Trigonometric Equations

Definition:

Trigonometric Equation:
An equation involving one or more trigonometrical ratios of unknown angles is called a trigonometric

equation.
eg. (i) sinx = % . (i) cos?x — 4sinx = 1
. There are millions and billions of solutions which satisfy say tanx = - 1 but our main object is to

write down those infinite solutions in one line.
. Since all trigonometric function are periodic and therefore solution of all trigonometric equation

can be generalised with the help of periodicity of trigonometric function.

Solution of Trigonometric Equation:

A value of the unknown angle which satisfies the given equation is called a solution of the trigonometric

equation.

(a) Principal solution: The solution of the trigonometric equation lying in the interval [0, 27).

(b) Particular solution: The solution of the trigonometric equation lying in the given interval.

(c) General solution: Since all the trigonometric functions are many one & periodic, hence there are
infinite values of 8 for which trigonometric functions have the same value. All such possible values
of 8 for which the given trigonometric function is satisfied is given by a general formula. Such a

general formula is called general solution of trigonometric equation.

Three Types of Solution
Principal solution Particular solution General
0<06<2m (Solution lying in given interval) solution

Illustration 1:

N| =

Find the principal solution of sinx =

Solution:

. 1
sinx = —
2

. . T . . 57
sinx = smg or sinx = sm?

s 5n
Hencex = — orx = —.
6 6
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Illustration 2:

1
Find the principal solution of sinx = —.
p p u 7z
Solution:
1
sinx = \/_f

. . T . . 3m
sinx = sin— or sinx = st

b 3n
Hencex = — orx = —.
4 4

General Solution of Standard Trigonometric Equations:
General Solutions of Some Trigonometric Equations (to be remembered):
(a) If sin & = 0,then 8 = nm, ¥n € I (set of integers)

(b) lfc059=0,then9=(2n+1)g,VnEI

(c) Iftan @ = 0,then 8 = nw,Vn €/

(d) Ifsin@® =sina,thend =nw + (-1)"a,vVn el

(e) Ifcos@ = cosa,thenf =2nmt +a, Vn€ [

() Iftanfd =tan a,then @ =nw+a, Yn€ [

(g) Ifsin?@ =sin? @ or cos? § = cos? e ortan? = tan? a,thend =nmw + a,Vn€ I

Special Cases:
o General solution of extreme values of sin x and cos x :

(i) Ifsin6 =1,thend = 2nm + g = (4n + 1) g,VnEI

(ii) Ifsin0=—1,then9=2n7r—g=(4n—1)g,VnEI

(iii) Ifcos@ =1thenf = 2nm, Vnel
(iv) Ifcos@=-1thenf =(2n+ 1)m, Vnel
. Frequently used derived results:
(i) sin(nt+6)=(-1)"sinf,Vn €|,
Hencesinnt =0V n € l.
(ii) cos(mr+0)=(-1)"cosf,Vnel,
Hence cosnmt = (-1)",vn € I.
(iii) Ifnisan odd integer, then
n-1
(a) sin(% + 9) =(~1) 2 cosH
nm -
Hence, sin7 =(-1) 2

n+1
(b) cos(n—zn 4 ej ~(~1) ¢ sin®

n+1

Hence, cos % =(-1)?%
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Illustration 3:

Solvesin 6 = l
2

Solution:

) 1 ) . T
.+ sin @ = — = sinf = sin—

S0 =nm+ (—1)ng,n €l
Illustration 4:

Solve: sec 20 = -

2
B

57n

Solution:
2
rsec20 =- —
3
NE
= c0s20 = - 7 = c0s20 = cos —
5

=20 =2nn + ?n,nelzeznni 5—n,n€I

Illustration 5:
Solve tanf =1
Solution:

‘s tand = 1

i i
tan0=tanZ =0=nnm+ —

(D)

,NEI

Types of Trigonometric Equations:

Type -1(a) Solving Trigonometric Equations by Factorisation.

eg (2sinx- cosx) (1 + cosx) = sin’x

: (2sinx - cosx) (1 + cosx) - (1- cos?x) = 0
(1 + cosx)(2sinx-cosx-1 4+ cosx) =0
(1 + cosx)(2sinx-1)=0

: 1
= cosx =-1 orsinx = >
= cosx =-1 =cosm > x =2nr+tn = (2n+ Dr,nel
1
or sinx=—=sin£:>x=kn+(—1)kﬁ,kel
2 6 6

Type -1 (b) Solving of Trigonometric Equation by Reducing it to a Quadratic Equation.

e.g. 6 - 10cosx

3sin?x

6 - 10cosx = 3 - 3cos?x = 3cos?x - 10cosx + 3 = 0
= (3cosx - 1) (cosx - 3) = 0= cosx = % orcosx = 3
Since cosx = 3isnotpossibleas- 1< cosx < 1
cosx = % = cos(cos1 %J = x = 2nmw + cos™! (%j,n €I
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Illustration 6:

If % sind, cosf and tané are in G.P. then the general solution for 6 is -

(A) Znnig (B) 2nnig Q) nnig (D) none of these

Ans. (A)
Solution:

Since, %sin 0, cos 6,tan 6 are in G.P.

