Methods of Differentiation

d
Meaning of Derivative or d_y
X

Lety = f(x); y+ Ay = f(x + Ax)
Ay fOHAD-f()

(average rate of change of function)

U Ax Ax
ay Ay  fx+Ax)-f(x) :
So— = lim — = lim (i)
dx  sx-04X x>0 Ax

Physical Meaning:
It denotes the instantaneous rate of change of function

Geometrical Meaning:
It denotes the slope of tangent at any point on curve y = f(x).
Note:

a
(i) Ify = f(x) then the symbols ﬁ = Dy = f'(x) = y, or y’ have the same meaning.
d d dy) d?y
1i ” = Y = - — = - = = D2
@ @ =—0w)=— ( ) =o52= =D
(iii) Ify = f(x) then f'(a) means value of f'(x) atx = a
+ dS - do

(iv) However, a dot, the symbol denotes the time derivative, e.g. S = E ;0 = E etc.

Derivative by First Principle:

Finding the value of the limit given by (i) in respect of variety of functions is called finding the derivative
by first principle /by delta method/by ab-initio method/by fundamental definition of calculus.

Illustration 1:
Find derivative by using 15¢ principle of f(x) = x™; n # 1
Solution:

f'(x) = lim

f(x+h)—f(x) =lim(x+h)n -(x)"
h h

h—0

n n n _ 2
umx_{(uhj _1}=limx_[1+”_h+w ..... ]
h—0 h X h-0 h X x“2!

limx" [E +h(..... terms)}
X

h—0

=nx"1
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Illustration 2:
Find derivative by using 1st principle of f(x) =a*,a > 0,a # 1
Solution:

=lim
h—0 h

_ X+h _ ox
f'(x):limf(x+h) f(x) a a
h—0 h

(a1}
=lima =a’lna
h—0 h

Illustration 3:

Find derivative by using 1st principle of f(x) = sinx.
Solution:

h h
. . 2cos(x+jsin[j
f(x+hg_f(x):limSIn(X+h)_Slnx:lim 2 2

f (X) - lhll%l h—0 h h—0 h

(o3 n(3)
cos| X+— |-sin| —
=lim 2 2
h—0 h/z
=cosx.1l =cosx

Derivative of Standard Functions:

f(x) fx) f(x) fx)
x™ nx™1 sin x COS X
e* e* cosXx —sinx
a* a*fna,a >0 tanx sec?x
fnx / log, x l secx secxtanx
X
log, x 1 cosec x —cosec x.cotx
Sa (—)logae,a>0,a¢ 1
X
Constant 0 cotx —cosec?x

Note:
The derivative values of some all co-trigonometric functions begin with a - ve sign.

Derivative of Inverse Trigonometric Function:

f(x) f'(x)
1
sin~1x -l<x<1
1-x2
1
cos~1x — —l<x <1
,/1—x2
1 1
tan”x ,X ER
14+x2
t~1 __1 XER
o 1422’
1 x> 1
sec - x , x| >
|x|vVxZ2-1
1
cosec lx - 5 x| > 1
[x]x“—1
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Illustration 4:
If D(y) denotes, derivative of y w.r.t. x then find:
(i) D(e™,D(x®)
s 1
(i) D (sin x)
sin2x
(iii) D (1+cos Zx)
(iv) D(tan(tan"!x))

b+c c+a

x@\*HD xb x¢ . ay
W y=%) (&) G e
Solution:
(i) D(e™ =0, D(x€) =e.x¢ 1
() D ($) = D(cosecx) = —cosecx cotx
sin2x \ _ 2sinxcosx \ _ _ 2
(iii) D (m) = (—1+2cosz x—1) = D(tanx) = sec“x

(iv) D(tan(tan"!'x)) =D(x) =1

_x@ a+b ;b b+c xC\CHa
® =0 (& G
=y= (xa—b)a+b(xb—C)b+C(xc—a)c+a

a?-b%+b?%—c?+c?-a?

