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Integration is the inverse process of differentiation. The
process of finding a function, whose differential coefficient
is known, is called integration.

If the differential coefficient of F'(x) is f(x), i.e.,

% [F)] = /().

then we say that the anti-derivative or integral of f(x) is
F (x), written as

Jf&x)dx = f(x),

Here [{}dx is the notation of integration. f(x) is the inte-
grand, x is the variable of integration and dx denotes the
integration with respect to x.

INDEFINITE INTEGRAL

d
We know that if —— [F(x)] =/(x), then [ f(x) dx =F(x).
dx
Also, for any arbitrary constant C,

d d
I [F(x)+ (] =— [F®)]+0=/fx)
Ix dx

[f(x)dx =Fw+C,
This shows that F(x) and F(x) + C are both integrals
of the same function f(x). Thus, for different values of C,
we obtain different integrals of f(x). This implies that the
integral of f(x) is not definite. By virtue of this property
F(x) is called the indefinite integral of f(x).

NOTE

If a function f (x) is continuous on in interval [a, b], then
it has an anti-derivative.

PROPERTIES OF INDEFINITE INTEGRATION
1SS a7

2 [f e = [ U=/

3. [kf(x)dx = [kf(x)dx dx, where k is any
constant

4. If f,(x), f,(x), f;(x), ... (finite in number) are functions
of x, then

JUA ()£ £(0) £ £ (x)...]dx
= [ fi(x)de [ £, (x)de £ [ f; (x)dx & ..
5.1f f(x) dx = F (x), then

ff(ax:l:b)dx = % F(ax £ b)

STANDARD FORMULAE OF INTEGRATION

The following results are a direct consequence of the defi-
nition of an integral.
n+1

1. fx"dx=x +Cn=—1

n+1

2. fldx =log |x|+ C
X

3. fexdx:ex""c

4, [atdx - L 4
log, a
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5. [sinxdx =—cosx+C Solution: (A)
d
6. [cosxdx =sinx+C We have, f fdy=f(x) = E[ FO] =f(x)
7. [ sec’ xdx =tanx+ C
/ = [— ) dlf(x)] = [dx
8. [ cosec’xdx =-cotx +C f(
= log[f(x)]=x + logc
9. [secxtanxdx =secx+C = f(x) = ce* y
10. [ cosec x cotxdx =—cosecx + C S [P = [cPedx = c; = %[f(x)]2
11. ftanxdx —log |cosx|+C =log |secx|+ C dx
fxd 2. If /= f et then
12. ICO v ax =log | sinx|+ C
13. Jsec x dx =log | secx + tanx |+ C (A) I>log2 (B) I<log2
14. Jcosec x dx = log |cosecx — cotx| + C (C) I< % (D) I> %
dx
15. fJ1—2 =sinx + C; x| < 1
- Solution: (A, C)
d
16. f—(1+x2) =tan 'x + C AsO0<x<l = X’ <xn’<x
x
1 1 1
dx < — <
17. f—2=sec*1|x|+C;|x|>l T oldx 1427 14y
XA/x" —1
Lodx Lodx Loodx
dx . = {1+x<{1+x“<{1+x2
18. [ R —sm*l; +C
T
log2<I< —
9. & LgnXic = logz=l=g
a? + 5?2 a a dx .
3. f ———7 S equal to
2. [ dx X . x(1+x)
) TF— = —sec’' =
x /xz e a a (1 4 )1/4 (1 4t )1/4
A)-——~—_+C B) ——~2—+C
OIMPOKTANT POINTS . *
1+ x*
In any of the fundamental integration formulae, if x is © —u +C (D) none of these
replaced by ax + b, then the same formulae is applica- . X
ble but we must divide by coefficient of x or derivative of Solution: (A)
(ax + b) i.e, a In general, if Jf(ydx = ¢ () + C, then L — _ dx
ff(cl)C—l—b)dx—1 +b)+C Z(H‘x)m -/ 1y
—;4)(0)( ) +C x5[1+4]
L pying 14 L= s B dt]
SOLVED EXAMPLES 4 "t x x 4
1 t1/4 1 1/4
1. If [ f(x)dx =f(x), then [[f(x)]’dx isequal to T 1at c= [1+x_4] +C
1 1+x 1/4
W) SUGF @) S -- % e

©) %[f (7T (D) none of these



(xz + sin’ x)

4. 1ff0) =S a7 sec’xdrand f(0) =0, then f
(H=
(A)1- T B) T 1
4 4
(C) tan 1 — 2 (D) none of these

Solution: (C)
(x2 +sin’ x)

We have, f(x)= Ik secixdx
1+x°
X+ (1 — cos’ x)
= E—— ° 2
J 1t sec’x dx
= [|sec’ x — ! d
B 1+ x? o
=tanx —tan ' x + C
fO)=0, .. C=0
Thus, fx) =tanx — tan” 'x.
Hence, ) =tanl—tan'1=tanl1 - 1=
4
sin® x dx

5. =
/ (cos4 x+3cos’x + 1) tan~' (secx + cos x)
(A) tan! (secx + cosx) + ¢
(B) log |tan™! (secx + cosx)| + ¢

1
©) ———+c
(secx -+ cos x)
(D) none of these

Solution: (B)
sin® x dx

I= f(cos“ x+3cos’x + 1) tan~' (secx + cos x)

Let tan™' (secx + cosx) =1
1

1+(secx+cosx

= )2 (secx tanx — sinx) dx = dt

sin® xdx
cos*x+3cos’x+1

dt

1= fﬂ =log|t|+¢
t
=log |tan™' (secx + cosx)| + C

3x —
3x+4

6. Iff[ =x+2,then [ f(x)dx isequal to

Indefinite Integration 15.3

3x—4
3x+4

+c

(A) e 21n [

(B)*§ln|x71|+2x+c
3 3

© §ln|x71|+gx+c
3 3

(D) none of these

Solution: (B)

3x—4
Wehavefm =x+2
3x—4
Let —3x+4 =t=3x—-4=3xt+4¢
4t + 4
= YT 3(1-0)
4t +4
_—— 2
f(f)—3(1—t)+
4x + 4 4(x—1)+38
_ 2 _— 42
f@=30-x " = Tsi-a
4 8
=273 3(x-1)

2 8
ff(x)dx=§X—§ln|x71|+c

. Let f(x) be a polynomial of degree three satisfying

f(0)=—1and f(1) = 0. Also, 0 is a stationary point of
f(x). If f(x) does not have an extremum at x = 0, then

J f(x) dx is equal to
¥ -1
x2
(A) 5 +C B) x+C
3
©) % +C (D) none of these

Solution: (B)
Let f(x)=ax’ + bx* + cx + d.

Since £(0) =—landf(1)=0
= d =—landa+tb+c+d=0
= d =—landa+btc=1 (1)

Since 0 is a stationary point of f(x), .. f'(0)=0
= 3a 0y +2b(0)+c=0=c=0
Since f(x) does not have an extremum at x = 0,
s f"0) =0=5b=0.and .. from (1),a=1.
So, f(x) =x’-1
()
xs_ldx = [ldx =x+C
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METHODS OF INTEGRATION

Method of Transformation

When the integrand is a trigonometric function, we trans-
form the given function into standard integrals or their
algebraic sum by using trigonometric formulae:

SOME USEFUL TRIGONOMETRIC IDENTITIES

O o

- 1 —cos 2mx

= SINPMX = ——mM———
2

5 . _ l+cos2mx

s COS"MX = ——m
2

) . sinmx mx
= Ssinmx = 2sin cOoS —

3 sin mx — sin 3 mx

s sin®mx =
4
5 3 cos mx + cos 3 mx
m COS"MmX = 4

= tan’mx = sec?mx — 1

= cot?mx = cosec’mx — 1

m 2CcosA cosB = cos (A + B) + cos(A-DB)
m 2sinA cosB = sin (A + B) + sin (A —B)

= 2sinAsinB = cos (A—B) —cos (A + B)

N
SOLVED EXAMPLE
f cos 8x +1 B
8. If an r — oot 2x dx =a cos8x + C, then
_ -t =1
(A)a=— (B) a=
1 —1
©)a=_— (D) a=— .
16
Solution: (C)
cos8x +1
f dx

tan2x — cot2x

2cos’ 4x
/

A 24 sin 2x cos 2x dx
sin? 2x — cos® 2x

= _ fsin4x cosdx dx = %l fsin8xdx

1

:Ecos8x+C. Sooa= E

METHOD OF SUBSTITUTION

By suitable substitution, the variable x in [ f (x) dx is
changed into another variable ¢ so that the integrand f{(x)
is changed into F'(f) which is some standard integral or
algebraic sum of standard integrals.

There is no general rule for finding a proper sub-
stitution and the best guide in this matter is experience.
However, the following suggestions will prove useful.

1. Ifthe integrand is of the form f”(ax + b), then we put

1
ax+b=tanddx= — dt

a
Thus, [f(ax+b)dx = [ p(e)%
a
L) a
a
_fl1) _ f(aerb).
a a
2. When the integrand is of the form x"~'f"(x ), we put
x" =t and nx""! dx = dt. dt
Thus, [ p(x) de= [ () —
1
=—[71(t)d
L

= Lso=1 soe.
n n

3. When the integrand is of the form [f(x)] ". f'(x), we
put
Jf(x)=tand f'(x) dx = dt.

Thus, S/ payax = fode =2
n+1
_ et
n+1
4 When the i . f(x)
. en the integrand is of the form ——, we put
/()
f(x)=tand f'(x) dx=dt
Thus, [ % de= [ % =log?=1log f(x)

SOLVED EXAMPLES
9. [ysecx —1 dxisequal to

(A) 2 log cos£+‘[cos2£—l +C
2 2 2

(B) log COS£+1’COSZE—1 +C
2 2 2




10.

1. [

(C) —2log cosi—h/cos2 x I
2 2 2

(D) none of these

+C

Solution: (C)

1—
JAfsecx =1 dx= [, |———— dx

[Putting cos % =z =>sin % dx =— 2dz]

Y S —
L

=2 log . Zz_[ 1

2

+C

cos = + [cos> x 1
=-2log 2 2 2

dx

——F—— isequal to
f COs x v/cos2x 4
(A) sin”!(tanx) + C  (B) cos”'(tanx) + C
(C) tan"!(sinx + C (D) none of these

Solution: (A)

f dx _ f dx
cosx v/cos2x 1—tan® x
cos X }72
1+ tan” x
sec’ x

- fwll—tan X dxi \/

[Putting tanx = z = sec’x dx = dz]
=sin 'z+ C=sin ! (tanx) + C

dx . It
—————— isequal to
cos’ x +/sin2x

(A) 2 [\/cotx +%tan5/2x +C
(B) x/E[\/tanx +§tan5/2x +C

(©) x/E[\/tanx —|—%tan5/2 x| +C

(D) none of these
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Solution: (B)
f dx _ f dx
cos’ x +/sin2x s | 2tanx
cos’ X [——7—
1 +tan” x
I sec’ x 1 <1+z4>.22dz
~ [2tanx dx = E f z
(Putting tanx = z2 = sec’x dx = 2z dz)
5
- \/E z —|—Z— _ l 5/2
= 5 +C—\/§ ,/tanx—i—stan x| +C.
i COsX + xsinx )
12. x (x + cosx) dx is equal to
d X +cosx
(A) log|y 1 cosx| +C (B) log +

13.

1
(C) log X + cosx +C

Solution: (A)
f cosXx + x sinx

dx= [

(x + cosx)—x (1 —sinx)

X (x + cosx)

—f

= log \x|—10g |x+cosx|+C

x (x 4 cos x)

1—sinx
X + cosx

=lo, +C.

X +cosx

[ sin™" /% dx is equal to
a X

(A)(x—t—a)tan‘\/g\/a +C

(B) (x+a)tan1\/2+\/a +C
a

(C)(x+a)co‘r1\/2_\/a +C
a

(D) none of these

Solution: (A)
Put x = a tan’0 = dx = 2a tan 0 sec’0 d0O

[sin”" /L = [6. 2a tanO sec’0 dO

tan 9 tan? 6
-5

~ 40 tan0 — a f(seczefl) do
=a0tan’0 —a(tan6-0) + C
=0 (1 +tan’0 ) — a tan6 + C

2 Jax +C
a

=2a

= (x + q) tan”!

(D) log|x+cosx|+C

X
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4. [

15. /

16.

dx

(14 V) Jx —2*
2(Vx -1

is equal to

2(1-+x)

Vx-1)
+C (D) none of these

©) 7=
Solution: (A)
dx

RSNy

2sinf cos 6 d O

- f . . 2 . 4
(14 sinB) 4/sin" 6 —sin” 6

(Putting x = sin’0 = dx =2sin0 cos0 dO)

db —si
=2 [—— ! 521n6 dO =2 (tanf —secH)

1+sin6: fm

oo 2(Vx -1
sin’ x dx

(1+coszx)\/l+coszx+cos4x is equal to

=2 +C= +C

(A) sec’!(secx + cosx) + C
(B) sec’!(secx —cosx) + C
(C) sec”!(cosx — tanx) + C
(D) none of these

Solution: (A)
sin® x

(1 + cos’ x) J1+ cos” x + cos* x dx

sin® x
_J

dx
cos x (sec X + cos x) cos x ysec’ x + 1 +cos? x

sin’ x dx
J

cos” x (secx + cosx) \/(secx + cos x)z -1

dz

- fz\/22—1

i3
. sin” x
Putting secx 4 cosx =z = dx = dz]

cos® x

=sec'z+c=sec! (secx +cosx)+ C

dx is equal to

Xz X2
& o ®- oo

(D) — \/xz —1

2

(© ¥¥ !

x x
Solution: (D)
2
x° =2 dx dx
— = 2
fxs 2 _1 x x\/xz—l xs\/xz—l
o1y 2 fsecetanﬂ
Csee X sec’ 0 tan

(Putting x = sec 0 = dx = sec6 tan 0 d0)
=sec 'x—2 fcosz 0 do

=sec x— [(1+ cos26) d6

sin 26
=sec'x— |0+ +C
X =1
=sec 'x —sec lx — +C
X
2
yx -1 +C
x2

1
. ) .
17. Integral of 214 with respect to (x* + 3) is equal to

1
A) @ +4+C (B) [oia4+C
(C) 2 \yx* +4 + C (D) none of these
Solution: (C)
d(x*+3)
\/x2 + 4

d<x2+3)
(x2+3)+1

dt ,
= fﬁ [Putting x> + 3 =1 =d (x> + 3) = dIf]

=2 ’ﬁ+C:2

JiT1 x2_|_4 +C

METHOD OF INTEGRATION BY PARTS

The process of integration of the product of two functions
is known as integration by parts.
For example, if u and v are two functions of x, then

[ (uv) dx=u fvdxf[%.fvdx] dx

In words, integral of the product of two functions = first
function x integral of the second — integral of (differential
of first x integral of the second function).
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TRICK(S) FOR PROBLEM SOLVING

= Choose the first and second function in such a way that
the derivative of the first function and the integral of the
second function can be easily found.
In case of integrals of the form f f(x) x"dx, take x" as
the first function and f (x) as the second function.
In case of integrals of the form f (Ing)n - dx, take 1 as
the second function and (logx)” as the first function.
Rule of integration by parts may be used repeatedly, if
required.
If the two functions are of different type, we can choose
the first function as the one whose initial comes first in the
word “ILATE”, where

I — Inverse Trigonometric function

L — Logarithmic function
A — Algebraic function

T —  Trigonometric function
E — Exponential function.

