Relations

1. Cartesian product of two sets:
Given two sets A & B. The cartesian product A X B is the set of all ordered pairs of the form (a, b) where
the first entry comes from set A & second comes from set B.
AXB=1{(a,b)|acA, beB}
eg. A=1{1,23}
B={p.q}

Ax B={(1p)(1,9),(20p) (29, Gp)Gqe}
Note : (i) If either A or B is the null set, then A X B will also be empty set,i.e. A X B = ¢
(ii) If n(A) = p,n(B) = q,thenn(4 X B) = pq, where n(X) denotes the number of elements in set X.
(iii) A Relation R from set A to B is any subset of A X B. If ARB & (a,b) € R then b is image of a
under R and a is preimage of b under R.
Note : Ifn(A) = m,n(B) = n, then number of relations defined from set A to B are 2™™.
Illustration 1:
IfAX B ={(p,x); (p,y); (q,x); (q,¥)} find A and B.
Solution:
A is a set of all first entries in ordered pairs in A X B.B is a set of all second entries in ordered pairs in
A X B.Thus A = {p,q}and B = {x,y}
Illustration 2:
If A and B are two sets, and A X B consists of 6 elements: If three elements of A X B are (2,5) (3,7) (4,7)
find A X B.
Solution:
Since, (2, 5) (3, 7) and (4, 7) are elements of A X B. So, we can say that 2, 3, 4 are the elements of A and 5, 7
are the elements of B
So,A={2,3,4}and B = {5, 7}
Now, 4 X B = {(2,5); (2, 7); (3, 5); (3, 7); (4, 5); (4, 7)}

Thus, A X B contain six ordered pairs.

2. Introduction:

Let A and B be two sets. Then a relation R from A to B is a subset of A X B.

Thus, R is a relation fromAto B < R € A X B.

Ex. If A={1,2,3} and B ={a,b,c}, then R = {(1,b),(2,¢c),(1,a), (3,a)} being a subset of A X B, is a
relation from A to B. Here (1,b),(2,¢),(1,a) and (3,a) € R, so we write 1Rb, 2Rc, 1Ra and 3Ra. But
(2,b) € R, so we write 2R b.
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(a) Total Number of Relations:
Let A and B be two finite sets consisting of m and n elements respectively. Then A X B consists of mn
ordered pairs. So, total number of subsets of A X B is 2™™,

(b) Domain and Range of a relation:
Let R be arelation from a set A to a set B. Then the set of all first components or coordinates of the ordered
pairs belonging to R is called to domain of R, while the set of all second components or coordinates of the
ordered pairs in R is called the range of R.
Thus, Domain (R) = {a : (a,b) € R}
and, Range (R) = {b : (a,b) € R}
It is evident from the definition that the domain of a relation from A to B is a subset of A and its range is a
subset of B.
Ex.Let A={1,3,5, 7} and B = {2, 4, 6, 8} be two sets and let R be a relation from A to B defined by the
phrase "(x,y) € R < x > y". Under this relation R, we have 3R2,5R2,5R4,7R2,7R4 and 7R6
ie. R ={(3,2),(52),(5,4),(7,2),(7,4),(7,6)}
. Dom (R) = {3,5, 7} and Range (R) = {2, 4, 6}
(c) Inverse Relation:
Let 4, B be two sets and let R be a relation from a set A to a set B. Then the inverse of R, denoted by R™1, is
arelation from B to A and is defined by
R™Y = {(b,a): (a,b) ER}
Clearly, (a,b) € R < (b,a) € R™!
Also, Dom (R) = Range (R™1) and Range (R) = Dom (R™1)
Illustration 3:
Let A be the set of first ten natural numbers and let R be a relation on A defined by (x,y) € R < x + 2y = 10,
ie.R={(x,y):x €A,y € Aand x + 2y = 10}. Express R and R™! as sets of ordered pairs. Determine also

(i) domain of R and R™1 (ii) range of R and R™1
Solution:
Wehave (x,y) ER<x+2y =10y = X ,X, Yy EA

where A ={1,2,3,4,5,6,7,8,9,10}
10-1 9
Now,x =1=Dy=—=—¢ A.
y 2 2
This shows that 1 is not related to any element in A. Similarly, we can observe. that 3,5, 7,9 and 10 are not

related to any element of A under the defined relation

Further we find that:

10-2
For x=2,y=T=4EA s (2,4)€ER
For x=4,y=1OT_4=SEA . (4,3)eER
For x=6, y=¥=2€A .. (6,2)ER
For x=38, y=$=1€A S (8,1)€eER

Thus, R = {(2, 4), (4, 3), (6, 2), (8, 1)}

= R ={(4,2),(3,4),(2,6),(1,8)}
Clearly, Dom(R) = {2, 4, 6, 8}= Range(R™1)
and, Range (R) ={4, 3, 2, 1}= Dom(R™1)

[2] www.allen.in



Relations ALLEN’
3. Types of Relation:

In this section we intend to define various types of relations on a given set A.
(a) Void Relation:
Let Abe aset. Then ¢ € A X A and so it is a relation on A. This relation is called the void or empty relation

on A.