>y =X
dy
=x0= L= =0
>y=x I
Note:
4 1L,x>0 y ==X Y. y=Xx
i —_ =9-1,x<0
M - (D { Ny
not differentiablex = 0 0
Y,
d o
(i) — ([x]) = 0, x ¢ I and non-differentiable at x € | o
dx -2 -1 o
0 1 2 x
®
@==0 T
B/N
o} o o o o

d
(iii) o ({x}) = 1,x € I and non-differentiable at x € I

d
(iv) x (sgnx) = 0,x # 0 and non-differentiableatx = 0
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Supplementary Theorems/Results:
(i) Sum/difference rule:

D) £ g(x) =f'(x)+g'(x)

Illustration 5:
. . dy .
Ify=e*+3#nx—4tan"'x +sin3x +4sinx, thenals

Solution:
y=e*+3¢fmx—4tan"tx +sin3x +4sin®x
>y=e*+3¢nx—4tan"1x +3sinx —4sin3x + 4sinx
>y=e*+3fmx—4tan"1x + 3sinx
= . e’ + :_
dx x  (1+x2)
(b) Product Rule:
D(f(x).g(x)) = f(x).g'(x) + g(). f '(x)
Note:
If 3 functions are involved then remember
D(f(x).g(x) .h(x)) = f(x).g(x) .h'(x) + g(x) . h(x). f'(x) + h(x) . f (x). g'(x)
This result can be generalised to the product of n functions.
Note:
Differentiate one function at a time & keep remaining as it is and complete the process for all functions one

by one.

+ 3 cosx

% kf(x) =k - % f(x), (where k is any constant) = kf'(x)

Illustration 6:

Find derivative w.r.t. x :
(@)y=e*+3Mnx—4sinx
(ii) y = xsin~1x

(iii) y = (x%e* nx)
Solution:

d 3
(i)y=e*+3nx—4sinx = —y=ex+——4cosx
dx x

dy 1 x
(ii)y =xsin"lx = —=1-sin"lx + xea——= =sin"! x + =—=——
dy 1

(iii) y = (x%e*inx) > e 2x -(e*Inx) + x%(e¥)tnx + x%e*. x

dy

= —— = 2xe*fnx + x%e*fnx + xe*

dx
Illustration 7:
If f(x) = (1 +x)(3 +x%)2 (9 + x3)'/3 ,then f'(- 1) is equal to -
(A) 0 (B) 22 (C) 4 (D) 6
Ans. C
Solution:

Fl(0)| ey = (X2 +3)209+x3)V3=22=14
(~+ value of the other two expression in f’(x) vanishes)

[4] www.allen.in



Methods of Differentiation Al-l.=-®

(d) Quotientrule:y= % (prove by first principle)

LN rd
f(x) f0)— Ny DTN 0T
(g(x)) g2(x0) |D(zyr) N (D>
Proof:
i(f (x)) _f@g() ~ f@)g'®)
x\g(x) [9(0)]?
LH&=cMﬂ@g®Q
d(f(x)) 1 1
®Tax g /O ( (x))
= )
= f(x) - g(x) +f(x )( ())2 - g'(x) =RH.S.
(f(x)h(x)j
Simi (x) [FON0)+ f'(x)h()]g(x) - F(IN(X)-g'(x)
imilarly, 2
(9(x))
Note:

While applying quotient rule, think twice if your function could be simplified prior to differentiation.
Consider the example

Illustration 8:

3
y = M then fmd —
dx
Solution:
M-1= (3x24+2x+0)(x2+1)— (x3+x2+1)(2x+0)
(x2+1)
x3 x2+1 x3
M-2 f(x) = ) + ) = o] + 1 (Now apply quotient rule)
Illustration 9:
sin”'X—cos ' X . dy
= —————— ,thenfind —
tan X+cot X dx
Solution:
(sin’lx—cos'lx) 2 X
y=-—————"S=—(sin" Xx—cos™ X)
T i

[J1 x2 <J1 xz)l nJI_;E

General Note:
If f'(x) is not defined on x = ¢ then it is wrong to conclude that f(x) is not derivable at x = c. In such

cases we find, LHD atx = cand RHD atx = ¢
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Illustration 10:

1
f(x) = x3sinx atx =0
Solution:

f'(x) = x/3 cos x +%x‘2/3. sinx = x%/3 cos x + 22

F(0%) = lm f0+ hg— f(0)

~ im0 () = 0)

=0
£(0) = lhing—f (O_h)h_ 1)

-y CSINC) _ g
Chain Rule:
Proof:
Ify = f(u)andu = g(x)
N AT '
en— = S W g ) =f(g() g

It can be extended to any number of chains.
Illustration 11:

d
—tan(']
T an( log x)
Solution:
sec’(log x)- 1

X
Illustration 12:
& 2
T (sin x%)
Solution:

cosx?.2x
Illustration 13:

dl .2
—log sin x
dx &

Solution:

= _1 5. cosx%.2x
sinx
Illustration 14:

di [tan’1 (logsin x* )]
X

Solution:
1 1

2
. -cosx” - 2x
1+(log sinx2)2 sinx?

f'(0) seems to be non-defined but f' (0*) and f'(07) is 0.

