Trigonometric Ratios and
Identities

Introduction:

Trigonometry (Greek Word)

1 | |

Tri Gonos Metron
(Three) (Sides) (Measure)

The word 'trigonometry' is derived from the Greek words "trigon' and 'metron’ and it means 'measuring
the sides of a triangle'. The subject was originally developed to solve geometric problems involving
triangles. It was studied by sea captains for navigation, surveyor to map out the new lands, by engineers
and others. Currently, trigonometry is used in many areas such as the science of seismology, designing
electric circuits, describing the state of an atom, predicting the heights of tides in the ocean, analyzing a
musical tone and in many other areas.

Trigonometry is the branch of mathematics in which we study about triangle. Basically there are six
parameters in a triangle (Three sides & three angles).

How they are related to each other is mainly discussed in trigonometry.

Trigonometry to measure height of tower building or mountain:

Trigonometry is used to in measuring the height of a building or a mountain. The distance of a building
from the viewpoint and the elevation angle can easily determine the height of a building using the
trigonometric functions.

Height

A C

It is used to find the distance of the shore from a point in the sea
It is also used in oceanography in calculating the height of tides in oceans.

Trigonometry in Aviation:

Aviation technology has been evolved in many up-gradations in the last few years. It has taken into account
the speed, direction, and distance as well as have to consider the speed and direction of the wind. The wind
plays a vital role in when and how a flight will travel. This equation cab is solved by using trigonometry.
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Trigonometry in Criminology:

Trigonometry is even used in the investigation of a crime scene. The functions of trigonometry are helpful
to calculate a trajectory of a projectile and to estimate the causes of a collision in a car accident. Further, it
is used to identify how an object falls or in what angle the gun is shot.

Trigonometry in Marine Biology:

Trigonometry is often used by marine biologists for measurements to figure out depth of sunlight that
affects algae to photosynthesis. Using the trigonometric function and mathematical models, marine
biologists estimate the size of larger animals like whales and also understand their behaviors.

Trigonometry in Navigation:
Trigonometry is used in navigating directions; it estimates in what place the compass to get a straight
direction. With the help of a compass and trigonometric functions in navigation, it will help to pinpoint a

location and also to find distance as well as to see the horizon.

Measurement of Angle:
Anticlockwise Clockwise
Sign convention : — direction will ) — turning will indicate
indicate +ve angle -ve angle

If o is the angle measured from positive x-axis in anticlockwise direction.

v 0°<a<90° Istquadrant
I I 90° < < 180° IIrquadrant
X' X
I11 \Y 180° <o < 270° IlIrdquadrant
Y' 270° < o < 360° [Vthquadrant

System of measurement of angle:
System of Measurement of angle

|
Degree (English) Radian French (Grade system)
(Sexagesimal system (Circular system) (Centisimal system)

Degree system : When we draw a line perpendicular to another and then divide the angle between them in
90 equal parts. Then each part will be equal to one degree. 90 equal parts
1°=60'&1'=60"

Hence 90° = 1 right angle
or 180° = 2 right angle.

Grade system : One right angle = 100s grades, 16 = 100" minutes, 1' = 100" seconds
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Radian : If the length of arc (¥) is equal to r (radius), then the angle subtended
by it at the center of the circle is equal to 1 radian. (1¢)

arc
Commonly, |Angle= dins | i.e. = r0, where 0 is the angle subtended at the center by circular arc of
radius
length £.If £ = r then6 = 1c¢ B
If ¢ = 2r then 0= 2¢ =

If¢ = 3rthen6=3c 1¢

If¢ = krthen 0=k¢

If£ = nr then 0 =m°¢
yiad T
Hence mc = 180° or N 90°= 1 right angle = > radians

P 180° 180 630
= 1°=—=0.01746rad & 1c= = =
180 T 22/7 11

=57.2°

Relation in three systems : — =——=—+-

Illustration 1:
Find the radian measures corresponding to the following degree measures:
(i) 25° (ii) -47°30’
Solution:
i) 25°
Here 180° = m radians
[t can be written as

T
25°=
180

x 25 radian

So we get

51 )
=—radian
36

(ii) -47°30’
Here 1° =60
It can be written as

1
-47°30"=-47 > degree

So we get
-95 d
=——degree
> g
Here 180° = mradian
—-95 T —95
=——degree = x radian
2 180 2

It can be written as

-19 ] -19 .
= | —— Jmradian =—— m radian
36X%X2 72

We get

-19
-47°30' =—— mradian
72
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Illustration 2:

Find the degree measures corresponding to the following radian measures (Use m= 22/7)
(i) 11/16 (ii) -4

Solution:

(i) 11/16

1
Here E radian = 180°

11 ) 180 11
— radian = x — degree
16 16
We can write it as
45%x11
= degree
X4
Se we get
45x11x7
=————degree
22X4
315
=5 degree

3
=39 P degree

Take 1° = 60’

3%x60
=39°+ minutes
We get

1
=39°+22'+ E minutes
Consider 1' = 60"
=39°22"'30"

(ii) -4
Here m radian = 180°

0
-4 radian = x (- 4) degree

T

We can write it as
180x7(—4)

22

By further calculation
—2520 1

= degree = -229 — degree

11 11
Take 1° = 60’

degree

1XxX60
-229°+ minutes
So we get
5
=-229° + 5' + — minutes
11

Again 1° = 60’
=-229°5" 27"
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Illustration 3:

If the arcs of same length in two circles subtend angles of 60° and 75° at their centers. Find the ratio of
their radii.

Solution:

Let r; and r, be the radii of the given circles and let their arcs of same length ‘s’ subtend angles of 60° and
75° at their centers.

Now, 60° = (60 x 125) = (g) and 75°= (75 x 705) = (i_;r)c

T S 5m s
n—=— and —m==

3 1 12 1

T 51
>—n=sand—nr, =s
3 12

T 51
>—r, =—r

3 17122
:4'7'1 = 57'2

=>r:rn=5:4

T-Ratios (or Trigonometric functions):

In a right angle triangle

) P b 4] h h b
sin@ =—; cos® =—; tan® =—; cosec® =—; sec® =— and cot® =—
h h b b 14

'p' is perpendicular; ‘b’ is base and 'h' is hypotenuse.

Basic Trigonometric Identities:

(1) sin6.cosecO=1

(2) cosB.secH=1

(3) tanB.cotb=1

cosf

sinf

(5) sin20 + cos20 =1 or sin20 = 1 - cos20 or cos20 = 1 - sin20

(6) sec20 -tan20 =1 or sec20 =1 + tan?0 or tan20 =sec?0 — 1

sin@
4) tanf =—— & cotb =
(4) tan 050 co

1
7 0+tanf=——"""—
(7) sec an secO—tanf
(8) cosec?0 - cot20 =1 or cosec20 = 1 + cot20 or cot20 = cosec20 - 1
1

9 0 ="
(9) cosect +co cosecf—cotl
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(i) Expressing trigonometrical ratio in terms of each other :
sin@ cos@ tanf cotf secO cosecO
tanf 1 VeecZ g — 1
sin@ sinf +J1—cos260 sec”6 — 1
V1+tan20 | V1 + cot?0 secH cosect
1 cot 1 Vcosec2 9 — 1
cosO | /1 —sin26 cos6 i
st V1+tan?0 | V1 + cot?0 sect cosect
sinf V1= cos28 1 1
tan | ——— tan6 — Jsec2§ —1 | ————
V1 —sin2 6 cosf cotf sectf—1 Vcosec? 6 — 1
V1 — sin2 cos@ 1 1
cot@ 1 sin‘ 6 y— cotl ———— | \/cosec28 —1
sinf V1 — cos2 6 tand VsecZ0 — 1
1 1 V1+ cot?2 9 cosect
secd | — — J1+tan2@ | ———— sec6 ——
V1 +5sin? 6 cost an cotf Vcosec? 6 — 1
1 1 V1 + tan? 0 sect
cosec@ — g~ J1 t29 | ——— cosec
sin@ V1 —cos?6 tand o Vsec29 —1
(ii) Values of T-Ratios of some standard angles :
Angles 0° 30° 45° 60° 90°
T-ratio 0 /6 /4 /3 /2
sin6 0 1/2 1/2 V3/2 1
cosO 1 V3/2 1/V2 14 0
tan® 0 1//3 1 V3 N.D.
cotO N.D. V3 1 1//3 0
secO 1 2/V3 V2 2 N.D.
cosecH N.D. 2 V2 2/\3 1

Illustration 4:

If sinB + sinZ B = 1, then prove that cos!26 + 3cos1° 0 + 3cos80 + cos¢ 6 -1 =0
Solution:

Given that sinf =1 - sin20 = cos?0

L.H.S. = cos%0 (cos?0 + 1)3 - 1=sin30(1 + sinB)3 - 1= (sinb +sin20)3-1=1-1=0
Illustration 5:

4(sin%06 + cosb0) - 6(sin*0 + cos*0) is equal to

(A)O (B)1 () -2 (D) none of these
Ans. (C)

Solution:

4[(sin20 + cos20)3 - 3sin20 cos20 (sin20 + cos20)] - 6[(sin20 + cos20)2 - 2sin20 cos20]
= 4[1 - 3sin20 cos20] - 6[1 - 2sin20 cos20]

=4 - 12sin%0 cos20 - 6 + 12sin20 cos20 = -2
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Illustration 6:
Prove that: (i) sin*0 + cos*0 = 1 - 2sin20 cos20 (ii) sin®0 + cos®® = 1 - 3sin26 cos26.
Solution:
(i)  sin*@+cos* = (sinz6+cos20)2 - 2sin20cos20 = 1 - 2sinZ?6cos20
(ii) sin®0+cos¢O = (sin20)3+(cos20)3
= (sinZ6+co0s20)3 -3sin20cos20 (sinz6+cos20) (+~ (a+b)3=a3+ b3+ 3ab (a + b))
=1 - 3sin%0cos20

Illustration 7:

1—cos6@
1+4+cos6@

Prove that = cosecO - cotd

Solution:

\/1—c059 ~ \/(1—0059)(1—c059) _ 1—cosé

14+cosf [ (1+cosf)(1+cosf)  sind

= cosecH - cotO

Illustration 8:

Prove that Vsec24 + cosec2A4 = tanA + cotA, when 0° < A < 90°
Solution:

1 1 1 sin?A+cos?A
cos2A = sin2A sinAcosA  sinAcosA

Vsec2A + cosec?A = \/ = tanA + cotA

OR V1 +tan24 + 1 + cot?A = ,/tan24 + cot?A4 + 2(tanA. cot4) = tanA + cotA
Illustration 9:

tan 8+secf-1

tanf—-secf+1 -

1—sin@ 1—cos6@ 1+sin@ 1+cos6@
(A) (B) —; ,
cos6 sinf cos6 sin@
Ans. (C)
Solution:
tan O+secf—-1 (tanf+sechd)—(sec?f—tan?0)
= [ sec?0 - tan20 = 1]
tanf—-secf+1 tanf—secH+1
(secO+tanf){1—(secO—tanf)} (secO+tanf)(tanf—secOH+1)
- tanf—-secH+1 - tanf—secH+1
1 sin@ 1+sin@
=secO + tanf =

+ =
cosf cosO cosf

Real definition of sine & cosine of a real number: (Circular functions)
distance of point P from x-axis

Y sind = - -
radius of the circle
e x, ¥) oy
5 I"y = sinb = .
® > X
o x o distance of point P from y-axis
Similarly, cos6 = - -
radius of the circle
X
= cosO=—
T
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As 0 — 0,y decreases, x increases,
y—>0,x—>or,
sin0=0&cos0=1

As 6 — 90° yincreases, x decreases
y—->rx—>0
sin90° =1 & c0s90° =0

Note : All other trigonometric ratios can be derived using sine and cos definition.

