Determinants

Introduction:

If the equations a;x + b; = 0,a,x + b, = 0 are satisfied by the same value of x, then a; b, — a,b; = 0.

The expression a,b, — a, b, is called a determinant of the second order and is denoted by:
b
b

2

a

1 1

a

2

A determinant of second order consists of two rows and two columns.

Next consider the system of equations a;x + b;y +¢; = 0,a,x + b,y +¢c; = 0,a3x + b3y +c3 =0

If these equations are satisfied by the same values of x and y, then on eliminating x and y we get.
ay(byc3 — bscy) + bi(cza3 — c3a;3) + crazbs — azby) =0

The expression on the left is called a determinant of the third order, and is denoted by

a’l bl Cl
a’Z b2 CZ
a3 b3 C3

A determinant of third order consists of three rows and three columns.

Value of a Determinant:

a'l bl Cl
b, ¢ a2 c, a,
D=la, b, c|=¢9 bz Cz c, +C, bz = ay(byc3 — b3cy) — by(azcs — ascy) + ¢i(azbs — azhby)
a3 b3 c3 3 3 a3 a3 3

Note: Sarrus diagram to get the value of determinant of order three:

—ve Ve -ve
_7
a, b ¢ a& . Qk
D=la, b, c,|= ,:b‘& «8‘3 az = (a;byc3 + aybscy + azbycy) — (azbycqy + aybics + agbscy)
a, b c & by ‘3‘5433_\ ‘b&

+ve +ve +ve

Note that the product of the terms in first bracket (i.e. a;a,azb1b,bscic5c3) is same as the product of the
terms in second bracket.
Illustration 1:

1 2 3
The valueof |-4 3 6|is
2 -7 9
(A) 213 (B)-231 (C) 231 (D) 39

Ans. (C)
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Solution:
1 2 3

3 6 -4 6 -4 3
-4 3 6|=1 -2 +3

-7 9 2 9 2 -7
2 -7 9

=(27 + 42)-2(-36—-12)+ 3(28—6) =231
Alternative: By Sarrus diagram

-ve -ve -ve

123~l~2«37727

\

-4 3 6:—4 ><3:£§;>4: 3

2 -7 9 |2 ~# ‘92

+Ve +Ve +ve

=(27+24+84)— (18 —-42—-72) =135— (18 — 114) = 231
Illustration 2:

Xx+3 1 -2
Ifl 3 -2 1(=0,findx.

-x -3 3
Solution:

Xx+3 1 -2

3 -2 1(=0

-x -3 3
= x+3)[-6—-(-3)]—-1[9 + x] — 2[-9 — 2x]
=>+3)(6+3)—9+x)—2(-9-2x)=0
=-3x+3)—9—-x+18+4x=0
=>-3x—-9-9—-—x+18+4x=0
= —4x+4x—-18+18=0

. X E€R.

Cofactor and Minors of an Element:
Minors:
The minor of a given element of determinant is the determinant obtained by deleting the row and the

column in which the given element stands.

a’l bl C1
C
e.g, Theminorofa,in|a, b, c,|is|® *|andtheminorofb,is !
a b C 3 C3 CS

3 3 3
Hence a determinant of order three will have “9 minors”.
Cofactors:

If M;; represents the minor of the element belonging to i" row and j* column then the cofactor of that

element is given by : C;; = (-1)' . M;
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Illustration 3:

2 -3 1
Find the minors and cofactors of elements ' — 3’,’5’," — 1’ and '7’ in the determinant | 4 0 5].
-1 6
Solution:
) 4 5
Minor of -3 = ; = 33; Cofactor of -3 =-33
. 2 -3
Minor of 5= p =9; Cofactor of 5 =-9

