Differentiability ALLEN

Differentiability

SOLUTIONS

EXERCISE - O
1. Ans. (A)

lhin(*)lw -7
~lim f(h)- f(O)—hf (—2h)+ (0)
=lim( f(h)-f(0) f(-2h)- f(o)j

h—0 h h
- lim(wj+2hm(wj

h—0 h h—0 —Zh

=f'(0)+2f'(0)=1+2(1) =3.
2. Ans. (A)
f(x) = (x> + D|(x + 1)(x — 5)| + sin|x| + cos(x — 1)
So f(x) is not differentiable
atx =5&x =0.
3. Ans. (D)
f(x) is continuous at x = 1
L fAN=fA7) =f(D)
= —(1)3+2(1)2+a(1) =13 + 2(1)?
= -14+2+a=3
=>a=2
Also f(x) is differentiable at x = 1
. f'(x):{ 3>2<2+4x ; xeQ
32 +4x+a ;3 X£Q
ff=a)=fQan
= 3(1)?+4(1) =-3(D?*+4(1) +a
=3+4=-3+4+a
=>a=6
.. Here is no unique value of ‘a’
so answer not possible.
4. Ans. (D)
Replace x by x + h & y by x where h - 0
lim|fx + ) = F()] < [BI?

lim f(X+h)— f(X) S|h2|

x—0 h

= |f'(x)|<0

= f(x) =100 (- f(10) = 100)

So £(20) = 100.
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5. Ans. (D)
fx) = (x?—1D|(x—1)(x —2)| + cosx
clearly not differentiable at x = 2
6. Ans. (A)
f(x) is differentiable at x = 0
RHD = LHD
f(0%) = f'(07)
If f (x) is differentiable then it is
continuous also

£ 2xeX +3x%2 x>0
(x)=

2ax+b X<0
f'(07)=0
f'(07)=b
b=0,a €R.

7. Ans. (B)
In [0, 27), f(x) is defined as :

- T
\sin x ,0£x<5

}LHD =RHD

1 ,x=E
f(x)= 2

" T
J/sin X ,—<XZT
2
—1++/sinx+1 ,m<x<2n

COsS X

2+/sin X

COS X

2+/sin X

Cos X

24/sinx+1

. . T
x) is continuous at X=— &7
2

,0<X<E
2

& f'(x)=

o1
,—<X<T
2

,T<X<2T

Also f(x) is differentiable at x =T but not differentiable at x = 7.

8. Ans. (D)
sintXx+acosmx —-1<x<0
f(x)= )
bcos™ x+sinmx 0<x<1

f (x) is differentiable in (—1, 1) so f(x) is continuous in (—1, 1)
f(0) = £(0%) = f(07)

br
a=—
2
L +(—amsinnx) —-1<x<0
F1(x) = J1-x2

J1-x2

because f(x) is differentiable in (—1, 1)

+ TTCOS TIX 0<x<1
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f(0%) = f'(07)
l=—b+nm
b=m—-1
—2a+b
_AR-D,
2
=n? — 1 Ans. (D).
9. Ans. (D)
-1, x<0
Sgn(x)=470, x=0
1, x>0
[x+1], x<0
f()=4 |x, x=0
[x=1|, x>0

—(x+1), x<£-1
Xx+1 -1<x<0
f(x)= 0, x=0
—(x-1), 0O<x<1
(x-1), x>1

Function is non-differentiable at every breaking point
ie. x=-1,0,1
Number of points of non-differentiability are 3
10. Ans. (A)
f (x) is differentiable at x = 0
So, LHD,
f(0—-h)—f(0)

— f(07)=lim

In cos h_0
- f'(0*)=1im%

h—0

l—lim In cos h
= 4 - h—0 ah2
apply L’Hospital rule.
1 .. 1(-sin h)
—=lim—————
4 h—0 g cos hx2h
1 1., sinh
_ — m
4 2ah>0 h
— 2a = _4 — a= _2

RHD,

— f'(0")=lim

h—0

f(0+h)— f(0)
h
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11.

hZ
ebhl_0
— f'(0 )=1h1§(}T
1 .. e"-1
— —=Ilim
4 >0 ph?

1., e -1
= =—lim
h—0 h2

b
L
4
a+b=-24+4=2
Ans. (B,C)
(@) Atx=1,f(1) =5
RHLatx=1=5
=y = f(x) is continuous atx = 1

, 4x , x<1
= f'(xX)=
3 , x>1

RHD.atx=1=3
LHD.atx=1=>4
XX x>0
(b) f(x)=| ",
—X

x<0

32, x>0
0’

S f '(x){_?)xz /=0

)

6x x>0 "o 0
—6X x<0'f()_

Ny -v(x){

= f'(0)=f'(07)=0

=y = f(x) is derivable at x = 0

=f"0")=f"(07)=0

= f(x) is twice differentiable at x = 0
@ fGH=fG)=f() =2

:>1Xirr21 f(4x’ -11)=2

(d) lxiigl(f(X)Jr 9(x))=2
:>lxi§;(f(x)—g(x)):1
= lxli‘l;l( f()+9(x))+(f(x)—-9(x))

= lxirral(z f(x) :lxing( f(x)+ g[X))+]Xin‘al( f()-9(x))

:>2<1Xi_r)21 f(x)):3

X—a

=lim f(x):%

=1im( f()+9(x)~(()-g(x))=1im2g(x)
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12.

13.

14.

—=2-1=2limg(x)
1
= i =—
img(x)=7
= lim f(x).g(x)=lim f (x).lim g(x)
31 3
= —X—=—
2 2 4
Ans. (B,C)
y

2F---0

1 —

-8

of 1 2 3 4 5 ~*

for removable discontinuity at x = a,
LHL. =R.H.L. # f(a)
= f(x) is discontinuous atx = 1,4
= f(x) has non-removable discontinuity atx = 1
= f(x) is non-differentiable at x = 1,4, 3
=lim f(f(x))
x—1

RH.L. lim f(f(x))=lim f(1)=1
x—>1* x—>1*

LHL. lim f(f(x))=lim f(27)=1
x—1" X—1"

= lirrll f(f(x))=1

Ans. (A,B,C,D)

FO0 =3¢ I = -1

Forx > 0, f(x):i/x_S—%/xT_l

=x—-x-1

=-1

forx <0, f(x)=¥-x" -¥-x* -1

=(x)—-(—x) -1

=-1

forx =0,f(x) =—1

= y = f(x) is differentiable V x € R

=55 = ¢

Ans. (A,B,C,D)

x+1, xeQ, xe[0,1

(@) Let f(x)= Q [0,1]

—x-1, x£Q, xe[0,1]

f(x)|=x+1Vx€ER
y = f(x) is discontinuous at all x € [0, 1]
y = |f(x)| is continuous at all x € [0, 1]

www.allen.in

[187]



ALLEN

JEE (Main + Advanced) : Mathematics

15.