Sign of T-Ratios:

P-11 /’\ P-1
+
Students All + y
sin +ve All +ve *
— \ +
Take Coffee f B
tan +ve cos +ve +
P-I11 P-IV
Illustration 10:
3

Ifcosx =-— E' x lies in the third quadrant, find the values of other five trigonometric functions.

Solution:

3 5
Since cosx = - E, we have secx = - E

Now, sin2x + cos2x=1,i.e,sin2x=1-cos?2x

L, 9 16
orsin“x = 1- —=—
25 25
. 4
Hence sinx = + E
Since x lies in third quadrant, sin x is negative. Therefore
) 4
sinx =- =
5
which also gives
5
cosecx = - —
4

Further, we have

sinx 4 cosx 3
tanx =—— = —andcotx = — = —
CcoSx 3 sinx 4
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Illustration 11:

5
If cotx =- E , X lies in second quadrant, find the values of other five trigonometric functions.
Solution:
_ 5 12
Since cotx = - —,we havetanx = — —
12 5
) ) 144 169
Nowsecx = 1 + tan“x =14+ — = —
25 25
13
Hence secx = + ?
Since x lies in second quadrant, secx will be negative. Therefore
secx = - 13
= =
which also gives
5
cosx =- —
13

Further, we have

i =t _( 12))(( 5)_12
Sinx = tanx Cosx = 5 13 —13

; 113
and cosecx = Sinx = 12

Trigonometric ratios of allied angles:
(i) T-ratios of angle (-0):
In AAOP & AAOP', we have PA =P'A :
Hence ZPOA = ZP'0A L 1Y
If ZPOA measured anticlockwise is 6, then ZP'OA measured 0|0 A
clockwise is (-6) EP'
sin(-0) = % =- % =-sinf )

0OA
cos(-0)= 0P " OP cos@

AP/ AP
tan(-0) =——=-—=-tand
OA OA
(ii) T-ratios of angle (90° - 0):
In [st quadrant all trigonometric ratios are positive

. y X
sin®=—,cos6 = —. A
r r

APOA & AP'OA’ are congruent

x
sin(90° - 6) = o= cosf

cos(90°-0) = % = sinO

sin(90°-0) = cosB ; cot(90°-6) = tan®
=1{co0s(90°- 0) = sinB ; cosec(90°-0) = secH
tan(90°- 6) = cot® ; sec(90°- 0) = cosecB
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Note:

0 and 90° - 6 are called complementary angles.
Ex. sin60° =co0s30°, tan10° = cot80°
(iii) T-ratios of angle (90° + 0):
x
sin(90° + 8) =—=cosO
T

cos(90° +0) = _Ty =-sin0O

tan(90°+ 6) = - cotO replace 0 by - 6 in (i)
sin(90°-(-0)) = sin(90° + 6) = cosO

Ex. sin(120°) =sin(90° + 30°) = cos(30°) =

V3
2
cos(120°) = -sin(30°) =-1/2
tan(135°) = tan(90° + 45°) = —cot45° = -1
_ V3
c0s(150°) = cos(90° + 60°) = - sin 60° = - EX
(iv) T-ratios of angle (180° - 0):
sin(180°-0) = % =sin 6
OR Replace 0 by 90° - 0 in sin(90° + 0) = cos 6
—X
cos(180°-0) = = cos6

tan(180° - 0) = - tan®

sin120° = sin(180° - 60°) = sin60° = el

Ex.

Illustration 12:

p! _>90°+6
P(x, y)

90-6%[ 40
-y 0 X

cos 10° + cos 20° + cos 30° +... + cos 80° + cos 100° + cos 150° + cos 160° + cos 170° = 0.

Solution:
cos10° + cos20° + cos30° +........ + cos170°

We know that sum of cosine of supplementary angles is zero.

Ifoa+p=180°; a=180°- = cosa = -cos 3
cosa + cosf =0

co0s10° + cos170° + cos20° + cos160° +........ + c0s80° + cos10° + cos90°= 0

Note: Similarly if a + B = 180° then tana + tanf3 = 0
Illustration 13:

[ 21 4 7 o 10

tanﬁ + tanH + tan 11 + tan 11 + tan 11 + tanT

Solution:

t 7T+t 27T+t 7T+t 77T+t 97T+t 10m
an11 an11 an7 an11 an11 an 11

T 10w 2T 9 41 7
(tan E + tan F) + (tan H + tan E) + tan (7 + tan H)
We know thatifa+p ==
tano + tanf = 0
21

11 11 11 11

[ 107 o 4 7
(tan— + tan —) + (tan — + tan —) + tan (7 + tan H

=0

)=0

[10]
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(v) T-ratios of angle (180° + 0):

sin(180° + 0) = =2 sin®
r

OR Replace 0 by 90° + 0 in sin(90° + 0) = cos 6

cos(180° + ) = - cos 6,
tan(180° + 0) = tan6

-1
Ex. sin(210°)=sin(180° + 30°) = - sin 30° = e

c0s(240°) = cos (180° + 60°) = - cos60°

(vi) T-ratios of angle (360°- 0):
sin(360° - 0) = _Ty - _ sind = sin(-0)

Replace 6 by 270° - 0 in sin(90° + 6) = cos 0

x
cos(360° - 0) = cos(-0) = o= cos 0

tan(360° - 0) =tan(-6) =-tan 0

Ex. sin(315°) =sin(360° - 45°) = - sin 45°

1
1 o - 4_ 0=_
cos(315°) = cos 45 NG

tan(330°) = tan(360° - 30°) = - tan 30°

P(x,y)
1
180°+{\«-- .
M A Y
Lolox M
T
P'(-x,~-y)
P(x,y)
Q)QO/,—— N / y
> I ADx
\‘\ _6 y
o r
i P’(X, _y)
J2
V3

tan(-120°) = - tan 120° = - tan (180° - 60°) = tan 60° = V3

Memory tips:
Rule-1:

(i) Reduction about 0° + 6, 180° + 0; 360° + 6. No change in trigonometric ratio (sine remain sine)

(ii) Reduction about 90° + 6, 270° + 0. Change trigonometric ratio to its complementary.

(sine change to cos)

Rule-2:
Depending on the quadrant in which given angle lies, decide the sign as per trigonometric ratio being
reduced.

Students All

sin +ve All +ve

Take Coffee

tan +ve Cos +ve
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Illustration 14:

317w
Find the value of sin—.

Solution:

We know that values of sinx repeats after an interval of 2m. Therefore

10n+£) T _¥3

=sin—-=—.
3

31n
( 3 2

sinT = sin
Illustration 15:

Find the value of cos(—1710°).

Solution:

We know that values of cosx repeats after an interval of 27 or 360°.
Therefore

cos (-1710°) = cos(-1710° + 5 x 360°)

=cos(-1710° + 1800°)= cos90°= 0.

Illustration 16:

Find the values of the trigonometric functions in Qus. 1 to 5.

1.sin765° 2.cosec(—1410°) 3. tan %
) 11m 157

4. sin (— T) 5. cot (— T)

Solution:

1. sin765°

We know that values of sin x repeat after an interval of 2w or 360°
So we get
sin765° = sin(2 x 360° + 45°)
By further calculation
= sin45° = 1/32
2. cosec(—1410°)
We know that values of cosecx repeat after an interval of 2 or 360°
So we get
cosec(—1410°) = cosec(—1410° + 4 x 360°)
By further calculation

= cosec(—1410° + 1440°)= cosec30° = 2

3. tan %

We know that values of tan x repeat after an interval of = or 180°
So we get
tan % = tanb6 %n
By further calculation , We get
I m
= tan (611 + §) = tan§
= tan 60° = /3
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. 11w
4. sin (— T)
We know that values of sin x repeat after an interval of 2w or 360°

So we get
) ( 117r) ] ( 117r+2 2)
_—— ) = - X
sin 3 sin 3 s
By further calculation
my 3
= Sin (E) = 7
5 t( 1511)
. co 2

We know that values of tan x repeat after an interval of = or 180°
So we get

t( 157r) _ t( 157r_|_4 )
co 3 ) =co 2 T[
By further calculation
I
cot,

Graphs of trigonometric ratios:
(1) y =sinx,xeR,ye[-1,1]

AY
(-3m/2, 1) (m/2, 1)
..................... T EEEEES ER, - - ey =1
, /2 5 372 S
X< —2rx/ -3m/2 -m ; 0o m/2 = 27 >X
...-._----..--.-----..--..--..-..--.-.! ................................ E. ......................... y =- 1
(-m/2,-1) (Br/2,-1)
4 Yr
Periodic with period 27
Note :
(i) -1<sinf<1
(i) sin0=0; sint=0; sin2n=0
sin(nt) =0,n e 1
i.e. sine of integral multiple of t =0
(iii) sin(Znm+6) =sin6, n €1
(2) vy =cosx,xeR,y e[-11]
Y
ey ] oy o ernl) =1
X< -37/2 - -n/2 [0 /2 T 3n/2 X
.................................................................................... y:—l
-1 (-1
vy'

Periodic with period 2n

www.allen.in
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Note:
(i) -1<cosB<1
T 3 T
(ii) cos— = 0;cos— = 0; cos—=0
2 2 2

T
cos (2n-1 E=0,nel

s
i.e. cosine of odd integral multiple of B is zero.

(iii) cos0=1;cos2n=1;cos4n=1
cosZ2Zmn=1,mel
i.e. cos of even multiple of T =1

(iv) cosm=-1;cos3n=-1;cos5n=-1
cos (2m - 1)w = cos of odd multiple of 7= -1
cos(2nm +0) =cosH, n 1

>~

-3n/2

/2

3n/2
/>X

b
A

Periodic with period ©

Note :

(i) tan(nn)=0

(ii) tan(nm+6)=tanB, nel

Domains, Ranges and Periodicity of Trigonometric Functions:

T-Ratio Domain Range Period
sinx R [-1,1] 21
cosx R [-1,1] 2m
tanx R-{(2n+1)n/2 ; nel} R T

Highlight of the table:

(1)
(2)

-1<sin0<1;-1<cos0<1
sin6=0,sint=0,sin2t=0
=sinnt=0 wheren el

.. sine of integral multiple of © is zero

[14]
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(3) tan0=0,tann=0
= tannn =0, wheren e |
.. tangent of integral multiple of = is zero.

T 3w T
(4) cos—=0; cos— = 0; cos (——) =0
2 2 2
T
=cos(2n-1) P 0, wheren €1

14
cosine of odd integral multiple of > is zero.

(5) cosO0=1, cost=-1, cos2n=1
socosZ2mn=1; cos(Zm-1)n=-1, where m el
cosine of odd integral multiple of mis - 1 and even integral multiple of w is 1. Same is the fate of sec.

