Continuity ALLEN

Continuity

SOLUTIONS

EXERCISE - O

1. Ans. (C)
Let us check continuity atx = 2
if continuous at x = 2 then lim f(x)=Ilim f(x)=f(2)
x—2" X—27

LHL=Ilim f(x)=1lim
X—2" X—>2" — X—2
X+ 2% 2 +2%2
1 1 1

RHL=lim f(x)=lim -
X—2 X—2 Xt ZE 2+ N ZE
LHL # RHL
So, cannot be continuous at x = 2.
2. Ans. (D)
F(x)= x—e* +2COSZX X £0
X
f(x) is continuous at x = 0
So lxl_r}(} f(x)=f(0)

2 2x)*
x—(1+x+x|+ ......... J+ 1—( |) v

. X—e"4cos2x . 2! 2!
11m—2 = lim 5
Xx—0 X X—0 X

2 2 2
X—1=X—"F . +1—4i+ ......... X oy —Ex2

. 21 . 2 . -5
= lim = lim =lim =

x—0 Xz x—0 X x—0 )(2 2

[f(0)]=[_75}=—3

{4
1

[f(0)]-{f(0)}=—3x5=—1.5

3. Ans. (B)
f(x) =[2x3—=5]in[1,2)
—3<2x3-5<11in[1,2)
f (x) is discontinuous where 2x3 — 5 become integer

Il
N |~

atx =1
LHL = lim [2x3 —5} =lim [2* —5] = [—3*] =—4

f(1)=[2-5]=-3

f (x) is discontinuous where
2x3-5=-2,-1,0,1,2,3,4,5,6,7,8,9,10
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4. Ans. (B)

X2 4+ (f(x) = 2)x —V3f(x)+2V3-3=0 ..(1)
For
X_—f(x)+24_r\/(f(x)—2)2+4\/§f(x)—8\/§+12
B 2

_f(x)+2i\/(f(x))2+4(\/§—1)f(x)+16—8\/§
X =

2

—f()+2%,J( F(X)+2 -1 ’

—09+2s [ 100+2(4-1)

2
if consider + sign then f(x) will cancel out.
~F(0+2-f()-2(+3-1)

- 2

2x = —2f(x) + 4 — 23

Putx =+/3

2V3=-2f(V3)+4-2V3

2f(V3) =4-4V3

f(V3)=2-2V3=2(1-+3).
5. Ans. (D)

f@0) = [x]* = [x?]

We know that greatest integer is discontinuous at integers but here we have to check at integers.

X

First so we will checkatx =0andx =1atx =0
LHL=lim f(x)=lm[x]*-[x*] =(-1)?=-0=1
Xx—0" Xx—0"
RHL=lim f(x)=1lim[x]’-[x*] =0—-0=0
x—0" x—0"
LHL # RHL discontinuous atx = 0

Nowatx =1
LHL =lim f(x)=lm[x]* —[x’] =02 —=[1"] =0
X—1" X—1"

RHL =lim f ()= lim[x* —[x’] =[1 ][ y]=1-1=0

f)=0

LHL = RHL = f (1) so continuous at x = 1 at all other integers it will discontinuous.
6. Ans. (C)

If f( x) is continuous at x = 0 then

lxigrg f(x)=f(0)=k

= k=lim f(x) = limw {9 form}
X—0 x>0 ¥ _1-x 0

i —sin(2n—2nsecx) ) im—sin(Zn—Znsec X) . (2n—2msecx)

X0 e*—1-x x>0 (2m—2msecX) ef—1-x
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- lim —2m(1-secx) - lim Zﬁ(l—COS X)

x>0 ¥ —1-X x—>0 cosx(ex—l—x)
271(1-cosx X2 1 X2
= lim ( > )x - =lim 27c><—><x—
x>0 COSX.X g8 —1-x x>0 e —1-X
. T x? 2
= lim > 3 = lim T X _ T =27
x—0 X X =0 1 X 1
1+X+—+—+..|—-1-X X —+—+.... =
2! 3! 2! 3! 2
Ans. (B)

f(x):[xz] sin(7x)

f(x)=g(x).h(x)

For this kind of functions, if g(x) is discontinuous and h(x) is not zero at those points then overall
function will be discontinuous. So possible of discontinuity will be where [x?] is discontinuous.

Possible points of discontinuity in [- 2, 3]

x =—2,—3,-v2,-1,0,1,¥2,v3,2,v/5,v6,47,4/8,3

But sin(rrx) will be zero on integral values.

ie. x=-2,-1,0,1,2,3

So, f(x) will not be discontinuous at these points.

So, remaining points where f (x) will be discontinuous are

x = —V3,—V2,v/2,3,V5,V6,V7,V/8

Total number of points = 8
Ans. (A,B,C)

For continuity atx = 1
= f(1')=1f(1)=1(1)

= limsin™ (i - Lj =

T
X1 /nx x-1 3

Putx=1+nh
. a b| =
= limsin" | ———— |=—
h—0 Kn(1+h) h| 3

lim—o 2
hli%ﬂn(uh) h 2
__ah—bin(1+h)

= lim—————~
>0  h.(n(1+h)

2 3 4
ah—b(h—h+h—h+...]
2 3

= lim 4 x h
h—0 h? (n(1+h)
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b bh* bh*

= lim

{(a—b)thzh2 _?+T_""

h—0 h2
For limit to exista—b =0
=a=>»b

4
(bhz—bh3+bh—...j
2 3 4

h—0 h?

=b=+3,a=+3
Ans. (A,B,C,D)

ﬁn(1+x)—x+kx2

f(x)= XE

3
tan(

X
For continuity atx = 0
f(07)="f(0")="1(0)

. (n(1+h)—h+kh?
RHL lim

h—0 h3

N—

X
3

[152]
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10.

11.

