-zero, non-collinear vectors. then any vector r coplanar with a,b can be expressed

uniquely as a linear combination of a,b ie. there exist some unique X, y € R such that xa+ y5 =r.

Illustration 29:

Find a vector C in the plane of a=2i+ j—|2 and b=+ jA+I2 such that C is perpendicular to b and

¢-(-2f +3]-k)=-1

Solution:

Any vector in the plane of @ & b can be written as Xd+ yb
let C=xa+ yB [by fundamental theorem in plane]

Now, given that
¢-b=0 = (xd+yb)-b=0

xa-b+yb?=0
=>x(—2+1-1D)+y3)=0
—2x+3y=0 (i)

Also (xd+Yyb)-(—2f +3]-K)=-1
= xa-(-21 +3]-K)+yb-(~2( +3] —K)=—1
Sx(—4+3+1D)+y(2+3-1)=-1

oL
4
x=3y__3
2 8
. . 3 ) 2 ~ 1 o 2 ~
Hence the required vector C :—§(2| +] —k)—Z(—l +J+Kk)

:%[—6f—3j+3|2+2i“—2j—2|2]=%[_4f_5j+;2]

www.allen.in
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Illustration 30:

Let g,b,g be three vectors such that a-a=h-b=c¢-c=3 and ‘a+b ¢l tlo+c-a
then
(A) a-b+b -8+8-§=_79 (B) 5, b,g are coplanar vectors

> 2 2L 5 5 =27
© a-b+b-c+c-a:T (D) None of these
Ans. (A,B)
Solution:
- —>2 - > —)2 S5 *)2
‘a+b—c‘ +‘b+c—a +‘c+a—b =36

2,2 2 N

:3(‘5 +‘b +‘3‘ )_Z(a-b+b-c+c-a):36

> 77 5 5 o 9
= a-b+b-c+c a:—E

2 2 2

- 2 >
Hence a, b, ¢ are coplanar and represents sides of triangle.

Illustration 31:

If ézf+2]+3l€,6=2f+3]°+l2,6=3f+j+2kA and ad+p 5+y 6=—3(f—|2).Thenthe triplet (a, 8,7v) is -
D) (2,1,-1)

(A) (2,-1,-1) (B)(-2,1,1) A(C-2-1,1)

Ans. (A)

Solution:

ad+pb+yc=-301-k)

a(1,2,3) + B(2,3,1) +v(3,1,2) = —3(1,0,—1)
>a+26+3y= -3

=2a+3+y=0

=3a+p+2y=3

Sa=2,=-1Ly= -1

Vector Product of Two Vectors (Cross Product):
(@) Ifa & b are two vectors & 6 is the angle between them, then

axb = |é”6‘sin6 fi, where A is the unit vector perpendicular to

both & & b suchthat &, b & i formsa right handed screw

system.

[118]
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Sign Convention:

Right Handed Screw System:
a, b and f form a right handed system it means that if we rotate vector a@ towards the i
- = i
direction of b through the angle 6, then i advances in the same direction as a right handed o _:;>
screw would, if turned in the same way. \/
(b) Unit vector perpendicular to the plane of & & bis + | ?Xg & a vector of magnitude r perpendicular
ax
to the planeof @ & b =+ r(f‘ XP)
|axb|
_ L _ |axb|
(c) If0is the angle between & & b then sinf = m
a

(d) Langrange's Identity:

[ax b | is very frequently needed for which Lagranges identity is used.

ie. ‘é x 5‘2=a2b2_(5.5)2 _

)
)
M

Al =g

o
Q|
o

Proof:
—2
‘é X b‘ =a’b*sin®0 = a° b° 1- cos’ 0)

= a?b?—a?b%cos?0 = a?b%— (d-b)’

(e) Properties of Cross Product:
(i) axb=0=a=-x 6(5 £0;b = 0) =ie. d and b are Collinear/Linearly dependent however if

xb=0and 3-b=0=d=00orb=0

Q

(i) axb =bxa (in general) (not commutative)
(iii) ax (6 +C)=ax b+ax¢ (distributive to be proved later using triple product)
(iv) (éxB)xC # éx(k;x(?) (in general) (vector product is not associative).

~

(v) iA><iA=j¢><j°=|2><l2=0 and fx]:lz, ijZ:f,IZx' =]

i ]k
(f) Expression for axb, where é=a1f+a2j+aglz & 5=b1f+b2j+b3lz then dxb =|a, a, a,
b, b, b

[
N
o
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Illustration 32:
A unit vector perpendicular to the plane determined by the points (1,-1,2),(2,0,-1) and (0,2,1) is

1 I 2 " 1 & 2 ~ 1 o 2 ~
2 K —(2 k — k —(2I—-]-k
(A) £ \/—(I+J+) (B) Jg(l+1+) @ \/g(l+1+) (D) Jg(' 1-K)
Ans. (A)
Solution:

a ~ —

=i+]-3K, b=—2 +2]+2K
]k
dxb=[1 1 -3|=8i+4]+4k
-2 2 2
Hence unit vector :i%.
Illustration 33:

If §=2f+3]—5l2, 5=mf+nj+12l2 and axb =0 then (m,n) =

W32 W) o2 o2y

Ans. (C)