-3 1
Minor of -1 = ‘ 0 5‘ =-15; Cofactor of -1=-15

) 2 -3
Minor of 7 = 4 0 =12; Cofactor of 7=12

Expansion of a Determinant in Terms of the Elements of any Row or Column:

al bl Cl
LetD=|a, b, c
aS b3 C3

(i) Thesum of the product of elements of any row (column) with their corresponding cofactors is always
equal to the value of the determinant.
D can be expressed in any of the six forms:
a4 + biBy + ¢c1C1, 0141 + ayA; + azAs,
ayA, + b,B, + ¢c,C,, b1 By + b, B, + b3B3,
a3Az + b3B3 + c3C3,¢1C1 + c3C5 + ¢c3C3,
where 4;, B; and C;(i = 1, 2, 3) denote cofactors of a;, b; and c; respectively.
(ii) The sum of the product of elements of any row (column) with the cofactors of other row (column) is
always equal to zero.
Hence, a,A; + byB; + ¢c,C; =0,
b1A; + by,A, + b3A; = 0 and so on.
where A;, B; and C;(i = 1, 2, 3) denote cofactors of a;, b; and c; respectively.
Illustration 4:

x 3 3
Ifin the determinant |3 3 X |, C;; = C,,, where C;; is cofactor of element a,; then x =
2 3 3
5 9
(A) 2 (B) -2 @ > (D) -7
2 8
Ans. (C)
Solution:
3 X X 3
C =C = —1 1+1 = (-1 2+2
11 22 = (1) 3 3 (-1 2 3

:>9—3x=3x—6:>—6x=—15:>x=%
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Properties of Determinants (Part-1):
(@) The value of a determinant remains unaltered, if the rows and columns are inter-changed,
a b c| [ & &
eg. ifD=la, b, c,/=b b, b
a, b, ¢, |c C, G
(b) If any two rows (or columns) of a determinant be interchanged, the value of determinant is changed

in sign only.

a, b c a, b, c
eg. LetD=la, b, c,Jand D,=la, b, c,
a b, c a b, c
Then D; = —D.
(c) If all the elements of a row (or column) are zero, then the value of the determinant is zero.

(d) If all the elements of any row (or column) are multiplied by the same number, then the determinant

is multiplied by that number.

a, b ¢ Ka, Kb, Kc,
eg. IfD=1a, b, c,andD; = |aq, b, ¢, |.ThenD; =KD
a b, c a, b, C,
(e) If all the elements of a row (or column) are proportional (or identical) to the element of any other

row, then the determinant vanishes, i.e. its value is zero.

al bl Cl al bl Cl
eg. IfD=a b ¢|=D=0;If D,=|ka, kb, kc,|=D, =0
a; by ¢ a; b g

Illustration 5:
a b c |y b g
Provethat X y z|=|x a p
p g rf |z c r
Solution:
a b c jla x p
D=|x y z|=|b vy
p q r|l |c z

(By interchanging rows and columns)

= O

(CL ()

1
|

o T o
O

(R ©R,)

1
N X <
QD
i=)
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Illustration 6:

a’ ab ac
Find the value of the determinant [ab b® bc
ac bc c?
Solution:
a® ab ac a b ¢ a b c
D= |lab b> bc/l=alab b* bc/=abcla b ¢/ =0
ac bc c? ac bc c? ab c

Since all rows are same, hence value of the determinant is zero.

) If each element of any row (or column) is expressed as a sum of two (or more) terms, then the

determinant can be expressed as the sum of two (or more) determinants.

a+x b+y c+z a, b, ¢ X Yy

e.g. a, b, c, |=1a b, ¢l +la b
a, b, C, a, b, ¢ a, b
f(r) g(r) h(r)

Note: If D, =| a b c
a b, c,

wherer € N and q, b, ¢, a4, by, ¢; are constants, then
D fr) D.9(r) >.h(r)
n r=1 r=1 r=1

> D= a b c
- Ch b, C

Illustration 7:

r r’ 2 )
IfD =l n n’ 2n |, find ). D,.
) r=0
n(n+1) [n(n+1)j 2An+1)
| 2 2
Solution:
xr X 22
n r=0 r=0 r=0
> D,=| n n’ 2n
r=0 2
n(n+1) [n[n+1)] 2An+1)
2 2
2
n(n+1) (n(n+1)) 2An+1)
2 2
2
n(n2+1) (n(n;l)) 2An+1)

z

C
C

2

3
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Properties of Determinants (Part-2):