For continuity atx = 0, ( =% , k=

1 . . o
If k #=, then R.H.L. does not exist so, we have non-removable discontinuity.

Ans. (A,B)

For continuity atx = 0

f(07)=f(0")="1(0)

= lim

Asinh+sin(2h)

h—0 h3

32h°
5!

= lim

h—0 h3

For limit to exist
A+2=0=A4=-2

= lim

—(A+8jh3+..
6 6

h—0 h3

{58

6 6

For continuity atx = 0, f(0) = -1

Ans. (A,B,C)

We need non-removable discontinuity

(A) RHL. lim

h—0

1
=0

1+2h

L.H.L. lim

h—0

1
=1

142"
L.H.L. # RH.L.

So, non-removable discontinuity

www.allen.in

[153]



ALLEN

JEE (Main + Advanced) : Mathematics

L.H.L. # RH.L.
1

h_
(€ RHL lim& 1

h—0 =
eh+1

LH.L. # RH.L.
(D) RHL lim—=0

h—0 /nh

L.H.L. lim

= limi =0
h—0 ﬂnh

————=0
h~0 n|0—h|

So, f (x) will have removable type discontinuity.

12.  Ans.(ACD)

(A) Given statement is true only if we are given that f(x) is continuous in [a, b].
(B) Iff(x)is continuousin [a, b] and f(a). f(b) < 0, by intermediate value theorem, f(x) = 0,

for some c € (a, b)

©) \\/
p c

It is not necessary that f(a) and f(b) are of opposite sign.

®) / b

e

f(x) does not have any roots in [a, b].
Also f(a) and f(b) are of opposite signs.

13.  Ans.(ACD)

We need removable type discontinuity in this question.

A)  lim X 28
x=>-2  X+2

N lim(x—4)(x+2)
o2 (X+2)

= lim(x—4)=-6

X—>—2

LHL =RHL =-6

[154]
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_x=7
x=7l

_ (7+h)=7
RHL. im~——~— =
h-0 |7+h-7|

_ (7-h)-7
L.H.L. lim
h-0 |7—h-7|

atx =7

(B) f(x)

= lim_—h =-1
h—0 h

LH.L.# RH.L.
X} +64
= =—4
(© f(x) ) at x
. X +64
lim
x>t X+4
(x+4)(x* +16—4x)
= lim

x—>—4 (x+4)

= lim(x2 +16—4x)

X—>—4
= (~4) +16-4(-4)=48
= LHL =RHL =48

(D) f(x)= 3 atx =9

LHL. =RH.L.= %

14.  Ans. (AB,CD)
(A) f (x)=x—cosx

f (X) is continuous in {O,g}

f(0)=-1,f (g):g

So, f(x) = 0 has atleast one root in (O,g)
(B) f (X)=x+sinx—1
f(x) continuous in [O,%}

() =-1
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15.

16.

f(0).f [%}0

So, f(x) = 0 has atleast on root in [0,%}

a b

Q) f(x):Eer_—?,

y = f(x) is continuous in (1,3)
o b

f(l )_x—1+x—3_>
b

f(3 )_x—1+x—3_>

So, f(x) = 0 has atleast one root in (1,3)

Letp(x) = f(x) —g(x)

p(a) = f(a) —g(a) >0

P(b) =f(b) —g() <0

p(x) is continuous in [a, b]

(D)

So, p(x) = 0 has atleast on roots in (a, b).

Ans. (A,B)

g(x) must have a factor (x + 1)

f)=Cx+1DHx>-2x—1)

Letg(x) =A(x+ 1)

h(X):(x+1)(x 2x-1)
A(x+1)

Xt =2x—-1

lim h(x):> lim

X—-1 Xx—-1

= %:%: A=4
=>gx)=4x+1)
(x+1)(x2—2x—1)
4(x+1)
3h(0) + f(0) —2g(0)

:>_—3—1—8=ﬂ
4 4

= h(x)=

Ans. (A,D)
¢ (X):sz erax+a+3’x;t_2
X +X-2
For function to be continuous at x = —2
RH.L.=LHL.= f(-2)
3x* +ax+a+3

> exists
X +X-2

= lim

X—-2

[156]
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=3(-2)?+a(-2)+a+3=0
=12-a+3=0
=a=15

3x+15x+18  3(X° +5x+6)
X ex=2 (x+2)(x-1)

= f(x)

3(x2+5x+6)
= lim—-rw«w«-—~
-2 (x+2)(x-1)

-3

_3(x+2)(x+3)
= M e 2)(x<1)
=f(-2)=-1

17.  Ans.(A,BD)

sin4x _ 1

LHL lim ——
x-0" (n(1+tan2x)

Apply LH rule

4e™™* (1+tan2x)cos4x >

lim >
2sec” 2X

x—0"

RHL

. /ncos X
lim

x—0" 1
(1+x)F -1
Apply LH rule

—sin X

: . —tan Xx2
lim ) =lim 3
o %(1+x2)7x2x 0 (1+x2)7><x

Cos X

-2

f(0) cannot be defined
18. Ans. (A,B,C)
sin™(1-{x}) . cos'(1-{x})

V{3 (1-{x})

- lim sin”'(1-h) sin'lm
h—0 (1—h) \/ﬁ

lim f(x) =lim

x—0" x—0"

2

lim f(x) = lim

x—0" x—0"

N2 (-{x})

- f(x) is discontinuous atx = 0

sin™ (1-{x}) cos™(1-{x}) i

sin(1-h) . cos™(1-h)

J2h (1-h)

sin” /h(2-h)
J2h-h? 2h

= lim

h—0

J2h-h?

n
sin"h . cos'h »

J20-h h

'