16.

17.

lim f(a+h)-g(a+h)-f(a)-g(a)

h—0 h

(b)

lim f(a+h)-g(a+h)

h—0 h

(fla+h)-f(a))
h

=limg(a+h)-

=g(a) - f'(a) exists

=y = f(x) - g(x) is differentiable at x = a
() f'@)=2

=y = f(x) is right continuous atx = a

f'@a)=3

=y = f(x) is left continuous atx = a

=y = f(x) is continuous atx = a
(d) By intermediate value theorem, (D) is true.
Ans. (B,C,D)
Let

y=f

y=gX)

For options B, C and D consider above graphs.
Ans. (A,B,D)
¢(x) = [|x| — sin |x|] is even function

$(0) =0
$(0") =0
$(07) =0

=y = ¢(x) is continuous at x = 0
In neighbourhood of x = 0

$(x) =0

¢ (x) acts as a constant function.
=>¢'(x) =0atx = 0.

Ans. (A,C,D)
fx+y)+fx—y)=2f(x)

S (f+fO) =flx+y)

= f(x) =kx

=f'(x)=k
=fW=f@=103

itis odd function (f(—x) = —f(x))

[188]
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18. Ans. (A,B)
LHLlim f(0")=1-x(f(x)—>0")=1
Xx—1"

RHLlim f(3")=4-x=1
x—>1"

fO=ffW)=r0=1
LHD f'f(17) x f'(17) = f'(0%) x (=1)

=(-D)x(-1)=1
RHD f'(f(1%) x f'(1*) = f'(3%) x (1)
= (-1 x (1) = -1

LHD # RHD itis not differentiable atx = 1
Nowatx =2
LHL=1im f(f(27))=f(3")=4-3=1

X—2"

RHL=lim f(f(2°))=f(1')=1+2=3
x—2"

LHL # RHL
discontinuous atx = 2
Nowatx =3

LHL=1lim f(f(37))=f(17)=3
X—3"

RHL=1im f(f(3"))=f(1)=0
x—>3"

discontinuous atx = 3

option (A, B) are correct.

19. Ans. (A,C)

f(x)=e™

=x<0

= f(x) =e*(~ x| = —x)

= (f'(0)=e’=1)

1- cos[Zsin2 Xj
. 4
= lim =1

x—0 2Mx"

1—cos(25in2 Z) 4sin* X O
(-

= lim X

X—0 X 2 X 4
(ZSin2 4] (4) x 2™ X

andm+7=0=> m=-7
|4 — 7(2)| = 10, option (A,C) are correct.
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20. Ans. (C)
f(x) = tgn (x) sin(x) |x|
50<x<1[x]=0,f(x)=sinx X x
>1<x<2[x]=1f(x)=—xsinx
52<x<3,[x]=2,f(x)=xsinx
=>3<x<4[x]=3,f(x) =—xsinx
>4 <x<5[x]=4,f(x)=xsinx
>5<x<6,[x] =5,f(x) =xsinx
>6<x<7][x]=6,f(x)=xsinx
>7<x<8[x]=7f(x) =—xsinx
=>8<x<9/[x] =8 f(x) =xsinx
59<x<10,[x] =9,f(x) = —xsinx
= x =10, [x] = 10, f(x) = xsinx
f(x) is discontinuous at
x=1,2,3,4,5,6,7,89,10 (LHL # RHL)

21. Ans. (B)
f(x) =tgn (x) sinx |x|
x =—-10f(x) = —xsinx
—-10<x<-9,f(x) =—xsinx
—-9<x<-8,f(x) =xsinx
—-8<x<-7f(x)=—xsinx
—7<x<-6,f(x)=xsinx
—6<x<-5f(x) =—xsinx
—5<x<—4,f(x) =xsinx
—4<x<-3,f(x) =—xsinx
—3<x<-2,f(x)=xsinx
—2<x<-1,f(x) = —xsinx
—-1<x<0,f(x) =xsinx
f(x) is discontinuous at x = —9,—-8,—-7,—6,—5,—4,—-3,-2,—1,
1,2,3,4,5,6,7,8,9,10
in [-10,10] (LHL # RHL)
Here it is not diff.

22. Ans. (A,Q)
f(x) is continuous in [—2, 10]
f (x) is continuous at x = 4
= LHL=1lim (X’ ~5x+6)=2

X—4~

= RHL=1lim (k —tan(n—XD: k
x—4* 4

=f(4)=2

LHL =RHL = f(4)
=|k=2

f(x) is continuous at x = 5
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= LHLzlimk—tan(%jzk—lzl

X—5"

= RHL=Ilimlog,,(aX)=log,,(5a)
X—5"

=f5B)=k-1=1
=1 =log;o(5a)

=10 =5a
S>Sa=2
23. Ans. (A)
fi() = 1f(IxD]
y
¢(0,6)
? [ ]
C100) (50 <40 T a0 6o a0
No. of points where f; (x) is not diff. =9
24. Ans. (C)
. f(3+h*)—f(3-h*) _,
P = =
(P)  lim Gin)_G_hy | B)=2
Q fG)=f(x)
diff. wrt (x)
= ') = —f'(~%)
Putx =0
= f'(0) = —f'(0)
=f'(0)=0
R ()= =0
1
— h
= f (0):11m[ h 1]{%: S
h—0 = h ho0t 2+
1+e " e"+1
www.allen.in [191]
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0” ---(O,b)“o Yy =b
) (0' a)
(5)
y=a+x y=a—x
clearly f(x) is N.D. at two points.
EXERCISE - S
1. Ans. (1)
For continuity atx = 0
_y2
f(0) = LHL = lim =0
x>0 2
oo (1 .
RHL = lim x sm(;)zo =>n>0 (1)
x—0"