[6]

www.allen.in



Methods of Differentiation

ALLEN’

Logarithmic Differentiation:

To find the derivative of:

(i) afunction which is the product or quotient of a number of functions

(i) a function of the form [f (x)]9™®) where f & g are both derivable functions, it will be found convenient

to take the logarithm of the function first & then differentiate

OR

express y = (f (x))g(x) = eI ™) and then differentiate.

Illustration 15:
dy
If y = x~, then find —
dx

Solution:
M-1 logy = log x*
=logy = xlogx

[%%] = [1.logx+x%]
= é = y[logx+ 1]

@y _
=, = x [logx+1]

=x* [x-%+{’nx] = x*[1 + ¥nx]

Illustration 16:
If y = (sinx)€°%%, then find 4
’ dx

Solution:
M-1 logy = log(sin x)¢°s*
= logy = cosx.log(sin x)
1 dy

=>—.—— = [— sinx.log(sinx) +

cos x.1.cos x]
y dx

sinx

d 2
= —y:y —sinx.log(sir1x)+COS X
dx sin X

M-2 y= e COsx £n sin x

dy : COSX-COSX
£ . .
=— = MY ———— 4 (—sinx)fnsinx
dx sinx
cos’x . ]
y( —sin x-(nsin Xj
sin X
www.allen.in
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Illustration 17:

Find equation of tangentat x = 1 of curve y = x* + x°
Solution:

dy
dx
dy
dxly=y
=([fn1+1]+e11=10+1)+el1=1+e

Point:

=x*[fnx+ 1] +e-x¢1

=Slopeatx =1

x=1

>y=1+1=2

Equation of tangent:

y—2=0A+e)(x—1)

>y—2=x—1+ex—e

>y=x—1+2+ex—e

>y=x1+e)+(1—-e)

Illustration 18:

Iff(x) =+ 1D +2)x+3)...(x +n) then f'(0) is -

(A) n! (B) "(";1) (C) (n)(ennt) D) (145 +5+5+..+0)
Ans. (D)
Solution:

fG)=x+DE+2)(x+3)....(x +n)
n(f(x)) =fnx+1)+ In(x + 2) +..... +n(x +n)

ff) 1 1 1
O TS AT A
f’(0)=(n)!(1+%+%+ ......... +%)

Derivative of f(x) w.r.t. g(x):
Ify = f(x)and z = g(x), then derivative of f(x) w.r.t. g(x) is given by

dy dy dx _f'(x)
dz dx'dz g'(x)

derivative of f(x) w.rt.x  fr(x)

derivative of f(x) w.r.t. x - gr(x)

.. Differential coefficient of f(x) w.r.t. g(x) =

Illustration 19:
Differentiate sinx w.r.t. x3
Solution:

d(sinx) cosx
d(x3) ~ 3x2
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Illustration 20:

Find differentiation of x* w.r.t.cos x

Solution:
d(x™®) x*(Inx+1)
d(cosx)  -—sinx

Illustration 21:
Differentiate sin~1x w.r.t.e*
Solution:

Illustration 22:

Differentiation of e ™ w.r.t e 0,

Solution:

sint x 1
: ((:S::x)ﬁe; (i(xf)fez s cos7ix
Alternate:
ey o[ o)
T R O

Illustration 23:

Differentiate f (tan x) w.r.t. to g(secx) atx = % .Where f'(1) = 3 and g'(\/f) =4

Solution:

f' tan " |.sec? ™
d(f(tanx))_ (f'(tanx)).sec’ x B an-- J.sec

3.2

N3

3

$(afsecr) (o aeen))secn s o 1) g et 2 2

Parametric Differentiation:

B d_y B d_y 1 _ gl(t)
lfx =) & y=g(®), then s == Gxjac — F1 (o)

dx , dy ,
WhereE =f (t) andE =g (t)

Illustration 24:

—t2 dy
Ifx = 1 t2 andy = Zitz,then— =
1+t 1+t dx
www.allen.in
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Solution:
X = 1_—1:2 andy = 2at
1+t 1+t
Differentiating with respect to t, we get
dx (1+t%)(0-2t)— (1—1t3)(0+2t) 4t
dt (1+ t2)2 T T+ )2
dy (1+t®)2a-2at(2t) 2a(1-t?)
dat (1+t2)2 T (1+t2)2
dy dy/dt a(1-t?)
“dx  dxjdt | -2t
dy a(t?-1)
ax 2t

Illustration 25:

Iftany = th and sinx = iz , then find
1-t 1+t

Solution:
2t .
tany = —= (i
y 12 (1)
. 2t ..
and sinx = — (1
1+t2 (i1

2 2
From (i), differentiating w.r.t. t of y, we get, sec’ yd—y _2a+t) and dy_201+t) !

dx  (1-t2) dt  (1-t°)* (1+tan’y)

dy 2(1+t?) 1 2

at T (1-t2)2° [1+(2—t2)2] T 1+t2 (1)
1-t
and from (ii), differentiating w.r.t. t of x, we get
dx 2(1-1t?)

cosx—- = a+oe

dx 2(1-t?) 1 2

ar T (422 (2t)2 T 1+4¢2 ~(¥)
RCETE3y:

d
Hence & =1.
dx

Illustration 26:
d?y
Ifx = at?,y = 2at, then find—
dx?
Solution:
dy dy/dt 2a dy 1 2a
= = — —
dx dx/dt 2at dx t y

2 2
= y%=2a3yd y+(d_y) =0

dx? =~ \dx
2 2
d”y _ —(dy/dx) 1
> —= = = — .
dx? y 2at3
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Illustration 27:

T dy
Ifx =2cost —cos2t,y = Zsint—sinZt,thenatt:Z,d—=?

Solution:

dx

d
—_— = —Zsint+Zsin2tand—y= 2cost—2cos2t
dt dt

dy cost—cos2t
== . ..

dx sin2t—-sint
r
4_ )

_cosm /4 —cosm /2

we have [Z—ﬂ N

=2+ 1.

Putt =

" sinm /2 —sinm /4

Derivative of IMPLICIT Functions:
d(x,y)=0

a
(a) To find d_i of implicit functions, we differentiate each term w.r.t. x regarding y as a function

dy
of x then collect terms with Ix together on one side.

(b) In the case of implicit functions, generally, both x & y are present in answers of % .Corresponding

to every curve represented by an implicit equation, there exist one or more explicit functions

: : dy : .
representing that equation. It can be shown that In at any point on the curve remains the same
X

whether the process of differentiation is done explicitly or implicitly.
Illustration 28:

If siny = xsin(a + y) then prove that Y =w . Also find ay explicitly.
dx sina dx
Solution:
= siny %:sin(a+ y)cosy—sinycos(a+Y)
sin(a+y)  dy sin’(a+y)
dx sina

d_y - sin’(a+Yy)

o1 sin(aty) , 1
Explicitly — = —————=sina.coty + cosa = sina.coty =——cosa
x siny x
1—xcosa
=>coty =————
xsina
dy 1
2
= —cosec’y—= = —
Y dx x2sina

ﬂ 1

dx  x’sina(l+cot?®y)

d
(substitute the value of cot y to get d_ic} explicitly)]

www.allen.in [11]
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Illustration 29:

a
If x,/1+y+yV1+x = O,thenprovethat—yz —

dx (1+x)2

Solution:

(x,/l+y)2 = (yv1+x)2:>xy(x—y)+ (x2=y>)=0or(x—y)(xy+x+y)=0

x 1
y= ——=—-1 =xd t satisf;
y i 1tx (asy = x does not satisfy)
hencey’ = — 1 >
(1+x)

Illustration 30:
dy
If cos(x + y) = ysinx, then find ix

Solution:
cos(x +y) = (ysinx)

= —sin(x +y) (1 +%) =ycosx + sinxg—gc’
ay y cos x+sin(x+y)

:> -_—= = .
dx sin(x+y)+sinx

Illustration 31:

d
If sin®x 4+ 2 cosy + xy = 0, then find ﬁ

Solution:
sin?x + 2cosy + xy =0
. . dy dy
= 2sinx cosx — 251nya+y+xa =0

. dy _ y+sin2x
“dx T 2siny—x’
Illustration 32:

a
If x3 +8xy +y3 = 64, then findﬁ

Solution:

dy
3+8 3=64=>328( )32
x°+3xy+y x°+ y+xdx+ydx
_ﬂ__3x2+8y

Tdx o 8x+3y2”