2 22

h—0

www.allen.in
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19. Ans. (C)
f(x)=li W—+X(x>0)
naoo(x 1)
1) 0<x<1
x™ - 0 whenn - o
nx.
f —
()= 1
(i) x=1
fx) =1
Qi) x>1
x™ - cowhenn — co
H(an j
X n
X
f(x)=li
(x)=lim—>———% [X j
X
f(x)-1) (f(x)-1
Now, limsm( 09— ) ( () )
ot (f(x)-1) x—1
nx
— hmﬁzth
x-»1" X—1 x-»1" X—1
= limmx_—xt1 Apply LH Rule
X—>1" (X_l)
1
X .
= Again apply LH rule
et 2(x—1) 8 pply
. 1 1
= lim-——=—=
x->17 XTx2 2
20. Ans. (C)
LHL lim f(x)= llmKL apply LH rule Y
X—1" X—
1
LHL lim X =1
x—1" (0,1)
RHL lim f(x)=1
x—1"
f=1 ) > x
f(x) is continuous at x = 1 '
mx 0<x<1
x—1
f(x)y 1 x=1
1 x>1
.+ f(x) is many one function
[158] www.allen.in
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21. Ans. (C)
f(x)= ! 1

(1)

/mx 0O0<x<1

x—1

f(x)y 1 x=1 ©0,1)
1 x>1

For(i)0<x<1 (ii) forx > 1 0
Inx 1 1 1 (0-1)
=1 (x-1) (x-1)
fnx:L

x—1 y = tnxe—

Now will make graph of LHS & RHS

No. of solutions = No. of point of intersections = 2

22, Ans. (A,B,C,D)
tan™ 1 1
an—lxlz_j Ztan‘llxl =
1 2 n| x|
n| x|
: Yoo
........ b 2tan™Yx|
L N
| PN fnlx]
B B »
-1 i
2 points of intersection which are symmetrical about origin
Sosum =0
23. Ans. (A,B,C)
f (x) is discontinuous at x =-1,0 and 1
g(x) is continuous V x € R.
.. 3 points.
24. Ans. (A—>Q; BoR; C-S; D—P)
x* -1
3 —
@A) limXtojm—x-1 3.5
-1 mx =t m(1+(x-1)) 1
(x-1)
www.allen.in [159]



ALLEN JEE (Main + Advanced) : Mathematics

. 3X . X
X.ZSln—.smE

B) lim x(cosx—cos2x) lim
x>0 2sinx—sin2x x>0 2sin X(1—cos x)

. 3X . X
Sin— Sin—
2 2

31
Sx= g
—lim—X X _2 2_>
x>0 smx(l—cosx) 1 2
X x* 2
(tanx)”* —(sinx)”* tan® x—sin® x
() hrr(} 3 =m— 3/2 . \3/2
x> x*/x 20 x \/;((tanx) +(sinx) )
tanx—sinx [ tan’x tanxsinX sin®x
. x> X2 " X2 " x*
= lxl_rfol 3/2 ) 3/2
(tanx) (sinx)
32 32
1>< 3 3
2 4

(D) f(0)zlxiirgcos[xcosij:cos(O)zl

tan”® X
. /n(1+tan®x 2
g(0)=lim ( > )x X —
x—>0 tan”® X sin X
X

S f(0)+9(0) =2
25.  Ans. (A—>P,QR; B—»P,QT; C-P,QT; D—>P,Q,S)

(A)  fe)=[x][1+x]
f(0)=(-1)x0=0
f(0)=0x1=0
f(0)=0
. continuous atx = 0

(B) fO)=[-x][1+x]
f(0)=0x0=0
f(0)=-1x1=-1
lxiir(} f(x) does not exist

(@  f(x)=sgn(x)[2-x][1+]x]]
f(0)=-1x2x1=-2
f(0)=1x1x1=1

lirr(} f(x) does not exist
X—>

(D)  f(x)=[cosx]

f(0)=0
f(0)=0
f0)=1

lin(} f (x) exists but f(x) is discontinuous at x = 0
X—>
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EXERCISE - S
1. Ans. (1)
i
fl=|=b+2 (i
3) g
LHL at x="2
2
B tan6x
f (E J: hm (éjtanSx
2 e 5
2

replace x= g -h

tan(3n-6h) tan6h

anst 0
:lim(éjtan(sznsh) :lim(éjCOtSh :(éj :1
h—o\ § h—»0\ § 5

f(%}:l .(ii)

RHL at x=—
2

+ altan x|
f [g j: lim f (x) = lim(1+|cosx|) b
xeg xag
replace xX= g +h

a\coth\

= lim(l +|sin h|)T (1% form)
h—0

lim—2(14/sinhl-1) jim2coshl 2
h—0

—e bltanh| —g b —pgb

f(§+J=e”b ..(iii)

"+ f(x) is continuous at

(55 (5

b+2=1=e%
b=-1 a=0
2. Ans. (0)

1 . 1-sinnx
fl = |=lim ———
2 1 1+cos2nx

2

1
Putx=—- —h
2
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1—sin[n—nhj
_ 2

101+ cos(m—2mh)
(1-cosnh)
=lim———
h—0 (1—cos2rh)

) T[h
2sin (2) 1

=lim———=< == (il
-0 2sin”(zh) 4 (i)

RHL atx = l
2
(1) i
2/ L Ja+2x-1-2
i (V2x=1)(Ja+2x-1 +2)
o (V2x-1)

= lirq(\/4+«/2x—1 12)=4 . (iii)

X—=
2

. RHL#LHL atx = %

So f(x) can not be continuous
= No value of p exists
3. Ans. (2)

1+f(x), 0<f(x)<2
= = ’ M f(x)

9@ =10 {3—-f(xl 2<f(x)<3 ;
S 0<f(x)<1=f(x)=3-x;2<x<3 N><"*“
=1<f(x)<2=f(x)=1+x;0<x<1 2
=22<f(x)<3=f(x)=1+x;1<x<2 1 p,