T 3
(6) tan— = ND; tan—=ND
2 2
T
tan(2n + 1) E =ND, wheren e 1

4
tangent of odd integral multiple of > is ND

(7) sin (Znn + %) = 1,sin (Znn - %) =-1=sin <2nn + 37”)

Illustration 17:

Number of solution of the equation (2sinf - 1) (sin® - 2) = 0 in (0, ©)
Solution:

(2sinB-1) (sin6-2) = 01in (0, n)

= sin6 :% OR sin6 =2 (Not possible)

0 =30°or 180° - 30° = 150°
= 2 solution
Illustration 18:
Find values log(cos(12346mw)) =0
Solution:
log(cos(12346m)) =log(1) =0 [~ cos2nm = 1]
Illustration 19:
cos1 -sinl > 0. True/False
[Ans. F]
Solution:

1€~ 57.2°

Soif45° <6 <90°

sin® > cosO

So sinl > cos1

Illustration 20:

tan(11n) =0 True/False
[Ans. T]

Solution:

tan(11n) =tan(10n+ ) =tan =10

[tan n7t = 0]
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Illustration 21:

sin4

— is negative. True/False
siné6

[Ans. F]
Solution:

4€~4 x 57°~228°
6~ 6 x 57°~ 342°

sin228° = sin(180° + 48°) = -sin48°
sin342° = sin(360° - 18°) = -sin18°
sin4
So —=+ve
in6

Graphs of Trigonometric Ratios:
(1)

y=cotx,x € R,y € (-, o), x #nnforn el
'y = cotx

-1

3n 7\ 0
&2

N
N3

—2r

s
Note:cot(Zn—l)E=0:neI

(2)
y

N/

y=cosecx,y € (-o,-1]U[l,©),x e R-nn, x#nnforn el

-n| -mg/2 |0 m/2 ™

3m/2

/N

14
(3) y=secx,x¢(2n+1);f0rnel

yl\

\

[\

—1/2 m/2

3m/2 X

[16]
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Domains, Ranges and Periodicity of Trigonometric Functions:

T-Ratio Domain Range Period
cotx R-{nt:nel} R T
sec x R-{(2n+1)n/2:n e} (=00,-1] U[1,0) 27

cosec x R-{nr:nel} (=o0,~1] U[1,0) 27

Highlight of the table:
(D tan0, cotO can attain all values from (-0, ) i.e. any real value.

secO & cosecO € (-o, -1] or [1, )
T 3
(2) cot— = 0; cot —=0
2 2
s
cos(2n-1) 5= 0, wheren el

s
cotangent of odd integral multiple of > is zero.

3 cot 0°=ND, cot t = ND, cot 2n = ND
cotnrw = ND, wheren € |

cotangent of integral multiple of & is not defined.

Illustration 22:
If cosecB = —2 then find the two possible values of 6 in (0, 27)
Solution:

Given: cosec6 +2 =0

= sinf = — =~
sin 3

I I

>0 = (n+g),(2n—g)

= 6 = 210°,330°

Illustration 23:

If secO = 2 then number of solution of equation in (-2, 27) is
Solution:

Given : sec = 2

p 1
= ==
cosd =7

:9:(%),(271—%)

= 6 = 60°,300°

Illustration 24:

If cotO = 1 then number of solution of equation in (-2x, 27) is
Solution:

Given: cotd =1

~0=().(+3

= 0 = 45°,225°

www.allen.in
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Trigonometric Ratio of Compound angles:
A B
A+B, A+B+(, —+ — etc.are compound angles

sin(A + B) # sinA + sinB

sin90° # sin60° + sin30°

sin(A4 + B) = sinAcosB + cosAsinB
Proof: From the figure

PM PR+RM C

sinfA+B)=—— =
OoP OoP

PR RM PRPN NQ ON

= + = +
opP OP PNOP ON OP

= cosAsinB + sinAcosB P B

= sin(A + B) = sinAcosB + cosAsinB A

Replace B by — B R~y

sin(A + (-B)) = sinAcos(-B) + cosAsin(-B) A

". sin(4 - B)=sinAcosB - cosAsinB

Replace 4 by z +A 0 A — - >A
2 M Q

. ‘r[ . ‘r[
1n(§+A +B) = sm(§+A)cosB
+ cos (E + A) sinB
2

or cos(A + B) = cosAcosB - sinAsinB

cos(A4 - B) = cosAcosB + sinAsinB
Illustration 25:
sin99°co0s21° + c0s99°sin21° =
Solution:

V3
sin(99° + 21°) =sin120° = 7

Illustration 26:

The value of sin(n+1) A sin (n+2)A + cos(n+1)A cos (n+2)A -

(A) sin(A + B) (B) cos(A + B) (C) cos4 (D) sin4
Ans. (C)

Solution:

We have sin(n+1)A4 sin(n+2)A + cos(n+1)A cos(n+2)A
= cos(n+1)A cos(n+2)A + sin(n+1)A sin(n+2)A
= cos[(n+1)A - (n+2)A] = cos(-A4) = cos A

Values of trigonometric ratios of some important angles:

1 V3 1 1
sin75° = sin(45° + 30°) = sin45°c0s30° + c0s45°sin30°=—.—

"z 2t E2
1+J§__J€+JE__ 1
22 4 62’
V3-1_ V62 1
22 4 62

or sin75° = cos15° =

Similarly sin15°= cos75° =

V3+1 4+2+/3
Also tan75° =\/§_1 = . 2+V/3 = cot15°
\/_ _
tan15° = ——— = 2 — /3 = cot75°
V3+1

Note:
Remember value of sine & cosine of 15° & 75°

[18] www.allen.in
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Illustration 27:

21 T | 2n 7
Cos?cosz - sm?smz =?
Solution:

11n T T V341
cosE= cos(n—ﬁ) =—cosﬁ =—< i >
Illustration 28:

sin(x —y) _ tanx —tany

Prove that — =
sin(x +y) tanx + tany

Solution:

sin(x —y) _ sinxcosy — cosxsiny

sin(x + y) B sinxcosy + cosxsiny

_ cosxcosy(tanx —tany)  tanx —tany

~ cosxcosy(tanx + tany)  (tanx + tany)
Illustration 29:

k+1
If tanA = k tanB prove thatsin(4 + B) = o1 sin(A —B) .
Solution:

tand k o
= —using componendo & dividendo
tanB 1

tand = k tanB =
sind = sinB
tanA+tanB  k+1 oA cosB  k+1
= > = =
tan — tanB k—1 ~sinA cosB k—1
cosA cosB
sinAcosB + cosAsinB _ k+1

sinAcosB — cosAsinB  k —1

= sin(A+ B) = (k+ 1) sin(A — B)
(k—=1)
Illustration 30:
3 9
sinag = < & cosfl = 1 find sin(a - ). All possible value. 5 5 4
Solution:
Proper solution  Case 1 2 3 4 4 9
o 1 I 1 G | } Quadrant sina. = % sinf = 2—?
B I v 1 \ coso. :% cosP = %

sin(a-B) = sinacosB - cosasinf

3 4 40 27-160 —133
Case (1) =g 47 - E T T 205 205

3 A\, 40\ 27+160 187
Case (2) = (E) T <_) (‘H) = 7205 205

() (3)- (1 - 2
et (3 () ()

40

www.allen.in
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Formulae & Identities:
(a) sin(A4 + B).sin(4 - B) = sin2A - sin2B = cos2B - cos2A
Proof : (sin A cos B + cosA sinB) (sin4 cosB - cosA sinB)
= sin24 cos2B - c0s2A sin2B = sin2A(1 - sin?B) - (1 - sin24) sin2B

=sin24 - sin?B = (1 - cos24) - (1 - cos?B) = cos?B - cos2A

Illustration 31:
T A T A 1
Prove that sin? (— + —) —sin? (— — —) =—sind
8 2 8 2 V2
Solution:
) 2<n+A) ) 2(71 A)_ ] (n+A+7r A) ] <n+A n+A>
sin 3 2—sm 3 2—sm8 513 2.sm8 57873
T
= sin—.sin4 = —sind
7 vz
(b) cos2A4 -sin2B = cos(A + B) cos(4 - B) = cos?B - sinZ4
Illustration 32:
T T
2 (2 _cin2 (= — —
cos (4+9) sin (4 9) 0
Solution:
cos(z+9 +E—9)cos(z+9—z+9) = cosz- cos260 =0
4 4 4 4 B 2 B

Formula to transform the product into sum or difference:
(1) 2sinAcosB =sin(A4 + B) +sin(4 - B)
(2) 2 cosAsinB =sin(4 + B) -sin(4 - B)
(3) 2 cosAcosB =cos(A+ B)+cos(A-B)
(4) 2sinAsinB =cos(A-B)-cos(4 +B)
Proof:
(1) 2sinAcosB =sin(A + B) +sin(A4 - B)

= sinAcosB + cosAsinB + sinAcosB - cosAsinB = 2sinAcosB
Very Frequently used formulae
(i) 2sin36 cosO =sin(36 + 0) + sin(360 - 0) = sin40 + sin20
(ii) 2co0s116 cosO =cos(116 +06) + cos(116 - 6) = cos120 + cos100
(iii) 2sin56 sin30 = cos(56 - 36) - cos(50 + 50) = cos26 - cos86
Illustration 33:

sin86cosf—sin60cos30

If0=7.5°Fi
0=7.5% Find cos26cosf—-sin30sin46

Solution:
Multiply & divide by 2
2sin868cosf — 2sin66cos36

= 2c0s20cosf — 2sin30sin460
_sin96 + sin760 — (sin960 + sin30)  sin76 — sin36

"~ c0s36 + cosf — (cosd — cos70)  cos36 + cos78

_ 2cosb0sin26 C tan20 = tanl5® = 2 — V3
"~ 2cos560cos260 an = mn -

[20]
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Illustration 34:
3
Prove that cos273 + c0s247 + cos73cos47 = Z

Solution:
2c0s73°c0s47°
2
c0s120° + cos26°
2

cos?73°+ 1 -sin%47° +

= (1 + cos120°cos26°) +

_q cos26 cos26 1_
T "4

2 T2 T3
Illustration 35:
. (5m T
251n<12)sm(12)
1 1 1
@ -5 (B)> ©=
Ans. (B)
Solution:

50 w

cos(E——)
T T

= COS§ - cosz =

Illustration 36:

ol

1
Prove that sin(45 + A) sin(45 - A) = > cosZ2A

Solution:
1
=3 [2sin(45 + A) sin(45 — A)]
1
=5 [cos(45+ A — 45+ A) — cos(90)]
! 2A
=3 [cos 24]
Illustration 37:

2sin(A — C)cosC — sin(A — 20) sin4
2sin(B — C)cosC — sin(B — 20) ~ SinB
Solution:

sinA + sin(4 — 2C) — sin(4 — 2C)

1
(D)=

sinB + sin(B — 2C) — sin(B + 2C) = RAS.
Illustration 38:
T 9 3T 5t

2COSE cosE + cosE + cosE =0
Solution:

10 8 3T 5t
cos§+ COSE-F COSE-F COSE =0
www.allen.in [21]
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Identities for Converting Sum to Product:
Let A+B=C & A—B=D
C+D C D

]

C

—+

) (55"

D
2. sinC - sinD = 2cos( sm( )

C+D -D
3. cosC + cosD = 2cos( > ) ( )

+D C—D C+D D-C
4, cosC—cosD=—Zsm( )sm( > )=2sin( > )sin( > )

Proof:
1.  2sinA cosB = sin(A + B) + sin(A - B)

= 7si <C+D) (C—D)

= 2sin|— cos >

. (C+D+C—D)+ i (C+D C—D) — inC + sinD

=sin|—; > sin{ — > = sin sin
Illustration 39:

sin76 — sin56 ... sinA +sin3A

0570 + cos5g _ and (i) —————r = cotA

Solution:
2cos60 - sinf

i LHS=————=tan6
(M 2c0s60 - cosl an

2sin2AcosA
2sin2AsinA
Illustration 40:
sin@ + sin30 + sin560 _
cosf + cos36 + cos50
(A) tanb (B) tan 56 (C) tan 36 (D) None of these
Ans. (C)
Solution:

1. sinC + sinD = 2sin (

+ N

C

= cotA

. 0+560 0—50 .
(sind + sin50) +sin30  2sin—s—.cos——— +sin30

(cosB + cos56) + cos36 2¢0s 0 +259 cos 0 —259 4 cos36

_ 2sin36cos(—26) +sin30  sin36[2cos26 + 1]  sin36

= = = = tan360
2cos30cos(—28) + cos30 cos30[2cos6 + 1] cos36 an
Illustration 41:
sinA+sin3A+sin54+sin74
is equal to -
Cc0SA+cos3A4+cos54+cos7A
(A) sin 44 (B) cos 44 (C)tan 44 (D) None of these
Ans. (C)
Solution:

(sinA + sin74) + (sin3A + sin54)  2sin4Acos34 + 2sin4AcosA

(cosA + cos7A) + (cos3A4 + cos54)  2cos4Acos3A4 + 2cos4AcosA
2sin4A(cos34 + cosA)

- 2cos4A(cos3A + cosA)

= tan44

[22]
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Illustration 42:
Prove that sin50° - sin70° + sin10° =0
Solution:

1
2c0s60°sin(-10°) + sin10°= 2 X > (-sin10°) + sin10° = 0.

