Functions

1. Function: Domain, Co-Domain & Range of a Function:

Function:

A relation R from set A to set B is called a function if each element of A4 is uniquely associated with some
element of B. It is denoted by the symbol :

f: A>BorA—>B

which reads 'f’ is a function from A to B ‘or’ f maps A to B,
If an element a € A is associated with an element b € B, then b is called “the f image of a” or
“image of a under f” or “the value of the function f at a”. Also a is called the “pre-image of b” or “argument
of b under the function f”. We write it as

b=f(a)or fia—>borf:(ab)
Thus, a function ‘f’ from set A to set B is subset of A X B in which each a belonging to A appears in one and

only one ordered pair belonging to f.

2. Representation of Function:

(a) Ordered pair: Every function from A — B satisfies the following conditions:
(i()fcAxXB
(ii) V a € A there exist b € B and
(iii) (a,b) e f & (a,c) e f=b=c

(b) Formula based (uniformly/nonuniformly):

() f:R »>Ry=f(x)=4x,f(x)=x? (uniformly defined)
X+1 —1<x<4
Qi) f) =1 " = (non-uniformly defined)
-X 4<x<7
z >
(iil) f(x) = {X . X _g (non-uniformly defined)
-x-1 x<

(c) Graphical representation:

If a vertical line cuts a given graph at more than one point then it cannot be the graph of a function.

Y1
X1
V1
Graph (1) Graph (2)

Graph (1) represent a function but graph (2) does not represent a function.
Every function is a relation but every relation is not necessarily a function.
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Domain, Co-domain & Range of a Function:

Let f : A — B, then the set A is known as the domain of f & the set B is known as co-domain of f.

The set of f images of all the elements of A is known as the range of f.

Domain of f = {ala € 4, (a,f(a)) € f}

Range of f = {f(a)|a € A, f(a) € B}

(a) If only the rule of function is given then the domain of the function is the set of those real numbers,
where function is defined.

(b) For a continuous function, the interval from minimum to maximum value of a function gives the range

(c) It should be noted that range is a subset of co-domain.

Note:

(i) The complete set of all positive real numbers is denoted by R* or R > 0

(ii) The complete set of all negative real numbers is denoted by R or R <0

(iii) The complete set of all real numbers other then zero is denoted by R or R # 0

(iv) The complete set of all integers is denoted by R
Illustration 1:

Find the domain of function y=+/5-2x.
Solution:

5-2x>0=> xs%

.. Domain is (-, 5/2]
Illustration 2:
1

Jr=Ix|

x — |x| > 0 = |x| < x = x cannot take any real values

Find the domain of function y=

Solution:

.. Domain is ¢

Illustration 3:

Find the range of function f (x)= logﬁ ((X—l)2 +4) .
Solution:

f (x)=log ; ((x—1)" +4)

4<(x-1)% + 4<

= logﬁélslog\ﬁ(x—l)2 +4 <o

= 4Slogﬁ(x—1)2+4<oo

.. Range of f(x) =[4, »)

Illustration 4:

Find the range of function f(x) = 3 — cos x.
Solution:

f(x) =3 —cosx

-1<cosx<1

2<3-cosx<4

. Range of f(x) = [2, 4]
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3. Some Important Functions:

(a) Polynomial Function:
If a function f is defined by f(x) = agx™+ a; x™ 1 +a, x" %+....... +a,_1x + a, where n is a
non-negative integer and ay, a4, a,, ..., a, are real numbers and aq # 0, then f is called a polynomial

function of degree n. If n is odd, then polynomial is of odd degree, if n is even, then polynomial is of
even degree.
Note: (i) Range of odd degree polynomial is always R.
(ii) Range of even degree polynomial is never R.
(iii) A polynomial of degree one with no constant term is called an odd linear function.
ie. fx)=ax,a#0

(iv) f(x) = ax + b,a # Ois alinear polynomial

(v) f(x) = cisnon-linear polynomial (its degree is zero)

(vi) f(x) = 0isapolynomial but its degree is not defined

(vii) There are four polynomial functions, satisfying the relation; f(x) . f(1/x) = f(x) + f(1/x).

Theyare: (a) f(x) =0(b) f(x) =2

@ f(x)=x"+1 & (d) f(x) =1 —x™ where n is a positive integer.
(b) Algebraic Function:

y is an algebraic function of x, if it is a function that satisfies an algebraic equation of the form
Po(X)y"+ P () y" 1 +....... +P,1(x)y + B,(x) =0. Where n is a positive integer and
Py (x), P; (x) .... are Polynomials in x.
egx3+y3—3xy=0.
In other words, a function ‘f” is called an algebraic function if it can be constructed using finite number
of algebraic operations (such as addition, subtraction, multiplication, division, and taking radicals)
within polynomials.

4_16 2
Example: f(x) = Vx2+1; g(x) = % + (x-2) Ux+1
X+ X

Note: (i) All polynomial functions are Algebraic but not the converse.
(ii) A function that is not algebraic is called Transcendental Function.
Basic algebraic function:

M y=x°
y
A
y = x? Domain: R
5 > x Range: R* U {0} or [0, ©0)
i y=-
y
4y =1/x

Domain: R — {0} or R,

\0 >X  Range:R — {0}
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1
(iii) y= =z
y
A y = 1/x
J Domain: R,
0 > x Range: R* or {0, o}
(iv) y=x
y
A y = x3
1T Domain: R
—> x Range: R
0 1
(c) Rational Function:
Arational function is a function of the form y = f(x) = % ,where g(x) & h(x) are polynomials & h(x) # 0,
X

Domain: R-{x | h(x) = 0}

Any rational function is automatically an algebraic function.

(d) Trigonometric Functions:

. . . 3n Y n
(i) Sine function (__ 1) 4 (2,1)

f(x) =sinx /_\
Domain: R - 0 / \\/ > X

Range : [-1, 1], period 2w _r_ 3n
( 2 ’ 1) 7 ) _1
(ii) Cosine function YA

f(x) =cosx (0.1)
Domain: R /\”/2/\ ¢

K 0 \m/2
Range: [-1, 1], period 2n

(—m,—1) (m,—1)
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(iii) Tangent function
f(x) =tanx

2n+1
Domain : R—{x|x:%,ne I}

Range: R, periodnt

(iv) Cosecant function
f(x) = cosecx
Domain: R - {x|x = nn,n €[}

Range: R - (-1, 1), period 2n

) Secant function

f(x) =secx

Domain:R- {x|x =2n+ 1) n/2:n [}

Range: R - (-1, 1), period 2x

(vi) Cotangent function
f(x) = cotx
Domain: R - {x|x = nn,n €I}

Range : R, period &t

(e) Exponential and Logarithmic Function:

3T T 0

N
w

y=-1
X=—2X=-T X=T x=2m
YRURY
(-2m, 1) (0.1) y=1
| 0 X
: (_T[;_l) (7'5,—1) _
i y=-1
i v v v
37 _ T _T _ 3
x=-— x=-3 xX=- x=-
YAA
0 X

(+50)

v

X=-—-2mT X=-T X=T X =27

|
N
o
N
Ve
3
o
N——
Ve
|w
3
o
N—

P My R —

A function f(x) =a*(a>0),a€1,x €R is called an exponential function. The inverse of the
exponential function is called the logarithmic function, i.e. g(x) = log, x.
Note that f(x) & g(x) are inverse of each other & their graphs are as shown. (If functions are mirror

image of each other about the line y = x)
Domain of a* is R Range R*

www.allen.in
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Domain of log, x is RtRange R

0,1 \'\f(_x);a" a € (0,1)

» x

A 1(1,0)

gx) =log, x

y = log, x
y = logs x
y = logs x
y =logyox

YA + 00
(0,1) /
X) = ax' a > /l'o
f(x) /\A‘S
(1,0)
N,
g(x) =log, x
Va
14
0

yA

Note-1:

Note-2: f(x) = logx a =

a

(a>0)(a+1)

log, X

Domain: R

Range : R*

f(x) = a*’*,a > 0 Domain : R - {0} Range : R* - {1}
Domain: R* - {1}Range : R - {0}

[20]
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(f) Absolute Value Function:

A function y = f(x) = |x| is called the absolute value function - ' _
or Modulus function. Itis defined as: < &
J = x| = {x if x>0
-x if x<0
For f(x) = |x|,domain is R and range is [0,0) 0 >x

For f(x)= ﬁ, domain is R - {0} and range is R*.
X

(g) Signum Function:

A function y = f(x) = Sgn (x) is defined as follows:
y I y=1ifx>0

1 for x>0

y=f(x)={0 for x=0
-1 for x<0 »x
0| y =sgnx
Itis also written as Sgn x = % ; X+ 0; 3
y=1ifx <0
=0x=0
Note: f(x) = (sgn(x))x = f(x) = |x|

Domain: R
Range: {-1,0, 1}
(h) Greatest Integer or Step up Function:

The function y = f(x) = [x] is called the greatest integer function where [x] denotes the greatest

integer less than or equal to x. Note that for: Ya
Graphofy =[x] <3
X [x] +2 —0
[-2,-1) —% i i
10 | -1 THrY
[0,1) 0 ——— —+—+——»x
-3 -2;-11 0
[1,2) 1 i [ 1 2 3
. oo 1
Domain : R
Range | —+-3

Properties of greatest integer function:
)] [x]£x<[x]+1landx -1 <[x]<x,0<x—[x] <1
(i) [x + m] = [x] + m,if m is an integer.
0, xel
iii x|+ [—x] =
(i) [x]+ (2] {—1.X$|
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Illustration 5:

Ify =2[x] + 3 &y = 3[x — 2] + 5, then find [x + y] where [ . ] denotes greatest integer function.
Solution:

y=3[x-2]+5=3[x]-1

So3[x]—1=2[x]+3

[x]=4=>4<x<5

Theny =11

so x + y will lie in the interval [15, 16)

so[x+y] =15

Illustration 6:

Find the value of F} +[1+L} + o l:l-‘r%:l where [ . ] denotes greatest integer function ?
2 2 1000 2 1000

. 1 1 1 1 499 1 500 1 1499 1 1500
Solution: | = |+| =+ —— [+ =+ —— |+| =+ —— [+ ——— || |+
2 2 1000 2 1000 2 1000 2 1000 2 1000

o[L2] 1 g0, 1 g
2 1000 2 1000 2 1000
=0+1x1000+2x1000 + 3 x 447
=3000 + 1341 = 4341
(i) Fractional Part Function:
Itis defined as: g(x) = {x} = x- [x]
e.g. the fractional part of the number 2.1 is 2.1-2 = 0.1 and the fractional part of -3.7 is 0.3 The period
of this function is 1 and graph of this function is as shown.

