16.44 Chapter 16

Single Option Correct Type

HINTS AND SOLUTIONS

1
je"z (x - a) dx =0, .. exz(x - a) must be + ve and — ve
0
both for x € (0, 1) i.e., €' (x — ) = 0 for one x € (0, 1)
sooe (0,1).
The correct option is (C)

. We have,
dx .1 d .
— =(sin _n o — (sint
dt ( Z)z—smt dt ( )

=sin" ! (sinf) - cos t=1cos t and

dy[] () S s
i= i

dt z

. dl_dy/dt_ﬁitx 1 tant
Tdx  de/dt 2t " tcost  2f°
The correct option is (A)

2 1 2
3. g@)= [ fdi = [ f@de+[ f(odr

As <f(n<lforte [0,1]

1
2

we get %'[;dt < j;f(t)dt < f;dt

< J;f(t)dt <1 )

1
or —
2

Also, 0<f(n< % forte (1, 2]
= jIZOdt sjlz fydr < jf(%)dt

2
N 0< jl fde < ()

N | =

Equation (1) and (2), we get

< j; f(tydr + ff fydr <

N | W

or

o — o] —

Sg(2)£% =0<g2)<2

The correct option is (B)

1
% Isecz tdt (Putting x* = ¢ = 2x dx = df)
0

1 " 1
—[tant], = —tan 1
2[ To >

The correct option is (C)

o1&
lim — 2s1n2k —
n—en o 2n

1 Tx 5 72
Jsinzk —dx=— J sin®* ¢ dt
0 2 TS

2
(Putting Y sae=2 dt)
2 V/d

2 (2k=1)(2k=3)---1
T 2kQk-2)----2
[(2k —=1) 2k = 3) (2k = 5)---1][2k - 2k = 2) ---- 2]
2K [k (k =1y (k=2)---1][2k - 2k - 2)--- 2]
2k (2k —1) 2k —2) 2k —3)---2-1
X[k (k=1 (k=2)---11-2" k- (k=1 (k—2)---1]

r
2

2K
- 92k, ( k!)2
The correct option is (A)
. We have
.X L 3x . ox
2 sin — cos x = sin — —sin—
2 2
2 sin X cos 2x = sins—x - sin3—x
2 2 2

.X . 1 . 1
2sin=cos nx = sin| n+— |x—sin| n—— |x
2 2 2

Adding the above n equations, we get

. X
2sin 5 (cos x + cos 2x + ... + cos nx)

. ( 1) LX
=sin| n+— [x—sin=
2 2
! ( 1)
sin| n+— |x
2

= ————1 =2(cos x + cos 2x + ... + cos nx)
X
sin—
2



7 Sin n+% x .
dx—|1-d
ﬁji_lx s

0 sin—
2

V3
= 2'[(cos X+ 08 2x +... + cos nx)dx
0

,,sin(n+%)x
= J‘idx —r=0
0 sin—
2
sin(n+ l)x
. 2
172 dx=m

0 sin—
2

The correct option is (C)

1 P 1/n
. Let y= lim [(1+ )(1+)--~(1+")]
n—>oo n n n
= logy= lim 1 % log |:(1+1)(1+2)---(1+n):|
n—eo n n n

1
lim — Zlog(1+£) = Jlog(1+x) dx
n

n— p 0

1
X
‘([m dx

[xlog (1+ x)

J-(1+x)

1+x

=log2 - J.(l—ll)dx
0 +Xx

=log2 - [x—log (1+x)]
=log2—[(1 -1log2)-0]

=2log 2 —log e=1log 4
e

y=-
e

The correct option is (D)

3+3T 6+6T

| rexax = - j f(x)dx =3 j F(x)dx
3

=3/
The correct option is (C)

. Let f(x) = sin 8x - log (cot x)

cos 2x
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10.

11.

12.

P e
SR

sin (47 — 8x) log tanx
cos (1 — 2x)

—sin 8x - log cot x
= SRR )

cos 2x

m/2

J- sin 8x log cotx dx =

0 cos 2x

The correct option is (D)

X

Since 1, = J(log x)"dx
1

Using ILATE, we have

I,= [(logx)’" x]f —;Fm(log x)" L ixdx

= I, =(logx)" x —ml,_,
Since, L,=k-1II,
k-1, l—x(logx) —ml,_,
k=x (logx)"and [ =m

(given)

The correct option is (B)
1
[ Lx(@+sin 7rx) + 1)
-1
0 1
= [ [x(1+sin mx)+1]dx + [[x(1+sin 7x) + 1]dx
-1 0
Now -1 <x<0=(1+sinzmx)=0
O<x<l={+sinzx)=1
= [x(A+sinpx)+1]=1
1
So [ [x(1+sin mx)+1]dx =2
-1
The correct option is (A)

41m/4 107 41m/4
J |cosx| dx = 'f |cosx|dx + J |cos x| dx
107

x 10ﬂ+%
=10 fleosx|dx+ [ |cosx|dx
0 107
(Since | cos x| is a periodic function
of period 7)
/4
=10 I|c0sx|dx+ _[ |cos x| dx
0 0

/2 T "
=10 J cosx dx — _[ cosx dx +smx"r
0 /2
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. . 1
=10 (smx ‘3/2 —sinx ‘Z/z)"' —2

S10(1+ 1)+ = =20+ =

2 2

The correct option is (B)

» x?
13. We have, Ie‘t dt + Jsinzt dt =0
0 0
Differentiating with respect to x, we get

I:e_’z :It . % + [sin2 tl:xz : % H=0

o d .
= e 4 +sin’x? 2x=0
X
d .
Y _oxsin?i- e
dx

The correct option is (B)

b
14, 1= [[{glhCONT £ {glh(0)]} g A0l (x) d

Put  h(x)=t= W (x)dx=dt
h(b)
I= [ (/L@ fTe@]g (t)ydt =0
h(a)

Since / (4)=h (b) and j f(x)dx =0

The correct option is (A)

15. Let I,= fx" e “dx
0
—x | —x
= x"~e:| —J.nx"_l.e dx
) 1" e
= nJ.x"_1 e “dx=nl,
0
1% =n: 1} -1

Changingnton—1,1, \=(n—-1)1,_,

Substituting the value of 7, in (1), we get
L=n(n-1)1,_,

Generalising from (1) and (2), we have
I,=[n(n—-1) ... to n factors] /,

n—n

=nlly=n! _[xoefx dx=n! Ieixdx
0 0

-\~
:n![elJ =n!
o

The correct option is (A)

16. Required area =2 T ydx =2 j Ja? —x? dx

al\2 al\2

2 a
=2 f\,az_xz + L sin ' 2
2 2 a). i

(0] Af@,0) X
% X=a

X =

=

The correct option is (B)

8 .
17. The area bounded by the curve y = 1 + —-, x-axis and the

2
ordinates x =2, x =4 is X
7
Fs
74 8
(aV) © <
I I I
x x x
D X
O, (2,00 @0 @40

4 4 4
= J.ydx = J.(1+%) dx = (x—§)
0] 2 v ¥ e
=4-2)-2-4)=4
Since x = a divides this area into two equal parts,

. Required area =2 J ydx
2

= 2=(x—§)a=(a—§)—(2—4)
x), a

= a2=8, na=22
The correct option is (B)



18.

19.

20.

21.

i ()
Let /= [— —dx
3 (2% = 28x +196) + (x%)
(x%)
=[—22 4
J e

J [(14-x)°]
2 ) +[(14-x)7]

Adding (1) and (2), we get
10
2= [ldx =6=1=3

4
The correct option is (A)

The required area
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Y
X=-7 (@) X
x=0 X=7
f|s1nx|dx =2 Ismx dx =— [cosx]g

-
=—2(coswt—cos0)=4
The correct option is (C)

b

We are given Jf(x) dx =(b—1)sin (3b+4).
1

Differentiating with respect to b, we get

[f()],—,=sin(3b+4)+(b—1)-3cos (3b+4)
fx)=sin(B3x+4)+3 (x—1)cos Bx+4)
The correct option is (B)

The required area

Y A
b
/2
o X
-r/2
) =T

/2

=2 _[ x dy wherey=sin’lx ie.x=siny
0
/2

=2 jsinydy =— r/2
0

2 [cosy]0 =2

The correct option is (A)

(M

2

22.

23.

24.

25.

I+cos’ ¢
L= [ @-0/i@-0[2-@-x]d
I+cos’ ¢

[ @-x/x@-x)dx

sin’

I+cos’ t

2 j FIx(2 = x)]dx

sin® ¢

1+cos’ t

- | ox@-xde=21-1,

sin’ ¢
Therefore, 2/, = 21, and so [,/I, = 1.
The correct option is (B)

Let I= %[If(r—l+x)dx]

r=1\0

1 1 1
= I=[f()dx+ [ Q+x)dc+ [ fQ2+x)dx
0 0 0

1
+ot jf(99+x)dx

100

= I= jf(x)dx+jf(x)dx+jf(x)dx o+ jf(x)dx

100

1= I f(x)dx =a (given)
0

The correct option is (B)
The required area

1 1 ) 1
=2 Jydx,wherey:x:Z dex =2 (x] =1
2
0 0
The correct option is (C)

(T
Clearly the two curves meet at the point (Z, 1)

.. The required area

Y

y =tanxJ y = cot x
—

o X

x=0 x=n/4 x=n/2
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/4 /2
= J tanx dx + J cotx dx
0 /4

(log secx)7'* + (log sinx)™/2

=log 2

=2log V2 =log2

—log —
\/_

The correct option is (B)

26. Since log(l +x

1-x

" 1+ x
_ _[ log( ]dx =0
1-x

-12

12 I+ x .y 12
I[alog( )+ﬁlo( ) +y:|dx:)/J.dx
-1 1- 1+x -2

The correct option is (A)

) is an odd function,

27. The required area

= jﬁxdx+j\/4—x2 dx
0 1

NE) T 3 1 T 2n
=—+2- ————2~ n —=7- - =—
2 2 2 2 3 3
Y
&
//+
K y=\N4-x
' o) | X
x=1
A
x=0 X=2

The correct option is (B)

28. We have, [ (>~ 8¢ +13)dr = xsin(ﬂ)
X
0

3
= L 4 +13x=x sin(ﬁ)
3 X
x* a
= ——4x+13 = sin(f)
3 X
(x # 0, otherwise RHS is not defined)
= - 12x+39= 3sin(5)
X
= (x—6y+3= 3sin(g)
X

Now, 3<3sm( )<3
X
= 3<(x-6’+3<3

= (x—6)°<0

= x-6=00rx=6

. x = 6 is the only solution.