(b) Universal Relation:

Let Abeaset. Then A X A € A X A and so itis a relation on A. This relation is called the universal relation

on A.

(c) Identity Relation:

Let A be a set. Then the relation I, = {(a, a) : a € A} on A is called the identity relation on A. In other words,

arelation I, on A is called the identity relation if every element of A is related to itself only.

Ex. The relation I, = {(1, 1), (2, 2), (3, 3)} is the identity relation on set A = {1, 2, 3}. But relations
R; ={(1,1), (2,2)} and R, ={(1, 1), (2, 2), (3, 3), (1, 3)} are not identity relations on A, because
(3,3)¢ Ry and in R, element 1 is related to elements 1 and 3.

(d) Reflexive Relation:

A relation R on a set A is said to be reflexive if every element of A is related to itself. Thus, R on a set 4 is

not reflexive if there exists an element A € A such that (a,a) ¢ R.

Ex. Let A ={1, 2, 3} be a set. Then R ={(1, 1), (2, 2), (3, 3), (1, 3), (2, 1)} is a reflexive relation on A. But

R; ={(1, 1), (3, 3), (2, 1), (3, 2)} is not a reflexive relation on A, because 2 € A but (2, 2) ¢ R;.

Note : Every Identity relation is reflexive but every reflexive relation is not identity.

(e) Symmetric Relation:

A relation R on a set A is said to be a symmetric relation iff

(a,b) ER= (b,a) e Rforalla,b e A

ie.aRb=bRaforalla,b,€ A.

Ex. Let L be the set of all lines in a plane and let R be a relation defined on L by the rule (x,y) E R < x is
perpendicular to y. Then R is a symmetric relation on L, because L; L L, = L, 1 L,
ie.(Ly,L;) € R= (Ly Ly) ER.

Ex.Let A = {1, 2, 3,4} and let R; and R, be relation on A given by R; ={(1, 3), (1, 4), (3, 1), (2, 2), (4, 1)} and
Ry ={(1, 1), (2, 2), (3, 3), (1, 3)}. Clearly, R, is a symmetric relation on A. However, R, is not so, because
(1,3) e R, but(3,1) ¢ R,

(f) Transitive Relation:

Let A be any set. A relation R on A is said to be a transitive relation iff

(a,b) € Rand (b,c) E R= (a,c) €ERforalla,b,c € A

iie. aRbandbRc=aRcforalla,b,c€A

Ex. On the set N of natural numbers, the relation R defined by x R y = x is less than y is transitive, because
foranyx,y,z € N
x<yandy<z=x<z=>xRyandyRz=>xRz

Ex. Let L be the set of all straight lines in a plane. Then the relation 'is parallel to' on L is a transitive relation,

because from any /¢4, (2, (3 € L.

f1||fzandf2 ||f33f1 ||€3
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(g) Asymmetric Relation Definition

Asymmetric relation is the opposite of symmetric relation but not considered as equivalent to

antisymmetric relation.

In Set theory, A relation R on a set A is known as asymmetric relation if no (b,a) € R when (a,b) € R or we

can even say that relation R on set A is asymmetric if only if (a,b) € R=(b, a) €R.

For example: If R is a relation on set A= (18,9) then (9,18) € R indicates 18>9 but (9,18) R, Since 9 is not

greater than 18.

Note- Asymmetric relation is the opposite of symmetric relation but not considered as equivalent to

antisymmetric relation.

(h) Antisymmetric Relation:

Let A be any set. A relation R on set A is said to be an antisymmetric relation iff (a, b) € R and (b,a) € R

=a=>bforalla,b€eA

Ex. Let R be a relation on the set N of natural numbers defined by x R y < 'x divides y' forall x,y € N
This relation is an antisymmetric relation on N. Since for any two numbers a,b € N
albandbla=a=b i.eeaRbandbRa=a=0b

(i) Equivalence Relation:

A relation R on a set A4 is said to be an equivalence relation on A iff

(i) itisreflexivei.e. (a,a) € Rforalla € A

(ii) itis symmetrici.e. (a,b) € R= (b,a) € Rforalla,b € A

(iii) it is transitive i.e. (a,b) € R and (b,c) € R = (a,c) € Rforalla, b,c € A.

Ex. Let R be a relation on the set of all lines in a plane defined by (¢4, /2)€ R < line /1 is parallel to line /».