(g) Row - column operation: The value of a determinant remains unaltered under a column (C;)
operation of the form C; — C; + aC;j+ BCy (j,k # i) or row (R;) operation of the form
R; = R; + aR; + BRy (j, k # i).In other words, the value of a determinant is not altered by adding the
elements of any row (or column) to the same multiples of the corresponding elements of any other
row

(or column)

al bl Cl
eg. Let D=]|a b, c
a3 b3 C3

a,+oa, b +ab, c +ac,
D= az b2 CZ (Rl 4 Rl + G,RZ; R3 —> R3 + BRz)
a,+Ba, b,+pb, c,+Pc,
Note:
(i) By using the operation R; — xR; + YR; + zRy (j, k # i), the value of the determinant
becomes x times the original one.
(ii) While applying this property ATLEAST ONE ROW (OR COLUMN) must remain unchanged.
Illustration 8:
3F+k 4% 3 +3+k
If| 42+k 5 4*+4+k |= 0,then the value of k is
52 +k 6° 5°+5+k
(A)2 (B)1 @-1 (D)0
Ans. (B)
Solution:
Applying (C3 — €3 - (1)
F+k 4% 3
D=|4"+k 5 4|=0
5+k 6 5
9+k 16 3
= 7 9 1(=0 (R3—)R3_R2; RZ_)RZ_Rl)
9 11 1
= k-1=0=k=1

Illustration 9:

23 66 11
Prove that 36 55 26|=0
63 143 37
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Solution:

23 66 11

36 55 26

63 143 37

Taking 11 common from C,
23 6 11

=11136 5 26
63 13 37

C, > C-(2C, + C3)
0 6 11

=110 5 26/=0
0 13 37

Special Determinants:
(a) Cyclic Determinant:

The elements of the rows (or columns) are in cyclic arrangement.

abec
b ¢ a|=-(a’+b*+c*-3abc)=—(a+ b +c) (a® + b? + c?> — ab — bc — ac)
cab

=—%(a+b+c) x{(a—b)*+(b-c)* +(c—a)*}

=—(a+b+c)(a+bw + cw?) (a + bw? + cw), where w, w? are cube roots of unity
(b) Other Important Determinants:

0 b —c
@ |[-b o0 a=0
c-a o0

1 11 11 1

(ii) |[a b ¢ |=|la b ¢ |=(a-b)(b-c)(c—a)
bc ac ab a? pb? ¢?

11 1

(iii) |a b ¢ |=(a-b)(b—c)(c—a)(a+b+c)
a’ b’ ¢

1 1 1

(iv) |a® b* c¢*|=(a-b)(b—c)(c—a)(ab+bc+ca)
a’ b* ¢’
11 1
v) |a b

¢ |=(a-b)(b—c)(c—a)(a*+b*+c*—ab—bc—ca)
a* b* ¢!
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Illustration 10:

1 o o
Provethat=|a o 1|=—-(1-a3)2
a’ 1 «
Solution:
This is a cyclic determinant.
1 o o
=la o 1| =—A+a+a®)(A+a’+a*—a—a?—a?
a> 1 «

=—(1+a+a®)(—a+1-a+a)=—-A+a+a®)(1-a)’(1+a+a?
=—(1-a)’(A+a+a®)?=—(1-a3?
Illustration 11:

a By
If o, B and y are the roots of the equation x3 4+ px + g = 0 then the value of the determinant [} y o is-
v o B
(A)p (B) q (C)p* — 2q (D)0
Ans. (D)
Solution:
o, B,y are roots of x3 +px+qg=0
La+f+y=0
a By
=on|pB v o|,ApplyingC; > C;+C,+C3
y o P
1By
=(a+B+y) |1 v o |=0
1 a B

Factor Theorem:

If the elements of a determinant D are rational integral functions of x and two rows (or columns) become
identical when x = a then (x — a) is a factor of D.

