Functions All=.®

Functions

SOLUTIONS

EXERCISE - O

1. Ans. (B)
P(x) =x°+ax®+bx*+cx3 +dx’>+ex+f
=P(1)=1P12)=2,P(3)=3,P(4)=4P()=5P6)=6
LetP(x) =(x—Dx—-2)(x—3)(x—4)(x—-5)(x—6)+x
according to given conditions.
=P =T-D)T7-2)7-3)(7-4)T7-=-5T-6)+7

= P(7) =727
2. Ans. (D)
=242V =2

=2Y=2-2%
= 2% > 0 (exponential function)
=2-2*>0
=2¥<2=>x<1
= x € (—,,1)

3. Ans. (B)

) 4
Given: fm:mz(mj

Here, denominator is

= x+2+\/2—x >0

Also,
=>x+2=20and2-x=>0
=>x=-2 x <2
~x €[-2,2]
Letg(x) =vVx+2+V2—x
1 1 . .
=g'(X)= - = [Diff. and equating to zero]
909 24x+2 242-x
N2—X =2+ 0
> =
20X +242-X

=>V2—x—V2+x=0

=>V2—x=vV2+x

=>2—-x=2+x (squaring)
Now £(0) = 2v2

=g(-2)=2

=g2)=2

n2<g(x) <2V2
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V27 a(x)

= log, J2< log, A <log, 2
g(x)

~ Range is [logz V2,log, 2] = E

Ans. (B)

!

f(x)< SeCX+tanx—1 XG(OEJ

tanx—secx+1

1+sinX—cosX
= f(X)s=—7—
sinX—1+cos X
(1-cosx)+sin X

sinX—(1-cosXx)

= f(x)=

2sin? X 4+ 2sin > cos ~
= f(x)= 2 2

2sin >~ cos > —2sin?| *
2 2 2

. X X X . X
SIn—+CO0S— COSE-FSIDE

= f(x)=

. X . X
cos_——sin—  cos_—sin_
2 2 2 2

X X
cosz(1+tan2j
f(x)=

= f(x):tan(ng%j

Range f(x) will be (1, o)

= tan(
X
cos— 1—tan5 4
2 2

[14]
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5. Ans. (D)

f(X)=L alsox, = «a
1-x

= %, = ()= f(0)=——

1-a
%
o — o
e f(xl):f(1—aj:1_gz1—2a
1-a
o
o — o}
:>X3=f(Xz)=f(1_20J: j 20(2‘ T
1-2a
Similarly
= X * 1

2171720110 2012
= 2012a = 2011a —1

6. Ans. (A)
f3(x) — [(2013)—1]log2013 log, 2012
= f,(X) =(logX 2012)10,(5{2013(2013)'1
= f,(x)=(log, 2012) ' = log,,, X
:>f2(x) — 201210g2012x — xlog20122012
= fo(x) =x
= fi(x) =2*
where x can be (0,1) U (1, )
but log, 2012>0
Case -1
= 0<x<1
= log,2012>0

= 2012<x’
=2012<1

.. nho Solution
Case - 11

= x>1
=log,2012>0

= 2012>x°
=2012>1

.. Complete set Solution
soforx > 1

2% lies in (2, 00)
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7.

Ans. (C)
) 15
Domain:-2x + 15 # 0= x;«é—7
X+10
(=Y 2x+15

=2xy+ 15y =x+ 10

=15y —10 = x — 2xy
X=15y—10
1-2y
=>1-2y+0

= yil
2

Range= R —{%} = Codomain

- f(x) is onto
X+10

(2x+15)1-(x+10)(2)
(2x+15)?
_ 2X+15-2x-20
(2x+15)
:—_5 <0
(2x+15)
~ f(x)is decreasing
f(x) is one-one
-~ one-one and onto.
Ans. (D)
2 —
f (x): 2); 5x+3
8X° +9x+11
= f(x)=

= f'(x)=

(x—1)(2x-3)
 8x2+9x+11

—i(3)2
= f(1) —f(zj—o

Here, many one
_ 2x*-5x+3
Yo e rox+11

= 8yx? +9xy + 11y = 2x2 — 5x + 3

=By—2)x2+ 9y +5x+11y—-3=0
D=(9y+5)2—4(8y —2)(11y —3) =0
81y? — 4(88y2) + 90y + 46(4)y +1 >0

271y%2 =274y —1<0
Sas<ysp

Where a, § are roots of 271y? — 274y —1 =10

So, into

[16]
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9. Ans. (B)

(=900~ £(9)-0(x)-]

X+3+X xeQ
4x—x—J§ xzQ
2x+3 xeQ

= (-a)0- % 18
:(f—g)(_;jzoz(f—g)(?j many - one

Also, (f — g)(x) = 3 — /5 is not possible. As 3x — /5 will not allow x = 1
So, into
10. Ans. (B)
£ (x)=X—Z+a=x
=>x2>22&4—-x<0
Domain x € [2,4]
For one - one x € [3,4]
=S[f))2=x—-2+4—x+2V—x2+6x—38
= {f(0)}2 =2+2/1-(x—3)?
= {f(x)}* maxatx = 3
> {fO)Pmx=2+2=4
= {f () }max =2
And {f(x)}minatx = 2,4
= {f(x)}zmin =2
{f (0)}min = V2
Range y = f(x) € [V2,2]
11. Ans. (B)

f(X)ZM-FZX—l-FJXZ—X-Fl
X°+2X+3 4

Assin(nm) =0 [x] = integer

= f(x)=2x-1+

1
X——
:

3x—§ le
2 2

1 1
X—= X<=
2 2

= f(x)=

Domain € R
Range € R

X

N| —

SRR, W—
v

Clearly one - one point
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12.

13.

14.