In case, both the functions are trigonometric, take that func-
tion as second function whose integral is simpler. If both
the functions are algebraic, take that function as first func-
tion whose derivative is simpler.

If the integral consists of an inverse trigonometric function
of an algebraic expression in x, first simplify the integrand
by a suitable trigonometric substitution and then integrate
the new integrand.

IMPORTANT POINTS

Integration by parts is useful in evaluating integrals of the
type [P (x)f(x)dx, where P (x) is a polynomial of
degree n and f (x) is such that it can be easily integrated n
+ 1 times.

SOLVED EXAMPLES

2
X

18. Iff )2 dx

(xsinx + cosx

/(%)

X sinx + cosx

(A) flr)= = (B) flx) = 222

+ tanx + C, then

COS X x

(©) flx)= —= (D) none of these
cos X

Solution: (C)

1
xsinx + cosx

—1
(wsinx +cosx)2 (sinx + x cosx—sinx) dx = dz

XCOS X

= (xsinx—ﬁ-cosx)2 dx=—dz,
xZ
) 7 dx=—z
(xsinx + cosx)
P X XCOSXx
cosx (xsinxjtcosx)2 dx
X . XCOosSXx
cos X (xsinx-&—cosx)Z dx
cosx.1+ xsinx
= X 9-J(= z)[—z dx
CoS X cos’ x
“x ,
- - + [sec’ x
cosx (xsinx +cos x) J dx
—x
~ cosx (xsinx + cosx) +tanxy +C
—x
X) =
J&) coS X

19. If [ f(x) dx=F(x), then [ x’ f(xz) dx is equal to

(A) % x? (F(x))2 - f(F(x))2 dx}
®) 3 [ F ()= [F () ()
© 3 [¥ F) =5 [(F)) v

(D) none of these
Solution: (B)

12 1) dem 1% 102 v
:%fzf(z)dz Puttingx2=Z:>xdx=%dz

[2F(z)~ [LF(z)dz] [ [ f(x)dv=F(x)

2F@) -5 JF() a:

Rl— O~ o] —

-l e Frey- % JF(x) d .

METHOD OF PARTIAL FRACTIONS FOR
RATIONAL FUNCTIONS
n p(x) .
tegrals of the type [ ﬂ dx can be integrated by resolv-
g(x

ing the integrand into partial fractions. We proceed as follows:
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*  Check degree of p(x) and g (x).
e If degree of p(x) > degree of g(x), then divide p (x) by
g(x) till its degree is less, i.e., put in the form
p(x) /(%)
=r(x)+ ——~
g(x) g(x)
where degree of f(x) < degree of g(x).

CASE 1: When the denominator contains non-repeated
linear factors. That is
g)=@x-a)x—-a)..(x—a).

In such a case write f(x) and g(x) as:
flx) _ A 4

An
=+t —+ .. —
X—0  X—qQ X —o,

where 4,, 4, ... A_are constants to be determined
by comparing the coefficients of various powers
of x on both sides after taking L.C.M.
CASE 2: When the denominator contains repeated as well
as non-repeated linear factors. That is
g =@x-a)Vx-a,)..(x—-a).
In such a case express f(x) and g(x) as:
S A4 44
- 2
g(x) x—o; (x—aqp)
A

4+ —"

(x—a,)
where 4, A, ... A_are constants to be determined
by comparing the coefficients of various powers
of x on both sides after taking L.C.M.

CASE 3: When the denominator contains a non repeated
quadratic factor which cannot be factorised further:
gy =(ax*+bx+c)(x—a)(x—a,) .. (x—a)
In such a case express f(x) and g(x) as

f(x)Z 4 x+ 4, + 4,
m ax’ +bx +c¢

where 4,, 4,, ... A are constants to be determined
by comparing the coefficients of various powers
of x on both sides after taking L.C.M.

CASE 4: When the denominator contains a repeated qua-
dratic factor which cannot be factorised further.

X — 0y

A
T -
X—o

n

X — 0y

That is
g)=(ax*+bx +c) (x —a) (x — )
w(x—a)
In such a case write f(x) and g(x) as
f(x) A x+ 4, A x4 A,
g(x) ax’ +bx+c (ax2 —I—bx—i—c)2

LA

xX—a

5

A

+ot Ty
(x—a,)

where 4,, 4,, ... A are constants to be determined

by comparing the coefficients of various powers

of x on both sides after taking L.C.M.

NOTE

Corresponding to repeated linear factor (x — a)" in the
denominator, a sum of r partial fractions of the type

A
ot —
<X*a

— is taken.

(x—a)

CASE 5: If the integrand contains only even powers of x
(i) Put x? =z in the integrand.
(i) Resolve the resulting rational expression in z
into partial fractions
(iii) Put z = x? again in the partial fractions and
then integrate both sides.

SOLVED EXAMPLE

3x—4
3x+4

20. If /

}=x+2,then Jf(x)dx =

gx + Elog|x — 1|, where k is equal to
3

(A) -4 (B) 4
(€ -8 (D) 8
Solution: (C)
I 3x—4
We have, —3x 4 =x+2
3x—4
Let 3x 44 U = 3x—4=3xu+4u
4du+ 4
= XT3(1—uw)
4u+4
_—" 42
fw=31"n"
4x +4 4x—1)+8
_—— 42 =2 42
S =301 -x) = 31-x)
_4__ 8
- 3 3x-1)
[ f(x)dx =§x—§log|x—1|

k =-38
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SOME SPECIAL INTEGRALS

dx
1. 1 1X+4C
fx2+a2 ;tan —
dx 11 X—a
2. — —log +C
fxz—az 2a x+a
dx 11 a—+x
3. =108 +C
faz_xz 2a a—x
dx
4./ ——— =sin!' = +C
a —X a

dx

5. fﬁ = lOg ‘x+1[x2+a2

+C

+C

d
6. f% =log ‘x-l—\/xz—aZ
x—a

2
7. [Na =¥ dx=%\/a2—xz +% sin*‘§+C
8. [x'+ad dx

2
=§Jx2+a2 +%log‘x+\/x2+d2 +C
9. [x*—d dx
X a2
zlexz—az —Tlog‘x-ﬁ-\/xz—az +C

INTEGRALS OF THE FORM
@A) [ fla=x)dx, @) [f(a+x)dx,

© J /(¥ ~a’)ds, (D) ff[“_z] d.

a+
TRICK(S) FOR PROBLEM SOLVING
Integral Substitution
ff(az—xz) dx X =asinB or x = acosf
[ f(x* +a*) dx x =atanf or x = a cot

Xx =asechH orx =acosect

ax]dxorff[a+x]dx X = a cos 20
a+x a—x

INTEGRALS OF THE FORM | sin” x cos” x dx

(i) If the power of sinx is an odd positive integer, put
COSX = Z.

(i) If the power of cosx is an odd positive integer, put
sinx = z.

(i) If the power of sinx and cosx are both odd positive
integers, put sinx = z or cosx = z.

(iv)  If the power of sinx and cosx are both even positive
integers, use De’ Moivre’s theorem as follows:

Let cosx + isinx =z Then cosx —isinx =z

Adding these, we get
1
z+ LI 2 cosxand z— — = 2isinx
z z
By De’ Moivre's theorem, we have
1 1
z'+ — =2cosnxand 2" — — = 2isinnx ...(1)
z z

! . ! [z-l—l]n
sin™x cos"x = (Zi)m on z

1 1 Ink 1"
= —lz+—| |z——
AR z z

Now expand each of the factors on the R.H.S. using Binomial
theorem. Then group the terms equidistant from the begin-
ning and the end. Thus express all such pairs as the sines or
cosines of multiple angles. Further integrate term by term.
Alternative Method:

Simplify the integral as the sum of since and cosines of
multiple angles, using

) 1—cos2x 1+ cos2x
sin®x = ———,cosx = ————
2 2
. sin2x . 3sinx — sin3x
sinx cosx= ,Sin’x = ———————
2 4
3cosx + cos3x
cos®>x = ———
4
(v) If the sum of powers of sinx and cosx is an even

dz

negative integer, puttanx = zand dx = ———
9 ger, p 1122

Simplify the integrand using
z 1

sinx = ﬁ, COoSX = ﬁ

INTEGRALS OF THE FORM

[tan"x sec”x dx and [ cot”x cosec”x dx
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(i) If the power of secx is an even positive integer, put
tanx =t

(i) If the power of secx is an odd positive integer, then
look of the power of tanx i.e.,, m
* If mis an odd positive integer, put secx = t.
* If mis O, use integration by parts

e If m an even positive integer, write sec’x — 1 in
place of tan2x; the integrand reduces to a poly-
nomial in secx; use integration by parts.

Similarly [ cot”x cosec”x dx can be tacked.

INTEGRALS OF THE FORM

W S ®B) J———=

a+bcosx a+bsmx’

f dx
© a + b cosx + ¢ sinx

1 — tan? % 2 tan g
I ut cosx = and sinx = ——— SO
O . andsi P
1+ tan® = 1+tan® =
2 2

that the given integrand becomes a function of tan %

1

=z= _

2
(iii)  Integrate the resulting rational algebraic function of z

(i)  Puttan X. sec2 . dx =dz
2 2

(iv)  Inthe answer, put z = tan g

INTEGRALS OF THE FORM
» B) [

a+bsm x’

A J
© [

a+bcos’x
dx
acos® x + bsinx cosx + ¢sin’ x

(i)  Divide the numerator and denominator by cos?x.

(i)  Inthe denominator, replace sec?x, if any, by 1 + tan?x.
i) Puttanx = z => sec® dx = dz.

) Integrate the resulting rational algebraic function of z.
iv)  In the answer, put z = tanx.

INTEGRALS OF THE FORM

acosx + bsinx
—_———dx

ccosx +dsinx

(i) Put Numerator = A (denominator)
+ w(derivative of denominator)
a cosx + b sinx = A (c cosx + d sinx)
+ w(—csinx + d cosx).

(i) Equate coefficients of sinx and cosx on both sides
and find the values of A and u.

(iii)  Split the given integral into two integrals and evalu-
ate each integral separately, i.e.

acosx + bsinx

ccosx + dsinx =)»fldx+u

—csinx + dcosx

——————dx
acosx + bsinx

=M+ ulog | acosx + bsinx|

(iv)  Substitute the values of A and u found in step 2.

INTEGRALS OF THE FORM

a-+bcosx+ csinx

— dx
e+ fcosx+ gsinx

(i) Put Numerator =/ (denominator)
m (derivative of denominator) + n
a+ b cosx + csinx =/ (e +fcosx + g sinx)
+m (- fsinx + gcosx) +n
(i) Equate coefficients of sinx, cosx and constant term
on both sides and find the values of /, m, n.

(iii) ~ Split the given integral into three integrals and
evaluate each integral separately, i.e.,

f a+bcosx+csinx
e+ fcosx+ gsinx
= [1detmf —f'sinx+ gcosx dx
e+ fcosx+ gsinx

+nf$
e+ fcosx + gsinx
=Ix+mlog |e+ fcosx + gsinx|
dx
+n [ — dx
e+ fcosx + gsinx

(iv)  Substitute the values of /, m, n found in Step (ii).
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INTEGRALS OF THE FORM
’ ' B —Llog sinx-i—cosx—\/g LC

LOSX T SINX . and fwdx N ) sinx + cosx ++/3

1 —sinx cos x 1 —sinx cosx
- womkincruie i

IL

Let/ = fmdx &) fax +bx+ > (B) Jax* +bx +c’

1 —sinx cosx
Put sinx —cosx =t = (cosx + sinx)dx = dt

Also, 2 sinx cosx = 1 — (sinx —cosx)?2 =1 -t

2 dt
dt = [ =2tan't + C

[ = ([—=
1 fl [l_tz] 1+t2

= 2 tan"'(sinx —cosx) + C
cosx — sinx
Let/ = [—————dx
1 —sinx cosx
Put sinx + cosx =t = (cosx — sinx)dx = dt

Also, 2sinx cosx = (sinx + <:osx)2 -1=£-1

C e P -1
-

‘Tf [*ﬁ
-

S dt

ﬁ]m
\[

(C) [yax® +bx +cdx

(i) Make the coefficient of x? unity by taking the coeffi-
cient of x? outside the quadratic.

(i)  Complete the square in the terms involving x, i.e.
write ax? + bx + c in the form a [x £ a)? + p2].

(iii)  The integrand is converted to one of the nine spe-
cial integrals.

(iv)  Integrate the function.

INTEGRALS OF THE FORM

fﬁ#dx,
ax” +bx +c

pxtq dx

® .
©) J (px +q) Jax’ +bx +c dx

(A)

INTEGRAL WORKING RULE

ST A
ax” +bx+c

[ px+4q dx

a

Put px + g = A (2ax + b) + u or px + g = A (derivative of quadratic) + w.
Comparing the coefficient of x and constant term on both sides, we get

p=2ahandg=bA+u = A= 2£ and u= [q_b_p]
a

Then the integral becomes

ax’ + bx + ¢ P f 2ax [ bp]f &
=)o d T
2a” ax* +bx+c 7% ax’ +bx+c
bp dx
=P 2 oY .
2u log | ax* +bx +c | +4 2a]fax2+bx+c
I 5”‘# dx In this case the integral becomes
Joitd g P Raxdb
bp dx
N e

= Ewlaszrberc +

2a

q—b—p]f ax’ + bx + ¢ dx
2a
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J (px+q)yJax® + bx +c dx

3a

The integral in this case is converted to

f(px+q) ax2+bx+cdx=£f(2ax+b) ax2+bx+cdx

q—b—p]f ax® + bx + ¢ dx
2a

= P (ax®+ bx + )32

bp B
— | [ yJax® 4+ bx + ¢ dx
+ 1 2a]f

INTEGRALS OF THE FORM
P (x)
m dx, where P (x) is a polynomial in x of

degree n.

Write
P(x)

f wlaxz +bx+c dx = (ao + a.x + szz Tt Gn—1Xn_1)
dx
Jax’ +bx +c +k [ ——
Jax® +bx +c

where k, a,, a,, .. a , are constants to be determined by
differentiating the above relation and equating the coefficients
of various powers of x on both sides.

INTEGRALS OF THE FORM

2 xt =1
[ o [
x4kt 41 X+ ket +1
constant positive, negative or zero.

(i) Divide the numerator and denominator by x2.

dx, where kis a

(i)  Putx-— 1 =zorx+ ! =z
X X
whichever substitution, on differentiation gives, the
numerator of the resulting integrand.
(iii)  Evaluate the resulting integral in z.
(iv)  Express the result in terms of x.

INTEGRALS OF THE FORM
2 _|_ 2 2
fx“ ikxza—l—a f i +kx2 , where k is a con-

stant positive, negative or zero.

These integrals can be obtained by dividing numera-
tor and denominator by x? then putting x — — and
2 X

a

X + — = trespectively.
X

INTEGRALS OF THE FORM

dx
J———= where P, Q are linear or quadratic functions
P o

of x.

TRICK(S) FOR PROBLEM SOLVING

Integral Substitution
f—
(ax + b) Jex +d d |oxtd=z
dx px +q=2°
(ax2 —|—bx—|—c>\/px—|—q
dx 1
—+ = —
(px+q)ar +bxre |77 2
dx
x= —
(ax2 + b) \/cx2 +d
INTEGRALS OF THE FORM

Jf (x, (ax + b)i/") dx, where o and n are integers.

Putax + b = z".
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INTEGRALS OF THE FORM

I (x, (ax+b)", (ax + b)ﬁ/m) where o, 8, m, n are

integers.