Note: Ifr rows become identical when a is substituted for x, then (x- a)" ! is a factor of D.
Illustration 12:

a a X
Prove that m m m|=m(x—a)(x-b)
b x b
Solution:
Using factor theorem,
Putx =a
a a a

D=m m m=0
b a b

Since Ry and R, are proportional which makes D = 0, therefore (x — a) is a factor of D.
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Similarly, by putting x = b, D becomes zero, therefore (x — b) is a factor of D.

a a X
=>D=m m m{=A(x-a)(x-Db) (i)
b x b
To get the value of A, put x = 0 in equation (i)
a a o0
= |m m m=2\ab
b 0 b

—>amb=kab=> 1=m

S~ D=m(x—a)(x—Db)

Illustration 13:
1 x X

Using factor property of determinants prove that [1 y y*|=(Xx-Yy)(y—-2)(z—X)
1z 7°

Solution:
On putting x = y,y = z,z = x we are getting value of determinant is 0 so by factor theorems (x — y), (y — 2)
and (z — x) are factors. So by factor theorem

1 x x
=1y y=r(x-y)(y-2)(z-%)
1z 7°

Foriputx =0,y=1,z=2
We get |A=1
SoRHS.=(x —y)(y —2) (z — x)

Multiplication of Two Determinants (Part-1):
If A and B are two square matrices of same order, then |AB| = |A| |B|.

Multiplication of Two Determinants of Order 2 x 2

a bl ¢
a8, bl |

Multiplication of Two Determinants of Order 3 X 3

m
m

1 1

X

B al,+b ¢, am+bm,
a0, +b, 0, a,m +b,m,

2 2

a, b, c C,ompon al, +bt,+cl, am +bm,+cm, an +bn,+cn,
b c
b, ¢

3

x|, m, n|=|al, +b(,+c,l, am +bm,+c,m, a,n +b,n,+c,n,
l, my o n, al, +b,l,+c,l, am +b,m,+c,m, a,n, +b,n,+c,n,

2 2

3 3

(a) Here we have multiplied row by column. We can also multiply row by row, column by row and column
by column.
(b) If D, is the determinant formed by replacing the elements of determinant D of order n by their

corresponding cofactors then D; = D™1
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Illustration 14:

2 3 8
Find the value of x and prove that it is equal to
-1 3 -1 4 -6 12
Solution:
1 2 3 0 1x3-2x1 1x0+2x4 1 8 60
X = = =
-1 3 -1 4 —1x3+3x(-1) -1x0+3x4 -6 12

Illustration 15:

a’+\A* ab+ch ca-br| [ ¢ Db
Show that [ab—cA b*+A* bc+ai|x|-c A a|=A°(A°+a’+b*+c?)
ac+bh bc—ak c*+A* |b -a A

Solution:

We observe that the elements in the first determinant are the cofactors of corresponding elements of
second determinant.

3

A ¢ b
So|l-c A al|l=[1(%+a®+hb*+c?)]?
b -a A

=232 +a® + b% +¢?)3

Multiplication of Two Determinants (Part-2):
Illustration 16:

ax +by, ax,+by, ax+by,
Prove that |a,x, +b,y, a,x,+b,y, a,x,+b,y,[=0

ax, +hy,  ax, +by, ax +by,

Solution:
Given determinant can be splatted into product of two determinants

a‘lxl +b1 yl a1)(2 +b1 y2 a1)(3 +b1 y3 al bl
ie. [a,x, +by, ax,+by, ax,+by,=1a, b, c|x|y, Vy, Y=0

a3X1 +b3y1 aSXZ +b3 y2 a3X3 +b3y3 a3 b3 C3 0 0 0

X3

Illustration 17:

Let @ & B be the roots of equation ax? + bx + ¢ = 0 and S, = a™ + ™ for n > 1. Evaluate the value of the
3 1+S, 14§,
determinant (1+S, 1+S, 1+S,|.
1+S, 1+S, 1+5S,
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Solution:

3 1+S, 1+S,| | 1+1+1 1+a+B 1+’ +B°
D=[1+S, 1+S, 1+4S,|=|1+a+B 1+a’*+B 1+a’+p’
1+S, 1+S, 1+S,| [1+a’+p* 1+*+B’ 1+a*+B*

2

11 1|1 1 1| 1 1 1

=11 o X1 o Bl=]1 a o =[1-a)d—-pB)(a—-Pp)]?
1B L o B 1 B P
=D=(a—-p)(a+p—af—1)*

" a & B are roots of the equation ax? + bx + ¢ = 0

\Jb*—4ac

-b
= a+B=? & o 5=§ = |o—B|= m

=D=

(b*—4ac)(a+b+c 2= (b* —4ac)(a+b+c)?
a’ a a*

Illustration 18:

2 o+pP+y+98 o P+y S
Prove that | +B+y+0 2(a+B)(y+9) o B(y+8)+y o(a+p)=0
oaB+y d aP(y+3)+y d(a+p) 200 B y o

Solution:

1 1 01 y+3& v o
a+f y+d 01 a+B afp
af o 00 O 0

= 0.0
=0
Illustration 19:
1 cos(B—a) cos(y—a)
If a, f &y are real numbers, then prove that D =| cos(a—f) 1 cos(y—-PB) [=0
cos(a—y) cos(B—y) 1
Solution:

1 cosPcosa+sinasinf3 cosycosa+sinysina
cosa.cosP+sinasinf 1 cosycosf3+sinysinf
cosoacosy+sinasiny cosPcosy+sinfsiny 1

cos’a+sin®a cosPcosa+sinasinf cosycosa+sinysina
=|cosacosPB+sinasinf3 cos’B+sin’ cosycosB+sinysinf
cosacosy+sinasiny cosBcosy+sinfBsiny cos® y+sin®y

cosa sina 0| |[cosa cosP cosy

=|cosf sinf O|x|sina sinf siny|=0

cosy siny O 0 0 0
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Cramer’s Rule (System of Linear Equation) (Part-1):

(a)

(b)

Note:

Simultaneous linear equations

Consistent
(at least one solution)

Inconsistent
(no solution)

Exactly one solution
or
Unique solution

Trivial solution

i.e. All variable
zero is the
only solution

Equations Involving Two Variables:

Infinite solutions

Non-trivial solution
At least one
non-zero variable
satisfies the system

(i) Consistent Equations : Definite & unique solution (Intersecting lines)

(ii) Inconsistent Equations :
(iii) Dependent Equations : Infinite solutions
Let, a;x + byy + ¢4 =0

a,x + b,y + c; = 0then:

No solution (Parallel lines)

(Identical lines)

a, b . . : : . .
(1) £#-—X = Given equations are consistent with unique solution

aZ 2

a, b ¢ _ . : .
(2) —=—#—= Given equations are inconsistent

aZ bZ CZ

b ¢ : : : e :

(3) += b_l =— = Given equations are consistent with infinite solutions

aZ 2 CZ

Equations Involving Three Variables:
Let a1x + by +ciz=4d;

ax + by +cz=d,

azx + b3y + c3z = dj

Then, x = &, y = &, Z= &
D D D
al bl Cl dl bl Cl
WhereD = |a, b, ¢,|; D; = |[d, b, ¢,;
a3 b3 c3 d3 b3 C3

(1)

has unique non-trivial solution.

-(1)
(1)
...(iii)
al dl Cl al bl
D, =1a, d, c| &Ds=|a, b,
a3 d3 C3 a3 b3

If D # 0 and atleast one of D;, D,, D3 # 0, then the given system of equations is consistent and

(i) IfD # 0 & Dy = D, = D3 = 0, then the given system of equations is consistent and has trivial solution

only.

(iii) If D = 0 but atleast one of D4, D,, D5 is not zero then the equations are inconsistent and have

no solution.

(iv) If D = D; = D, = D3 = 0, then the given system of equations may have infinite or no solution.