For differentiability at x = 0
f'(07)=0

f'(0")= lhmgw = lhmg h™* sin(%j #0 [+ f(x)is non differentiable at x = 0]

>n—-1<0=n<1 ..(ii)
from (i) and (ii)
n € (0,1].
2. Ans. (2)
fG) = x = 1|([x] = [-x])
RHDatx =1
f(1)= lim [1+h—-1|([1+h]-[-1-h])-0

h—0* h

hi(1-2))
h

=lim

h—0" (h)
LHD atx =1
f'(1)=lim |(1_h_1)|([:h]—[—1+h])
=lim|_h|(0—_(_1))
h—0" —h
=-1
RFF(D+LF(1)=3-1=2
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3. Ans. (8)
Xx+3 xe[-3,-2)
-x-1 xe[-2,-1)
x+1 xe[-1,0)
f(x)=<-x+1 x€[0,1)
x—1 xe€[1,2)
-X+3  xe€[2,3)
X-3 Xx=3
- O ¢\\\ +x'\ o] o N O 2
P +\ Y +>< 7
79 s @
x=-3 x=-2 x=-1 0 x=1 x=2 =

f (x) is discontinuous at x = —2,0 & 2
So,L =3

f (x) is non differentiable at x = —2,—1,0,1 & 2

SoM=5=L+M=8.
4. Ans. (5150)

f(x)—f(y)zﬁn[ﬁ}rx—y x,y € R*
y

f)—fy)=tnx—Iny+x—y
f(x)—f(y)zfnx—ﬂny+1

X-y X-y
lim 9= T(y) >lim fnx = (ny +1
Xy X—y -y X—y
f’(y)21+1
y
frry)z L (1)
y
Now calculate for y > x in similar way
<t -(2)
y
From 1 of (2) both equation
1 , +1
gO)=1+- f=—
X y
g[lJ:1+n
n
www.allen.in
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X (1 100x101
;g(ﬁjzmm 5
=5150.
Ans. (1)
fOo) = [[x] + (23] + {[x*] + {x}}
— FO=[X]+[{N+{x}}
= f(x) =[x]+0+{x}
= f(x) =x
graph of |[f(x)| = |x|
y

> X

atx = 0,|f(x)| is non differentiable.
Ans. (2)

Put y = 2x then

F(x)= f(x)+ f(§X)+ f(0)

= 2f(x) = f(2x) + £(0)

= fx) = f(0) =f(2x) — f(x)

— lxlirol f(x); f(0) =1Xi£r(} f(ZX)X— f(x)
= f0)=f"(x)=2

= f(x) = 2x + C where C is constant.
Ans. (4)

Since, its % forms, so, use L’'Hospitals Rule,
lin(} f'(3—sinx)(—cosx)—f'(3+x)=8

= -f'G)-f'3)=8

= ') =4

Ans. (120)

2f(x+y) + fx —y) =3f(x) +3f(¥) + 2xy
diff. w.r.t. ‘y’ we get.

2f' x+y) = f'x—y) =3f"(y) + 2x
Also, f'(0) = 0So,puty =0

2f'(x) — f'(x) = 3f"(0) + 2x

S (x)=2x= f(x) =x*+21

= F0)=02>1=0

= f(x) = x?

-~ £(10) = 100£'(10) = 20

- f(10) + f'(10) = 120.
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9. Ans. (3)

ﬁ =

NS (| S .
S}

max(2 sinx, (— cos x)

f (x) is non-differentiable at x =

where 2sina =1 — cosa

squaring 4 sin? @ = 1 + cos? @ — 2cos a

= 5cos?a—2cosa—3=0

= (5cosa+3)(cosa—1)=0

— Coso =

—E,cosa =1
5

10.
. . 1
Non differentiable at x = E' 1
2 1
=1—-4x = OSXSE
2 1
=4x° -1 = §<X<1
=-1 =>-1<x<?2
=0 =>x =2
www.allen.in
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EXERCISE - JEE (Main) PYQ
1. Ans. (4)

1
i (LEB 0 N oo
m\Trz—n-fp) ¢ form
mf(3+x)—f(2 x)—f(3)+f(2)

= ex—»o x(1+f(2—x)—f(2))
using L'Hopital

fB+x)+f(2—x)
= ex—>0 xf(2-x)+(1+f2-x)—f(2))

fB)+f(2)
e 1 =

2. Ans. (4)

3
lf G- fFOII < 2x —yl2
divide both sides by |x — y|

|f() O L =y

apply llmltx -y
S |fOI<0=f(y)=0
=f=c=>fx)=1

1
:>j l.dx=1
0
3. Ans. (3)

N

y=Xx
N
i X
1
{8+2x, —4<x<-2
x2, -2<x<-1
:>f(x)={|x|, -1<x<1
1<x<2
k8—2x, 2<x<4
f(x) is not differentiable atx = {-2,-1,0,1,2}
=S={2,-1,0,1, 2}
4. Ans. (4)
1 , —2<x<0
|f(x)|={1—x2 , 0<x<1 andf(]x]) =x?-1,x €[-2,2]
x2—-1 , 1<x<2
x? , x €[-2,0)
Hence g(x) = 0 , x€][0,1)

2x2-1) , =x€[12]
It is not differentiable at x = 1
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5. Ans. (3)
Y (3,2)

01| (1,0) (5,0)

f)=12—1x=3]|
f is not differentiable at
x=1,35
= 2 =fFAN+ UGN +fFG)
=f(0) +£(2) + f(0)
=1+1+1=3
6. Ans. (10)
()

exist= f(0) =0

fx+h)—f(x)
h

Since, lim

x-0 X
Now, f'(x) = }lin%
~ f(h) + xh? + x2h
m

IO )
(takey = h) = ;zl—r%T + }ll_r%(xh) +x

h—0 h
S>f/(x)=1+0+x*=f'(3) =10
7. Ans. (1)
n
2t tan"lx , x € (—00,—1]U[1,00)
x+1
fix) = . > ) , x € (—1,0)
x—1 € (0,1)
2 ) x )
for continuity atx = —1
L.H.L.= . 0
. . . 4 4 -_
RH.L.=0
so, continuous atx = —1

for continuity atx = 1
LHL. =0

RHL—T[+T[—7T
. --_4 4_2

so, not continuous atx = 1
For differentiability at x = —1

1 1
1
R.H.D.= _E
so, non-differentiable at x = —1
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8.