The correct option is (B)
29. We are given

.T[f(x)—2]dx= %[(2“)3/2—3a+3_2\/§]
1

Differentiating w.r.t a, we get

fla)-2= %(%\/5-2—3)

= flay=22a,a>1 . f(x)=2 J2x ,x>1

The correct option is (A)
30. The required area

1 4
=Ix2dx+J.J;dx
0 1
(X3]1 [me]“
== +
3 3
0 1
12 goy=s
3 3
Y
&
yz
(1,1
4)‘(2 x=4
y
o) | X
X =

The correct option is (D)
31. The required area

_2dex+2( 71:1)

32
L20-0" x4
3 2
0
The correct option is (C)
1
dt
32. Wehave, f(v) = [———
ol tlx—1]
Toodt bt
ol kywmerid
O1+x—1‘ “l-x+t

=log(1 + x) + log(2 —x)



11
I+x 2-x

:>f’(l)= L
2) 1412 2-12

The correct option is (D)

J'o=

33. The required area

:4J 4a(a—x) dx
0

327
—4.2 \/;.|:—2(a—x):| =Ea2

3 3
0
Y

Y2 = dapl-a)

=

X=-a x=0 xX=a

y?=4a (x +a)

The correct option is (A)

2
34. |-, = J (cos 6 —sin 20) f (sin 6 + cos> 6)dO
0

Put sin 6+ cos® O=1¢

= [cos O+ 2 cos O(—sin )] dO=dt
= (cos 8—sin 20)dO0=dt

Also, if 0=0,1=0+1>=1

and if 9=§,z=1+0=1

1
L-L=[f(dt =0=1=1,
1

The correct option is (A)
35. The required area
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2
X 5> 8 .4 x 4
=2 |=y8—-x"+—sin —=| —=-2
(2 2 zﬁ]o 3
o f244. B2 1022 4 0p
4 3 3

The correct option is (A)
36. The required area

x“ =4y
Y
Q\ s
/<\
2
y©=4x
x=0
x=2x=22

2 2
j[2 \/; dx + 2_!2\/12 —x% dx — 2_([2);2 dx

32| 22
] (e a2
0

3 2 23,

The correct option is (B)

37. Wehave, g(t) = [ f(r— ) g(y)dt

0

t t
J.e’_y'ydt = e’J.e_y'ydy
0 0

¢ {(—yey); - jl'(—ef")dy}
0

e—te’—e'+ 1) =(1-e'(1+1)e
= -(1+9)
The correct option is (A)

38. According to the property of greatest integer function, we
have

x)—(-x)=-1VxeZ (1)

1
Let 1= If(x)dx
-1

.2
where  f(x)= —— X
(L) b
NG

2
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Now, f(—x)= sin® x " %
A X —( i)+l ‘([f(x)dx:n‘([f(x)dx
\/z 2 . 2 » 2
Let g(x) = f(cos“x), then g (x + mm) =f[cos” (x + mm)]
-2 _ 2 _
= fex= [using (1)] =f(cosx) = g (x).
3 T
-l _(f) * 2 Hence J. f (cos’>x)dx=3 Jf(cosz x) dx.
0 0
% is not an integer in (-1, 0) and (0, 1) 1,=31
, The correct option is (C)
sin” x
= [f(0)=—F"— ="/ w2
_(L)_l 42. u,= f x"Osinx dx
2) 2 0
= f{(x) is an odd function in x i T2
1 = (— X0 cosx) + I 10x° cos xdx
I= [ f(x)dx =0
T oy T2
The correct option is (B) =10 [x smx‘ - f 9x% sinx dx)
1 0
39. Since j tf () dt =
0

r 9 /2
=10 (—) -9 jxgsinxdx
2 0
P 9
=10 (—) —90 ug
2

1
1" ©], - [1-" () de=0
0

1
= )= | f(t)dt=0 ’

! "ty + 90ug = 10 (5)

, 1
= ST - ‘f(t) ‘0 =0 The correct option is (B)
S O +0)=0 . e
= F =" ) +f0)=1+1=2 B S JOE
The correct option is (B) 1 1
N Also, SLf&]= =) = o

40. We have, diq)(x) =5 x>0 B 1-x
X
= SL/®)]= T ,x#0,1

Integrating both sides, we get

sinx

. -1 1
flx)= fex dx (M Again, f{ fTf(x)]} =f(%) = ] =
i3, e g
Also, {;smx dx = {7smx dx =¢(k)—¢ (1) Thus, f{f[f()]}=x x#0,1
Lt Pt o3l dee dr Clearly, f{ f[ f(x)]} is discontinuous at x =0 and x = 1
. a=0,b=1
= —dr =9 (k-9 (1) !
'!. i Now, I J(x)
. Ve ran ™
= o), =9k —9(1)
S(x)
= 060 ()= 9k -9 SR P Lo M
= =64 rWACI R A X)
The correct option is (C) Also, J- fd-x) ?)

41. We know that if f(x + mzx) = f(x) for all integral values of m,
then

WA S X)+f(X)



44.

45.

46.

Adding (1) and (2), we have

AGS
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S(x)
'[f(x)+f(1 x) J

= 2/=1

=1
2

The correct option is (B)
By the given condition

k
J‘(8x2 - x)dx=

1

8xd  x® ‘
= - - =
3 6 '

Lt SN St S
= S E-D--®-D

[+-56-0)-

= 16—k -15=32
= K16 +47=0=kK =8

_ (8 + \/ﬁ)IB

The correct option is (D)

.y

X 1
We have, [ f(t)dt =x+ [t (e)dt
0 x

Differentiating with respect to x,

/@) =113/ = ()= ;

1
=~
=7
The correct option is (A)
T sint/2 _1 er
ﬂ7247r+2—t 2,70 4

1
_5. ljsm(Zﬂ—u)
2

0

(Putting 21— % =uso that df =—2 du)

B Jsmu
1+u

The correct option is (D)

we get

(zfz_

1+u

o

X
AU x)+f(>€)

sint/2

dt
13
)

du

sint
— dt

47.

48.

49.

50.

2 e
Given J’exA dx =a.Letl= f (Inx) dx
1 e

Putlnx=7 - x= etz, = dx = 2te"

2 2
then /= J.I-Zer dt =2 J.tzeﬂ dt
1 1

T t TP t t [
- J;r(2te )dt = [m ]1 [ ar (j

1 1

=2¢*—e'—a
4
=2e¢ —e—a.

The correct option is (D)

/2 X
Let I= j[()w.s]dx
T
/2

Let X =t=dx=rmdt
T

1/2
I= j [(¢) + 0.5]7 dt
—1/2

ol | da Thal sl 2

The correct option is (C)

We have,
17 3[ 1
— || =Vx+1——|dx <4
dlER

= L(afa-1+a-1-2Ja+2) <4
a

= a+va-2 <4

=>t2+t76<0,wheret= \/5
= (t+3)(1-2)<0
=te (3,2)= Jae (-3,2)

= Ja €[0,2)=ae (0,4)

(The given inequality is defined for a # 0)
The correct option is (A)

We have, sin x < x forx > 0

= sin (cos x) < cos x for 0 < x < /2

/2 /2

= f sin(cos x) dx < J cosx dx
0 0
L>1,

. T
Now cosx<cos xif x> aand x, o e |:0, 5}

e dx = aJ

(M
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x> sinx
= cosx < cos (sinx)

/2 /2
= J. cosx dx < J. cos(sinx) dx
0 0

o L<1I,
s From (1) and (2) [, > ;> 1,
The correct option is (A)

2

T 1
51. We have, J(sz—xS)dx = 16
1 3
1 1
1
If c=— fozdx— J.xsdx = 16
-1 -1
16 16
= — = — c=-1
3

The correct option is (D)
f @ a T
52. We have, _[f(x) dx= —+ —sina + —cosa
o 2 2 2
Differentiating w.r.t a, we get
1
fla) = a+5(sina+acosa)—§sina
1
Put a= E;f r = E+7—E =
2 2 2 2

The correct option is (B)

53. When 1 <x<é’, (lofx) -0

1
andwhene3<x<e6, ( Ong) =1.

e e )

e

= ?de+T1dx :(66—63)
1 e’

The correct option is (B)

b
54. [[sinx|dx =8 =b-a=4rn

a

v
-+ period of | sin x | is 7and [ |sinx|dx =2.
0

/2
Also, | cos x | is periodic with period 7 and J. [cosx| =1
0

55.

56.

57.

58.

59.

a+b

So, J.

a

| cos x |dx =2 :>a+b=9—ﬂ
2 2

= bzn—ﬂanda=£
4 4

The correct option is (C)

Let x — [x] = ¢. In the interval |: :| [x]=

x=t
/6 /6 »
J sec’x d(x—[x]) = _[ sec’t di = tant‘”
0 0

The correct option is (B)
[x] for all x > 0
[x] for all x < 0.

Sincex +|x|=>x—
andx+ |x|[=0<0<x—

0

[

-2

2 2
If(x)dx x])dx+_[(x+|x|) dx
-2 0

2
1

2.~ + [2xdy =1+4=5
2

The correct option is (C)

sinx

S dx

19 .
J~smxdx
8 1+x

1 2 19
2-5+£2xdx < j

o L+ x

J

1+

-1 19
- —I:x_7:| ~ Lo Lo Lo ci07
10 7 7

7 7
—1) dx
1

=log (2e— 1)~ 1.

The correct option is (C)
1 x
dx J 2e
2e" -1 O[Zex -

- [1og (2¢* —1)—x];

p=lg=2,r=1.

Let I:j
0

The correct option is (B)

tan 1

f (0)dx + j (1)dx

tan 1

n
[ (tan™" x)dx
0

0+ 7 tan 1 = 7—tan 1

The correct option is (D)

=5

19
dx
dx< JT
10
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60. f(x)= j2\t|dt = f(x)=2]x]|

Since, it is given that the tangents of the curve are parallel
to the bisector of the first quadrant angle i.e. a line which is
inclined at an angle of 45° with positive x-axis.

fo=1

= 2i=1l=x=%

N | =

12
1

Sy =fw= fztdr =

For

12

1 1
and for x=- E’y_ f—tht -
. ( 11 ) ( 11 )
The equations of the tangents at [ —,— | and [ ——,——
24 2 4
arey =x— " andy=x+ . respectively.
The correct option is (C)
61. Since, f(x) +f(y) =f(x +) (@)
Replace y by —x
= J@) +f(=) =fx —x)
= J) +f(=x) = £(0) 2
Also, using (1), we have
J(0) +7(0) =£(0 +0) = (0)
= f(0)=0
J(=) =(x) [using (2)]
2
= | foyax =0
2
The correct option is (B)
62. _[| 1+ 2cosx|dx

0
272
J [1+ 2cosx |dx + J. [1+ 2cosx |dx
0 213
212
I (14 2cosx)dx — _[ (1+2cosx)dx
0 273

= (x +2sin x)‘im (x + 2sin x)‘
=, pNE)

3
The correct option is (D)

T n_—ax n e—ax Co n—1 e—ax
63. Let [, = _[x e = x"— —jnx - ——dx
0 0 0

2m/3

64.