Derivative of Infinite Series:
Illustration 33:

x ex+....oo
Ify = exte™ ,then—yz?
dx

Solution:
y = eXty

| +y)1 1dy 1+ 4
=logy = (x oge=>—— = —

gy =(x+y)log 5 dx I

dy y
=— =

dx 1-y

dy_

0

(explicit form)

[12]
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Illustration 34:

Solution:

y=,logx+y

=>y2=logx+y
d 1 d d 1
dx x dx dx xQy-—-1)

Illustration 35:

i in x).....c0 d
Ify = (sinx)(smx)(S g ,then—y =7

dx
Solution:
y = (sin x)(Sinx)(Sinx).....oo
= y = (sinx)? =log y=ylogsinx = ldy _ 4y [log sin x + y cot x]
e ydx dx

~dy _ y?cotx

“dx  1-ylogsinx’
Illustration 36:

=>y=,sinx+y

= y?=sinx+y

On differentiating both sides, we get
dy

dy dy
zya_ cosx+a=>a(2y— 1) =cosx

Derivative of Homogeneous Equation:
Illustration 37:
If ax? + 2hxy + by? = 0, then prove that &¥ __ &+ _ ¥
dx hx+by x
Solution:
2ax + 2by y' + 2h(xy' +y) = 0= (ax + hy) + (by + hx)y' =0
ey

=y =-
Y by + hx

v ax? + hxy + hxy + by? = 0= x(ax + hy) + y(by + hx) = 0

_ax+hy "y
by+hx x

www.allen.in [13]
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Illustration 38:

If V1 —x% 4+ /1 — y2 = a(x — y) then prove that

(.)dY. hdependent of
1 dxlSln ependent or a

1-y?
1—x2

.. ady
1) —/— =
()dx

Solution:
Putx =sinfx,y € [-1,1]

T T

And y = si 0 & -, =
ndy =sin¢ ¢e[ 5 2}

cosf + cos¢ = a(sinf — sin¢)

" tan(u):l = u:tan’1 (lj
2 a 2 a

j. Cody 1oy
T J1o¢

- . (1
sin” x—sin"' y=2tan 1(—
a

Illustration 39:

d
If x™. y™ = (x + y)™*™ then prove that d_ic} is independent of m and n.

Solution:

m n
ménx + nfny = (m+n)€n(x+y):>;+;.y’=

, my-nx dy
(ﬁ_m+n) _ (m+n_§) OFT _ E

X x+y x+y y
d

Hence—yzz
dx X

Derivative of Inverse Function:

Theorem:

m+n
— 1 +y)

If the inverse functions f & g are defined by y = f(x) & x = g(y) &if f'(x) exists & f'(x) # 0, then

' 1 . . LAy dy
g'(y) =———. This result can also be written as, if = exists & =— # 0, then—
dx dx dy

fr)

Proof: g(x) = f~1(x)
= f(g(x)) = x differentiate w.r.t. x

1

= f'(gx).gx)=1= |f'(gx) = 7@

o ' 1
Similarly,|g'(f (x)) = 7@

dy dx

—= or—.
ay " dax " dy
dx

[14]
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Illustration 40:

Let g(x) = f~1(x) where f(x) = x3 + 3x, then find f~1(4) or g(4).
Solution:

g4 = ') =k

ff@ =k

f(k) =4

k3+3k=4

k3+3k—4=0

k=1g(4) =1

Illustration 41:

Let g(x) = f~1(x) where f(x) = x + e* then find f~1(1).
Solution:

g ="MW=k

fk) =1

k +ek =

k=0

Lg(H)=0

S =0

Illustration 42:

Let f(x) = exp (x3 + x? + x) for any real number x and let g be the inverse function for f. The value of
g'(?) is-
1

& e
Ans. (A)
Solution:

y = X +xP+x
dy Bxlx 2 ’ dx
= ¢ .(3x +2x+1):>g(y)_d—y_

1
(B) 2 © (D) 6

34e3°

1
ex3+x2+x.(3x2+2x+1)

Sy=edsed =X )3 L x2 4 x-3=0

= (x-1DE*2+2x+3)=0=>x=1

s g€ = o3

Illustration 43:

Ify = f(x) = x3 + x° and g is the inverse of f find g'(2)
[

T T~

x y

N:_J/

g
y=f(x) x=9)

www.allen.in [15]
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Solution:
dy
dx

ay 2 4 o _ dx
= 3x" + 5x :>g(y)—dy

1

- 3x2+5x%

wheny =2then2=x3+x°> = x=1

Caenodx 1 1
"9(2)_dy]x=1_3+5_8
y=2

Alternatively: (gof)(x) = x
JIf O] f'(x)=1;whenf (x) =2thenx =1
g'(2).f'(1) = 1(but f'(1) = 8)

1
9@ =7

Derivatives of Inverse Trigonometric Functions by Transforming Them into

Simpler Functions:

< Direct

Elementary substitution

Standard Substitution:

(a) For terms of the form x? + a? or Vx2 + a2, putx = a tané ora cot®.

(b) For terms of the form x? — a? or Vx2 — a?, put x = asecé or a cosec.

For terms of the form a?-x? or Va2 — x2, put x = asin@ or a cosf.
(d) Ifboth+a + x,va — x are present, then put x = a cos 26.

For the type /(x — a)(b — x) or /% putx = acos?6 + bsin?46.
or the type \/(x — a)(x — b) or |=— put x = asec?6 - btan?6 .
For th b — 29 - btan%0

(g) Forthetype (WVx? +a? + x)" or (x £ Vx2 — a?)™, put the expression within the bracket = t.
Note that [ Va? + x?dx & [Vx? — a? dx to be evaluated by parts

Illustration 44:

2

1-x
Let y=cos (m} xe(0,1)

Solution:
Lettan™'x = 6,60 € (O, E)
x =tan @

1 1-tan’0
= cos —
Y 1+tan’0
y =2tan"1x
dy 2
dx 1+ x2

j = cos 1cos26,26 € (0,%)

20

[16]
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Illustration 45:

If f(x) = sin™! (%) then find
. cn o (1 cen g1
M £ @ £ () (iid) £'(1)
Solution:
x = tan 0, where —% <0< % =y =sin"!sin26
T
n—20 —<20<m 2
— x>1
2 n—2tan " X x>1 14x2
y=426 Top<t o f(x)= 2tan ' x -1<x<1 = f'(x) = 2 -1<x<1
2 2 B - ] 1442
. —(n+2tan"' x) x<-1 -2
(n+20) m<20<- T2 <1

| oo

+1= f'(1) does not exist

Or@=-2 @rl)=2 @ran=-t1andfam
Illustration 46:

d| . , L [1+x
—<Sin”| cot e
dx 1-x

Solution:

) 4 J1+X
Lety = sin? [cot ! 1—J .Put x = cos26 GE(O, E}
—X 2

. _ 1 2 . _
.y =sin? cot™?! < /%) = sin?cot™! (coth)

. 1-cos260 1-x 1
y =sin“ 6 = = ===
2 2 2 2
dy 1
dx 2

Successive Differentiation:

4

a
y = f(x) the popular symbols used to denote the derivatives are é =Dy =f'(x) = y, =y

Higher order derivative are denoted as — (dy) Y _ ey " et
1 er oraer aerivative are denoted as —— \ —— = - = = X) = or etcC.
g e \dx Tx? y (x) =y,ory

n

Yy
Similarly, nt" order derivatives are denoted by en OF D" yory,

Illustration 47:

f(x) = be® + ae’ find f”(0)

Solution:

f'(x) = be@*.a + ael.b= f"(x) = a’be™ + ab?e?*
£7(0) = a?b.1 + ab?.1

= a?b + ab?

ab (a +b)
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Illustration 48:

dy d?y
~ fnd 2 i
y =log|x| find (i) dx’ (u)dxz
Solution:
(i) y = log x|
|
v v
x>0 x <0
y =logx y = log (-x)
dy 1 d 1
dx «x dx (—x) X
odiy -1
(i1) dx2  x2

Illustration 49:
If y = x + sinx, then find

d?y
(1) dx2 (ii) equation of tangent of curve y = f'(x) atx = 3
Solution:

y d?y
)—=1+cosx=>—5 = —sinx
Uhrm —2
.. t T
ii) at x=—

(ii) 3
: 3__3 ™
equation: -y —5 = _T(x - §)

Illustration 50:
2

x d
Ify = (1) , then proveﬁatx =1is0.