—=cos?0 = %sin@.tan9:>6cos39+coszt9— 1=0
o (2cos 8- 1) (3cos?0 + 2cosB +1)=0

1
= cosf = > (other values of cos 6 are imaginary)

=cosf = cosg =0 =2nmw+ g,ne I.
Illustration 7:
1
Solve sin%6 — cosf = Z for 6 and write the values of 0 in the interval 0 < 0 < 2.

Solution:

The given equation can be written as
3

1
1 - cos?6 - cosf = Z:> cos?6 + cost9—4 =0

= 4c0s?0 + 4cosf - 3 = 0= (2cosf- 1)(2cosh +3) =0
3

1
=cosf = —,-—
2

cosf =-3/2isnot possibleas-1 < cosf < 1
. cosezl = cosezcosE = 9:2nn4_r£,n€ I
2 3 3

For the given interval, n = 0andn = 1.
T 5T

"33

Illustration 8:

=0

Find the number of solutions of tanx + secx = 2 cosx in [0, 2x].
Solution:
Here, tanx + secx = 2 cosx = sinx + 1 = 2 cos?x

1
= 2sin’x + sinx-1 = 0= sinx = 2 1

Butsinx =-1=x = 3771 for which tanx + secx = 2 cosx is not defined.
Thus sinx = l =>x = E,S—n
2 6 6

= number of solutions of tanx + secx = 2 cos x in [0,27] is 2.
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Illustration 9:

Solve the equation 5sin?x - 7sinx cosx + 16cos? x = 4

Solution:

To solve this equation, we use the trigonometric identity,

sin®x + cos?x = 1

Re-writing the given equation as,

5sin?x - 7sinx - cosx + 16cos?x = 4(sin%x + cos?x)

= sin?x - 7sinx cosx + 12cos? x = 0

dividing by cos?x on both sides we get,

tan?x - 7tanx + 12 =0

Now it can be factorized as:

(tanx -3)(tanx -4) =0

= tanx = 3,4

i.e., tanx = tan(tan™13) or tanx = tan(tan™! 4)

—Sx=nw+tan!3orx=nw+tanl 4,n €L

Type -2 Solving Trigonometric Equations by Introducing an Auxiliary Argument.
Consider,asin® + bcos8 = ¢ -(i)

.4 _b __C
h Ja?+b? Ja? +b? Jai+b?

equation (i) has a solution only if |c| < va*+b*

sin 0+ cos 0=

LetL =cos ¢, L

a’ +b? Ja’ +b?
by introducing this auxiliary argument ¢, equation (i) reduces to
_°
va+b?

Now this equation can be solved easily.

Illustration 10:
Find the number of distinct solutions of secx + tanx = /3, where 0 < x < 3.

=sing & ¢=tanlg

sin(0+¢) =

Solution:
Here, sec x + tanx = V3 = 1+ sinx = v/3cosx ,
Or+/3cosx - sinx = 1 ,,’ /3
dividing both sides by va? +b? i.e. V4 =2, we get ”/3,," v
NE) 1. 1 e
= —cCoSx - —sinx = — 3l 7 Y o
2 2 oo K
n n 1 ( nj 1
= COS—CO0S X—Ssin—sin X=— = cos| X+—| = — - \
6 6 2 6 »” \
As0< x< 3m N\
- - - 3t +m/6 ‘\57r/3
—<X+—=3n+— )
6 6
n w5t 7n n 3n 13n
S X+—=—,—, — DX =—,—,—
6 3 3 3 6 2 6

3n . )
Butatx = 7 , tanx and secx is not defined.