Put ax + b = z, where k = l.c.m. (n, m)

INTEGRALS OF THE FORM
f x" - dx
@ amy e ® IS

©) [x" (a+bx")" ax

TRICK(S) FOR PROBLEM SOLVING

Integral Substitution
N Puta + bx =z
———— dx,misa+ve
(a + bx)p
integer
d—x , Puta + bx = zx
x" (a + bx)p

where either (m and p posi-
tive integers) or (m and p are
fractions, but m + p = inte-
gers > 1)

J x" (a + bx”)p dx,
where m, n, p are rationals.
Apply Binomial theorem to
(a + bx")*.

Put x = z where k = common
denominator of m and n.

(i) pisa+ veinteger

(i) pis a—veinteger

(i) !

is an integer Put a + bx" = Zk, where k =
denominator of p.
oom+1 ) .
(iv) + pis aninteger | Puta + bx"= x"z¢
where k = denominator of
fraction p.

SOLVED EXAMPLE

21. If f x13/2 . (1 + x5/2)l/2 dx
=4 (1 + x5/2)7/2 + B (1 + x5/2)5/2+ C (1 + x5/2)3/2’ then

4 8 4
ANd=-2 p=-3 ¢c=4
() 4=~ e C- 4

22.

23.

(B)A:31,3=_£,c=—i

5 25 15
) d=2 p=_8 c=4
35 25 15

(D) none of these
Solution: (C)
fx13/2. (1 e )1/2 dx

_ fxs.x3/2.(l+x5/2)l/2 dx=fx5-%Z-ZdZ

Pu‘[‘[ingl—l—x5/2:zzz>§x3/2 dx=2zdz
ie., x”? dx =izdz
4 4
R GV K ( —22* +1) &z
422 22 2
=57 5 3|*tC
— 4 5/2\7/2 8 5/2\5/2 4 5/2\3/2
= 1+ - 2 (1+x2)2+ 2 (1+x%)"2+C
35 25 15
A=2 B=—38 and c=4
35 25 15
I+x
J

m dx is equal to

(A) §x5/3_%x4/3 fx+C

(B) %xm—i—%xm fx+C

4/3

3 5/3 3
(C) gx —Zx —-x+C

(D) none of these
Solution: (A)
Putx=2=dx=32%dz

1+x (1+2%)3z2°
—=dx - [~
fl+\/3x / I+z :

= 3fzz(z2 —z+1)dz
= 3f(z4 — 2 +2)dz

5 4 3
z z

_31[%——+—

FEREEN

3 5/3 3 4/3
=-Xx " ——x" +x+C
5 4 3

3x

fl+§/x_3 dx is equal to
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(&) 31457 +log (148 +C R e

2 12
B “ 2 + 2/3\9/4 __ 14 2 + 2/3 5/4+ C
(B) g[1+x3/4 _log (1+x3/4)] + ( ) 3 ( X ) 5 ( X )

1 12
C _ 2+x2/3 9/4 _ 1< 2+x2/3 5/4+C
© %[l—l—xm+log(1—i-x3/4)]Jr © 3 ) 5 ( )

(D) none of these (D) none of these

Solution: (B) Solution: (B)
Putx=z=dx =47 dz. Put2 +x*=z*=dx=62.x""dz
x 22 473 2322 . /3 273 Ve 13
ome IS em S e o () e [ a6 ) d
X
22 27
_Apl —6ff@“4>ﬂ—6ff5‘i? e
3 y

2 12
- 3 (2 + x4 — 5 Q2 +x¥)H+C

26. Vl +x dx is equal to

\/1+\f*1
(A)z,/1+f ~2log
\/1+«/§+1

it -1

. 1
Putting z° + 1=y = zzdz=§dy

4
3 @y -logy+C
i

= [1 + x3/4 log (1 + x3/4)] + C

N (B) 4 \1+Jx +2log

24, [——————— dxisequalto 1+ Jx +1
x (1 + 3/;)
l+x -1

(&) 2 2346 tan x5+ C (© 4 i35 + 210

2 + x + 1
B) 3 325 _6tan ' ¥+ C (D) none of these

2

3 Solution: (C)

(C) = ¥+ 6tan' x5+ C
2 Putl+ Jx =22=dx=4zx dz
(D) none of these

. 1+ _
Solution: (A) o fT dx = f§(4z \/;) dz
Putx=z=dx =62 dz 1
x+§/x72+2/; f<26—|—z4—|—z)6zsdz ,4] dz—4f 1] dz
3 dx =
x(143x) 2 (1+2%) \ +1lo =-1) .
= z —
fzs+z3+1 d 2 gz
2
z"+1 /1+\/;_1
=6f[23+ L =41y +2l0g| o= |4 C
z
3' 4
—34+6tan'z+C 27. [ L Y dx is equal to
2 Jx
3 a 7/3 4/3
=3+ 6tan ' x6+ C (1+¢x) (1+%k)
2 (A) 12 - + +C

25. fxm (2 + x**)"* dxis equal to



28.

29.

(1+</;)7/3 (1+%)4/3

(B) 12 - " +C
ol E )

(D) none of these

Solution: (B)
Putl +x"“=2=dx=1222x"dz
J1+x

IT dx= [——- (1222 5% dz
X X
=12 [ d =12 [ () i

+C

(14 x4y (4 PUAE
7 4

[ Y143fx* dxis equal to
21 T\

(A)3—2(1+J;) L
32 3 4)8/7
— (1

(B) 57 ( +3x ) e
7 8/7

© 3 1+ +c

(D) none of these

Solution: (A)

21 6 gy

1|

Putl +x**=7"=x"dx=

f%/; \7ll+{/x7 dx

21
—Z
4

dx .
J————— isequalto
X (1 + %/;)

1/3 1

+
1+ 2 1_‘_%/;

1+3x 1
log}—

+
e 1+3x

(A)3

log +C

(B) 3 +C

+C

| &

Indefinite Integration
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30.

+3x 1

1
log —
©3 L 1+ ¢

(D) none of these

Solution: (A)
Putx=2=dx=3z%dz
dx 322 dz
=5 :
X (1 4 {/;) z (1 + z)
dz
z (z + 1)2

J

:3f

1 1 1

>| dz
z 14z (l—i—z)

=3[

(by partial fractions)

=3 +C

1
1 — 1 1 —_—
0gz 0g(+z)+1+z

1/3 1

=3 log 1/3 | +C

14+ x 14+ x

1
A) = lo
()3 g

1
B) -1
()30g

©) % log +c

J1=x°
(D) %10g|17x3|+c
Solution: (A)

I= fx’l (1 - x3)71/2 dx

Letl —x*=7= —3x%dx=2tdt

2tdt 2 tdt

= xldx=- 2%
T 3 58 311
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1 JI—x* —1
=—In N T +c
3 1—x* +1
dx )
31. The value of f—H,nEN, is
x”(1+x">
1 33.
1 1] »
(A) 1+—| +c
1—n x"
1
1——
1 1] »
(B) [1—7] te
1+n X
1
1——
1 1 n
© —[l—n] +c
1—n X
1 B
n—1 X
Solution: (D)
dx dx
[=[——— = ———
e i
x 34,
n
Letl+ — =t= —dx =dt
X
1 dt 1 t*]/}'l“’l
I - = - _ — +c
}’lfl]/n n ,l+1
n
1—=
[1+ﬂ]
_ X
=_ T
n—1
l 3
32. [ %77\/; dx is equal to
X
(A) (1 +x1/3)3/2+c
(B) 7(1 +x”3)3/2+C
(C) 2(1 +x1/3)3/2+c
(D) none of these
Solution: (C)
\[14—3/; _ -2 1 %
f— dx = 3 3 dx
i/xT fx 1+ x
Herem=_—2,n=l,p=l
Put 1 +x'"3=2? 3 2
m+1

=1(ani
- (an integer)

= xBdx=6zdz

f‘/Hi/;
e

=2(1+xB"+C

dx = fz.6zdz =222+C

Jl—x —1

dx N -
Iffﬁ=alog /1—x3+1 + C,thena =
(A) 1/3 (B) 2/3

(C) -1/3 (D) —-2/3

Solution: (A)

Putl —x*=7£= —-3x*dx=2tdt
2

dx X
J _J _2p
x\/lfx3 )63\/1—963 d 3ft2—l
. -1
=3log| | tC
— 3_
3 1—x* +1
1
4= 3
dx .
fw lsequalto
X +x>
(A) 72\/;2 ioo @ 2L
N1+ x Y1+ X2
(©) —Vx +C (D) Jx +C
Y1+x° Y1+ x°
Solution: (B)
Put | +x¥*=xz*=x= —
zm—1
g —2
= X = z
)6(24—1)2
dx
J———==
x|/2(1+x2)
g 1 -2z p
2 (xz 24)5/4 (4_1> z
dz
dz 2
:—zf =—2[([==2+C
x* (24 — 1)2 z* fzz z
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INTEGRALS OF THE FORM [ e[/ (x)+ f'(x)]
DX

(i) Split the integral into two integrals.
(i) Integrate only the first integral by parts, i.e.,

J el ri)e

Je f(x)de + [e f(x)dx

= [f(x).e" = [ f(x)e de] + [ e flx)dx
=ef(x) +C

INTEGRALS OF THE FORM

where the initial integrand reappears after integrating
by parts.

(i) Apply the method of integration by parts twice.

(ii) On integrating by parts second time, we will obtain
the given integrand again. Put it equal to .

(iiiy  Transpose and collect terms involving | on one side
and evaluate |.

INTEGRALS OF THE FORM: feax sin bx dx
AND [e™ cosbxdyx .

ax

[e“sinbx = e (asinbx — bcosbx) +c
a

e” . b
= —sm[bx—tan 'z

Ja' +b’ a

J e cos bx dx =

+c

ax

% (acosbx + bsinbx) + ¢
a

o b
= e—cos[bx —tan —] +c

Va* +b* a
J e sin(bx + ¢)dx

ax

= ﬁ [asin(bx + ¢) — bcos(bx + ¢)] + k
a

ax

e
NJat +b?

[ e™ cos(bx + c)dx

sin

+k

(bx +c) —tan™' [2]
a

e
= ——=CO0S

ax

= ﬁ [acos(bx + ¢) — bsin(bx + ¢)] + k

2
a

ax

+k

(bx +¢) —tan™" [2
a

Nat +b?

REDUCTION FORMULA

Any formula which reduces the given integral depending
on the index n > 0, called the order of the integral, to an
integral of the same type with smaller index, is called
reduction formula for the first integral.

SOME USEFUL REDUCTION FORMULAE

(@

(i)

(iii)

@iv)

™

(vi)

(vii) [sin” xcos? xdx =—

(viii) [sin” x cos? xdx =

(ix) J 0

+
ptq

s an—1
—cosx.sin" x n—1,.. ,_
[sin" xdx = + [sin"? xdx
n n
. n—1
sinxcos" x n—1 .
fcos”xdx - + [ cos"? xdx
n n
tan"' x _
[tan" xdx = — [tan"? xdx
n—1
Jeot” xdx = — 1cot”’lx—fcot”’zxdx
1
[sec" xdx = (n—1)

[sec”’2 x.tan x +(n—2) [sec”’ x dx]

1

Jcosec"xdx = n—1)

[— cosec” *xcotx +(n—2) [cosec" *x dx]

sin”™ x.cos” ™ x
p+q
-1 .
P~ [sin?2 x.cos” xdx
sin”* x.cos’ " x
p+q
p—1
r+q

dx X

[sin” x.cos’ * xdx

2 N = 2 n—1
x*+k) k(2n—2) (x" +k)

dx
(x2 + k)n—l

(2n—3)
k(2n—2)

J
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SOLVED EXAMPLE

35. If [ = [tan"xdx, then/ +1 +2(I,+..+1)+ 1+,

is equal to
tanx  tan’x tan’ x
(A)
2 9
®B) - tan x N tan® x tan’ x
1 2 9
cotx cot’x cot’ x
© +
1 2 9
D) cotx cot’x cot’ x
1 2 9
Solution: (A)
We have,
tan” '
I = [tan" x dx =
n —_—

= [tan" "’ x (secix — 1) dx

= [tan""?x sec?x dx— [tan""

Single Option Correct Type

tan®x dx

n—1

_ tan X _7
1 n-2
n—
n—1
[+ =1 X a2
n—1

LA +2 (L, + L+ + 1)+ 1+ 1,
=L)AL U A L) U L)+ ()
+ (17 +I5) + (18 +16) + (19 +I7) + (IIO +18)

Every antiderivative may not be expressible in terms of ele-
mentary function such as polynomial function, trigonomet-
ric function, log logarithmic function, exponential function
etc. We say that such antiderivatives or integrals cannot be
found. For example,

tan’x
9

tan’x
2

tan x
9

sin x

[edx, [sinxdx, S/ dx [sinx’dx
2 X

x dx

Jxtanx dx etc,

N

EXERCISES

1. The equation of a curve passing through origin is given

by y =
written 1n the form x = g (), then

(A) g(y) = sin ' (4y)
(B) g(y) = ysin”' (4y)

(C) g() = isin"* (4y)

(D) none of these

2. If¢p(x) = fsinl/z N C);Swz 2 then ¢
Nt )
) ®) -
6
© 3 D) 0

X2 cosx? dx. If the equation of the curve is

F

n

n,0<x<1,n &N, then

.ox"—x
lim

30 ¢ = MM

['sin”'x &(x)dx is equal to

(A)xsinx+ 1> 4 C
(B) —(xsin"1x+ 1—x2)+C

(C) xsin”'x—y/1-x* +C
(D) none of these.

N
4] —d(0) = sin® x —cos® x
4. Y1 _2gin? x cos® x * s equal to
(A) %sin2x +c (B) - % sin2x + ¢
©) - % sinx + ¢ (D) —sin’x + ¢
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5 Inx
Jx k (A) e B) ———— +c¢
5. If f%dx —aln[ kx_H] + ¢, the values of x*+1 (Inx)* +1
x) +x° X X ¥
—+ X -
a and k respectively are © (Inx)* +1 ¢ De [ X2 +1]+c
5 2 2 5 2_p
(A) > and (B) 5 and Y 11. The value of [ \/hdx is equal to
X4/cTxT —(ax” +
© % and 2 (D) none of there
2 My 2 "ne 2 M4 ) ax+;
6. [x[f(x")g"(x*)—f"(x") g(x")]dx (A) sin! | —=| +k
c
(A) f() g'(x*) — g(*) [/ (x*) + ¢
1 2 2\ {7 2
(B) S[f)g()f @]+ e PENEL
1 ’ , (B) sin™! —* |4k
©) Elf(xz)g @) =g ()] +c ¢
(D) none of the above
b
7. The anti-derivative of oS 5xFcosdx ;o ax+—
1—2cos 3x (C) cos™! L4k
c
(A) sin 2 +cosx+c
2 b
. 2
B) - SM2X 4 ginxtc ax +xz]
(d) cos ' || +k
sin 2x . ¢
() - —sinx + ¢
(D) sin 2x —cosx+tc¢ 12. The value of [ sec x dx is
2 \/sin(2x+6) + sin 6
4 _
8. If [tan® xdwn = Ktan’x + Ltanx + f(x), then (A) \/(tanx { tan0) sech + ¢
(A) K = %,L:—l,f(x):)wr C (B) \/Z(tanx—i—tane) secO +¢
B)K=1,L=-1,f(x)=—x+C (C) \2(sinx + tan®) sech + ¢
CO)K=-1,L=1 =2x+C
© : ’ l’f(x) * (D) none of these
(D)K:E’ng’f(X):3x+C 13 fwdx is equal to
' 8 —sin 2x
1
dx i 1t
[x—1y’ (x+2)5]1/ FEEEE (A) sin”! (sinx + cosx) + ¢
D
4l e 1) 4 (xg 2} (B) sin™ g(smx—l—cos x)| ¢
— X
— _|_ —
) 3 [JH—ZJ ¢ ® 3 [xl] e (C) cos'(sinx + cosx) + ¢
D) none of these
() (e ) y
© 352 R 4. If f(x)= [ al and £(0) = 0, then

X
(1+x2)(1+\/1-|-—362)

2

Inx—1 .