65.

66.

n
In = [n—l ( lim = 0]

a x—00 g%
n n—1 n(n—1)(n—-2)

= 1n—2 3 n-3
a a a
n! J- axy n!

= — Ix =
an 0 n+l

The correct option is (C)

According to question /7 (1) = tan —=

’ _ E:
f7(2)=tan 3

3 3
[ 17 ydx + [ f7(x)dx =
1 2

_ b
NG)
NE) and /7 (3) =tan Z: 1

’ 2 3
B
1

The correct option is (C)

S =

e b

I+e "

e +1

L) +Hf(x)=1, Vx
S(a)

Now, I, =

_[ xg[x(1—x)]dx

Sf(=a)

S(a)

| a=xglx-x)dx =1,~ 1= 21, =1,

Sf(=a)

The correct option is (D)

We have,

1= [Hoste

0

8log(1+ x)

1+ x?

Put x =tan 6
/4

:I:JS

0

=8

log(1+tanB) .

sec?6

ec? 0 do

/4
= =8 | log(l+tan6)do
0

0

/4
I log(l + 1= tan@)de
1+tan@
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67.

68.

69.

/4 o)
=8 [ log de
o 1+ tan@

b4
= 8(log 2)-2—1
= 2/=2rmlog?2
= I=rlog2
The correct option is (B)
We have,

fx)= j\ﬁ sin 7 dr
0

= flv)= Jx sinx
For maximum or minimum value of f(x), /'(x) =0

= x=n4‘5,n=Z

‘We observe that

+ve
| | | |

0 b1 27 571t/2

f”(x) changes its sign from +ve to —ve in the neighbourhood
of 7 and —ve to +ve in the neighbourhood of 27.

Hence, f(x) has local maximum at x = 7 and local minima at
x=2m.

The correct option is (A)

The equation of the tangent to x = y2 having slope 1 is y =x

+ 1/4.
1-1/4

V2

Hence shortest distance =

The correct option is (C)

. 1 t1
Required area= —x1x1+ J‘fdx
2 X

1
—+(Inx)!
5 (In x);

1 .
—+1-0 = %sq.umts

2

The correct option is (D)

71.

2 2 2
72.lim1|:1+ " + " +...+ "

n—>cn

73.

74.

Area = 23(3{ - ‘g)dy

2
=2 syl 22042 = 202
2 3/2 3 3
0
The correct option is (C)
I<x<3

= 1<x<27
= 4<x’+3<30

= 2< 4P +3<430
.3[2dx < j,/ﬁ +3dx < j\/%dx
1 1 1

= 4<I< 230

The correct option is (D)

P +12 nr42r 7 r12+(n—1)2

I
3
i
v N}

N|
3
M

Il
— —

1

sinx X 2 2
1= dx < |—=dx = \/;dx: S

Pl el )75
= I<E

3

COS X 1
J= dx < dx—Z\/;‘ =2

e <[ =2t

J<2.

The correct option is (B)

Solving the equations we get the points of intersection
(-2, ) and (-2,-1)



75.

76.

(_29 1)

x+2y2=0

x+3y2:

The bounded region is shown as shaded region.

1
The required area = 2[(1-3)%) - (-2)%)
0
1 3\!
= 21 y")dy = 2(y—yj
! 3
0
= 2><E = 4
303

The correct option is (D)

Yl
Let I= I[cot x]dx
0

S =

[cot(r — x)ldx = [[-cotx]dx
0

Adding (1) and (2)

21'= [[cot x]dx + [[~cot x]dx

0 0
_ j(—l)dx [ (x)+(=x)=—1
o =0
= (—x); =-7
="
2

The correct option is (D)

2 e
Given Ie"zdx =a,letl= 'f In (x) dx
1 e

1
Put In (x) = = — dx = 2¢dt
X
2 , 2
I= 2 _ (S
[ -2 ar (t e )1 [ ar
1 1
=2'-e-a
The correct option is (D)
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2 2
77. [ [¥ldv=2 [[x’]dx
-2 0

[ integrand is even]
1 V2 3 2

= zlj[xz] de+ [ [x’]dv+ j [x2] dx + j [x?] dx]
0 1 2 NG

[x2]=0if0<x <L 1if 1<x <+/2;
2if V2 <x<\3;3if V3<x<2

1 V2 NG 2
=2 lJde+ jldx+ J.de+ I3dx
0 1 V2 V3

=2 (x)\lﬁ+4(x)\f§+6(x)\j§
= (10-243-242).

The correct option is (A)

78. From the given equation, we have

[ rwar-xr7a)
-1

P X ., 9 x?
—(4—4J—f(1)3+f (2)(2—2]

Differentiating w.r.t. x, we get
S =f"3)=x"=Xf"(1) = x"(2)
Differentiating again, we have
[0 =3 =2 (1)~ f"(2)

S =48-8f"(1) - f"(2).

The correct option is (A)

(M

2

79. For—2<x<-1,wehave l —x>2

and 1 —x>1+x

somax {(1-x),(1+x),2}=1-x
For—1<x<l,wehave0<1-x<2and0<1+x<2
somax {(1—x), (1 +x),2}=2.

For1<x<2 wehavel tx>2and1+x>1-x
somax {(1-x),(1+x),2}=1+x.

if xgZ
if xeZ

2
j max {(1-x), (1+x), 2} dx
-2

j2dx+j.(l+x) dx
-1 1

) 2
+[2x], + |:x + xz]

1

-1
J.(l—x) dx +
-2

-1
=
2
)

The correct option is (C)

=0.

2—tan’z

I x f(x(3-x))dx

sec’ z

80. We have, /|, =
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2—tan’z

[ G-07G-0B-G-0hdr

sec’ z

'.'}f(x)dx: }f(a+b—x)dx

2—tan’ z

| 6-0/sxG-x)

sec’ z

2—tan’ z 2—tan’ z
=3 [ f@G-xpd- [ xf(xG-x)dr
=301
3
21 =31Landso I\/I,= >

The correct option is (A)

2
81, [\(2x+3)(3x” +4) dx
1

2 2
< Jj(2x+3)dx-j(3x2+4)dx
1

1
b b
S\/sz(x) dx-jgz(x) dx

= \/[xz+3~x]12-[x3+4x]12 = \/6><11 = J66.

b
[ 1) gx) ax

The correct option is (B)

82. Let f(x)=2x°— 9x* + 12x + 4, then f(x) is a decreasing func-
tion on the interval [1, 2].

8 =/(2) <f(x) <f(1) =9,
3 o 412044 B

1_2[dx<_2[ dx <LJ2.dx
31 12 —oxt+12v 44 VB

1
Hence, Z<I< 1.

The correct option is (C)

HJ/-z (sin® nx — sin®(n — 1)x) i

2

8. L, L, 1= S’

0

- ’T sin (21 — 1) x sinx

22
0 sin- x

dx

dx =1, ,

~ ”jz sin (27 —1)x
0 sinx

Lwer =D =1 per
The correct option is (B)

2[x] 2[x]1
84. [ (x-[x))dr= [ (x—[x])dx
0 0

[~ x — [x] is a periodic function of period 1]

x? b
=2 [x] 5 —J[x]dx
0 0

The correct option is (A)

85. We have,
X 1 xl6 x6
[r@ar = [2f@yde+=—+"—+k (1)
. d 8 3
; 11 11
Fi =1, Hdt =0+—+—+k=—+k 2
orx=1, [ (1) 3 % @

Differentiating both sides of (1), w.r.t. x, we get
S0 ==2f(x) + 227 +2x°

2(x +5°
> =220
1+x
1 1 15 5
jf(t)dtzzjwzlw (using (2))
0 o 1+t 24
h 11
= 2_[(t13—t“+t°—t7+t5)dt=—+k
0 24
= Z(L—i+i—l+l)=£+k
14 12 10 8 6 24
k= 207
840
The correct option is (B)
86. We have, /(x)= *—
x+1
x-1_
x—1 x+1 1
= ff0=/(@)=f ==
x+1 X 1+1 X
x+1

1 p—
- f4@)=f2(f%n)=fQ(_}) S

X



87.

88.
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o) =1""00) =120 = (%)

L.op1996, N (f4(f4(f4~-~f4)(x) _
[' S = 499 times -

()=~
X

1

1 1
[ ox)dx= j(—l]dxz(logex)
X

1/e 1/e

1/e
=—(log,1 —log,1/e)=—(0+1)=—1.
The correct option is (B)

89.

2
We have, g(2) = [ f(r)dt
I
= [f@wdi+ [ pyar (i
0 1

Now, % <f@<l,forre [0, 1]

and, 0 <f(¢r) < %,forte [1,2]

1
= % (1-0)< _([f(t)dtgl(l—O)

2
and, 02— 1)< jf(t)dtS%@—l)
1
[ m<f(x)<Mforxe [a,b]

b
m(b—a)sjf(x)dxs M(b-a)

1
= % '([f(t)dt<1 and 0<Jf(t)dt<f
1
= % _([f(t)dt+'|'f(t)dt<—
= l _z[f(t)a7t<é orl<g(2)<E
27 2 2%

The correct option is (C)

rm

lim = Y sin?f ==
z 2n

ng}mnr 1

1

. TXx

_[51n2k —
2

0 T 0

2
[Putting Y sde=2 dz]
2 T

Qk-1)(2k=3)1 x
2k (2k-2)-2 2

-2
T

[k =1) (2k —3) (2k = 5)---1][2k - (2k - 2) ---- 2]
%[k =1)(k-2)---1][2k- 2k - 2) - 2]
~ 2k (2k —1) 2k —2) 2k —3)---2-1

Mk k=1)(k=2)--11-2 k- (k=1) (k=2)---1]

2!
- 92k ~(k!)2 ’
The correct option is (A)
1/x
We have, lim {1 + f(;c)} =
x—0 X

= lim f(3 x) =0 and lim—+ f(x) =1

x=0  x x—=0 x
Let f(x) = ay + apx + ay” + ax” + ax* + age’ + .., then

Sz )—0 =a,=a,=a,=a;=0.
r—>0 x
Also, 1im L&

x—=0  x

= lim a, +asx +agx* +...=1

x—0
= a4=1

Since f (x) is a polynomial of least degree satisfying the
given condition, therefore,

as=ag=0.

Thus, f(x) = x*

We have to find the area of the smaller region enclosed by
y= X P +y2 =2 and x-axis.

Clearly, from the figure, required area

Z_j; (\/g - x4)dx

I
S
| ——
)
|
[3%]
+
~~
) S\
N
[ )
w1
@,
|
E
|
=
wn
| G

=2 l+sin71L—1 =2 E+i
2 B2 s 4 10

g)s units
s q. .