Ans. (D)
0+(x=1)' =x-1  xe(1,2

y:f(x _ ( , ) , ( )

1+(x—-2)" =x*-4x+5 xe(2,3)
Now, y=x—-1=>x=y+1
&y=1+(x-2) =>x=2+,y—-1
i) =2+vVx—1,x €[1,2]
Ans. (C)
f(x)=145x a(x)=f"(x)
f(x) & f~lintersectaty = x

S>fx)=x=> 1+%\/;=x:>2x—3\/;—2=0

= «/;:2,_71

Lx=4

=f(4) =4

Ans. (C)

A) fx)=|x—-2]4+(x+2)sgn(x+2)
= f(—x)=|-x—-2|+ (—x+ 2)sgn(—x + 2)
= f(x) # —f(=x)

(B) o= x(exl— 1) +2_1><

1 1

—xe ¥ -1 2x

1( e 1
= — + —
x\1-e* 2

= f(x) # —f(—x)
(o) f(x) =log(sinx + m)
= f(—x) = log(—sinx + m)
= f(x) + f(—x) = log(1 + sin? x — sin? x)
=logl1=0

= f(-x)=

=fx)=—f(x) So 0dd function.

(D) f()=e (¥ -1*
= f(—x) = e (e - 1)*
. (1_ezx )4
N

= e *(e?* — 1)* = f(x) even function

=e

[18]
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15. Ans. (A)

f(10+x)=f(10—-x) VxER (1)
=f20+x)=—-f(20—-x) -(2)
Putx =x—10ineq. (1)

= f(x)=f(20—-x) -(3)
=fx)=—f20+x) ..(4)
Putx = x — 20

= f(x =20) = —f(x) -(5)

= f(20+x) = f(x — 20)
= f(40 +x) = f(x) Periodic
ineq. (4) Putx = —x
= f(=x) = ~f(20 - %)
Now from eq (3) f(20 — x) = f(x)
= f(-x) = —f ()
odd function.
16. Ans. (B)

f(x):Zx—{i}
T

= g(x) = cosx

= gof ()= cos(2x —{5}]
U
cos 2x.cos{§} +sin(2x).sin {ﬁ}
T i

\ \ \ \

T T T T
Period of overall expression is
17. Ans. (A,Q)
flx)=x?>+3x+2
graph of f(x)

L _3/2 1
N

graph of f(|x])
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14

NV

2
>X
f(x]) =2
only one solution
Ay

l

........ ]/ 1/4

1/8

|f(x)| = 0.125

Number of solution = 4

graph of |f(|x|)]
Combination of f(|x|) of | f(x)|

18. Ans. (A,B,C)

f(x) = max{x, x2,x3,x*}

|
[N S —

X<-1
-1<x<0
0<x<1
X>1

[20]
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19.  Ans. (B,C,D)
f)=|x+3—|x+1|—|x—1]| + |x — 3|
x=-3,-1,1,3

—o -3 -1 1 3 ©
I II I11 v \'%

Case-l x < -3
S>fX)=—C+3)+x+D+x-1)—(x—3)
=f(x)=0

Case-lI-3<x < -1
>fx)=x+3+x+1+x—-1-x+3
=>f(x)=2x+6
= f(-1)=-24+6 =4 Maximum

Case-lll -1 <x <1
>fxX)=x+3-(x+1D)+x—-1-x+3
=fx) =4

Case- IV 1<x <3
>fx)=x+3—-x—-1-x+1-x+3
=>f(x)=-2x+6
= f(3)=-6+6=0
=>f()=-2+6=4
maximum of f(x) = 4

Case-Vx >3
>f)=x+3-(x+1)-(x-1)+x-3
=f(x)=0
Answers

(B) Maximum value of f(x) 1 & 4
(C) f (x) = 4 has infinite solution
(D) f(x) = 0 has infinite solution
Correct answers (B,C,D)
20. Ans. (C,D)
(A) Let f:N->N
f)=x+1
then function is one-one but not onto
y=x+1
x=y—1
) =x-1
there is no element correspond to 1 in natural numbers
So (A) option is not correct
(B) Function is onto but not one-one
1,
: 1
44— 3
cl ——4

So option (B) is not correct

www.allen.in [21]
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(C) Composition of two injective function is injective so if gof is injective then f must be
injective
So option (C) is correct

(D)  Numbers of function = (2)3 = 8

A B
a

a
c B

Option (D) is correct
Answer (C,D)
21. Ans. (A,B,C)

X 0<x<2

f(x)=42x-3 2<x<3
X+2 X=3

(a) = f(f(f3/2))

)
= f E == correct

o
|

=1+ f{f(2)}
S1+f(2x2-3)

=>1+f()
=1+1*=2="f (g) correct
€ fFI=r=1 correct
22. Ans.(AD)
(=3

= [x+{x+1}]=5
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23. Ans.(B,C)

Lety = x + 1 = f(x) where x is even

f)=2+1=3
f4)=44+1=5
y=x+1
x=y—1
ffl=x-1

f13) =2, fi1G6) =2

= f()#2,f(3)=2o0rf(5)=2

= f'(@2)=3o0rf(2)=5
Answer (B,C)
24. Ans.(AB,C)

1 1
f[x+5)+ f [X_Ejz f(x)

Put x=x+l
2
1
= f(x+1)+ f(x)=f [X+EJ

= f(x+1)-f (x+%)=—f(x)
add eq. (1) and (2)

= f(x—%j:—f(xﬂ)

Vx €ER

(1)

-(2)

.(3)

www.allen.in
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Put sz—% ineq. (1)
= f(x)+f(x-1)="f (x—%j

= f(x—l)—f(x—%Jz—f(x) ..(4)
add equation (1) and (4)
= f(x+%}+f(x—1)=0

Putx - x—1
N f(x-%j:-f(x-a .(5)

Now From eq. (3) and eq. (5)
fx+1) =f(x—-2)

x—->x—1

f) = f(x=3)

x—>x+3

[f(x+3) = f(x)]
time period of f(x)=3

25. Ans. (A)
0 x* x<-1
X X<
f(x)= X)=142Xx+3 -1<x<1
) {H L, 9
X x>1
1
-1 2
; |4 :
x
Range of f(x) = (—o0,1]
26. Ans. (C)

(fx)  f(x)<-1
g(x)=42f(x)+3 -1<f(x)<1

f(x) f(x)>1
X2 x<-1
2
9(x)= (1—x) X>2
2X+3 -1<x<0

2(1-x)+3 0<x<2
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graph of g(f(x))