10. — = | dxisequalto the value of f(1) is
f[(lnx)z—H] /0
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(A) log(1+42)  (B) log(1++2]

_x
4
(©) log(l—l—\/z)—i—g (D) none of these

15 Iffﬂ
) x(1+xe")
B 1
= B) T
e D)
(14 xe™) (x+e")

(A)

©

) 1
16. If [ f(x)sinxcosx dx = 20 —a)

then f(x) is equal to
1

a’sin® x + b’ cos’ x
1

a’sin’ x —b* cos” x
1

a’ cos® x + b’ sin® x
1

a® cos® x —b? sin* x

(A)

(B)

©

(D)

dx
(x+a)8/7 (x_b)6/7

o 5]
a+b){x—>b

17. J

is equal to

7 x—b "
(B) +c
a+bllx+a
/6
© 6 [x—b .
a+blx+a
D 6 [x—l—a]v6
(D) a+bl\x—>b ¢

18. [sin(log x)dx =f(x) [sing(x) — cosh(x)] + c, then

(A) yf}f(x) =2 (B) g(&)=-3

®) 1im&¥ -

C) h(e’)=—4
(©) h(e) im

19. f Jx

X’ 44

dx equals

> dx = log|1 —f(x)| + f(x) + C, then f{x) =

7y log[ f(0] + C,

(A) gln

2
\/fo\/x3—4
2
\/xT—\/x3—4

(B) %m

(© 2|2
3 \/x_3—\/x3—4

(D) none of these

+C

+C

+C

S(x)

Ii [f(x).0(x) =0 (x).6(x)]

20- 700-6(0)

b(x)
(A) log (%) +k
1] o )
® 2|1°g )

) )10, 6
Sx) ()
(D) none of these

2

+k

g +k

1 [p—1
21. If /= | —,]——dp=
fzp*/pﬂ p=f(p)

(A) %m(pﬂ/pzfl)
(B) lcos’1 + lsec’1
R T

© 3infp+lr—1-1

(D) none of these
1

x+x°

2. If [
(A) loglx| + f(x) + ¢
©) ¥(x) +c

23. If I"(x) means log log log ..
times, then

dx =f(x)+c, then [

og o(x) dx is equal to

+ ¢, then f(p) is equal to

|

sec!'p

4
X

~dx is equal to

X+x

(B) log|x| - f(x) + ¢
(D) none of these

.x, the log being repeated r

JTxI(x) P (x)F (x).." (x)] 'dx is equal to

(A) I"'(x)+ C (B) Z;—_S)+ C
O Irx)+C (D) none of these

(x* —2)dx

is

4. |

(x* +5x> +4) tan™'

42




25.

26.

27.

28.

29.

(A) log‘tan’1 \/m‘—i-C

(B) log

tan ' [x + g]
X

+C

2
(C) sin™! [i
2
(D) tan” [%]HJ

The value of [ ¢

VI=x"
—x

(A) €

ll x2n

©) ¢

I cosx —cos’ x
1—cos’ x

2
(A) 3 sin”! (cos*?x) + ¢
¢

2
(©) 3 cos'(cos¥*x) + ¢

177

Jeos™ xsin" xdx =
(A) log|sin*"x|+ ¢

-7
© vy tan?" x + ¢

7
(e) 2 tan*"x + ¢

Stanx
If the integral J

+ k, then a is equal to:

+C

1+nx"

A=x")J1—x*
. }1+x2n

—+C (B) e

+C (D) €

tan x — 2

Indefinite Integration 15.21

2
—— dx 1S

+C

1—x>

1—x>"

1—x

+C

dx is equal to

2
(B) gsinfl(cos”x) +

(D) none of the above

4
(B) 7 tan"’x+c

(D) log|cos* x|+ ¢

¥ =x+aln|sinx -2 cos x|

(A) -1 (B) -2
©1 (D) 2
dx
The integral [ Tz)m,equals:

X
A) ——+
(A) Jai — b*x?

+C

ax
C—
(),761_[)22

) a*yla* — b*x?
D —_—
(D) aZ\/az —b*x?

X +C

X +C

30.

31.

32.

33.

34.

The value of \/EIM is

. [ ﬂ]
smi{x ——
4

(A) x+1In cos[x—%]‘-l—c

+c

4>I:1

B) x—1In sin[

(C) x +In|sin|x +c

|
-3

(D) x—In cos[x—z]‘—i-c

-lklﬂ

For a natural number #, the value of the integral

f(x3n +x2n +xn)(2x2n+3xn +6)1/n dx iS

(A) 6L(2x3n +3x2n +6xn)l/n +C
n

(B) 6L(2x3n +3x2n +6xn)1/n+l+c
n

(2x3n+3x2n+6xn)l/n+l+c

© 6(n+1)
(D) none of these

=x+2, then is equal to

3x —4
Iff[3x +4 [ f(x)dx
3x—4

3x+4

(A) ex—?In +c

B) - = ln|x71|+—x+c

© Snfx—1j+Eve
3 | | 3
(D) none of these

e Vi+x
N

(A) (1 +xl/3)3/2 + C (B) _ (1 + xl/3)3/2 + C

©) 20 +xB)2+C (D) none of these

[x{f ()" ()= f1(x*) g(x*)dx =
(A) f(2) g (%) — g f () + ¢
(B) % (O g()f ()} +c

dx is equal to
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© % {6 g —g () f' ()} + ¢

(D) none of these
35. [ f(x)sinxcosxdx =
then f{(x) is equal to
1
a®sin® x +b* cos® x
1
a’sin® x —b* cos” x
1
a’ cos’> x +b*sin’ x
1

a® cos® x —b*sin® x

(A)

(B)

©

(D)

1
2(b* —a’)

log(f(x)) + C,

36. If f(x) = tan’1x+1n\/l+xfln\/lfx, then the

integral of % f(x) wrt.x*is

(A)In [1-x*|+C
C)In|x*~1]+C

e (2—x%)

37. f(l—x)\/l—xz

dx

[ o

(A) ) fJerC
e X
I +[5]x +C
e X

©) |= i —2[5Jx +C
X

(D) none of these

B) —In|l-x*|+C
D) In|1+x*+C

Jix

J14+x

(D) none of these

+C

(B) ¢

39. [(Xa + x*a + xa) (2x*a + 3xa + 6)Va dx =

(A) 6(a+1)

1
B) 6(a+1)

C ;(
© 3(a+1)

(26 4 327 + 6x) e

1

(2643 6xt) e 4 C

1

22 4 3+ 6x°) Yaic

40.

41.

42.

43.

44.

(D) none of these

If y(x —y)* = x, then [ de  _

x—3y -

(A) %ln|(x—y)2+l|+C
(B) %1n|(xfy)271|+C

©) iln|(x—y)2+1|+C

(D) none of these.

CcoS X
———— dx =tan'(sinx —
f 1 —sinx cosx an”(sinx — cosx)
k sinx+cosx—\/§
+—=1In +C, =
\/5 sinx + cosx — \/3 where k
N ®B) 1
2 2
©) -1 D) 1
cos x—&-E
[ 4
2 +sin2x

(A) \/3 tan~' (sinx — cosx) + C

1 .
—tan"' (sinx —cosx) + C

Np

1 .
(©) 5 tan”' (sinx + cosx) + C

(B)

D
D) J2 tan"! (sinx + cosx) + C

f dx _ 1 +itan*‘ tan x LC
1—cos*x 2tanx /2 2 ’

where k =
) 1 ®) _1

2 2
© -1 D) 1
f A/ cotx —'\/tanx dx

1+ 3sin2x
= k tan"" Jtanx + +/cotx L,

2

where k =
(A)1 B) -1
©) 2 (D) -2



45. dx = k si 1+ + h
5 |~ 2008 3x sin x (1 + cosx) + C, where
k=
(A)2 (B) -2
O 1 (D) -1
secx dx
46. | — — = k./tanx +tana + C,
\/sm(2x+a)+s1na
where k=
(A) : (B)
cos a \J2cosa
1
C D
( )\/cosa (D) \] cos a
47. S x+x*+2dx
3/2 1/2
= %(\/xz +2+x) —|—k(\1x2+2—x) +C,
where k=
(A)2 (B) V2
€ -2 (D) -2
xt—1
[ — X i
48. Xt 41
4 2
N 1
(A) $+C
X
X
® o C

49.

50.

51.

f cos5x + cos4x

4 2
(©) _—Vx+x+l+c

x
(D) none of these
Tl ke[ 222 e
(x+ 1)1+ x* x©+1
where k =
a1 (B) 2
2
1
C) — D
© 7 (D) 2
dx \/;71
/ (l—l-\/;) [_2 =F NE + €, where k =
(A) 1 (B) 2
©3 (D) 4
dx

cos® x 4/ sin2x

Indefinite Integration

15.23

52.

53.

54.

5S.

56.

A) 2
(B) /2 |cot"? x + % cot’? x

© 2

(D) none of these
1+ x*
f(l_x4)3/2 X =

1
tan"? x + g tan”? x|+ C

+C

+C

1
tan'? x — 3 tan>? x

L !
— e
@ -t ® 1
X xﬁ—x
1
———+c
© v +L
X

(D) none of these

i G

(x* +3x* +1)tan'

(A) log

1[ 1
tan | x 4+ —
X

1[ 1
cot  |x+—
X

1=+
tan” |x + —
X

(D) none of these

(B) log

(C) 2log +c

3
COSX —COS™ X
[ [ X s X 4

1—cos’ x
2 a1 3/2
(A) gs1n (cos x) +c
2 - —1 3/2
(B) —gsm (cos x) +c
(C) 3 s —1 32
Esm (cos x) +c

(D) none of these
dx

f(xfl)3/4(x+2)5/4 =
V4 V4
W L e @) |2
3(x+2 4{x+2
/4
© %[erf] +c (D) none of these
X—

f cos7x — cos8x
1+ 2cos5x
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57.

58.

59.

60. [

61.

62.

) sin2x  sin3x

(A +c
(B) _ sin2x _ sin3x
2 3
©) sin2x _ sin3x
2

(D) none of these.
IfIn= [x"\a® —x* dx , then (n +2)In — (n — 1)a* In

(A) x" laz ¥

(C) —xn"(az _ xz)s/z

B) —x"'a* - x*
(D) none of these

(1 —cot" > x)dx

Ik -

tan x + cot xecot” % x

1 .

(A) —log|sin" x — cos” x|+ ¢
n
1 - n

(B) —log|sin" x + cos" x|+ ¢
n

1 .
©) — log|sin” x 4+ cos” x|+ ¢
n—
(D) none of these
J e (secx —sinx) dx =
(A) e™x sinx + ¢

(C) —e™xcosx + ¢

(r—Ddv = k tan [XAxH1l

(x+DVx +x"+x X

(B) —e"™x sinx + ¢
(D) e“*x cosx+c

c’

where k=
(A) 1 (B) 2
©) 4 (D) none of these

dx

S -

tan x + cotx + secx + cosec x

(A) %(sinxfcostrx)Jrc
1, .
(B) 5(smx—cosx—x)+c

© %(sinx +cosx+x)+c
(D) none of these
1f Jf(x)sinx cosxdx _

PV
then f(x) is equal to 26" —a’)

63. |

64.

6s. |

66. [

1
log f(x)+c, 6

1

(A) 7sin’ x — b7 cos’ x
1

a* cos® x + b*sin’ x
1

2 .2 2 2
a“sin” x + b~ cos™ x

B)

©

(D) none of these

(sinx — cos x) dx

(sinx + cos x) \/sinx cosx + sin® x cos’ x
(A) cosec’!(1 +sin2x) + ¢
(B) —cosec!(1 +sin2x) + ¢
(C) sec’!(1 +sin2x) + ¢
(D) —sec!(1 + sin2x) + ¢
dx
1 X+a
(A) a_z \x* +2ax e
1 xX—a
B) 4> Vx* +2ax e
1 x+a
© - Vx* 4+ 2ax e
(D) none of these
sin’® 6/2

do
c0s6/2 \[cos’ B + cos® 0 + cosf

=tan"' Jk + C, where k=
(A) cosO +secO + 1
(C) cosO +secH-1
(2sin6 + sin20) d
(cosf —1) \/cose + cos” 0 + cos’ 0

k-3
k++3

(A) Jcos O +sech+1

(B) cosO +secO + 1

(C) Jcos O +sect—1

(D) cosO +secO—1

If['] and {-} denote the greatest integer and fractional
part, respectively, then [ [{[{[x]}]}]dx isequal to

(B) cosO—secH +1
(D) none of these

=——log + ¢, where k=

3

2 ‘




68.

Indefinite Integration 15.25

(A) C,
(©) "7 e

(B) x+C
(D) cannot be integrated

If f(x) = 3111010[2x+4x3+...+2nx2""],0<x<1,
then [ f(x)dx =

L _ic
(A -

B) J1-x*+cC

More than One Option Correct Type

70.

71.

72.

73.

69.

1
€ (1-x)+C D) [~ =

If Im,n= [cos" x sinnxdx, then T, —4l =

3,2

(A) —cos3x cos’x + C
(B) cos3x cos*x + C

© —% cos3x cos*x + C

(D) none of these

f dx _ -1 n 2 LC
A+Vx)* 3a+V0f 70+
where

(A) k=6
(C) k,=-

(B) k,=7
(D) k,=-

If [ f(x)sin2x dx = % + C, then f{x) is equal
to

(A)

1

a*sin® x + b* cos® x
1

B) sin’x — 5’ cos’ x
1

a* cos* x — b sin® x

©

D) 7 cos? x + b*sin* x

\/_ k
Iff(\/g) —)i- =alog H)f—)clc]+c,then
(A)a=§ (B)a=—§

_5 -3
(C)k—E D) & 5

IfP= [e™ cosbx dx and Q= [ e sinbx dx, then

ax

po_
) Ja' +b°
B o=_<

\/az + b?