T

y=f'(x)=1+cos x

X
Solution:
1 dy
=logy =xlog§: logy = —xlogx = o —y(l + fnx)
dzy -dy ( 1) 1
=—U — ~ )= v 2_, =
=2 ax ( +{’nx) y 0+x y(1+fnx)—y .

{atx=1 = y=1}

dx?
Illustration 51:

2
:(ﬂ> = 1(1+en1)2—1-% =1(1)-1=1-1=0
x=1

y = sin~!x, show that (1 — x?) o aleonie 0
Solution:

y =sin"lx

v __1 dy

dx

Hence proved.

[18]
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Deduction of New Identities by Differentiating a Given Identity:
Illustration 52:

lfcos%.cosz%.cosz% ......... coszx—n = % , then prove that ranlzirtanz—xr:Zincotzin—cotx
Solution:
x x x x sinx
C0S 7. COS 7. COS Tz nnnnn Cosz_n:—znsin(x/zn)
Take log:
X x X X . X
log cos > + log cos >3 + log COSogeeeennes +log cos o = log sinx —log 2™ — log sin -2
Differentiate w.r.t x
1 x 1 x 1 X 1 x
:>Etan§+2—2tan2—2+ ......... +2—ntan2—n=2—ncot2—n—cotx
= Zn:lrtanirzincotln—cotx
o 2 2 2 2

Illustration 53:
1+ )" = Cy + Cix + Cx? +...... +C,x™, prove that
() Cy + 2C, + 3C5+....... +nC, = n2"1!
(i) Co+ 2C; + 3C, +....... +(m+1)C, = (n+2)2"1
Solution:
(i) differentiate

n(1+x)""t = C + 2Cx + 3C3x* +......... + nC,.x™1

Putx =1

n2"t = €, +2C,+3C3+......... + nC,

(ii) Multiply both side by x
x(1+x)" = Cox + C;x% + Cp x™*1
Now, differentiate.
A+0)"+x.n(1+x)" 1 =cy+ 2c;x+....(n + Dcyx™
Putx =1
2"+ n. 2" =y + 2¢; + 3¢yt +(n+ Ve,
=2" n+2)=co+2c; +3c, + -+ (n+ 1y,
Hence proved.

Derivative of Functions Expressed in the Determinant Form:
f g h
Let F(x)={u v w| where all functions are differentiable then
¢ m n
f' g h| |f g h||f g h

F'(xX)={u v w|+u" v' w|+u v w

' 1

{ m n| |[£ m n{ " m n

The same operation can also be done column wise.
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Proof: Differentiation of Determinant -

= P =15 9|2 P00 = F@IrGO- 9RO

= v = 10 + A7

- g @) - g(0) K'(x)
’\/VI\/\H

f) g

h'(x) r'(x)

s _ |/ g'(x)
= P'(x) = he) 1) +
Illustration 54:

e* x*+x+1 sinx
f&x) =] x? cosx 1 |, find f'(0)
x3+x tan x 3x2+1
Solution:
e*  2x+1 cosx e X*+x+1 sinx e x*+Xx+1 sinx
f'(x)=| x° cos X 1 |+]| 2x —sin X 0 |[+| X cos X 1
X*+x tanx 3x*+1] [X*+x  tanx  3x*+1] 3X*+1  sec’x 6X

=1+4+40-1+1=1
L' Hospital's Rule

0 oo
(@) This rule is applicable for the indeterminate forms of the type 0w If the function f(x) and g(x) are

differentiable in certain neighborhood of the point ‘a’, except, may be, at the point 'a’itself and

g'(®) # 0,and if limf(x) = limg(x) =0 or limf(x) = limg(x) = oo, then lim L&) = Jim L)

x—-a x—-a x—-a x—a x—-a g(x) x-»ayg (x)

provided the limit lim g,gg exists (L' Hospital's rule). The point ‘a’ may be either finite or improper
x—-a

(+ o0 or -0).
0 00
(b) Indeterminate forms of the type 0.0 or o« - o are reduced to forms of the type 5 or — by algebraic
(0]
transformations.