10.

11.

Ans. (1)
f (x) is continuous and differentiable

= f@) =f(m) = f(@")

:>_1 = _k2

=k, =1
=1 = Ly 5
= f'm)=f'(n")
=0=0
so, differentiable atx = 0
x <

=0 = {i’;{z cosx’;i ; Z
= f'(m)=f"(n")
=2k =k,

1
=k, = 5

1
= (ky, kp) = (E' 1)
Ans. (5)

1
flx) = xg’.sin;+5x2 ifx <0
>f(x)=0=>x=0

1

= f(x) = 355.cos;+/1x2 =x>0
LHD of f'(x) atx = 0is 10
RHD of f'(x) atx = 0is 2A
if f"(0) exists then
2A=10=>1=5
Ans. (1)
f(x)

f(x) = max(x,x?)

Non-differentiable atx = 0, 1

-5 =10,1}

Ans. (1)

flx)=x3—6x2+9x—3

fl(x) =3x?2-12x+9=3(x—-1) (x —3)
f)=1=f@B)=-3

[198]
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+ 7 - | +
: 3
3
1 1
1
f(x) 0<x<1
g(x)= 1 1<x<3
4—-x 3<x<4

g(x) is continuous
3(x-1)(x-3) 0<x<1

g'(x)= 0 1<x<3
-1 3<x<4
g(x) is non-differentiable at x = 3
12. Ans. (4)
X6 —4<x<-2 y
2
F(x+2)= —%? “2<x<0 G234
0 X € (—00,~4)U(0,+x) 1
3X 0<x<2 T
2 x' X
——t— !
f(x-2)=1-246 2<x<4 4 -3 -2 -1 N1 2 3 /4
2 4
0 X €(—00,0)U(4,+x)
(2'_3)
yl
3x 6 —4<x<-2
2
3X
—-——  —2<X<2
g(x)="f(x+2)-f(x-2){ 2 =
3—X—6 2<x<4
2
0 xe(—0,~4)U(4,0)
n=20

m=4=>mn+m = 4)
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13. Ans. (2)
f(X)=I2x+1|-3x+2| +x +x—2
= 2x+1|-3[x+2[+[x+2l[x-1]
= 2x+1|+|x+2l(]x-1]-3)

Critical points are X = _—1 ,—2,1

but x = —2 is making a zero.

twice in product so, points of non-different ability are|x = _71 and x=1

14. Ans. (1)
min{x — [x],1 —x + [x]}
h(x) = min{x — [x],1 — [x — [x])}

o ¢

-2 -1 1

= always continuous in [-2, 2]
but non-differentiable at 7 Points

15. Ans. (3)
fQ0) =[x —3)(x + 1)] .eC¥2"
(x=3)(x+1)e™ ¥ ; xe(3,)
f(x)={=(x=3)(x+1)e™? ; xe[-1,3]
(x—3).(x+1).e(3x’2)2 ; Xe(-o0,-1)

Clearly, non-differentiable at x = —1 & x = 3.
16. Ans. (79)

f(x)=4|2x+3| + 9[X+%} -12[x + 20]

x € (-20, 20)
f(x) is not Diff. at x = I {-19, -18, ....0,...19} = 39

atx =1+ %, f (x) Non diff. at 39 points

Checkatx = _73 Discount at x = _73 - N.R(1)

No. of point of non-differentiability

=39+39+1=79
17. Ans. (2)
Yy
2--
A
<Ov TIE\/ 2n N

[200] www.allen.in



ALLEN

Differentiability

No. of non-differentiable points = 1 (m)
No. of not continuous points = 0 (n)
(m,n)=(1,0)
18. Ans. (4)
X[ x ,—2< %<0
f (X) :{( [ ]

x-1)[x] ,0<x<2

| f (X)| = Remain same

m=1,n=3
m+n =4
19. Ans. (4)
1+x; xe[0,1)
Letg(x)=1+x+[X]=42+X x€[1,2)
5; X=2
X; x€[0,1)
AX)=Xx+2[x]=9x+2; x€[1,2)
6; X=2
r(x) =2+ x
2+x; xe[0,2
f(x):{ + €[0,2)
6; X=2

f(x) is discontinuous onlyatx =2 = m=1
f (x) is differentiable in (0,2) > n =0
(m+n)2+2=3

20. Ans. (2)

Continuity of f(x): f (0*) = hz.sin%=0

f(O')z(—h)z.sin(%jzo
f(0) =0

f (x) is continuous

2. (1
()t O (0) 'S‘“(h)“’zo

h—0 h h
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1

h?.sin [j -0

f'(O’)zlimf(O_h)_f(O)z h)
h—0 —h —h

f (x) is differentiable.

f '(x):2X.sin[§j+xz.cos(lj._—z1

X) X

2X.sin(lj—cos(l), X#0
f'(x)= X X

0, X=0

= f'(x) is not continuous (as cos(lj is highly oscillating at x = 0)
X

EXERCISE - JEE (Advanced) PYQ

1. Ans. (B)
xlcosT| | x#0
f(x)= X )
0 , X=0
Forx =0

RHD. f'(0*) = mw

h2

T
cos| —
7)
h
COS(EJ‘ =0
h

f(0—h)— £ (0)
—h

= lim
h—0

= limh
h—0

LH.D. £/(07) = lim
h?|cos ™

= lim
h—0 —h

=0

= f(x) is differentiable at x = 0
T

cos| —
( ZJ

RHD = f(2*) = lim

T
COS
(2+hj

f(2)=2% =0

Atx =2
f2+h)-1(2)
h

(2+h)2-

= lim
h—0 h
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(4+n° +2h)-[cos(2:h)j

= lim
h—0

4+ h? +2h sm 721:—)