(C) (P*+ Q%) (¢* + b*) = e*ax

b
cos |bx —tan™! =
a

sin [bx —tan™" é]
a

(D) tan™' [g] + tan”! b_ bx
P a

4
74. x6 1 dx =tan 'k, — 2 Ztan'k, + C, where
x 3
1
(A) k,=x+ — (B) k,=x
X
(C)k:x—l (D) k,=x*
X
xlog(x++1+x )
75. 1f [ i
JI+x°
=4 J1+ x* log(x+ 1—|—x2)+Bx+C,then
(A) A= - (B) B=-
(C)4=1 (D) none of these
3cot3x —cotx 3 —tanx
76. 1f J X _ g+ Blog | Y2 tAnX
tanx — 3tan3x 3+ tanx
C, then
(A)A4=1 (B) B= —\3
1
(C)B=—— (D) none of these
3
x+2 (x)
. L = ,if
77. Letfix) = i3 f[ ]
-1, 142/ (x) —ﬁh () ++2 L
V2714270 ) V37 |31 -2
then
(A) glx) =log|x]  (B) h(x)=log|x]|
(C) g(x) =tan'x (D) h(x) = tan™'x
X
78. If fix) = lime xtan (1) tog AC)) dx =

and [ ——"—dx =
=00 3sin" x cosx
g(x) + C, then
A ol T2
&4 7%

(B) g(x) is continuous for all x
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T __15
© g[—]— g

(D) g(x) is not differentiable at infinitely many points
79. If for all x € [-1, 0), [(cos™ x4 cos "1 — x*)dx
= Ax + flx) sin'x — 24/ — x> + C, then

A)ya=1 B) 4=T
4 2

Passage Based Questions

(C) fix)=x (D) flx)=-2x
0. 1f [— T2 o ¥ B then

(x sinx + 5cosx)’ ~ Acosx

(A) A =xsinx + 5cosx

(B) B=cotx
(C) 4 =—(xsinx + 5cosx)
(D) B=tanx

Passage 1

The integral of the form [ x"(a + bx")"dx, where m, n,
p are rational numbers, is expressed through elementary
functions only in the following cases:
I: pis a positive integer
In this case, (@ + bxn)p can be expanded by the binomial
theorem and the integrand can be expressed as a sum of
rational powers of xn in the form a, = axn + ... + apxnp,
which can be integrated easily.
II:p is a negative integer
Put x = zk, where k is the common denominator of the
fractions m and n.
1) e
n
Put a + bxn = zk, where k is the denominator of the fraction p.
m+1
n
Put a + bxn = xn zk, where k is the denominator of the frac-
tion p.
81. f X324 x*?)"* dx is equal to

is an integer

1V:

+ p is an integer

(A) % (2+x)" + % (2+x)" +c
(B) %(2+x2/3>9/4 —E(2+x2/3>5/4 LC

© L(2+a) 2y
3 5
(D) none of these

82. I VlJr\/; dx 1s equal to

X

24 c

83.

84.

14+ x +1

414 x +2l0g| Y —2""|+C
® Jix -1
JI+4yx -1

41+ x +2log| ——|+C
© J1+x +1

(D) none of these

31_|_

Bl

J

dx is equal to

Pl

(1 + {1/;)7/3 (1 + 4/;)4/3
12 + +C
(A) 7 4
12 (1 + {1/;)7/3 ) (1 + %)4/3 + C
(B) 7 4
6 (1 + {1/;)7/3 ) (1 + %)4/3 + C
(©) 7 4

(D) none of these

i I~ 7,1+{/?dx is equal to
8/7

& S+ e
8/7

®) §(1+%/x7) +C

©) 312(1+%/x_“)8/7+c

(D) none of these



Passage 2
If the integrand is a rational function of fractional powers of
an independent variable x

n P e
ie., 1 (ax + b), (ax + b)" , (ax + b)* ... (ax + b)* },
where pi, gi€ Z and gi = 0 ¥ 1 < i =< k, we take the
L.C.M. of all the denominators of radicals, i.e., gi’s and
then substitute
x=lmofall g9y 1<is<k
The above integration reduces the fractional powers of x

to integral powers of #, thereby transforming the integrand
into a rational function of t.

Passage 3

A standard technique for solving problems is to reduce the
problem into a similar problem but with lesser complexity.
For example, in order to evaluate [ sinnx dx, we may con-

Indefinite Integration 15.27
cotx cot’x cot’ x
+ + ...+
1 2 9
_|eotx cot® x I cot’ x
) 1 29
86. If In = [ cosx cosec x dx, then In — In_, =
cos(n—1)x 2cos(n—1)x
A — B ——
n—1 n—1
2sin(n—1)x
© — 1 (D) none of these

n

X
If[n=f\/m
e s lxz+a2

= +k In,wherek=

dx (n>2),

87. then

n
vert it into a relation which requires the solution of [ sinz'x 5 5
dx instead. By repeated conversion, we may reduce it ulti- (A) a(l—n I, (B) a(n-1 I,
mately to an integral that requires the evaluation of [sin’x n n
dx. Integrals of the type [ sinmx cosnx dx are evaluated by A(n+1)
reducing the powers m and n to small values like 0, 1, 2, © ——r,, (D) none of these
etc. A host of other integrals may also be evaluated easily "
gsing this Fechnique. Since this process conncjcts the given 8. Ifim n= [ sin” x d, then
integral with another of the same type but with a reduced : cos” x
power, the relation obtained is called a reduction formula. sin” !
Imn=———-——+k Im n, where k=
85. If In = [tannx dx, then [, + I, + 2(I, + ... + I) + [, + I, : (n—1cos" ' x 22
is equal to
) 0 m—1 1—m
tanx  tan’ x tan’ x (A) (B)
A |—+——+..+— n—1 n—1
1 2 9
m—1 m
tanx tan’x tan’ x ©) (D)
(B) — + + ..+ n n—1
1 2 9
Match the Column Type
89.
Column-I Column-II
-]
(A) [ [seex —1dx 1. sin’!(tan x)
I dx 2. sec!(sec x + cos x)
(B) COS X 4/ cOs 2x
dx 1
C) | ——F—— _ * 2 X2
©) fcos3xm 3. 210g[cos2+ cos 5 2]
.3
(D) J sin” x dx 4. \/5[ tanx + % tan*? x]

(l+cos2 X) \/1+cos2 x +cost x
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90.

Column-I

Column-II

dx
R (P ey

2(Jx—1)

1.
J1—x
12 2
— X X il x
s NERN Wer
14+ x 1+1—
©) Jx i & 3. 2cot x—2In %
X
2
— 1

®) J ( 2_:);)\/1)4—“ 4. —[H—g]\/l—xz—icoslx

X X
91.
Column-I Column-II

sin® x — cos® x 2 .,

[ 1. ——sin (cos"' " x
@ 1—2sin2xcos2xdx 3 ( )

cosSx + cos4x 1.

— —dx 2. ——sin2x
(B) f 1—2cos 3x 2

’ COSX — COS” x
— — dx
© J 1—cos’ x

D) J

sin® x + cos® x

3. tan’'(tan x — cot x)

4 _ sin 2x

—sin.y

Assertion-Reason Type

Instructions: In the following questions an Assertion (A) is
given followed by a Reason (R). Mark your responses from

the following options:

(A) Assertion(A)isTrue and Reason(R) is True; Reason(R)

is a correct explanation for Assertion(A)

(B) Assertion(A) is True, Reason(R) is True; Reason(R) is

not a correct explanation for Assertion(A)
(C) Assertion(A) is True, Reason(R) is False
(D) Assertion(A) is False, Reason(R) is True

92. Assertion:

[ et x> cos® x — xsinx — cosx
e
xZ
: cosx
— e(xsmx+cosx) . + C
x

dx

Reason: [e*™ {f(x) g'(x)+ f'(x)}dx
= egWf(x)

93. Assertion: [ ﬂdx= 1 bsi
’ " 7 a4 bcosx b—z(ax— sin.x)

2\/a2 -0’

tan™'
bZ

dx

Reason: | ———
f a+ bcosx
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_ 1 x+1
tan x 1
- 2 _tan ! | ———— =tan 'x +—In ‘
94. Assertion: [/2 4 tan® x dx m 2 Jx-1
1 n tan® x + tanx + 2 95. Assertion: fx)‘“ logx (1+ log x) dx
2 |tan’x —tanx +2 =x" (xlogx — 1)+ C
Reason: fﬁ dx Reason: [ x*(1+ logx) dx = x*
—Xx X
Previous Year’s Questions
B) llog‘[an [fl +c
96. f-?—gﬁgiiisequa1u>: [2002] 2 2 12
x(x
) 110 X" N (C) logtan [5 E] +c
— c
n g x"+1
x m
" ——=| +
) Liog| ¥ |4 c (D) fogtan [2 12) ¢
n x"
n in xd.
©) log LA \/Ef sin xdx
. ’/T
x" 41 100. The value of Sln[x - 4] is [2008]

(D) none of these

97. The coeflicient of the middle term in the binomial
expansion in powers of x of (1 + ox)* and

of (1- o) is the same if a equals

5 3
) - B)

3 10
© 10 (D) 3

98. | (I()L_l)z dx is equal to
(14 (logx)

log x

(A) (logx)* +1

x
B) ——+C
(B) X +1

©

X _4c
1+x
D) ———+cC
(logx)* +1
dx

—_— |
coSx —i—x/gsinx equals

+cC

1 X, T
(A) Elogtan R

[2004]

[2005]

[2005]

(A) x+log

T
cos|x——|[+cx
4]

(B) x—log sin[x% +c

(C) x+1log sin[x—% +c

(D) x—log cos[x—% +c

dy

101. If I =y+3;y>-3 andy (0) = 2, then y (In2) is
X

equal to
(A)5
(B) 13
©) 2
D)7

102. If the integral

[2011]

[2012]

t .
fmdx:x—ka In|sinx —2cosx | +k>
tanx —2
then a is equal to
(A)-1 (B)-2
©1 (D)2
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103. If f J(x)dx = W(x) then f xsf(xs)dx isequalto 05 The integral f —dx equals: [2015]
1 x2 <x4 +1)3/4 :
(A) X U(x*) =3[ XU (x )dx +C [2013]
3 ( ) f ( ) (A) <x4+1)1/4+c (B) _(x4+1)1/4+c
1
B) =x’U(x*)— [x*U(x’)dx+C R s "
3= [ (C)_le] ) i R
1 X X
(©) §[x3\IJ(x3) — [XW(x)dx]+ C N
1 106. The integral | —5 5 is equals to: [2016]
(D) g[x3\IJ(x3)— [ 2 (x x|+ C SErah
- i C
1 ot W 2 rr ey
104. The integral f [1 +x— —]e *dx is equal to [2014] -
¥ ® Giory C
1
(A) (x—1)e" " +¢ B) "
( ) 1 xe +c (C) m-F C
s 1
© (x+1)e T D) _xe" * +¢ -

= i
D) 3 e +1)

ANSWER KEYS

Single Option Correct Type

1.(C)  2.(A) 3. (B) 4. (B) 5. (B) 6. (C) 7. (C) 8. (A)  9.(A) 10. (C)
11. (A) 12.(B) 13.(B) 14.(B) 15.(B) 16.(A) 17.(B) 18.(D) 19.(A)  20. (B)
21. (C) 22.(B) 23.(A) 24.(B) 25.(D) 26.(C) 27.(C) 28.(D) 29.(B) 30.(C)
31. (C) 32.(B) 33.(A) 34.(C) 35.(C) 36.(A) 37.(B) 38.(C) 39.(A) 40.(B)
41. (B) 42.(A) 43.(C) 44.(A) 45.(B) 46. (D) 47.(A) 48.(D) 49.(A) 50. (C)
51. B) 52.(A) 53.(B) 54.(A) 55.(B) 56.(A) 57.(C) 58.(B) 59.(D) 60. (B)
6. B) 62.(C) 63.(B) 64.(C) 65 (A) 66.(A) 67.(A) 68. (D) 69.(A)

More than One Option Correct Type

70. (A), and (B) 71. (A) and (D) 72. (A), and (C) 73. (A),(B), (C) and (D)
74. (B), and (C) 75. (B), and (C) 76. (A), and (C) 77. (A), and (B)
78. (C), and (D) 79. (B), and (D) 80. (A), and (D)

Passage Based Questions
81. (B) 82.(C) 83 () 84 (A) 85 (A) 86.(B) 87.(A) 88. (B)

Match the Column Type

89. (A)—>3;(B)—>1;(C)—>4;(D)—>2 90. (A)>1;(B)—>3;(C)—>4;,(D)—>2
91. (A)>2;(B)—>4,(C)>1;(D)—>3

Assertion-Reason Type

92. (A) 93.(A) 94.(A) 95 (A)
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Previous Year's Questions

96. (A) 97.(C) 98. (D) 99. (A) 100. (C)
106. (C)

101. (D) 102. (D) 103. (B) 104. (B) 105. (C)

HINTS AND SOLUTIONS

Single Option Correct Type

1. Wehave,y= [x” cosx* dx= lfcost dt
4
. 1
[Puttmg xt=t=xdx= " dt]

1 sint+ C= 1 sinx* + C.
4 4
Since the curve passes through (0, 0), .. C=0.
y= % sinx! = x*=sin" (4y) = x = 4/gin~* (4y>
The correct option is (C)
2. Puttanx=1 = sec’xdx =dt

dx (14 tan® x)sec’ x
S = f T/ = f dx
sin"” x 4 Jtanx
7 Cos X
cos " x

(1417
= f \/; dt _ f(t—vz —I—t3/2)dt

= 21" + %t” = 2\/tanx + %(tanx)y2

2 12

T
¢[Z]—¢(0) =2+5 =3

The correct option is (A)

2n
.ox =1
3. We have, (x) = 1M —5— T - laso<x<l

nHDOx
[sin™' x- f(x)dx =— [sin”" xdx

:_(xsin‘1 x+41— x2)+ c
The correct option is (B)
sin® x —cos® x

——dx
4. 1=+ 1-24in’ x cos’ x

I (sin* x —cos® x) (sin* x + cos* x)

1—2sin® x cos® x dx

L=

(sin® x — cos® x) (sin® x + cos’ x)

I (sin* x +cos” x) g
= 1—2sin? x cos’ x

1(sin® x — cos” x) [(sin® x + cos” x)’

—2sin* x cos” x]
= f dx

: 2 2
1—2sin” x cos” x

22  hain? 2
f(sm x—cos” x) (I—2sin” x cos” x) dr

1—2sin? x cos” x

—fcos 2xdx =7%sin2x+c

The correct option is (B)
dx
2

[ + ()

Put — "y =

(V)
—2dy 2

1= f5(1—|—y) :—g Injl+y+ec

BEREC

(\/5)5 +1

1 dy 5
dx

k=

a=

W N
N | i

The correct option is (B)

. Putx?=¢

= 1= 210" 0 - g0) S eNde
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- %U SO Wyt~ [ g(t)f"(0)dt] +

~ 00~ F g d—g 0 ®
+ ') fwydi|+c

1
I= 5 g®-g0f O] +c

1
=5 g () —g()f ()] + ¢
The correct option is (C)

f cos 5x + cos 4x ax

. The given anti-derivative = 1—2cos 3x

9x X
2cos—cos—

=/ dx
1—2[2005232)6—1]

9x X
2c0S—CcoS—

:f—z 2 ix

3—4cos’ 37x

9x X 3x
2C0S—COS—COS—
= f 5 2 32 dx
3cos Y —4cos® X
2 2

(Multiplying and dividing by cos 3_x )
2

9x 3x X
2cos 70057 COSE
= [ o dx
—CcoS—
2

(cos3x =4cos’x — 3 cosx)

:—f2cos3—xcos£dx
2 2

=— [(cos2x +cos x)dx

_sin 2x

—sinx +c¢
The correct option is (C)

. Let/= [tan* xdx

= [tan® x(sec’ x —1)dx

= [tan’ xsec® xdx — [ tan® xdx

= [tan’ xd(tanx)— [ (sec’ x —1)dx,

where ¢ = tanx

10.

11.

12.

tan’ x
3

=K tan’x + L tanx + f(x)

—tanx +x+ C

1
= K= 3il=-Lf=x+C
The correct option is (A)
1 1
; I dx f 34
[(x=1) (x+2)’] [x_l] (x+2)°
x+2

dx

:lf%dt x_lzté;zdx:dt
377 2 (x+2)
1 tl/4 4 /4
= | |+e =" +c
3[1/4] 3
4(x-1 1/4_'_c
S 3(x+42

The correct option is (A)

Putlnx=¢ = x=¢' = dx=¢é'dt

=1 : e L_L dt
= Je [t2+1] ar_J [t2—|—1 (2 +1)°

¢ _* e
=241 T (Inx)’ +1

The correct option is (C)

b
I= f X = dx = f - dx
2 _ ax’ +b - ax—!—é
X X
Putax+ — =t = [a_?]dx=dt
li dt ax—+—
I= \/Cth2=sin’l . X4k
The correct option is (A)
secxdx secx dx

Jsin(2x + ) +sin® \/2sin(x+9)cosx
s sec™? x dx
=2 \/sinx cos0 + sinf cos x




13.