.. Total number of solutions are 2.
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Type -3 Solving Trigonometric Equations by Transforming Sum of Trigonometric
Functions into Product.
e.g. cos3x + sin2x - sin4x =0
cos3x - 2sinxcos3x =0
=  (cos3x) (1- 2sinx) =0
= cos3x = 0 orsinx = >
T . 1 LT
= co0s3x =0 =cos— or sinx = — =sin—
2 2 6

= 3x=2nm+ g orx =mm + (-1)™ T

2n
= sznig or x =mm+ (—1)mg;(n,me I

Illustration 11:

Solve : cosf + cos36 + cos56 + cos78 =0

Solution:

We have cos8 + cos76 + cos360 + cos50 = 0

= 2co0s46cos36 + 2cos40cosf = 0 = cos46(cos36 + cosh) =0
= cos46(2cos20cosf) = 0

= Eithercosé = 0= 6 = 2n, + D)n/2,n, €1

Orcos26 =0=0 = (2n2+1)£,n2 el

or cos40=0z9=(2n3+1)g, ns € I

Type -4 Solving Trigonometric Equations by Transforming a Product into Sum.
e.g. sin5x.cos3x = sin6x. cos2x
sin8x + sin2x = sin8x + sin4x
2sin2x .cos2x-sin2x =0

= sin2x(2cos2x-1) =0

1

= sinZ2x = 0 or cosZx = 2
: . 1 T
= sinZ2x = 0 = sin0 or cos2x = 2 = cos§

= 2x=nn+ (-1)"xX0n€lor2x=2mn +—,me [

w|a

nmw i
= x=7,n€Iorx=mnig,m€I

[78] www.allen.in



Trigonometric Equations ALLEN’

Illustration 12:
Solve : cosf cos26 cos30 = %; where 0<0< .
Solution:

1 1 1
3 (2cos6 cos30)cos20 = Z: (cos28 + cos46) cos20 = 2

1 1
= 2 [2c0s?20 + 2cos48 cos20] = 2 =1+ cos46 + 2cos48 cos20 = 1

. cos40 (1 + 2cos28) =0
cos48 =0 or (1+ 2cos28) =0
Now from the first equation: 2cos46 =0 = cos(m/2)

.40 = (n+%)n - 6=(2n+1)g,ne I

Forn=0,6:E; n=1, 9:3_n; n=2 9:5—n; n=3,9=7—TE (~0<6<nm
8 8 8 8

and from the second equation :

cos26 = —% = -cos(r/3) = cos(m — m/3) = cos (2m/3)

T
520 =2kn +2n/3 .. 0 =km ig,ke I

again for k=0, ng; k=1, 9:2_75 (-0<6<m

n w 3t 5t 2n 7n

Type -5 Solving Equations by a Change of Variable:
Equations of the form P(sinx + cosx, sinx.cosx) = 0, where P (y,z) is a polynomial, can be
solved by the substitution:
cosx+sinx=t = 14 2sinx.cosx = t2.
e.g.sinx + cosx = 1 + sin x.cos x.
put sinx + cosx = t = sin?x + cos?x + 2sinx .cosx = t?
= 2sinx cosx = t? - 1(~ sin®x + cos?x = 1)

. [tz —1]
—> SInX.CoSx = >

Substituting above result in given equation, we get :
P -1

t=1+ =2t=t’+1=t%-2t+1=0

S(E-D2=0=>t=1
=sinx+cosx=1

Dividing both sides by v1° +1° i.e. \/E, we get

:isinx + icosx = i = cosxcosE + sinx sinE—i

N N N N
= CoS X—E =cosE :>x—£= 2n1riE
4 4 4 4

= x =2nmorx = 2nmw + g = (4n+1)§,n€1
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Type -6 Solving Trigonometric Equations With the Use of the Boundness of the
Functions Involved.

X X
e.g. sin X(cosz—Zsin X)+(1+sinz—2cos X).cos x=0

. X . X

sinxcos— + cosxsin — +cosx = 2
4 4

. [ 5x

sin (Zj +cosx =2

= sin[%j =1 &cosx=1 (assind <1 & cosf < 1)

Now consider

cosx=1= x =2n,4m, 6m,8m......

. 5X 2n 107 18mn
andsin—=1=x = —,—,— ...
4 5 5 5
Common solution to above APs will be the AP having
First term = 2m

Common difference = LCM of 27 and 8?71 = % = 81

.. General solution will be general term of this AP i.e. 2mr + (8n)n,n € I
S>x=2@n+Dn,nel

Illustration 13:

Solve the equation (sinx + cosx)!*S1"2¥ = 2 when 0<x<m.

Solution:

We know, -+/a® +b* <asinf+bcos6<+a*+b? and-1 < sinf < 1.

<. (sinx + cosx) admits the maximum value as v/2

and (1 + sin 2x) admits the maximum value as 2.

Also (ﬁ)z =2.