Illustration 43:

sinA—sinC
If three angles A,B,C are in A.P. then the value of ————is equal to -
cosC—cosA
(A) cot (%) (B) cotB (C)tan B (D) None of these
Ans. (B)
Solution:
Angles A,B,C arein AP.then2B=A4+C
. ] A+C . A—-C
N sin4 — sinC _ 2cos ) _ A+C_ ZB_ B
ow “osC —cosd - » 1+C 4A-C = cot > —cot7—cot

in——sin—
Illustration 44:

a
Prove that cosa + cosP + cosy + cos(a + 3 + y) = 4cos (

Solution:

a+
cosa + cosP + cosy + cos (a + B +y) = 4cos ( £

s () o (E52) e () (1)

= 2cos (a-;ﬁ) [cos (a;ﬁ)+cos (wn
a+ﬁ)2cos<a—ﬁ+ci—[?+2y)cos<a+ﬁ+24y—a+,8)

= cos(“55) -cos (1) - cos (1)
= 4cos 5 cos 5 cos 3
Illustration 45:

c0s20° + sin10°
Prove that - = +/3tan40°
cos20° — sin10°

Solution:
sin70° 4 sin10°
sin70° — sin10°
2sin (70 ; 10 ).cos (70 ; 10%)

2cos (70 -2}_10 ).sin (70 ;10 )

= 2cos<

2sin40°cos30° V3
sin40°cos -
= —— = tan40° X = = v 3tan40°
2c0s40°sin30° " 1 V3tan
2
tan(A + BY = tanA + tanB
an( )= 1 -tanAtanB
www.allen.in [23]
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sin(A + B) sinA cosB + cosAsinB
cos(A + B) cosA cosB — sinA sinB
tanA + tanB

1 — tanA tanB
. _ tanA - tanB
Similarly tan (A-B) = 1+ tand tanB
cotd cotB - 1 cotd cotB + 1
cotB + cotAd ycot(d - B) = cotB - cotA

Note : (i) t (n + A) 1+ tan4d (ii) t (Tr A) 1 —tand
ote: — = - - - 7
Votan Ay 1—tand ) tan Ay 1+ tand

Proof : tan(4A +B) = Divide by cosAcosB

=tan(A+B) =

Also, cot(A+ B) =

Illustration 46:

1
Iftand = _E and tanB = — % then4d+ B =

T 31
(A)7 B) (9 (D) None

Solution:

Using the tan(4 + B) = 1 =

1 1 5

tanA + tanB 7273 ~%
— tanAtanB 1 1
3

Illustration 47:
€0s9°+sin9°
Prove that ——— = tanb4°
€0S9°—sin9°
Divide by c0s9° = — 20 _ tan(45° + 9°)
ebycos9° =—— = tan
vl y 1 —tan9°

Illustration 48:

Prove that cot16° cot44° + cot44° cot76° — cot76° cot16° = 3

Solution:

(cot16° cot44° - 1) + (cot44° cot76° — 1) - (cot76° cot1l6® + 1)

= cot60°(cot44° + cot16°) + cot120° (cot44° + cot76°) - cot60°(cot16° - cot76°)

= \/% [cot44° + cot16° - cot44° - cot76° - cot16° + cot76°] = 0]

Illustration 49:

Prove that tan70° = cot70° + 2cot40°.

Solution:

tan20°+tan50°

1—-tan20°tan50°

or tan70° - tan20° tan50° tan70° = tan20° + tan50°

or tan70° = tan70° tan50° tan20° + tan20° + tan50° = 2 tan 50° + tan20°
=cot70° + 2cot40° = R.H.S.

Illustration 50:

tan3A.tan2AtanAd = tan34 - tan24 - tanA

Solution:

LH.S. = tan70° = tan(20° + 50°) =

tanA + tan24
v tan34 =tan(4 + 24) = 1 — tanAtan24

= tan34 - tandAtan24tan34 = tan4 + tan24
= tan34 - tan24 - tan4 = tanAtan2Atan34
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Illustration 51:

cotx cot2x - cot2xcot3x - cot3xcotx =1
Solution:

cotxcot2xcot3x[tan3x - tanx - tan2x]
cotxcot2xcot3x[tanx tan2x tan3x] = 1

Illustration 52:
If A + B =45°. Find value of (1 + tan4)(1 + tanB)
Solution:
(1 +tanA)(1 + tanB) = 1 + tanA + tanB + tanA tanB
tanA + tanB
v tan(A+B) =—
=1+ tan(4 + B)(1-tanA tanB) + tanA tanB 1 — tanAtanB

= tand + tanB = 1 — tanAtanB
=1+1-tanA tanB + tand tanB = 2

Trigonometrical ratios of the sum of more than 2 angles:
sin(A + B + C) =sin(A + B) cosC + cos (A + B) sin C

= [sin A cosB + cosA sinB] cosC + [cos A cosB - sind sinB] sinC

= sinA cosB cosC + cosA sinB cosC + cosA cosB sinC- sind sinB sinC
cos(A+ B+ () =cos(A+ B) cos C -sin(A + B) sinC

= (cosA cosB - sinA sinB)cosC - (sind cosB + cosA sinB) sinC

= c0sA cosB cos C - cosA sinB sinC - sind cosB sinC - sinA sinB cosC.

tan(A + B) + tanC T tang * o0
an an T —tanAtanB
Also,tan(A + B +C) = B
so, tan( ) l-tan(A+B)tanC , _ tand+tanB .
1 — tanAtanB

tanA + tanB + tanC — tanAtanBtanC  s; —S3
"~ 1-—tanBtanC — tanCtand — tanAtanB 1 —s,

S1 —S3+ S5 —S7+....
tan(Al +A2++An) = 1
— Sy 4+ S, —Sg+....

where s; =tand; +tand, +..... + tan 4, = the sum of the tangent of the separate angles,
s, =tanA; tan A, + tanA; tan As+.... = the sum of the tangents taken two at a time,

sz =tanA; tanA,tan A3 + tan A, tanA; tan A,+.....
= the sum of the tangents taken three at a time, and so on.

Trigonometric Ratios of Multiple Angles:
Trigonometrical ratios of an angle 20 in terms of the angle:

. in 20 =2 sin 6 0 2tan6
(i) sin20=2sin 0 cos 6 = {+tanZo
3 1-tan?6
(ii) cos 20 =cos20-sin20=2cos20-1=1-2sin20=—"——
1+tan26

(iii) 1+ cos20=2cos26
(iv) 1-cos20=2sin20
1—cos26 sin26

t. 0 = =

v) an sin26 1+cos26
. an2e 2tanf

(vi) ansb = 1-tan?6

www.allen.in
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2tanAd
1. Sin2A = 2sind cosd =———
1 +tanZ4
Proof :
2sinA cosA 2tanA
sin2A4 = sin(A4 + A) = sinA cosA + sind cosA = 2sinA cosA = — =
sin2A4 + cos24 1+tan24
Ex. sin4A = 2sin2Acos24
sin1004 = 2sin504cos504
A A
sind = 2sin E cos —
. . 1 - tan?4
2. c0S2A = c0s?A -sin24A =2co0s24-1=1 - 2sin2A = PRI
1 + tan44
Proof :

cos?A-sin?A
cos(A + A) = cosA cosA - sind . sind = cos?4 - sin?4d = —————
Ccos“A+sin“A
Also cos2A = 2cos?2A-1=1- 2 sin?4
Illustration 53:
If sind = % Find cos24
Solution:
cos2A = 1 — 2sin?A = 1—2><E= _ 7
25 25
Example:
1+cos26 2co0s?6 __ 1-—cos286 . 1-co0s26 2sin%g
sin26 - 2sinfcosf =cotd (i) sin26 =tand (iii) 1+cos26 " 2c0s%6
Illustration 54:

1 + sin26 + cos26 _
1 + sin26 — cos26

1 1
(A) > tan 0 (B) > cot O (C)tan© (D) cot 6

tanz0

Ans. (D)
Solution:
(1 +cos20) +sin26 2c0s%6 + 2sinfcosh _ 2cosB[cosb + sind]
(1 —cos28) +sin20  2sin2@ + 2sinfcosh  2sinf[sinb + cosh]
Illustration 55:

sec8A-1 tan84

Prove that =
sec4A-1 tan24

Solution:
_ 1—cos8A cos4A 2sin%4A cos4A _ sinBA  sin44

= X = . = .
1—cos4A cos8A  2sin?2A cos8A cos8A 2sin22A
2sin2Acos24 _ tan84

= cotf

= tan84 - =
an 2sin?24 _ tan2A
3. sin34 = 3sin4 - 4sin34
Proof :

sin 34 = sin (A + 24) = sinA cos 24 + cos A sin2A4 = sinA (1 - 2sin24) + 2sinA (1 - sinz4)
= 3 sind - 4 sin34
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Illustration 56:
sin90° = 3sin30° - 4sin330°
Solution:

1=3 ! 4 1—1
=32 5=

Similarly, cos34 = 4cos34 - 3 cosA
Example: cos60 = 4cos320 - 3cos20

3tanA-tan34
&tan3d=——m"7———"—

1-3tanZA
Illustration 57:
3cos0+cos360
3sinf—sin30 is equal to-
(A)1+cot26 (B) cot* 6 (C) cot3 0 (D)2 cotB
Ans. (C)
Solution:
3cos6 + 4cos30 — 3cosh 3
; ; - = cot°0
3sinf — 3sinf + 4sin36
Illustration 58:
Find the value of -6 sin 40° + 8 sin3 40°
Solution:
-2(3sin40° - 4sin340°) = -2 sin120° = —/3
Illustration 59:
Prove that (4 cos29° - 3) (4 cos227° - 3) = tan9°
Solution:
(4c0s39° — 3¢c059°) (4c0s327° — 3c0s27°)  c0s27° cos81°  sin9° .
c0s9° cos27° - €0s9° % c0s27° - c0s9° = tan9
Illustration 60:
Prove that tan 34 .tan2A.tan A = tan 34 - tan 24 - tan4
Solution:
tanA+tan2A

tan (34) =tan (4 + 24) = 1—tanAtan24

tan34 - tan A tan 2A tan 34 =tan 4 + tan 24
or tan4 tan24 tan3A4 = tan34 - tan24 - tan4

Trigonometric Ratios of Sub Multiple Angles:

Since the trigonometric relations are true for all values of angle 0, they will be true if instead of 6 be

substitute E

0 2tan§
(i) sin0=2sinz cosT = —53
2 2
1+tan 3
0
. 6 5, 0 2 0 20 1—tan25
(i) cosO=cos?~-sin” - =2cos"--1=1-2sin"> = —5
2 2 2 2 1+tan?>

6
(iii) 1+ cosO =2 cos? >

www.allen.in
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0
(iv) 1-cosB =2 sin? >

