Inverse Trigonometric
Functions

1. Introduction:

1x or (arcsinx), cos x etc., denote the angles whose

The inverse trigonometric functions, denoted by sin~
sine, cosine etc, is equal to x. The angles are usually the numerically smallest angles, except in the case of
cot™'x and if positive & negative angles have same numerical value, the positive angle has been chosen.

It is worthwhile noting that the functions sinx, cosx etc. are in general not invertible. Their inverse is
defined by choosing an appropriate domain & co-domain so that they become invertible. For this reason,

the chosen value is usually the simplest and easy to remember.

2. Graph of Inverse Trigonometric Functions:

—T T _
(@ f: [7.7 - [-1,1] fr-1,1] - [-n/2,7/2]
f(x) = sinx f(x) = sin!(x)
YA )
YA . T y = arc sinx
y = arc sinx L S
T y=x 2
2 //
"'/,y = sinx
~1
T > X
X i 0 1
1 T i
2 |
i T
y = arc sinx 2
(Taking image of sin x about y = x to get sin"1x) (v = sin"1x)

Illustration 1:

The value of tan"1(1) + cos™ (— l) + sin™! (— l) is equal to

2 2
51 3n 13n
Az B) = Q) = D) —
OF (B) 2 © 5 D) 3
Ans.(C)
Solution:
1 1
tan"1(1) + cos™® [——j + sin™t (——J _r,n n_n + r_3n
2 2) 4 3 6 4 2 4
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Illustration 2:

The value of sin*(—/3/2) is -
(A)-m/3 (B) -2m/3
Ans. (A)

Solution:
v (-7) = (3) =3
sin —— | = —sin —=—=

() f:00nr]-[-1,1]

f(x) = cosx

(C) 47/3

(D) 57/3

f~t:-1,1]- [0, ]

f1(x) = cos™1x

y
y=arcagx N P Ve
N /2 3 T
1 0 :\2/2\1: X /2
40 1 E
ﬂ// Y = COSX ) 0 .

Taking image of cos x abouty = x) (y = cos™'x)
( g imag y y

(c) fi(-n/2,m/2) >R

fTL:R - (-n/2,m/2)

f(x) = tanx fY(x) =tan"1x
YV A YA
o1y =tanx .
m/2 y = arc tanx
y = arc tanx 0 > X
y = arc tanx
I ~ x
1 —m/2
—1/2 7 |0 n/2 w /
y = arc tanx ',//
/ /2 O = tan™x)
y=x
T-7
(Taking image of tan x abouty = x)
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d fOnrn->R

f(x) =cotx

y = arccotx

y = arc cotx

y = cotx

®

> X

(Taking image of cot x abouty = x)

A

(e)

f(x) =secx

f:l03)u(Fm|-> (o0 -1]U[1,)

f1:(—00,-1]U[1,00) - [0,m/2) U (1/2,7]

fY(x) =sec lx

y

/2

—1
r %

f(x) = cosecx

()

0

1

> X

0) U (0,3] = (=e0,-1] U [1,0)

> X

F1:R = (0,7)
f1(x) = cot™1x
VA
T
®
y = arc cotx
/2
y = arc cotx
4 \ 4
0
(y = cot™1x)

fli(—=00,-1]U[1, ) = [-7/2,0) U (0,7/2]

f~1(x) = cosec™?!

X

y

—1/2

v
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S.No f(x) Domain Range
(1) sin~1x x| <1 -z I
- 2’2
(2) cos™1x x| <1 [0, n]
T T
3 -1 xeR -—, =
3) tan™x ( 5 2)
T T T
(4) sec lx |x| > 1 [0, n]—{i} or {0, Eju(—, T
T n
(5) cosec™1x x| >1 -=,=|-{0}
2 2
(6) cot™1x xeR (0, )
From the above discussions following IMPORTANT points can be concluded:
)] All the inverse trigonometric functions represent an angle.
(i)  If x>0, then all six inverse trigonometric functions viz sin"1x, cos™* x, tan"1x, sec™x, cosec™'x,

cot™1x represent an acute angle.
(iii)  Ifx <0, thensin lx, tan1x & cosec™'x represent an angle from —m/2 to 0 (IVth quadrant)
(iv) If x < 0, then cos™! x, cot™x & sec™1x represent an obtuse angle. (II"d quadrant)
(v) [1I"d quadrant is never used in range of inverse trigonometric function.

Illustration 3:

Domain of the functiony = {/sin""(log, X)

(A) [1,2] (B) [-1,2] @ [-22] (D) [-3,3]
Ans. (A)
Solution:
sin"!(log,x) >0 & —1 <log,x < 1&x >0
0 < sin"!(log, x) < g
0<(logyx)<1
1<x<2
D =[1,2]
Illustration 4:
. . - 2_3[)(] .
Domain of the function f(x) = sin 2 (Where [.] is G.I.F.)
Ans. (C)
Solution:
2-3 2
—13#31::—432—3&]S4=>—6S—3[x]£2=>—§s[x]<2
[x]=0,1,2 .. x€][0,3)
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Illustration 5:
. . - X _3 .
Domain of the function y = sin > + logio(4 — x) is

(A) [1, 4] (B) [-4, 4] (C)[1,4) (D) (0,4)
Ans. (C)
Solution:

y=sin" (XT_?’) +log,,(4—X)

-435%§s1 4—x>0

-2<x—-3<2 x <4

1<x<5
D; =[1,5] D, = (-,4) ~D=D;NnD,
D = [1,4)