X [x] y
[=2,-1) | x+2

[-1,0) x+1 ~
[0,1) X
[12) 1

Domain : R —2 -1 0 1

Range :[0,1)

Properties of fractional part function:

(M) o<{x}<1 (i) {x]} = [(x}] =0 (iii) {{x}} = {x}
(i) {x+m}={x}mel W) () + (= x}= {1, xel

0, xel
Illustration 7:

Solve the equation |2x- 1| = 3[x] + 2{x} where [.] denotes greatest integer and {.} denotes fractional part
function.
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Solution:
We are given that, |2x- 1| = 3[x] + 2{x}

Let,2x-1 < 0i.e.x< % The given equation yields.
1-2x = 3[x] + 2{x}

= 1-2[x]-2{x} = 3[x] + 2{x} = 1-5[x] = 4{x} = {x} = 1—:[X]

<1:>0£1—5[x]<4:—§ <[x] <

ul|

Now, [x] = 0 as zero is the only integer lying between —% and %

= {x} =% =>x= 1 which is less than %, Hence % is one solution.

4
. 1
Now,let2x —1 > 0i.e.x >E
=2x—1=3[x] + 2{x} = 2[x] + 2{x} — 1 = 3[x] + 2{x}

= [x] = =1 = —1 <x < 0 which is not a solution as x >%

=>x= % is the only solution.
Illustration 8:

The domain of the function f(x) =

o is, where [.] represent greatest integer function.
X=X

(AR (B)R-Z Az (DDR-N
Ans. (C)

Solution:

{x}=#0

)= ——
Jo
xeR-Z
(j) Identity Function:
The function f: A — A defined by f(x) = x V x € A is called the identity of A and is denoted by I,.
It is easy to observe that identity function defined on R is a bijection.

VA

1 4 g graphofy = x

1 »x
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(k) Constant Function:
A function f: A — B is said to be a constant function if every element of A has the same f image in B.
Thus f: A— B; f(x) = ¢,V x € A, c € Bisaconstant function. Note that the range of a constant function
is a singleton.

Y4 oraphofy=c
0,) grap y

Illustration 9:

If f(x)=ax” +bx3+cx-5; a,b,c are real constants and f(-7) =7 then maximum value of
|f(7) + 17 cos x| is

Ans. (34)

Solution:

f(=x)=—[ax” + bx3+cx] =5; f(-x) = —[f(x) +5] =5

f(-x)=—f(x)—10put x =7

f(7) =—=17so0, f(7) + 17 cosx = =17 (cos x — 1) € [-34,0]

4. Algebraic Operations on Functions:
If f & g are real valued functions of x with domain set 4, B respectively, f +g,f —g,(f.g9) & (f/g) as
follows:
@ (g =f(x)=xg(x)domainineachcaseisAN B
(b) (f-9)(x) =f(x).g(x)domainisAN B
(c) (ij(x):m domain A N B — {x|g(x) = 0}
g 9(x)
Illustration 10:
Find the domain of function.
@) = — el
log(2—-x)
Solution:

Domain of VX+1 isx+1>0=>x>-1=x€ [—1,00)

Domain of ———is

log(2—Xx)

2—x>0andlog(2—x) #0

x<Zandx #1

x € (—»,1) U (1,2)

Hence the domain of ;+m is
log(2—-x)

[-1,00) N {(=o0,1) U (1,2)}

[-1,D) U (1,2)
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Illustration 11:

Find the domain of function.

f(x)=J1-x-sin 2X3_1

Solution:
Domainof y1-X is1—x=>0=>x<1= x € (—,1]

X
Domain of sin( jis X ER

2x-1
Hence the Domain of +1—X - sin[ 3 j is

(=0,1]NR = (—x,1]
Illustration 12:

Find the domain of function.

F(x) =x+3-16-x2

Solution:

Jx+3 isrealifx +320< x >3

J16—X* isrealif 16 —x2> 0 < —4<x <4,
Thus, the domain of the given function is
{x:x € [-3,0) " [—4,4] = [-3,4]
Illustration 13:

let f(x) = l, g(x) = Jx+1 then find the domain of f(x). g(x)?
X

Solution:

Domain of f(x) isx € R — {0}

domainof g(x)isx+1> 0= x € [-1,00)
domain of f(x). g(x) is
R—(0)N[-1,0)=>x€ [-1,0) —{0}

5. Some Illustrations on Domain:
Illustration 14:

Find the domain of the following function:
(i) vy =logu_qx®—11x+ 24

(i) f(x) =log, (—10g1/2(1+%j—1J

Solution:

(i) vy =logu_qx*—11x+ 24
Here 'y’ would assume real value if,
x—4>0and#1,x>2—11x + 24 > 0=>x>4and=5(x—-3)(x—8)>0
=>x>4and#5,x <3orx>8=x > 8= Domain (y) = (8, »)
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(i) We have f(x)=log2(—logm(lnt%j—lj

f(x) is defined if —log1/2[1+ ! -1>0

%)
. 1 ) 1 1
or if 1og1/2(1+WJ<—1 or if (1+W]>(1/2)

i>2 orif i>10rifx1/4’< lorif0<x<1
4x 4x

D(f)=(01)
Illustration 15:

or if 1+

1

Find the domain f (x) =————————= where [.] denotes greatest integer function.
JIx1-5]-11

Solution:

[1x]-5] >11

so[|x|=5]>11 or [|x|-5]<-11

[Ix]]>16 [Ix]]<-6

IX>17 or |xl<—6 (Not Possible)

=>x<—-170rx>17
Sox € (-0, -17] U [17, )
Illustration 16:

_y2

The domain of f(x) = : [X] (where [.] denotes greatest integer function) is :
+[x

(A)[-2,2] (B) (-1,2) (@) (0, -2)u[-1,2] (D) (-0, -2)

Ans. (C)

Solution:

4-x* 5

20=4—-x*20& 2+ [x]>0

2+[x]

=>x€[-2,2]andx € [-1,0) = x € [-1,2] -(1)

on the other hand 4 — x2 < 0,2+ [x] <0

=>xeR-[-2,2] & x € (-0,-2) = x € (-»,-2) -(2)

Domain : x € (-, -2) U [-1, 2]
Illustration 17:
Find the domain of following function:

) = Vx+3-416-x

Solution:

JX+3 isrealiffx +3>0<=x>-3

\J16—x* isrealiff 16 —x2>0< -4 <x<4.

Thus, the domain of the given function is
{x: x€[-3,0)N[—-4,4] = [-3,4]

[26]
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Illustration 18:
Find the domain of following function:

fx) =

; log(x3 — x)
4-X

Solution:

Domain of 4—x* is[-2,2] but Y4—x* =0forx =+2=x € (—2,2)
log (x3 — x) is defined for x3 — x> 0ie. x(x — 1) (x + 1) > 0.

. domain of log (x3 — x) is (=1,0) U (1, o).

Hence the domain of the given function is

{(=1,0) U (1,0)} n (=2,2) = (=1,0) U (1, 2).

Illustration 19:

The domain of the function f(x) = \/{ ) 1{ _ ( )}
sin(X)}+{sin(m+ x

(A) [2nm, 2n+ D], n €z (B) (0, gj

0 {(2n+1)§,nez} (D) R—{%,nez}

Ans. (D)

Solution:

{sinx}+ {-sinx} # 0=>sinx # +1,0=>x # %ﬂ nel

Illustration 20:

The domain of the function f(x) = logy, (—log2 (1 +%j—1} is:
X

A)o<x<1 B)o<x<1 Ox=1 (D) null set
Ans. (D)
Solution:

1
f(X) = 10g1/2 (—logz (14_@)_1}
1 ! 1 1 1
—log, 1+§ -1|>0=-x<log, +W <-1

<—% =>x€¢ (nullset) > x € ¢

=0<1+
X

Illustration 21:

(where {.} denotes the fractional part) is:

Find the domain of the function f(x) = |-log (log 2X—1J
x40 72 3+x
2

Ans. (—4,—-3) U (4, )
Solution:

2x-1 2x—1

x) = |-lo log, —— | . For domain: lo lo <0

fx) J gxr[ 8 3+X) gxz{ 8 3+Xj
www.allen.in [27]
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Case-10<%4<1:—4<x<—2 A
2x-1 2x—1
then lo log, —— |<0 =1lo >1
gx;“( &2 3+x) 82 3%
o X2l o3 B
3+X
= onANBx € (—4,-3) (1)
Case-II %4 >S1l=>x>-2 WA
2x—-1 2X—1 2x-1 ..
log,.,|log,—— |< 0=0<log, <l=1< < 2=>x€(4,0) ..(i)
= 3+X 3+X 3+X

. (1) v (ii) gives domain x € (—4,—3) U (4, ©)
Illustration 22:

1
Let f(x) = (x12 — x? + x* — x + 1) 72. The domain of the function is :
Ans. (—o0, 00)
Solution:

fx)=G?—x+x*—x+ 1)_%

Drix2 —x%+x*—x+1>0

For x < 0 itis obvious that Dr > 0.

Forx > 1, (x'? — x%) + (x* — x) + 1is positive
Since x1? > x°, x* > «x.
For0<x<1,Dr=x2+(x*-x)H+({1-x)>0
Since x* > x%,x < 1.

Hence Dr > 0 forallx € R

Domainisx € R

Illustration 23:

of f(g(x))

Ans. (il}
65

Solution:

and g(x) = sint x + 8 {;} where {-} denotes fractional part function then the find range

As g(x) is periodic with period 2 so f(g(x)) is periodic with period 2.
Now g(x) = sinmx + 8{;} =sinmx + 8%‘70 <x<2

g(x) =sinmx+4x,0<x<2= g'(x) =mcosmx +47T.
So g(0) =0and g(27) = 8so0,g(x) € [0,8)

so range of f(g(x)) is (ﬁ,%}s(é,l}
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Illustration 24:

Domain of definition of the function f(x) = +logo(x3 — x), is::

2

(A) (1,2) (B) (=1,0) v (1,2)

(C) (1,2) U (2,) (D) (—1,0) w (1,2) U (2,0)
Ans. (D)

Solution:

4—x2+0,x3—x>0=>x#+2and -1<x<0or;1<x <o

~D=(-1,0)U(1,0)—{2}or D = (—1,0) U (1,2) U (2, o).