5—2x
> 03 (1-—x)2

-1 2

Clearly Range ofg(f(x)) =[1, )
27. Ans. (A)
fR—-=x)=f2+x) (i)
f(x) =f(20—-x) . (ii)
Putx -2 —x
= f(x) =f(4—x) ...(iii)
from (ii) & (iii)
f(4—x)=f(20—-x)
Put4 —x =t
f@) =f(t—-16)
time period of f(x) = 16
28. Ans. (D)
fG) =f(4-x)
Symmetric about x = 2
Time period of f(x) is 16
Sof(x) =f(x+16)
So f(x) is symmetric about x = 18,34 and so on
29, Ans. (A)
(0

_ cos’ X+cosX+2

cos? Xx+cosx+1

_ cos” X+cosX+1+1

cos’ Xx+cosx+1

= y=1+—7
cos“ X+cosX+1

1V 3
COSX+— | +—
2) 4

1 13
= COSX+—€|——,—
2 22

1Y [.9
= | cosx+—| €|0,—
2 4

= y=1+

www.allen.in
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(1

(1)

(v)

4 7

Range €| —,—

s [3 3}
Correct answers - Q

(M—m)(ﬁx+ sinx)‘

y= 3(cosx+sinXx) ‘
COS X —sin X

= y=|—M
3(cosx+sinx)

= y= 1—tan X
3(1+tanx)
1 T

= y=|=tan| ——X
(5]

Range € [0, o)
correct answer - (s)
B 7
3(x6 +2x* +3x%? +1)

= polynomial has only non negative terms
Sxb+2x*+3x2+12>1
1
X®+2x* +3x% +1

€(0,1]

= 7 G(O,Z:|
3(x*+2x +3x*+1) \ '3

correct answer (p)

y =logg(x? + 2x + 2)

=y =logg((x + 1)? + 1)

=>@x+1)?*+1>1

=logg((x + 1)2+ 1) = logg 1

=logg((x +1)2+1) >0

Range € [0, )

correct answer - (s)

30. Ans.(A—->PS;B>R;C—>QS;D>T)

(A)

Domain of f(x) = In{x}

f(x) to be defined {x} € (0,1)
=>x#*0andx #1

-~ domain of f(x) consists no integer point.

[26]
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. 1 :
(B) Domain of ()= sec(sinx) + [XJF;}L\/lO—[X]
I 11 11

M Jsec(sinx) to be defined

sec(sinx) > 0

v —1<sinx<1l,x€R
sec(—6) = secH

~ X €ER

(ID {x+l} to be defined
X

x+120, x+122,x € R*
X X

(1) «/10—[X]2 to be defined

10—[x]>=0
[x]?-10<0

[x]?> < 10

[x] € [-V10,V10]

[x] ={-3,-2,-1,0,1,2,3}
x €[-3,4)

Domain of f(x) = (domain of I) n (domain of II) N (domain of III)

=x € (0,4)
x €{1,2,3}
3 integers in domain.
(C) Range of f(x) = x2 —2x + 2, x € [0,2]

Range of f(x) = [1, 2]
2 integer points in range.

(D) Range of f(x)=4/25—[x]

= y=4/25-[x]
= y? =25—[x]?
= [x]? = 25 — y?
=25-y2>0
=y2—-25<0
=y €[5, 5]
but it is square root function.
y €10,5]
Range of f(x) contains more than 3 integer point.

www.allen.in
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EXERCISE - S
Ans. (6)
f(x)=,flog,, [3-x|
log,, 3-x>0 3—x|>0
I3—x|<1,x#3
lx —3] <1
—-1<x-3<1
2<x<4,x=24
Sum =6
Ans. (1002.50)
9)( 917X
f(X)=——,f(1-X)=———
() 9" +3 (1=x) 9% 43
= f(X)+f(1-x)= X9 +2’9
9" +3 2.3
9)(
9* 9
= » =+ =
9'+3 3(3+9")

f( 1 j+f(2005J=1

2006 2006

Zf(%jﬂ
2006

=1002.5

Ans. (2)

[x = 5][x —3] + 2 < [x — 5] + 2[x — 3]

=[x—5]=a

=[x—-3]=b

=ab+2<a+2b

=>ab+2—-a—-2b<0

=@-2)(b—-1)<0

=>a—2<0ora—2>0

andb—1<0orb—-1>0

Case-1

a<2Zandb >1

[x—5]<2and[x—-3]>1

[x] < 7and [x] > 4

[x]=50r[x]=6

Case-2

=>a>2

=>b<l1

=[x—-5]>2

=>[x-3]<1

=[x]>7

=[x] <4

Not possible

possible integral values of x is 5,6 — 2 values.

All pairs

[28]
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4. Ans. (11)

f(x,n)= Zn: log, (;j
k=1

10 k 10
= f(x,10)= Z“logX (—j = ZIOgX k-1
k=1 X) =

=log,(1.2.34......10) — 10
= log, (10! — 10

11 11
= 1‘(X,11)=Z‘logX (5j=210gx k-1
k=1 X) =

=log,(1.2.3.....11) — 11
=log,(11) — 11
=log, 10! — 10 = log, 11! — 11
11!
"o~
5. Ans. (6)

11

f(x):alogGJr—X}be3 +Csinx+5
—X

= f(—X)z—alog(iJr—x)—bXE‘ —csinx+5

=f)+f(=x)=10
= f(log,2)+f {log3 (%Dzlo

= f [log3 (%j}=10—4=6

6. Ans. (5)
fO) =px+aq.f(F(F))) =8x +21
= f(f(x) = plpx +q) +q
=p’x+pq+q
= f(f(f()) =p*@x + Q) +pg +4q
=p3x+p?q+pqg+q=8x+21
=p®=8p°q+pqg+q=21
=>p=24q+2q+q=21
=q=3
=>p+q=5