1+(3-x) ; 2<x<3 y=3—x
g =f(f(x) =<1+(1+x) ; 0<x<1 . : > x

3-(1+x) ; 1<x<2 3

2+x ; 0<x<1

Lgx)=42-x ; 1l<x<£2

4-x ; 2<x<3
g(x)

¥

3--//’\» >
N

3

—_
}
/}
7.’.\4.-
+

————-
N
=

3

.. g(x) is discontinuous at x = 1 and at x = 2.
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4. Ans. (14)

f (g)=a . (1)

(Tt+j . b(1-sinx)
f E =lim ———

><—>E+ (TC _ZX)Z
2
Xx=—=+h
2

. b.(1-cosh)
=llm—2

h—0 (—Zh)

. bl-cosh b
=lim— — ==

h—0 4. h 8

| b

] . 1-sin®x
fl = |=lim ———
2 «s® 3C0S” X

2

. (1-sinx)(1+sin® x+sinx)
= lim
= 3(1-sinx)(1+sinx)

X——
2

n | 1

. . T
"+ f(x) is continuous at x = >

SORERD

5. Ans. (2.00)
£(0) =1im Asin2Xx+ Bssmx+sm3x
x—0 X
3 5 3 5 3 5
A(Zx—(zx) +(2X) j+B[x X + X j+(3x—(3x) +(3X) j
£ (0)=lim 6 120

6 120 6 120
x—0 XS
x3 X
(2A+B+3)+ - (-8A-B-27)+ >~ (32A+B+243)

f (0)=lim 6 120

X—0 X
24+B+3=0,84+B+27=0
(A,B)=(-4,5)
]((()):32A+B+243:1 o

120

A+B+f(0)=-4+5+1=2
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6. Ans. (5.00)
fO) =x+[x]+{-x}
Case-1:x €1, f(x) = 2x
Case-2:x¢l,f(x) =x+[x]+1—{x}
flx)=2[x]+1
f)=2nf(n")=2n+1,f(n)=2n-1
It is discontinuous at every integer in [-2, 2]
Total = 5 integral points.

7. Ans. (1.00)

RHL
e1/>< +eZ/x +e3/x
= = lim—o—— - =
_f(o ) lxl_l;rol aez/x +be3/x f(o) a
3/x
e 1
= O+ = lim—==—
FO*) = lim =
LHL
lim cosecx(sin x+cosx—1)
=f(07)=e (1%° form)
. ( sinx+cosx-1 . 1-cosx
zellino( sin X )zeiljé[l{ sinx )]
— el—O — el

8. Ans. (5.00)
fOx) = f(=x)
fE)=f0)=5f-2)=f(2)=4
fB)=f(=3)=-2f(0)=0
Now plot the graph

NIAWAW
VooV

min 5 roots
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1. Ans. (1)

. : T
.. function should be continuous at X :Z

C _fl T
. lmr}f(x)—f(LJ

X——
4

. \/Ecosx—l
lim————— =Kk
x_,% cotx—1

(\/Ecosx—l)(\/zcosX+1)(cotx+1)

x—% (cot X— 1)(cot X+ 1)(\/§cos X+ 1)

(ZCos2 X—1)(COtX+1)
= lim
X7 (cot2 x—1)(\/§cosx+1)

cos2x(cotx+1)

(\/Ecosx+1)

cos2x(cot x+1)sin® x

= lim - —
HE (cos X—sin X)

sin? x

= lxl—IE cosZX(\/EcosX+1)

4

e (cot x+1)sin® X
im

><—>£ (\/Ecos X+1)

(1+1)x1
- 21
J2x0+1
2. Ans. (1)
alm—x|+1; x<5
F(x)= |t—x|+
b|m—x]|+3; X>5

And it is also given that f(x) is continuous at x = 5
alt-5|+1=b|5-xn|+3
a(b-n)+1=b(5-7n)+3
(a-b)(5-m)=2
a—b:i
5-rn
3. Ans. (2)

A:limx[i} =lim x(éJ— x{i} =4
x—0 X x—0 X X
f(x) = [x?]sin(mx) will be discontinuous at non integers

X= A+1i.e.\/§

But for VA+1=3,/A=2,JA+21=5

All are integers so, be continuous at those points because sin will be zero.

www.allen.in
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4. Ans. (8)
x € (-10,10)

ge (-5, 5) = 9 integers

check continuity at x = 0

f(0)=0

f (0* ) =0\ continuousatx =0

f(07)=0

function will be discontinuous when gz +4, +3, +2, £1

8 points of discontinuity

5. Ans. (1)
_ f(x)+1 f(x)<0
gureal = {(f(x)—1)2+b F(X)20
X+a+1 X+a<0&x<0
[x=1]+1 | Xx-1[<0& x>0

g[f(X)]: (X+a—1)2+b X+a=20&x<0
(Ix=1]-1)"+b [x-1|>0&x>0

X+a+1 X €(—0,—a)& X (—»,0)
[x-1]+1 Xed

9Lt 091= (x+a-1)*+b  xe[-a,0)& xe(-x,0)
(Ix-1]-1)" +b xeR&x&[0,)

X+a+1 X €(—,-a)
g[f(X)]=| (x+a-1+b xe[-a,0)
|(Ix-1]-1)*+b  xe[0,)

g(f(x)) is continuous

atx =-a & atx =0
1=b+1 & (a—1)2%+b=b>b
b=0 & a=1
= a+b=1

6. Ans. (6)

. cos(sin X)—cos X
lim ( 4)

x—0

= 1(0)

sin X+ X X—sin X
2sin sin ] )
. [ 2 j [ 2 j 1 . sinX+X )/ X=sinx) 1
= lim 7 =— = lim2 - =
x>0 X K X0 2X 2X K

N 2><(1+1)
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7. Ans. (2)
Continuousatx =0