6. Some Illustrations on Range:
Observations:
(1) Range of sin x & cos x is [—1, 1], whereas range of sin 2x, cos 2x, |sin x|, | cos x| is [0, 1]
Note: same for sin(ax + b) & cos(ax + b)
(2) Range of tan x, cotx is (—oo, 00) whereas range of tan 2x, cot2x, |tanx |, | cotx | is [0, o)
(3) Range of y = sec x & y = cosec x is (—o, —1] U [1, o) whereas range of
sec 2x, cosec 2x, |secx|, |cosec x| is [1, )

linear ax+b . a
(4) Range of Imear Range of y = —— isR — {—}

cx+d S c

quadratic  linear = quadratic

5) To find Range of y = , )
) ' & y quadratic *~ quadratic linear

cross multiply & apply D > 0 provided N” & D" have no common factor
(6) Range of y = asinx + b cos x is [-Va? + b%,Va? + b?]

1
(7) Range of y = [x+;}is [2,00)ifx >0 & (=00, —-2]ifx <0

Illustration 25:
Find the range of following functions:

. 1
0 =g 5 snx
(i) f(x)=log,(2-log,(16sin’ x+1))
Solution:
. 1
) f(x)_8—3sinx

-1<sinx<1

11
R ff=|—,=
ange of f [11 5}
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(i) f(x)=log(2-log,(16sin’ x+1))
1<16sin?x+1<17
0<log, 16sin®x + 1 <log, 17
2-log,17<2-log,(16sin®x + 1) <2
Now consider 0 < 2 —log,(16sin?x + 1) <2
-0 < logﬁ[2—10g2(16sin2 X+1)]Slogﬁ2=2

the range is (-, 2]
Illustration 26:

[x]

Find the range of f(x)= 1X_—] , where [.] denotes greatest integer function.
+

Solution:
P I €
1+x—[x] 1+{x}

:L+1 1 1__y:>{x}:1L

. L S
y 0303y y

0<{x}<1=0<—Y <1
1-y

Range =[0,1/2)

Illustration 27:

Let f(x) = (1 + sin®t)x? + (2sint)x + 1 and m(t) be the minimum value of f(x). As 't’ varies, the range
ofm(t)is:

(A) [-1,1] (B) [-1, 0] (€)(0,1/2] (D) [1/2,1]

Ans. (D)

Solution:

1
m(t) = fin= ;2 then desired rangeis | =, 1
1+sin“t 2

Illustration 28:

2
Find the range of f(x) = X2+—X+1
X +x-1
Solution:
2
fx) = X2+—X+1 {x? + x + 1 and x? + x — 1 have no common factor}
X +x-1
X x+1
x> +x-1

>yxX+yx—y=x>+x+1

=S @G-Dx*+(@y-DDx—-y—-1=0

If y = 1, then the above equation reduces to — 2 = 0. Which is not true.

Furtherify # 1,then (y — 1)x? + (y — 1)x — y — 1 = 0 is a quadratic and has real roots if
G-1D*=4@-D(Ey-1=0

ie.ify<—-3/5ory>=1buty#1

Thus, the range is (-, -3/5] U (1, )
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Illustration 29:

: Xt —4
Find the range of f(x) = 5
X_
Solution:
2_
flx) = X 4 =x+2;x+2
X—=2

.. graph of f(x) would be

Thus, the range of f (x) is R — {4} Further if f (x) happens to be continuous in its domain then range of f (x)

is [min f(x), max. f(x)]. However, for sectionally continuous functions, range will be union of

[min f(x), max. f(x)] over all those intervals where f(x) is continuous, as shown by

Illustration 30:

Domain

Find the range of function y = /n (2x — x?)

Solution:

Domain of given function = (0,2)

dy = 2(1-x)
wy=/m(2x — x? ===
y = n(2x = x7) dx  (2x-x%)
S f()=0
fOF)=-o
f(2)=-w .. Range = (-, 0)
Illustration 31:
The range of f(x) = _t is
2-3cosX

1 1
A) | -1, = B) [-1,0)u| 0, =
() { 5} (B) [-1,0) [ -
Ans. (C)
Solution:

-3<-3cosx<3

1
2—3cosX

d—=0atx=1
dx

} (©) (=0, ~1] U E oo] (D) [-1, 5]

1
-1<2-3cosx<5 = —— e (-o-1]uU [g,ooj

www.allen.in
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Illustration 32:
Let f(x)=/n|x| and g(x) = sinx. If A is the range of f(g(x)) and B is the range of g(f (x)) then

(AJAUB=(-0,0) (B)AUB=[-1,0] (C)AnB=[-1,0] (D)AnB=[0,1]
Ans. (C)
Solution:

A =range of /n|sinx | = (-, 0]
B = range of sin(/n|x|)=[-1,1] 2 AUB =(-»,1], An B =[-1,0]

Illustration 33:

It is given that f(x) is a function defined on N, satisfying f(1) = 1 and foranyx € N f(x +5) = f(x) + 5
and f(x+1) < f(x)+ 1.If g(x) = f(x) + 1 — x, then g(2016) equals

Ans. (1)

Solution:
fO)+5<fx+5)<fx+4)+1<f(x+3)+2<f(x+2)+3<f(x+1)+4<f(x)+5
Whichisvalidonlyif f(x +1) = f(x) +1

Now f(1) =1

=>f(2)=2

f3)=3

f4) =4

f(2016) = 2016

= g(2016) = 2016 +1—-2016 =1

Illustration 34:

X +2X°+3X+2

Number of integers in the range of the function f(x) = =¥—————;
X7 +2X°+2x+1

x €R — {0} is:

Ans. (0)
Solution:

£ =(x2+x+2)(x+1) X ER-{0)

(C+x+1D)(x+1)

2
fo) =X 2 e R—(0,-1)
X +X+1

y= —Xz+x+2:>(y—1)x2+(y—1)x+y—2=0
X“+x+1

y#1,D>0

-1 -4y -1D)(y-2)20=>1<y<7/3

Atx=0we gety=2

X2+ X+2

X2 +x+1

Range: [1, g} —{2}.

&y=2=12= =x(x+1)=0=x=0,—1butx#0,—-1soy #2

Hence, no integral values in this interval.
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Illustration 35:
Range of the function f(x) = |sin x|cos x| + cos x|sin x|| is [a, b] then (a + b) is equal to

Ans. (1)
Solution:
| sin2x | 0£x<§ =  0<2x<m =  O<sin2x<l
0 gSX<TE
fx) = 3
|-sin2x| REX<TS S ms<<3m = 0<|-sin2x/<1
0 3—TESXSZT:
2

so range [0, 1].

7. Equal or Identical Function:

Two function f & g are said to be equal if :

(@) The domain of f =the domain of g

(b) The co-domain of f = co —domain of g and

(c) f(x)=g(x),foreveryx belonging to their common domain (i.e. should have the same graph)
Illustration 36:

-1
The functions f(x) = log(x —1) —log(x —2) and g(x) = log (%j are identical when x lies in the

interval

(A)[1,2] (B) [2, ) (@) (2, ) (D) (- o0, 00)

Ans. (C)

Solution:

Since f(x) = log(x — 1) — log(x — 2).

Domain of f(x) isx > 2 or x € (2, ) (i)

g(x) = log(x—_lJ is defined if *"1 >0 = x € (-0, 1) U (2, ) ..(ii)
X—2 X—2

From (i) and (ii), x € (2, ).
Illustration 37:

1 X
f(x) = — and g(x) = — are identical functions or not?
X X

Solution:
Clearly the graphs of f(x) and g(x) are exactly same so functions are identical.

Ya Ya
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Illustration 38:
2

f(x) =xand g(x) = X are functions or not?
X

Solution:
Va Va

Clearly the graphs of f(x) and g(x) are differentatx = 0.

8. Homogeneous Functions:

A function is said to be homogeneous with respect to any set of variables when each of its terms is of the

same degree with respect to those variables.
For examples 5x2 + 3y? — xy is homogenous in x & y. Symbolically if,
f(tx,ty) = t™f(x,y) then f(x, y) is homogeneous function of degree n.

VA Ya
1 x
y=7 Y=
> X > x
Illustration 39:
Which of the following function is not homogeneous?
Xy 2X—-y+1
A) x3+8x%y +7y3 (B)y? +x?+5x C D) ———
(A) y+7y° (B)y y )X2+y2 ( )Zy—x+1
Ans. (D)
Solution:

It is clear that (D) does not have the same degree in each term.
Illustration 40:

Find if the function f(x,y) = x3 + 2x?y — 3xy? + y3 is a homogeneous function.
Solution:

The given expression is f(x,y) = x3 + 2x%y — 3xy? + y3

Let us substitute x = kx, and y = ky in the above expression.
fkx, key) = (kx)® + 2(kx)? (ky)- 3 (kx) (key)? + (ky)®

f(kx, ky) = k3x3 + 2k3x%y — 3k3xy? + k3y3

fkx, ky) = k3(x3 + 2x%y — 3xy? + y3)

fkx, ky) = k3f (x,y)

Therefore, the above function is a homogeneous function.

[34]
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9. Bounded Function:

A function is said to be bounded if there exists a finite M such that |f(x)| <M, V x € D¢
Illustration 41:

Range of quadratic expression f(x) = x? — 2x + 3 V x€[0, 2] is

(A)[0,1] (B) [2,3] (@[13] (D) [2, )
Ans.(B)
Solution:
f(x)=x?>—-2x+3Vx€[0,2]
&

A\

03) /

02 [T | |
s X

0 2 3

y€[2,3]Vx€]J0,2]
Illustration 42:

The minimum value of the quadratic expression 4x? — 7x + 4 V x € [1,5] is

15
(A)1 (B)-1 €6 (D) Te
Ans. (A)
Solution:
YA
(5,69)
(0,4)
(1,1)
—— > X
071 5
8

10. Implicit Explicit Function:

A function defined by an equation not solved for the dependent variable is called an implicit function. e.g.
the equations x3 + y3 = 1 & x¥ = y*, defines y as an implicit function. If y has been expressed in terms of
x alone then it is called an Explicit function.

Illustration 43:

Which of the following function is implicit function?