Illustration 6:

Domain of the function f(x) = sin!(|Jx — 1] — 2) is

@) [-2,00u[24] (B)[-2-1U[L4] (C)(-2.4) (D) [-2,4]
Ans. (A)

Solution:

—1<|x—-1/-2<1

1<|x—1|<3

x—1€ [-3,-1]U[1,3]

x € [-2,0] U [2,4]

Illustration 7:

X x—1
Domain of the function f(x) = cos™! (Tj + cosec™? Tj is

10 10 10
(A) [3,) (B) [3; ?} (©) {—3. ?} (D) [0' g}

Ans. (B)
Solution:
6—-3X
4
—4<6-3x<4
-10<-3x< -2
2<3x<10

-1< <1

x—1<-2orx—1>=2
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x<—1lorx=3

D, = (—,—1] U [3, )

~D=D,ND,

fo2]

Illustration 8:

Range of sin"1x + cosec™

(A) {~m,m}

Ans. (A)
Solution:

Domain of sin"lxis [-1,1]

domain of cosec 1 x is (—oo, —1] U [1, o)
common domain is {—1, 1} only

range = sin"*(-1) + cosec’!(-1) = —m
or sin"!(1) + cosec!(1) ==

Hence, range = {—m, 7}

Illustration 9:

(B) (=7, m)

(D) none of these

T
o]

Domain of f(x) = sin"?(2x — 2) + Jlogm X is, (where {.} represents fractional part function):-

13
(4) [z'ﬂ

Ans. (B)
Solution:

—-1<2x-2<1&0<x<1

Iox<l
2 2

. 1
Intersection E <x<l1

Illustration 10:
Find domain & range of y = tan‘l(\/E)

Solution:
Df : [0, OO)

tan’ (\/; )

&0<x<1
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Illustration 11:

Find domain & range of y = sin"1(x) + cos™1(x) + tan™1(x)
Solution:

Dix€[-11]&x €[-1,1]&x €R

=>x €[-1,1]

- Dpi[-1,1]

T

—+ tan"1(x)
N4

(_ 1!1)

2

Illustration 12:
. 1] o2, 1 42 1 : .
The range of the function f(x) = sin X"+ 3 + cos X r where [.] is the greatest integer

function, is:

Ans.{m}
Solution:

1 1
fx) = sin‘{ X + E} + cos™! {xz —ﬂ

Domain:-1 < {Xz—l} < 1=>x€| - E,\/E
2 2 \2
1
And- 1< {xﬁ—} <l=xE€ _\ﬁ\ﬁ
2 2 \2
= domainis x € —\/g,\/E orxze{o,ﬁj
2 \2 2
N 2 1
If(i)x° € O,E ,thenf(x) =mn
oy 2 1
If (ii) x“ € E'l ,then f(x) ==

If (iii) x% € {1%} ,then f(x) = m = range = {r}
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Illustration 13:

1 .
is:

The domain of the function f(x) = J

(A) (=1,0)

Y Y
(@ (=10]- { —g;—E}
Ans. (D)
Solution:

_ 1
f@x)= \/(|X| —1)cos"l(2x+ 1).tan3x

(|X| - l)cos’1 (2x+1).tan3x

(B) (—1,0) - {—g }

o[z

Here—-1<2x4+1<1=>-2<2x<0=>-1<x<0

=>xe[-1,0)

Butx=-1as |x]|—-1+#0
“xe(-1,0)

forx € (-1,0), (Jx| — 1] is -ve
SLtan3x < 0

O>3x>—E or x € —E,O
2 6

Domain: (—E, Oj Nn(-1,0)= [—E, Oj
6 6

Illustration 14:

Let D = [- 1,1] is the domain of the following functions, state which of them are injective.

(B) g(x) = x°

(D) k(x) = sin (mx/2)

tan" L x=0
(A) f(x) =
1 X=0
(C) h(x) = sin2x
Ans. (B,D)
Solution:
Domain D € [-1,1]
1
tan"'— x=z0
(A) f(x) = an X many -one
1 X=0
y
3
T
-1 4
0
_I
4

[96]
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(B) g(x) = x3 one - one
y
~1 i
L Sx
0 1
(C) h(x) = sin 2x many - one
Y4
s +1
2 .
; X
--0 n
X
(D) k(x) = sin(%j one-one function

Illustration 15:

Consider f(x) = sin"}[2x] + cos™([x] - 1) (where [.] denotes greatest integer function.) If domain of f (x)
is [a, b) & the range of f(x) is {c,d} thena + b + % is equal to (where ¢ < d)

Ans. (4)

Solution:

f(x) = sin"}[2x] + cos™([x] — 1)

1< [2x]<1&-1<[x]-1<1

=-1<2x<2&0<[x] <2

:>—%£x<1 &0<x<3

=0<x<1 Domain
=>[x]=0=0<2x<2

=[2x] =0o0r1

Now f(x) = sin™1[2x] + cos™! (- 1)

T 3r
=|0or— |[+mt=mor =
[ 2] 2

= a+b+ﬁ=1+3=4
c

Illustration 16:

The value of cos{sin1 [1 f 3_8\/§J+2cosl[ #D is equal to -

1
(A1 (B) -1 @3 (D)0

Ans.(D)
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Solution:

\/3—J§ :\/6—2J§ _(5-1)

8 16 4

sint (Ej _T

4 | 10

3+\/§ T

Similarly, cos™ 8 ~:

3. Properties of Inverse Circular Functions:
3.1 Property -1
) y = sin (sin"lx) = x

x €[-11],y € [-1,1]

V A
//”f~
) 45°
> X
-1 1
-1
(i) y=cos(costx)=x
x€[-11],y € [-1,1]
/\y
1 --------- 1
% :
3
45° X .
-1 0 +1 x
--------- -1
(iii) y=tan(tanlx) =x
xeRyelR
/\y
ﬂ/’*
45°
>x

[98]
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(iv) vy = cot(cotlx) =x,

xeRyelR
/\y
Ry
3
/ O 7 X
(v) y = cosec(cosec™t x) = x
Ix|>1,|y|>1

(vi) y=sec(sec’lx)=x
x| >1;]y[>1

Note: All the above functions are aperiodic.
Illustration 17:
Evaluate the following:
(i) sin(cos™113/5) (i) cos(tan~1 13/4)
Solution:
(i) Let cos™* 3/5 =6. Then,
cosf =3/5 =>sinf =4/5 .. sin(cos™113/5)=sinf =4/5
(ii)  Lettan™'3/4 =6.Then,
tand = 3/4
1

:>cos€=i aSCOSzez—z
5 1+tan“0

} . cos(tan™13/4) =cos @ = 4/5

www.allen.in [99]
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Illustration 18:

(1) sin [g —sin™ (—%D (2) tan {2 tan™ %— g}

Solution:

(1) sin [g —sin™ (_71)} = Sin(g —[—%D = sin%E = g

(2) Let tan™ (%j =0=tan0=

Ul -

_ 2X =
tan(ZG—Esz and tan20= 5 =% (- tan@ =é )

4 1+tan260 1_i
25
5
T E_l 7
:>tan(29—zj:—5:_E
1+—
12

Illustration 19:

Prove that sec? (tan~! 2) + cosec?(cot™13) = 15
Solution:

We have,

sec?(tan™12) + cosec? (cot™13)

fon' 2 st <[ 2| oo

= {sec(sec™? \/g)}z + {cosec(cosec'1xfﬁ)}2 = (\/5)2 + (\/ﬁ)z =15
3.2 Property -2

(i) y=sin!(sinx),x e R, ye {—g,g} periodic with period 2 and it is an odd function.

T
—T—=X,~T<X<——
2

- . T
sin"'(sinx)={x —o X<

I 2
2 4 N gy
2 4
I 3 N2 3n 7
B 45° 2 _
0 I n mo x
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(ii) y =cos1(cosx),x € R,y € [0,7], periodic with period 27 and it is an even function.
-X , —m<X<0
cos '(cosX) =
X , 0<x<n
y N
T
+
A s S <
x N L2y <
+ - >
v 2 N
N &
—27 - o 0 n T 21 x
2 2

(iii) y=tan!(tanx) x € R —{(2n—1)g,n EI}; ye(—g,gj , periodic with period & and it is an odd

function.
3n T
X+T , ——<X<——
2
tan ' (tanx) =+ X ,  ——<X<=
T 3
X—T , —<X<—
2
/\y
"
A ~ 2 A A
I I I VA
I I 7 N
I I I P I
I | | Q ] 27 R
—27 i I 0 T T | 37 T
I~ I I ey
i B 2 |2
I I I I
d o’ — J
2

(iv) y=cotl(cotx),x e R-{nmnel}, y € (0, n), periodic with period m and neither even nor odd
function.

X+n , —t<X<0
cot'(cotx)=<x , 0<Xx<m

X—T , T<X<2m

| o S ——
=]
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(v) y =cosec! (cosecx),x e R-{nm,nel} ye [—g,O]u(O,g} , is periodic with period 2m and it is

an odd function.

y
A
s B W,
N —| 7 N
\ Z 2N 2> B_n /~§~
> 2 45° N, 2 7
A
3 —T\Z) o T =n 2n X
- 5
T
2

(vi)  y=sec!(secx),yis periodic with period 2 and it is an even function.

X e R—{(Zn—l)gn GI}, ye{O,gju(g,n}

¥y /
Y
§ 2 r 7
" | N T ) | 8
s =12 A1 R®
N i i i i N
P AN
: 1 | : N
. 3Ix -7 0 T T 3 27 X
2 2 2 2
Illustration 20:
The value of sin~1(—/3/2) + cos " (cos(7m/6)) is -
(A) 5m/6 (Bym/2 (C)3m/2 (D) none of these
Ans.(B)
Solution:

sin™?! (—\/§/2) =-sin?! (\/3_’/2) =-1/3

and cosY(cos (7m/ 6) =cos !cos (2m — 5m/6) = cos~ ! cos (57/6) = 51/6

Hence sin~*(—v/3/2) + cos~1(cos 7m /6) = —§+5z7E =§
Illustration 21:

Evaluate the following:

(i) sin~1(sin 10) (ii) tan~!(tan(—6))

Solution:
(i) We know that sin~!(sin8) = 0,if-w/2< 0 < m/2
Here, 8 = 10 radians which does not lie between —7/2 and /2