= lim
h—0

2(2+ h
= lim
h—0

4+h2+2h sm

4+h2 +2h sm(

2+h 7
= lim

= ( i j “2(2+h)

 h50 (=h)
(z_h)z{—cos(z“hn
= lim —
h—0 (_h)
(2—h)2-cos(nj
= lim 2-h
h—0 h
(2-h) (_]
= lim 2 27
h—0 h

- lim(2—h)(_—nj=—n
h—0 2
L.H.D.# R.H.D.

f(x) is not differentiable at x = 2.
2. Ans. (D)

f3(x) = {

atx =0
f,(01)=0, f,(0)=0, f,(0)=0

sinx if x<0,
x if x>0

www.allen.in
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= f;(x) is continuous at X=0 |

RHD.= £,(0")=lim 2 ! (O+h)_f ©) \ /\

= f;(x) is differentiable at x = 0

= f;(x) is not one-one

v

= Q-3

(s) f,:[0,0)>R

f,(x)=x*
= f, is continuous and one-one
=S5S—>4
f(x)= -X x<0
— T e x>0
= fz(fl(x)):(f1(x))2
X x<0
x)=f,(f,(x
= 90()=1,(f,( )){ezx o

=g(0")=g(0)=1
=g(0)=0
= g(x) is discontinuous at X=0

= g(x) is not one-one
R—>2

x* X< 0

*_1 x>0

\/

Onto but not one-one
P—>1

(P) f,
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3. Ans. (3)

y= f(x)\ g(x)

v

-1 1
X*+1 x<-1
()= IX+1 -1<x<0
CIx*+1 0<x<1
IX+1  x>1
-1 1 >

y = h(x) is not differentiableat x =0, 1, -1
4. Ans. (A,B)
Ifx3 —x > 0= cos|x® — x| = cos(x® — x)
x3 —x < 0= cos|x® — x| = cos(x3 — x)
Similarly, b|x|sin|x® + x| = bxsin(x® + x) for all x € R
o f(x) = acos(x3 — x) + bxsin(x3 + x)
which is composition and sum of differentiable functions
therefore, always continuous and differentiable.
5. Ans. (B,C)

f () =[x*]-3
g(x) = (Ix| + |4x = 7 ([x*] = 3)

1
» fis discontinuous at x = 1,v/2,+/3,2 in {—5,2}
and |x| + |4x — 7] # Oatx = 1,v/2,/3,2

1
= g(x) is discontinuous at x = 1,v/2,v/3 in [__,zj

N

In (0-6,0 + 6)
g(x) = (|x| + |4%-71). (= 3)
= 'g'is non derivable atx = 0.

In [2—8,Z+8J
4 4
g(x)=0asf(x)=0

7
= Derivableatx =—

- 'g'is non-derivable at 0,1,/2,v/3
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6.

Ans. (2)
P,y): fx+y)=fQf' W+ f'()f) Vx,y ER
P(0,0): £(0) = £(0)£"(0) + f'(0)f (0)

= 1=270)= f1(0) =3
P(x,0): () = FG).£/(0) + £/ (0. F(O)
1 1
= f0) =20+ ) = f0) =2 ()

S fx) = e = In(f(4) =2
Ans. (D)

(i) f(x) = siny1—e™**

fi(x) = cosy'1— e—xz.ﬁ(o —e™’, (—Zx))

atx =0 f;(x) does not exist
So,P > 2

|sinx|

(i) £,00) = {—t x#0
0 x=0
sinx x

xS0+ x tan-lx
= f,(x) does not continuous atx = 0
SoQ—>1

(iii) f3(x) =[sin¥n(x+2)] =0
1<x+2<e™?

VA
= 0</n(x+2)< E:> O<sin(/n(x+2)<1 = f3(x) =0

SoR— 4
2qin 1
(v) fi(x) = {x sin—, x#0
, x=0
SoS—3
Ans. (A,Q)

fFRORf(x)=(x?+sinx)(x—1) fAN)=fA)=f(1)=0
f9(x): f(x).g(x) fg:R—->R
let fg(x) = h(x) = f(x).g(x) h:R—>R
option (C)
h(x) = f'(x)g(x) + f(x) g'(x)
K1) =f'(1)g(1)+0,
(as f(1) =0, g'(x) exists}
= if g(x) is differentiable then h(x) is also differentiable (true)
option (A)
If g(x) is continuous at x = 1 then g(1*) = g(17) = g(1)

R = tim, h(1+h)—h(1)

[ 206 ]
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fA+h)g(1+h)—-0

Rt = lim, ; = f'(g(D)
1-h)g(1—h)—0
wa) = tim TEZICZD 20 iy
So h(x) = f(x).g(x) is differentiable
atx =1 (True)

option (B), (D)

—h
1+h)g(1+h
wany = jim LEEBICED - g0ty
1-h)g(l1—-nh
W@y = tim TEZICZD iy g0y

=g(1") =g(1")

So, we cannot comment on the continuity and differentiability of the function.
9, Ans. (A,B,D)

Since f(x) = xg(x)

lim f(x) = limxg(x)

x—0 x—0

im0 = (i) o)

)lci_%f(x) =0x1=0 (1)
f+y) =)+ )+ fOf )

Now we check continuity of f(x)

atx =a

limf(a+h) = f(a) + f(h) + f(a) - f(h)
lim(f(a) + f() (1 + £ (@)))

}Lilr(l) fla+h) =f(a) - f(x) is continuous V x € R
lim £(x) = £(0) = 0 (lim f () = 0) f(0)=0

and )lci_r)r(l) ! ix) =1 ~fl0)=1

Now

fG+=f)+fO)+f)fQ)
using partial derivative (w.r.t. y)
ffx+n+ M+ + )
puty =0
f'x) = £'(0) + f()f'(0)
i) =1+f(0)
fle

Tf(x)dx—fldx
|1+ f(x)|=x+C
f(0O)=0;c=0~[1+f(x)|=¢€"
1+ f(x)=2e*orf(x) =te*-1
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10.