Solution:
]k

axb=[2 3 -5
m n 12

=(36+5n)i —(24+5m) ] +(2n—3m)k =0

-24 -36
S>m=—, n=—-.
5 5

Illustration 34:

The sine of the angle between the two vectors 3i+2 j —Kk and 12i +5i —5k will be

J115 51 J64
(A) \/ﬁ—\/@ (B) m (&) Jﬁ—\/@ (D) None of these
Ans. (A)
Solution:
i ] ok
dxb=|3 2 -1|=-5{+3]-9k
12 5 -5

\25+9+81 /115

(i1 194 1419

=sin0=
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Illustration 35:
If |§-6|:3 and |51><5|:4, then the angle between a and b is -

43 13 a4 T
(A) cos 11 (B) cos 15 (C) cos 15 (D) "
Ans. (B)
Solution:
|a-b|=abcos6=3 (i)
and |dxb |=absin0=4 ..(ii)
Dividing (ii) by (i),

we get tan@z%:cos@z%:ﬁzcos’li

Geometrical Interpretation:

| axb Hal| b |sin® denotes the area of parallelogram whose two adjacent sides are the vectors a & b.
B C

Note:

Area of a parallelogram / quad. if diagonal vectors al & 6|2 are known is given by % 61 X 62

Vector Area of A Plane Triangle:

(i) Area of the triangle (in terms of sides) 2
1201 BAxBc] = [ABx AC] b
B 2 C
a
(i) If &, b, € are the position vectors then the vector area of AABC is @)
A=Z[(c-b)x(d-b)]
B, L B(b ¢
A:%[(éxb)+(bx6)+(6xé)] ®) ae)

Note: If 3 points with position vectors &, b and € are collinear then &x b+bx¢+Exa=0.
Illustration 36:
Let ABCD is a parallelogram where AB= é,ﬁ = 5,

d|=|b|=2 and |axb|+a-b=+2[dljp| (a-b>0), then
area of this parallelogram, is (in square units)-

(A) 242 (B) 2 € V2 (D) 82
Ans. (A)
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Solution:
|é”5‘sin6+|é”5‘cose :\/E|é”5‘
= sin9+c059:\/§

= 0=—
4

Area of ABCD = ‘éxﬁ‘ =22
Illustration 37:

If A, B, C, D are any four points in space, then | ABxCD+ BC x AD+CAxBD| is equal to

(A) 2A (B) 4A (©)3A (D) 5A
(Where A denotes the area of AABC)

Ans.(B)

Solution:

Let A be the origin and let the poisition vectors of B, C and D be b,¢ and d respectively.

Then E:B, ﬁ=a—6, ﬁ:E—B, AD=d, CA=—-C and BD=d —b.

~. | ABxCD+BC x AD +CAxBD| D

=|bx(d —€)+(c—b)xd —cx(d—b)| ¢

=|bxd —bxE+Exd—bxd—cxd+Exb|

=|-b xC+Exb|=|-2(b x€)|=2|b xC]| A B
=4 (area of triangle ABC).

Illustration 38:

If vertices of a triangle are A(1,—-1,2),B(2,0,—1) and C(0,2,1), then the area of a triangle is

(A) V6 (B) 26 (©) 3v6 (D) 46
Ans. (B)
Solution:

— —
Form two vectors AB and AC

] i K
1 — — 1
A=E|ABXAC|=E =X Y.=¥ 4%
X=X Y=Y, L3—7

~

[ T
1 1, ~ & »
==||1 1 =3||==|81+4)+4k|
2 2
-1 3 -1

=%\/64+16+16=@:2\/€.
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Illustration 39:

The area of a parallelogram whose two adjacent sides are represented by the vector 3i —K and f+2j is

@) %Jﬁ (B) %Jﬁ (©) V41 (D) %ﬁ

Ans. (C)
Solution:

The area of parallelogram is given by = ABx AD | = % | AC xBD |

Here we are given adjacent sides and so

A ~

I ]k
ABxAD=|3 0 -1/=2i-]j+6k
12 0

Hence required area is =| 20— ]+ 6k |=/41.
Illustration 40:

The area of the parallelogram whose diagonals are &= 31+ j—212 and b=i-3 j+ 4K is
(A) 103 (B) 543 )8 (D) 4
Ans. (B)
Solution:
A=1|ax6 |
2
]k
But dxb=[3 1 -2|=-2i-14]-10k.
1 -3 4

Hence A:%|éx6|:%\/4+196+100 =5.3.

Shortest Distance Between Two Lines:

If two lines in space intersect at a point, then obviously the
shortest distance between them is zero. Lines which do not
intersect & are also not parallel are called skew lines. In other
words, the lines which are not coplanar are skew lines. For
Skew lines the direction of the shortest distance vector would
be perpendicular to both the lines. The magnitude of the
shortest distance vector would be equal to that of the

projection of AB along the direction of the line of shortest

distance, LM is parallel to pxq

ie. LM = |Projection of AB on W| = |Projection of AB on
pxq|

1pxdl |

IfS.D.=0 = lines are intersecting and hence coplanar.
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Illustration 41:
Find the shortest distance between the lines F=(4i - })+A(i +2] - 3I2) and F=(1 - j+2K)+p(20 +4]- SIE)

6
Ans. — unit

5

Solution:
We know, the shortest distance between the lines r=a, +A 51 &r=a,+A 62 is given by