But, 3 — @ i.e., 3™ — 10 lie between - r and I

Also, sin(37-10) =sin 10
. sin71(sin 10) = sin~(sin (3w - 10))=(37 - 10)
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(i) We know that,
tan"!(tanf) = 0, if -7 /2 < 6 < /2. Here, 8 = —6, radians which does not lie between —m/2 and
/2. We find that 2 — 6 lies between —m/2 and /2 such that;
tan(2m- 6)=—tan 6 = tan(—6)
.. tan"!(tan(—6)) = tan"(tan(2m — 6)) = (2w — 6)
Illustration 22:
Evaluate the following:
cot™1(cot 4)
Solution:
cot™1(cot 4) = cot I (cot(m + (4 — m))) = cot™ (cot(4 — m)) = (4 — m)
Illustration 23:

.7
The principle value of cos™ (—sm ?ch is -

(A) 5?“ (B) %E (o) (D) none of these

w|a

Solution:
Ans. (C)

T 4 . (7n T .4 . [7n Tom
Z—sin?| —=sin| == | |= =+sin"'sin| — | = ==
2 6 2 6 2 6

Illustration 24:

4 . A4Am 1 4 1 4t |
sin sm7 +cos cos7 +tan tan7 is equal to -

r
3

8n 41 12n
A B) — C) — D) —/
(A)m (B) 7 €) ; (D) =
Ans.(C)
Solution:
T 4r
SE<—<
2 7

Illustration 25:

Identify the correct statement(s) -

47
(A) tan™ tan[7 nj is negative (B) cos™!(cos(1 + sinx)) = 1 + sinx forall x € R

23 23
(C) sin™ (sin ?ﬂ}rcos1 (cos Tnj =7 (D)tan™'2 > cot™ 2

Ans. (A,B,C,D)

www.allen.in [103]



ALLEN JEE (Main + Advanced) : Mathematics

Solution:
(A) tan’ (tan(ﬂ —7TCD __2n
7 7

(B) 1+sinxe[02],VxeR
= cos 1(cos(1 + sinx)) = 1 + sinx

(C) sin™! sin@ =sin'| sin Sn—@ _2n
5 5 5

1 23m 4 3n 3n

cos | cos— |=cos | cos| 4n+— | |=—

5 5 5

2n 3%
_+_:
5 5

(D) tan"12 > g—tan‘1 2o tan'2 >g & tan™! 2 > tan™'1 which is true

3.3 Property -3
/s

(i) sintx +costx = S x| <1
i

(i) tanlx +cotlx = > xelR
T

iii cosec lx +seclx =—; x| =1
2

3.4 Property -4

(i) sin"l(—x) = -sin"l x; lx] <1

(i) cosec-(-x) = - cosec™! x; x| >1

(iii)  tan!(-x) =-tanlx; xeR

(iv) cotl (-x) =m-cotlx; xe R

\% cos1(-x)=mn-cos 'x; x| <1

v)

(vi) sec!(-x)=mn-seclx; x| >1

Illustration 26:
Lety = cos™'x + cot™lx, theny can be equal to -

T T 37 11x
(A) . (B) > (9] > (D) o
Ans. (B,C)
Solution:

y = cosx + cot™lx
Domain of y is x € [—1,1]

"> both cos™1x & cot™lx are decreasing

=y =cos (-1)+cos ' (-1)

Ymin = c0s™1(1) + cot™1(1)= 0+%

Lyl 7
4’ 4

= (B),(C) are correct.
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3.5 Property -5

(i) cosec’! x =sin™?! z ; |x] =1
x
(i) seclx = cos™! %; |x] =1
tan! 1 ;x>0
(i)  cot™ x= X
41
m+tan — ; X<0
X
3.6 Property -6
tan' 25 where x>0,y>0&xy<1
1-xy
(i) (@) tan'x +tanly = {m+tan’ ;Ly where x>0,y>0&xy>1
g, where Xx>0,y>0&xy=1
(b) tanlx -tanly =tan?! X=Y wherex >0, y >0
1+xy
1 -1 -1, — -1 x+y+Z_xyZ
(c) tan-lx + tan™" y + tan™" z = tan [—1—xy—yz—zx]

ifx>0y>0z>0&xy+yz+zx<1
sin’l[x\ll—y2 +yV1-x’]  wherex>0,y>08& (x* +y?) < 1

(ii) (@) sin” x+sin'y =
Tc—sin’l[x\/l—y2 +yv1-x*] where x> 0,y>0 &x2+y> > 1

(b)  sintx-sin"'y =sin"! [x\/1—y2%—yV1—x2] where x >0,y >0
(i) (@)  costx+costy=cos?![xy—Vv1—x2/1—y%] where x>0,y >0

cos‘l(xy+\/1—x2,/1—y2); X<y, X, y>0
—cos‘l(xy+\/1—x2~/1—y2); X>Y, X, y>0

Note: In the above results x & y are taken positive. In case if these are given as negative, we first apply

(b) costx-cosly=

P-4 and then use above results.