X +e* +5 . x*log
(@) y=—7———=  (B)y=x (C) xy —sin(x +y) = 0 (D) y="—3
1-cos™ X sinX
Ans. (C)
Solution:

Itis clear that in (C) y is not clearly expressed in x.
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Illustration 44:

The domain of definition of the function, y(x) is given by the equation, 2* + 2¥ = 2is

Solution:

2 +2Y =2

2Y =2-2%

log, 27 =log,[2 — 2¥]
y =log,[2—2%]>0
2>2*

21 > 2%

x<1

11. Applications of Functional Rule:
Equation involving functions are called functional equation.
Illustration 45:

2f(x) — 3f(§j = x2 where x # 0 then f(2) =?

Solution:
2 (x) — 3f[§j _ x2 ()
Replace x -+

2f G) _3f(x) = xiz (i)

apply (i) x 2 + (ii) x 3
3
= —5f(x) = 2x? +2

= f(x) = —%(sz +x3_2)

7
= f(2)=- 7
Illustration 46:

2002
fx) + Zf(T) =3xforallx > 0

then find f(2) =7
Solution:

Foo+2f () = 3 )

2002
Replace x — Ox_O

2002 3 x 2002 )
(S )= -+

Apply (i) x 2 - (i)
6 x 2002
= 3f(x) =————3x

= f(2) = %(6006 —6) =2000

[36]
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Illustration 47:

Determine all functions f satisfying the functional relation.

f(x)+f [ ! j: 2(1-2x) where x € R—{0, 1}

1-X X(1-X)
Solution:
Given f(x)+f( ! jZZ(HXLE_ 2 0
1-X X(1-x) x 1-xX
Replacing x by % we obtain
—X
f(i}f 11 —2(1-x)- 21
1-Xx 1— 1- 1
1-x 1-x
= f[L)Jrf(l—l):—ZXJrz .(ii)
1-x X X
: : 1), .
Again, replacing x by (1 —;j in (i) we obtain
:>f[1—1]+f -
X 1-(1-) 1-~ 1-(1-}
X X X
1 2X
= fl1-—[+f(X)=——-2X
( X] (0=-" (i)

subtracting (ii) from (i) then

f(x)-f (1—1j:2x—i
X 1-X

Now adding (iii) and (iv) we get

2X 2
2f(X)=———-—
(x) X-1 1-X
X+1

12. Transformations of Graph:
12.1 Scaling and Origin Shifting:

@) Drawing the graph of y = f(x) + b, b € R, from the known graph of y = f(x)

ylk
y=f(x)+bb>0
A y=fx)
/\ o /y=f(x):£'b<0
/_\O\AT_/
A,

www.allen.in
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It is obvious that domain of f(x) and f(x) + b are the same. Let us take any point x, in the domain
of F()- ¥, = F(%)-

The corresponding point on f(x) + b would be f(x,) + b.

Forb > 0 = f(xy) + b > f(xy) it means that the corresponding point on f(x) + b would be lying
at a distance 'b’ units above the point on f(x).

Forb < 0= f(xy) + b < f(xy) it means that the corresponding point on f(x) + b would be lying
at a distance 'b’ units below the point on f(x).

Accordingly the graph of f(x) + b can be obtained by translating the graph of f(x) either in the
positive

y —axis direction (if b > 0) or in the negative y —axis direction (if b < 0), through a distance |b|
units.

(ii) Drawing the graph of y = —f(x) from the known graph of y = f(x)

To draw y = —f(x), take the image of the curve y = f(x) in the x-axis as plane mirror.
yy y=f® y
=
> X 1 > X
0 0 |
y=—fx)

(iii) Drawing the graph of y = f(-x) from the known graph of y = f(x)
To draw y = f(- x), take the image of the curve y = f(x) in the y-axis as plane mirror.

vy y=f®

y[

= y=f(=x)
| s

0 0|

(iv) Drawing the graphofy = f(x + a), a € R from the known graph of y = f(x)

y=fx+a)a>0

/

(i) If a > 0, shift the graph of f(x) through 'a’ units towards left of f(x).
(ii) If a < 0, shift the graph of f(x) through 'a’ units towards right of f(x).
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) Drawing the graph of y = f(ax) from the known graph of y = f(x).

YA
1 y=f()

y = f(ax),a>1
7 ™\ ///i:;/;;;;;“<1
77 ’

S0

. : X
Let us take any point x, € domain of f(x). Let ax = xy or x =—=.
a

Clearly if 0 < a <1, then x > x;, and f(x) will stretch by 1 units along the x —axis and if
a

a > 1,x < x,, then f(x) will compress by 'a’ units along the x-axis.

(vi) Drawing the graph of y = af(x) from the known graph of y = f(x)

y=af(x),a>1 };zzj;(;()x)
At/[\vﬁ -

It is clear that the corresponding points (points with same x co-ordinates) would have their
ordinates in the ratio of 1: a.
Illustration 48:
Draw the graph of f(x) = cosx cos(x + 2) - cos?(x + 1).
Solution:
f(x) = cosx cos(x + 2) -cos?(x + 1) N

=%[cos(2x+2)+cosZ]—%[cos(2x+2)+1] >

1 1

1 1 —Cco0S2 — =
=—cos2——<0
2 > 2 2.

A\
Y

12.2 Transformation Due to Modulus:
(i) Drawing the graph of y = |f(x)| from the known graph of y = f(x)

If ()] = fx)if f(x) = 0and |f(x)| =-f(x) if f(x) <
0.It means that the graph of f(x) and |f (x)| would coincide
if f(x) = 0 and for the portions where f(x) < 0 graph of |f(x)| would be image of y = f(x) in x-

axis.
//,ﬂ%\ yTy=van
- | .

% 0|\_/"=> 0|
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(ii) Drawing the graph of y = f(|x|) from the known graph of y = f(x)

f(x), x=0

. Thus f(|x]) would be a even function, graph of f(|x|) and
f(—x), x<0

It is clear that, f(|x]) = {

f(x) would be identical in the first and the fourth quadrants (as x = 0) and as such the graph of

f(Jx|) would be symmetric about the y — axis (as (|x|) is even).

oy ’

= f(x

y/% / I ¥ = £
/ 5 ‘ N > = 0 ‘ %

(iii) Drawing the graph of |y| = f(x) from the known graphof y = f(x)

Clearly |y| = 0.If f(x) < 0, graph of |y| = f(x) would not exist. And if f(x) = 0, |y| = f(x) would
give y = +f(x). Hence graph of |y| = f(x) would exist only in the regions where f(x) is non-

negative and will be reflected about the x-axis only in those regions.

y1t YA

I\ /x: Iyl =7
/// 0 \\\/// 0

Illustration 49:

Draw the graphof y = |2 — |x — 1]|.

Solution:

y
y=—lx—1]
(1,0)

= >Xx
011
(0,1)
y=12—||x—-1]

[ E
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Illustration 50:

Draw the graph of y = 2— 4
|x-1]
Solution:
y
A VA y A
1 1
y=3 YT SR
0X=1
» X = » X = — » X
0 ] 0
j 0,-1) \
VA VA yA y=2-—
1 x=1 x=1 A y=2 [x — 1]
TS y=—r—
0 0 Ix = 1] N\
> x = >x =

— — &) OME
(0,-1) \ (0,—4) \ (0,-2)

Illustration 51:
Draw the graph of y = |e|"|— 2|

Solution:
Y 4
y= ex VA
14 y = ekl
_— X =
"1 g jel¥l]-2|
= elxl — y = [e™]|=2
y=e 2
0, 1)
\0 ¥ - \\/\/
> X
0,-1) 0
Illustration 52:
The graphof |[y| +x+1=10is
y Ty y
(=1,0)
(4) . © 0 >x (D 0.,
(1.0) (-10)
Ans. (D)

www.allen.in [41]



ALLEN

JEE (Main + Advanced) : Mathematics

Solution:
ly| =-x-1

y =-x-1]y| =-x-

V4

(_1'0)

> X

(0,-1)

Illustration 53:
Graph of |y| = fnx

y
(4) ‘ >x (B
(1,0)

Ans. (C)
Solution:
y = xfnx

Illustration 54:
Given the graph of y = f(x) is, which of the following is graph of y = f(|x|)

y y y

~/ N

—

(=1,0)

(A)

| (4,0)

(1,0)| (4,0) >

—> X
(-1,0) ' (1,0) > (0) | (1,0 (D) (—1,0)| (1,0

I

2,2)

>X
(B) .0

(2,2)

(=4,0)

Ans. (C)
Solution:

(- 22) (2,2)
>X (D) (7‘_1,0)

(4,0)

(= 22) (2,2)

(=4,0)

(4,0)

%
=

1,0

[42]
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Illustration 55:
The graphs of the functions f; (x) =-|x + 2|, f2(x) = ||x- 1|- 2|, f3(x) = |x + 2| + |x- 3|

\fos/

® — |03
y
y
(1.2)
@ QY ) () C—>x
(—1,0) |0 3,0) ~1,0)
The correct order of graphs of functions f; (x), f5(x), f3(x) is
(A) BCD (B) ABC (C) ACB (D) ACD

Ans. (C)

Solution:
fix) =—|x+2|= N
|x - 1]

f2(x) = [lx-1]-2]

y

N, T(O Dy

7 3

|lx-1|-2]
fa(x) = |x +2| + |x-3]
x=>32x-1
AN
N 365
} (O’S)I > X
(-2,0) 9| (=30

B
fs(x) = |x + 2| + |x-3]
x =3, f3(x) =2x-1
-2<x<3, fz3(x)=5
x<-2,f3(x)=-2x+1

www.allen.in
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13. Max Function and Min Function:
Note:
1) A function h(x) is defined as
h(x) = max.{f(x), g(x)}then
h(x) ={ f(x) f(x)=9(x)
90 9(x)>f(x)
(i) A function h(x) is defined as
h(x) = min.{f(x), g(x)} then
h(x) ={ f(x) f(x)=<g9(x)
90 9(x)<f(x)
Illustration 56:
Find f(x) = max{1 + x,1-x, 2}.

Solution: YA
From the graph it is clear that y =2
1-x; x<-1
f(x)=12 ; -1<x<1 (0.1
1+x; x>1 (=1,0) a, 0)\
0oy L F

14. Classification of Functions:

One-One Function (Injective Mapping):

A function f: A — B is said to be a one-one function or injective mapping if different elements of A have
different f images in B.

Thus there exist x1,x, € A& f(x1), f(x2) €B,f(x1) = f(x3) © x1 =x,0rx; # % & f(x1) # f(x2).

Diagrammatically an injective mapping can be shown as
A B A B

or

Many-one function (Not injective):

A function f: A — B is said to be a many one function if two or more elements of A have the same f image
in B.