0

(c) Indeterminate forms of the type 1*,° or 0° are reduced to forms of the type 0 X oo by taking

logarithms or by the transformation [f(x)]?®) = e®®)-nf(x)
Illustration 55:

Evaluate lim |x |5 *
x—0

Solution:

. log, Ix|

i ' |
lilrnlxls‘“>< =lim esmxlogg\x\ _ eX"ECOSECX

X—0 X—0

1/x

= e XM~ cosecxcotx (applying L'Hopital's rule)

. Y
~sin®x . sinx X
lim— lim—{—] | ——

— e““ XCOSX __ X cos X

g —(1)*.(0) —e" =1

=e e
Illustration 56:

Solve lim log_  sin2x.
x_)0+ sin X
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Solution:
Here lim log_ sin2x
x—-07t

sinx

= lim log sin2x Sl 2x (ﬁ form)
x—0+ logsinx —0o0

. Lz -2Cc0Ss2x _ _
lim, % {applying L'Hopital's rule}
x—-0 m.c X

((Z_x)) cos2x

lim sin(2x) Cos2x
- =

+ = + COSX
x—0 (sinx) cosx x—0
Illustration 57:

1

Evaluate lim (§)1/n

n—-o0
Solution:

n\1/n
Here, A = lim (e—) (00 form)

n—o0 Vs

. a1 e™ . nloge—logm (oo

" log A = Jim 7 log (57) = Jim "G (3 form)
. loge—0

= lim

nooo 1

n1/n
logA = 1=>A=c¢e'or lim (e—) =e

{applying L'Hépital's rule}

n-oo \ T
Illustration 58:
44 a2 d 0
Lety =sin™! <3x+—6x31> ) then—yat x? = tan 22% is
(x2+1) dx
(A)2 -2 (B) 3(2 —v2) (©3(2++2) (D) 3v2v2 -2
Ans. (D)
Solution:
o 3xrvex’ -1 . L (3(x*+1)-4) . [ 3 4
y=sin S 3 =Sin S .3 =Sin p - 3
(x"+1) (x"+1) X“+1 (x"+1)
Let — = sin @
x“+1
y =sin"'(3sin®—4sin’ 0)
T T
36, 30¢€|0]=6¢€(o]
— cin~1(sin30) = 2 6
= SIin (Sln ) - 39: 30 ¢ [n 37-[] Soe [7-[ 7T]
S 2’72 6’2
0
atx2=tan22% =vV2-1
g 1 1 T
sinf=——=—=0=-—
V2-1+1 2 4
1
fy=m=30=m-3sin" (5 )
y=T T sin™ (37
dy 1 1 6x
Y () 2 -
dx v XA+l x2+1)/(x2+1)2 -1
1= (z759)
x2+1

6.vV2 -1 6

V2—-1+1).V2—-1 2

.\/E\/\/E—1=3.\[2\/E—1
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Illustration 59:
ey _ . fOG+)—f(5-t) _
If f'(5) = 7 then lt% 57 =

(A)o (B) 3.5 7 (D) 14
Ans. (C)

Solution:

F&)=7 i CHI-IE=0

ZHJBS [f(5+t) HOBPIC _t)th(S)] f(5) f(5) = f(5) =7

Illustration 60:
If f(x) be a polynomial in x. Then the second derivative of f(e*), is

(A) f'(e*).e* + f'(e¥) (B) f"(e®).e** + f'(e¥).e**
(C) f"(e*)e? (D) f"(e¥).e** + f'(e*).e*
Ans. (D)

Solution:

g=f(*)=g" =f'(e)e”

= g=f(e*)e?* + e* f'(e¥)

Illustration 61:

f'(x) = g(x)and g’(x) = —f(x) for all real x and f(5) = 2 = f'(5) then f2(10) + g?(10) is
(A) 2 (B) 4 8 (D) None of these
Ans. (C)

Solution:

f/() = g(x) and g'(x) = —f(x)
d

Now — [f*() + g°(0)] = 2f()f () + 29()g'(x) = 2f(Dg(x) = 29()f(x) = O

% f2(x) + g*(x) = constant

f25)+g%()=4+4=38

~ f2(10) + g%2(10) = 8
Illustration 62:

Let f(x) = xsinxV x € (O, g) & g be the inverse of f in (0,%) , then (\/gn + 6)g’(1—n2) is equal to
(A)6 (B)12 (4 (D)3
Ans. (B)
Solution:
Flx)) = —
90N =70

f(x) = xsinx

When f(x) = 75 = ¢/(75) = f’%g) (i)

Now f(x) = xsinx

f'(x) = xcosx + sinx

:f’(%)=%x§+%—‘/§fz+6 = from (i)
2

g’(%) = (V3r +6)g’ ( 5) =12
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