(O =f0)=a-1=0-¢°
=a=0

Continuous atx =1
f@") =f(17)
=2(1)—-b=a+(-1)
>b=2—-—a+1=b=3
La+b=3

8. Ans. (7)

3+ .
*—o 24 —o0
[o] L ] 1T [ 1o
F—t—o o—1—e o+
-1 y3_1 1o 1 1 y3 1 2
T2 V2 2 2 2 2
[ ] Lo}

9. Ans. (3)
f(x) is discontinuous at x = 1
For continuousatx = 0;a =1
For continuous atx =2;b+c =1
a+b+c=2

10. Ans. (1)

(ln(l +x5+xt ))cosx
lim

x>0 1-cos’x

[ln(lerz+X4)}(2@+xz)cosx

x* +x*
lim

x>0 (sinzxj 5
— |x
X
k=1
11. Ans. (2)

Check continuity atx = 0 and also check continuity at those x where g(x) = 0
gx)=0atx=0,2

fog(0*)=-1

fog(0)=0

Hence, discontinuous atx = 0
fog(2')=1

fog(2)=—-1

Hence, discontinuous at x = 2

=1
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12.

13.

Ans. (4)

Here f(x)=[x(x-1)]+{x}
f(o")=-1+0=-1 f(1)=0+0=0
f(0)=0 f(1)=0

f(l’)=—1+1=0

~ f(x) is continuous at x = 1, discontinuous atx = 0
Ans. (2)
Need to check at doubtful points
discontatx € [ only
atx=-1=f(-19)=1+0=1
=f(-1)=2+1=3
atx=0 = f(0)=0+0=0
=>f(0)=1+1=2
atx=1 =f(19)=1+0=1
=f(1)=0+1=1
discont. at two points

EXERCISE - JEE (Advanced) PYQ
Ans. (B,D)
For continuity at x = 2n,
lim f(x)= Xl_lleg a, +sin(n x)

x—2n*
a,+0 =a,

lim b, +cos(7 x)

X—2n~
= b, +1
f(2n) = a,, + sin(2nn) = a,

= [ =be T 1]

for continuity atx = 2n+1, lim b, +cos(n(n+1))

x—(2n+1)"

=bpy1 -1
lim a, +sin(nx)=a,
x—>(2n+1)"

= |an = bpyq — 1]

Ans. (A,D)

max{f(x):x € [0,1]} = max{g(x): x € [0,1]}

= y = f(x) and y = g(x) intersect atleast once in [0, 1]

Let graphs intersectatx = ¢

=f(e)=g()

our answer should be the option in which atleast one of the factors is f(c) — g(c).
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3. Ans. (A,C,D)
fx)=x- cos(n(x + [x]))
= x - cos(mx + m[x])
x is continuous everywhere.

cos(mx + m[x]) = cos(mx) when [x] is even,
cos(mx + m[x]) = — cos(mx) when [x] is odd
Atany x = n, where n is integer then [x] has different parity in (n — 1,n) and (n,n + 1).

JEE (Main) Practice Paper
SECTION-A
1. Ans. (1)
If f(x) is continuous atx = 1
Then }1_21 f(x)= 11_21 f(x)=1(1)

LHL=1lim f(x)=lim(ax+1)=a+1
X—1" X—1"

RHL = lim f(x)=limbx*+1=b+1
x—>1* x—>1*

LHL =RHL = f(1)
a+1=b+1=3
a+1=3,b+1=3
a=2,b=2
a—b=0

2. Ans. (1)

2_
f(x)=w forx #5
X°—=7x+10
f(x) is continuous at x = 5

So, 1lim f (x)=  (5)

lim f(x) = limw = limM
X5 x5 X“—7x+10 x5 (X—=2)(Xx-5)
If limit exist then in numerator there is factor of (x — 5)
So x = 5 will satisfy x? — bx + 25
25=5b+25=0=b=10

x* —10x+25 _ lim(x—S)(x—S) ~ limx—5 _

im = = 0
x5 (X=2)(x=5) =5(x-2)(x-5) x>5x-2
3. Ans. (3)

f (x) passes through (a, 0)

Sof(a)=0

i log(1+3f(x)) (9)
x—>a 2f(x) 0

=lim log(1+3f(x)) 31(x) =lim3f(x) =§ ( lim le}
x—a 3f(x) 2f(x) xa2f(x) 2 ()0 (x)
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4.

Ans. (4)

function f(x) = [x? + 1]

it will be discontinuous where x? + 1 become integer
x? + 1 =integerin [1,3]

Nowx? +1=2,3,4,5,6,7,8,9,10

x2+1=2

Whenx =1

RHL=lim[x* +1] =2

x—>1"

f)=2
x’4+1=10=>x=3

LHL:lim[x2+1]= 9

x—3"

f(B)=10

LHL # f(3)

So discontinuous points where x*+1=3,45,6,7,8,9,10 eight points.

Ans. (2)

We will check where definition of function changes we will checkat x = —-2,0,3
Atx = =2

LHL= lim [x+1=1 RHL = lim 2x+3=-1

LHL # RHL So, discontinuous

Atx =0

LHL:lirg;2x+3=3 RHL=311})1X2+3=3

f(0)=3 So, continuous at x = 0

Atx =3

LHL:}irg;x2+3= 9+3=12 RHL:lirgxe’—lS: 27-15=12

f(3) =12 So, LHL = RHL = f(3) so continuous at x = 3
Only discontinuous at x = —2.