4 _|@—d) (b xby)
|b,xb, |

Comparing the given equation with the equations r=a +2A 51 and r=a,+A 52 respectively,

2

we have & =4i — j,d, =i — j+2k, b, =i +2]-3k and b, =2 +4] -5k

P] oK
Now, 52—§1=—3f+0j+2ﬁand b,xb,=[1 2 -3 =2i — j+0K
2 4 -5

- (8,-4,)-(b, xb,)=(-3F +0] +2k)-(2f - ] +0k)=—6 and |b, xb, |=/4+1+0 =5
—%}@%@ﬂquzjl_
b, xb,| | [V5] 5

.. Shortest distance d = I(a2

Shortest Distance Between Two Parallel Lines:
d,

C-il B
—_—
BX(é:z—é:l)

If two lines are given by 1, =4, + K15 &r,=a,+ K26 i.e. they are parallel then, d = ‘ 5]

Illustration 42:
Find the shortest distance between lines 7 = (i +2j+ E) + AQ2i +j + 2k) and
7= (20—-j—k)+uQi+j+2k)

Ans. (MJ

3
Solution:
Line (i) & (ii) are passing through the points d; = (i +2j+ IE) and d, = (fl —j- E) respectively and are

parallel to the vector b= (Zi +i+ 212). Hence the distance between the lines using the formula given by

~ a ~

Pk
2 1 2
bx(s,-a) |1 -3 -2| [4i-6]-7K 636449 Jio1
b 3 3 3 3
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Geometrical Results with Vectors & Problems:

(a) Tetrahedron:

(i) Lines joining the vertices of a tetrahedron (a pyramid on a triangular base) to the centroids of the
opposite faces are concurrent and this point (P) of concurrecy with P.V. g = w is called the
centre of the tetrahedron.

(ii) In a tetrahedron, straight lines joining the mid points of each pair of opposite edges are also
concurrent at the centre of the tetrahedron.

(iii) According to diagram AB,CD & AC,BD & AD, BC are pairs of opposite edges.

(b) Parallelepiped:

Four diagonals of any parallelepiped (A prism whose

base is a [|9™ ) and the join of the mid point of each

pair of opposite edges are concurrent and are bisected

at the point of concurrence. (See the adjacent figure) P p 4+

is called the center of the parallelepiped with P.V.
d+b+c _
2 B(b)
OA+0B+0C

2
Illustration 43:
Figure shows a parallelepiped with AB = 3, AD = 5, AE = 7 Distance between centre of parallelepiped &
centre of the tetrahedron FAHC is

i.e.

H
F (;7
e
B C
Solution:
centre of || piped = €1+2+6
F(b+c),A(0),H(a+b),C(a+c) (iJ) u
centre of tetrahedron F / bq /
_(6+C)+(6)+(é+5)+(5+5) 2 ’20) 5 D(d)
- ' © c
_a+b+c
2

Since centre of parallelepiped and centre of tetrahedron is same therefore distance is 0.
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Illustration 44:

ABCD is a tetrahedron with AB =a, @zf}, ﬁzﬁ, CD=d where P is the foot of perpendicular from A

lying inside plane of ABCD. Which of the following statement(s) is/are always correct?
(A) dxb is parallel to C. (B) d xb is not parallel to C.

© (éxé)ﬁ:O (D) (éxé)-aio

Ans. (A,D)

Solution:

CDxPB is normal to plane BCD A

- dxb]|E

axC is not perpendicular to d
- (8x€)-d =0

Illustration 45:A . o B 5 P
Let AB=i+]-3k, AC=3i+j+4k & AD=2j-k are three co-

Qu

U

terminus edges of a tetrahedron ABCD. If position vector of center of tetrahedron is (f +2]+ 3I2), then-

(A) Position vector of point 4 is ( j+3l€)

(B) Position vector of point A4 is (f+ 3I2)

(C) Length of median drawn through vertex 'A" in AABC is

SRR

(D) Length of median drawn through vertex 'A" in AABC is

2
Ans. (A,D)
Solution:

a+b+c+d
——— =g (1)

b+c+d—3a=4i+4] (2)
putting value of eq. (2) in eq. (1);

= —4a+4f+4j=f+zj+3|2
4
= A(é)z]+3l€
B(6)=i +2f
C(c)=3i+2j+7k
D(&):3}+21€
length of median = AB+AC =(21 + ]+g =g

[126]
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Product of 3 vector:

When 3 vectors are involved with a dot or a cross between them, then 6 different symbols are

(i) (a-b)c (i) (3-b)-¢ (i) (-b)xE (iv) (Axb)E  (v) (Axb)-€ (vi) (Axb)xE

First is scalar multiple of a vector; (ii), (iii), (iv) are meaningless (v) and (vi) are scalar and vector triple
product respectively.

Scalar Triple Product / Box Product / Mixed Product:
(i) Thescalar triple product of three vectors a, b & € is defined as: (axb)-¢ =|al|| b [|C|sinBcosd where

6 is the angle between d & b & ¢ is the angle between dxb & €. It is also defined as [a b cl,

spelled as box product.