Illustration 27:

1 1 2
-11 -1 L _ -14
Prove that tan 7+tan 13—tan 9
Solution:
L.H.S.=t ‘11+t 11
.H.S.=tan - an 13
1 1
7 13 X+Yy
—tan'{-Z 13 v tan' X+tan'y=tan'| — |;if xy<1
1 1 1-xy
1-=x—
7 13
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Illustration 28:
1 1 1 1
Prove that tan' =+ tan —+tan =+ tan"' — ==
5 7 3 8 4
Solution:

(tan1 1 +tan! lj + (tan1 1 +tan! lj
5 7 3 8

—tan!| =27 |+tan'| 3-8 |_tan (ij +tan™ (Ej
11 17

+
—tan!| 17 23 |_ian! (%J =tan” (1)="

Illustration 29:

12 4
Prove that sin" == +cot " —+tan™’ 63 _ T
13 3 16

Solution:
We have,
12 .4 .63
sin - —+4cos —+tan " —
13 5 16
=tan! 12 +tan! §+ tan’ 63 “+ sin! 12 _ tan™ 2and cos™ 4_ tan™ 3
5 4 16 13 5 5 4

12 3

7+7 _
—nitan{—S 4 +tan1i—z v tan”' X+tan'y=m+tan” leij,if xy>1}

L, 63

=m—tan™ §+ tan
16 16

['.'tan’1 (-x)=—tan™" X:' =7

Illustration 30:

Prove that: cos™ 12 +sin! 3_ sin’ 56
13 5 65

Solution:

We have, L.H.S. = cos™ 12 +sin™! 3 =tan™ S +tan! 3
13 5 12 4

‘rcos! 12 =tan' ) & si
13 12

%]

z

=

iR
7~ N\
Ul w
N

Il

ot

Q

=]

AN
VR
S w
N—
1

5.3
LHS. =tan| 12 4 :tan—l(sﬁ]
1—£><§ 33
12 4
R.H.S. = sin™* 56 —tan! 56
65 33

L.H.S. =R.H.S. Hence Proved
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Illustration 31:
Which of the following is true -

(A) cos™ 1/HTX:sin1 ,/1;2)( Vxe[-1,1]  (B) cos™ ,fler—X:2cosl X Vxe[-1,1]
(C) sin™ /%zécoslx vxe[-1,1] (D) sin™ /1;2)(:%sin1 X ¥xe[-1, 1]

Ans. (A, Q)
Solution:

Let cos™'x =0 € [0, 7]

= cos!, /ﬂ =cos ™ (cos gj _9_ lcos’1 X
2 2 2 2
also sin™, /% =sin! (singj :%cosl X

A, C are correct.
Illustration 32:

If 6 = tan"!(2tan?6) — %Sin_1 (—Sizlgoige)then find the sum of all possible values of tan®.
Solution:
0 = tan'l(ZtanZH) —lsin‘l (ﬂj = 0 = tan_l(Ztanze) _lsin—l ( 6tan? j

2 5+4cos20 2 9+tan’0

1 Z(tanGJ 2 1
= 0 = tan"!(2tan%6) —Esin’1 3 J 5= tan™!(2tan?6) —Etan’1 (gtan ej

2
1+(1tan6j
3
-1 2 a1 :
= 0 = tan " (2tan“f) —tan (gtanﬁj (i)
taking tangent on both sides
2 —_—

— tang=0BN 07N _ ) 49— 6tan? 0 + 4tan6 = 0

3+2tan’0
= 2tanf (tan®0 -3tanf +2) = 0= 2tanf (tanf — 1)? (tanf +2) =0
= tan 6 = 0,1, —2 which satisfy equation (i)
SLsum=0+1-2= -1
Illustration 33:

If sin™ [é}rsinl [, /1 —§j+tan1 (y) :2?7[ , then

(A) Maximum value of x? + y? is 43—9 (B) Maximum value of x? + y? is 4

(C) Minimum value of x? + y? is % (D) Minimum value of x% + y? is 3

Ans. (A,Q)
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Solution:

sin'l( 1—1]:9 — sinf=,[1-% p

[ V"2 ) &
2 1 .

§+tan‘1y=?7E S y=—=>=0<x<4

NR) [ x
49 4

Max. value of x2 + y? is 3

1
Min. value of x2 + y?is 3

Illustration 34:

2x+1
x+1

) +tan™?! (Zxx_—ll) = 2tan"!(x + 1) where x; < x, < x5 then

Let x;, X,, x3 be the solution of tan™?! (
2x; + x, + x2 is equal to

Ans. (1)

Solution:

Leta+ f =2y (1)

where tana=2x+1,tanﬁ=ﬂ &tany=x+1
X+1 x—1

Taking tan in (i) we get

tana +tanf 2tany
1—tanatanﬁ=1—tan2y
2x+1+2x—1
x+1  x—-1 _ 2(x+1) 2x = x—-1+2x*+x-1 _ 2(x+1)
4x* -1 1—(x+1) T X 1-4x+1 | o _2x
X1

2(2x*-1)  2(x+1)
= 2 = 2
-3X —(x+2x)

x=0
Or2x3 +4x? —x — 2 =3x%+3x
=2x3+x?-4x-2=0=x%Q2x+1)—-22x+1)=0

= @?2-2)2x+1) =0=>x=+2,—2o0r x=—%
x = —VJ2 is rejected
-+ it does not satisfy (i)

— xlz_%,xz=0&x3=\/§:>2x1+x2+x§=1
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4. Simplified Inverse Trigonometric Functions:

2tan”" X if  |x|<1
(a) y=f(x):sin1[ ijz n—2tan'x if x>1
—(n+2tan' x) if x<-1

AV

N

2tan'x if x>0
—2tan'x if x<0

(b) y=f(x)=co§4(1_sz:

+ X

yl\

2tan”' X if |x<1
=| n+2tan'x if x<-1
—(n—-2tan" x) if x>1

2

(0 y=f(x)=tan™’ 12X

oy
2

7\
G———————————%
=

Oc—————j———— ——Q
\
=
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Illustration 35:

11 1 31
Prove that: 2tan ' =+tan ' ==tan' ==
2 7 17
Solution:
1 1
We have, 2tan™ =+tan ' =
2 7
2% l 1
=tan 22 +tan~ — { 2tan " X=tan ( jlf 1<X<1}
1 7 -
1-| =
2)
4.1
=tan ' —+tan ' ==tan 3 7 \_tan 31
1
1-—x=
7

Illustration 36:

Prove that tan™ /X :lcos'1 1-x ,Xe[O,l]
2 1+X

Solution:
2
_ Jx
We have, 1cos'l(l—szlcos ( )2 =1><2tan'1«/;=tan‘1 Jx.
2 1+X 2 (\/;) 2
Alter: Putting v/x = tan 6, we have = 0 < {O,Z}
RHS = Lcos | 1% |2 Lcos | 12 1-tan’6 1 cos ' (cos20)=0 29€|:0,£jl
2 1+x) 2 1+ tan? 6 2 2
= tan"'+vx = LHS
—(n+3sin”' x) if —1£x£—%
. . ) 1 1
(d) y=/f(x)=sin1(3x-4x3) = 3sin™ X if _ES XSE
. . 1
n—3sin~ X if ESXSl
(e) y = f(x) = cos™'(4x> — 3x) y
3cos ' x—2n if —1SXS—%
=|2n—3cos ' x if —1 XSl
2 2
» . 1
3cos X if ESXSl
- L ' X
\/§ 1

2
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—
IN

—(m+2sint x)

sin”’ (Zxxll —x? ) ={2sin™" X

0

-

IN
x

n—2sin' x

-

A
- §I|"‘

IA
>

IA
[EnN

na| g

IA

=l

__§]|+—\

cos(2x*-1)

(8)

N

/
)
S

f\,

2cos ' x  0<x<1
2n—2cos ' x —-1<x<0

y/
&

LS

fl >

Illustration 37:

1 1 1
Prove that: 4tan”' =—tan' —+tan™" 5"

N

Solution:

1
4tan™ 1 —tan! 1 +tan! 1. 2<2tan ' =}—tan™’
5 70 99 5

L1 1
—+tan "~ —
70 99

2x1/5
1-(1/5)°

Z{tan'1

=2tan’ S tan™ 1
12 70

}—tan
1

—tan'—}=tan"'
99

ot 120

=tan

29

6931

-1

119 239

1 41
—+tan —
70

=V

99

s2tan ' X

-1

2X

4 1
tan ' —— =tan

_Xz’

2x5/12
1-(5/12)

-1

119 239 (_

}—tan‘1 =27

if | x|<1

120 1

120 1
R
119 239
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Illustration 38:

Prove that: 2tan™ 1 +sect ﬂ +2tan! 1=
5 7 8 4
Solution:
2tan” %+sec 15V2 ——+2tan” 2 tan” —+tar1’1 %}+sec1¥

1 1
+
5 8 |, tan ['.'sec’1 X=tan ' /x* — 1}
1- 1 1
5 8

1

=2tan!

:2tan’15+ta —=2tan™ —+tan
39 3

7
=tan™ L/BZ ftan” L [ 2tan' x=tan"' —, if| x|< 1}
1-(1/3) 7
3.1
=tan' 3 +tan! 1_ tan™ 7 \_tant1="
7 EN 4

5. Equation and Identities Involving ITF:
Illustration 39:

A
Solve sin™!(x? - 2x + 1) +cos™1(x? - x) = >
Solution:

sin™! (f (x)) + cos™! (g (x)) =§<:>f(x) =g(x)and-1<f(x),g(x) <1

x?-2x+1=x?-x< x=1,accepted as a solution
Illustration 40:

Find the value of cos(2 cos™! x + sin™ x) when x = %

Solution:

1 1 1 1 1
cos| 2cos' =+sin"' = | = cos| cos ' =+sin' =+cos' =
5 5 5 5 5

(TE ) 1} ! ( 1(1)J !
= cos| —+cos — | =-sin| cos™ | = (1)
2 5 5

Aliter : Let cos™ 1 0= cos0= 1 and 0 € (O, Ej
5 5 2
24
.. Sinf= ——
5
. sin"!(sin ©) = sin™? (%J ..(ii)
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0e (0, Ej
2

= sin"1(sin 8) = 0
.. equation (ii) can be written as

0 =sin?! (@J
5

‘+ 0=cos! (l]
5

= cos™! [lj =sin! (@J
5 5
Now equation (i) can be written as y = - sin {sin1 (g}} ...(iii)

g €[-1,1] -, sin {sin1 (@j} - N2t

5 5

.. from equation (iii), we get y = -

SE
N

Illustration 41:
. . -1 -1 Pp— -1 1 _ T
Find value of x if cos™ (- x) + tan™" (- x) - 2sin™~(x) + sec vl for |x| < 1.