14.

Lf sec’ x dx

= V27 \Jtanxcosh+sing (7t
S —

“ V27 JicosB+sin6

2 LJtcosO+sin0
NG cos 0 e

~ /2 (tan x sec O+ tan Hsec ) * ¢
The correct option is (B)

Put cosx +sinx =z
= (—sinx + cosx)dx =dz

Also, 1 + sin2x = 22
dz

I:f./S—(zz—l)
dz

Z
- oz '3 e

~ [cos x+sin x
= sin™! f +c

The correct option is (B)

f x2dx
(1+x2)(1+\/1+7)

Letx=tan® = dx=sec’0d0=(1+x?).dO

S =

X dx

f(1+x2)(1+\/1+7)

tan’ Osec” 040
sec” 0(1+ sec 0)

J)

_J

sin® 040

tan” 0 40
cos 0(1+cos 0)

1+4secH
1—cos®0dh
cos 0(1+cos 0)

cos 0)df
cos®  ~ JsecOdd— [db

_J
_J
_ pUzcosHdh

= log(x—l- 1+x2) —tan'x +¢

1(0) = 10g(0+\/1+0)7tan’1(0)+c
= 0=logl-0+tc=c¢c=0

f(1) =10g(1+\/1+12) —tan’'(1)

Indefinite Integration
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15.

16.

17.

:log(l-f—\/z)——

The correct option is (B)

Put t=xe*. = dt=e*(1 +x)dx
(ctds e rnd

Thus, / x(1+xe*)’ =7 xe (1+xe*)’

t 14+t (141)

1
= — +H+ — +
log|z| —log|(1 +©)] 1+1 C

t 1
_
14+ 14t
1

-
- —|+—
1+¢

141

=log + C

+ C.

=log
The correct option is (B)
J f(x)sin x cos x dx

1
=2 — g leg/@) + C
1 . 1
= f(x)sinx cosx = m mf’(x)

[by differentiating both the sides]

o f'@)
= — a?)sinxcosx = 2
(f(0)
= [(2b%sinx cosx —2a’ sinx cosx)dx
/! I
===
(f(x ))
[by integrating both the sides]
= —b’cos’x —a’sin’x =— !
f(x)

= fv=

(a’ sin® x + b’ cos” x)

The correct option is (A)
dx

(x+a)8/7 (x_b)6/7
dx

(x 4+ a)’ [ b]

Let I= [

J

X+ a
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18.

19.

Put X b_ b2 x =dy
X+a (x+a)
1 dy 7
= _— = 1/7
! a—i—bfyé/7 a+b
7 (x—b)"
= +c
a+blx+a

The correct option is (B)

1= [sin(log x).1dx

— xsin(logx) — fm xdx
X

=xsin(logx) = [cos (logx) *1dx
= xsin (logx) — [x cos(log x + [sin(log x) dx]
21 = xsin(logx) — xcos (logx)

= /=

% [sin (logx) — cos (logx)]

So, f(x):f =~ lim f(x) =1

Also, 11 li(( ))
The correct option is (D)
Jx
I=f ——dx
Vx' 44
Let x*? =2tan6 = —x'"?=2sec’0—
4 dx
= x"2dx =3 sec?0do
%sec2 040 )
1= f— = —fsec@d@
JJ4tan®? 044 3
2
Eln(sec 0+ tan6)+c
2 -4 x*
—In +—|+c
=3 4 2
2 [N a4
B gln f +

gln X —(x’—4)

B N

20. /

21.

22.

23.

zln

el

The correct option is (A)
ff(X)d>(x) /! (D)), g[dJ(x) ,
J(x) o(x) S0
o)
Put log (%) =t
S S Y@= @),
o (x) (f(x))’

=

>

1
we get [ = ftdt = Etz-f-k

[ o)
70

The correct option is (B)

] +k,kER

Let /= fzL 2Ly
P

p+1
L el
27 pJ(p+D(p—=1
_ —f pdp _1 dp
pp’ px/pzfl
1 1
= 510& <p+ pz—l)—E sec”!p.
The correct option is (C)
1 x*
_ [—— _ d
Let ] = fx—l—xs dx and /, = fx+x5 X

Now, I, +1, = f%
= [+ =log|x|+c
= [ =log|x|—f(x)+c
The correct option is (B)
Putting I"'(x) = ¢
1
and 7o) P(x).. 0 (x) B
i 1
weget, D v 12(x) 13(x) ... 17 (x) P
— [1-dt =1+ C=F(@)+C

The correct option is (A)



X142 2
24. Put =y ~dy= [1 - _2] dx
X
I (x* —2)dx
2
(x* +5x> +4)tan”’ [M]
X
x’ [1 — 22] dx
X

=

[(x*4+2)* +x*]tan”' [m]
X

oy
(»’+Dtan'y

_J

=log|tan”'y| = log +C

tan™' [x + %]
X

The correct option is (B)

-1 Zn

1+nx —

(l—x A=) i—x"

m—i— nx""
I=x" q=x")J1—x*

ex [1 _x2n

1—x"

25.

Je

+C

The correct option is (D)

Jeosx.sinx
S

COSX —COS> X
26. /= f 1—

3
Put cos*’x =t = 5«/005 X (—sinx) dx = dt

|
w N
QU

2
= I=fm =f§sin"t+c

75 sin! (cos*?x) + ¢

_ 2 T cos'(cos™ x)|+ec
312

E cos™!(cos*?x) + ¢

The correct option is (C)

3 (—11
27. m+n="57T T = -2 (—ve integer)

Indefinite Integration

15.35

2
(Puttingx + — =1¢)
X

dx _
cos® x =7 J1—(cos* x)? @

I

= [cos™ x(sin(’””)x) dx

_ Y R
= [cos " xsin~* xsin®” xdx

cosec X f Coseczx dx
] 7 ot x

SlIl X

Ler

Put cotx =t = —cosec? xdx = dt

3
dt P
/ =—ft37=7 3 +c
——+1
7

:—Zt‘”Jrc:—zcot“”erc
4 4

— tan*x +c.

The correct option is (C)

f S5tanx dx =f . Stanx dx
tan x — 2 sinx — 2 cosx

f (sinx—2cosx)+2(cos x+2sin x) dx

(sinx—2 cosx)

=fdx+2f0f)sx+25inxdx
sinx — 2 cosx

=x+2In|(sinx -2 cosx)| +k
= a=2
The correct option is (D)
dx

. Let/= f(az 7b2x2)3/2

Letbx=asin® = bdx=acos6do

acosb do 1 5
= J= fb(az _ &’sin? 6)3/2 = Efsec 0 do
tan6+c b—x+c
- b T a’bya’ —b’x’

The correct option is (B)

dx

T W
X——+—

s R

- \/Ef[cosi+cot[xz] sin~
4 4)°7 %

dx




15.36 Chapter 15

31.

32.

33.

- fdx+fcot[x—%]dx

— x+In|sin

X — —] ‘ +c.
4
The correct option is (C)
I= (34 62 3262 32" 4 6) M ax

3n 2n n\l/n
(2x™" 4+ 3x™" + 6x") dx
X

_ f(x3n+x2n +xn)

— f(x3n—1+x2n—l+xn—l)

(2x™" 4 3x™" + 6x")""dx
_ éf(zxzn 4 3x2 4 6x")n

(6x" "+ 6x*" 7+ 6x" ) dx

_ Ly =2x3 2
-5 Jt"" dt, where ¢ = 2x + 3x> + 6x"
n

L
1

6n 1
n

+1

1
QX" 436" 4 6x") +C

T 6(n+1)

The correct option is (C)

3x—4
Wehave,f3 4 =x+2
X

3
Let 20 3y 4 =3t + 4t
3x+4

41 +4
3(1-1)

4+4
- +2
0= 3573

= Xx=

4x+4
3(1-x)
4 8
72_573()(—1)

+2 -

S =

Jf(x)dx = Ex—§ Injx—-1|+c
3 3
The correct option is (B)

[= fx’l(l—x3)7l/zdx

Letl —x*=£#= —3x¥x=2tdt
2¢dt 2 tdt
3% 31—1+¢2

= xldx=

34.

35.

2\ tdt 2 . dt
= [(FY]—= -_Z
e

2 . dt 21 t—1
== = Z. —log|— |+
SRt
— 3_

=1ln J1—x 1 c
3 1—x° +1

The correct option is (A)

f\’1+\/— fx3 1+X3 dx
U
Herem=;,n=§,p=%
Put 1 +x"=2
m+1 .
=1(an integer)
n

= xPdx=6zdz

f\/1+3/§ J

3/..2
X

= fz.6zdz =234+ C.

=2 (1 +x18)2+C
The correct option is (C)

Putx? =t

- IO O g0 1wy
- I g0 Wt} +e

= 00~ rOg0d-g 10
+ [g) fwydt}+c

e % Vg0 -g0f 0} +c

36.

1
= V) —g(@)f ()} +e
The correct option is (C)

J f(x) sin x cos x dx

1

= m log(f(x)) +C

1
26* —d?) f ( )
[by differentiating both the sides]
JAE))
(/)
= [(2b’sinx cosx — 24’ sinx cosx)dx
/! GO
f(f (x ))

= f(x)sinx cosx =

= 2(b*-d*)sinxcosx =




Integrating both the sides, we get
1

S(x)

= -b2cos’x —a’sin’x =—

1
(a*sin® x + b cos’ x)

= f=

The correct option is (A)
37. We have,
f(x)=tan'x+In14+x —In1—x

-1

1 1
=tan x+—In(l+x)—=In(1—x
3 ( )2 (I-x)

Differentiating w.r.t. x, we get

e 111 1
AL 1+x2+21+x+1—x]
1 1 2
:7+7: "
I1+x* 1—-x> 1—x
/'(x) d(x*) d(1-x*)
e

=—n|l-x*+C
The correct option is (B)
38. We have,

peeo)
(I—x)41— (1—=x)/1—%7
- +\/1+x
(l—x)\/l—x Ji-x

J1+x
J1—x

T () T (T

1—x

Jix | iix

21+ 2\/17x

dx

4
dx

Now,

1—x
o l=x+I4+x 1
2l—x)J1-x  (—x)1-x
d|1+x JI+x

1= d

U = el R o
=e" H_x-i—C.

1—x

The correct option is (C)
39. We have,

- IH] [quxw

Indefinite Integration 15.37

e (1+1—x)dx

40.

41.

. X i
Putting [*] =t
e

x—1 X
= x[f l+[f] ln[ ] dx =dt
e e e e
- gl
e e
= Inxdx :d—

~

Therefore, the given integral reduces to

I:f[t+ ]f[1+ ]dt —t—f+c

-

The correct option is (A)

5] +C
X

We have,
I= f (xs“ + x4 x“) (2x2“ +3x“ + 6)W dx

= f ( 3a=l 4 2a-l x”’l) (2x2“ 34 6)1/a dx
_ f ( 3a— 1 2a 1+xa71)(2x3" +3x2a +6xa)l/a dr

Putting 2x* + 3x% + 6x* = u

=  (6ax*'+6ax*'+6ax*")dx=du

1 1
- (2 rat) 4 C
6(a+1)
The correct option is (B)
Putx-y=t (1)
According to the given condition
Mx—y)y =x
ie., y =X ..(2)
Solving equations (1) and (2), we get
£ t
pER andy = e
dx 1 £
= d
fx—3y J £ 3t [12—1]
£ -1 -1
£-1 (=13 -2
t(t* —3) -1y
1 ?(1*=3)
= f e R !
(¢ t*—1

x=

dt

=/
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- tdt :lfﬂ Putting#* —1=z
=1 27 z |and 2tdt=dz

42.

43.

:lln|z|+C=lln|t271|+C
2 2

:%1n|(xfy)271|+c

The correct option is (B)

~ lf (cosx—Q—sinx.)—i-(cosx—sinx) d
2 1—sinx cosx

CcOsX — sinx

1 cosx + sinx
=—|f ———— - dx
2 1 —sinx cosx 1 —sinx cosx
1
=1+
Ln+1]
11: f s1nx.+cosx de
1—sinx cosx
Putting sin x — cos x =t
=> (cos x + sin x)dx =dt
and, 2 sin x cos x =1 —(sin x — cos x)?
=1-7
dt 2dt
.'.Il=f72 = f—z =2tan't+ C
1— 1—¢ 1+¢
2

=2tan™! (sinx —cos x) + C

CcosX — sinx
Let/,= [ —————dx
1 —sinx cosx

Putting sinx + cosx=¢ = (cosx—sinx)dx=dt
and, 2sinxcosx=(sinx+cosx)}’—-1=£-1
2d

- fl_[tz—l]_f%z
2

1 1

-3 143
-1 |t-\3
Bot+4B
;1 N sinx+cosxfx/§
\/5 sinx+cosx+\/§

dt

+C

+C. cok=——

The correct option is (A)

™
cos[x + ]

Y

2 +sin 2x

CcOsX — sinx

= dx
fﬁ (2 + 2sinx cosx)

1 d(sinx + cosx)

= ST g
\/E J (sinx + cosx)’ —1 *

44.

45.

Putting sin x + cos x = #, we have
1 da 1

BRI
- L tan™' (sinx + cosx) + C

2

The correct option is (C)

tan 't 4+ C

d
Let/= [ ———
1—cos™x
dx
=f 2 2
(I—cos” x) (14 cos” x)
*f dx
- [ 1+0052x][ 1+ cos2x
1— 1+
2 2
4 dx
-

(1 —cos 2x) (3 4 cos 2x)

t
1+7t2 and cos 2x =
4 dt

1-7° 1—2) 142
1——— |34+ —

1+1¢ 1+1¢
4147 dt _ (1+#)dt

217 (217 4 4) (> +2)

1,.(1 1
== [|5+5—=]|d
2f[t2 z2+2]

Puttingtanx=¢t = dx=

o

-

g44+1m1r

27t 2 2

- + L tan !
22

The correct option is (A)

+C

tan x

2

- +C
2tanx

(1—tanx) dx
\/tan x (1 + 6sinx cosx)

Given integral = S

(1—tanx) sec’ x dx
7 Jtan x (sec’ x + 6tanx)

Putting tan x = # = sec’v dx =2t dt

L

1— )2t dt
~1=f té1+t4)+6t2) B 1
ﬂ+?+6
dp+ﬂ )
ly
ot ey
+4
[r+%] +4 7

. 1
Putting 7 + 7 = y]

1—#

14 ¢



—2‘ltan’1 Yl
2 2

2

1
S i G,
2t
— _ tan™ tanx +1 LC
2 /tanx
— —tan” \/tanxer cotx e

The correct option is (B)

46. (d). f cosS5x + cos4x dx
1—2cos3x

i sin3x (cos5x + cos4x) ax

sin3x — sin6x

. 9x X
sin3x *2 cos — cos —

— 2 2
f 9x . 3x d
—2cos—sin —

=—T 2c0s3—xc0s£dx
2 2
= — [ (cos2x + cosx) dx

sin2x . .
i —sinx +C =—sinx (1 +cosx) + C

secx dx
Jsin 2x + a) + sina
secx dx

N \/sin 2x cosa + (1 + cos 2x) sina

47.

secx dx

\/2 cosx (sinx cosa + cosxsina)

secx dx

- \/20052 X cosa (tanx + tan x)

B 1 sec’ x dx
\/200sa \/tanx—i-tana
Putting tan x + tan a = ¢ = sec’ x dx = dt

dt

S 1
1= J2cosaf$

- slivc

\ 2cos a
2
= Jtanx + tana + C

cos a

The correct option is (A)

48. Let /= [ \Jx+x*+2dx

Indefinite Integration

49.