Thus f: A — B is many one there exist x1,x; € 4, f(x1) = f(x3) butx; # x,.

Diagrammatically a many one mapping can be shown as
A B A B
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Note:

)] If a line parallel to x-axis cuts the graph of the function atmost at one point, then the function is
one-one.

(ii) If any line parallel to x-axis cuts the graph of the function atleast at two points, then f is many-one.

(iii)  If continuous function f(x) is always increasing or decreasing in whole domain, then f(x) is one-
one.

(iv)  Alllinear functions are one-one.

(v) All trigonometric functions in their domain are many one

(vi)  All even degree polynomials are many one

(vii)  Linear by Linear is one-one

(viii) Quadratic by quadratic with no common factor is many one.

Onto function (Surjective mapping):

If the function f: A — B is such that each element in B (co-domain) is the f image of atleast one element in

A, then we say that f is a function from A ‘onto’ B. Thus f:A — B is surjective iff Vb € B,3 some

a € Asuch that f(a) = b.

Diagrammatically surjective mapping can be shown as

A B A B

Note: Ifrange is same as co-domain, then f(x) is onto.

Into function:
If f: A - B is such that there exists atleast one element in co-domain which is not the image of any element
in domain, then f(x) is into.

Diagrammatically into function can be shown as

A B A B
Note:

(i) A polynomial function of degree even defined from R — R will always be into.

(ii) A polynomial function of degree odd defined from R — R will always be onto.

(iii)  Quadratic by quadratic without any common factor define from R — R is always an into function.

www.allen.in [45]
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(ii) one-one into (injective but not surjective) .

(iii) many-one onto (surjective but not injective)

(iv) many-one into (neither surjective nor injective)

Illustration 57:
Let A ={x:-1 < x < 1} = B be a mapping f: A = B. For each of the following functions from 4 to B, find
whether it is bijective or non-bijective.

. TIX
(A) f(x) = x|x| (B) f(x) = x° @O fx) = sin—
Solution:
-x*, —-1<x<0
(A)  fl)=xlx|=1 | )
x° , 0<x<1
Graphically, Ay
The graph shows f(x) is one-one, as the straight 1
line parallel to x-axis cuts only at one point.
Here, range »X
’ -1 1
fG) € [-11] 0
Thus, range = co-domain -1
Hence, onto.
Therefore, f(x) is one-one onto or (Bijective).
(B) f(x)=x7
Graphically; ry
Graph shows f(x) is one-one onto 1
(i-e. Bijective)
[as explained in above example] -1 0 1 "X
-1
©  f()=sin=
2 yAk
1
Graphically;
Which shows f(x) is one-one and onto as range —1 I »X
= co-domain. 0
Therefore, f(x) is bijective.
-1
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Illustration 58:

Let f: N — R be a function defined as f(x) = x-1000. Show that f(x) is an into function.
Solution:

Let f(x) =y = x-1000 = x = y + 1000 = g(v) (say)

here g(y) is defined for each y € Z,but g(y) € N for y <-1000

Hence f(x) is into.

Illustration 59:

Let f: R = R be a function defined by f(Xx)=x+ \/X_2 ,then f is

(A) injective (B) surjective (C) bijective (D) None of these
Ans. (D)

Solution:

We have, f(x) = x + \/X_2 = x + |x|
Clearly, f isnotone —oneas f(-1) = f(-2) =0and -1 #-2
Also, f isnotontoas f(x) >0Vx €R
~ rangeof f = (0,0) c R
Illustration 60:
Let f: R - R be a function defined as f(x) = 2x3 — 6x2 4+ 12x + 3 cosx- 4sinx; then f is -
(A) Injective (B) Surjective (C) Bijective (D) Not Surjective
Ans. (C)
Solution:
We have f(x) = 2x3 — 6x? + 12x + 3cosx — 4sinx
= f'(x) = 6x%-12x + 12- 3sinx- 4cosx
f'(x)=6(x—1)"+6—(3sin x+4cos X)
909 h()
range of g(x) = [6, )
range of h(x) = [-5,5]
hence f'(x) always lies in the interval [1, o)
= f'(x)>0
Hence f(x) is increasing i.e. one-one function
Now X >0 = f 50 & X—>—0= f ->—0& f(x) is continuous

hence its range is R = f is onto so f is bijective.
Illustration 61:

2
Let f(X)=X2LX+1a, where f:R — R. Find the value of parameter 'a’ so that the given function is one-
+X+

one.
Solution:

x> +3x+a

X+ Xx+1
£ = ¢ +x+1)(2x+3)-(X* +3x+a)(2x+1) _ -2x*+2x(1-a)+(3-a)

(x> +x+1) (x> +x+1)°

Let, g(x) =-2x2 + 2x(1-a) + (3-a)

g(x) will be negative if 4(1- a)? + 8(3-a) < 0

= 1+a’-2a+6-2a<0=>(a-2)2+3<0

which is not possible. Therefore function is not monotonic.
Hence, no value of a is possible.
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Important Points:
(1) A polynomial of degree odd defined from R — R will always beonto E. g. f(x) = x3 + x + 1
(2) A polynomial of degree even defined from R - R will always many one & into.E.g. y=x*+x+1

Quadratic _ ) ) ) xZ—x+1

(3) ———defined from R — R is always many one & into function E. g.y = =
Quadratic x“+x+1
Linear

- is always one - one
linear

Illustration 62:

Find whether f(x) = x + cos x is one-one.

Solution:

The domain of f(x) is R. f'(x) = 1 — sinx.

~ f'(x) = 0 v x € complete domain and equality holds at discrete points only

~ f(x) is strictly increasing on R. Hence f(x) is one-one

Illustration 63:

Identify whether the function f(x) = —x3 + 3x? — 2x + 4 for f: R > R is ONTO or INTO
Solution:

As range = codomain, therefore given function is ONTO

Illustration 64:

f(x) = x?-2x + 3; [0, 3] = A.Find whether f(x) is injective or not. Also find the set 4, if f (x) is surjective.
Solution:

fl(x) =2(x-1);0<x <3 f(x)
-ve ; 0<x<1 /
o f(x) = ’ \6
f@ {+ve ;o 1<x<3 \
\
~ f(x) is non monotonic. Hence it is not injective. 3
For f(x) to be surjective, A should be equal to its range. 2 [
By graph range is [2, 6] N >x

~ A=[2,6] M
Illustration 65:
Let f:R — [0,2] be defined by f (x)=log . , (sin2 X+sin X+ a) then the set of values of a for which f is onto

is:

1 1 3 5
®(o5) ® 5] © {3} ® )

Ans. (D)
Solution:

2
. 2 . . 1 1
sin® X+sinx+a= smx+§ _Z+a

1 (. 1Y 1
——<|sinx+=| ——=<2
4 2) 4

1 1Y 1 5
——+a<|sinx+—| +ta——<2+a > a=—
4 2 4 4
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Illustration 66:
If f(x) = 2[x] + cosx, then f: R — Ris: (where [.] denotes greatest integer function)

(A) one—one and onto (B) one—one and into
(C) many—one and into (D) many one and onto
Ans. (C)

Solution:

f(x) = 2[x] + cosx
f(x) =cosxx €[0,1)
=2+ cosxx €[1,2)
=4 + cosxx € [2,3)
=6 + cosxx € [3,4)

For

x €[0,1)f'(x) =-ve
x €[1,2)f'(x) =-ve
x € [2,3)f'(x) =-ve

x € [3,4)f (x) = +ve

= graph is not one-one

if x € [0,1)range: [cos 1,1]

x € [1,2)range: [2 + cos2,2 + cosl)

not onto function

Illustration 67:

The function f : [0,3] — [1,29], defined by f(x) = 2x3-15x% + 36x + 1, is

(A) one-one and onto (B) onto but not one-one
(C) one-one but not onto (D) neither one-one nor onto
Ans. (B)
Solution:
—
0 2 3

F: [0,3] > [1,29]

f(x) =2x3—15x2 +36x + 1

f'(x) =6x%—30x+36=6(x*—5x+6)=6(x—2)(x—3)
in given domain function has local maxima, it is many-one
Nowatx =0 f(0)=1

x=2f2)=16-60+72+1=29
x=3f3)=54—-135+108+1 =163 —-135=28

Has range = [1, 29]

Hence given function is onto

Illustration 68:

Let X be a set with exactly 5 elements and Y be a set with exactly 7 elements. If « is the number of one-one

functions from X to Y and f is the number of onto function form Y to X, then the value of % B-a)is_.

Ans. (119)
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Solution:
nX) =5
ny) =7

o. — Number of one-one function X toY = 7Cs x 5! = 21 x 120 = 2520
[ — Number of onto function Y to X
Here two cases arrive

(i) one of by, by, ..... bs gets 3 and remaining get 1 each.
(ii) two of by, b, ..... bs get 2 and remaining get 1 each.
1,1,1,1,31,1,1,2,2 a,
7! !
x50+ X 51 = (7C3 + 3.7C5)5! = 4 x 7C; X 5! 2
314! (213!
_ az
B0 _ 4% 7¢,- 7C.=4x35-21=119 A

5!
Illustration 69:
The function f:X — Y, defined by f(x) = x? — 4x + 5 is both one—one and onto if

(A) X = [2, ©) & Y=[1, ) (B) X = (-, 2] & Y=[1, )
(C)X=[3,0) &Y =[2 ) (D) X = (-0, 2] & Y=(1, )
Ans. (A,B,C)

Solution:

f:[2,0)>Y y

f(x) = x>-4x+5
flx) = (x-2)2+1

For given domain by graph range is [1, «)

w L

2

—_ 4

For function to be onto codomain y = [1, «) 10
Illustration 70:

Let f(x) = x13% + x125 — x115 4 x5 + 1. If f(x) divided by x3 — x, then the remainder is some function of
x say g(x). Then g(x)isan:

(A) one-one function (B) many one function

(C) into function (D) onto function

Ans. (A,D)

Solution:

f)=x3-x)Q(x)+ax?>+bx+c

fO=1=c

f(H)=a+b+c=3

f(-1)=a-b+c=-1

=a=0,b=2,c=1=2>g9kx) = 2x + 1

15. Composite of Uniformly and Non-Uniformly Defined Functions:
Let f:A - B & g: B — C be two functions. Then the function gof: A = C defined by

(gof )(x) =g(f(x)) Vx € Ais
Called the composite of the two functions f & g.
Diagrammatically —X 5[] fQ)g 9] > g(f(x))

Thus the image of every x € A under the function gof is the g — image of f — image of x.
Note: gof is defined only if V x € 4, f(x) is an element of the domain of ‘g’ so that we can take its g-image.
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Properties of Composite Functions:

(@) Ingeneral composite of functions is not commutative i.e. gof # fog.