<. the equation could hold only when, sinx + cosx = v/2 and 1 + sin 2x = 2

1

Now, sinx + cos x = V2 = cos(x—gj
T .
:>x=2n7r+z,n€I (i)

And1+sin2x =2 =sin2x =1 = Sing
m
=>2x=mn+(-1)™ g,m El=>x= 7n+(—1)mg ..(ii)

The value of x in [0, ] satisfying equations (i) and (ii) is x = g (whenn=0&m = 0)

Note: sin x + cos x = —v2 and 1 + sin 2x = 2 also satisfies but as x = 0, this solution is not in domain.
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Illustration 14:

1
Solve for x and y : 2°5°*\Jy? —y+1/2<1

Solution:

1

200 \Jy? —y+1/2<1 (i)

1 2 2
2005 (y—l) +(lj <1
2 2

1
Minimum value of 2’ x = 2

2 2
Minimum value of (y—lj +(l) = 1
2 2 2

1
= Minimum value of 2", /yz - y+% is 1

1 1 2 1 2
=> (i) is possible when 2¢os*x (y—Ej J{Ej =1

2

=cos*x=1landy =1/2 = cosx = +1= x = nm,wheren € [.

Hencex =nm,n€landy =1/2.

Type -7 Solution of Trigonometric Equation of the Form of f(x) =,/g(x)
Illustration 15:

The total number of solutions of cosx=+/1-sin2x in [0, 27] is equal to

(A) 2 (B)3 (@5 (D) none of these
Ans. (A)

Solution:

cosX=+/1-sin2x = |sinx - cos x|

(a) sinx < cosx = Xe[O,gju(%,Zn} (i)

Then the given equationiscos x = cosx - sinx = sinx = 0= x =m,2n
=>x = 27 [From Eq. (i)]

5
(b) sinx = cosx = Xe E,—n
4" 4

= COSXx =sinx - cosx
= tanx = 2
= x = tan"1(2) ..(ii)

Hence, there are two solutions.

www.allen.in
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Illustration 16:

The set of all x in (%TE%J satisfying |4 sin x - 1| < /5 is given by

n 3m T 3m © 31
RAETRT) B 1010 97970 D fth
( )[10 10} ( )(10 10] ( )( 10 10) (D) none of these
Ans. (C)
Solution:

We have |4 sinx - 1| <5
=-V5<4sinx-1<+5

= — J5-1 <sinx< J5+1
4 4
o T
= —SIN—<SIN X<COS—
10 5

. s . . T T
= SIn| —— [<SIn X<sIn| ———
[ 10} [2 5)
. T . . (3%
= SIn| ——— [<sSIn X<Ssin| —
(-5 csmn<sn( 5

T 3n
= Xe| -——,=
( 10 10}

Illustration 17:

If sin x + cosx = y+1 for x € [0, ], then
\/ y

(A)x =m/4 B)y=0 Qy=1 (D) x = 3m/4
Ans. (A, Q)
Solution:

y+122:> y+12\/§
y y
But sin x + cos x < V2

= y+l=2 and sin x + cos x = V2
y

=y = land sin x+= |=1 ory =1and x="1
4 4

Illustration 18:

J(sinx) +2"* cosx=0

Solution:
J(sinx) +2"* cosx=0
. /(sinx) >0and so cos x < 0,

Also sin x > 0 = x lies in 2nd quadrant
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Equation (i) can be rewritten as 2/* cosx = —m

On squaring, we get V2cos?x = sinx

= /2sin?x + sinx -v2 = 0= (v2sin x - 1)(sinx ++/2) = 0

sin x # -+/2, therefore sin x = 1/\/7

= x = 3m/4 and so, the general value of x is given by x = 2nw + 3n/4,n € Z
Illustration 19:

Equation +/1-sin2x =sinX has how many total numbers of solutions for x € [0,7/4].

Solution:
V1l —sin2x =sinx

= ,/(sinx — cos x)? = sinx

= |sinx - cosx| = sinx
= cosx-sinx = sinx

= 2sinx = cosx

1
= tan X= > which has only one solution for x € [0, /4] for these values of x.

Some More Solved Examples:
Illustration 20:

The most general solution of tanf = - 1 and cosf = L is:
2
7 7
(A)nn+f,n€l (B)nn+(—1)”f,n€1
7
(C)Znn+zn,nel (D)nn+(—1)”£,n€1
Ans. (C)
Solution:
tanf =-1= 9=3—n, 7_7: in [0, 2m]
4 4
7
cosf = L = 6=£, T in [0, 2]
J2 4’ 4
. 7
common value is x = n

7
general solution is 2n1'c+ZTc ,n € I
Illustration 21:

The most general value of 8 which satisfies both the equations tan § = /3 and cosec 8 = - % is-

4 2 4 2
(A)nm + ?n;ne I (B)nm+ ?n;nEI (C) 2nm + ?n;ne 1 (D)Znn+?n;nel

Ans. (C)

www.allen.in
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Solution:

tan® =3 andsinh = — ? are both satisfied for only one value of 8 = % ,0 € [0,2m]