Now f(0) =0 .. f(x) =e*—1
option (A) is correct and f'(x) = e*

f'(0) = 1 option(D) is correct
e*—1
g(x) = @ - { ;X # 0}

x
1 ;o o x=0
) . g0 +h)—g(0)
g(0+h)—}ll_r>r(1) b
h _
- e . 1_1
ST R T2
option (B) is correct.
Ans. (4)
4X XZ1
2
f(x)=9 2 —1<x<1
2
—4X XS_—l
2
g(x) = {x}

1
4{x} {x}= >

1
2 0<{x}<=
{}2

= f(g(x)) is periodic with period 1
ol

Lfx)=e*-1

_a eee—————

[\CY S ES——
©)
o4

= fog is discontinuous atx =0=c =1

1
= fog is non-differentiable and continuous at x= iE

=d=3
c+d=4

[ 208 ]
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11. Ans. (A,B)
0 O<x<—
1Y 1 1
X_Z X_E ZSX
f(x)=
() 1Y 1 1
20 X==| | X== —<X<
4 2 2
2
3 x—1 x—l iSX<
4 2 4
f(x) is discontinuous at Xx=— only
0
2
S CRC)
4 2 4

f(x) is non-differentiable at x= > and

5 1
minimum values of f(x) occur at Xx=— whose value is ———
12 432

12. Ans. (A,C,D)

S=(0,1)U(L,2)U (3 4)

T ={0,1,2,3}

Number of functions :
Each element of S have 4 choice
Let n be the number of element in set S.
Number of function = 4n

Heren — «

= Option (A) is correct.
Option (B) is incorrect (obvious)

@

(e

O
o

1

i
2

For continuous function
Each interval will have 4 choices.
= Number of continuous functions
=4X4x4 = 64
= Option (C) is correct.

(D) Every continuous function is piecewise constant functions

= Differentiable.
Option (D) is correct.

w

4

O<x<l
4

1 1
—<X<=
4 2

www.allen.in
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JEE (Main) Practice Paper
SECTION-A

Ans. (2)
f(x)= X(\/;—\/X+1) is continuous at x =0

£ = x(Vx—ficrd) + x (%_ﬁj

N V2 x
Flx) = x=/x+1+ T o
(09 f'(0)=-1

Hence it is differentiable at x = 0

Ans. (2)
f(x)= ﬁ f(0)=0 Domain x > 0
lirr3+ f(x)=0 .. f(x) is continous

h
S L,
RHD (xzo):gimo—\mla\/ﬁ =1

f(x) is differntiable at x = 0

Ans. (2)
. Tix , Xe[-m, 0]
f(x) =sin"1(cosx) = ——cos " cosX =
2 T
E—X , Xe[0, m

continuous but not differentiable at x =0

Ans. (4)

f(0)= lirr(} f(x)=0-1+0.sin(-1)=-1

f (0= lin(} f(x)=0+0+0.sin0=0 = f(0)
f(x) is not continuous at x = 0 at x = 2,
f(29)=2+2+2sin2=4+2sin2

f(2)=2+1+2sin1=3+2sin1
f(x) is not continuous at x = 2

Ans. (1)
% , x<0
- X
fx=4"
— , X20
1+X
f(x) is continous and differntiable for x € R f(x)
% , x<0
- X
Fx =47
— , X20
1+X

f(x) is discontinous at |x| = 1

[210]
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6. Ans. (2)

If 'f' is differentiable

then |f| is differentiable at each point x, where f(x) # 0

if f(a) =0and f'(a) = 0, then |f] is differentiable at x = a

if f(a) =0and f'(a) # 0, then |f] is not differentiable at x = o
= If f is differentiable then |f| may or may not be
differentiable, [option 4, C, D not necessarily true]

Now |f|2=f2
(f) =21f.f since f is differentiable
f?is also differentiable
7. Ans. (4)
y
y=fx) :
fy=1+x?
i x
-2 0 2
8. Ans. (2)

vy = f(x) = max {a-x, a+x, b}, O<a<b

0,b) /

> y=>b

~, ,””
~..(0.a)
~
oo

~

y=a+x

y=a-—x

f (x) is non-differentiable at 2 points

9. Ans. (3)

1/4 e
0 1)2 1
X—x* 0<x<1/2
y=0g(x)={1/4 1/2<x<1
sin ntx x>1
1
0 1/2 =1 3
-1

www.allen.in
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10.

11.

Ans. (1)
—X Xe(—o,-1)u(-1, o)
Siif(x)=lxsgn(1-x2)|=10 x=-1, 0, 1
X xe(0, 1uU(l, )
y
L & > X
-1 0 1

function is discontinuous at x = -1, 1
and non-differentiable at x = -1, 0,1

Sz:f(x):asing (x+1),x 0 =tan><;3smx,x>0
X
. tanx-sinXx . tanx(l-cosx) _ 1
a=lim ———— =]lim /2= "% = —
x—0" X3 o X3 2
1
S.a= —
2
1
x*)? =x x>0
S3: f(x)=(x2|x|)13= 1( ) 1 , .
() =(-1x=-x , x<0

f(x) is differentiable every where exceptatx =0

A

N2 3

0

S4:

f(x) will be non differentiable if sin-!(sinx) = 0 or graph of f(x) has a sharp point. Hence number

of points of non differentiable will be 5.
Ans. (3)

S1:f(x) = sin 1(f[ [:izn] )

[x - m] is an integer for x R

S f(x)=0V xeR.

Hence f(x) is always continuous. (False)

S2: f(x)=plx+1]+q[x-1]
=(P+q)xl+p-q

[212]
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f()=2p

f(19)=2p

f(1)=p-q

But f(x) is continous atx = 1

2p=p-q p+q=0 [True]
-Xx , -1<x<0

Ss:f()=lbdxl=| 0 0 0=l
X , 1<x<2
4 X=2

-+ function is not continuous at x = 2

.. non-differentiable also (True)