0 1—cos@ sin@
\%4 tan— = =
V) 2 sin@ 1+cos@
2tang
(vi) tanB= 9
1—tan2=

2

0 1—cosf
(vii) sin— = =+

2 2

0 1+cos6
(viii) cos — ==+

2 2
) X 0 + 1—cos6
(ix) tan 2 Al 1+cosf

0
(x) 25in§ = +v/1 + sinf + V1 — sinf

D

(xi) Z2cos 5 = i\/l + sinf + \/1 — sinf
i)t 6 +tVl+tan?6-—1
xi) tan o = P
for (vii) to (xii), we decide the sign of ratio according to value of 6.
Illustration 61:

o (o)

1
sin67 5 + cos67§ is equal to

(A)% Va+2v2 (B)% Va—2v2 (C)i (Va+2v2) (@ i /4 - 2v2)

Ans. (A)
Solution:

o

1 1° 1
sin67 > + cos67 5 = V1 +sinl35° = [1+— (using cosA + sinA = v1+ sinZA)

V2
=%/4+mﬁ

Illustration 62:
A
2

A
Prove that cos* 2 —sin* — = cosA

Solution:

A A A A
= (cos2 5~ sin? E) (cos2 > + sin? E) = cosA

Illustration 63:

Value of\/2 + 2+ 2cos40 =

(A) 2 sinB (B) 2 cos6 (C) sinB (D) cos6
Ans. (B)

[28]
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Solution:

J2+V2+2cos49:\/2+,/2(1+cos49 =\/2+ 2.2cos?26

=2 + 2c0s20 = /2(1 + c0s20) = +/2.2c0s%6 = 2cos6
Illustration 64:

Evaluate: (i) sin22.5° (ii) cos22.5° (iii) tan22.5°
Solution:
1— 1
1 — cos45° 2 V2 -1
i) sin?(22.5°) = = =
M sin?(2259) = —— > 7
2 — 2 2 — 2 1
= T::» sin22.5° = — = cos67§
2 +42 1°
(i) Similarly, cos(22.5°):T = sin67 )

1-L
1° |1 — cos45° V2 V2-1 |W2-1
(iii) tan22= = = = X =
2 1 + cos45° Vv2+1 Vv2-—-1

1
1+—
V2
T
Also V2 4+ 1 = cot 3 (learn)
Illustration 65:
10
Find tan7§ =V6—-Va—3+2
Solution:
11 Y341
_ 251n7§ . sm7§ _ 1 — cos15 _ 242
2cos7% sin7% sinl5 v3-1
2v2
22 -(3+1) V3+1
ALl CERR —V6—VE-V3+V2
V3-1 V3+1

Similarly C0t71;0 =V2+V3+V4+6

Some important results:

() sinBsin(60° — B)sin(60°+ 8) = isinSH
Proof:

1
> sinf[2sin(60° — 8)sin(60° + )]

1

> sinf[cos26 — cos120°]
1
2

1
sin@ [cosZQ + E]

[2sinfcos26 + sinf]

1
4

/s
V2-1= tang (learn)

www.allen.in
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1
=7 [sin36 — sinf + sinf]

-1y 36
= zsin

1
(ii) cosBcos(60° — B)cos(60°+ 0) = 2 cos360

(iii) tanftan(60° — A)tan(60° + ) = tan3H
Illustration 66:

3
sin20°sin40°sin60°sin80° = Te
Solution:

1 3
Hint : (sin20° sin40° sin80°)sin60°= " sin60° - sin60° =-—

16
Illustration 67:
tan6°tan42°tan66°tan78° = 1
Solution:
(tan6°tan54°tan66°)
tan42°tan78°

tan54°
(tan18°)tan42°tan78° tan54°

tan54° " tan54°

T-Ratio for Some Standard Angles:
18°, 36°, 54°, 72°
sin18° = sinln—o = @ = cos72° = COS%IT
Proof: Let6=18°= 50=90°=26=90°- 360
Now sin (20) = sin (90° - 30) = cos 30
= 2sinBcosB=4cos30-3cosO =2sinB=4cos26-3
= 2sin0=1-4sin20=4sin20+2sin6-1=0

—242/5 _ _JE—
= sinf=——" .. sinl8° = £4 1 ; E 1 is not possible as sin 18° > 0.
| VE-1)’
Now cos36°=1-2sin218°=1-2 T

V5+1

or cos 36°=cosm/5= =sin 54° = sin 37/10.

2
Now cos18°=v1 — sin218° = _[1 — (\/3—1)

4
V10 +2v5 T _ LT
or cosl8° = T = cosS E = sin72 = sin E

V5 + 1\’
sin36° =+/1 — co0s236° = \/1 — < ) >
V10 =25

= sin36° = T = cos54°
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Illustration 68:
Find the value of c0s248° - sin212°
Solution:

V5 + 1
4

_V5+1
8

1
cos(60°) cos(36°) = X >
Illustration 69:

Find the value of sin(132°) sin(12°)

Solution:

4 2

1[\/§+1 1] V5 -1
2

% [cos(120°) - cos(144°)] = [—% + COS36°] = = 3
Illustration 70:

Prove that tan6°tan42°tan66°tan78° =1

Solution:

sin6°sin42°sin66°sin78° 2sin6°sin66° 2sin42°sin78°

= X
€c0s6°c0s42°c0s66°cos78° 2c0s6°cos66° 2co0s42°cos78°

1 V5-1 5 + 1,1
_ cos60° — cos72° 9 cos36° — cos120° 277 % + 7 )
"~ c0s60° + cos72° ~ cos36° + cos120° 1 \/5 — \/_ 5 4+ 1 1
277 )

Trigonometric Ratios for some standard Angles:

. . 150 . T[ \/_ 1 750 TL_
1 Sin =SsSin — = = COS = CO0S —
(M 12 2\/_ 12
~ I5e i V3+1 se 5T
11 CoSs =COoS— = = Sin = Ssin ——
(i) 12 22 12

51
= cot75° = cot —

s
iii) tan15°=tan— = 2 — =
(iii) tan an 12 \/— \/_+1 12

51 /4
(iv) tan75°=tan§ =2+ \/5 = = cot15° = cot 2

T 3r
(v) tan(22.5°) = tang = \/E -1= cot(67.5°) = cot Y

3n T
(vi) tan(67.5°) = tan? = \/E +1= cot(22.5°) = cot 8

Illustration 71:
Find the values of :
(i) sin15°

(ii) cos 15 °

(iii) sin 15°cos 15 °
(iv) sin15°cos 75°
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Solution:
V3-1
' in15° = sin(45° —30°) =——
(i) sin sin( ) oz
V3+1
i 15° = 45° —30°) =——
(i) cos cos( ) oz
1
(iii) sin15°cos 15°:E(2 sin 15°cos 15°)
1 1 1 1
=—sin30°= - .- = -
2 2 2 4

(iv)  sin15°cos75° = sin 15°sin15° = sin? 15°

(B -

8
Illustration 72:
_ _ V5-1
sin272° - sin260° = .
Solution:
) 2790 3 _1 V5-1\" V5-1
cos 4”1 4 )~ 8

Illustration 73:

Evaluate sin78° - sin66° - sin42° + sin6°.

Solution:

The expression = (sin78° - sin42°) - (sin66° - sin6°) = 2cos(60°) sin(18°) - 2cos36°. sin30°
_ V5-1 VB+1 1

=sm18°—C0536°:( )—( )=——

4 4 2

Trigonometric identities in a triangle (Conditional identities):
If A, B, C are the angles of a trianglei.e. A+ B + C =, then

() sin(A+B)=sin(r-C)=sinC (ii) cos(A+ B)=cos(n-C)=-cosC
(iii) tan(A+B)=tan(n-C)=-tanC (iv) sin(24 + 2B) =sin(2n - 2C) = - sin2C
(v) cos(24 + 2B) =cos(2n - 2C) = cos2C (vi) tan(24 + 2B) =tan(2n - 2C) = - tan2C
A+B m—C c A+B Cc
(vii) sin ( ) =sin =cos— (viii) cos ( ) =sin—
2 2 2 2
A+B C
(ix) tan( ) =cot—
2 2
Illustration 74:

sin(B+ C - A) +sin(C +A-B) +sin(4 + B- () =4sinA sinBsinC (whereA + B + C=mn)
Solution:

sin(n - 24) + sin(n - 2B) + sin(n - 2C) = sin24 + sin2B + sin2(]

= 2sin(A4 + B) cos(A4 - B) + 2sinC cosC = 2sinC[cos(A - B) + cos(n - A - B)]

= 2sinC[cos(A - B) - cos(A + B)] = 4sinAsinBsin(]
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Illustration 75:
If A+ B + C = r, Prove that sin24 + sin?B - sin2C = 2sinA sinB cosC
Solution:
sin2A + sin(B + C)sin(B - C) = sinA[sin(B + C) + sin(B - C)] = 2sinA sinB cos(]
Illustration 76:
LA .2 B .2 C A B C
sin? = + sin® — — sin® ==1— 2cos — cos — sin — (where A + B + C = n)
2 2 2 2 2 2
Solution:
A + (B + C) (B C)
sin? > sin sin >
B—-C
=1 — cos? —+ cos—sm( > )
= 1~ cosgeosy —sin () = 1 - cos [sn (=) —sin (55
cos—|cos sin > = cos > sin > sin >
C1_> B - C
= cos > cos > sin >

Trigonometric identities in a triangle (conditional identities):
Illustration 77:

If A, B, C are the angles of a triangle, then

sin24 + sin2B + sin2C = 4sinA sinB sinC = (), sin2 A = 4[] sin A)
Solution:

LHS = 2sin(A4 + B) cos(A - B) + 2sinC cosC = 2sinC[cos(A - B) + cos(n - A - B)]
= 2sinC[cos(A - B) - cos(A + B)] = 4sinAsinBsin(]

Illustration 78:

c0s2A + cos2B + cos2C = -1 -4 cosA cosB cosC (where A+ B + C =n)
Solution:

2cos(A + B) cos(A - B) + 2cos2C-1 = 2cos(n - C) cos(A - B) + 2cos?C - 1]

= 2cosC [cosC - cos(A-B)] - 1 = 2cosC [cos(n - A + B) - cos(A - B)] -

=2cosC [-cos(A + B) - cos(A - B)] -1 = -4 cosA cosB cosC -1

= (ZCOSZA = —1—4]'[cosA)

Illustration 79:

tand + tanB + tanC = tanA.tanB.tanC

>tanA =[1tanA4

Solution:

tan(A+B) =tan(n-C) =-tanC = tandrianB = -tanC

1-tanAtan B
= tand + tanB + tanC = tanA.tanB.tanC
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If A, B, C are the angles of a trianglei.e. A+ B + C =7, then
(i) cotA cotB + cotBcotC + cotCcotd = 1
YcotAcotB =1

(ii) Zt AanZ =1
11 anz anz—

maw Z tA H tA
iii cot—=Tlcot—
(iii) 2 5

(A+B)  (A-B)
S

. : . . : . C c
(iv) sin A +sin B + sin C = 2sin > co +2 sin- cos

C (A-B) - C
=2cosi[cos > +Sln5]
=2 cosg[cos (4-B) + cos A4+ B)]
2 2 2
A B C
= 4605560556085

(v) cosA+cosB+cosC=1 +4singsin§sing

Illustration 80:

2x 2y 2z 2x 2y 2z
+ + = . .