Put x> +24+x =¢F..(1)

dx  =2tdt

=

1 x
+\/x2+2

e Jxi+2 .2tdt12\/x2+2dt
X+x*+2 t

Now, rationalizing L.H.S. of equation (1), we get

2
JPr2-x =50

Adding equations (1) and (2), we get

1 2 42
X 4+2 =f[t2+t—2]=

42
Thus, dx = e dt

tt 42 2
Hence, I= [ t- 5 dt = f[t“rt—z]dt
3
:L—E-i-c
3 ¢
1 3/2
=§(\/x2+2+x)

The correct option is (D)

Let/= [ Sald WS
otf= [— X
W xt 1

= (=D +1) dx

)631 xz—i-iz—i—l
X
2l
R I G 39 S

2
[x—i—l] -1
X

2
. 1 1 1
Putting [x—i-f] —1=t= Z[x—i-f][l——z]dx =dt,
x X x

I:f%:\/?+c

1 [ a4 2
= ,x2+T+1 +C :.LX‘H_’_C.
x X

The correct option is (A)
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x—1

——dx
/ (41 1+
[l—iz]x2
X dx

=/
1 , 1
x|+ —fx,/x"+—
X X

50. Let/=

Putting x+l =t= —
X x2

1— l]dx =dt

dt dt
L= [ —= =f
1 =2 tz\/lfg

t2

ﬂ =4 and gdt

t

Putting = du, we have

—1 du 1 B
1=ﬁf — =—cos'u+C

[\

1 ‘£+C

= ——CO0S

_L -1 \/Ex +C . k_
_ﬁ x2+1 . .. -

The correct option is (C)

51. Putting x = cos?0 and dx =— 2cos 0 sinf d6, we have

7 = li —2cosf sinf
(1+ cosB) cosBsinb

=—f secz[g]de = Le/z—i—C

1/2
_, 1—cosb LC=» Jx =1
1+ cos® Jx +1
k=2,
The correct option is (B)

52. We have,

+C.

dx
cos® x +/ sin2x

= Lf (sinx)""*(cosx)™7"* dx

V2

Puttingtanx=¢t = dx=

L=

dt
1+

ol

Al i ! d !
SO, SINX= —F—— and CoS X = ————
Jive Jive

1 2 1 dt
sI= 7[ PIeSTZ 74 2
J2 7 AT )T e

71/2(1+t2)dt

:ﬁft
- \/lz[z\ﬁ+§t5’z]+c

1
=2 [tan”zx + gtanmx] +C.
The correct option is (A)

1 4 X+ —
53. Let/= f(l rx X

—xh)? dx 1 32
2
— =X

1 1
Put - —x¥’=z= 2|5 txjdx =dz
x

=

R YR S B
"_2 23/2_\/; -

The correct option is (B)

s3. 1= [ (x*=1)dx

(x* +3x" + 1) tan”"

J
X+ —
b

dt
(t* +1)tan'¢

-

dt
Puttan’lt:ué—*dul

1+
=log|u|+c

=log |tan"'¢| = log +c

A
tan |[x +
X

The correct option is (A)



55.

56.

57.

3
COSX — COS” X
Let/= [ 1—cos’x dx

\cosx (m) \/cosx-smx dx

Indefinite Integration

15.41

\/1 (c0s3/2 )z \/l cos”x
dt

-2 -2 .
f\/ﬁ =3 sin” (f) + ¢

32

= %2 sin”'(cos® x) + ¢

The correct option is (B)

eti= (x—1)"(x +2)"
- d:x )
[ +2>]

-1

Let st= —
x+2 (x+2)

dx =dt

dt 1.
1= fﬁ"'gfl‘ ¥t

/4
xl]
+c

14
73/ [x+2

The correct option is (A)

f cos7x — cos8x
1+ 2cos5x

. (15 ] [ x
—— x|esin| =
2 2

2 sin
14+ 2 cos5x

dx

=

Multiplying and dividing by sin 57){
15 x Sx
2 sin-2 xesin T en
s
sin>F + 2sin 2 ecos Sx
2 2

L I5x . ox . 5x
2 sin esin —esin—

=/ 15x . 5x
sin— + sin esin—
2 2

. 15x . x . 5x
2 sin -s1nf-s1n7
- f 15x dx
sin——
2

. Let/=

. 3 .
Putting cos™’x =1 = 5 cos"? x (—sinx) dx = dt 1

N

JI+£

[using Je'[r+ f'0)de= etf(f)]

60. Let /= [

= /2 sin£°sin5—x dx
2 2

= [(cos2x — cos3x) dy— Sin2x _ sin3x

2 3

The correct option is (C)

(1—cot"*x) dx
J

tan x + cotxecot””

g (sin"* x — cos" % x) dx

sin"? x tanx + cos" > xecot x

_ sinx cosx (sin""* x — cos" > x) dx

sin” x + cos” x

Put sin"x + cos™x =t
= p(sin"'x-cosx — cos™x-sinx) dx = dt

Izlfﬂ
n-t
1
= —loglt|+c = flog\sm x4 cos" x|+ ¢

The correct option is (B)

. Let I= [e™(secx —sinx) dx

dt

Put tanx = =>sec’x dx=dt or dx=17

+ 1

Je

JI+2 - Lt
Ji+2 ) 1+1

1 t
= [é - dt
fe \/l+t2 (1+lz)3/2}

et

+c

= e -cosx +c.

The correct option is (D)

(x—1dx
(x+1)\/x3+x2+x
(x* =1y dx

B f(x+1)2 VX +xt 4 x

xz[lfi2 dx
X
(x2+2x+1)\/x3+x2+x

x2 [1 — Lz] dx
x

1 1
XX +24+—|x,|x+1+—
x X
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61.

62.

Put x4+— =r= dx =dt

1 1

1— —

X [ x?
dt

f(:+2)1/z+1

Putl+t=22=dt=2zdz

2z dz dz
= 2f 2
z-+1

=2tan"' (z) + ¢ =2 tan™ (\/H—t) +c

X +x+1
=2tan! y|— +¢
X

k=2.

The correct option is (B)
dt

Let/=J

tanx + cotx + secx + cosec x

(sinx cosx) dx
1+ sinx 4 cosx

sinx dx

secx +tanx + 1

Multiplying and dividing by (1 + tanx — secx), we get

_ fsinx (14 tanx —secx) dx

(1+ tanx)* —sec’ x I =

_ fsinx (1+ tanx —secx) ax
2 tanx

= %fcosx(1+tanxfsecx) dx
1 .
= Ef(cosx—i—smx—l) dx

|
= 5(s1nx—cosx—x)+c

The correct option is (B)

Since 65.
i dx = ———1 +
J f(x)sinx cosx dx 2(b2 g og (f(x)+c.
Differentiating both sides w.r.t. x, we get
) 1
X) sinx cosx =
70 Ty
. ()

= 2(b* - a?) sinx cosx =

( Cor

!
=> 2b? sinx cosx — 2a® sinx cosx = / (x)z
[f ()]

Integrating both sides w.r.t. x, we get,

63.

64.

= —b? cos*x — a® sin’x = —

S(x)
I S
a’sin’® x 4+ b cos’ x

= fx) =

The correct option is (C)

(sinx — cosx) dx

(sinx + cosx) \/sinx cosx + sin’ x cos’ x

(sinx — cosx) dx

(sinx + cosx) \/sinx cosx (14 sinx cosx)
dt]

[Put sinx + cosx = ¢ = (cosx — sinx) dx =

—dt

1 2 2 1 2 2
t\/i(t -1 +Z(t —1)

2 dt
=) =-—cosec () +¢
tNt—1
=—cosec™! (1 +sin2x) + ¢

The correct option is (B)

dx
(2ax + x7)

dx
{(x ta) - }3/2

Putx+a=asecO = dx=asec6 tan0 db

Let/= [

T

a secb tan6 d0
{a*(dec’o — D)}
_ f a sech tan0 do

a’sec’

1 1

2

cos’f

a* 7 cosd sin’0
-1 _x+a

1 1
= — +c = —_——
a [ SInG] @ x* +2ax

The correct option is (C)

+c

sin’(6/2)
cos6/2 \/c053 0 4+ cos*0 + cos0

.db

. . ein?
f 2 sm9/2 cos0/2+2sin” 6/2 40

2 cos’ \/cos3 0+ cos® 0 + cos

)
1 sin 0 (1 — cos®)

2 (1+c0s9)\/cos39+cosze+cos9
Put cos0 == —sin0 dO = dt

1 (t—1)dt
2f(t+1)\/t +12 41
1 -1

PR N o

db

dt



66.

=)
el
[r+1+2]\/z+1+1

t t

1
Putz+1+ ; == [l—tlz]dt = 2udu

J

N | =

1 2udu
5 f 2
27 (u”+Deu

du
= =t —1 +
fuz 1 an'(u) + ¢

| 13/2
=tan t—|—1+; +c

=tan™ (cosO +secO + 1)"* + ¢

k =cos0 +secH +1
The correct option is (A)
(2sin6 + sin20) d6

(cosf —1) \/cos9+cos26+cos39
Put cos0 =x>=>—sin0 dO = 2xdx
(l—l—xz). 2xdx
f 2 2 4 6
1—=x7) \/x +x" 4+ x
(1+1/x2) dx

I

1 _
Put ——x =¢t= [—zl—l]dx =dt
X X

dt

ft\/tz +3

Put 2 + 3 = u?> = 2tdt = 2udu

=4

—u du du
L
fu(u2—3) fu2*3
=ﬁm4f
NE)
2 g V3B —\/—
NE) £ +3

P N
X

Zlog| ¥ —*
3 1

Vs [ 4= 1443
X

+c

Indefinite Integration

15.43

67.

68.

69.

\/cose +sech+1— \/_
\/5 \/cose—i-sece—i-l—i-\/—

.. k= \JcosO +sech +1

The correct option is (A)

[x] = n where n is an integer

{[x]} = {n} =0

J UH{[x1} 1} 1dx = [odx = constant = C
The correct option is (A)

x2n+2 _1
x*—1

So, 2x+4x*+ ...+ 2nx™ " = h(x)
2x {nx™ —(n+ 1) x> + 1}

Letgx)=1+x2+x*+ .. +x0=

=o'(x)=
g'(x) =1y
Now, /() = imh(x) = — 2 4o0<x<1
s (X —1)
Thus, [ f(x)dx -
(x* =1y
S L ic
x> —1 1 —
The correct option is (D)
We have,
_ 4
1,= w - % [ cos’ x sinx cos3x dx

But sinx cos 3x = —sin2x + sin3x cosx,

4
- 4 .
sl = M—i——fcos%csmh dx
; 3 3

- %fcos4xsin3x dx+C

_ 4
_ cos3;c cos” x "‘%Iu _glm ‘C
Therefore,
ZI“ _i I, - —cos3x cos* x LC

3 3
or, 7/, ;—41, ,=
The correct option is (A)

3

—cos3x cos*x + C

_pnx dx
A++x)* 2Vx
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71.

72.

Putting 1 + V=1

= 2]0_81) dt dx
t =

2Vx

=dt
=2[@ 7 =1y dt

-6 -7
=2 t__t_ +C

-6 -7

—1 2

- C
3(1+x)° +7(1+\/§)7 ’

The correct option is (A, B)
We have,

[ f(x)sin2x dx — w+c

2
—a
Differentiating w.r.t. x, we have

fx) slr:;x: b — P 1(x)

= IF = b* [2sinx cosx dx —a’ [ 2sinx cosx dx

L
= f)

Sx) =

= (b*sin’x + a*cos?x) or (—b*cos’x — a*sin’x)
1

2 2 2 .2
b"cos” x +a"sin” x

1
b* cos® x + a’ sin® x

or,

The correct option is (A, D)

(Vx)’
Let /= f_(\/§)7+x" X
f dx
~ T (W) W)

dx Put —=y

—_— X

7/2 1

x {1—1— 7 :>—_5 dx _
X 2 2

-2

The correct option is (A, C)

73.

74.

75.

We have,

P:fe“"cosbxdx:e 0)
.

0 = [e”sinbx dx = ﬂsin hx—0) ..(2)
r

b
where = yJa’ +b*> and Q = tan™' [;]

Squaring and adding (1) and (2), we have

2ax

- [cos*(bx — Q) +sin® (bx — Q)]

(P*+ Q?) r? = e*ax
= (P*+ Q%) @+ ) = ax
Again, dividing (2) by (1), we get

PZ+Q2:

% = tan (bx — Q)

o, J &
» x4 1

The correct option is (A, B, C, D)

xt+1 (x* +1)° —2x7
R e T
1
=f [1+xz]dx _2f iczzdx
x2+121] ()" +1
x
1
_f[1+)cz]dx f xdx
[xl L
x

1
[In first integral put X —— =17 and in second put x* = u]
X

T

w* +1

t—l—l_

= tan"' (¢) — %tanfl(u) +C

— tan”' [x — l] —%tan’1 x)+C
x

1
“k=X—— andk,=x
X

The correct option is (B, C)

Put /x? 41 =



! -2x dx

= 5 [x2+1 =dz
N dx_dz

X2 +1

1= [llog(yz* =1+ z)dz

1+
= 5 2
log(z+ z —1).Z—f
:log(z+ zz—l).z—f zdz
2 -1
:log(z+ 2271).27 Z—1+C

:1/x2+110g(x+ x2+1)fx+C

“A=1,B=-1
The correct option is (B, C)

3 1
3cot3x —cotx —
. ﬁ = tan3x tanx
tanx —3tansx 40 3tan3x
tan x 1
_ tan3x
tan® x [1 _ 3tan3x
tan x
_ -8
~ 3—tan’x
= f[ +3]dx
3 —tan® x

:f—gdx—i-Bx—l-C
3 —tan’ x

Let ¢ = tanx = dt = sec*xdx

di_dt

secix  1+1°
—8dt

(1+)GB—1)

= dx=

+3x+C

ar=J

2|

3—¢

1
ST f

+;t2]dx+3x+C

—2tan (1) +3x+C

Indefinite Integration

15.45

-1

NG

= A=1,

log

\/g—i—tanx
\/gftanx

+x+C

—1
=5

The correct option is (A, C)

77. Letl= f[

fx

x+2

Put 2x+3 =y =x=

_2f

*fy

>] " ,[;2] dx

2x+3 X
3y -2
2)/2 and dx = a

2y 1—22y dy
Zy) 3y° —

yzdy

(2y*

-DGy -2

1 Y7

—2ydy
_ 2y2)2

€
“\2

log

i
\f

Thus, g(x) =

1+fy
l—fy
14 J2f(x)
—2f(x)

Bfx) +J—
5B -2 Al

log | x|

ol

fy\f

and A(x) =log | x|

The correct option is (A, B)

78. fr) = lim &™)

n—o0

a)els)-
But hm tan | —|log
n

So, fix)=e"=

Hence,

-J

\/sm” X COS X

1+1¢

1173
t

N

dt

+C

1
_[——x
{[sin'" x cos x
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[Putting tanx = ¢ = secx dx = df]

_ f(t—ll/S +t—5/3)dt _ ?t—S/B _%t—2/3 +C

—3 (I1+4tan’ x)
-8 tan® x 3/tan” x +c
2
3 (1+4tan’x) andg[f]: 15

Thus, g09="8  tan2 & tan® x 8

Clearly, g is not defined at x = 0 and odd multiple of Z
2

The correct option is (A, C)

79. cos"\/l—x2 =—sin"x, x<0
S f(cos™ x + cos T\l —x?) dx

= [(cos ' x —sin ' x) dx

S T osin'x|dx=T1x-
2 2

. 2
—2x s1n‘1x+f—x dx
1—x?