(ii) Scalar triple product geometrically represents the volume of the parallelepiped whose three

coterminous edges are represented by &, b &E¢ieV= [556]
(iii) In a scalar triple product the position of dot & cross can be interchanged i.e. é-(BxC) =(ax #)-5

OR [4 b ¢]=[b ¢ d]=[C & b]

(iv) d-(bxC)=—a-(Cxb) ie. [A b C]=—[dCb] If da=a,i +a,j+ak; b =hi+b,j+bk &
o, a a & - o
C=ci+c,J+ck, then[d b C]=|b, b, b,| Ingeneral,if &=a/l +am+a,i; b =b]l +b,m+b,n
Cl CZ C3
- B 4 & & -
C=cl+cm+c,n then [d b C]=|b, b, b|[l Mmn]; where |, M&n are non-coplanar vectors.
c, ¢, C

(v) If g, b, € are coplanar [a b C]=0= 4, b, € are linearly dependent.

(vi) Scalar product of three vectors, two of which are equal or parallel is 0 i.e. [a b C]=0

Note: If &, b, C are non- coplanar then [a b C] > 0 forright handed system & [a b C] < 0 forlefthanded
system.

(vii) [i jK]=1

(viii) [Kd b €]=K[a b €]

(ix) [(d+b) ¢ d]=[ac d]+[bcd]

(x) The Volume of the tetrahedron OABC with O as origin & the pv’s of A4, B and C being &, b & ¢ are

1[566]

ivenby V = =
g y 6
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The position vector of the centroid of a tetrahedron if the P.V. of its angular vertices are &, 6, ¢ &d

given by %(é+5+6+5)

A B
Note that this is also the point of concurrency of the lines joining the vertices to the centroids of the
opposite faces and is also called the centre of the tetrahedron. In case the tetrahedron is regular it is
equidistant from the vertices and the four faces of the tetrahedron.

(xi) [a-b b—C ¢-4a]=0 &[d+b b+¢é+d]=2[d b ¢
Illustration 46:

If &, 6, C are non-coplanar vectors such that bx¢=4&,dxb=C and Cxa =b then -

(A) [ab ¢]=1 (B) [ab ¢]=1 (C) |d| + |b| + 12 =3 (D) None of these
Ans. (A,C)

Solution:

bx¢é=d=[dbc]l=d-a = |dl?

similarly, @xb = é=[db & = |¢|?

¢x d =b=[dbd] = |bJ?

Also,[db¢] = [b X ¢ éx d a X b] = [db ]2

= [dbé]=1

—|d| + |b| + |¢]=3
Illustration 47:

Let d= a,i+a,j+ask, b= b1+ b,j+bsk and é=c; 1+ ¢, j+ c; k be three non-zero vectors such that € is a unit

2
a 8 g
vector perpendicular to both dand b . If the angle between d and b is % then (b, Db, b, | isequalto:
c, C C

1 2 3

1 2 2 2 2 2 2
Ans. - (a +a +a) (b b5 +b])

Solution:

i jal*jBl”
b, b, b,| =[a b C’]z=((&xb)-5)2=(|&I|b|sin05-€)2= )
c, C, ¢C

1 2 3

= 5 (@ +al+al) (o +5}+b))
Illustration 48:

~

Ifd=1jk,b=1+2j—kandé= 30+ pj + 5k are coplanar then the value of p will be
(A) -6 (B) -2 @2 (D) 6
Ans. (A)
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Solution:

Since d, b, ¢ are coplanar vectors

1 -1 1
.1 2 -1{=0=p=-6.
3 p 5

Illustration 49:
Volume of the parallelepiped whose coterminous edges are 21 — 3j + 4k, + 2j — 2k,31 — j + k, is

(A) 5 cubic unit (B) 6 cubic unit (C) 7 cubic unit (D) 8 cubic unit
Ans. (C)
Solution:
2 -3 4
V=|1 2 -2|=|-7|=7 cubic unit.
3 -1 1

Illustration 5S0:

If d,b,C are vectors such that [d b ¢| = 4, then [éxﬁ bx¢ éxé] =

(A) 16 (B) 64 (4 (D)8
Ans. (A)

Solution:

[axb bxééxd]=(axh) [(bx&)x(@xad)]
=(ixb)-([pédlé—[pécla)=(axb)-([bcd]é—0)
=[béd|[@bél=[dbé|[dbéd] =44=16.
Illustration 51:

Ifd,b, ¢ are non-coplanar vectors and A is a real number, then the vectors

G+ 2b + 3¢,Ab + 4¢ and (24 — 1)¢ are non-coplanar for

(A) No value of 4 (B) All except one value of 4
(C) All except two values of 1 (D) All values of 4
Ans. (C)
Solution:

1 2 3
For coplanarity, [0 A 4 |=0=>A= 0,%

0 0 2x-1

1

. All values except two values of A =0, E .

Vector Triple Product:
Let d,b and € be any three vectors, then the expression éx(Bxé) is a vector & is called vector triple

product.
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Geometrical interpretation of dx(bxc)

Qu

. ¥
ax (bx?) -
bXxc
/ E /
b

Consider the expression éx(ﬁxé) which itself is a vector, since it is a cross product of two vectors
da& (b xc).

Now éx(f)xé) is vector perpendicular to the plane containing a & (5 x C) but (6 x C) is a vector
perpendicular to the plane b & €, therefore éx(Bxé) is vector lies in the plane of b & ¢ and

perpendicular to a. Hence, we can express éx(Bxé) in terms of b & € i.e. éx(5x6)=x6+y6 where
x & y are scalars.