-x?2 1-y? 1-z? 1-x%2"1-y? 1-z2

Ifx +y + z = xyz prove that 1

Solution:
x = tand;y = tanB; z = tanC
2tanA 2tanB 2tanC
+ +
1-tan? A 1-tan?B 1-tan?C
tan A + tan B + tan C = tanA tanB tanC

tanA+tanB _ _
m——t&ﬂCi tan(A+B)—tan(Tc—C)

or A+B=n-C=A+B+C=nx
2A+ 2B =2n-2C

Hence =tan24 + tan2B + tan2C

tan2A+tan 2B
=—tan2C
1-tan2Atan 2B

tan (24 + 2B) = -tan2C =

2tanA 2tanB 2tanC

so tan 24 + tan 2B + tan 2C = tan2A. tan2B. tan2C =
1-tan? A 1-tan? B 1-tan? C

2x 2y 2z
- 1—x2"1—y2'1—22
Illustration 81:
sin50°+sin 100°+sin210°
sin25°sin50°sin 105°

Find the value of

Solution:
LetA=25°B=50°C=105°=A4A+B+C==x
4sin 25°sin50°sin 105°

sin 25°sin 50°sin 105°

[34]
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Illustration 82:
IfA+ B + C = 2§ prove that sin($- A) sin(S- B) + sinS sin(S- C) = sinA sinB.
Solution:

%[COS(A — B) —cos(2S — A —B)] +%[cosC —cos(2S — 0)]

1
=5 [cos(A —B) —cosC + cosC — cos(A + B)] = sinAsinB

Illustration 83:

In any triangle ABC, sinA - cosB = cosC, then angle B is

(A) /2 (B) m/3 (C) /4 (D)=n/6
Ans. (A)

Solution:

We have, sinA - cos B=cos C
sinA =cos B+ cosC

A A <B+C (B—C)
= — —_ =
Sin ) ({01 ) CcoSs ) COS 2
2sincos2 = 2 (H_A (B_C) A+B+C
= f— _—— I -
Sin ) ({01 ) CcoSs ) COS 2 T
A A A (B—C)
= f— — —_
SlIlZCOS2 SIDZCOS 5
A B—C

:cos;zcosTorA=B—C;ButA+B+C=7r

Therefore 2B=n= B =mn/2
Illustration 84:

3T
IfA+B+C= 7, then cos 24 + cos 2B + cos2( is equal to-

(A) 1 -4cosA cosB cosC (B) 4 sinA sin B sinC
(C) 1 + 2cosA cosB cosC (D) 1- 4 sinA sinB sinC
Ans. (D)

Solution:

c0s24 + cos2B + cos2C = 2cos(A + B) cos(A - B) + cos 2C
3
=2 cos (3—”— C)cos (A-B)+cos2C ~A+B+C=—
2 2
=-2sinCcos (A-B)+1- 2sin?2C=1-2sinC [cos(A - B) +sin ()
3
=1-2sinC [cos (A-B) + sin<7— A+ B))]

=1-2sinC[cos(A-B)-cos(A+B)]=1- 4sinAsinBsinC

Illustration 85:
. . sin2A+sin2B+sin2C
Find —; - - (whereA+ B+ C =n)
sinA+sin B+sin C
Solution:
4sinAsinBsinC A B C

a1 B = 8sin—sinsinz
4 cosE cosE cosE
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Inequalities in a triangle:

Illustration 86:

In any AABC show that cot24 + cot?B + cot2C > 1

Solution:

Letx =cotd,y=cot B&z=cotC

We know that Zcotd cotB=1= Xxy=1

Also (x-y)220 = x2+y2>2xy
y2+7222> 2yz
72+ x22> 27X

2(x2+y2+y2) > 2Zxy
orx?+y?+z2>1

= cot24 + cot?B + cot2C> 1

Application of Trigonometry in Maximising & Minimising:

Type-I : By property of boundness of trig. function

sinx, cosx € [-1,-1]; — o< tanx, cotx < o; secx, cosec X € (—oo, —1] U [1, )

0 <sin%x, cos?2x < 1; sec2x,cosec2x = 1;0 <tan2x, cot?2x <o
Illustration 87:
Find the range

x
() sinx,sin(2x + 3),sin >

(ii) 4sinx, 4cos(3x + 2)

(iii) 3 seczx

Solution:

M [-11]

(i) [-44]

(iii) [3, 0]

Illustration 88:

Find range of y given by y= cos*x -sin*x
Solution:

cos*x -sin*x = cos2x - sinx = cos?x €[-1, 1]
Illustration 89:

y = 4tanx.cosx

Solution:

4sinx

.cosx V¥V cosx=0
Ccos X

T 3T
:4sinxVx;éE,?, ....... € (-4,4)
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Illustration 90:
y = tan? (x - E)
4
Solution:
[tis square. minimum =0
y € [0, ]

Type-II : When argument of sine & cosine are same

—Va? + b% <asinx + bcosx <vVa? + b2
Proof : y =+a? + b? 4 i

b
sinx + ——
=+/a? + b2 [sinx sin¢ + cosx cos¢]
=y =+Va? + b2 cos (x - )
Ymax = VaZ + bZ; Ymin = ~VaZ? + b2
Illustration 91:
Range of y = 3sinx + 4cosx + 5
[Ans. y € [0,10]]
Solution:

Cos X

-5 < 3sinx + 4cosx <5

= -5+5<3sinx +4cosx +5<5+5

= 0 < 3sinx + 4cosx +5 <10

Illustration 92:

If b< 3sinZ2x + 6 cos2x — 4sinx cosx + 5<a, find a & b.
Solution:

Let E = 3+3cos2x - 2sin2x + 5

3 3 19
=F= E (1 +cos2x)-2sin2x+8 = E = E €0S2x -2sin2x + ?

9 19 9 19
= Emax = Z+4+7 =12& Epin =- Z+4+7:7

Illustration 93:

s
Find range of y = 5sin (x + g)+ 3cosx
Solution:

J3 ) 5vV3 11

1
=5 (— sinx + s cosx |+ 3cosx = y =— sinx +—cosx
y 2 2 y 2 2

75 121 196
Ymax = |—+t— = [—/— =7 & Ypin=-7

4 4 4

Hence range is [- 7, 7]

www.allen.in
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Illustration 94:

17+(5sinx+12 cos x)
17—(5sinx+12 cos x)

Find maximum & minimum value of y =

Solution:

_ 17413 _15  _17-13 2
ymax - 17_13_ 2 lymm 17+13_15

Type-III: Argument of sine & cosine are different or a quadratic in sine/cosine is given then we make a
perfect square in sine/cosine & then interpret.

Illustration 95:

y = cos2x + 3sinx

Solution:

3
y = 1-2sin?x + 3sinx = 1-2 [sin2 x— Esinx]

, 3\ 9] 17 , 3\2
y=1-2 (smx——) -— =——2(51nx—Z)

4 16 8
17 3\2 32 17 3 3\* 17
> =g =2(-1-3) =~ eme =g 2(373) = 5
Illustration 96:
Find the range of y = sin?x- 20cosx + 1
Solution:

y = 1-cos?x-20cosx + 1= y = 102 — (cosx + 10)?

= Ymax = 21 & Ymin =-19

Illustration 97:

Find maximum and minimum values of y = cos?x - 4cosx + 13
Solution:

y = (cosx-2)>+ 9= yax = 18 & Ypin = 10

Type-IV : Making use of reciprocal relationship between tan/cot, sin/cosec, sec/cos.
Illustration 98:

y = a*tan?0+b?cot20 (a, b > 0)

Solution:

Max. value is not meaningful we will take about its minimum value.

y = (atanf — bcotf)? + 2ab

This is minimum when atan6 - bcotd= 0

b
=y = 2ab,when a tan@- bcotfd=0 i.e.tanf= \E

Note: We can not take y = (atan 8 + b cot8)? — 2ab
-+ If atan@= - bcotd

-b
= tan? 0 = - Not possible.
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Illustration 99:

y = a?sec?0+ b%cosec?0

Solution:

y = a? + b? + a’tan?0+b?cot?0= a? + b? + (atan@- bcotd)? + 2ab
y = a? + b? + 2ab + (atan@- bcoth)?

b
= Ymin = (@ + b)?, whentan = \E

Illustration 100:
y = 8sec?8 + 18 cos?6

Solution:

y= (2\/§S€C9 - 3\/§COS 9)2 + 24
22 2

= Ymin = 24 when cos? 6 :ﬁ:g

Illustration 101:

y = 4sin?6 + cosec?0
Solution:

y = (2sinf - cosech)? + 4

1
= Vmin = 4, when 2sinf = cosecf i.e.sin? @ = >

Summation of trigonometric series:

Type-I:

Sum of sine/cosine of n angles which are in A.P. i.e. successive arguments of sine or cosine have the same
difference.
Illustration 102:

S =sina +sin(a + p) +sin(a +2L) +...oeen..... + sin(a +n — 1p)
Solution:

2 Sing.S =2 sing (sina + sin(a + B)+sin(a + 2B) +...... + sin (a+n —1p))

=cos(a—§)—cos(a+§)+cos(a+§)—cos(a+§] F s cos(a+n—%[3)

- cos[a+n—%ﬁ)

B
= cos(a—;) -cos(o+n— %ﬁ)

. (Firstangle + Last 1 .. n
sm( irstangle + Last ang e) Sln—'B

2 2
. B
sinZ

=>S5= sinnz—ﬁsin [@ + (n-1) g]/sin

B
2

Here g is half of common difference.
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Illustration 103:

S = cosa+cos (a+PB)+cos (a+ 2B) +.....vnnnn. + cos(a +n — 1)
Solution:
Zsing.S =2 sin’[z—)) (cosa+cos(o+PB) + cos(a + 2B)+..ovvnnnnnn + cos(a+n—10))

>S5 = sin%cos [+ (n-1) g] /sing

Illustration 104:

S = sin@ + sin26 + sin360 + sin4d6+........ +sinné.
Solution:
. (0 .0 . . .
251n<z)5=smz[sm9+sm29+sm39 ....... + sinn 0]
0 36 30 cos56 cos50 76 1 1
—cosf—c057+ s> - — + 5~ COSH ... + cos(n—i)ﬁ—cos(n+§)9

.0 6 1
= ZsmES = C0S7 = CO0S (n+§)6

2 sin (leLl) 6 sin (%)

=85 = 9
2 sin (7)
sin(9+n9) sinnz—g
orS = - by standard result.
sin @

2T
If@=—thenS =0
n

Illustration 105:

T 3T 5 17n
S = CosTg + CosTg + cos Tgte +C0S~q-
Solution:
T
S = cosf + cos36 + cos56+.......... + cos176 , where 6 = E
2sinf S = 2sinf (cosf + cos 36 + cos50 +.......... + cos 170)
=sin 26 + sin 40 - sin26 + sin 66 -sin46 +........ + sin186 -sin 166
sin1860 sin(m—0
_Sin186 (' ) (._.922)
2sin@ 2sin@ 19
1
or S=—
or by standard result
n 17n
cos 19 19 sin J- 21
2 19 %x 2 2 Im . 91 18w
B cos g singg B sin—g
S= . 2m T osin 2sin % 2
Slnm Sin 19 Sin 19
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Illustration 106:
S = sinf - sin20 + sin36 - sin48 + ...+ n terms

Solution:
S = sinf +sin( + 260) + sin(2r + 30) +sin(3n +40) +....... + n terms
Letr +60 =d

S =sinf + sin(@ + d) + sin(0 + 2d) +sin(0 + 3d) +...... + sin(6 +n — 1d)
2511‘1%.5 = ZSin%[sinB + sin(6 +d) + sin(6 +2d) +...... sin(0 + n-1d)]

:cos(%—e)— cos(%+9) + cos(%+9) - cos(ﬁ+9) + cos(ﬁ+9)— cos(%+9>+ ......