:gx—zxsin*x—z 1—x* +C

Passage Based Questions

80.

A= and f{x) = 2x

(SR

The correct option is (B, D)

Given integral can be written as
x*(x* +20)
=7 (x° sinx + 5x* cosx)’
(x° +20x%) cosx x°
=7 (x° sinx + 5x* cos x)? [

7 dx

dx

cosx
. d .
Since — [x’sin x + 5x*cos x] = (x* + 20x%) cos x,
x

Therefore, integrating by parts, we get

5
X

[=—

cosx (x°sinx + 5x* cosx)

I S5x*cosx +x’sinx  dx
(x°sinx + 5x* cosx) sec’ x
_ x

= - + tanx
cosx (xsinx + 5cosx)

. A=xsinx+ 5cos x and B = tan x

The correct option is (A, D)

81. Put2 +xP=z=dx=62.x" dz

fxl/s <2+x2/3)1/4 di = fxl/S. 2(62°. x') dz

2 27
YR

= 2 (2 + X2/3)9/4 _ 2 (2 + X2/3)5/4 + C
3 5
The correct option is (B)

82. Putl+ [y =Z=dx=4z [y dz

P (ae ) s

X

Z? 1
=4 fﬁ dz=4f 1+ZZ—1] dz

z—1

1
4[z+—log +C

2 z4+1

JI++/x =1
=4 / +21 ~ | +C.
el VI+x +1

The correct option is (C)

83.

84.

Putl +x"=2=dx=1222x"*dz

_ f%/1+<‘/;

z
7 dx= fﬂ (1222 x*)dz
Jx x

—12 [P de=12 [ (F 1)

zl
=12 [7 - I +C

(1 + x1/4)7/3 (1 + xl/4)4/3
=12 7 - 4 + C
The correct option is (B)
Putl +x*3=z"=x"dx= 2 2 dz

21
i i a2
1

21 2
=— — +C
4 8
8/7
eV e
32
The correct option is (A)
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85. We have, R

x4 a —(n=1[ x" e~ dx
\/x +a’
=ftan"72x (sec’x — 1) dx
x4 ad —(m—-1)
= [tan"?x sec’xdx— [tan" *x dx j)\/x +a’

In= ftan"xdx= ftan"fzx- tan’x dx

tan” ' x X"
SLUE S —n-Da’ [ i
n—1 [N
tan” ' x
wIn+tln = — "~ n=2 = n—
S X+ =D, —(n—-Dd I,
LA A2 L L)L ie. nin= x"" Ixz + —(n— 1)a2 I,
=A@ AL T L) U L) ()
n—1 2 2
(LI + U+ 1)+ (L, + 1)+ (1, + 1) ien =¥ VX' +d dn-1) I
n—2
n n
tanx  tan’x tan’x Lo
] > 0 | The correct option is (A)
38 _oesin”x sin x
The correct option is (A) . Let/mn= f —dx = fsm X- - dx
cos” x cos” x
(cosnx —cos(n —2) x)
86. In—1In, f Integrating by parts, we have
sin x
—2sin(n—1)xsinx
= f ( ; ) dx b — aiam—l 1 m _1
sin x mn=sin"" x — =
' (n—1)cos" 'x n—1
_ 2cos(n—1)x sin” % x cos x
1 f n—1 dx
n— cos" " x
The correct option is (B) el . me2
sin”" x 7m—1fs1n X i
[ X' dx [ x N » " (n—1cos"'x n—1" cos"?
87. Letln= / 2442 T [xz + a2 i -
Integrating by parts, we have ~ (n—1)cos" ' x S op— et
In= " [xz +at— f(n _ 1)xn72 Ixz + a?dx The correct option is (B)
Match the Column Type
89. [fsecx —1 dx= f S cosx 2
cosx )
zZ+,|z° —|—=
x =-2log [\/EJ
sin —
2 dz
x 222 -1 x / 2 x 1
2 cos’ = _ cos = + ,[cos” = — =
2 =—2log [ 2 2 2
Putting cos 5 =z = sin 5 dx =—2dz The correct option is (C)
[ PR [— &
Y - I/ = 2
=2 , 1Y @ 7 o x \Jcos2x COS X 1 —tan” x
z — [\/EJ 1 + tan2 X
sec” x dz

- fwll—tanzx dx = f\ﬂ—zz
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11X

v

90.

I

[Putting tanx = z => sec’x dx = dz]

=sin" ! z=sin"! (tanx)
The correct option is (A)
dx

i dx / cos’ x 2tanx
cos® x +/sin2x 1 +tan® x

sec’ x 1 (1 + 24). 2z dz
N 2tanx 7 E J z

[Putting tanx = z> = sec’x dx = 2z dz]

5
z
V2 [7» +g] -2 [ tan x +%tan5/2x]

The correct option is (D)

sin® x

(l + cos? x) \/l +cos’ x + cos* x 9

sin’ x

_J

C0s x (seC X + €08 ) 08 X y/sec? x + 1 +cos? x

f sin® x dx
= cos’x(secx + cosx) \/(secx + cos x)2 -1
f dz
RN Py
sin® x
Putting secx +cosx =z=——dx=dz
cos’ x

=sec 'z=sec! (secx + cosx).

The correct option is (B)
f dx
I (l + \/;) \/x —x?
2sinf cos 6 d6
(1+ sin0) \/sin2 0 —sin* 0

[Putting x = sin*0 = dx = 2sin 6 cos 0 d0]

do 1 —sin6
=2 fl—i—sin@ =2 f

[\E 1
=2

3 dO =2 (tan 6 — secB)
cos“ 0

2(&—1)
-

\/l—x_\/l—x

The correct option is (A)
1/2

I 1= x| ax
Let/=7 |1 [x| x
1/2
_ 1—cos26 d(cos® 20)
~ 7 (I+cos20 cos? 20

Putting x = cos?20 and dx = 2 cos 26 (- 2 sin 20) d6,
[ [1 — cos 29]”2 — 4cos 20 sin 20 dO
1 — L]

1+ cos26 cos” 20
sin@ —8sinf cosH d sin” 0
-y o, .
cosf c0s20 cos 20

cos 20 — 1
cos 26

4t

d9 — 4 [ (1—sec20) db

= 40-2In|sec?26 +tan26 |

L-l- l_l

AT

1+41—x
=

2cot '\yx—21n

2cot'\/x —21n

The correct option is (C)

1+ x

— X

dx

I Let/= f X

Putting x = cos 260 and dx = — 2 sin 26 d, we have,

+
1 [ cos20 | 120 o gin2g)ao
1— cos26

- [ cos20e Cf’sg «(— 4sinf cosH)do
Sin

= —4 [ cos20cos’0db

=  —2 [ cos26(1 + cos20)db

- —2f[00529~|—w}d9
~ _sin2p—p_ S04
_ —sin29—6—sm2600526

= —\/1—x2—%cos’1x—%x 1—x%.

The correct option is (D)
x*—1

f—>1 &
IV (x2+1) ’x4+1

1
2
- —

we have,

do



= f dt :LsecflL
tir—2 2 J2
N
2 \/Ex

The correct option is (B)
.8 8
sin” x —cos” x
o1/ oo
1—2sin” x cos” x

I (sin* x — cos® x) (sin* x + cos* x)

1—2sin® x cos’ x dx
(sin® x — cos” x) (sin® x + cos” x)

i (sin* x 4+ cos* x) d
x
1—2sin” x cos” x

1.(sin” x — cos” x) [(sin® x + cos’ x)*

= I —2sin® x cos® x] dx

2 2
1—2sin” x cos” x

g (sin® x —cos” x) (1—2sin’ x cos” x) i
B 1—2sin® x cos” x
=—[cos 2xdx =- Lsinox
The correct option is (B)
5x 4 cos 4x ax

cos
1 f 1—2cos 3x

9x X
2¢c0S—CoS—
dx

=/
1—2{2cosz3x—l}
2

9x X
2C0S—C0S—
_ f%dx
3—4cos? X
2

9x X 3x
2 COSTCOS— oS —

2 2
= dx
30053—x—4cos33—x
2 2
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[Multiplying and dividing by cos 3% ]

9x 3x X
2C0S—COS— COS—
= f 2 92 2 dx

X
—COS——
2

[cos3x=4cos’x —3cosx]

=12 cos—3x cos X dx
f
2 2

= [(cos2x +cos x)dx = -

The correct option is (D)

3
COSX —COS™ X
m 7= f”—l—cos%c e~/
3

sin 2x .
— Sinx

4/COS x .sin x

,l —(cos™ x)z dx

—4/COS X
Put cos*’x == (—sinx) dx = dt
2
3 dt

=1
- 1-¢
=— z sin"'t = ——sin"' (cos**x)

3 3
The correct option is (A)

dx dx
1V I= f

sin® x + cos®x

dx

(sin” x)* + (cos® x)’

7 (sin® x 4 cos® x)* — 3 sin” x cos® x(sin® x + cos” x)

dx

sec’ x

-

1—3sin’ xcos*x
1+ tan® x
(1+tan® x)* — 3tan’ x

Putting tan x = ¢ and sec®x dx =

1+1¢°
l=f (1+t2)2—3t2

147

[t

=141

4 2

sec” x —3tan” x
2

sec” x dx

dt, we have

dx
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_ 1
— tan”' [t - ;] =tan”' (tan x — cot x).

Assertion-Reason Type

The correct option is (C)

92. We have,
Je 7 {f () g'(x) + £1(x)} dx
= [/ (x) f(x) dx + [ + f(x)dx
= e f(x)— [ f(x) dx + [ fI(x) dx
= ot f(x)

2 2 :
i X COS X —XSInX —COSX
fe(x51nx+cosx) [ ]dx

2
X

2

_ . —Xxsinx — cosx
= fe(x51nx+cosx) [COSZX+ ]dx
X

!/
i COS X COS X
j‘e(xsmx+cosx) XCOSX[ ] + [ ] dx
= X

= [et™ (g’(x)f(x) + f’(x)) dx = egwfix) +C

_ e(xsinx+casx) . COS X + C
X

The correct option is (A)

93. We have,

<2 _ 2
sz sin” x dx:fl cosxdx

a-+bcosx a—+ bcosx

Let 1 — cos®x = Ma? — b*cos’x) + u
Comparing the coefficients, we get

1 b -
A= b_2 and u = b—2
1 a -b dx
L= b—zf(a—bcosx)dx— I fa—l—bcosx
1 . a* — b?
_ b—z(axbsmx)[b—z]l1
X 2dt
To evaluate /,, put tanE:t, dx = 1+ £
1-¢
and cosx = 1+ £
2dt
1+1¢° 2dt
1= R el i ceramysy:
a+bl—-—
1+¢

2 dt
_ J
a—b" a+b  ,
+t
a—>b
_ 2 a_btan"t a—b +C
a—b \a+b a+b
2 Wl la—b X
= tan tan—|>
a* — b2 a+b 2
Hence,
1 . 2a2 _bz 1 a*b
— — (ax — bsinx) — ————tan~
g U~ atb
The correct option is (A)
94. Let/= [4/2+ tan® x dx
Puttanx = /2 tan 0
= sectrdr = /2 sec?0 db
2
or, dx = \/Es—eczede
14+ 2tan“ 0
2sec’ O 2sec’ 0
gm0 gy sectd
1+ 2tan” 0 1+ 2tan“ 0
B 2cosb db
cos’ 0 (cos” 0 + 2sin’ 0)
= 2[# [Putting sinf = #]
(1+)A+1%)
2 1 1

Now, ——————H- = —— + —
A=A+ 12 1447

1 1 1 1
== + +—
21—t 1+t) 1+t

Hence,
dt 1 . dt 1, dt
- + - + =
! f1+r2 e 2f1+t
_ tan’lt—I—lln ﬂ
2 |t—-1
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_ tan '(sin0) +lln M
2 |1—sinf
tan x

Putting sind = [, + tan’ x > we have

tan’ x + tanx + 2
tan® x — tanx + 2

tan x

\J2 + tan’ x

The correct option is (A)

1
/- tan ! +—In

95. Let/= [x*"'logx(l+ logx) dx

Previous Year’s Questions

96.

97.

98.

d . .
Now, — (x*) =xx (1 + logx)
dx

= [x"(1+logx) dx = xx

1= [(xlogx) (x*(1+ logx)) dx

~ (xlogx)- x" —f[x-l+logx~l]~x" dx
x

= x*"'logx — [x*(1 + logx) dx
=xx"'logx —xx + C=xx (xlogx— 1) + C
The correct option is (A)

dx
x(x" +1)

Substitution x* + 1 = ¢

Let /=

=" 'dx=dt

Coefficient of Middle term in (1 + ox)* =1, =*C, -
o Coefficient of Middle term in (1 - ox)® = ¢, = °C,
(-’

Given that *C,a” = -°C,.o

= -6=20a
-3

So=—
10

I (logx —1)° i
(1+ (logx)*)?

_ 1 _ 2logx d
/ <1+(logx)2) (1 —F(logx)2)2 ’

=[]-=

147

! 2te’

(142

dt putlogx =t = dx =¢'dt

1
1+¢7 (14

t

s

= 2—’—0:;2—‘—0
1+1¢ 14 (logx)

99.

100.

101.

dx
cosx+ \/gsinx

1 ™
=—|sec|x——|dx
Zf [ 3]

The integral

X m
___+_
4

= —logtan ]+c

2

1 x m
=—logtan|—+—|+c¢
2 [2 12]

The integral

x—ﬁ—i—w]dx

\/Ef sin xdx \/Efsm[ 4 4

. s . ™
SIn| X —— sSm(x ——
[ 4] [ 4]

= \/5 COS7L+COt x—l sinz
f 4 4 4

dx

:fdx—l-fcot[x—%]dx

=x+ In sin[x—lJ‘+c

4
d—y:y+3:>i:dx
dx y+3

Ln(y+3)=x+c
X=0=>y=2
=In5=0+c
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102.

103.

104.

C=In5

Ln(y+3)=x+1In5
y+3=ex+In5=y+3=eln2 +In5
y+3=10=>y=7

f Stan x dx:f . Ssinx dx
tanx —2 sinx—2cosx
Ny 2(cosx+25.1nx)+(smx—2005x) i
sinx —2cosx
:2f[c?sx+zsmx]dx+fdx+k
sinx —2cosx
=2log|sinx—2cosx|+x+k. .a=2
J S (x)dx =T (x)

Let x3 =t

3xidx = dt ,

then integration by parts implies that

X f(x)dx = %ftf(t)dt

— %[; [ f@dt— [{1- [ f(e)dt}d]

= §x3\11(x3)—fx2\11(x3)dx+C

[ [1 x— l]e[x+l]dx

1
xX+—
x

=Je

X

e i x[l - iz]e[”i]dx

10sS.

106.

dx
3/4
X [l + 14]
X

1

S ituti _
ubstituting t— =t
X

—4
1 —SdX:dt

X

1.1

| o 1)
=——Xx4t" +c=— 1+—4 +c
4 X

The given integral can be written as
2 5
S+ |dx
(x3 x° )

(1+1+1)3
XX
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