Il
VR
SN
+

The correct option is (B)

41m/4 107 41m/4
J |cosx| dx = J |cosx|dx + J. |cos x| dx
107
lor+ 2
—IOJ.\cosx|dx+ I |cos x| dx
107

[Since | cos x| is a periodic

function of period 7]
n/4

=10 J|cosx\dx+ I |cos x| dx
0 0
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/2 4 14
=10 j cosx dx — j cosx dx +smx‘7r
0 /2

. /2 . T 1

=10 (smx‘o —smx‘”/z)+—2
1 1

=10(1+1)+ —= = —

NN

The correct option is (B)

91. The area bounded by the curve y =1 + %
ordinates x =2, x =4 is X

Y
rs,
* 8
>
o o <
i I I
x S x
> X
o (2,00 (@0 @40
4 4
—Jydx—J.(H%)dx— x—§:|
2 X )

—(4-2)-(2-4)=4.

Since x = a divides this area into two equal parts,

4=2 j(1+x )dx

NS
na=2.42

The correct option is (B)

100
92. Let /= z(jf(r 1+x)dx]

r=1\ 0

= =

1 1 1
= I=[f(x)dx+ [ Q+x)de+ [ fQ2+x)dx
0 0 0

1
+o+ jf(99+x)dx
0

1 2 3
= 1= [feode+ [ f(ode+ [ f(x)dx
0 1 2

100

S j f(x)dx
99

100
1= Jf(x)dx =a {given)
0

The correct option is (B)

, x-axis and the

93.

94.

95.

96.

We are given

j’ [f(x)-2]d [(2a)3/2—3a+3—2ﬁ].
1

Differentiating w.r.t. a, we get
fla)y-2= 3[3\/%2—3].
312
= flay=22a ,a>1
fo)=22x x> 1.

The correct option is (A)

The required area

Y
2
yc=4a(x+a)
Vi mdapla |
= X
X=-a x=0 X=a
=4 [J4a(a-x) dx
_ e
=4.2Ja- —2(@-x"" zlﬁaZ.
3 3
o
The correct option is (A)
4 . 4 .
_[ sinz/2 dt:lj sint/2 dr
i AT+ 21 24”_2“(2”_5)
2

1.
=2.ljs1n(2n:—u) du
20 1+u

|:Putting 27— é =usothat dt =—2 du:|

e [

The correct option is (D)
We have, sin x < x for x > 0
= sin (cos x) < cos x for 0 < x < /2

/2 /2
= I sin(cosx) dx < _[ cosx dx
0 0
L>1, (1)

. T
Now, cosx <cos xif x> aand x, a € |:0, E:I

x> sinx



Definite Integral and Area  16.59

= €0sx < cos (sin x)

/2 /2
= I cosx dx < _[ cos(sinx) dx
0 0
L<1, @

o from (1) and (2) I, > I3 > L.
The correct option is (A)
n/4
97. a,+a,,,= J. (cot” x + cot" % x) dx, n > 2
0
/4
= J cot” x cosec’x dx
0

/4
e
n+1 ) n+1
soaytay astas, a,+agare in HP.

98. Since, f(x) +/(y) =/(x +y) (1)
Replace y by —x
= J&) + (=) =f(x = x)
= Jx) +f(=x) =£(0) (2)

Also, using (1), we have

J(0) +£(0)=/(0+0) =£(0)

= /0)=0
J=0) =~(x) {using (2)}
2
= [ rGoydx =0
-2
The correct option is (B)
99. Let [,= J.x"ef‘”“ dx
0
= |:x" ¢ :| —J‘nx"*1 ¢ i
N —a
=——lim—+2 1,
ax—ee a
In = In—l I: lim — = O:I
a x—>o0 o™
_nontt,
a a
n(n—1)(n—2)
== L3
a
!
= Ln “dx = }ZH
a 9

The correct option is (C)

100.

101.

102.

103.

B
Letd= J f(x)dx = Bsin f+ Ecosﬁ-k\/zﬁ.
/4 4
Then, a4 =f(p)=sin f+ fcos f— Esin[3+x/5
dp 4
:f(5)=1— E+x/§
2 4
The correct option is (B)
y
A
4.4
S
S
S5
> X
o
4.2 4 2
= [T =2 5= [Ty = 2,
0 4 12 0 4 12
S, = 16—, -5, = 16— 125 _ 84
12 12

The correct option is (B)

J1x177(x)ax
1

2 3 4
= [fGodx+2f f/(x)dx + 3] £/ () + ..+
1 2 3

[a] a
[ @-nr e+ a] [ £/(de
[a]-1 [a]
=(/Q) /() +2(3) -/ (2) +3(/(4) - /BN + ...
+[al (fl@)—f([a])
=[a] fla) = { /() +f(2) +fB) + ... + f([aD)}
The correct option is (C)

We have, [, = J[x] dx
0

1 2 3 a
= [odv+[tax+ [2dv++ [ (a-Ddx
0 1 2 a-1
:1+2+...+(a,1):a(aT_l) (1)
I,= ji{x} dx = ]“(x—[x])dx = Tx dx—j[x] dx
0 0 0 0
=x22a_a(a2—l)=§_a(a2—l):g )

0
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From (1) and (2), we have

Il
L—a-1) 1
[2( )0

The correct option is (B)

=(a-1)L.

1
S
1+ x2 +2x°

In the interval [0, 1], f(x) is strictly decreasing, therefore,
we have,

F(1) <f(x) <£0), ie., % <f)<1

104. Letf(x)= €[0,1]

1
(1—0)% < {f(x)dxs(l—O)l

.

-lk\'—‘

1
<[fodx<i
0

The correct option is (A)

105. We have,
L+x2+20>1+4°
and 1+ 2+ 20 <1+ x2+28° =1+ 3%
1 1 1
< <
1+ x2 +2x° 1+x

jdx

1+ 3x2 2

1 dx 1
- £1+32 j1+x +2x°

X 0 ol+ x?
-1 1
= tan_ \/_x J [tan’lx](l)
3 o1+x%+2x°
1
T dx T
= —<[|[—"<=
3\/3 '([ 1+ x% +2x° 4
The correct option is (C)
106. We have,
sin® x cos’ x
= '[ sin™! (\/;) dt + I cos™ (\/;) dt
0 0
. sin’ x
_ .1 Sin- x _ \/;
[ ()T A

+ [t cos™! (\/;)]:’Szx B COIX > ;/E ; dt
cos’ x \/;

X (sin2 x + cos? X)+ f

5 dt
sin’ x Vl_t

cos’ x \/;
dt+xcos x+ ——dt
{ Y-t

xsin® x+ J
sin’ x V
cos” x \/;

= x (sin® x+cos’ x) + _[

dt
sin” x 2\/1 —1

Putting 7 = sin> §and df = 2 sin 6 cos 6 d6, we get,

\/; sinf@
——dt = | ——=25sin6cosO db
JVzl—t J.\/l—sinze
_ Jsm 040 = J~ cosZGde Q_stG
2 4

Also, when ¢ = sin’ x, O=xand when t=cos’ x, 0=m2—x

|:9 sinZG]mx
I=x+ 5—

4 X
T x sin2x x sin2x
=x+|———- —_— ===
4 2 4 2 4
b4
=x+ = —x=—
4 4

The correct option is (A)

107. Differentiating the given equation w.r.t. x, we get

) +173) =X+ 21 (1) +x f7(2) (1)
Differentiating successively w.r.t. x, we get

J'@) =33 +2x (1) +/"(2) (@)

S =6x+2f°(1) 3)

Sx)=6 “

Putting x = 1, 2 and 3 in equations (2), (3) and (4) respec-
tively, we get

S M=3+2f () +f"(2),f"(2)=12+2f"(1)
and, f”(3)=6
Solving, we have
S()==51"2)=2,f"(3)=6
Putting the values in equation (1), we have
Fx)=x>— 55"+ 2x - 6.
The correct option is (D)
x+y 0 L Xty L,
j sin’ 't — J‘ sin’ !t J‘esm tdt + J’ S gy
108. lim 0 = lim 2 0
x—0 X x—0 X
x+y
sin’ ¢ L, L
J. e dt e (x+y)'i(x+y)_esm y.@
= lim = lim dx dx
x—0 X x—0 1
sin® (x+) o §m Ve
= lim e 1 - 0 esm2v
x—0 1

The correct option is (A)

109, j-tanfl(x—[x])
01+u—uw

5n(x

I+ (x—

"—.

0
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1 —

t t. 1 t. 4
:Ian xdx+J~an (x ) J~an Yx - )
o l+x 1+ (- D1+ (x- 4)?

1
tan” x tan~ tan™'
+ dt +.+
I1+x2 '[1+z I 1+1¢2

0
(Putting x — 1 =¢) (Putting x — 4 =1)
/4

Sj-tan ]xd —SIudu
o I1+x

2
I
2 32
0

[Putting tan ' x = u]

The correct option is (C)

110. We have,

]g( 1 [X]]_(X} 1

x—[x]—f)dx = ({x}—fjdx

0 2 0 2
[x] 1 [x]+{x} 1
=£({x}—2)dx+ | ({x}—g)dx

[x]

= [x] j ({x} - f) dx + T({x} - f) dx

0
[+ {x} has period 1]

! 1 e
= [x]j(x—a)dx+ j(x—a)dx
0

0

. ( = 2) GIGRD

S G-,

The correct option is (A)

111. We have,
km
_[ sin [2 :| dx
0 T
/2 2r/2 3m/2
= J sin O dx + J sin ldx + I sin2dx + ...
0 72 21/2
2kn/2
+ I sin(2k —1)dx
(k=lyz/2

g[sinl +sin2 +sin3 + ... +sin(2k — 1)]

112.

113.

1. N 1.
sin — sinl + sin — sin2 + sin — sin3 + ... +
2 2 2

SRR

sin é sin(2k —1)

.1
sin —
2
1 3 3 5
COS— — COS— + COS— — COS— +...+
2 2 2 2

cos(Zk - E) - cos(Zk + l)
| 2 2

2sinl
r cosl - cos(Zk + 1
2 2 2
25inl
2
. . 1
s1nk.sm(k+f)
T\ 2)
(3)
sin| —
2

 A=nm2.
The correct option is (C)

S

We have, R
f@y= [+
0

g(x)
= few)= [ a+r)
0

g(x)
= x= [+ dr

[gis inverse of /= f{g(x)} = x]
Differentiating w.r.t. x, we have
=1+ ¢
ie, (g)=1+g
Differentiating again w.r.t. x, we have

2¢g =3g¢
L g3
g 2

The correct option is (B)
/2

L=
0

. /2 mw/2
. sinnx el
=]COS X —m - J. n cos
ndo

0

cos” x cosnx dx

/2
=0+ J cos" ' x sin x sin nx dx
0
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m/2 /2
= _[ cos" ' x cos(n—1)x — j cos” x cos nx dx
0 0
[Using the identity

cos(n — 1)x = cos nx cos x + sin nx sin x

i.e., sin nx sin x = cos (n — 1)x — cos nx cos x]

/2 /2
= I cos" ! x cos(n—1)x — f cos” x cos nx dx
0 0
:1n71 7[:1
A .
Le., 7 = > =1, I, I; are in GP

The correct option is (B)
114. We have,

1
Ly = [ =xy dx
0

= [x(l —x”)"”:li) +(n+ l)aj). x(1=x*)" dx

1
= (n+1)aj (x“—1+1)(1-x)dx
0

1
= (n+Da | (1-x*)"dx - (n+Da
0

1
J (l_xa)nﬂ dx
0
= (n+ Val,~ (n+ 1) al,,
1
=1+ !
In+1 (n+1)a

k=(mn+1a.
The correct option is (A)

n/n

n—oe N

. [123n]””
lm|——-—-—

115. Let S

noseln nonon
Taking log on both sides, we get
1 1 2
log S= lim — [logf +log—+...+log ﬁ]
n n

n—e n n

1
=1lim — 2 log( ) = J log x dx
0

n—eo

= [xlogx—x]1 =-1

o
v S=el
The correct option is (B)

116.