4
.. general solution is 2nm + ?n ,nEI]

Illustration 22:
If0< x< 2r,0 < y < 2mandsinx + siny = 2 then the value of x + y is-

(A) (B) g (C) 3w (D) 0

Ans. (A)
Solution:

Assinx +siny =2,sinx =siny =1

x=f ,=F
S 2,y 5
Lxty=m

Illustration 23:

The solution set of equation cos®x = 1 + sin*x is
n
(Aynm,nel (B) 2nm,n el (O 4nmr,nel (D) %,nel

Ans. (B)

Solution:

cos®x = 1 + sin*x
Ascos®x <1
s.cosx=1,sinx =0
=>x=2nm,n €l
Illustration 24:

The general solution of the equation 2cos2x = 3.2cos?x — 4 is

(A)x =2nm,nel B)x=nm,nel
n n
(C)x=—n,nel (D)xz—n,nel
4 2

Ans. (B)
Solution:

2cos2x =6cos’x—4

=2 (2cos?x—1) =6cos?>x—4

=2cos’x=2=cos’x=1=x =nm.

Illustration 25:

The general solution of equation sinx + sin5x = sin2x + sin4x is :

2

n
n;nEI
3

nm nn nn
(A);,nel (B)?,nel (C)?,nel (D)
Ans. (C)
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Solution:
sinx + sinbx = sin2x + sin4x = 2sin 3x cos 2x = 2sin3x cos x
= sin3x =0 or cos2x =cosx =3x=nm or 2x=2nm *x

nm 2nm

= X=—, 2nn, —
3 3

= X= % (It includes all three possible solutions)

Illustration 26:
cos4x cos8x — cos5x cos9x = 0 if

(A) cosl2x = cos14x (B)sin13x = 0
(Q)sinx =0 (D) all of these
Ans. (D)

Solution:

cos4x cos8x — cosb5x cos9x = 0
= 2c0s4x cos8x = 2cos5x cos 9x = cos12x + cos4x = cosldx + cosédx
= 14x = 2nm + (12x) = 2x = 2nw or 26x = 2nw

=X =nm or rll—;t s.sinxk =0 or sinl3x =0
Illustration 27:

Ifx € {0 , g] the number of solutions of the equation sin 7x + sin 4x + sin x = 0 is:

(A)3 (B)5 (C)6 (D) 2
Ans. (B)

Solution:

sin7x +sin4x +sinx =0

= 2sin4x cos3x +sin4x =0

:>sin4x=00rcos3x=—%:4x=nn or 3x=2n1TiZ?TE
= F M 2t o %om o 2noAn
4 3 9 4 2 9 9

Illustration 28:
tan3Xx-tan2x

General solution of equation = 1lis
1+tan3x tan2X
T T
(A)nﬂ+z,nel (B)nn—z,nel COnr,nel (D) ¢
Ans. (D)
Solution:

tan3x—tan2x
1+tan3x tan2x

=1l=tan(3x—2x) =1

=>x=nmw + g,nEIButthen2x=2mr+g

at which tan 2x is undefined, so no solution is possible.
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Illustration 29:
General solution of equation 5 sinf + 2 cosf = 5 is

2
(A) ZnH—g,nEI (B) 2nm - 2a where a = tan‘17,n61
2
(Q) 2nm + g,nel (D) 2nm + 2awherea=tan‘1;,nel
Ans. (C)
Solution:

5sin@+2cosf@ =5

:>i51m9+ Lcost9= i:>singbsin6+cosqbcos€=

V29 J29 J29
= cos (0 -¢) = sin ¢ = cos (g—d)j:ﬁ—qb =2nmw + [g—q)J

5

V29
T

>0=2nt+ —+¢ + ¢

2

9=2nn+£,2nn— I + 2¢p =0 =2nw+ E,Znn— T + 2¢
2 2 2 2
i
For9=2nn—5 +2¢,

5
We have § = 2nm + 2 [(I)—%J =2nmw+ 2 (tan'1 E—tan'1 1)

>_q

=2nmw + 2 tan’! 2—5 = 2nmw+ 2tan™ [gj

1+-
2

3
S0 =2nm+ g or 2nm + 2a where tan™! 7 =«

Illustration 30:

n
If 2tan?x-5 secx- 1 = 0 has 7 different roots in [0, 771 ,n € N, then greatest value of n is

(A) 8 (B) 10 (C)13 (D) 15

Ans. (D)
Solution:
2tan’x —5secx-1=0

= 2(sec?x—1)-5secx—1=0
—=2sec’x-5secx-3=0
1_, -1

6
=>secx = —, 3,
2 2 2

[86]
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(s3]
=secx =3 secx;t?