7. Ans. (6)

2x—1, f1 :M

X+3 cC—X

f(x)=

=>xy+3y=2x—-1

www.allen.in
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=>x(y—-2)=-1-3y
_—1-3y
y-2
1+3x
2—X

= X

= f'(x)=

=c=2
=a+b+c=6
8. Ans. (401)
f@+x)=f(2-x)
Put2—x=t
= fd—1) =f©)
=fM4—x)=fx) (1)
=>f(7+x)=f(7—-x)
Put7+x =t
=>fO=fT-t+7)
=>fx)=f14—-x) -(2)
From eq. (1) & (2)
= f(4-x) = f(14 - )
Put4—x =t
=f®) =f(10+1)
= f(x) = f(10 + x), period of function = 10
= f(0) = f(10)
=fQ2+x)=fQ2-x)

putx = 2 f4) =£Q0)

= f(4), £(10)

[—1000,1000] total periodic intervals = 200
= 400+1

=401

9. Ans. (11)
f(x,y) = max(x,y) + min(x,y), g(x,y) = max(x,y) — min(x, y)
(—2 —3) -2 -3 3 2 9-4 5
>0 == |==——-—=-—-=—=—
3 2 23 6 6
=g(-3,-4)=-3—-(-4)=1

= T[E,lj:1+§
6 6

11
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10.

Ans. (15)
27%-1, —-2<x<0
f(x)=¢ 2*-1, 0<x<2
2¥* 1, 2<x<4

f(x)=1 f(x)=1
2 —1=1 24 —1=1
2¥ =2 247% =2
x=1 4—-—x=1
x=3

two solutions in one period

[0,20] = 5period

Total solutions in five periods =5 x 2 = 10
[—8,0] = 2 period

Solution in two periods =2 X 2 = 4

In interval [—10, —8] one solution

Total solutions =10 +4 +1 =15

EXERCISE - JEE (Main) PYQ
Ans. (1)
Given f; (x) = i,fz(X) =1-xand f3(x)=ﬁ

= f3(X)

= (f,0dof)(x

N—"

Ans. (2)

From the given functional equation :
=f(x) =2% VxeN

= 2a+l 4 Qav24 | 4+2a+10 = 16(210- 1)
= 22 (2 + 22+.+210) = 16(210 - 1)

10
= 23.2'(2—1)=16(21° —1)
1

=2¢#l=16=24=a=3

www.allen.in
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3. Ans. (3)
4-x220;x3-x>0
=>x=+x2 x(x-1)(x+1)>0
o o] o

-1 0 1

= Dre (-1,0) U (1,2) U (2, )
4. Ans. (2)

gx)=x*+x-1
=g (f(x)) =4x?—10x+5
=02x—-2)>+2-2x)—-1
=02-2x)>+2-2x)—-1
=>flx)=2-2x

O
= f|=|=—
4 2

5. Ans. (4)
2X ;o xe(1,2)
f(x)= x2+1
X
0 Xe€l2,3
X +1 €[23)

f(x) is decreasing function

= f(x)e(z,lju(é,i}
52 55

(4) Option
6. Ans. (2)
2(2"+27)+(3"+37"
f(x)= ( ) ( )23
2
(AM>G.M)
7. Ans. (3)
8" -1 2
f(x)=y= =1-
()= 8™ +1 8" +1
s0, 8" +1=—2_—gn 1Y
1-y 1-y
— x=n| 1Y sz’l(y)
1-y) 4n8
1 1+X
H Cf1(x) = =log.eln| —=
e, 6y = Sz %)
8. Ans. (1)

fx+y)=fx)+f)
= f() =nf(1)
= f(n)=2n

=gn) = EZn:ZEQJ =nn-—-1)

=gn)=20 =>nn-1) =20
=>n=>5
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9. Ans. (2)

f(x)zﬂ xX€R—-{-a}->R
a+ X

a_[a—xj
= f(f(x)):a_f(x): a+ X
a+ f(x) a+(a—x)

a+Xx

(a®-a)+x(a+1)
= H(f09) (a’+a)+x(a-1)
=s@-a)+x(a+1)=(@®+a)x+x*(a—1)
=sala-1D)+x(1-a?)—x%*(a-1)=0
=>a=1

1-x

= f(x):m,

1 1+1
o[22
2) 41

2

10. Ans. (5.00)
flx+y)=fx)f»)
putx=y=1 f(2)=(f(1))" = 3?
putx =2,y = 1f(3) = (f(1))’ = 3°
éimilarly f(x) =3*
:»Zn: f (i)=363:>zn:3i =363

i=1 i=1

(3 +32%+...+3™) =363

:3(3 _1):363
3" —1 =242 = 3" =243
=>n=2>5

11. Ans. (4)

3n s s 3n
f(x)_log\/g (3+cos(z+xj+cos(z+xj+cos(z—xj—cos(Z—XD
= f(X)=logﬁ|:3+2COS(%)COS(X)—ZSin(%jSin(X)}

= f(X):log£[3+«/§(cosx—sinx)]

Since —V2 < cos x — sinx < V2
:logﬁ[3+\/§(—\/§)s f (x)slog£[3+\/§(«/§)ﬂ
=log ; (1)< f(x)<log £ (5)

So Range of f(x) is [0, 2]
Option (4)
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12. Ans. (26)
kf()+2=2x-2)(x—=3)(x—4) (x—=5) ..(1)
putx =0

1
we get A=—
8 60

Now put A in equation (1)
= kf (k) + 2 :%(x—Z) (x—3) (x—4) (x—5)
Putx =10

= 10£(10) +2 = —(8) (1) (6) (5)

=52-10f(10) =52 —-26 = 26
13. Ans. (3)

Given y = 5098a%) = f(x)

Interchanging x & y for inverse

— x = 5U08a¥) = (1082 5)

option (1) or option (2)

Further, from given relation

= logsy = log,x

= x = q(°8s¥) = y(logs @)

1

= x=ylm) = f1

option (3)
14. Ans. (3)
x—2
fo) =y ="—
' X:3y—2
y—1
) 3Xx—2
X)=
(X)="—
&gx)=y=2x-3
_y+3
2
1 X+3
X — —_—
(=2

S (X) g (x) =2

X
.'.x2—5x+6=0<xj

.. sum of roots

x1+x2=5

[34]
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15. Ans. (3)
For domain,
|[x][—2 >
I[x]] -3

Case I: When |[X]|—220

and |[X]|—3>0
. x € (—00,—3) U [4,») (1)

Case II: When |[X]-2<0

and |[X]|—3<0
X €[-23) -(2)
So, from (1) and (2)
we get
Domain of function
=(—0,-3)U[-2,3) U [4, )
L(a+b+c)=-3+(-2)+3=-2(a<b<o)
= Option (3) is correct.