S4: f(0) = constant
f'(0)=0V xeR
f'(10) =0 [False]
12. Ans.(1)
B , x<1
fe= {ax2 +bx+c , otherwise
f (x) should be continous at x = 1
itgives a+b+c=1
f(x) should be differentiable at x = 1
itgives 2a+b=1=b=1-2a c=1-a-b=a
13. Ans. (4)
6 _ lim f(2h+2+h*)-f(2) (h-h*+1)—(1) (2h+2+h*)—(2) _ lim @_h(zm) _3
h>0 4 h>0 (2h+2+h*)—(2) f(h-h*+1)-f(1) (h—-h*+1)-(1) h-0 (1) h(1-h)
14. Ans. (2)
flx+y)=f(x).f(y)and f(1) =2

i f(n) = F(1) + F(2) + oo +f(10) =21+ 22+ 23+ ... +210=2 {2;0__1} 2046
15. Ans. (3)
f(h=1=2-1

fln+1)=2f(n) +1
F(2)=2f(1) +1=2.1+1=3=22-1= f(3)=7=23-1
f(4)=15=24-1
Similarly f(n) =2" -1
16. Ans. (4)

2
f[x+lj =x2+ iz = (x+1j -2
X X X

Replace x + 1 =t, where [t| > 2
X

L fO)=t2-2, |t =2
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17. Ans. (2)
Method 1 : (usual but lengthy)
x2f(x)+f(1-x)=2x-x* (1)
replace x by (1 - x) in equation (1)
(1-x2f1-x)+f(x)=2(1-x)-(1-x)* ..(2)
eliminate f(1 - x) by equation (1) and (2)
weget, f(x)=1-x2
Method 2 :
Since R.H.S. is polynomial of 4th degree and also by options consider f(x) = ax2 + bx + ¢
x2f(x)+f(1-x)=2x-x*
= x2(ax2+bx+c)+a(1-x)2+b(1-x)+c=2x-x*
by comparing coefficients
a=-1
b=0
c=1
Sfx)=-x2+1

18. Ans. (4)
flx+2y)=f(x)+f(2y)+4xy V xyeR
Replace 2y with y we have
fx+y)=fx)+f(¥)+2xy ¥V xyeR
diff. w.rt. x
file+y)=f'(x) +2y
Putx=1 y=-1 f'0)=f"'1)-2

19. Ans. (2)
Graph of f(x)
/2
N\
-1 0 /T[ 2n 37 41
Now solve
20. Ans. (4)

h,/ h)| -

fr(1+) :lhif(} |Kn(1h+ )| O:O
—h/ —h) =

f'(r):hm |m(_1h ) 0:0

h—0
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SECTION-B
1. Ans. (11)
fA0-x)=f(x)=f(4-x)= f(10-x) = f(4-x)
Letd-x=t=f(6+t)=t
= f(x) is periodic with period 6. =f(x) =101 atx = 0,6,12, 18, 24, 30
Since f(2 + x) = f(2 - x) = f(x) is symmetric about x = 2
= f(0) = f(4) = using periodic nature
f(x)=101atx=4,10,16,22,28= f(5+x)=f(5-x)
x is symmetric about x = 5
f(0)=f(10)=>x=4,10, 16, 22
f6)=f4) = x=0,6,12,18,
Total different values of x are 0,4, 6, 10, 12, 16, 18, 22, 24, 28, 30

2. Ans. (2)
f(x)is continous atx =1 = a-b =-1
2
LHD.= lim 80=N"-b+1 .,
h—>o0 —h
g
RHD.= lim 10 _q
h—0 h
o 1 3
itgives=>a== ,b= —
2 2
3. Ans. (9)
f&) . f (lj = (%) +f[lj = fGx)=1:an
X X
f(3)=-26 = f(x)=1-x3
f'(x)=-3x2 or f'(1)=-3
4. Ans. (5)
-5 -4 |04 5

Not differentiable at 5 sharp corner points x = 0, +4, +5
5. Ans. (6)
f (x) must be continuous and differentiable at x = 0

So, a=5v2,7+b = 43

1 1
a—7=+50-+/49 = < = J49-48=-b=a+b<7
J50++/49 /49+4/48

6. Ans. (1)
x =-Ly =0: f(0) + f(-1) + f(0)=-1
x =0,y =-1:f(0) + f(1) + f(0)=1
x =-Ly =-1: f(1) + f(0) + f(-1)=0
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So, f(0)=0
x =0y =t¢t: f(-t) + ft+1=1
x =ty =-1:f(-t) + f(t+ 1)+ f(t) = t+1
So, f(t) =t
2016" 2016
P(x)= ——————— and P(1- x) =
) 2016' +/2016 ( ) 2016 +4/2016

P(x) + P(1-x)=1
Putx = %

2016

7. Ans. (5)

- 1+2€os§—i(

=

k=1

21 X z 1 X X
H— 1+2-4sin® = =H 3sin———sin®—
k:13 3 k:13 . X 3 _4 3
sin_-
3
. X
w Sm3k4
k=1 35inlk
3
. X X
.1 |sinX 51n3 Smgk—l
lgmgT X x" X
sin— sin— sin_-
3
sin X sin X

xf(x) = sinx
[sinx] + [sinx| + (x- 1) |(x-1) (x - 2)|
N.D. at 5 points
8. Ans. (1)
For 11 points of discontinuity

11 <3nsinx<12=n e(%/}}

9. Ans. (2)
Both roots of equation x? - x + k - 2 = 0 must be distinct and positive

then, k 6(2,2)
4

8(b-a)=2
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10. Ans. (2)
If is possible when all equation have one common root.
x> +Ax+12=0 commonroot A=7,u=8
X* +Ux+15=0 or
X* +(A+p)X+36=0 A=-7,u=-8

x2+ (A + p)x + 36 = 0 has equal roots and

r(x),f(x) have a common factor.

Wegetd yeg

X2+ (A+u)x+36=0

have equal roots and f(x), g(x) have a common factor
wegetd, ueg

Exactly two possibility that

A=T7, u=8 or A=-7, u=-8

JEE (Advanced) Practice Paper
Ans. (C)

y=f (x):max{xz,(x—l)z,2x(1—x)}

Non-differentiable at two points.