(a) dx(bxC¢)=(a-c)b—(a-b)c (b) (axb)xc=(a-€)b—(b-c)a

(c) (Axb)xC #ax(bxc)

Illustration 52:

If a=f+2j+4|2, b=2f—3j+l2, C:f+4j—4lz,thenthevector éx(ﬁxé) is orthogonal to -

(A) d (B) b e (D)d + b + ¢
Ans. (A,D)

Solution:

dx(bxé)=(d-&b—(d-b)é

dx(bx&) =-7b(=d-b=0)

and b is orthogonal to d.

-

= d X (b x ¢) is orthogonal to d.

N - N ~

Also,a + b + ¢ = 41+ 3j + k is also orthogonal to b.
Hence, @ + b + ¢ is orthogonal to ax(bx¢).

Illustration 53:

If|@] = |b| = |¢] = 1 such thatd x (b x ¢&) = %E (b and ¢ are not collinear) then -
(A) d and ¢ are perpendicular (B) the angle between @ and ¢ is 30°
(C) the angle between @ and ¢ is 60° (D) @ and b are perpendicular

Ans. (C,D)
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Solution:

.. Choices (C) and (D) become correct.
Illustration 54:

If ézf+j+l2, 5zf—j+|2,6 is a unit vector such that ¢-a=0, [€ab]=0 then a unit vector d

perpendicular to both d and C is

(A) \/_(ZI—j+k) (B) %(Hk)
© ﬁ(hi) (D) \/1_(| k)
Ans.(B)

Solution:

C is along the vector éx(éxﬁ)
dx (dxb)=(a-b)a-(a-ap
=(-D)(E+j-k)-3(-7+ k) =-4i+ 2j- 2k

. . i j ok
”_%:Jng?,axé: 1 1 -1
X
6 |axc] 21 -1
. N . -4k
=-j(-3)+k-3=30+k)> d = ——
J G+k) NG

Illustration 55:
If a, b , C be the unit vectors such that b is not parallel to C and a X (25 X E) = E, then the angle that a

makes with b and ¢ are respectively:

T_ T T _ 2% T _ 2% b4
A) — & — B) — & — C) —&— D) — & —
()3 4 ()3 3 ()2 3 ()2 3
Ans.(D)

Solution:

ax(2bxc)=b =>2[ c)b-(a-b)c ] b

= a-c d-b=0
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Illustration 56:

Ifd & 6 are two non collinear vector d - b # 0 and

GX(@X(@X(@eareraannnn.. X (d % (d x b)) = A(axb).Find A.
2018 times

Ans. - | d|?018

Solution:

dx(dxb)=(d-b)d-(a-a)b
(Ax(ax(axb)))=-|d[ (axb)
(ax(ax(ax(axb)))) =-|af ((a-b)a—(a-a)b)
(Ax(Ax(Ax(ax(axb))))) = |a[* (Axb)

Similarly, &@x (ax (8 (&.mmmreen x(ax(dxh))=-|a["® (dxb)

2018 times

Product of More Than 3 Vectors:
(i) Scalar Product of Four vectors:

a-

(axb)-(cxd)=(a-¢)(b-d)—(a-d)(b-c)= :

o O
T Q)
Q.

(ii) Vector Product of Four vectors:
V =(axb)x(cxd) is:
(1) Coplanar with &, b
(2) Coplanar with ¢, d

(3) parallel to the line of intersection of plane containing &, b and C, d.

V=(@xb)x (&xd)

Letd = d x b

then @ X (¢ X d) = [@bd]|¢ — [dbd]d (i)
again V = (@ x b) x (Exd) = (@- )b — (b- ¥)d = [déd]b — [béd]d  ..(ii)

<l

Nowfrom (i) and (ii)

[@bd]é — [@bd]d = [aéd|b — [béd)d . (iii)

This shows that if there are 4 vectors, no 3 of which are coplanar, then any one of them can be expressed

as linear combination of other 3 vectors.

Illustration 57:

If i x[(d— )x1]+ ] x[(A—K)x J]+Kx[(@—1)xK]=0, then find vector &.
Solution:

ix[(@a-xil=0-DE-H-0-@-ni

=a—]-(i-a)

~ a A

Similarly, Jx[(d-K)x j]l=d—k—(]-d)]

[132]
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And kx[(d-1)xK]=d -1 —(k-a)k

Illustration 58:

If b and € are two non-collinear vectors such that a||(b xC), then prove that (dxb)-(ax¢) is equal to

|l (b- ).
Solution:
a||(bx¢)
= a=A(bx¢) and d=dlbandalc
- 7> - d'd C_i'(?
Now(axb):-(axc)=|> 3
w(@xb)-@xa=[ - .

Necessary & Sufficient Condition for Coplanarity of Four Points:

4 points with pv's 4, b,¢,d are coplanar iff 3 scalars x, y, z and t not all simultaneously zero and

satisfying xa+ y5+26+ta=0, wherex +y+z+t=0.
A(@)

8 D(d)
o) 46

Illustration 59:

Examine for coplanarity of the following sets of points

(A) 4 +8]+12K ,2i +4]+6K, 31 +5]+4K, 51 +8] +5K

(B) 3a+2b—5¢C, 3a+8b+5C, —3a+2b+¢, a+4b—3C.