Solution:

s

- cos 1 (x) - tan"(x) - 2sin"!(x) + cos ™1 (—x) =

T -cos  (x) -tan1(x) - 2sin"1(x) + m - cos7(x) =g

. T
27 - 2(sin-1x + cos-1x) - n =tan-1x

2n-m- g =tan-lx = tan-1x = 5%[ . Hence no solution

Illustration 42:

The value of 'a’ for which ax + sin™!(4x — x? — 5) + cos ! (4x — x?> — 5) = 0 has a real solution, is -
(A) —g (B) —% (9] % (D) infinitely many solutions
Ans. (B)

Solution:

Given is

ax +sinH{—1—(x —2)?} +cos™H{-1-(x—-2)?}=0

re1<-1-(x—2)2< 1=>x=2

so, 2a+£=0 = a=—E
2 4
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Illustration 43:

The value of x that satisfies tan-1(tan3) = tanZx is -

(A)3-m (B) Vn-3 (C) V2n-3 (D) not possible
Ans. (D)
Solution:

tan2x = tan-!(tan 3)
tanl(tan3)=3 -7 3 /o
tanx=3—m /‘ E/ﬁ

2

but 3 — mis (-ve)

hence not possible.
Illustration 44:

3 1
Number of values of x satisfying tan™! x + tan"*(1-x) = %tan(Ztan1 Ej is-

(A)o (B)1 Q2 (D) Infinite
Ans.(C)
Solution:

tanlx +tan"}(1- x) = i—Ztanze , where tan0 = %

1
3 2.5 .
= tan"' X+tan '(1-X)="—| —& |==
16 1_1 4
4
X+1-X
1-X+X

Illustration 45:
T
Iftan"'y = 4 tan"lx, (| X|< tang), find y as an algebraic function of x and hence prove that tan 3 is a root

of the equation x*-6x% + 1 = 0.
Solution:
We have tan™'y = 4tan™lx

2X

= tan"ly = 2tan’! - (as|x| < 1)
—X
4x
—tan ' — 12X Ax(1-x) (as 2 <1j
4 xt-6x*+1 1-x°
(1-x*)
o 4x(1-x%)
xt—6x"+1
If x = tan~
8

= tan'y=4tan’ X=g = yis not defined = x*-6x%2 + 1 =0
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Illustration 46:
Let °°C;s + 5°°Ci4 +10°°C;3 +10°°C;, + 5°°C;; + °°C; = *°C,
and °Cs + ©Cs + 7Cs+ e +54Cs=55Cy, p, q < 30.

On the basis of above information, answer the following questions:
(i) sin”" sin (( p+ q)%} +cos ' cos(p)+tan " tan(q) equals

13n 257 11x
A) —-9 B) 21-— C) —-9
(A) 2 (B) 2 (9] 2

271
D) —-21
(D) 2

(i) If sint(x-x2+x3-x*+....00)+cosT(x2+x3+xt+....00) = [p—2q—1)%,(|x| <1) then

number of possible real value(s) of x is

(D) more than 3

(A1 (B) 2 @3
(iii) Iftan!(2x) + tan!(3x) = % , then sum of all possible real value(s) of x is
5
(A)-1 ®)- > (©0

Solution:

™) <

5C°%Cis + 3C1%%C 4 + °C,%0C 3+ 3C3°0C; + 3C4 + 3°Cy; + C5 5°C;0 = >3Cy5

sop =15
5Cs+ %Cs+ "Co+vnnnnnnnn. + 5*Cs = 55C
q="56
(i) Ans.(B)
sin' sin(15+6)= =sin™ sinﬁ=5n—zﬁ=—E
4 4 4
cos tcos(15) = 15-4n
tan " tan(6)=6-2x
(i) Ans.(A)
sint(x-x2 + x3-x* + ... )+ cosH(x? + x3 +x* + ... o) =
RE .
sin”'| —— |+cos == = =
1+X 1-x/) 2 1+x 1-x
x=0 or L:L
1+x 1-x

=>1-x=x%+x
=x2+2x-1=0
2448
2
=>x=-1++2
=x=-14++2x=-1—-+2 (rejected)

so, one value of x.

=X
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(iii) Ans.(D)
T
tan"1(2x) + tan"'(3x) = 1
2X+3X _q
1-6x%>
= 6x%+5x-1=0

= x:%, x =-1 (rejected)

so, one value of x.

6. Simultaneous Inequations and Inequations Involving I.T.F.
For|x|<1, [|y|=1

sin' x>sin"'y
X>y & 4 .
Cos™ X<cos Yy

and forx,y €R
x>yotanlx>tanly
Illustration 47:

2x*+3
The solution of the inequality & - sin-lsin( j <3-

x* +1
(A) [2, 3] (B) (2, 3] (QR* (D) R
Ans. (D)
Solution:
2xX*+3 _ 2(X*+1)+1 P
Xt +1 X’ +1 x*+1
0< 21 <1=2<2+ 21 <3
X +1 X“+1

g (2x2+3j 2x* +3
sin™* sin > =T- —

X +1 X +1

xX* +1

Given inequality becomes, 7 - (n - 2X+ 3) <3
2x2+3<3x%+3

x2>0 = x€R.

Illustration 48:

Find the complete solution set of sin-1(sin5) > x? - 4x.
Solution:

sin-1(sin5) > x2 - 4x = sin-1[sin (5 - 2n)] > x2 - 4x
=>x2-4x<5-2n=>x2-4x+(2n-5)<0

= 2-J9-2n<x<2+9-21 = xe(2-v9-2r, 2+9-2n)

[116]
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Illustration 49:

Find the complete solution set of [cot-1x]Z - 6[cot-1x] + 9 < 0, where [.] denotes the greatest integer
function.

Solution:

[cot-1x]2 - 6[cot-1x] +9 <0

= ([ecot1x] -3)2<0 = [cotlx] =3 => 3 <cot'lx <4 = x € (-, cot3]

Illustration 50:

n =« . .
If cot-1—> o ne N ,then the maximum value of n is -
T

(A)1 (B)5 9 (D) none of these
Ans. (B)
Solution:

1 N T
cot™l —>—
T

= cot(cot1 (EJJ < cot(Ej L B
T 6 T

=n < mV/3 = n<5.5 (approx.)