Ans. (D)

f(x) =[n+ psinx], x €(0, w)

graph of y =n + p sinx
(7 F—

n+p-—1 ‘ S

n 4+ 3}
n+ 2w
n+1

y=mn |(0,n) (n: ) (m,n)

obviously
f(x) = [n + psinx] is discontinous at points mark in above curve

= number of such points = (p-1)+1+p-1=2p-1

www.allen.in
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3. Ans. (C)
f(x)=x"—x*+x+1

f'(x)=3x"-2x+1>1, Vv xeR

f (x) is strictly increasing

max {f(t) ; 0<t<x} , 0<x<1 f(x)

So g(x) = 2 - 2
3—X+X°, 1<x<2 3—X+X 1<x<2
g =f1D=1-1+1+1=2 = limg(x)
X—1"
limg(x)=3-1+1=3
x—>1*
g(x) is neither continous nor differentiable at x = 1
4. Ans. (D)

f(X;VJJ_Zf(X;_Zf(y) v,%,yeR o )

differentiate w.r.t. y

1 X+y 2

el L AR A P
3f ( 3 J 3 ()

replace x with 3x and y with 0

f(x) =-2f'(0)
putx =0 weget f'(0)=0= f'(x) =0 = f(x) = constant
= f(x) = £(0)
in equation (1) putx =0 =y it gives f(0) = ; = f(x) =§
5. Ans. (B)
x(3e"* +4) <0

feo=1 T

0 X=0

—hBe™"+4)
oz

f'(ot+)= ling f(x)=0= r1im f(x)= f(0) not differentiable
X—> —0"

continuous
6. Ans. (A,B,D)

nlog (-x) x<-m

—X —-nt<x<0
f(x): X 0<Xx<m
ntlog, X X>T7

.+ f(x) is continuous everywhere.

= check differentiability at x =«
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= ‘ninm Not differentiable

atx=0
f '(0* ) =1
Not differentiable at x = 0
f '(0- ) =-1
atx =-m
f '(—Tc+ ) =-1
1 Not differentiable at x = 0
f '(—n’ ) =—
/nnt
Ans. (A, B, D)
1
f(x)= X_E + |x - 1| + tanx
1. . . 1
X—=| is non-differentiable at x = E

|x - 1] is non-differentiable at x = 1
o
tan x is non-differentiable at x = E

Ans. (B, D)

y="f (X)={

(sin™ x)* cosl/x  x#0
0 x=0

f (x) can be discontinuous only at x = 0 in [-1,1]
So we checkonlyatx =0

(sin”'(=h)) Cos(—ij -0
—h

LHD (x =0) = lhir%h
h—0

e b2
RHD (x =0) is limh (sm—gh)) . cos[ljzo
h—0 h h

Hence f(x) is differentiable as well as continuous in [-1,1]

Ans. (A, C)

fx)= kzn;ak X[ = ay+a, [X|+a, X +a X +
f(0)=4, we know that lim | x|=0

lim () =2,

f(x) is continous for x = 0

- 2
lim{smT(_h)j . hcos(%} = -1. 0. [finite quantity between [-1,1]] =0
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|X|n is differentiableifn#1,n e N

f (x) is not differentiable at x = 0, due to presence of | x|
Ifall &, ,,=0, f(x) does not contains |x| = f(x) is differentiable at x = 0

10. Ans. (C)

1 t/x
g(t) = lim (1+atanx)

lim 1atanx lim tataix
g(t)zex—ﬂ)x =e><—>0 X
g(t):eta — eta
g(x)=€"
v a=2, g(x)=e*
9(2)=¢’

11. Ans. (C)
x e , X<0

f@o= {X+aX2—X3 , x>0

lim f(x) = lim x+ax’ -x*=0

x—>0+

lirgl_ flx)= lirgl_ xe*=0

f(0) =0
a e (0, )
12. Ans. (C)
_ 2_R3
£(0) = lim f(0+h)-1(0) —lim h+ah®—h -1
h—0+ h—0+
von 1 fo-h)-f(0) . he™
fO)=im == =l S =1
13. Ans. (7)
y = |sinx]|
—21 r O_IE T g
+ 2
y = sin|x|
—2n - __0 T 21
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y = f(x) = |sinx| + sin|x]|

—3r  —2m -1 {0 T 2m

f (x) is continous every where
f(x) is not differentiable at x = n=n
f (x) is not periodic
14. Ans. (4)
Differentiability at x = 1
sin[(1-h)*] =
(1-h)*-3 (1-h)+8

3n

+a (1-h)P+b—(a+h)

£/(17) = lim

h—0 —h
3 2
_ i 2. -hy-a (g formj ) 3a (1-h)
h-0 —h 0 1
(1) = 3a
-1 -1
£1(19) = lim 2cos(1+h) m+tan” (1+h)—a-b_ lim (—2cos mh+tan (1+h)—a-b)
h—0 h h—0 h
Function is differentiable
T
-2+—=a+b .. 1
. (1)
-1
— lim —2costh +tan” (1+h)-2+n/2 _ lim 27 sin 7t + 1 : _1
h—0 h h—0 1+(1+h) 2
Now f'(17) = f'(1*)
3a= 1
2
1
a=— (2
- (2
n 13
by(1)and (2) b=— -—
y(1)and(2)b=7 -~
15. Ans. (7)
lim f (x)=1lim X2V =1
X—1" X—>
fy=1

x—1"

for continuitya + b =1

22
LHD (x = 1) is lhirrolw

=2+0+2=4

= lim2e " + he™" +(
h—0

asgn(2+h)cos2h+b(1+h)* -1 _

lim f(X)zlin} asgn (x +1) cos2(x - 1) + bx*=a.1.1+ b

e -1
h

. acos2h+b+bh*+2bh—(a+b)
lim

RHD (x =1) is lim
h—0 h

h—0 h
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16.

17.

18.

- lima($j+bh+2b =2b

h—0

f (x) is differentiable at x =1 if 2b=4 b=2a=-1

Ans. (0)
As 0< {ex} <1
i w:—l = f(x)=-1VxeR
now {311 +1
Ans. (3)
f(x) =[x sin ntx]
graph of f(x) is as shown in the figure

f)
< L @ > X
-1 1
oO—
Ans. (2)

g(x) = (lx =1+ [4x - 11]) [(x - 1)2 = 3] = (] - 1| + |[4x - 11]) ([(x - 1)?] - 3)

Now |x - 1| + |4x - 11] is continuous every where
& [(x - 1)2 - 3] is discontinuous atx =1, 2 ; P2+1
Atx =1, g(x) is continuous

Atx =2, g(x) is discontinuous

Atx = (\/E + 1), g(x) is discontinuous
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