R is an equivalence relation.
Note : It is not necessary that every relation which is symmetric and transitive is also reflexive.
Illustration 4:
Three relation R;, R, and R; are defined on set A = {a, b, c} as follows:
(1) Ri{a,a), (a, b), (a,c), (b, b), (b, c), (¢, a), (¢, b), (¢, c)}
(ii) Rz {(a, b), (b, a), (a, ¢), (¢, a)}
(i) R3{(a, b), (b, ©), (¢, a)}
Find whether each of Ry, R, and Rj; is reflexive, symmetric and transitive.
Solution:
(i) Reflexive: Clearly, (a, a), (b, b), (c,c) € R;. So, R, is reflexive on A.
Symmetric: We observe that (a, b) € R but (b, a) ¢ R;. So, R, is not symmetric on A.
Transitive: We find that (b, ¢) € R, and (c,a) € R, but (b, a)R;. So, R is not transitive on A.
(ii) Reflexive: Since (a, a), (b, b) and (c, ¢) are not in R,. So, it is not a reflexive relation on A.
Symmetric: We find that the ordered pairs obtained by interchanging the components of ordered pairs
in R, are also in R,. So, R, is a symmetric relation on A.
Transitive: Clearly (c,a) € R, and (a,b) € Rpbut (¢, b) € R,. So, it is not a transitive relation on R,.
(iii) Reflexive: Since none of (a, a), (b, b) and (c, ¢) is an element of R3. So, R is not reflexive on A.
Symmetric: Clearly, (b, c) € Rz but (¢, b) ¢ R3. so, is not symmetric on A.
Transitive: Clearly, (b, c) € Rz and (c,a) € R;but (b, a) ¢ R;. So, R5 is not transitive on A.
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Illustration 5:

Prove that the relation R on the set Z of all integers defined by (x,y) € R < x — y is divisible by n is an
equivalence relation on Z.

Solution:

We observe the following properties

Reflexivity: For any a € N, we have

—a-a=0 =0xn=a-aisdivisiblebyn= (a,a) € R
Thus, (a,a) € Rforalla € Z

So, R is reflexive on Z

symmetry: Let (a, b) € R. Then,

= (a,b) € R = (a - b) is divisible by n

= a-b =npforsomep € Z

= b-a=n(-p)

= b - aisdivisiblebyn [ peZ=-pe’Z]

= (b,a) ER
Thus, (a,b) € R = (b,a) e Rforalla,b, € Z
So, R is symmetric on Z.
Transitivity: Let a, b, c € Z such that (a,b) € R and (b, c) € R. Then,
(a,b) € R = (a-b) is divisible by n
= a- b=npforsomep € Z
(b,c) € R = (b-c) is divisible by n
= b-c =nqforsomeq €Z
. (a,b) €ERand (b,c) ER
= a-b =npand b-c-nq
= (a-b) + (b-c) =np + nq
= a-c=n(p+q)
= a-cis divisible by n ["pq€EZ=p+q=1]

= (a,c) ER

thus, (a,b) € Rand (b,c) € R= (a,c) € Rforalla, b, c € Z. so, R is transitive relation in Z.
Illustration 6:

Show that the relation is congruent to' on the set of all triangles in a plane is an equivalence relation.
Solution:

Let S be the set of all triangles in a plane and let R be the relation on S defined by (A; ,A, ) € R < triangle
A; is congruent to triangle A,. We observe the following properties.

(j) Reflexivity:

For each triangle A € S, we have

A=A= (A, A) e RforallA € S = Risreflexiveon S

(k) Symmetry:

Let Ay, Az € S such that (A1, Az) e R. Then, (A1, Az) eR=AM =AM (Az, A1) eR

So, R is symmetric on S
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(1) Transitivity:
Let A1, Az, As € S such that (A1, A2) € R and (A2, A3) € R. Then,
(AL Az) e Rand (Az, Ag) eR=> A1 EAZ and Az EAg = A1 EA3:> (Al, A3) eR