=~ n=>5 - (mEN)

7. Summation of Series Involving tan~! (1x+_xyy) = tan"lx — tan"ly

Illustration 51:
If A =2tan™*(2v2 — 1) and B = 3sin"*(1/3) + sin"(3/5), then show A > B.

Solution:
We have, A = 2tan"}(2v2 — 1) = 2tan"1(1.828)
=A>2tan*(V3) = A>2?Tc ()

also, we have, sin™* [1] <sin™ (lj — sin™ (lj I
3 2 3 6

= 3sin™ (1) <I
3 2

3
also, 3sin™" (ljzsin‘1 [3.1—4(1j j = sin™ [§j= sin~1(0.852)
3 3 3 27

= 3sin"1(1/3) < sin"}(v3/2)= 3sin"1(1/3) < /3
also, sin"*(3/5) = sin"1(0.6) < sin"}(¥3/2) = sin™'(3/5) < /3

2n

Hence, B = 3sin"1(1/3) +sin"1(3/5) < 3 (i)

From (i) and (ii), we have A > B.
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Illustration 52:

= 1

The value of Z:tan'1 [z—J is =, then 'a’ is equal to
n=1 n“-n+1 a

Ans. (2)

Solution:

T, =tan' 1 tant| 22072 —(n-1)
1+n(n-1) 1+n(n-1)
T, = tan"1(n) - tan 1 (n — 1)
T, = tan"1(1) — tan"1(0)
T, = tan"1(2) — tan"1(1)
T, =tan"'(n) —tanl(n — 1)
S, = tan"l(n)
T
S = tan"!(c0) = >

Illustration 53:

C X— C,—C C,—C C —C 1 X
Prove that: tan™ Gx=y +tan'| 2—L |+tan!| 2—% |+..+tan!| =—"L |4tan!| = |=tan!| =
Cy+X 1+c,c, 1+c,c, 1+c.cC,, C, y

Solution:

L.H.S.
C X~ c,—C c,—C c —C 1
tan | XY | pant| 27% [peant| 7% |4 ptant| S | pan | &
C,y+X 1+c,c, 1+c.C, 1+¢.Coy Gy
x_1
=tant| L& tan”'c,—tan™’ tan'c,—tan™ tan”' c,—tan" tan”!|
1+—.— -
y ¢

X 4 1 -1 -1 4 1
—tan | — |-tan ¢, +tan C ,+tan | —
c, c

n

= tan™' (%J —(cot‘1 c,+tan"' ¢, ) + (tan‘1 c,+cot™'c, )

—tant| X = E 4T tant| X |=RHS.
y) 2 2 y

Illustration 54:
If Ztanl( 4
n=1

n*+3
greatest integer function), is -
(A)-2 (B)-1 @0 (D)1
Ans.(B)

): n—tan’ 2—76 is satisfied by x € N, then the value of [sin’1 (cos X)] (where [.] denotes
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Solution:

n—tan Z

=1

=tan'1(1) tan™'(0)+tan” [ ]

o 3 o

:Tc+tan71 ﬂ
4—Xx(x+1)

e

[ ]Han (2)—tan (1)

X+1 X
2 2
+tan '{—4—%—
( ) rran (x+1)x
12 )%
4
41 X* +9x 26
—tan —:>2—=—:x=4
2 2(x*=x-=5) 7

again, [sin'1 (cos 4)] = [g —cos ™" (cos 4)} = {g —2m+ 4} =-1

Illustration 55:

Sum of series Y cot™(2"" +27") is equal to-

(A) 2

Ans. (B)

Solution:

Zcot 2™ 42 ™M)= Ztan

(B)

(9] §+ tan™' 2

(tarr™2 —tan ' 1)+ (tarr 4 — tar "2 )+ .00

T a T
=——tan (1)=—
2 ) 4

Illustration 56:

2
If tan" —+tan™'

(r-q)is
Ans. (7)

Solution:

2
T, =tan"!— = tan~!

n2

n
Y ant 2

2 4
ey +tan

1 . 2n+1 2n
——— |=Ytan!| ——
(Zml +2nj Z (1 2n 2n+1
2 2 L2
—2+tan —2+ ......... tan an—tan
nm+1D)—-n-1)
1+(n—-1D(n+1)
34
= tan™!18 + tan!17-tan"!1 = —tan™?! >

+tan™ —X+1 —tan™ —X_l
2 2

—tan! [lj
2

P
D) =+cot™2
( )4

Ztan '(2™)—tan"(2")

n=0

E, where p & g are co-prime, then

n=1
p—q=7
www.allen.in
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Illustration 57:

© 2
If ZCOt’1 (%} =tan' X , then x is equal to -
r=1

1 1 3
(A) > (B) 3 @3 (D) >

Ans. (C)
Solution:

. 1 2 o (r+2)-r
;tan ((Hl)zj_tan £1+r(r+2)]

=(tan™'3-tan'1) + (tan"'4 - tan"12) + (tan"'5 -tan™13) +..
.+ (tan"t'(n + 1) - tan"}(n- 1)) + (tan"!(n + 2)-tan"1n)

=tan'!(n+ 1) + tan"'(n + 2)-tan"!1-tan"12

= 2
Ztan‘1 = |= T T tan'1-tan'2=tan"13
(r+1) 2 2
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