(b) The composition of functions is associative i.e. if f, g, h are three functions such that fo(goh) &
(fog)oh are defined, then fo(goh) = (fog)oh.

(c) Thecomposition of two bijections is a bijection i.e. if f & g are two bijections such that gof is defined,
then gof is also a bijection.

Illustration 71:

Iff(x) =x2+1,g(x) = ﬁ, then find (fog)(x) and (gof) (x).

Solution:

Given, f(x) = x%+ 1 (1)

90)=—— -(2)
Xx—1

Now (fog)(x) = f(g(x)) = f(ij = f(z), where 7=
x—1 x—1

=z2 +1[+ f(x) = x% + 1]
2
=(—1 j+1=—1 ~+1
x—1 (x-1)
Note: Domain of fog(x) is x € R-{1}

(gof)(x) = g(f (1)) = g(x* + 1) = g(w), whereu = x* + 1
1 1 1

TU-1 Ktl-1 K
Note: Domain of gof (x) is x € R- {0}
Illustration 72:

5
If f be the greatest integer function and g be the modulus function, then (gof) (—gj —( ng)(——j =

(A)1 (B)-1 2 (D) 4
Ans.(A)
Solution:

o i3 (£ ) o e

Illustration 73:
X+1, x<1
2X+1, 1<x<2

x*, —1<x<

Let f(x) = { and g(x) = {X+2, zgxggz,find(fog)

Solution:
_a(x)+1, g(x)<1 Ya
f(g(x))_{Zg(X)+1, 1< g(x)<2 5

Here, g(x) becomes the variable that means
we should draw the graph.
Itisclearthatg(x) < 1; Vx € [-1,1] x2

and1 < g(x)<2; Vx E(l,\/ﬂ 1

v

v

2 } t t > X

Xx“+1, -1<x<1
= f(9(><))={

23 +1, 1<x<\2
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Illustration 74:
Find the domain and range of h(x) = g(f (x)), where

X], -2<x<-1 X], -n<x<0 _ _
f(x)= ] and g(x)= [ | g , [.] denotes the greatest integer function.
Ix|+1, -1<x<2 sinx, 0<x<m

Solution:

B [ 1 —m<f(x)<0 Y a _
MX)'QU(X»_{gnU(mL 0<f()<n +3“fcw""
From graph of f(x), we get /

_ ) X1, —2=x<-1 2 _1?\' L > x

()= sin([Xl+1), -1<x<2 k-1 2
° O--1—2
= Domain of h(x) is [- 2, 2] f(x)=—m

and Range of h(x) is {-2,- 1} U [sin3,1]

Illustration 75:

If f(x)=]x-3]-2] 0<x<4,g(x)=4-12-x|]-1<x <3 thenfind fog(2)?
Solution:

Fog(2) = f(4) (~ 9(2) = 4)

- fog(®) =1

Illustration 76:

Define fog(x) and gof (x). Also find their domain and range.
f(x) = [x], g(x) = sinx

Solution:

gof = sin [x]domain: Rrange {sin a: a € I}

fog = [sin x]domain: Rrange: {- 1,0, 1}

Illustration 77:

—X ,x<0 e’ , x>0
Iff(x)= and g(Xx)= then x)) =?
(={ L0 ) { 120 theng(ro)
Solution:
e, x>0 & x<0 »
09 f(x)>0 e X<0 & x<0 € x<0
e y X)> - y TA= X2
g[f(x)]: f(x) R 2 =187 x>0
-, f(x)<0 e*, x>0 & x>0 2 0
-, x=

-, x*<0 & x>0
Illustration 78:
Let f(x) = #n|x| and g(x) = sinx. If A is the range of f(g(x)) and B is the range of g(f(x)) then
Solution:
A = range of ¥n|sinx| = (- oo, 0]
B = range of sin(4n|x|) = [-1,1] ® AUB = (-x,1],AnB =[-1,0]
Illustration 79:

Let f(x)=—2

1 ,x #-1. Then for what value of  is f (f (x)) = x?
J’_
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Solution:
f(x) =X F- 1

1)
¢ 1
X+
X)) =x =2 ———=
X
—+1
X+1
= a’x=ax?+x*+x
on comparing
a?=1landa =-1 =2 a=-1
Illustration 80:

If a function is defined as f(x) = ‘/logh(x] g(x), where g(x) = |sinx| + sinx, h(x) = sinx + cosx,0 < x < .
Then find the domain of f(x).

Ans. E,E
6 2

Solution:
(i) gx) > 0= |sinx| +sinx >0 = 0<x<Tm .(A)
({i)0<h(x)<1lor h(x)>1

= X

2

()0 <sinx+cosx <1= g<x<% ..(B)

(b) sinx + cosx > 1= 0< X<§ -(Q)

(iii) logpyg(x) = 0
forh(x) >1,g(x) > 1

. : : . 1 .
i.e.|sinx| 4+ sinx > 1 = sinx > X (= sinx > 0)= ESXS% (D)

From (C) and (D) xe [g,gj

(b)O<h(x) <1then0< g(x)<1

0 < |sinx|+sinx <1 = O<sinx£%

. i 57

le. 0<x<— & —<x<m -(E)
6 6

From (B) & (E) x € ¢ so final domain is [g,gj

Illustration 81:
Let f(x) = log,logslog,logs(sinx + a?). Find the set of values of a for which domain of f(x) is R.

Ans. a € (—oo, —x/@)u(@, 0)

Solution:

Given f(x) = log,logslog,logs(sinx + a?)

f(x) is defined only if logslog,logs (sinx + a?) > 0,V x € R

= log,logs(sinx + a?) > 1,V x € R = logs(sinx + a?) > 4,Vx € R

= (sinx + a?) > 5% Vx € R = a? > 625 — sinx,Vx € R

= a® must be greater than maximum value of 625 — sinx which is 626 (when sinx =-1)

= a? > 626 = a €(—x, —/626)U(+/626, )
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Illustration 82:
Let f(x) = x? and g(x) = sin x for all x € R. Then the set of all x satisfying (fogogof)(x) = (gogof) (x),
where (fog) (x) = f(g(x)), is

(A)x<nn,n€{0,1,2,....} (B)t<nmt,n€e{1,2,....}
(C)g+2nn,ne {..... -2,-1,0,1,2,....} (D) 2nm,ne {...,-2,-1,0,1,2,....}
Ans. (A)

Solution:

f(x) = x?%; g(x) = sinx = gof (x) = sinx?= gogof(x) = sin (sin x?)
= (fogogof) (x) = (sin (sin x? ))2 = sin? (sin x?)

Now sin?(sin x?) = sin(sin x?) = sin (sinx?) = 0,1

2

=sinx? =nm, (4n+ 1) g; nel =sinx? = 0

=>x2=nr= x =+Jnr;neW

Illustration 83:

Iff(x) = ax-+b ,then (fof)(x) = x, provided that
cx+d
(A)d+a=0 (B)d—a=0 Qa=b=c=d=1(D)a=b=1
Ans. (A)
Solution:
ax+b
ax+b a(cx+dj+b a’x+ab+bcx+bd
Je) = cx+d =Jof(x) = c ax+b +d:> for () =acx+bc+cdx+d2
cx+d
_(a’+bc)x+(ab+bd)
fof( = (ac+cd)x+(bc+d?)

on comparing coefficient of both side (a? + bc)x + (ab + bd) = (ac + cd)x? + (bc + d*)x
a’?+bc=bc+d*=a=dora=-d

andab+bd =0=b=0o0ra=—-d

andac+cd=0=c=0o0ra=—-d

which can be simultaneously true for a = —d

Illustration 84:

XZ

<1
Iff(x) = {1_ . §> 1 & composite function h(x) = |f(x)| + f(x + 2), then

(A) h(x) =2x*+4x+4 Vx<-1
(B) h(x) =x*+x+1V-1< x<1
(Q) h(x) =x?-x-1V-1<x<1
(D) h(x) =-2 Vx>1

Ans. (A,C,D)
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Solution:

y=f

X

oﬁy:x—l °
— _’x

Ny = —x—1

X +(x+2) x<-1

Yy =1f@I+f(x +2) = (X +(=x-1) -1<x<1; y=[f)|+f(x+2)
X—1-x-1 x>1

2x*+4x+4  x<-1
={ x*—x-1 —-1<x<1
-2 x>1

16. Inverse of a Function:

Let f: A — B be a one-one & onto function, then there exists a unique function g: B — A such that

fx)=y e g(y) =x, Vx € A&y € B. Then g is said to be inverse of f.

Thus g = f71:B > A= {(f(x), )I(x f () € f}.

Properties of inverse function:

(A) The inverse of a bijection is unique.

(B) If f:A - B is abijection & g: B — A is the inverse of f, then fog = Iz and gof = I, where I, & I are

identity functions on the sets A & B respectively. If fof = I, then fis inverse of itself.

(C) The inverse of a bijection is also a bijection.

(D) If f & g are two bijections f : A - B, g: B — C then the inverse of gof exists and (gof)™! = f~log™1.

(E) Since f(a) = b if and only if f~1(b) = a, the point (a, b) is on the graph of ‘f’ if and only if the point
(b, a) is on the graph of f~1. But we get the point (b, a) from (a, b) by reflecting about the line y = x.