117.

118.

119.

We have,

fim 1+32+33+..+3n-
n—soo

O
= 2/7 r
hmZI‘%/7 n%wnz ;

(adding one term will not affect the limit)

I\F {4/3]1 =%'

The correct option is (C)
We have,

n—o0

1

4 3 4
o) = [ gydt = [ gyde+[ gwydr+ [ g(tyde
1 3

0 0

But

1 1

1< gydr<0.1

. Jg()

1 3

> 'I[(t)dt<02

4

[ gdr<1.1

3

Adding the above inequalities, we get ¢ (4) < 3.
The correct option is (C)
We have,

4
[ (eptax
1

(x—[xD dx

[X] dx

—_ e 0 = e

(x = [xD¥ dx + J. (x—

4
+[ (=[x ax
3

——

3 4
(c=D'dx+ [ (x=27dx+ [ (x=3) dx
2 3

2 3 4

1 2 3
(o) -
2 3 4 12

The correct option is (C)

2
I= j [x + [x + [x]]]dx

<

[x + 2[x]]dx

o —_

(o [x + Integer] = [x] + Integer = [x + [x]] = [x] + [x] )
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1 2
= 3{] 0.dx +j ldx}

0 1
=3{(x),’}=3Q2-1)=3.
The correct option is (C)

J@+b)2
120. Let/= | . ;‘ ——
J@Ba+b)/4 \/(x —a’) (b —x7)
Put ¥ = a’cos’t + bsin’t

=  2xdx=[2d°cos t (- sin f) + 2 bZsin ¢ (cos £)] dt

= xdx= %(bz—az)siandt

2,42
a +b .
For X = 3 = d’cos’t+ bsin’t
= & +b°=2(1 —sin’r) a* + 2b%sin’
2., 2 2 22y a2
o, (a+b7)=2a"+2(b"—a’)sint

. 1
= sm2t=5:>0052t=0:>t=7ﬂ4

3a® + b° .
¥ = 2 = a’cos’t + bsin’t

= 3d°+ b’ =4d* + 4(b* - d°) sin’t

For

.2 1 1 T
= sin“t= — =>cos2t=— = t= —
4 2 4

(b* — a*)sin2¢.dr

/4
1
= | =
a6 2 \/(b2 —a*)sin®1(b* — a)cos® t

— dt:tn'/4_§ Ezl
_[ ( )7:/6 4 6 12
/6
The correct option is (D)
1/n
121. §= lim [sin % -sin 2% . sin 3% ... 5in D7
n—»oo n 2n 2n n
= log S= lim llog sinl~sin2—ﬂ~--sinM
n—seo 1 2n 2n n

1 20D .
lim — log sin —
2 & 2n

n—e n 15
T T
I log sin(f x]dx
0 2

2 V4
fj log (sin ) dt
T 0

/2
-2 [ log(sint) dr
0

T
——log2
{zg}

/2
{using, J log(sint)dt = — % log 2}
0

CH R N

—2log2
1 1
logS=log|—|=8=—.
es=tog[}) = 5=
The correct option is (A)

St

122. Let /= J cot ™! (tan x) dx
-2
Vs
= 7'f cot™! (cot(ﬂ:/Z—x))dx (1)

0
(*. Period is )
X, O<x<m/2

Since cot ™' (cotx) =
T+x, T/2<x<Tm

I Il
N <
(e ey
— T/
INES M}La
| I
oo‘*:\N N‘RN
~—_— .
+ e 3
— i
%) +
og
w
I Nla
D [H, [
| N‘RN
w ~—
Jk‘:. N
N
+
oo‘ﬁ,\)
N
—

The correct option is (B)

\/5 1 .1 ZX
123. Leti= j sin > |dx
0 1+ x 1+ x

N .1[ 2x ] 2tan”'x, if—1<x<lI
ow, sin =
1+x% ) |r—2tan”'x, ifx>1

+f ! sin”! 2x dx
11+x2 1+x*
£ 2tan'x ﬁﬂ—Ztan_lx
=J 5 dx I 3 dx
0 1+ x 1 1+x
1 -1 NG NG
tan~ x 1 tan x
=2 dx +1 dx -2 d
‘([1+x2 '1[ 1+ x° ‘!.1+x2
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/4 /3
=2 j tdt +m(an” ) -2 [ car,
/4
(Put tan 'x = 1)

t2 /4 5 /3
2{2} + 7 {tan”'\[3 —tan”'1} — 2{2}

0 /4
° T T 7:2 s 7 5
= —4+Ty{-—— ———=—"".
16 3 4 9 16 72

The correct option is (A)

124. Let f(x)=

x*+16
(x +16)-1—x-2x
(x> +16)
_ 16 — x*
(2 +16)
= 162 =x"<16=-4<x<4
. f(x) is monotonic increasing in [—
[0,1],c[-4,4]
*. f(x) is monotonic increasing in [0, 1]
= ! =—andm=
1+16 17

So=

4, 4]. Since

0+16

1
m(1-0)< [ f(x)dx<M(1-0)
0

= 0(170)4

¥ a<ta-o
} X416 17

x2

.. The smallest such interval is [0, %] .

The correct option is (C)

1
125. Letf(x)=
4—x*-x*

Since 4 —x*24-x*—x*24-2x*>1 Vxe [0, 1]

Ja-22 2 a2 -3 z\/4—2x2 >1V xe[0,1]

1 1

< \v 0,1
- \/4—x2 \/4 x2-x \/4 2x2 el
; dx ; dx : dx
- '([\/4—x2£'([\/4—x2—x3_'([\/2—2x2

126.

127.

j 7
0 \/ 4-x2 - \/E
The correct option is (B)
1
Let, 1,= [ e"(x—1)"dx
0
Put x—1=t=dx=dt

@13

0
1:J'f+1 " dt

e|: " 1e’a’t}
0

[0 (—1ye - jt"‘le’dt]
-1

= (=)™~ ne j leldt = (- 1y —nl,

-1

Putting n = 1, we get
=1 -I=1—(e-1)=2—-e¢
L=(1)""-2[=2¢-5
L=1)*"-3L=1-3Q2e-5)=16—6e
Hence, n =3.
The correct option is (C)

We have,
@) =x(-3x+2)=x(x—1) (x—2)
Clearly, f’(x) £0in 1 <x<2 and f’(x) 2 0 in 2 <x< 3.
. f/(x) is monotonic decreasing in [1, 2] and monotonic
increasing in [2, 3].
s Min. f(x)=fQ2) = j x(x*=3x+2)dx
1

= ﬁ—x3+x2 2 -l
4 1
Max.  f(x)=the greatest among ( f(1), f(3))
1
Now, f(I)= [ x(x? =3x+2)dx =0

1

3
J3)= [ x(x* =3x + 2)dx

=2. .. Max. f(x)=2

-1
Hence, Range = [7, 2] .

The correct option is (A)
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2
128. Since

EX_E_JE
2 2

5 5 515

.. Given Integral

3

I \ 2x—§—\/§ \ 2x—§+\/E
5 2 2 2 2
52

=2 _I\/de+2 j J2x—5/2dx

5/2

dx

3
dx+J
2

| —

3

B 3/2
_ 2\F(5—2)+2 (2x 35/2)
2|2 3,
2 512

= \/g(l)+§[(6—5/2)3/2 ~(5/2"]

5+2(7 7]_25J3

2 3(2V2) 322
_A5 L, T 55
V2 32 32
C35+7J7-505  7J7-25
) 32 EN

The correct option is (B)

129. Since, _T xf(x)dx = j. f(x)dx+j. f(=x)dx
-a 0 0
[RAC)) A CO N A G
C EENTE { bg<x>+1+£ b 41
[EAC R BVAC)
= J. bg(x)+1dx+.[ b—g(x)+1

0 0

= I f(x)dx, which is independent of g.
0
The correct option is (B)

130. We have,

f(x):jlln—tdz, x>0
1 +1

1y "int
= —|= | —dt
f(x) J‘1+t

1

/2x—§>\/§:>2x—é>é:>2x>5:>x>§
2 2 2 2 2

(M

131.

~
—
==
~—
|
- =
—_
+
||
—
< |
N =
S
<

In
J y
y(+y)

I
—_—

Int

=I(1+z)t

1
From (1) and (2),

@

1+l'lnt
t
dt

1
X 1+¢

o o{l) -

2
lntdt _ (In x)

o 2

—_ e e

2
= f(e)+f(é)=% :%.

The correct option is (C)
2

f %% cos(sin0) d6
0

2
= Real part of J. e*%{cos(sinB) + i sin(sin6)} dO
0

2
= Real part of 'f 0 ofsin®
0

2
= Real part ofJ'ecose+isin9 d6
0

2r
= Real part of J e do
0

2 R0 e
= Real part of 'f 1+e?+ + +...|do
0

2! 3!
2r
= Real part of J. [1 + (cos@ + isinO)
0
1 -
+E(cos20+tsm20)+..

o

2r 1
I |:1 +cosf + 5 c0s260 + :| do

0
. 27
sin20 +..| =2m
2.2! o

|:9 +sin6 +

The correct option is (C)
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132.

133.