16. Ans. (2)
f:{1,3,5,7,..... 99} - {2,4,6,8,....,100}
fB)=f0O) =f(@A5)=........ £(99) - (1)

3,9, 15,...99 = 17 numbers
for condition one we have °°C;, X 1 way rest 33 elements 33 !
= 50¢,, x 33!
= 50,5 x 33!
= 50p,..
17. Ans. (25)
Letf(x) =x?+bx+p

= f(l):%:1+b+p:§ (1)

Assume common root be
fl@=0&ff(f(f(a))) =0
= £ (f(f@)) =0

= f(f) =0

= f(@*+bp+p)=0

= f(pp+b+1)=0

-1(5}

2
:>p—+b-£+ p=0
9 3

:>£+9+1:0
3

9
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18.

19.

20.

—p+3b+9=0 2)
From (1) & (2) :>ng

Now, f(=3)=9—-3b+p
=9-(p-9+p
=18 +2p = 18+2x%=25

Ans. (2)

A=1{1,2,3,4}

B =1{1,2,3,4,5,6}

Here f(3) canbe 2,3,4,5,6
=f3)=2,(Q),f(2)-(1,1) —» 6cases
=f3)=30M.f(2) - (12),(21)

— 2 X 6 =12 cases

=f3)=40Q).f(2) - (13),(31),(22)

— 3 X 6 = 18 cases

=fB)=50).f(2) - (1,4),(41),(23),(32)

— 4 X 6 = 24 cases

=fB)=6,(1).f(2) - (15),(51),(24),(42),(33)
— 5 X 6 = 30 cases

Total number of cases=6 + 12+ 18 + 24 + 30 = 90

Ans. (2)
fG) = f(x/3) =x/3
= f(x/3) — f(x/3%) = x/32 ... on adding

X 1 1
f(X)-lmf| — |=X| =+ —=....
= () nl—l:g (3”) (3 32 OOJ

N f(x)—f(O):g

=f@®)=7;f(0)=3
=>f(x)=x/2+3

= £(14) = 10

Ans. (4)

f@=x-1 L) = 2
fl9() =g() -1

X X=X+

-1 X1

flgx) = ﬁ; x # £1, even function
— Hence f(g(x)) is many one function

= Yy=

x?—1

Sy-xt-—y=1

[36]
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2 _ (1+y
=X _( y )
= [H—yZOj
y
+ — +

21.

22,

23.

24.

25.

Range:- y € (—o,—1] U (0, )
Hence, Range # Co-domain = f(g(x)) is into function
Ans. (31)

2f(a) +3f(c) = f(d) — f(b)

Using fundamental principle of counting
Number of one-one function is 31

Ans. (2)

f(X)z{Z(l—X?ZSJ(Z—FXZS)fO

1

> 1(9-[fe-) 2o

= (4- —_ x50)5_10

= f(f (x)):[4—((4— x)"” )Sojuso ~x

=g(0) = fF(fFEN) + fFF X))
=f(x)+x
Sg(D) =f(1)+1=35+1
[g(D)] = [3% +1] = 2
Ans. (20)
6X”+5x+1 0 2x2—3x+4>_1 2x2—3x+4<1

(o >0, >-1, <

2X—1 3X-5 3Xx-5

o (335 %]

Ans. (180)
Total no. of onto function provided f(a) # 1

= Total no. of onto function - No. of onto function when f(a) = 1

! !
= i><4!—(i><3!+4!j:180
2!3! 212!

Ans. (4)

Given for x > 2

fO)+2f2)+..+xf(x) = x(x + 1) f(x)
replace x by x + 1
=>x(x+Df)+x+Df(x+1)
=(x+ D+ 2)f(x+1)

www.allen.in
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N X N 1 _(X+2)
f(x+1) f(x) f(x)
=>xfx) =+ Df(x+1) = %,xZZ
_1 _1
f(2)—4, f(3)—6
Now f(2022)=L
4044
1
f(2028)—m
1 1

=4044 + 4056 = 8100

So, +
f(2022) f(2028)

EXERCISE - JEE (Advanced) PYQ
1. Ans. (A)

Given f(x) = x?%; g(x) = sinx

fogogof(x) = sin?(sinx?)

and gogof (x) = sin(sinx?)

given fogogof (x) = gogof (x)

= sin?(sinx?) = sin(sinx?)

= sin(sinx?) = 0 or 1 (rejected)

sin(sinx?) =0 = x?2=nn

2. Ans. (B)
f(x) =2x3-15x2 + 36x + 1
= f'(x) = 6(x?- 5x + 6) = 6(x-2)(x-3)
 f(x) is non monotonic in x € [0,3]
= f(x) is not one-one
f(x) is increasing in x € [0,2) and decreasing in x € (2,3]
f(0)=1,£(2) =29&f(3) = 28
~ Range of f(x) is [1,29]
= f(x) is onto.
3. Ans. (A,B,C)

f(x)= (log(secx+tan x))3

f(-x)= (log(secx—tan X))3

3

H 1 H
=log || ————
secxX+tanx

= -log(secx + tanx)3
~ fis odd function
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y (sec X tan X +sec’ x)

f'(x)=3(log(secx+tanx)

(secx+tanx)

f'(x)=3sec X(log(sec X+tan X))2

f'(x)>0
~ f is one-one & onto
4. Ans. (119)
nX) =5
nY) =7
a — Number of one-one function = 7C5 x5!