A A y .
" G g S
4 4 — 4
VAR e
III /V// f -1 /’ /'
III 'l" o '. (a; b ) 'l" 'l"
/T : P 0 4 [
0 I:"’ |-E o x 0 l' ( 1 0},¢' = x
» »X -
7 | 7 7 ¢0,-1)
,/ ,/ '/
=x" y=x" f
Y= y=f7')
4 4

The graph of f ! is obtained by reflecting the graph of f about the line y = x.|

Drawing the graph of y = f~1(x) from the known graph of y = f(x)
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For drawing the graph of y = f ~1(x) take the reflection of y = f(x) about the line y = x. The reflected
part would give us the graph of y = f~1(x).

e.g. let us draw the graph of y=sin"lx. We know that y = f(x) =sinx is invertible if

f :[—g, ﬂ%[—L 1]

= the inverse mapping would be f':[-1, 1] —{—g, g}
ya T
A (13)
2 y=x
/y = sinx
T
1 4 1(5’ 1)
_r i
2 -1 ! x
0 1 T
2
el (0,~1)
-2
(31

(-1-%)
Illustration 85:

Let f: R = R be defined by f(x) = (e* — e™*)/2.1s f(x) invertible? If so, find its inverse.
Solution:

Let us check for invertibility of f(x) :
(A) One-One:

() =3l -e")= 103 e re)

= f'(x) > 0, f(x) is increasing function
~ f(x) is one-one function.
(B) Onto:

As x tends to larger and larger values so does f(x) and when X —oo, f (X) —>00.
Similarly, as X — o, f (X)—)—oo i.e. o< f (X)<oo so long as Xe(—oo,oo)

Hence the range of f is same as the set R. Therefore f(x) is onto.
Since f(x) is both one-one and onto, f(x) is invertible.

(C) To find f~*(x) : Interchange x & y
e’ —e”

=x=e% -2xe’-1=0
+ , 2
=e’ =w:ey =x+1+x

Since e” > 0, hence negative sign is ruled out and

Hence €’ =x++1+X*
Taking logarithm, we have y = (n(x+v1+x*) or f(x)=(n(x+v1+x*)

[56]
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Illustration 86:

Find the inverse of the function f (x)=log, (X + (X2 + 1)); a>1 and assuming it to be an onto function.

Solution:

Given f(X):loga(x+\/X2+1)

L ) =28 g
(1+x%)

which is a strictly increasing functions.
Thus, f(x) is injective, given that f(x) is onto. Hence the given function f (x) is invertible.
Interchanging x & y

> log, (y+y(yY +1)-

= y(y) +1=2" (1)

and (y)2 +1-y=a™* ..(ii)
From (i) and (ii), we get y =%(ax -a™*) or (x):%(ax -a™)
Illustration 87:
Find the inverse of the function f(x) = #n(x? + 3x + 1); x € [1,3] and assuming it to be an onto function.
Solution:
Given f(x) = fn(x? + 3x + 1)
0= 0w xe[1,3]
(X" +3x+1)
Which is a strictly increasing function. Thus f(x) is injective, given that f(x) is onto. Hence the given
function f(x) is invertible.
Interchanging x & y
= (M*+30)+1—-e¥=0

—3+‘/9 4, 1 e —3+,/5+4e)
—3+J5+4e (asy € [13])

—3+,J(5+4¢")
2

Hence f'(x)=
Illustration 88:
3t «

Let f {—T Z} —Y, f(x) = sinx + cosx + 2 \/_ 2 be invertible function then Y is :

Solution:

f(x)=ﬁsin(x+gj+2\/§
for xe| -3, 2|5V [ 2.342
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Illustration 89:

3 2
Let f (x)=%+x?+ax+b ~ Vx € R itisinvertible if

(A) ae[l,ooJ,beR (B) ae[l,ooj,beR
4 8
1 1
Q ae(—oo,—},beR (D) ae[—oo,—j,beR
4 4
Ans. (A)
Solution:

For f(x) to be invertible f (x) should be one-one thatis f'(x) = 0,

1
=> ae|—,®
)
Illustration 90:
Let f(x) = x? + 2x; x = —1. Draw graph of f ~!(x) also find the number of solutions of the equation,

) =f1(x)
Solution:
Y 4
k=1 y=f®
\‘\ )= x
“y=fT'w
_:2\‘\_\ }‘ (::: ’b——— > X

f(x) = f~1(x) is equivalent to f(x) = x
> x?+2x=x=>x(x+1)=0=> x=0,-1
Hence two solutions for f(x) = f~1(x)
Illustration 91:
Ify = f(x) = x?-3x + 1,x = 2. Find the value of g’(1) where g is inverse of f
Solution:
y=1=x%-3x+1=1
= x(x-3)=0=x=0,3
But x>2 ~ x=3
Now g(f(x)) = x
Differentiating both sidesw.r.t.x
= g(f(x).f'x) =1
1 1

= g'(f(x)) = ) = g'(f(3)) =%
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Alternate Method
y=x?-3x+1
x?-3x+1—-y=0

X_3J_r 9-4(1-vy) _3J_m/5+4y

2 2
x =2
X_3+\/5+4y
- 2
3++5+4x
a(x) -0
2
g'(x)=0+;4
4~J5+4x
1 1 1
g'(1)= ===
(1) J5+4 o9 3
Illustration 92:
X , x<1
Iff(x)=| x* , 1<x<4 ,thenfind f~1 (x).
8\/; , X>4
X x<1
Ans. f1(x) = {J/x , 1<x<16
XZ
—_— X>16
64
Solution:

Casel y = xx<1
x =yy<l1
flx)=xx<1
Caselly=x?1<x<4
x2=y1<y<16
x=yl<y<16
flx)=Vx1<x<16
Casellly = 8Vxx > 4

2

y
x=—y>16
64y

2

Flx) = ;‘—4x > 16

Illustration 93:

Let f be a one—one function with domain {21, 22, 23} and range {x, y, z}. It is given that exactly one of the
following statements is true and the remaining two are false. f(21) = x; f(22) # x; f(23) # y. Then
flx)is:

Ans. (22)
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Solution:

21 x

22 y

23 z

f21) = xf(22) #xf(23) # y
case-] T F F
case-II F T F
case-III F F T

case-l f(22)=x,f(23) =y

then f(21) = x is not true

case-ll f(23)=y,f(22) =2z f(21) =x
not possible

case-lll f(22) =x,f(23) =z f(2) =y
of N x) =22

JEE ADVANCED PART-04:
Illustration 94:

Letf: [-N2 + 1,2 +1]> |:_€+1, \/E;l}beafunctiondefinedbyf(x) = 11_)(2'
+X
—1+x(\/4x—4x2+1)
Iffi(x) = % » X#0 then A + pis.
n , XxX=0
Ans. (2)
Solution:
f) = 2% S PGy =0atx =142
1+X

forx € |:—\/§+1, 1+\/§]f is bijective function hence f is invertible.

1-x
1+x?
Orx?y + x + (y-1) =0

orx — ~1+,1-4y(y-1) _ 1+ Jay -4y 41
2y 2y

=Yy

1++2
e [N
1 +J4x—4x2+1
-1 _ , X#0
fm(x) = 2X
1 , Xx=0 as f(1)=0

=>A=Lp=1=>A+p=2
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Illustration 95:
The number of real solutions of the equation x3 + 1 = 2 {/2x-1,is:

Ans. (3)
Solution:

3
X 2+1 = {2x-1

Let f(x) = X32+1 = f1(x) = 3Y2x-1

Equation becomes f(x) = f1(x)

X +1 1445
2 2

=f(x) = x= =x=>x3-2x+1=0=>x-1D*+x-1)=0=>x=1,

17. Odd and Even Functions:
Consider a function f(x) such that both x and - x are in its domain then
f(—x)=f(x) thenf is said to be an even function
{ f(—x)=—f(x)then f is said to be an odd function

Note:

1) fX)—f(—x) =0 = f(x)iseven & f(x) + f(—x) = 0 = f(x) is odd.

(ii) A function may neither be odd nor even.

(iii) The only function which is defined on the entire number line & is even and odd at the same time is
f(x)=0.

(iv) Every constant function is even function.

(v) Inverse of an even function is not defined.

(vi) Every even function is symmetric about the y-axis & every odd function is symmetric about the origin.

Special Note:

If a function f(x) is defined as f(a + x) = f(a — x) then this function is symmetric about line x = a

(vii) Every function which has '—x’ in it's domain whenever ‘x' is in it's domain, can be expressed as the

sum of an even & an odd function.

_ O+ f(=x) N f(x)—f(—x)

ie. (X | 5 * 5 |
EVEN OoDD
(viii) If f(x) is odd and defined at x = 0, then f(0) = 0.

Fx) | g F(x) + 2(x) F(x) - g(x) Fx) . gx) | F6)g() | (o)) | (Fop)(x)
odd | odd odd odd even even odd odd
even | even even even even even even even
odd | even | neither odd nor even | neither odd nor even odd odd even even
even | odd | neither odd nor even | neither odd nor even odd odd even even

Illustration 96:
Which of the following functions is (are) even, odd or neither:

X

X +e”
2

(i) f(x) = x%sinx (ii) f(x) = sinx — cosx (iii) f(x)=
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Solution:
(i) f(=x) = (—x)?sin(—x) = —x?sinx = —f(x). Hence f(x) is odd.
(ii) f(—x) = sin(—x) — cos(—x) = —sinx — cosx.

Hence f(x) is neither even nor odd.
—X —(—x) —X X
(iii) f(_x):e +e :e +e
2
Illustration 97:

Identify the given functions as odd, even or neither:

= f (x). Hence f(x) is even

X X
x)= +—+1
f(x) v 13
Solution:
X X
X)= +—+1
@) e -1 2
Clearly domain of f(x) is R ~ {0}. We have,
Fox)=X XX Xy (oI X
e -1 2 1-¢* 2 (e"-1) 2
X X X X
= X+ ——4+1= +—+1= X
e'-1 2 e -1 2 @

Hence f(x) is an even function.
Illustration 98:
Identify the given functions as odd, even or neither:

fx+y)=fx)+ f(y)forallx,y eR
Solution:

fx+y)=fx)+f(y)forall x,y eR
Replacing x, y by zero, we get f(0) = 2f(0) = f(0) =0

Replacing y by—x, we get f(x) + f(—x) = f(0) = 0= f(x = —f(—x)
Hence f(x) is an odd function.
Illustration 99:

Show that log (X N 1) is an odd function.

Solution:

Let f(x)=log(x+m).
Then f(x)=log(—x+«/(—x)2+1)

(\/x2+1—x)(\/x2+1+x) 1
= log =log———
VX2 +1+x

= =—log(x+\/x2+1) =—f(x)

or f(x) + f(=x) =0

Hence f(x) is an odd function.
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Illustration 100:

Show that a* + a™* is an even function.