1
=cosx = %: 7 solutions in {0, %}

.n=15
Illustration 31:
cos 30 1.
— =_if
2cos20-1 2

(A)ann+§,n€1 (B)8 = 2nm + g,nel

©80 = 2nw+ =X nel D)0 = nr+ =, nel
6 6

Ans. (B)
Solution:

cos30 1
2cos20-1 2
= 2(4 cos®0 —3cosf) =2(2cos?0—-1)—1
= 8c0s30 — 4 cos?0 —6cosf +3 =0

1

= (4 cos?0 —3)(2cos@—1)=0=cosf = 7 i;
But when cosf = ig
then2cos260-1=0
.. rejecting this value,

cosf = % isvalidonly = 0 = 2nn + g,nel

Illustration 32:

The equation sin3 8 = 4sin #.sin 260.sin 46 in 0 < 6 < m has:

(A) 2 real solutions  (B) 4 real solutions  (C) 6 real solutions (D) 8 real solutions.
Ans. (D)

Solution:

sin 36 = 4 sin 0 sin 20 sin 40

= sin 36 = (2 sin ) (2 sin 26 sin 40) = 3 sin - 4 sin®0 = 2 sin O (cos 20 - cos 66)
=3 - 4sin? 0 = 2(cos 26 - cos 60) orsinf = 0

=3-2(1-cos2080) = 2cos20-2cos60orsinf = 0

=1=-2cos60 =cos60 = ;orsine =0

.. sin@ = 0 or cos 66 = _71

ZHRi(ZnJ
3 _nm

=>0=nmorf= ———<= = —
6 3
So, eight solutions.
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Illustration 33:

Total number of solution of 16 *+16™"* = 10inx € [0, 3] is equal to-
(A) 4 (B)8 (©)12 (D) 16
Ans. (C)

Solution:

16coszx +161—C052X — 10

> 1
Let 16 =y, y+ 16 _ 10,y%-10y + 16 =0
y

2 13
=y=28=16"=2,8=cos’x = —,~
4 4

n 2n 4n 5n 7m 8%

U
>

12 solutions
2 3 n 5t 7n 1ln 13n 17=n
COS" X=— = X=—, —, —, ) )
4 6 6 6 6 6 6
Illustration 34:
Iftan 6 + tan 460 + tan 70 = tan O tan 46 tan 76, then 6 =

nm nm
A) —mnel B) —,n€el
@ ®) 7
(C)z—;;n¢6(2k+1),(n,kel) D) nm,n €l
Ans. (C)
Solution:

tan70+tan40+tanO—tan70tan40tan©

tan (760 + 46 + 0) =
1-tan70tan40—-tan40tanO—tanOtan70

=tan 1260 =0

. 120 =nm, 0 = hn
12

Clearly%¢(2k+1) g:n¢6(2k+1)

nk el
Illustration 35:

sinx — cos 2x = 2 — sin 2x if

(A)x=M,nEI (B)tanx=l

2 2
(C)x=(2n+1)g,nel (D)x=nn+(—1)nsin‘1§,nel
Ans. (C)
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Solution:
sin? x — cos 2x = 2 — sin 2x
= sin?x — (1 —2sin?x) =2 —2sinx cos x

= 3sin? x + 2sinx cosx = 3

case-I: cosx = 0 s 3tan?x +2tanx =3 (1 +tan®x) = tanx = %
case-Il: cosx =0 - 3(1) + 2(£1) (0) = 3 which is true
~x=02n+1) g

Illustration 36:
Solve : cosx + v/3sinx = /3.

Solution:
“» cosx + v/3sinx = /3 by changing sinx and cosx to there half angles (i)
1—tan® > 2tan >
COS X = )2( & sin x = 2
1+tan25 1+tan* =
.. equation (i) becomes
1-tan® X 2tan >
=N —i + Bl —2 | =3 ..(ii)
1+tan® = 1+tan® =
2 2

X
Let tan — =t
2

1+t?

—t? 2
*. Equation (ii) becomes [1—;} ++/3 ( t j =4/3
+

S (B2 —2Bt+B -1=0=(B+DE2 - (B +Dt+ 1 - B)t+B-1=0
_

X X
=>[(\/§ +1)t+(1- \/§)](t—1) =0 =>tan§ = 1ortan(5j = m

Sox =2nm + gorx=2nn+

Illustration 37:
Solve : 5(sin x + cos x) = 5 + 2sin x. cos x

Solution:

~+ 5(sinx + cosx) = 5 + 2sinx. cosx (1)

Let sinx + cosx =t
— sin?x + cos?x + 2 sinx. cosx = t?