Where &,b,¢ are non-coplanar.

Ans. (A) Coplanar (B) Non-coplanar

Solution:

(A) Let A=4i+8]+12k; B=2i +4]+6K ; C=3i+5]+4K ; D=5i +8]+5K

AB=-2i-4]-6k ; BC=i+]-2k ; CD=2i +3]+K

2 -4 -6
[ABBCCD]=|1 1 -2/=[-2(1+6)+4(1+4)-6(3-2)] =-14+20-6 = 0
2 3 1

Hence coplanar.
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(B) Using these 4 points let us create any 3 vectors V, = 6b +10¢, V, =—6a+6C

V,=-2a+ 2b +2¢ check coplanarity of these vectors

0 6 10
V, , ,]=|-6 0 6|[abc]#0
2 2 2

hence non coplanar

Linear Independence and Dependence of Vectors:

()

(b)

If X, X,,....X, are n non-zero vectors, & kq,k,,....... k,, are n scalars & if the linear combination

k%, +K,X, +..k X =0=k, =0, k, =0..k, =0, then we say that vectors X, X,,....%, are linearly

independent vectors.

If X;,%5,....... X, are not linearly independent then they are said to be linearly dependent
vectors.

ie. if kX + kyXp+....... kn%, = 0 & if there exists at least one k, # 0 then %;,%,, ... %, are said to

be linearly dependent.

Illustration 60:

Show that points with position vectors a — 2b + 3¢, - 2d + 3b- G, 4d-7b + 7¢ are collinear. It is given that

vectors @, b, C are non-coplanar.

Solution:

The three points are collinear, if we can find 1;, 1, and A1, such that
A1 (@-2b + 36) + A,(- 2d + 3b- &) + A3(4d-7b + 76) = 0

withd; + 1, + 13,=0

equating the coefficients d, bandé separately to zero, we get

A —22,4+423=0,-22;+31, — 743 =0and 34, — 1, + 743 =0
onsolvingweget, 4, = 2,1, =1,13 =1

Sothat 4; +4, +4; =0

Hence the given vectors are collinear.

Illustration 61:

d,b,¢ are non-coplanar vectors such that P=d+b+¢ 0 = 4d+3b+4¢ and R = d + ab + B¢ are
linearly dependent vectors, then number of possible values of o is

(A)o (B)1 (2 (D) infinite
Ans. (D)
Solution:
For linearly dependent vectors
[PGR] =0
1 1 1
=14 3 4|[@é =0
1 a f
But, [¢bc] # 0, (~ @, b, ¢ are non-coplanar vectors)
1 1 1
=4 3 4]/=0
1 a p
= [ =1, a can be any real number.
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Illustration 62:

Find value of x € R for which the vectors d = (1,—2,3),5 =(-23,-4),¢ = (1,-1,x) form a linearly
dependent system.

Ans.x =1

Solution:

For linearly dependent vectors

(A —2j+3k) +m(=21+3j—4k)+n(i—j +xk) =0
>¢{-2m+n=0-2¢+3m—n=0,3Y—4m+nx =0

1 -2 1

-2 3 -1|=0

3 -4 «x
>x=1

Illustration 63:

If b, are linearly independent vectors, then which one of the following set of vectors is linearly
dependent?

(A)d+b,b+¢é+ad (B)d—bb—Cé—ad
(Qdxbbxééxad (D)d+2b+3¢b—C+d,d+7¢
Ans. (B)
Solution:
[@xbbxZéxdl =[dbéP+0

o 1 -1 0 . .
[i-bb—-c¢cé—d]l=|0 1 —1|[dbc] = 0[d@bc]=0

-1 0 1

[@d+Db b+¢ ¢+d]=2[dbé] 0

. . 1 2 3 . .
[d+2b+3¢b—¢+dd+cl=|1 1 —1|[abé]=—6[dbc] #0

1 0 1

Fundamental Theorem in Space:

If &, b, C are 3 non-zero non-coplanar vectors then any vector r can be expressed as a linear

combination of these 3 vectors as F =Xa+ yb + z¢

€

A(a)

B(b)
Illustration 64:
Let 4 and b be two non-zero perpendicular vectors. A vector r satisfying the equation Fxb =4 can be-
axb - dxb _ - axb axb
) (B) 2b - 2 @ |a|b_ 2 2
g g Z g

Ans. (A,B,C,D)

(A) b -

(D) ‘6\6—
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Solution:

a,b,ax b are non-coplanar

= f:xé+y5+z(éx5)
— Fxb=3
= xéx5+z{(é-5)5—(5 5)5}:5
= —(1+z‘5‘2)a+xz§xb=0
—x=0and z=——
b

=N F=y5—@

o]

Solving Vector Equation:
Thereis no general method for solving such equations, however dot or cross with known or unknown

vectors or dot with ax 6, generally isolates the unknown vector. Use of linear combination also proves to

be advantageous.
Illustration 65:

Let there exist a vector X satisfying the conditions Xxa=Cxd and X + 2d = (13 X cf) Find X in terms of

a, C and d
. —_
Ans. % = dx(Cx({)—2|d| a
d-a
Solution:

= (d-a)x—(d-x)a=dx(cxd) (i)

= d-x=-2/d| .(ii)

dx(cxd)-2d| a
From (i) and (ii) we get X= Tz

-a
Illustration 66:

Vector X satisfying the relation A-X=c and AxX=B is
cA—(AxB) cA—(AxB) cA+(AxB)
| Al |AP |AP

Ans. (B)

) (B) © D) %
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Solution:
Ax% =B take cross productby A to get Ax(AxX) = AxB = (A-X)A-(A-A)X=AxB
e CA—EAX B)
| AP
Illustration 67:

—
=
@
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=
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@
o
=~
=
=
@
2
0
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2
=
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Ans. (B)
Solution'

r-d=

9)

Since , 7 X ¢ =
Therefore, 7 L

+ 1(b-
d
d
=0= ad+(

d)

:F:é—gﬁ
b-d

Illustration 68:

Let OA and OB be two sides of a triangle. The median AM is perpendicular to angle bisector OL and
|M| : Iﬁl =1:2. The angle between OA and OB is

(A) cos™1(4/5) (B) cos™11/2 (C)cos™13/5 (D) cos'(1/+/2)

Ans. (A)

Solution:
A(a)

3\
Y 0/2 .
0 m(5) "B(2b)

AM =b-a
a:2b5+a(25)
2b+a
s 2b%acosf — 2a’b + 2ab?- 2a%bcosf =0
cos @ (2b%a - 2a?b) - (2a*b - 2ab?®) =0
s 2ab(b-a)(1+cosf) =0
= 0<0<nt=>b=a
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.. OAM is an isosceles triangle

also ﬁ:%(gwﬁ); AM =b-a

- |OLP:| AM p=( 1rcosO)_,
9\ 1-cos6

1-cos® 1
= ==
1+cos® 9
Illustration 69:
In a right trapezium ABCD, the diagonals are perpendicular, and the ratio of the length of bases

= cose:é
5

AD:BC = 2 : 3. Then the ratio of length of diagonals is
(A)3:2 (B)1:3 (€ 2:43 (D) V3:42
Ans. (D)
Solution:
AC-BD=0
. A(@) D (
= (e-8)-(a+Xc)=0

:>§|E|2—|5|2=0 (a-c=0)

~12 21-12

= lal =Z]c|
3 B(0) ()

Now |TC||@|=|E—5|

- 2-
a+—c
3

= Jc?+a’: a2+§c2 =3:42

Illustration 70:

If é:2f+3j+lz,b=iA—J°+I2,6=iA+j°+I2 andlet d be such that ﬁxﬁzaxﬁ, d-C =8, then value of d-b is.
(A)6 (B)-6 @3 (D) -3

Ans. (A)

Solution:

(é—a)x5=0:>é=a+x5

Dot with C

2+3+1=8+A1—-1+1)

=>A=-2

~d=a+2b

=40 +]+3K

. d-b=4-1+3=6
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Illustration 71:

Ifa? + b? + ¢? = 1, then maximum passible value of 3a + 4b + 12c is equal to (where a, b, ¢ € R)-
(A)10 (B)11 (©)12 (D) 13

Ans. (D)

Solution:

(344 + 12k) - (ai+ bj + ck) < |3i+ 4f + 12k| |al + bj + ck| =13va’ +b* +¢’

Illustration 72:

A2 A . P N TN
If 4,b,C are unit vectors, then least value of ‘a+b‘ +‘b+c‘ +|c+a| will be-

(A) 1 (B) 3 (©)9 (D) 12
Ans. (B)
Solution:
1+1+24-D+1+1+20-6+1+1+2¢-4
_6+2(é-6+6-é+é-é)
S 3
2
(Since|&+13+6220

141+ 1+2(é-6+6-é+é-é) >0

QD>
v

:>(é-6+6-é+é- )

N W

)

= Minimum value = 3

Illustration 73:

If @ and b are two non-zero vectors such that |§+25|=| 51—26|, then angle between a and b is -
(A)120° (B) 60° (€)90° (D) 30°

Ans. (C)

Solution:

a? + 4b% +2d - 2b = a* + 4b* — 2d - 2b

:>d-l_5=0:>d"l_5=§

Illustration 74:

Let b and ¢ be non-collinear vector satisfying éx(5x6)+(§.6)5 = (4- 2x-siny) b + (x2-1) ¢
and (C-C)a=cC, then x is equal to

(A)1 (B) 2 (@4 (D)6

Ans. (A)

Solution:

(a-c)b—(a-b)c+(a-b)b

= (4- 2x-siny)b + (x2-1) €

= a-C+a-b=4-2x—siny, ab=1-x2

Also, (C-C)a=cC
— (C-C)d-C=C-C
lcl"a-c=cP
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a-c=1

Now, 1+5-6 =4 —2x —siny
=x2—-2x+1=siny—1<0
>x=1y=mn/2
Illustration 75:

Match List-1 with List-II and select the correct answer using the code given below the list.
List-1 List-II

(P) If A:iA—31°+4|2,I§=6iA+4j—8kA, é:5f+2j+5|2 and a vector 1 (D %
8

satisfies F xB=CxB and F-AzO,then ‘ ﬂ‘
r-C

is equal to

(Q If & and b are two orthogonal vectors of equal magnitude (2) 2
such that ‘35 + 45‘ +‘4é —35‘ =20, then ‘(é X 5) X é‘ is equal to