Given f(x) +f(x + 6) =f(x +3) + f(x + 9)
Put x=x+3, we get

fx+3)+f(x+9)=f(x+6)+f(x+12)
= f)=f(x+12)

x+12

Let g(x) = f fOdt = gx)=flx+12)-f(x) =0

= g(x) is a constant function.
The correct option is (C)

Given

1 1
S =x+x [y f(dv—x*yf(y)dy
0 0

1 1
=x [1 +[y? f(y)dy] - [ny(y)dy]
0 0
= f (x) is a quadratic expression;
:>f(x)=ax+bxz0rf(y)=ay+by2 (1)

1
where, a= 1+J’y2 f(»)dy
0

1
=1+ [ y?(ay + by*)dy
0

ayt b51 a b
S LA I
4 5 4 5

0
= 20a=20+5a+4bor 15a—4b =20 )

1 1
and, b= [y/(y)dy = [y-(ay+by’)dy
0 0

3 4\!
I T/ I
3 4 ) 3 4
= 12b=4a+3bor9—4a=0 3)
From (2) and (3),
180 30
a=—, = —
119 119
.. Equation (1) reduces to
80x” + 180x
119
160x + 180 -9
——— =0=>x=—
119 8

and, f7(x) = % >0 = f(x) attains minimum at x = _?9

S =

@)=

The correct option is (D)

323,

134. Given limit= Jjm =L r=l

n—seo

< 6
X
r=1

135.

136.

The correct option is (A)

1/x
} exists, so lim J () =0

Since, lim |1+ 3
x>0 x

x—=0

S (x)
x}

L) =axt tagx + o+ ax", a0, n> 4
Since, f(x) is of least degree = f(x) = a, x*

1/x
Again, lim |:1 + —f(f)j' =e=>aqu=1=fx= ¥
x—=0 X
The graph of y = x*and ¥* + y2 =2 are shown in the figure
Y
A(1,1)
; X
0 Bla,o

.. The required area

= 2'(1[(\/2—x2—x4)dx= %—%

The correct option is (B)
1
For 0 <x < 1, we have Exz <x’<x

ie,—x*>—xsothate™>e™
1 2

Therefore, J e cos® xdx > 'f e " cos® xdx
0

Also, cos’x < 1, therefore

1 1 1

f e cos’ xdx SJ. e Vdx< _[ e 2dx = 1,

0 0 0

Hence, /, is the greatest integral.

The correct option is (D)

137. We have, _[ sin’ Ldt = l_[ (1—cost)dt
2 2y

0



138.

2 2 a) 2
12
= Z(a —f) +1 =—sinx
a
. 1 T
Since ax ——2=0 for all x, so the only possiblity is
a
1 .
ax= — andsinx=—-1
a
b4
= x= 2nw— 5 . Therefore,

The correct option is (C)

Put 10g(x+\/x2+1) =t
= x+x2+1=¢
= NEZES! =¥ —2xe +x

t —f
= dxz[e J;e sz

When x— 0, t — 0 and when x— oo, f— oo
o (¢ —t

ao1= | S5 ar
0 2'€nt

_ %T[e(l—n)t + e—(l+n)t]dt
0

1 QUi () a
= — lim —
2 a>e |(1-n) (1+n)

0

1 . 1 1
— lim _
2 a>e |(1- n)e(”—l)a a1+ n)e(n+1)a

1

1-n

1 0-0+ ! + !
2 n—-1 n+l

_1 2n . n
2 |n? -1 -1

The correct option is (B)
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139.

140.

} 141

In x

1 coso _
Let I(o)= | ["1] dx
0

1
I'e= |
0

x%% In x (- sinax)
In x

dx
1

= (—sin &) f X0 dx
0

) xcosoc+1 1
(=sino)———
coso +1 0

—sina

1+ cosa
Integrating both sides w.r.t. &, we have
I(e)=In(1+cos ) +c

L cosa _ 1

" indx =In(l+cosa)+c
o Inx

1 0_
I x -1 dx =In1+ ¢ (Putting o= 7/2)
o Inx

=0=0+corc=0.Hence, /(@) =In (1 +cos o).
The correct option is (A)
We have,

: S+
f®=f (x)+f(x)

S
1+ f4x)

Integrating on the interval (a, b), we get

=

} S S@ } "
AR EAIC I

>b—a

1 b
= —tan"! /2(x)
2 a

= b-a< 1 [ lim tan~! fz(x) — lim tan™! fz(x)]
2 Lx—>b x—a*
m
=
The correct option is (C)
1
[ (2} =1 (Bx} - Dax
0

1/3

= | (25 -1 (B3} - Ddx
0

2/3 1

+ [ (2x =D (@Bx}-Ddx + [ (2531 (Bx} - Dax

1/3 2/3
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142.

1/3 1/2
| x-1@x-Ddx +[ @2x-1)(Gx-2)dx
0 1/3

2/3 1
+ [ @x-2)@x-2)dx + [ (2x-2)(Bx-2)dx
1/2 2/3

1/3 1/2
| (6x* =5x+1ydx + [ (6x* =7x +2)dx
0 1/3

3/2 1
+ | (6x* —10x+ 4)dx + [ (627 —12x + 6)dx
1/2 2/3
19

i .

The correct option is (A)

The graphs | x |+ |y|=aand | x >+ |y |* = a® are as shown
in the figure

y-axis

©,a)

X-axis

(—CI > O) o (a3 0)

0,-a)

More than One Option Correct Type

From the figure, it is clear that when powers of | x | and

[y

| both are reduced to half the straight lines get stretched

inside.

Thus, the required area

=4 [shaded area in the first quadrant]
rna® ¢ 2 2
=4 T—O(f—ﬁ) dx:|:(ﬂ-_3)az
[In the first quadrant x, y > 0, therefore ,
T + V3T =a= 5+ 5 = a
2
=y=(a- V] |

y-axis
(0,(1) |x|2+|y|2:02
(a. 0) @o) O
NEIER BN
x|+|y|=a
(09 _a)

The correct option is (B)

" sin” nx
143, Let I,= [ > ax
o sin”x
Assuming, [I=1, -2, +1,_,

sin? (n+1)x— 2sin’ nx
72

=

0

+sin’(n—1)x

sin® x

dx

sin(2n+1)x sin x

/2 . .
- 7= _[ —sm(Zn.— 1)x sin x d
0 sin x
S ”f sin(2n+1)x—2sin(2n—l)xdx

0 s x

7= nf 2sin x cos 2nx i

sin x

=

=

/2
=2 J. cos 2nxdx
0

2

1
I= —(sin2
" (sm nx)o

= 1(sinniz’— 0)=0
n

I, +1,,=2forn=1
1;, I, I are in AP

So, option (C) is true.

i T i sin® 2x
NOW, 11: Jldx = E and,[2= Im
0 0

=

2

I,= 4fcoszxdx =axZ =z
4
0
n T
12—11=7T—5 = 5

Then, I}, I,, I, ... are in AP with first term g and common

difference % .



144.

145.

146.

T T nmw
nl=Z+(n-)Z = =
=St=ho ==

Thus, option (A) is true.
. . (16 .
Now sin (/;4) = sin (Tﬂ) =sin8x

Hence, option (D) is also true.
The correct option is (A, C, D)
We have

dx

2 . .
sin(2n+1)x —sin(2n—1)x
Anﬂ 7An = J :
0 sin x

’2cos 2
J cos 2nx sin x ax
0

sin x

/2
2jcos2nndx =0
0

2 . .
. _ sin®(n +1)x —sin® nx
Again, B, — B, = J -

0 sin” x

dx

_[ sm(2n + 1)x sin x
sin? x

The correct option is (A) and (D)

X+ T
gx+m= J- cos 4t dt = g(x)+jcos 4t dt
0 0

=g(x) +g(m)

Ve
Here g(m) = fcos 4tdt =0
0
The correct option is (B) and (C)

Let[x]=/thenx=/+k 0<k<1.

I+k
[x] dx = I [x]dx
0

S

1 I+k

:Ix]dx+_[[x dx +---+ I[x dx + I [x] dx

0
O+1+2+--+(U-1)+1k

1
=—(-1I+1k
2( )

(] ([x]=1) + [x] (x =[x])

N | =

=[x] G ([x1=1)+ (x ~ [xl))

=[x]-1and B=x—[x].
The correct option is (A) and ( B)

Definite Integral and Area  16.69

dx = An+l

147.

148.

149.

150.

4 3 4
[lx=31dx=[lx=3|dx+ [| x=3}dx
1 1 1

=—_3[(x—3) dx+j‘(x—3) dx
1 1

3 2
+—(x_3x)
Lo\2

3

Thus, 2A+B—%

The correct option is (B), (C), (D)

b
[Isinx|dc=8=b-a=4rx

a

Va
-+ period of | sin x | is p and J [sinx|dx =2.

0
/2

Also, | cos x | is periodic with period p and J [cosx| =1
a+b 0
9
So, I |cos x |dx = —
2

= a+b=9i
2

= b= 17—ﬂanda—z
4 4

The correct option is (C) and (D)

Letlj 1
2o —

I(ge e

. 1
= [1og (2" — 1) —x]o
p=1,q=2,r=1.
The correct option is (A), (B) and (C)
We have,

=log (2e—1)-1.

1 1
J@)= e +x[f()dy+e* [ (y)dy
0 0

1 1
=e" [1 + Jyf(y)dy] +e' Jf(y)dy
0 0

=ae'+ bx

where @ and b are constants, given by

1 1
a=1+ [yf(»dy =1+ [y(ae’ +by)dy
0 0
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1

=1 +a|:(y—l)ey:|z) +[b§3:|

:1+a+é
3

0

1
and, b= [f(y)dy

0
1

J(aey +by)dy
0

1
2

- [aey +by:|

3 0

Solving, we have b=—3 and a =

b
= -1+ =
ae—D+ 2

-3
2(e—1)

—3e" -3
TO= 5=y T ey

The correct option is (A) and (B)

and b =-3.

/2
| f(sin2x)sinxdx
0

/4 /2
J f(sin2x)sinxdx + J f(sin2x)sinxdx
/4

w/4 /4

= [ fGsin2x)sinxdv+ [ 1 (sin2(z + z))sin(n/4 +2)dz
0 0
[Putting x = % +z=dx=

- ﬂff(sinZ(Z - x))sin(z - x)dx

/4

5

dz |

f(cos2x)(sinx + cosx)dx

[ [raz=] f(x)dx}

/4
= J f(cos2x), (cosx + sinx)dx
0

S\

/4

\/_ I f(cos2x), (cosx —sinx)dx

/4

1
=2 -— | f(cos2x)cosxdx
7

/4

=2 J.f(cos2x)cosxdx
0

/2
Also, ff(sian)sinxdx
0

152.

153.