Ans. (3)

2
3 3
2sin®Zx 2(smx]
limf(ﬂj:limf 2 | gimf| 29 f(g}g

x>0 2 Xx—0 X2 X0 3 2 4
—X
o
Ans. (3)

X
f(x):[x]-cos(zxz_l)n

here greatest integer is involve so we will check on integers
we will checkatx =1

X—>1"

LHL = 1im[X]COS(2X2_1ij =[|_]COS[2(I—2)_1J7I = (I —1)cos (odd multiple of gj =0

x—1*

RHL = “m[x]cos(zxz_l}t :[|+]COS(¥jT€ = [ cos (odd multiple of gj =0

[170]

www.allen.in



Continuity ALLEN

f(l)=[|]cos(2|2_1jn: I cos(odd multiple of g} =0

LHL =RHL = f(I)
So, no value of x where f(x) is discontinuous.
8. Ans. (1)
f is continuous function and its co-domain is rational numbers then it must be a constant function
as f(2)=7
So, f( x) = 7 will be function f ( x) and constant functions are always even function.
9. Ans. (1)
If f(x) is continuous at x = 0 then
= lxig)l f(x)= f(0)

tan(bx3) 5 3
= lim— =24 >
x>0 X 4 4b

) 5023
X—0 (ng) 4h

_5b+3

=b = 4b*=5b+3 = 4b*-5b-3=0

N bZSix/25+48 N bzsi\/ﬁ
8 8
N b:5+ﬁ o 5-473
8 8
10. Ans. (3)

f:R — R continuous function Vx € R
and f(x) = 5,V x € irrational

f (x) is continuous so

if f(x) =5,V x € irrational

then V x € Rational f(x) = 5 Also

f@3) =5.
11. Ans. (1)
lirr(} f(x)=f(0)
. cos(sinx)—cos X 2 . (sinx+x) . ([ X—sinX
lim > =a= —;si sin =a
X0 X X 2 2
. [sinX+X) . [ X-=sinX
Sm( 2 ) Sm( 2 j 1(sinX+X ) X—sinX 1
= a=lim 2. - . - .—( j( j =211—-(1+1)(1-1)=0
X0 sin X+ X X—sin X 4 X X 4

2 2
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12.

13.

14.

15.

16.

17.

Ans. (4)

—(2x+1) , -2<x<-1
x+1 , —1<x<0

{ 2
f(x)= (HEJ [x]|= 0 ,  0<x<1
x+1 ,  1<x<2

2

5 , X=2

f(x) is discontinuous at x = -1, 0, X 1,2

Ans. (4)
/m [(1-h)*=2(1-h)+5]
(n [1-4h]

i )= iy 71 =)=

does not exist as denominater is tending to zero.

similarly lim f(x) also does not exist.
n—-1*

Ans. (2)
lirg Xsin(g(x+2)]:lir¥ (—X)sin(%sz—l and lir{; Xsin(g(XJrO)j:l
Ans. (2)

_Jl+px—y1-px 2p
LHL (x=0)=f(0)=RHL(x=0) ;  LHL = Lim - =5-=p
f(0) = —% = RHL
Ans. (3)

1 ; x>3,1<x<2

f(9(x)) =sgn(g(x)) =sgn(x(x2—5x+6)) =sgn(x(x—2)(x—3))= 0 ; x=1,23

-1 ; 2<x<3;x<1

f(g(x)) is discontinuous at 3 points (0, 2 and 3)

Ans. (3)
1 1 - . . .
y = Tz’ where t = 1 y = f(x) is discontinuous at x = 1, where t is discontinuous and y =
1

————— att =—2andt =1
(t+2)(t-1)
:L=—2 =>-2x+2=1,x= 1

X— 2

1
1

and —=1 =x=2
x—1

f(g(x)) is discontinuous at x =% ,2,1
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18.

19.

20.

Ans. (2)
Letf(x) = 2tanx + 5x - 2
5n

f(0)=-2f| 2 |= 2tan T4 2F 22
4 4 4 4

Now x € {—2, %} and f(x) is continuous on {0,%}

.. By intermediate value theorem c € [O,%} for which f(c) =0
.. (b) is correct.

Ans. (2)

g(x) =x—[x] ={x} €[0,1)

g(x) is discontinuous only at x € I

Now h(x) = fog(x)

h(x) is continuous V x e R-1

Let x € I, considerx =n

h(n) = f [g(m)] = f(0)
lim h(x)=1lim f ({x})=f(1)=f(0)

lim h(x)= lim f ({X})z f (O) = h(x) is continuous x € |

h(x) is continuous V x € R
Ans. (3)

2

X
f(x)= L

X is irrational

X is rational

Itis continuous x? = 1 x=+1

Discontinuous at all x exceptx =1,-1

SECTION-B
Ans. (6)

(a+b+5)+(—a—t2)jx2 -

lim f(x) = lim

X—0" x—=0" )(2

=>a+b+5=0and —a—g=3 =>a=-1,b=—-4

3\~ 3
Because lim f(x) = lim (1 +[CX+ o D exists so lim [Mj =0=>c=0
x—0" x—0"

X2 X—>0* X2

Now lim (1+dx)1/X =e?=3

x—>0"

www.allen.in

[173]



ALLEN JEE (Main + Advanced) : Mathematics

sin4]=-1 4<X<5
sin5]=-1 5<x<6
[sin6]=-1 6<X<2m

2. Ans. (3)
[sin0]=0 0<x<1
[sin1]=0 1 <x<2
[sin2]=0 2<x<3
f(x) = [sin[x]] = {[sin3]=0 3<x<4
[
[

f(x) is discontinuous at (4, —1)

3. Ans. (4)
, Xx=0
0 , 0<x<1/2
-1, 1/2<x<1
f(x)=

5-4x , 1<x<5/4
4x-5 , 5/4<x<2

6 , X=2

6T °
51
4+
3+ [}
2--
1 ¢ )

0| 1/2 1 5/4 2

1

1
f(x) is discontinous at x = 0, X 1,21in [0, 2]

4. Ans. (1)
As f is continuous on R, so f(0) = lim(i)t f(x)

Thus £(0) = limit f(iJ = limit | (sine")e™ +— T|=0+1=1
n—w 4n n—>o 1—1—?
5. Ans. (5)
m X>1
g@=1 2
&X<1
6
=2 X sa2 _ X
g(1) = fim sin“m . 2 = sim S 2n-m . 27) =9

x>1 log secm . 2° x>1 log,sec(2n—-m . 2%)

Now g(x) is continuous atx = 1
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g(1%) =91 =g(1)
(1) _ h(D)+1 _

2
2 6
F(D) =4 h(1) = 11
g(1) =2
4g(1)+2f(1)-h(1)=8+8-11=5
6. Ans. (1)
X*+2x , x<0
e Fx) =
1) {XZ—ZX L, X>0
by definition of g(x)
X*4+2x , -2<x<-1
-1 , -1<x<0
g(x) = : —
0 , 0<x<2 —A-1 1.2
x2-2x , 2<x<3 0,-1)

clearly g(x) is discontinuous at x = 0.