(R) If & and b are non-zero and non-collinear vectors, (3) 8
then the value of o for which the vectors V, =(a.—2)d+b

and V, =(2+3(x)é—35 are collinear, is

Codes:
P Q R
(A) 2 1 3
(B) 3 2 1
© 1 2 3
(D) 2 3 1
Ans. (D)
Solution:
(P) FxB=CxB

= Ax(FxB)=Ax(CxB)
= (A-B)f —(A-r)B=(A-B)C-(A-C)B
— —38F —-0=-38C—19B
8

e

=

(Q) [3a+4b[ =25)” & [4a-3b| =251%, where A =[a|=[b|=2
©100.=20 = [d|=|p|=2

Now,

(axb)xa

:4‘5‘:8

- - 2
(R) V,=AV, = a=z
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Illustration 76:

If [51+25+36 2d+3b+¢ 3&+5+26J =-18, where &, 5, C are 3 non-coplanar vectors, then

da dab ac

b-a b-b b-¢|isequal

c-a c-a c-C

Ans. (1)

Solution:

1 2 3

2 3 1|[abc]=-18=[abc]=1

3 1 2
dd dab ac

Hence, |b-a b-b b-c|=[abc]*=1
c-a c-a c-C

Illustration 77:
If w=c(axb)+B(bxC)+y(cxa), [ab c]=2 and W-(a+b+c)=8, thena + f +y =

(A) 64 (B) 4 (C)32 (D)8
Ans. (B)
Solution:

w-c=afabc]
La= %(VV-E)

Similarly, 8 = %(Vv-a),y = %(W-B)

e+ By (WA b wc)=—(8)=4
Illustration 78:
Volume of a parallelepiped with coterminous edges &, b, € is 12 cu units. Volume of a tetrahedron with

coterminous edges 5—6,6—6, d+b—¢ will be -

(A) 2 cu units (B) 3 cu units (C) 6 cu units (D) 12 cu units
Ans. (A)

Solution:

[abc]=12

1re. 06 - - - ¢ 1.

g([a—b b-c a-c +b})=g[ chzz

Illustration 79:

If a=2i - i+ K,b=i+ i—ZIZ and ¢=i +3j—(k2 +3}\.)K (where A is a constant) and @ is perpendicular to
C—\b, then sum of different values of A is

(A)-1 (B)1 (@4 (D) -4

Ans. (A)
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Solution:

(2 = J+K)- (L= +(3=2) ] +(2A = A* =30)K) =0
=2—-21-341+21-22-31=0
=-12-21-1=0=>A+1)?=0

=>1=-1

Illustration 80:

F =A(axb)+p(bx€)+v(Exd) &[abc]=1,then A 4 pu + vis:

(A) T (a4 +0) (B) F w (C) 37 - (A+b+¢) (D) None of these
Ans. (A)
Solution:

r-a=p, r-b= vandrc A

SAtptvs= r-(a+b+c)

Illustration 81:

Letx? + y% + z2 = 5,x,y,z € R, then maximum value of (x — y)? + (y — 2)? + (z — x)? is-
(A) 15 (B) 20 (C) 25 (D) 30
Ans. (A)

Solution:

x2+y?+2z2=5

Let a=i+ j+|2

b=xi+yj+2zK

axb =absin® f

(Z—y)f+(x—z)]+(y—x)|€:absin6 A

=BYX+y? +7%sinb i

Compare modulus

\/(z —yP+(x=2) +(y—x) :\/3(x2 +y*+2°)sin0

x—y)?+ @y —-22%+(EZ-x)?=3x%+y?+2%)sinf <15

Illustration 82:

The constant value (1 + p) for which the lines F =2i + |+ K+ AMi—2]) and F=i+]- 3K+ u(j+ 2k) intersect
each other, is equal to (where 4 & u are parameters) -

(A) 2 (B)-1 o (D)1

Ans. (D)

Solution:

Iflines F=(2+A) +(1-20)J+K & F =i +(1+p)]j+(=3+2u)kK
intersects each other, then
2+41=1,1-21=1+pu&1=-3+2u

> A=-1u=2

Hence, A+ u=1
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Illustration 83:

Consider two lines L : F=(f—2|2)+k(2f— j+2|2) and L, : r :(%f— j°+2I<AJ+u(iA+ mj) (where ,m € R).

Find sum of possible values of ‘m’, for which shortest distance between L; & L, is J10 units, is-
(A) -4 (B) -46 (4 (D) 46

Ans. (C)

Solution:

S-D=G’+ ]—4|2j.‘(2f_j+2l2)x(f+mj) _ /i

(Zf— j+2l2)x(f+mj)‘

(9m + 22 = 10(8m? + 4m + 5)

=>m?—4m—-46=0

Illustration 84:

Given in a parallelogram ABCD,AB = 2,AD = 3 and M, m denotes the maximum and minimum integral

value of product ‘E‘ ‘ﬁ‘ ,then (M — m) is equal to

Ans. (7)
Solution:
D C
B A
6 | -
A a B
|a|=2,[p|=3

.-.‘Tc‘-‘@‘:\mﬁ\-\a—ﬁ\

=\J4+9+12c0s0-/4+9—12c0sH

=169-144c0s*0 -+ 0 <cos?f <1
- |AC|-[BD|&(5,13]

>m=6M=13=>M-m=17.
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