/2
j f(sin2(z /2 = x))sin(z/ 2 — x)dx
0

/2
J f(sin2x)cosxdx
0

The correct option is (A) and (B)

f sinx J-|s1nx|
101+x 1+x
[1701< 1 f (01 ]
19
<[ dx8 [ [sinx|<1]
ol+x
et > ad ]
19 X >x
<= N 1 < 1
x _
10 1+ st
19 R
< dx '.'x>10:>1<i
0 10° x 10|
1
=9x10°%<10x10°%<10”
Again, *+ 10’>10°=107<10°°
. given integral is < 10°
The correct option is (A) and (C)
12 2 2
J~ x+1] . x—l) 9 dy
S Wx—1 x+1
—1/2 V
21?12
= J. —2 dx
-1/2 (" =1
12 1/2
4x
= J. 2_1 . dx
—12 Y\ 2x
12 12
xdx
=42 dx =-38
‘([ x? ‘[ -1
=—4 o (xz—l)‘l/z =4 |log| 2~ 1|~ log| - 1]
g 0 g 2 g
3 4 256 81
—4 |log—-0|=41log — =log — =-log —
[ g4 :l g 3 g 81 ¢ 256

The correct option is (B), (C) and (D)
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1 1
154 1,= | dx“ St =l e=
o (1+x7) e e e’ -1
I fle)= ——<— = flo)=e
= x| == n+ X" 20 xdx T T, B
a+x*"", { e -1
e .
) ) , if nisodd
R JIfof (@=1 -1
2 0 (1 + X ) n times e, if nis even
1 flex’ -1 3 o
=— n_[ N /7 fe)de = 242 if nisodd
2 o (L+x7) -!. 4 if nis even
1 rodx ) [ dx The correct option is (B) and (C)
S n'[(1+x2)”_ n'[(1+x2)”+1
0 0 157. We have,
1 /4
@n-1)1,+ > =onl,,, A, = j (tanx)" dx
0
2[2 =[1 + n/4
= 4, 5= | (tanx)"?dx
L, 1 w1 0
=>L=—+—=—+—
2 4 8 4 /4
Lo Lo A, +A4,,= J (tanx)" 2 (tan® x + 1) dx
e [1 :J. 3 = ‘tan x‘o :Z 0
ol+x "
The correct option is (B) and (C) = _[(tanx)”’2 sec® x dx
0
155. We have, ) Let tan x = ¢, so that sec’x dx = dt
x+
1
gx+2)= | f(r)dt n-
{ A, + A, =] dt
0
2 x+2 ' 1
= [rwde+ | fydr ()
0 2 n—1 b n—1
=g @)+ [f(ar
0 0 ’ Now, since 0<x< = - 0<tanx<1
[+ f is periodic with period 2 .. J. f(t)dt=ff(t)dt ow.smee - BEXs s D= L
a 0 = tan" “x<tan"x<tan" *x
~ght2)=g@)tg X /4 /4 /4
= J tan" 2 xdx < J tan” x dx < j tan"~ % x dx
0 0 0

2 1 2
Also,g ()= [ f(tydt = [ f()dt+ [ f(t)dr
0 0 1

1 0 1
= [r@de+ [ f@yar = [ fyde =0
0 -1

-1
[ f(x) is odd]

. g (x) is periodic with period 2

s.g(2n)=0

The correct option is (B) and (C)

156. If e, and e, be the eccentricity of hyperbola and its conju-
gate, then

= A,,,<4,<4,,
= A4,t4,,,<24,<A,+A4,,

<24,< !
n+1 n—1

1 1
<4,<
2(n+1) 2(n—1)
The correct option is (A) and (B)

o,
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Passage Based Questions

Passage 1

158.

159.

0, ifx=0,1,2,...m
1, ifr-l<r<r,r=12,...m

f(X)={

= f'is bounded and has only m + 1 points of finite discon-
tinuity at 0, 1, 2, ..., m. Since the points of discontinuity of
fon [0, m] are finite in number, therefore, f'is integrable on
[0, m].

m m 2 m
[feodx = [fde+ [ fode+ .+ [ fx)de
0 0 1

_j1dx+j1dx+ + jldx

m—1
=(1-0)+ Q2 1)+ ..+ (m—(m—1))
=l+1+.+1=m

The correct option is (B)

1
f(x)=1, when 5 <x<1

1 1
= —, when — <x< —~
2 2 2
1 1 1
= —,when — <x< —
2 3 52
1
= YR ,when —<x< ——

=0, whenx=0

Thus, we notice that f'is bounded and continuous on [0, 1]
1 1

. 1
except at the points 0, 2y

5 oee

The set of points of discontinuity of f'on [0, 1] is

1 1 1
0,—,—,—...
{ 272272} }

which has only one limit point 0. Since the set of points
of discontinuity of f'on [0, 1] has a finite number of limit
points, f'is integrable on [0, 1]

Now,
1/2 1/2*
f f(x)dx = f f@yde+ [ fyde+ | f(x)d
1/2" 1/2 1/2* 1/2°
172"
ot j F(x)dx
1/2"
1/2 1/2° 1/2"!
jldx+ J dx + J‘ '[
1/2 1/22 1/2° 1/2"

160.

(-1 +1(1_L + L (L_L)
2) 2\2 22) 2222 23
1 (1 1)
tot—|o5-=
=i\t o
Loy 1y 1 (1
2 2 22 22 23 2n71 2n
1 1+1+(1)2 +(l)"‘
> el bl R b

. - 2
Proceeding to the limit when n — oo, we get I f(x)dx = 3
0
The correct option is (C)

1
f(x)=1, when 5 <x<1

I

I
£
=
a
=]

\
A
=
IA

1l

I
£
=
o
=1

n+l n

=0, whenx =0

Thus, we notice that f'is bounded and continuous on [0, 1]
1

. 1
except at the points 0, 1, 3030

The set of points of discontinuity of fon [0, 1] is

o133
2’3

which has only one limit point 0. Since the set of points
of discontinuity of fon [0, 1] has a finite number of limit
points, therefore, f'is integrable on [0, 1]

1/2 1/3
j f(x)dx= j f@dx+ [ feyde+ [ fxydx
1/(n+1) 1/2 1/3 1/4
1/n

A j F(x)dx
1(n+1)
124 13 i
Jldx+J-fdx+J‘ dx + .. —dx
1/2 732 1/4 1/ n
(n+1)



161. Letf(x)= 12
1+x
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Il
O\‘;‘N
|
—
—
—_
|
N | —
N———
—
N | —
|
W | —
N———
+
—
W | —
|
NG
—
—
I |~
|
3‘
+ Pt
—
—
[—

Proceeding to the limit as n— oo, we get
2

1
{j(x)dx: %; -1

The correct option is (A)

Passage 2

and g (x) = sin px, then f, g are continuous

on [0, 1] and hence integrable on [0, 1]

Also, g (x) =sin zx >0 on [0, 1]

Since f'is decreasing on [0, 1], inf f=f(1) = %
and sup f=£(0) =1

1 1
[rx) gy dx = p[g(x)dx
0 0

L. 1
. sinzx .
Le., 'f = ,u'[smﬂrxdx

0
1

cosmc:| 2

0o T

&

2
pl+x

But, fsin X dx

0 T

tsinmx 2
j dx=pu —. (1)
T

2
0 1+x
Since fis continuous on [0, 1], it attains every value between

its bounds l and 1.

SUE [%, 1] = J a number ¢ € [0, 1] such that f(c) = 1.

2 tsinmx
From (1), /()= 1=~ ijz
0

But 0 <¢ <1 and f'is decreasing on [0, 1]

= f(0) =f(c) 2 /(1)

dx

1 1
T _[ 1nn'x 1 _[ 1n7rx
2 ol Tl

l\)\»—t

The correct option is (A)

162.

163.

1 .
Let f(x) = —— and g (x) = x, then £, g are continuous on
sinx
E, r and hence integrable on E, r .
6 2 6 2

Also, g (x) =x >0 on [%, %] Since f'is decreasing on

[Z 2] inff= f( )zlmﬂmmfzf(%)zZ

.. There exists ¢ € [1, 2] such that

/2 /2
[ rxgydx = p | g(xd
/6 /6
/2 ¥ /2
ie., J —dx = U J xdx
/6 sin.x n/6
72 2 72 2 2 2
But, J xdx:x} = l(ﬂ_”] L
/6 2 /6 20 4 36 9
/2 -
[ ——dv=p. " 8))
sinx

/6
Since f is continuous on [%,%] , it attains every value
between its bounds 1 and 2.

Ke [1,2] = 3 anumber ce [%, %] such that

SO =u
9 /2
From (1).f(€) == — |

/6

X
—dx
sinx

But, 2 <c< r and fis decreasing on E,E .
6 2 62

9 X
= 1< - —dx <2
T e SInx
/2 2
T X 2
— < | —dx<—
9 sin x 9

/6

The correct option is (B)

Take f(x) = and g (x) = x°.

The correct option is (C)
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Passage 3 4
=2log2—loge=1log —-
e

[ e N 2

e
1 The correct option is (D)
n
= logy= hmfxlog |:(1+ ~(1+):|
noen n n Passage 4
165. The area 4 of the region is given b
= llmfz:log(l+l) & glven by
n

n— e
| 7J( dr dt)t

= J'log (14 x) dx
1
! | % Ha cos® t(3bsin® t cost) — bsin® ¢ (—3a cos’ lsin)}dt
= [xlog 1+ 0] - [——ax ’
01+ pY 3ab o
L | =5 Jcosztsinztdt
=log?2 - J’% dx 0
0 1+ x
1 | 3Zb 4 jcos ¢ sin’ ¢ dr
=log2— j(l—l de
+
0 * Ll 7z _ 3abm
1 =6abx —XxX— =
=log2— [x—log (1+ x)], 4272 8
=log2—[(1 —log2)—-0] The correct option is (A)
Match the Column Type
) In2 oo .
166. 1 | [3] dr = | [%]dx+ | [%]dx HL Let P= o
oLe v Le male 2+ cosx
In2 dP (24 cosx)-cosx —sinx- (—sinx)
= [1dx+0=in2 = - = 24 coon)’
0
The correct option is (B) Jcosx+1
L5 1 = -
2+
L [ [x]de= [[x? ]dx+j dx+j [x?] dx (2+cosx)
0 0 2 Integrating both sides with respect to x between the limits 0
[x%]=0,0<x <1 and X
2
Li1<x<\2
2,\2<x<15 we get [P]? = j (;COS“)I
+ cosx
2 15
= JO dx + J.l dx + j 2 dx 2] sinx 7/2 |
1 2 ie., | dx = = (,_0)
(2 + cosx)? 2+ cosx 2
3/2 0 o
= (X)l1 +2(0)[ 5
1
=\/§—1+2(5—\/5]:2-\/5. S