7. Ans. (2)
X , Xx<-1
1-x
% , ~1<x<0
+ X
v f(x) =
— , 0<x<1
1-x
X , Xx>1
1+X
. . X . . X
* lim f(x)=lim ——=0 and lim f(x) = lim ——=0
X—0" x—0" 1 —X X—0" x>0~ 1+ X

and f(0) =0 .. f(x)iscontinuousatx =0
© lim f(x) = lim x 1 and lim f(x) = lim X Sw
x—1* x-»>1" 1+ X 2 x> 1 x->1 1—X
. f(x) is discontinuous for x = 1
Similarly, we can check that f(x) is discontinuous at x =- 1

8. Ans. (5)
s .3 3

lim £(x) = lim ~—S0 X _ jy 12C08 h [putx=£—h}
.y 5 3cos“x "0 3sin“h 2

2 2

2 4 3
T UL

) 21 41 1
= lim =

h—>0 3h? 2

and lim f(x) = lim 2GZSI0X) _ y;, D —cosh) _b
XX wor (m=2x) h-0 4h 8
2
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9. Ans. (2)
g(x)=(]x-1]+|4x-11]) [(x—l)2 —3} =(|x—1|+|4x—11|)([(x—1)1—3)
Now |x — 1| + |4x — 11| is continuous every where
& [ (x~1)"~3] is discontinuous at x = 1, 2; V2+1
Atx = 1, g(x) is continuous

At x = 2, g(x) is discontinuous

At x= \/§+1 ,0(X) is discontinuous
( g

10. Ans. (2)
1+x ,0<x<L2

X) =
fe {B—X , 2<X<3

5 1+(1+x) when 0<x<1
3 = 1+(3-x) when 2<x<3
3-(1+x) when 1<x<2

g(17)=0g(1)=3%9(1")=1 9(27)=9(2)=0%g(2")=2

1 +f(x) when 0< f(x)

<
}’(x):fof(x):{g —f(x) when 2< f(x) <

JEE (Advanced) Practice Paper
1. Ans. (D)
f(1)=lim f(1)

x*+ax+b
im——M —
-1 (x—=1)(x—2)

2
colim XTI et b=0)
-1 (x=1)(x-2)

:hm(x—l)(x+1+a)
-1 (Xx=1)(x-2)

C=M:a+c=—2&a+b=—1

2. Ans. (D)

[176] www.allen.in



Continuity ALLEN
3. Ans. (A)

{ncos X x>0
ax 1
f(x)=5 0 , x=0;iff'(0) = "
e -1 , X<0
bx
Encosh_0
= f'(0")=lim ah _ irrlfncosh _ imcosh—lz_izl
h—0 h h>0  gh? h>0  ah? 2a 4
=>a=-2
h?
e 1_0

and f'(07)=lim—2N
h—0 h
Ce"-1 1 1
=lim =—==
>0 pbh*> b 4
=>b=4=a+b=2
4. Ans. (C)
f(0-)=f(0)=f(0*) {- f'iscontinuous}

ex _ esin)(

lim —=b
x—0"  ax
 lim (e __1]><£X_ngxj=b
x>00 @ | X-—sinX X
1
s —=b (1
. X
lim——=
x->0" (N(1+4X)
1
= b=- (2
Z @
from (1) and (2)
1 1 2
= —=—=a=-—
6a 4 3
~.3a+4b=73
5. Ans. (A)
f (x) is continuous
-
at X=—
2
lim f(x)= lim f(x)
Xﬁ% xa%

= lim (asinx+b)=4

=-a+b=4 (1)
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T
at X=—

2
lim f (X): lim f (X)
x—)% x—>%

2=lim (asin+b)

2
=a+b=2 (i)
From (i) and (ii)
a=-1,b=3
6. Ans. (B)
Atx =1

— lim f (x)=1lim (5-4x)=1

x—>1* x—>1*
f (1)=%(3x12 +1)=1
= lim f (x)= (1)

so f(x) is continuous at x = 1.
Atx =4

f(4) = 0.

— lim f(x)=lim5-4x=-11

X—4" X—4"

= lim f (x)= f (4)

X—>4~
so f(x) is not continuous at x = 4
7. Ans. (A,B,D)
ax? +bx+c+(ex)n
f(x)=lim

n—oo

1+c(ex)n
Forx <0 (e®)" -0
f(x)=ax* +bx+c

Forx >0 (e®)"—>

ax* +bx+c
AL AR |

X n+
(¢")
fFo)=Sttoq

c+1
f(x) is continuous on R so it is continuous atx = 0

f(0") = f(07) = f(0)

1 e
c
c=1, abeR
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8.

10.

Ans. (A,B,C)

f(x)=x*-3x* —4x+12
f(x):xz(x—3)—4(x—3):(x—3)(x2 —4)
f(x)=(x=3)(x—2)(x+2)

f(x)=0

A Y

X=2,3,-2 f(x) has 3 real roots (-2,0)

lim f(x) lim (x=2)(x-3)(x+2) _c
x=3 X—3 x-3 (X—3)

f(x) is continuous at x = 3

So, f(3)=hmM
x-3 X—3

K=5
x> —4 X#3
h(x) =
) 5 Xx=3
“* h(x) is an even function.