B — Number of onto function Y to X

Cll bl
a, b,
a, b

1,1,1,1,3 1,1,1,2,2
z 7! =( 7 =457 |
TR (2!)33!><5! =(7C;+3.7C,)5!=4x"C, x5!

B;—'O‘:4><7c3 _’C, =4x35-21=119

5. Ans. (C)
f (x) is a non-periodic, continuous and odd function

= f(x):{

—x?+xsinx, x<0
x> —xsinXx, x>0

= f(-) = Xlir_r!o(—xz)(l— Sizx):—oo

= f(o0) = limxz(l—smszoo
X—>0 X

= Rangeof f(x) =R
= f(x) is an onto function (1)
{—2x+sinx+xcos X, X<0
f'(x)= :
2X—sinX-XcosX, Xx=0
For (0, o)
f'(x) = (x-sinx) + x(1- cosx)
always +ve always + ve
orOor0
= f'(x)>0
= f'(x) =0, Vxe(-w,x)
equalityatx =0
= f(x) is one -one function (2)
From (1) & (2), f(x) is both one-one & onto.
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6.  Ans. (19.00)

4X 41—X

X + 1-x
+2 477 +2

f(x)+1‘(1—x):4

X X
4 4/4

_ & 4
4542 4424
¢ 2

442 244

s0, f(%}r f (%}+...+ f (%}- i (%)
3} (s

JEE (Main) Practice Paper
SECTION-A
1. Ans. (1)

Put x = 30, y:ﬂ then
30

f(30xﬂj=@x30
30 40

Hence,
f(40) =15
2. Ans. (1)

-2
FO0=(Wx=3-1) -{(x=3+1) =Nx=3-1|-[Vx=3+1]
f(x):{—Z\/X—?) 3<x<4

-2 X=>4

Ry =1[-2,0]

3. Ans. (2)
f (x) must be a perfect cube
f)=x—-2)B3=x3—6x*+12x—8
=>a=—-6b=12
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4.

Ans. (1)
f(g(x)) and g(f(x)) are identity functions = f~1(x) = g(x)
f(x) is linear function = f(x) = ax +b
= g0=""
a
f(0) =4
a(0)+b=4
b=4
g(6) =17
5-4

—=17
a

1
a=—
17

£(2006) = % 2006 + 4

=118+4

=122

Ans. (2)

f)=y=In(x +Vx*+1)

=eY =X +1+x; e =Jx*+1-x

L1, € -8
f7(x) = 5

y =10l

y = el*l
>

| X

No. of solutions = 2
Ans. (4)

1 1
f(x) =logip (—log2 (1 + @j - 1]:> - log: (1+Wj -1>0

:>—oo<logz(1+1i/4j<—1:> 0<1+L<%:> -1< —+
X

X1/4

= x € ¢ (null set)
Ans. (2)

> —4pr=0,p>0=f(x)=logpx>*+ P+ Qx>+ (@ +7r)x+7)
Let g(x)=px3+(p+x*+(q+nx+r=gx)=((x+1) (px?+qx+71)

Discriminant of px? + qx + ris g> — 4pr =0

2
Domain (x + 1) (px%2 +gqx+1) > 0=>p(x + 1) (x+%j >0

www.allen.in
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q

=>x#- —andx>-1
2p
© xeR-[(0-1]U {—%}
8. Ans. (3)
= X L

Tox-Id 1400~ 1e(m
i e[0, )= f)e {o, %]

9. Ans. (4)
Here (2 -log; (16 sin2x +1)>0=0< 16 sin2x + 1 <4

3%351n2x<% = 1<16sin2x + 1 <4 = 0<log; (16 sin2x + 1) < 2

= 2>2-log; (16 sinZzx +1) >0
= log\ﬁzz logﬁ (2-logz (16sinZx +1))>-00 =22y >-
Hence rangeisy € (- o, 2]
10. Ans. (1)
f6{ix}? =503+ 1) = f(B{x} -1 2 {x} — 1)) = B{x} - 1) 2{x} - 1) <0

or {x} e E ﬂ

1 1
LXE€ nN+=,N+=
U [ 3 2}

nel

11. Ans. (3)
f:(e,©) >R = f(x)=(n({n(/nx))
D:im(/nx)>0or /nx>1lor x>e

R : (- o, o0) = one-one and onto function

12. Ans. (3)
f(x)=2[x]+cosx; f(x) =cosx x €[0,1)
=2+cosx x € [1,2)
=4 +cosx 2,3)
=6+ cosx 3,4)
for 0,1) f'(x) =-ve

xe]
xe|
xe]
xel1,2) f'(x) =-ve
x €[2,3) f'(x) =-ve
x €[3,4) f'(x) = +ve
= function is not one-one

ifx €[0,1) range : [1, cos 1)

x € [1,2) range: [2 +cos 1,2 + cos 2)
not onto function
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13. Ans. (3)

X —
xe(2,4):>{5}—1

SO
>fX)=x-1=>y=x-1
Sx=y+1=>f1x)=x+1

14. Ans. (2)

_/

0 1
f:11,0) > [1,0)
f(X) — 2x(x—10)
x(x — 1) is strictly increasing in domain

f(x) = 2**~1) js one one & onto function so inverse is defined
2X0-D —y > x2_x =logzy = x2-x - logz y = 0

1+./1+41
x:[ Ji+ ogzy]

2

-ve sign rejected as domain range of f™ is [1, «0)

i = (1i«/1+4log2xJ

2
15. Ans. (2)

f) = N1-1-%

1- V1-X220=41-x* <1=0<1-x2 <1=xe[-1,1]
16. Ans. (2)

f) =

1
Xz = f'(x) =0atx =12
1+X
for xe [—\/5+1, 1+\/§] f is bijective function hence f is invertible.

1-x
1+x°

=y

Orxzy+x+(y-1)=0
|

1-2 | 1\1+V2
Or x = ~1+,1-4y(y-1) _ —14.J4y—4y* +1
2y 2y
~1++/4x—4x° +1 0
fr@) = 2 S
1 : x=0 as f(1)=0
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17. Ans. (3)