[12]
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aXx+by+c,z =d,
Note: Incase ax+b,y+c,z=d, (Atleast two of d;,d, & d3 are not equal)
ax+by+cz=d,

D = D; = D, = D; = 0. But these three equations represent three parallel planes. Hence the

system is inconsistent.
Illustration 20:

If the system of equationsx + Ay +1=0,Ax +y+ 1 = 0 & x + y + A = 0 is consistent, then find the value

of A.
Solution:
For consistency of the given system of equations
1 21
D=A» 1 1|=0
1 1 A
=32=1+1+2 orA*-32+2 =0
>@A-1D?A1+2)=0
=>A=1lord= -2
Illustration 21:
Find the nature of solution for the given system of equations:
x+2y+3z=1;2x+3y+42z=3; 3x+4y+5z=0

Solution:
1 2 3
D=12 3 4=0
3 45

3
Now,D; = |3 3 4 =75
5

‘> D =0butD1¢0

Hence no solution.

Illustration 22:

Let p, g, v be real numbers such that p + g + r # 0. The system of linear equations
x+2y—3z=p

2x+6y—11z=q

x—=2y+7z=r

has at least one solution if :

(A)5p+2q—r=0 (B)5p—2q—r=0

@O5p+2g+r=0 D)5p—2g+r=0

Ans. (B)
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Solution:
x+2y—3z=p
2x+6y—11z=q
x—2y+7z=r

1 2 3
=>D=2 6 -11
1 -2 7

=1(42-22)—2(14+11) -3 (-4 —6)
=20-50+30=0

p 2 -3
=D, =|q 6 -11|= p(20)—-2(7q+ 11r) —3(—2q — 61)
r -2 7

=20p — 14q — 22r + 6q + 18r

=20p—8q—4r=4(5p—2q—71)

If D; = 0, then there are infinite solutions which confirm at least one solution.
L5p—2q—-r=0

Cramer’s Rule (System of Linear Equation) (Part-2):
Homogeneous system of linear equation:
If x, y, z are not all zero, the condition for
ax + by +ciz=0
ax + by + c;z =0
azx + b3y + c3z =0
a'1 bl Cl
to be consistentinx,y,zisthat|a, b, ¢, = 0.
a3 b3 C3
Remember that if a given system of linear equations have Only Zero Solution for all its variables then the
given equations are said to have TRIVIAL SOLUTION.
Application of Determinants in Geometry:

(a) The lines: a;x + by + ¢, =0 (i)
ax + by + ¢c; =0 .(ii)
azx + by + c3=0 ..(iii)

a, b, «c
are concurrent or all three parallel if |a, b, c¢,|=0.
a, b, c

3 3

This is the necessary condition for consistency of three simultaneous linear equations in 2 variables
but may not be sufficient.
(b)  Equation ax®+ 2 hxy + by* + 2gx + 2fy + ¢ = 0 represents a pair of straight lines if:

a h g
abc +2fgh-af?-bg*-ch*= 0=lh b f
g f ¢
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Determinants
1 Xl yl
(c) Area of a triangle whose vertices are (x,,y.); r =1,2,3isD = > X, Y,
X3 y3

If D = 0, then the three points are collinear.
(d) Equation of a straight line passing through points (x; ,y;) & (x5 ,y,) is

Illustration 23:
Find the value of 4, if the following equations are consistent:
x+y-3=00+Dx+2+AD)y—-8=0x—-1+D)y+2+1)=0
Solution:
The given equations in two unknowns are consistent, then A = 0
1 1 -3
ie. [1+A 2+ -8 |=0
1 —(1+A) 2+
Applying C, - C, — C; and C3 = C5 + 3C;
1 0 0
L+ A 1 3L—-5[=0
1 -2-A 5+A
= (5+A)-(31-5)(-2-A)=0=3A* +21-5=0
S A=1,-5/3
Illustration 24:
If the trivial solution is the only solution of the system of equations

x—ky+z=0

kx+3y—kz=0

3x+y—z=0

then the set of all values of k is :