Ans. (A,B,C)
f(x)=sgn(x>) =<0 if x=0

£'0)=lim =2 -DNE
h—0 h

-1-0

£1(07)=lim ~D.N.E.

Also, f(0*)=1&f(0)=-1
= f is neither continuous nor differentiable at x = 0
Ans. (A,C,D)

sin—
Let G:ZL tang.sec(%:

r-1 "’

sin(e _9)
N 2

cos0.cos—
2

L f(x)= Z(tan 2rX-1
r=1

cosOcos—

0
=tan0—tan—

X
—tan ?j on expanding we get,
X X
= f(x) =tanx - tan? = f(x)+ tanz—n = tanx

log, (tanx)—(tanx)". [sin (tan )Z(ﬂ

1+(tanx)"

g(x)=1lim

(2,0)

(0' _4)
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11.

12.

log,tanx ; Xe (O,EJ
4
e
9(x) 2
{ . x} [n n)
—| sintan— ; Xe|l —,—
2 4°2

. . . s
Since, g(x) is continuous at x =

4
T T e
th = |=g|—=|=0| —
en o3 J-ol2)-o[3)
= ¢nl =k =sin0
k=0

Ans. (B,C,D)

1
A) f(0)=lim———=1
( ) ( ) X0~ 1+2001X

1
f(0)=lim ——=
( ) >(ﬁ0+1+2cotx

- Limit does not exist

.. can’t be defined continuously atx = 0

x—0"

(B) f(0)=limcos ( —s)i(n Xj =cos(—1)=cos(1)

f(0")=limcos (wj =cos(1)
X

x—0"

.. for f(x) to be continuousatx =0 f(0) = cos1

© f(O')zf(O*):lirrolXSinE:O
X—> X

.. for f(x) to be continuous atx =0, f(0) =0

@) f(0)= f(o*)zlgnixzo

.. for f(x) to be continuousatx =0, f(0) =0

Ans. (A,B,C)

Let cos1(1-x2)=0
cosO =1 -x2
sinf=+/1-cos’0
=J1-(1-x*)

=y2x* = x*

. O=sin™ (\IZXZ —x* )

x>0+, {x}=x
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cos (1-x*).sin"(1-X)

— lim f(x)=lim — £(07)
x—0" Xx—0" \/EX(l— XZ)
m.. sin'N2X¢-x* . x2-X* =n
=—lim—————mm=—lim——=—
2 x—0* '\/EX 2 x—0* '\/EX 2

x>0, {x}=x+1
cos™ (1—(X+1)2).sin’1 —X)

f(0)=1i
( ) XLI?* ﬁ(x+1)(1_(x+1)2)

). 4
f(0")=1lim Cos_l(_XZ—ZX).sin"1x_ ) _(szln X

-0 J2(x+1)(=x* —2x) —5r 2(x+1)x(=x=2)
sin'x 7w

T
f(0 )= lim =
O )= T o "4z

f(x) ;0 Xx=0
X)=
99 2\/§f(x) ;0 X<0

g(0")=lim f(x)==
x—0" 2
g(07)=lim 242 f(x)zg
Xx—0"
. T
g(x) is cont atx=§
13. Ans. (B)
14. Ans. (C)
Solution (Q. No. 13 - 14)
0 , x<-1
] ] ] 1+x , —-1<x<0
Given function f(x) can be rewritten as, f(x) =
1-x , 0<x<1
0 , x>1
0 , Xx—1<-1 0 , x<0
1+(x-1) , -1<x-1<0 X , 0<x<1
=>fx—-1)= orf(x—1) =
1-(x-1) , 0<x-1<1 2-x , 1<x<Z£2
0 , X-1>1 0 , x>2
0 , X+1<-1 0 , X<-2
1+(x+1) , -1<x+1<0 24X , —-2<x<-1
also, f(x +1) = orf(x+1) =
1-(x+1) , O<x+1<1 -X , =-1<x<0
0 , X+1>1 o , x>0
0 , X<-2
2+X , —-2<x<-1
-X , =1<x<0
Now,g(x)=f(x—1D+f(x+1) =
x , 0<x<1
2—-X , 1<x<L2
0 , X>2

[t is easy to check that g(x) is continuous for all x € R.
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15. Ans. (C)
(P) f(x) is continuous at x = 0 and discontinuous at all other integral points
(Q) domain contains only two elements {-1, 1}
(R)(2x-1)x<0
(S) f (x) is continuous everywhere
16. Ans. (26)

y=fx)

yzzy/\/\élx—xz—Z
-2 T 13
y = 2x2 +12xW 0\

—-119
y = f(x|)
4x — x? -2
10
—119

17. Ans. (36)

f TcJ . 1—coshln(1+COSh—1)
— =l
2) 0 4AR? In(1+4h*)
.1 cosh-1
=lim—x
h—-0 8 4h2

1 (1 1
= —X| —= |=——
8 ( 8) 64

= af = 64 = 26, 43,82, 641
18. Ans. (16)
We have
}Ln(} f(x) =* (sin(-h) + cos(-h))cosecth) = &Lrgl (cosh — sinh)-cosech

1 . (cosh—sinh-1) cosh—sinh—1
= lim (1+(cosh—sinh—1))=m= ) = lim ¢ —mh =e
hos0* h—0*
Now we have
1 2 1
eh +e¥"+e¥" eh+eh +1 e

lim x) = lim = lim ==
X - 0" f( ) h0* ae—2+1/h +be—1+3/h he0* (ae—2)e—2/h +(be—1) b
If ‘f” is continuous at x = 0, then

e=a=% givesa=eandb =1
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