2 2 2
2n—3 2n—1 d 2n—1
+cos( > d+9)—cos( > d+9)—cos(§—9)—cos( > d+9)
2n-1 d
B _ _ ( d+9-5+9) sin(nd/2) sin(6+(n-1)d/2)
2sin 5.S = 2sin(nd/2) sin = S=
7 2 sin2
2
Illustration 107:
S =cosf + cos20 + cos38+............ + cosn®
Solution:
.0 .0
ZSIHE S= 251n5(c059 + cos20+...... +cosnf)
_.39.9+_59_39+.79.59+ +.(+1>9.( 1)9
= sin > sm2 sin > sin > sin > sin 5t sin{n > sin[n >
. 1 .. 0 . (n6
sm(n+5)9—sm5 sm(T) n+1
S = 9 =>85= e.cos(z)e
2 sin(—) sin—
2 2
Type II: Splitting the sum of series as difference of 2 terms
Illustration 108:
X
cosecx + cosec2x + cosecdx + ... + cosec2nx = cot; - cot2"x
Solution:
X . X . X . X
1 sin sin (x — 7) sinx cos — cos x sin~ x
T, = — = T = T = T = cot— —cotx
simnx sinfsinx sinfsinx sinzsinx 2

1 sinx sin(2x —x)
= X — = — - = cotx - cot2x
sin2 x sinx sin2xsinx

Similarly,

T5 = cot2x - cot22x, T4 = cot22x - cot23x,... Ty, = cot2"2x - cot2"-1x, Tp.1 = cot2"-1x - cot2"x
=85 =)T, = cot% - cot2™x

Continued Product of Sine & Cosine Series:

> denotes continued sum & I'T denotes continued product

Hsin ro =sin0O sin20 sin 30 .....ccceuu.... sin n0
r=1

n
Zsin ro =sin0 + sin 20 + sin 30 + ........ + sin n0O
r=1

If continued product of cosine series is given such that each angle is double or half of previous angle, then
multiply & divide the series by 2 (sine of smallest angle).
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Let P = cos 0 cos 20 cos 220 .............. cos 2"°1Q
multiply Nr & Dr by sin6
sin0cos0c0s26....cos2" 'O _ 2sinBcosHcos26......c0s2" 'O _ sin20¢0s26......cos2" 'O

= P= - - -
sin@ 2sin0 2sin0
_2sin20c0s26......c0s2" 'O 2"'2.5in0c0sHC0S26......cos2" 'O _ sin2"6
22sin0 B 2"sin® 2"sin0
Illustration 109:
Prove that cos20cos40cos 80=l or cosEcosz—ncosﬂ =1
8 9 9 9 8
Solution:
2sin20 2sin40-cos40cos80 2sin80cos80  sin160 sin20 1
- x €0520c0s40c0s80 = — = — =—— =—— —_—
2sin20 2°sin20 2°sin20 2°sin20 2°sin20 8

sin2°(20) _sin160 1
2%sin(20) 8sin20 8
Illustration 110:

87 14n 1

27 41
COS—COS—COS—COS—=——
15 15 15 15 16

Direct: =

Solution:

(27:) (47:) (87:) ( T j T 2 4m  8m
COS| — [COS| — |COS| — [COS| T—— | = —COS—COS—COS—C0S—
15 15 15 15 15 15 15 15

Multiply & divide by 2sin (1—7;) & solve
Direct method:
. . léx . s
sin2* (n) sin—— sm(;w)
_ 15) _ 15 _ _ 15) i

2% sin - 16-sin—— 16-sin-~ 16
15 15 15

Illustration 111:

.o . 3n .5t . 7t . 9n . 11n . 13m
P = sin— sin— sin— sin— sin— sin—— sin——
14 14 14 14 14 14 14

Solution:
. T . 3m . 5n . 57 . 3t) . oL
P=sm— SIin— Sin — ><1><Sll’1 mT—— | SN T—— | SIN| T——
14 14 14 14 14 14
P= sinising—nsins—n 2 =q2 (let)
"1 1a 1) T

. In—6n) . (7n—4n) . (7n—-2%
= q =sin sin sin
14 14 14

3n 2T s
Or q = C0OS— COS— COS —
7 7 7

. 8n . i
SIn— sin|f T+ —

T 27 47 7 7 1
= = —-C0S=C0S—CO0S—=- ———=-——— 2 =_, L P=—
7 7 8

83inE 8sin ~
7 7

[42]
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Illustration 112:

T 3m  5m 7w

Find the value of sin— sin— sin— sin—
16 16 16 16

Solution:

. T 3n 371'7'[1_271’_671’1 T 3n

sin—sin—cos—cos—=—|sin—sin—| =— |2 sin —sin—
16 16 16 16 4 16 161 8 8 8

= 1(2 sinzcosz) = 1sinz = L
8 8 8/ 8 4 g2
Illustration 113:
T 21 3 4 1
COS§COS?COS?COS? = E

Solution:

2

COS— COS— COS—| =

. T . 8m
[ 2r 4w (1> sin2’y 1 sing g
~2 9

23 sing 16 sing 16

Illustration 114:

1

Show that 25in% 4 2cosx > 2177
Solution:

Since A.M. of two positive quantities > Their G.M. we have

> \/zsinxzcosx — \/ZSinxzcosx — 2\/_51n(x+ ) \/2_\/_

1 L

= 2sinx | gcosx > 9 X2 V2 =2 2
Illustration 115:

Zsinx 4 pcosx
2

1
Iftan66 = p/q, find the value OfE (pcosec26 — g sec 20) in terms of p and q.

Solution:

Here, we have tan66 = p/q
sin6 6 p

= =
cos66 q

p? +
D=y =

sin6 6 cos69

1 p q
N == 20 - 20)=— ( - )
ow y 2 (p cosec q sec ) 2 sin 26 cos 26

> y=

lpcos26 —qsin26

E[ sin26cos20

2ksin668cos260 —2kcos66sin26

[ 4sin26cos26 ]
sin(66 — 20)

k———— =k = 2 2
sin4 6 peta
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Illustration 116:

2sin(140°) sec(280°) : sec(340°)

The value of V3 S:oct((zzz()% 3)_tan(2¢;%i§c(20 ) is
cot(200°)
Solution:
2sin(140°) sec(280°) , sec(340°)
V3 sec(220°) cosec(20°)
cot(200°) — tan(280°)
cot(200°)

tan(20°) — tan(80°)
1+tan20°tan80°
Illustration 117:

=+/3tan(60°) = 3

The maximum value of y = ——————1s
sin® x+cos® x
Solution:
sin® x + cos® x = (sin? x + cos? x)(sin* x + cos* x — sin
3(sin 2x)?

4

2 x cos? x)

1 —3sin®xcos?x = 1-
4

- 4—3(sin 2x)2
4
= Ymax= 4-3(1) =4

=Yy

Illustration 118:
The value of cosec10°+cosec50°-cosec70° is

Solution:
1 1 1 1 1 1

sin 10°+ sin50° sin70° cos 80°+ cos40° cos20°
_cos 40°cos20°+ cos80°cos 20° — cos 40° cos 80°

cos20°cos40°cos80°
[cos20°(cos40° + cos80°) — cos 40°cos 80°]

8
8[2 cos 20° cos 60° cos 20° — cos 40° cos 80°]
4[2 cos? 20° — 2 cos 40° cos 80°]

4[1 4+ cos40°— (cos120°+ cos40°)]

3
—4)(?—6

Illustration 119:

_ _ (logion)—1 n
If logyo sinx + log,o cos x=-1 and log;,(sinx + cosx) = — Then the value of 3 is

Solution:

Given logq, (sir122x) =-1

sin2 x
= =
2

U'llr—w—\l
ol P

=>sin2x =

10810(%)

Also log;o(sinx + cosx)= >
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= logyo(sinx + cos x)?=logy, (%)

) n
=>1+sin2x =—

10

1+]L "

5 10
6_n
5 10
n

> — =

3

Illustration 120:
If sin3x cos3x + cos3 xsin3x = %, Then the value of 8sin 4x is

Solution:

4sin3xcos3x+4cos3xsin3x=§

3

= (3sinx - sin3x)cos3x+(3cosx + cos3x)sin3x = >
3

= 3[sinx cos 3x + cosx sin3x]= >

] 1
= sindx =—
2

= 8sindx =4
Illustration 121:

1 T
If cos 8- sin 0=E where O<6<E

Column I Column II
a.(cosf + sinf)/2 4
P-E
b. sin260 7
%10
c.cos26 - 24
"25
d.cos @ 7
s.—
25
Ans.[a->q;b > 1;c - s;d - p]
Solution:
1 T
cos @ —sinf =EWhere0 <60 <E (i)
Squaring both side of Eq. (i), we get
1
1—-sin20 =—
sin T
=sin26 = 24 = 20 =
sin26 = == cos =5z
1 1 48 49
Also, (cos 6 + sin8)?=(cos 6 —sin0)? + 4 cosfsinf =— + 2sin20=—+ —=—
25 25 25 25
7
= cosf +sinf =3 ..(ii)

7
= 0 ing)/2 =—
(cos O +sin6)/ 10

4
Also solving Egs. (i) and (ii), we get cos 8 = E

www.allen.in [45]



ALLEN

JEE (Main + Advanced) : Mathematics

Illustration 122:

For al

I real values of
Column I Column II
a. A=sin?0 + cos* 6 p.-A € [-1,1]
— 2 2 3
b. A =3cos?6 +sin*9 q'AE[Z’l]
c. A =sin?0 —cos* 0 r. A € [2v2, ]
d. A=tan’6 +2cot?8 |s.A€[1,3]

Ans.[a—>q; b—>s; c—>p; d- 1]
Solution:

a.

b.

A = sin? 6 + cos* 6
_1—c0529+<1+c052t9>2
2 2

1 1 2(9+1+1 2¢9+1 2p

> 2cos 2 2cos 4cos

3 1(cos49+1)_3+1+1 4q
=173 8cos

272 2
Now-1< cosb <1
—1 cos46 1

(1 + 60549)

_ 2 . 4, _ o 1+cos20 1—cos 260
A=3cos“0 +sin"0=3 5 +( > )

3+3cos20 1—2cos26 + cos?26
= +
2 4
_ 7+4cos26 +cos?20  (cos26 +2)*+3

4 4
Now1l <cos260+2<3

(cos26 +2)? +3
1< <
4
A =sin?6 — cos* 6
1-cos 28 14cos20\?
- 2 _( 2 )

1 1 1 1 1 2
=———co0s 20 -———-c0s20-—cos” 20
2 2 4 2 4
-1 20 — 2 cos? 20
=3 cos 4cos
__(1 2 1
——(Zcos 29+C0529_Z)
3 (Leos20+1)
=3 2cos
1 1
Now-— < —cos 20 < —
2 2 2

[46]
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—_
—_

3

=< =c0s20+1 < 7

U
-PIHN
IA
/\N
(SN

—cos20 + 1)

:>—2<—<1c0529+1> <—1
2 -4
:>—1<§—(1c0529+1)2< 1
=3:7\3 <

d. tan’6+2cot?0 = (tan@ —x/icot@)2+ 2V2 =242
Illustration 123:
Ifcosa +cosf=1/2andsina +sinff=1/3

Column I Column II
a. cos (aziﬁ) p. + ‘/13
b. cos ( ) q. 2
3
c.tan (TB) r.t %
d. tan (T) s.+ %
Ans.[a—>r;b - p;c— q;d - s]

Solution:

1
cosa +cosf = 5
a+p a—p\ _ 1 .
= 2 cos (T) cos (T) =5 (i)
. : 1
sina +sinf = 3

= 2sin (a;—ﬁ) cos (a ﬁ) ..(ii)
Dividing Eq. (ii) by Eq.(i). we get

) (a + ﬂ) 2
an(——) =3
R (a+[3) + 3
cos =+
2 Vi3
Squaring and adding the given result, we have
13
2+2 -B)=—
+ 2 cos(a — B) 36
- cos( )= 59
cos(a —f 7
, (a—B 59 13
= 2cos (—2 ) 1—7—2 7
. (a - ,B) _ +\/ﬁ
O\ ) T2
ot (cx - [3) _ . 131
M) T 13
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Illustration 124:

Column-I Column-II
(a) sin(410°-A)cos(410°+A)+cos(410°-A)sin(410°+A) has the value equal to | (p) -1

cos? 1°—cos? 2° (@) 0
(b) —— . isequalto
2sin3°sin1l
(c) sin(-870°)+cosec(-660°)+tan(-885°)+2cot(840°)+cos(480°)+sec(900°) ) 1
2
(d) ifcos8 = iwhere 0 e (3—ﬂ Zn) and cos ¢ = Ewhere ¢ € (0 E) (s)1
-5 2’ ~ 5 )

then cos(6 — ¢) has the value equal to

Ans.[a—> s;b - r;c - p; d - (q]
Solution:
(a) sin(410°+400°)=sin810°=sin(720°+90°) = sin90°=1
sin? 2°-sin?1° sin3°sin1° 1
(b) 2sin3°sin1° 2sin3°sin1° 2
(c) sin(-870°)+cosec(-660°)+tan(-885°)+2cot(840°)+cos(480°)+sec(900°)
= -sin(810°+60°)- cosec(720°-60°)-tan(810°+45°)+2cot120°+cos120°+sec180°

! + 2 +1 2 1 1=-1
2 3 V3 o2
4 3 3 4
(d) cos(6 — ¢) =cosOcos + sindsin =z X P X S
Illustration 125:
Column-I Column-II
(@) The maximum value of {cos(24+68)+cos(2B +6), Where A, B are constant is (p) 2sin(4 + B)
(b) The maximum value of {cos24+cos2B) Where (A+B) is constant and (q)2sec(A + B)
T .
4,8,€(0,3),is
(c) The minimum value of {sec2A+sec2B) Where (A + B)is constant and | (r) 2cos(A + B)
T\ .
4.8,€(0,3)is
(d) The minimum value of /{tan 8 + cot® — 2 cos 2 (A + B)}. Where (4 + B) is | (8) 2cos(4-B)
constantand 4, B, € (0, g), is

Ans.[a—> s;b - 1r;c— q; d > p]
Solution:
(a) {cos(24+8)+ cos(2B+6)} = 2cos(A-B)cos(A+B+8)
Maximum value is 2cos(4A — B) Whencos (A+B+6) =1
(b) {cos2A + cos2B} = 2cos(A + B) cos(A - B)
Maximum value is 2cos(4 — B) when cos(A+ B) = 1

(c) Fory =secx,x € (0, %), tangent drawn to it at any point lies completely below the graph of

sec2A+sec?2B
y = secx, thus -, > sec(A + B)

= sec2A + sec2B = 2sec(A + B)
Hence, the minimum value is 2 sec (4 + B).

[48] www.allen.in



Trigonometric Ratios and Identities Al-l.=-®

(d) \/{tanH +cotf —2cos2 (A +B)}=\/(\/tan9 —\/cot@)2 +2—2cos2(A+B)

=\/(\/tan 6 — +/cot 9)2 + 4sin?(A + B)
Minimum value occurs when vtan & = v/ cot 0 and

Minimum value is /4 sin?(4 + B) = 2sin(4 + B)
Illustration 126:

Column-I Column-II
(a) cos20°+c0s80°-/3cos50° (p)-1

o s 2n 3 4m 5t 61 3
(b) cos0°+cos = + cos =~ + cos = +C0s =~ + oS =~ + cos =~ (q) — 7
(c) cos20°+c0s40°+cos60°- 4cos10°cos20°cos30° (r)1
(d) cos20°co0s100°+cos100°cos140°-cos140°cos200° (s) O

Ans.[a—> s;b > 1;c > p;d - q]
Solution:
(a) co0s20°+ cos80° - v3c0s50°=2c0s30°c0s50°-v/3c0s50°

=1/3c0550°-/3¢c0s50°=0
T 2 3m
(b) cos0°+cos— + cos— + cos— +cos4—n + coss—n + cos6—n
7 7 7 7 7 7
5 3 4m

T (/4 2T
=1+ (cos7 + cos7) + (Cos7 + Cos7) + (Cos7 + cos7)

=1+ (COS% + cos (n - %))+(cosz7n + cos (n - 2771)) + (cos37n + cos (n — 3771))
=1+0+0+0=1
(c) co0s20°+cos40°+cos60°- 4cos10°cos20°cos30°
=c0s20°+c0s40°+cos60°- 4cos10°0cos20°cos30°
=2¢0s30°c0s10°+2cos” 30° ~1-4c0s10°cos20°cos30°
=2c0s30° (2c0s10°c0s20°)-1-4cos10°cos20°cos30°=-1
(d) c0s20°cos100°+cos100°cos140°-cos140°cos200°

1
=7 (cos120°+cos80°+cos240°+ cos40°-cos340°-cos60°)

1/ 1 , 1 . , 1 1/ 3 . . .
= E(—§+ cos 80 —§+ c0s40° — cos 340 _E) = E(_E-l_ cos 80° + cos40° — cos 20 )
1/ 3 . . . 1/ 3 3
= E(—§+ 2cos60°cos20° — cos 20 ) = E(_E) = ~2
Illustration 127:
If sina = Asin(a + ), A # 0, then the value of tan « is
Asinf Asinf Acosf Acosf
1-Acosf 1+Acosf 1-Asinf (D) 1+Asin
Ans. (A)
Solution:
sina =Asin(a +f)=A(sina cosf +sinf cosa)
= sina (1-A4 cosf)= A sin  cosa (1)
Asinf y
= tana =m ..(ii)
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Illustration 128:
If sina = Asin(a + ), A # 0, the value of tan 8 is
sina(1+Acosf) sina(1-Acospf) cosa(1—-Asinp) cosa(1+Asinp)
Acosacosf B Acosacosf ¢ Acosacosf b Acosacosf
Ans. (B)
Solution:

cos Acosp Acosacosf [from Eqgs. (i) and (ii)]

Illustration 129:
If sina, = Asin(a + B), A= 0, which of the following is not the value of tan(a + )?

(A sin 8 (B sina cosa C sina cosa D)N fth
—_— one of these
)cos B—A )Acos B—sin? a Acos B+sin? a (
Ans. (B)
Solution:
tana+tan 8
tan(a+p) ="
1-tanatanf
Asinf  sinf
1-Acosf cosf __ sinf
1 Asin Bsinf cos B—A
(1—AcospB)cosp
tana+tanf

Also t +p)=
sotan(a +f) 1-tanatanf

sina  sina(1—Acos f5)
_cosa’ Acosacosf
sin? a(1—-Acos B)
AcosZacosf

[Asina cos f+sina—Asina cos ] cosa sina cosa
= Acos?acos B—sin? a+Asin? a cos 8 ~ Acos B-sin? a
INlustration 130:
Column-I Column-II

(a) Suppose ABC is a triangle with three acute angle | (p) I°* quadrant
A,B and C. The point whose coordinates are
(cos B-sin 4, sin B - cos A) can be in the

(b) If 2519 > 1 and 3¢°5? < 1,then 6 € (q) 2" quadrant

(c) |cos x + sin x| = |sin x|+|cos x| (r) 3" quadrant

1-sind | sinA _ (s) 4" quadrant

1+sinA cosA ~ cosS A'

(d) If

for all permission

values of 4, then A can belong to

Ans. [a > q;b - q;c > p,r;d > p,s]

Solution:
(a) Since angle 4, B and C are acute angle
s
~A+B>—
2
T
A>5-B

sin A-cos B> 0
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= cosB-sinA<0 (1)
Again B > %— A
sin B>cos A
sinB-cosA>0 ..(ii)
from Eq. (i) and (ii), we get that x-coordinates is -ve and y-coordinates is +ve.
Therefore, point lies in 2"4 quadrant only
(b) 25" >1=5sinf > 0= 6 €15 or 2" quadrant
36050 < 1 = cosf < 0 =0 € 2" or 3" quadrant
Hence 6 € 2™¢ quadrant
(c) |cos x + sin x|= |sin x|+|cos x|
= cos x and sin x must have same sign or at least one in zero
= x € 15¢ or 3" quadrant
1-sinA sind 1
- | cos A| + Ccos A - cos A

(d) LHS which is truly only if | cos A |= cos 4

= A € 1% or 4" quadrant
Illustration 131:

Column-I Column-II
(@ Ifx2+y?2=1andp = (3x—4x3)%? + (3y —4y>)? ,thenp is equal | (p) 1
to
(b) Ifa+ b =3-cos46 and a — b = 4 sin26, then the maximum value | (q) 4
of (ab)is
(c) The least positive integral value of x for which (r) 5
3cosf = x? —8x+ 19
2
d If x= 4/12 and y = 2_2/12 ,where A is a real parameter, then (s) 8
1+2 1+2
x% — xy + y? lies between [a, b] then (a + b) is

Ans.[a->p;b->p;c— q;d - s]
Solution:
(a) x =sinf,y = cosf
p=(3sinf —4sin30)2 + (3cosh — 4cos®0)? = sin?36 + cos?360 =1
3—cos462+4 sin26 _ (1 + sin 26)2
on subtracting, we get b = (1 — sin26)? = ab = cos*20 < 1
(o) 3 cosf =x% —8x+ 19
= 3cos0=(x—4)*+3
Now L.H.S. = 3 cos@ < 3 or L.H.S. has the greatest value 3.
But RH.S. (x — 4)2 + 3 > 3 OR R.H.S. has the least value 3.

Hence, L.H.S. = RH.S. when 3 cos@ = (x —4)?+ 3 =3

(b) on adding, we geta =

=>cosf=1landx-4 =0
=60 =2nwandx = 4,wheren € Z.
(d) A=tané
x =2sin20and y = 2 cos 26
E =x?—xy+y%?=4-4sin26cos26 =4- 2 sin40
E€[26]=a+b=28
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Illustration 132:

Column-I Column-II
(a) Intriangle ABC, 3sinA +4cosB=6 (p) 60°

3cos A + 4 sin B=1, then 2£C can be
(b) Inany triangle, is (sin A+ sin B + sin C) (q) 30°

(sin A+ sin B- sin C) = 3 sin A sin B, then the angle C
(c) If8sinxcos®x —8sin®xcosx = 1,thenx = (r) 165°
(d) ‘O’is the center of inscribed circle in a 30°- 60°-90° triangle ABC with (s) 7.5°

right angled at C. if the circle is tangent to AB at D, then the angle 2COD

1S

Ans.[a-> q;b - p; c > s;d > 1]

Solution:

(a) 9+ 16 + 24 sin (A + B) = 37 (on squaring and adding)
24sin(A+B) = 12

1
sin(A + B) = %:sinC=E

C =30°or 150°
= C = 30°(~ forC = 150°)

(b)  (sinA4 + sinB)? —sin? C=3sinAsin B
= sin? A — sin? C + sin? B =sin A sin B
= sin(A + C) sin (A - C) +sin? B=sin Asin B
= sin B[sin(4 - C) + sin(4 + C)] =sin A sin B
= 2sinAcos C=sinA (as sin B+ 0)

1
=>cosC=—
2

= C =60°
(c) 2sinxcosx[4cos*—4sin*x] =1
= (sin 2x) [2(cos? x + sin? x)][2(cos? x — sin?x)] = 1
= (sin 2x)2x2 cos 2x =1
=2sin4x=1

1
ﬁsin4x:5:> 4x = 30° => x = 7.5°

A
60 D
N
X
%
(d) r
E 0
45°
A 4’50 300
B
¢ 3

Obviously AEOD is a cyclic quadrilateral we have
£C0OD = 120° + 45° = 165°
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