So, R is transitive on S.
Hence, R being reflexive, symmetric and transitive, is an equivalence relation on S.
Illustration 7:
Three relation Ry, R, and R; are defined on set A = {a, b, c} as follows :
(©) Ri={a,a),(a,b),(a,c),(b,b),(b,c),(c,a),(c,b),(c,c)}
(ii) R = {(a, b), (b, @), (a, ¢), (¢, a)}
(iii)R3 = {(a, b), (b, ¢), (¢, @)}
Find whether each of R, R, and Rj is reflexive, symmetric and transitive.
Solution:
(i) Reflexive: Clearly, (a, a), (b, b), (c,c) € R;.So, R; is reflexive on A.
Symmetric: We observe that (a, b) € R, but (b, a) ¢ Ri. So, Ry is not symmetric on A.
Transitive: We find that (b, c) € R; and (c,a) € R, but (b, a) ¢ R;. So, R is not transitive on A.
(ii) Reflexive: Since (a, a), (b, b) and (c,c) are notin R,. So, it is not a reflexive relation on A.
Symmetric: We find that the ordered pairs obtained by interchanging the components of ordered pairs
in R, are also in R,. So, R, is a symmetric relation on A.
Transitive: Clearly (c,a)eR, and (a, b) e R, but (¢, b) ZR,. So, it is not a transitive relation on R,.
(iii) Reflexive: Since non of (a, a), (b, b) and (c, c¢) is an element of R3. So, R3 is not reflexive on A.
Symmetric: Clearly, (b, ¢) € R3but (¢, b) ¢ R3. so, is not symmetric on A.
Transitive: Clearly, (b,c) € R;and (c,a) € R;but (b, a) ¢ R3. So, R;is not transitive on A.
Illustration 8:
Prove that the relation R in the set N of natural numbers defined by xRy < '(x — y) is divisible by 5 is an
equivalence relation.
Solution:
For proving the relation R an equivalence relation we shall prove that the relation R is reflexive, symmetric
and transitive in the set N.
(i) Reflexive :
Let x € N, then
> xXeEN=x-x=0 =x-x=0x5
= x-x is divisibleby 5 => x R x

~. R is reflexive.
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(i) Symmetric :
Let xRy & x,y € N, then
xRy = x-y is divisible by 5
=>x-y=5Xpwherepel

=y-x =5X(-p) = y-xisdivisible by 5 [“pel=-pel]

=>YyRx
.. R is symmetric.
(iii) Transitive :
Let xRy and yRz then
XRy= x-yisdivisibleby5=>x-y=5Xp,p€el
And YRz = y-z=5q;(-q€l)

= (x-y)+(y-2)=5p+59=x-z=5(p+q)

= x- z is divisible by 5 [-pel,qel=p+qcel]

= xRz
-. R is transitive.

Thus R is reflexive, symmetric and transitive therefore R is an equivalence relation on the set N.

Illustration 9:

In the set N X N consider the relation R defined as (a, b)R(c,d) < ad = bc; a,b,c,d € N

Show that this is an equivalence relation.
Solution:

For proving the relation R on N X N to be an equivalence relation, we will prove that the relation R is

reflexive, symmetric and transitive.

Reflexive : Let x,y € N, then

= (x,¥) € N X N = xy = yx, by commutativity in N

= (x,y)R(x,y)V(x,y) e N XN

. R is reflexive

Symmetric : Let (x, y)R(p, q) where x,y,p,q € N, then

(%, ¥)R(p,q) = xq =yp=yp = xq
=>py =qx [by commutativity in N]
= (@, DR, y)

~.R is symmetric.

Transitive :

Let (x1,y1)R(x2,¥2) (x2, y2) R (x3, y3) where

= (%1, y1) (x2,¥2), (x3,y3) N X N, then

= (%1, y1)R(x2,¥2) = X1¥2 = Y1 X2 (1)
5 (X2, ¥2)R(X3,¥3) = X2¥3 = ¥aX3 «(2)
Now x1¥; = y1x;

X
Y VX putting the value of x, from (2).

3
= X1Y3 = Y1X3 -(3)

= (X1, Y1)R(x3,¥3)
Therefore, R is transitive.

Hence the relation defined on N x N is an equivalence relation.
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Illustration 10:

Let the relation R be defined in the set of real number as follows :
(i)aRb<a=>b (ii) aRb < |a| = |b]

Which of the above defined relation are equivalence relation.

Solution:

Let A be the set of real numbers
Reflexive : If a € A4, then
>a€A=a>a=akRa

~.R is reflexive.

Symmetric : If aRb, then
=aRb—>a>b—=b=abutb ¥ a
does not imply b > a does not imply bRa
~. R is not symmetric.

Transitive : If aRb & bRc, then
aRband bRc > a>bandb=c
=ax>c=akRc

.. R is transitive.

Hence R is reflexive and transitive but not symmetric.

Thus, R is not an equivalence relation.
(ii) Reflexive: If a € A, then

> a=a=|a| =|a| > aRava e A

R is symmetric.

Symmetric : If aRb, then

aRb = |a| = |b| = |b| = |a| = bRa

- R is symmetric.

Transitive : If aRb and bRc, then

aRb and bRc = |a| = |b| and |b| = |c|
= |a| = |c| = aRc

-. R is transitive.

. Risreflexive, symmetric and transitive.

Hence R is an equivalence relation.
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