1445

2

3
XHL 5 3fox-1

2

x =1,

Let f(x) = X32+1 = f(x) = 2x-1

Equation becomes f(x) = f1(x)
x*+1

=x=>x3-2x+1=0

1445
2

=>fx)=x=

S>x-1DE*+x—-1)=0=>x=1,

Allter :

Lety=3/m:>y3—2x+1:0 and x3-2y+1=0
=>03-2x+1)-(x3-2y+1)=0=>(y-x) (y2+xy+x2+2)=0
Sy=xory?+xy+x2+2=0=>y=x or (x +y)?2+x2+y>+4=0
Puttingy = xiny = m,wegetyzx

x3-2x+1=0
145
2

Which yields the values x =1,
18. Ans. (3)
(1) f(x) = ev2lnx= X ,D:x >0
gx) = Jx,Dix =0
(2) tan (tan x) D:x#*(2n+1) g & tanx#*(2n+1) g

cot (cot x) D:x#+nn & cotx #+nn
(3) f(x) = cos?x + sin*x =cos?x + (1 — cos?x)? =1 — cos?x + cos*x = sin®x + cos*x
g(x) = sin’x + cos*x

4 fx) = %, D: x#0=>g(x) =sgn(x), D:x ER
19. Ans. (1)

f(x) =logz [3x - 3[x] ] = logz [3{x}]

period 1.

so0<{x}<1

0<3{x}<3=1[3{x}]=0,1,2
so range {log.1, log,2} = {0, 1}.
20 Ans. (2)

X X X (e +1
X) = + —+1=— +1
e e’ -1 2 2 (ex—lj

@D

f(=x) = — X 1 v1=2|8 1 +1 = f(x), even function
2le”-1 e’ -1
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SECTION-B

1. Ans. (9)
2
f(x)= tan® Xx+8tanx+15

1+tan® x
= sin%x + 8sinxcosx + 15cos2x

1O i 15 105X

= 8+ 7cos2x + 4sin2x
we know that

7cos2x + 4sin2x € [—\/72 VERNGE +42:|
so f(x) = 8 + 7cos2x + 4sin2x

IS [8—\/5,84-\/%]

Now calculate assuming J65 is slightly greater than 8.

2. Ans. (0)
f(X)_x3+2x2+3x+2_(x+1)(x2+x+2)
X +2x2+2x+1 (x+1)(x*+x+1)
X2+ X+2
= Y= 7
X +X+1
x € R-{0}
>nz0 =>y+2
2
Now y= X tX+2
X“+xX+1

y-Dxz+(y-1)x+y-2=0
y-1z0=>y=1
x € R-{0}

=D>0
=>-1)2-4y-1-2)20
=>Wy-1)(y-1-4y+8)=0
= -1D(7-3y)20

= -1)By-7)<0

1

7
1,—
= ye( 3}

>y#1&y+2
So No. of integers in Range = 0
3. Ans. (15)

Wl +

X

Period of etan{i} is4 = cosn (@j =0 VxeR

Period of sin(%] is 4
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.. Period of f(x) is 4. For periodic function f (x) range can be calculated for x € [0, 4]

Ifxe[0,1); f(x) =2 ,f(x)e{o,%j ;Ifx e [1,2); f(x) =2 +1,f(x)e [—,—)

53
42

Ifx € [2,3); F() = 5. f(0)e [%,%j;lfx 13,4 f(0= 11 f(0)e {_ioj

11 23 53
S Rangee|-—,— |V —,— | V| —,=
4 4 4 4 4 2

Ans. (2)

f(x)+f (ljzx
X

1
put x—>—
X

f(1j+ F(x)=2
X X
by (1) & (2)

X —_—
X
=>x=z1
So domain of f(x) is {-1, 1}
No. of elements in domainis k = 2
Ans. (2)

(1)

(2)

f & g are 2 distinct functions [-1, 1] — [0, 2] onto functions

Sof &gareeither-x+ lorx + 1
Case-I:
f)=—x+1;9x)=x+1

1-X
_f0_1-x, _aax_
h(x)—g(x) 1+x,h(h(x)) 1+1_7X
1+X
1 x—1
R(1/x) = X2 nn(1/0) = T x+#1_
X+1 1+X7—1
Xx+1

X

‘h(h(x))+ h[h(%j}‘ = |x + 1/x| > 2 as domain does not contain pointx = + 1

Case-II:
fx)=14+x;gx)=1—x
1+X
) = 22 hhey) = 1o - 1
S 1-x - 1_ﬂ Cx
1-X

h(h(1/x)) =~ x;

h(h(x))+ h[h(in‘ =l-x—1/x|=(x+1/x)> 2

[46]
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6. Ans. (2)
AN X=2
[P =

= f(f(0) =x
= f(x) + 2f1(x) + 2 = f(f (x)) reduces to
3(x-2)
2x-1
= M(3—2x+1)=0
(2x-1)
=22x-2)2-x)=0=>x=2
7. Ans. (3)

f(X)=sec2(n—X +eot?| X

6 6

:1+tan2(n—x +eot?| X
6 6

2 J
T T
T1 =—=0, 2 ==
n/6 n/6
LCMofTiand T2 is 6
but tan20 + cot20 repeats its values after interval

= f) =1

X—

6

ofE
2

= Period len—/2=3,T2=3
n/6

= Period of f(x) is 3.