. t? -1
—> SINnX.CosSx =

www.allen.in
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: : -1 .
Now put sinx + cosx =t and sinx.cosx = in (i)
= t2-5t+4=0
=>t=1ort=4
= t # 4 because -V2 < sinx + cosx <2
Sot=1
= sinx +cosx =1 .(ii)

divide both sides of equation (ii) by V2 , we get

. 1 1
= sinx. —= + cosx.

1
V2 2 2
. T . T
sin| X+— |=sin—
( 4) 4

X=nn+(-1)"—-=
(-1 22
Illustration 38:

5 50

Solve : cos®%x-sin®%x = 1

Solution:

50

cos5%x-sin%°

x=1

= c0s°%x = sin®%x + 1

= LHS.<1&RHS.>1

so, both sides should be equal to 1
cos®%x = 1 &sin®%x = 0

Or sinx = 0 or x = nwt wheren € |
Illustration 39:

2 X
sec” —
Find number of values of x in the interval [0, 107] satisfying the equation 1 + 2cosec x = - 5 2
Solution:
2
1+ 2cosecx = %X/Z

. X
sinx + 2 =-tan E

X

M+2 = - tan—

1+tan“x/2 2
X X X X
2tan— + 24+ 2tan®? — =- tan—- tan®—
2 2 2 2

tan3§+ Ztanzg + 3tan§ +2=0

tan>+1 || tan? X+ tan=+2 |=0
2 2 2
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X
tan—=-1
2

x=2nrc—E
2

Nowputn = 1,2,3,4,5
3n 7n 11n 15n 19n

Illustration 40:
Find number of values of x in the interval [0, 57] satisfying the equation 73 sin x - cos x = cos2x.
Solution:
3 . 5
7smx—cosx:cos X
3
= Z(l—cos2 X)= (cos?x + cosx)? = 3(1 - cos?x) - 4cos?x (1 + cosx)?> =0

= (1 + cosx) [ 3 - 3cosx - 4cos?x - 4cos3x] = 0= (1 + cosx)[-4 cos3x — 4cos?x — 3cosx + 3] = 0

= (1 + cosx)(cosx - %)(4C052x + 6cosx + 6) = 0

1
= cosx =-1,cosx = E,4coszx + 6cosx + 6 =0
x=7r,£;x = 5—TE;D <0
3 3

5
But ?TE does not satisfy the equation

.‘.x=2n7t+E
3

Orx=2nm +tm,nel
Now vary n.

X=E,2n+E,4n+E,n,3n,5n
3 3 3

Illustration 41:

Find number of values of x in the interval [0, 27] satisfying the equation cot x - 2sin 2x = 1.
Solution:

cotx-2sin2x =1

cosX—sin X . . . .
———=2sin2x = cosx - sinx = 2 sin 2x sin x
sin X
= cos x - sinx = - cos 3x + cos (x)

= sinx =cos3x = cos(g—xj sin[Zx—%J =0

T Nm 3n
X=—+— or X=—+nm,nel
8 4
Now vary n.

n 57 9 13n 3t 7w
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Illustration 42:
Find number of values of x in the interval (- 2m, 27) satisfying the equation ,/13—18tanx = 6 tanx — 3.

Solution:

J13-18tanXx = 6 tanx — 3

13- 18tanx = 36tan?x + 9 —36tanx
36 tan’x — 18tanx —4 = 0
18tan’x —9tanx—2 = 0

-1

tanx = —, —
36

-1
But tan x = - does not satisfy the original equation

Number of solutions in (—2m, 2) = 4.

Illustration 43:

Find number of values of 8 in the interval [0, 7] satisfying the equation sinf + sin56 = sin36.
Solution:

sin 8 + sin 50 = sin 36

2sin 30 X cos 260 -sin36 = 0

sin36[2cos20-1] = 0

sin30 = 0 or cos 20 = %

30 = kmor 20 = 2nm +g

21 5
.. Solution in [0, 7] are, O, ,E,—n,—n,n
33 6

o3

Solution of Trigonometric Inequalities and System of Inequalities:

There is no general rule to solve trigonometric inequations and the same rules of algebra are valid provided
the domain and range of trigonometric functions should be kept in mind.

Illustration 44:

Find the solution set of inequality sin x > 1/2.