(A) R —{2,-3} (B)R — {2} ()R- (-3} (D) {2, -3}
Ans. (A)

Solution:

x—ky+z=0

kx+3y—kz=0

3x+y—2z=0

this system will have non trivial solution if (non-trival solution)
1 -k 1
=1k 3 -k[=0
3 1 -1
>1(-3+k)+k(-k+3k)+1(k—9)=0
=>k—3+2k?+k—-9=0
=2k?+2k—-12=0
=k?’+k—-6=0
=>k=-3k=2
So the system of equations will have only trivial solution when k € R — {2, —3}.
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Illustration 25:
If the system of linear equations, x + 2ay + az = 0,x + 3by + bz = 0 and x + 4cy + cz = 0 has a non-zero
solution, then a, b, c satisfy

(A) 2ac = ab + bc (B) 2ab = ac + bc @A2b=a+c (D) b% = ac
Ans. (A)
Solution:
1 2a a
A=0=|1 3b b |=0=2ac=ab+bc
1 4c c

JEE Advance (Part-1):
Comprehension (For problem 26 to 28)
Suppose f(x) is a function satisfying the following conditions:

®f0O) =21 =1,
(ii) f has a minimum value at x = 5/2
2ax 2ax-1 2ax+b+1
(iii) For all x, f'(x) = b b+1 -1
2(ax+b) 2ax+2b+1  2ax+b

Illustration 26:
The value of f(2) is

(A) 1/4 (B) -2 -1 (D)3
Illustration 27:

f(x) =0has

(A) Both roots positive (B) Both roots negative

(C) Roots of opposite sign (D) imaginary roots

Illustration 28:
Range of f(x) is
(A)[7/16, x) (B) (- o0, 15/16] (C) [3/4, ) (D) none of these

Ans. 26(B), 27(D), 28(A)
Solution: (26 to 28)
2ax 2ax—1 2ax+b+1

f'(x) = b b+1 -1

2(ax+b) 2ax+2b+1  2ax+b
ApplyingC; - C; — C3,C; - C, — C3
—(b+1) —(b+2) 2ax+b+1
= f(x)=|(b+1) (b+2) -1
b b+1 2ax+b
Applying Ry = Ry + R, and R3; = R3 — R,, we get
0 0 2ax+b
= f'(x)=|b+1 b+2 -1
-1 -1 2ax+b+1
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=(Rax+b)[-b—1+b + 2]
~f'(x) =2ax+b
“f(x)=ax?+bx+c

= f(0)=2

=>c=2
S>f(l)=1=>a+b+2=1
>a+b=-1

=7 ) o
>5a+b=0

1 -5
=>a= Z,b—T

5

Hence, f(x)= = _EX+2

1
4
Clearly, discriminant (D) of the equation f(x) = 0 is less than 0.
Hence, f (x) = 0 has imaginary roots. Also, f(2) = —2.

D
and minimum value of f(x) is = " =2 = |7

Hence, range of the f(x) is [17—6,ooj

Illustration 29:

Column I

Column II

X+2 X+3 X+5
A. The value of determinant [X+4 X+6 X+9
X+8 x+11 x+15

7 6
B. If one of the roots of the equation | 2 x*-13
x*-13 3

is x — 2, then sum of all other five roots is

x*—-13
2
7

=0

J6 2i 3+4/6
C. The value of = \/ﬁ \/§+\/§ 3\/§+\/6_i
\/ﬁ \/§+\/ﬁ i \/ﬁ+2i

r. 2

cos’0  cosBsin® —sin0

sin© —cos0 0

D. If f(8) = |cosOsin®  sin®0 cosO | = then f(m/3)

Ans.(@a->s; b->r1;c—-q,r; d-p)

www.allen.in
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Solution:

A.