Solution:

Letf(x)=a*+a™™*

Then f(—x) = a™* + a~® = a™* + a* = f(x).Hence f(x) is an even function
Illustration 101:

2

Iff:R >R, f(x) =x>+sin3x + {SCOS—X”} is an odd function, then the value of p (where [.] denotes the
p

greatest integer function) is:

(A) [7,12] (B) (12, ) (@) (0,12] (D) (=00, )

Ans. (B)

Solution:

=0

2
For odd function {SCOS—X”}

= p>5cos’x+7,VXER=p > 12
Illustration 102:

X sinnx- [ x]<1
= 2’ , then f(x) is:

XIx|; |x]21
(A) An even function (B) An odd function
(C) Neither even nor odd (D) Both even & odd
Ans. (B)
Solution:

2 . TCX
—X“sin| — |; |—-x]<1 )
f(—x)= 2 = —f(x) = odd function
—X| x| ; [x|>1
Illustration 103:
If f(x) = 2017* + 20177%, g(x) = x%- 1 then g(f(x)) is

(A) An even function (B) An odd function
(C) Neither even nor odd (D) a periodic function
Ans. (A)

Solution:

IF ) = (F0)*-1

=(2017)%* + (2017)™2* + 2-1

=(2017)?* + (2017)"™>* +1 >3

= g[f(x)]is an even function

Illustration 104:

Let f(x) = ([a]? — 5[a] + 4)x3 — (6{a}? — 5{a} + 1)x — (tan x) sgn(x) be an even function V x € R, then
the sum of all possible values of '3a’ is

(where [-] denotes G.L.F. and {-} fractional part functional part function)

Ans. (35)
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Solution:

f(x) = ([a]?> = 5[a] + 4)x3 — (6{a}? — 5{a} + 1)x — tanx(sgnx)
forx >0

f(x) = ([a]?> = 5[a] + 4)x3 — (6{a}? — 5{a} + 1)x —tan x

forx <0

f(x) = ([a]?> = 5[a] + 4)x3 — (6{a}* — 5{a} + 1) x + tan x

Given that function is even function Vx € R

Sof(x)—f(—x)=0VneR

2x3([a)? — 5[a] + 4) — 2x(6{a}* —5{a}+1) =0

So this equation should be independent from x . coff. of x3 & x will be zero.
[a]? = 5[a]l + 4 =0;6{a}> —5{a}+1=0

[a] =1,4;{a} =1/2,1/3
a=1+1/2,4+1/2,1+1/3,4+1/3=3/2,9/2,4/3,13/3
Sum=3/2+9/2+4/3+13/3=6+17/3 =35/3

Illustration 105:

x> +1

If f:[-2,2] >R where f(x) =x3+tanx + { } is a odd function, then the value of parametric P,

where [.] denotes the greatest integer function, can be

(A)5<P<10 (B P<5 (QOP>5 (D) P=15
Ans. (A,C,D)

Solution:

g(x) =x> + tanx + {ngl} = g(-x) = (-x)% +tan(—x) + {—(—x);+1}
X

%% +1

P

= g(-x) =-x3-tanx + }SQ(X)+g(—x)=O

because g(x) is a odd function

_ 5 X +1 s X411
. | =X’ —tan X+ P +| =X —tan X+ P =0

2 2
XD g g XLy
P P

Now x € [-2, 2] :>0<%<1 = P>5

18. Periodic Functions:
A function f(x) is called periodic if there exists a positive number T such that f(x + T) = f(x) = f(x-T),

for all values of x within the domain of f. Smallest positive T (if exists) is called fundamental period of
function f(x).

Note:

(i) 0dd powers of sinx, cosx, secx, cosecx are periodic with period 2.

(ii) Non-zero integral powers of tanx, cotx are periodic with period 7.

(iii) Non-zero even powers or modulus of sinx, cosx, secx, cosecx are periodic with period 7.
(iv) f(T) = f(0) = f(—T), where ‘T’ is the period.

(v) if f(x) has a period T then f(ax + b) has a period T/|a|(a # 0).
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Proof:
Let f(x +T) = f(x) and fla(x + T") + b] = f(ax + b)
f(ax + b +aT") = f(ax + b)

! ! ! T
fO+al) =fO)=f+T)=>T=al"=>T= —
(vi) If f(x) & g(x) are periodic with period T; & T, respectively, then a period (need not be fundamental) of

f(x) £ g(x) is L.C.M. of (Ty, T,).

(A) LCM of T; &T, is defined when T, /T, is rational.

(B) LCM of E, P =Mln case if .there exists a positive K such that K < LCM of T; and T, and
b q HCF of (b, q)

overall function repeats itself after every K, then fundamental period of the function will be K.

(vii) Every constant function is always periodic, whose fundamental period is undefined.

(viii) Periodic functions are non invertible.

Illustration 106:

Find the fundamental periods (if periodic) of the following functions, where [.] denotes the greatest integer

function
(i) f(x)=e""")+tan® x—cosec(3x—5) (i) f(x)=x—[x-b],b€R
_ sin X +cos x| . T
(iii) f (x)_m (iv) f(x)=tan 5 [X]
_ , ) _ (1+sinx)(1+secx)
(v) f(x) = cos(sinx) + cos(cosx) (i) f(x)= 1+ cos X)L+ cosecx]

(vii) f () =P Hosmbcostodiosns

Solution:

) f(x)zem(smx) +tan® x—cosec(3x—5)
Period of e/™"* = 2;, tan® x =
cosec(3x-5)= Z?TE

~ Period = 21
(ii) f(x) =x-[x-b] = b+ {x-b}
~ Period = 1

|sin X + cos x|
(i)  fO)= —————
|sin | +|cos x|

Since period of |sinx + cosx| = m and period of |sinx| + |cosx| is g . Hence f(x) is periodic with
as its period
(v) fQo) = tang [x]
T T T T
tan—|X+T [=tan—|X|= | X+T |=nn+—[X
[x+T]=tan [x]= Z[xs T] =+ Z[x]

~ Period = 2
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v)

(vi)

(vii)

Let f(x) is periodic then f(x + T) = f(x)

= cos(sin(x + T)) + cos(cos(x + T)) = cos(sinx) + cos(cosx)

If x = 0 then cos(sinT) + cos(cosT) = cos(0) + cos(1) = cos (cosgj + cos(sin gj

On comparing T= %

(1+sinx)(1+secx) _ (1+sinx)(1+cosX)sinX

f(x)=

(1+cosx)(1+cosecx) cosx(1l+sinXx)(1+cosx)

Hence f(x) has period .
f(X)= ex—[x]+\cosnx\+\c052nx\+........
Period of x-[x] = 1
Period of [cosmx| = 1

+lcosnnl

Period of |cos2mx| =%

. 1
Period of |cosnmx|=—
n

So period of f(x) will be L. C. M. of all period = 1

Illustration 107:
Find the fundamental periods (if periodic) of the following functions, where [.] denotes the greatest integer
function

) f()= "

+SlnX

(i) f(x)= sm\/)i+cosj;_
n

(i) f(x)= sm\/)3i+cosz\7§

Solution:

()

(i)

(iii)

Period of e* =1
period of sinx = 2m

= f(x) = tanx

- L.C.M. of rational and an irrational number does not exist.

~ not periodic.
X 2n

E N/\/_

Period of cosn—X 2n \/_

V3 n/\/_

202

Period of sin

« L.C.M. of two different kinds of irrational number does not exist.

~ not periodic.
X 2n

ﬁ n/\/_ 2

2T
zf /2B w3

« L.C.M. of two similar irrational number exist.
-~ Periodic with period = 43

Period of sin

Period of cos—=

[66]
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Illustration 108:
Find period of the following functions

. X X
(1) f(x) = sin > + cos 3

(ii) f (x) = {x} + sin x, where {.}denotes fractional part function
Solution:

(i) Period of sing is 4 while period of cosg is 6.

Hence period of sing + cosg is 12 r{L.C.M.of 4 and 6 is 12}
(ii) Period of sin x = 2m
Period of {x} =1
but L.C.M. of 2rr and 1 is not possible as their ratio is irrational number
.. itis aperiodic
Illustration 109:
Find period of the following functions

i) f(x) = cos x.cos 3x
" . 3X X 2X
ii X) = sin— — cos— — tan—
i  fl) 5 3 3
Solution:
)] f(x) = cos x.cos 3x = %(cos 4X+ cos2X)

period of f(x) is L.C.M. of %Tn Zg =7

3n

2n 2m o m o LCLmof%§,6n,Z; = 127

3/2°1/3"2/3

(ii) Period of f(x) is L.C.M. of

Illustration 110:
If fundamental period of f(x) = |sin(ax)| + |cos(ax)]| is 1—752 thenais:

(A)3 (B) 6 ()12 (D)1
Ans. (B)
Solution:

Period of g(x) = |sin(x)| + |cos(x)] is g

Hence period of f(x) = |sin(ax)| + |cos(ax)| will be 21
a

a 12
Illustration 111:

an (3 1-2
Given a function f;(x) = et {4} + cosm (%j +sin(@j whose fundamental period is p,

(where {.} and [.] represent fractional part and greatest integral part functions respectively)

andy = ‘/2 p +§[X]—[X]2 the domain of y is [q, 1)

then on the basis of above information answer the following:
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(i) The periodp of f{(x) is:

(A) An irrational number (B) Prime number

(C) A composite number (D) Neither prime nor a composite number
Ans. (C)
Solution:

tan{ﬂ
Periodof e ¥ is4
cosn(@} =0 Vx€ER

Period of sin (%j is4

.. Period of f; (x) is 4, which is a composite number.
(ii) Valueof r- q- 1lisequalto
(A)6 (B)7 8 (D)9
Ans. (A)
Solution:

o p =4 theny = 8+2[x]-[x]’
so—[x]?+2[x]+8=0

S [x]2=-2[x]-8<0

e, (x] -V (x]+2)<0

L —2<[x]<4

L—=2<x<5

Lq=-2,r=5

L r—q—1=542-1=6
Illustration 112:

If the range of the function f(x) = {2} +cosn(@j +s n( [Z]jis {Z ij [4 4)u {27;1%],

(where {} and [.] represent fractional part and greatest integer part functions respectively), then
o2+ B2+y2+ d2is

Ans. (15)

Solution:

Period of {5} is 4
4
CcoSsm [@j =0Vx€ER

Period of sin(@j is 4

.. Period of f(x) is 4. For periodic function f (x) range can be calculated for x € [0, 4]

lfxE[O,l)if(X):i’f(x)E[ 1) Ifx €[1,2); f(x)—Z+1f()e{%%j

>

Ifx€[2,3); f(x) = —f(x)e[%E

o113 {22

=a=-1,=1y=26
= o2+ B2+y2+ 2= 15

j: Ifx € [3,4); f() = 3~ LfQ) eH,oj

.[;
..1;
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