8. Ans. (7)
-x24+4x+1120  &-x*+4x+11#1
=>x2—4x—-11<0 & x2—4x—-10=0
= 2-J15<x<2+/15 & x%-2,6
integral values of x are -1,0, 1, 2, 3,4, 5

9. Ans. (400)

Q/I, 3/5, ....... ,Qﬁ lies between 1 and 2

_Q/IJ, [5/5],,[5/7} are each equal to 1

§/§, 3/6 ....... 3/% lies between 2 and 3

é/ﬁ, ﬁ/ﬁ, ...... ,ﬁ/@ lies between 3 & 4

o3 27], [3 28], ...... ,[3 63] are each equal to 3

364, 365,.....3124

www.allen.in
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10.

lies between 4 & 5
*. are each
equal to 4
= Required number
=1x7+2x19+3x37+4x61=400
Ans. (1)

ﬁn(sin%&jZO = singﬁzl
= sin(Eﬁle
4
T T
= —JX=2nmt+—,neN
4\/_ 2

= «/;=4[2n+%j, neN

= x=4(4n+1),ne N
also16 -x2>0

= x € [-4, 4]
x=4(4n+1)2
putn=0,x =4,

only x = 4 is possible.

JEE (Advanced) Practice Paper

Ans. (A,Q)
f(x) =sinlog | =X
x) =sinlog | ——

4—x*

4-x2>0 or xe(-2,2) and >0
1-x

D:(-2,1)

R:[-1,1]

Ans. (A,D)

() f(x) = Jx-1 +2 3-x
D:x-1>0&3-x20=x e [1,3]

Range: f'(x) = =0 or f’(x)=Oatx=%

1 1
24x-1 \J3—-X
(7 (7 | 7
f T >0 & f = <0:>max1maatx=§ ;Range:[\/i,\/ﬁ]

[48]
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3. Ans. (B,D)
Domain D e [-1,1]

a1
tan — x=#0
(A) f(x) = X many -one
1 x=0
y
l
m AN
4 i
i 0 1
l _r
‘i 4
l
(B) g(x) = x3 one - one
-1 /E/
! 0 1
(C) h(x) = sin2x many - one
A
T 1L
2 | -
i 0 T -
£ _1 E
(D) k(x) =sin [%Xj one-one function

4. Ans. (A,D)
f(x)=(x*=x)Q(x)+ax* +bx+c
fO=1=c
f)=a+b+c=3
f-D)=a-b+c=-1=a=0b=2,c=1=>gkx)=2x+1
5. Ans. (A,C,D)

y =1

www.allen.in
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y =x?
e /y=x-—1
o — y=1f(l
y
y = (x + 2)?
°
& O X
-1
y=—x-1

X +(x+2)  x<-1
y=1f)]+ fx+2)= X +(-x-1) -1<x<1;
X-1-x-1 x>1

2X2 +4x+4  x<-1
y=1fO)|+ fx+2)=1 X¥-x-1 -1<x<1

-2 Xx>1
6. Ans. (A,D)
0 x=0
f(-x)=4 —x*sin(%)  xe(-1,1)-{0} = —f(x) odd function
-X | x| | x| > |
7. Ans. (A,C,D)

2

g(x)=X3+tanx+{X +1}:> 9(—X)=(—x)3+tan(—x)+{(_x)2+1}

P

2

= g(—x):—x3—tanx+{x 1

} =>g(x)+g(=x)=0

because g(x) is a odd function

3 x*+1 3 x*+1
S =XT—tan X+ 5 +| —X> —tan X+ 5 =0

2 2
jz{w}zo o< X+l 4
P P

Nowxe[—2,2]:>0<%<1:>P>5

[50]
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8.

Ans. (A,Q)
F(x) = 2X(sin X+ tan x)

T

ifx=nmn f(nr) =0

ifx#nn

- f(=x) = —f(x) odd function
f(0) = f(n) hence many one

9. Ans. (A,B,C,D)
floy= XD _ gy g g
{x}
(A) By graph fundamental period is one
B)f(-x)=0=f(x) ..evenfunction
(C) Rangey € {0}
(D)y=sgn-1,x ¢l
y =sgn (sgnﬂ](l)—l S>y=1-1
Joxy
y=0,x¢l Identical to f(x)
10. Ans. (B,D)
Clearly h(x) = 2a
so neither one-one nor onto
11. Ans. (A)
Number of one-one functions = 0
12. Ans. (C)
Total number of function = 35 = 243
Number of into function =3 + 3(25-2) =93
total number of onto function = 243 - 93 =150
13. Ans. (D)
= 9(6)<g(7)<g(8)
g(6) g(7) g(8) No. of maps
1 1 1,2,3,4,5 5
2 2,345 4
3 34,5 3
4 4,5 2
5 5 1
2 2 2,345 4
3 3,4,5 3
4 4,5 2
5 5 1
3 3 3,4,5 3
4 4,5 2
5 5 1
4 4 4,5 2
5 5 1
5 5 5 1
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14. Ans. (17)
7x-x2-62>0 = x2-7(x)+6<0

x-1)(x-6)<0 = x e[1,6]andsinx + cosx > 0= 13_71- u7_n6
(x-1)(x-6) [1, 6] > T

15. Ans. (17)

x+l =2=2<x+ l<3:>E Sx<5
2 2 2 2

16. Ans. (1)
| sin2x | 03x<§ =  0<2x<n =  0<sin2x<1
0 25x<n
flx) = 3
|-sin2x| REX<T- = msSX<3m = 0<|-sin2x|<1
0 §ESXSZn
2

so range [0, 1].
17. Ans. (34)

f(-x)=—[a +bx*+cx|-5 i f(=x)=—[f(x)+5] -5
f(=x)=—f(x)=-10 put x=7
f(7)y=-17 so  f(7)+17cosx=-17 (cosx - 1) € [-34, 0]
18 Ans. (7)
4a-7

flx)= 3 3+ @=-3)x?+x+5 =f(x)=0@la—-7x*+2(a-3)x+1

D<O0forallx e R
4(a-3)2-4(4a-7)<0 =at+9-6a-4a+7<0

a’?—-10a+16<0 =(@-8)(a-2)<0
ora e [2,8] = f'(x) is always +ve for a € [2, 8]
19. Ans. (22)
21 x
22 y
23 z
case-] case-II case-III
f21) =x T F F
f(22)=x F T F
f(23)=y F F T

case-1 f(22)=x,f(23)=y
then f(21) = x is not true

case-Il  f(23)=y,f(22)=2z f(21)=x
not possible

case-Il f(22)=x, f(23) =z, f(21) =y
feo=22
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