X+2 X+3 X+5

The given determinantis A=|x+4 x+6 Xx+9

X+8 x+11 x+15

Applying R, - R, — Rjand R; = R; — R,, we have

X+2 X+3 X+5

A=| 2 3 4

=2

4 5 6
X X X+1
2 3 4 | [ApplyingR; - R; — Ry and R; = R; — R;]
11 1
x 0 1
2 1 1 [Applylng CZ d Cz - Cland C3 s C3 - Cz]
1 00

= —2 [Expanding along R, ]

XZ

7 6 x*—13
2 x?—13 2
-13 3 7

Let x> — 13 = t. Then
=t3-67t+126=0

>t=-9,2,7 = x=12,+20,+V15
Hence sum of other five roots is 2.

J6 2i 3+46

A=N12  B+8i  3V2++6i

«/E \/§+\/ﬁi \/ﬁ+2i

Taking V6 common from C;, we get

1 2i 3+.6

:>A=\/g\/§ \/§+2\/Z 3\/§+\/5

3 V2+2Bi 33+2i

Applying R, = R, — V2R, and R; = R; —V/3R;, we get

1 2 3+/6 _
=A=60 V3 6i-243 =\/€ﬁ *@"3{5

0 V2 2i-3\2 2 2-32
=\/€£ :zﬁ [ApplyingC2—>C2—\/2_iC1]

=V6(—3V6 + 2v6)

6, which is an integer

[18]
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cos’®  cosOsin® —sind
D. f (6) =|cosOsin®  sin’0O cosO

sin© —cos0 0

Applying R; = R; + (sin8)R3 and R, = R, — (cos 8)R3, we get

1 0 —sin®
= f(8)=| 0 1 cos0
sin® —cos0 0
=sin®?6 + cos?0 =1
s
=S f (§) =1

JEE Advance (Part-2):
Comprehension (For problem 30 to 32)
X nr

Ifx>m,y>n,z>r(x,y,z>0)suchthatm y r|=0

m n z
Illustration 30:
The value of X + y + z is
X—m y-n z-r
A)1 (B) -1 (2
Illustration 31:
X y z .
The value of -1+ -1+ —1is
X—m y—-n Z—r
(A) -2 (B) -4 o
Illustration 32:
Xyz )
The greatest value of is
(x-m)(y-n)(z-r)
-8 64
A) 27 B) — C) —
(4) () - © -

Ans. 30(C), 31(D), 32(B)
Solution: (30 to 32)
X nr

m y r|=0
m n z
ApplyingRy > Ry —R;and R, - R, — R3

>x-—-mk—-y)z+(n—y)T—2zm—-—n(r—-z)(x—m)=0

Dividing by (x — m)(y —n)(z — r), we have
z m n
= + + =0
Z—-r X-m y-n

(D) -2

(D) -1

(D) none of these
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:>Z+X+y=2:>z—1+m—1+n—1=—1
Z-r X-m y-n z-r X—m y—n

m n r
+ + =-1
X—-m y-n z-r

Now, A.M.= G. M.

z + X + y 13
Z—r X-m y—nz[ z 8 X 5 y J
3 (20 (x-m) (y-n)
Xyz <—_8
(x=m)(y—-n)(z-r) 27
Illustration 33:
Column I Column II

. 3
X (1+sinx) cosx
A. Coefficientof xin f(x)= |1 log(1+x) 2 p. 10

x? 1+ x? 0

1 3cosH 1
B. Maximum Value of [sin0 1 3cos0| is q. 0
1 sin0 1

x+a x°+1 1
C. Ifa,b,carein A.P.and f(x) = [x+b 2x*-1 1|=? r. —12
X+c 3x*-2 1

X 2 X
D.If1 x 6 |=ax"+ax +aX +aXx+a,,then a,is s. =2
X X X+1
Ans.(a-s; b->p;c—-s;d—s)
Solution:
x 1 1
A. Coefficient of x in f(x) is coefficientof x in {1 x 2| (by using expansions).
x> 1.0

Therefore, coefficient of x is—2
1 3cos0 1

B. Let D = |sin© 1 3cos0
1 sin© 1
= (3 cos @ —sinh)?

Amax = 10

C f(x) =0
020

D a,=1 0 6= —2(1)=-2
00 1
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