Solution:

1
When sinx = > the two values of x between 0 and 2r are /6 and 57 /6.

From the graph of y = sin x, it is obvious that between 0 and 2,

sinx > %forn/6 <x<5m/6

Hence, sinx > 1/2
=2nm +n/6 < x < 2nw + 5w/6,n € [

Thus, the required solution set is ul [Znn +g,2nn+5£j
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Illustration 45:

Set of values of x satisfying inequality 2sinx -3 > 0 is

(A) v [2nn+2—n,2nn+ﬂ}
nel 3 3

nel

© U | 2nn-Z 20+ =
3 3

(B) v {2nn+£,2nn+2—n}
nel 3 3

nel

(D) U {2nn,2nn+§}

Ans. (B)

Solution:
e ——— 3
@ : - Ay_T
0 T 2 g 2
B K I g
2sinx - V3> 0

LA
33 |
The general solution is

x €U 2nrc+£,2nn+2—7-c
3 3

nel

sinx = 73: xe[

Illustration 46:
The set of values of x for which sin x. cos® x > cos x.sin® x,0 < x < 2m, is-

(A) (0,7) (B) (n%“j © Gn] D) [ogj

Ans. (D)
Solution:
sin x cos x (cos?x - sin?x) > 0

1
. E sin 2x cos2x > 0

1
:>Zsin4x>0

This is satisfied when
4x € (0, ) U (2m, 3m) U (4m, 5Sm) U (6™, 7m)

e T 37 5n 3t 7n
=>xel|0,—-|Uu|l=-,—|Ult,—| U |—,—
4 2 4 4 2 4
Illustration 47:
Find the value of x in the interval [—g, 37“} for whichvV2sin2x + 1 < 2sinx + V2 cosx

Solution:
We have, \/Esin2X+1SZSinx+x/§cosx = Zﬁsianosx—Zsinx—\/Ecosx+1SO
= 25inx(\/§cosX—1)—1(\/§cosx—1)S0 = (ZSinX—l)(\/Ecosx—l)SO

[93]
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Above inequality holds when :

Case-I: sinx—%SO and cosx—izo = sinxS% and cosxzL

Now considering the given interval of x :

TN
for cosx>— [—— —}

N

For both results to simultaneously hold true : xe [—% %}

Case-II: 51nx—%>0 and cosx<—

2

Again, for the given interval of x :

5
For both results to simultaneously hold true : xe {% ?n}

.. Given inequality holds for x e —E,E ul X ST
4 6 4’6

Illustration 48:

Find the values of a lying between 0 and 7 for which the inequality: tana >tan® a is valid.
Solution:

We have: tana—tan® >0 = tana (1- tan?a) > 0

= (tana)(tana + 1)(tana- 1) <0

Sotana <-1,0<tana <1 - + L= +

e -1 0 1
.. Given inequality holds for a e [O, Z) u[—, —j
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Illustration 49:

Solve the inequality : 2sin®x- 7sinx + 3 > 0

Solution:

2sin2x - 7sinx+ 3 >0

= 2sin2x - 6sinx - sinx + 3 > 0 = 2sinx (sinx - 3) - 1(sinx - 3) >0
= (2sinx - 1)(sinx-3) >0

o sinx €[-1,1] VxeR

S.sink-3<0VxeR
.. the above inequality= 2sinx-1<0

= sinx< —

e e e e ————— L

y=5
r y N Vo) 2
0® T ST T 2n
e . e TS ___
. . . , I 5n

From the graph, it is clear that, the solution set in [0, 27) is {O,gj u(?,an

Hence, the general solution is

XeU 2nn,2nn+E U 2nn+5—n,2nn+2n
6 6

nel
Illustration 50:
Solve the inequality : cos x + cos 2x + cos 3x > 0
Solution:
Transforming the sum of the end terms into a product, we get an inequality
cos 2x + 2 cos 2xcosx >0
Substituting cos 2x before the brackets, we obtain
cos2x(2cosx +1) >0
= (2cos?x-1)(2cosx+1)>0

= 4(cosx—i)[cosx+ij(cosx+lj>0 e ot oo o
\/E \/5 2 -1 _i 11
-1 -1 1 2 2 2
Hence,cosx e| —,— |U| —,1
2'2 ) 2
----------------------------------------- y:1
----------------------------------------- y=1/\/5
/4 2n/3 3n/4 5n/4 4r/3 /4
0 o e A y=-1/2
----------------------------------------- y=-1/+2
________________________________________ y:—1

From the graph it is clear that in [0, 27t), the solution set is

T 21 3n 5t 4n 7n
0,— || —,— |U| —,— |U| —,2x
4 3 4 4 3 4

.. The general solution set is

U th,thJrE ), 2n7t+2—n-,2n7t+3—7E U 2n1'c+5—7r,2n75+ﬂ ), 2nn+7—n,2nn+2n
4 3 4 4 3 4

nel
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