The correct option is (C) The correct option is (D)
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4 x%] —cos2mx | [cos2mx]
IV. Let [= j dx (1) = +
3 [x2 —14x+49] [x] 2n N 2
; _2
= I (7= dx T
31 x) ] The correct option is (D)
]‘. |:(7 - x)2:| IV. We have,
= dx
3[(7—(7—x))2]+[(7—x)2] 2sin§cosx=sin37x—sin§
b b X 5x 3x
Using _[f(x) dx = _[f(a +b—x)dx 2 s1n5 cos 2x = sm?—mn?
N (o
= 2[ ] dx @) i 1 1
3L ]+[(7 X) ] 2 sin — cos nx = sin(n+f)x—sin(n—f)x
Adding (1) and (2), we get 2 2 2
2= j’l de =1. = 1 . Adding the above n equations, we get
3 g 2sin > +cos2x+ ..+
The correct option is (D) s1n5(cosx cos 2x + ... + cos nx)
2
167. L [x*2x—x? dx = sin(n+%)x—sin§
0
m/2 1
= j 8 5in® @ \/4sin> 0 — 4sin* 6 (4 sin Hcos) dO sin(n+5)x
0 = ————1 =2(cos x + cos 2x + ... + cos nx)
[Putting x = 2 sin’0 = dx =4 sin 6 cos 0d6] sin
2
/2
5.3:1-1
=64 [ sin®e- cos0do=64 2311 7 |
5 10-8-6-4-2 2 7 Sin n+f x 7
:>j dx - [1-dx
= 7—” sin’> 0
8 2
The correct option is (B) ™
= 2J(cosx+cos 2X +...+ cos nx)dx
3r/2 T 3m/2 0
IL [ [sinx] dv= [ [sinx]dv+ [ [sinx]dx
/2 /2 T ﬂ_sin(n_;,_l)x
37/2 2
=|———dx —-7=0
= j()dx+ j (-1 dx =— [x]™? { sin®
/2 T 2
(37r J -7 . 1
=—|—=-7|=—. osin| n+— [x
2 2 J 2
S| —————dx=n1

The correct option is (C)

. 1 .
III. Since sin 2px is positive for 0 <x < 5 and negative for

l <x<l.

sin27tx,for0<x£l

ol _ 2
. |sin2 px | = 1

—sin27rx,for5<x<1

1 1 1
. I|sin27tx\dx= Jsin 2rx dx + j(—sin 21 x) dx
0 0 172

0 sin—
2

The correct option is (A)

3
I= [{x=2|+x]}dx
-1

168. I Let
3 3

= 1= [|x-2[dx+][x]dx
-1 -1

3
Now, /;= [|x=2|dx

-1
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Assertion-Reason Type

2 3
= L= [|x=2dv+[|x—2|dx
-1 2

2 3
= L= [(x-2)dx+[(x-2)ax
-1 2

- o]
i (A

= 11=2+§—%+2:5

3

3
Also, IL,= I [x]dx
-1

= L= }[x]dx+j[x]dx+-2[[x]dx+j‘[x]dx

-1 0 1 2

0 1 2 3
= L= [(-Ddx+ [©O)dr+ [)dx+ [(2)dx
-1 0 1 2
= L=CDM+0+DM)+2(1)=2
s I=L+L=5+2=7
The correct option is (C)

II. According to the property of greatest integer function,

we have
[x]-[-x]=-1VxeZ @)
1
Let I= [ f(x)dx
-1
sin® x
where, f(x)= ——=——
x> |1
ﬁ] 2
)
Now, f{-x)= = sin” x
_x |1
i ﬁ] 2

.2
> fx0= L"l {using (1)}

X

‘“[ﬁ]*a

: % is not an integer in (-1, 0) and (0, 1)

.2
> SN e = /()

x )t
[ﬁ } 2

= f(x) is an odd function in x

1
I= [ f(x)dx =0
-1

The correct option is (D)

b
IL We have, [(b - 4x)dv>6-5b
1

b
= [bx—zxz]l > 6 5h=b>—2b*—bh+226-5b
= b +4b—420=b>—4b+4<0
=((b-2P1<0=b-2=0
[ (b—2)2 cannot be negative]

=b=2.
The correct option is (A)

IV. We know that if f(x + mn) = f(x) for all integral values
of m, then

T rerae=n] rcods
0 0

Let g (x) =f(coszx), then g (x + mm) = [cos2 (x +mm))
= f(cos’x) = g (x).

3 T
Hence, _[ f (cos® x) dx =3 J.f(cos2 Xx) dx.
0 0

o 1,=31,
The correct option is (B)

169. We have, 2 f(x) + 3 f (l) _1 .,
X X

) f(l)+3f(x):x72
X

Solving the above two equations, we get

-2 3x 2

SO=5*+575




171.
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:(_—zlog2+l). I:l
5 2 2
The correct option is (A) The correct option is (A)
ot /6 [
170. Let I, = [x" e de 172 Ler= [ B,
o 0 cosx
oo /6 22
-x = -x \J2-6
= £ —'fnx”_l ° = *.cosxdx
(=1 b o =D 0 cos” x
oo 76 |1 aiin2
:an dx=nl,_, = yl=3sinx 3SI? Y cosxdx
0 0o - sin” x
In =n. In -1 (1) 1 1
Changingnton—-1,1, ,=(n-1)1,_, Put sinx = Tsinezcosxdx = Tcos@d@
Substituting the value of 7, _, in (1), we get 3 3
L=n(n-11,_, ”/3\/—\/1—sm 0
Generalizing from (1) and (2), we have I= .[ sin2 0 \/5 cosfdo
01—
I,=[n(n-1)..tonfactors] 7,_, 3
= = /3 /3
=n!10=n!Jxoe_xdxzn!.[e_xdx :ﬂJ‘ 146 — \/_”J' 46
0 0 (1 - cosze)
N 2
=n! |:e 1:| =nl.
o SN LA RPN
The correct option is (A) ( ) '[ 5+ cos 29
1 1-12
Since, f(x)= — ,x#1 Putting tan 6 = = d6 = > and cos 26 =, 3
’ I-x we have I+1¢ 1+¢
1 1
Also, X)= = NG
IO T50 1 PR LN
1- 2
1-x V3 o 6+4
= = #0,1
JUf) = , X \/En [tan . ( , Hﬁ
. x—1 1 \/5 v3/2 V37271,
Again, f(ff))=f|—|= — =
X 1— x—1 \/—7[
= 2tanV2
Thus, f( f(f(x)) =x, x#0, 1 \/g
Clearly, f( f( f(x))) is discontinuous at x =0 and x = 1 The correct option is (A)
a=0,b=1 173. We have,
f(x) b+nT b+nT a+nT
Now, [= fif(x) 0= | feodx = j f@yde+ [ f(x)d
a a+nT
1
= j (x) (1) nT b
3 S0+ f(1- = [ rydx+ [ rodx
0 a
1
Also, 1= jM o ) b
SA=x)+ f(x) =n [f()dx+ [ f(x)dx
Adding (1) and (2), we have 0 a
—J S J fo-x) w2 3+
f(x)+f(1—x) o SU=x)+ f(x) Now, I= | {x}dx= j {x}dx
1/3 1/3

= 2/=1
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1 1

7+5 7+5
_[ f(x)dx + J {x}dx —SJ.{x}dx+lj‘2xdx
1/3 7+5 1/3

3

(- period of {x} is 1)
1 12
= Sdex + J x dx

0 1/3
1/2
L
2 2
0 1/3
S 11 1)_ 537 18
2 2\4 9 2-36 72

The correct option is (A)

174. We have,

1
f(x)+f(x+5)=1 (1)
1
Replacing x by x + > Equation (1) reduces to

f(x+%)+f(x+l)=l 2)

Subtracting Equation (1) from Equation (2), we get
S+ —fx)=01ie., f(x+1)=/(x)

= f'is periodic having period 1
2 1 1

w 1= [f)dx= [ fx)dx+ [ f(x)dx
0 0 0

1/2 1/2

| feax+ | f(t+%)dt

-1/2 -1/2

172
[ f has period 1, .- _[f(x)dx— If(x)dx

-1/2

. 1. .
and putting x =¢ + 5 in the second mtegral:|

1/2 1 1/2
| [f(t)+f(t+2)]dt = [ 1a

-1/2 —-1/2

=[5, =1

The correct option is (A)
175. We have,
2sin x [cos x + cos 3x + ... + cos (2k— 1) x]
.. t2sinx cos (2k— 1) x
= sin 2x +sin 4x — sin 2x + sin 6x —sin 4x + ...
+ sin 2kx —sin (2k—2) x

=2 sin x cos x + 2 sin x cos 3x +

= sin 2kx

176.

/2
s = '[ sin2kxcotxdx = _[
0

sin 2kx
———cosxdx
sin x

/2
=2 _[ [cosx +cos3x +...+ cos(2k — l)x]cosxdx
0
/2
J. [1 +c0s2x + cos2x + cos4x +...+ cos(2k — 2)x
0

+ cos 2kx dx|

/2
= [ [1+2cos2x +2cosdx +...+ 2c08(2k — 2)x
0
+ cos 2kx dx]|

/2

2sin2x  2sin4dx
+ +
2 4
2sin(2k —2)x  sin2kx
+ +
2k—-2 2

X+

0
=2 0+0+..+0+0="2,
2 2

The correct option is (A)
We have,

(g is even)

S = [g)dt = [g(-t)ar
0 0

= __J g(u)du [Putting —t= M]
0
=—f(=x)
.. f1s an odd function
Now, g (0) —g (x) =f(5) —f(x +5) [using f(x+5)=g (¥)]
x+5

5
=[gydt— | gt)dr
0

0
5 5

| ewydr= | g(-nyar

x+5 xX+5

(g is even)

5
| rt+5)ar

[using f (x + 5) = g(x)]

x+5
0

== jf(z)dz [Putting — ¢ + 5 =2z]
;

= [ f=2ya [fis odd]
0

=— [r(dy [Putting — z = ]

[roay = [ rwa
0 0

The correct option is (A)



177. j.f(x) g(x)h(x) dx
0

Tf(a—x)g(a—x)h(a—x)dx
0

- jf(x)g( )(3’“(") 5}1

2 g hdes [ fgds
0 0

Previous Year’s Questions

Definite Integral and Area  16.79

Therefore, % If(x) g(x)h(x)dx = % ':[f(x) g(x)dx =0
[ gdx = [ fla-x)gla-x)dx
0 0

= [ 70 g@}dx = [ f(x)g(x)dx=0
0 0

The correct option is (A)

178. - sinx | is a periodic function with period 7.

10 . T
Therefore, -[0 |sinx|dx = IOI0 |sinx | dx

V3
=10["sinx dx
0
=10[-cosx];
=10[—cos + cosO]
=10[-1+1]1=20
The correct option is (A)

/4
179. =1, =" tan" x dx

1 NG NG 2
:jooazx+j0 1dx+jﬁzdx+jﬁ3dx
= [ + 221 + 32T

=V2-1+23-22+6-33 =5-3-2

The correct option is (D)

. Key Idea :

[ reodc= {Zfoa fdx, f(=x)= f(x)
» 0, f(=x)==f(x)

2x(1+
107 = [ 2S00 4 en
7 1+cos”x
/4 )
We have In_zzj tan"" x dx .
0 T 2x 7 2xsinx
/4 1:.[ ﬂlizdx'kj ,rlizdx
T - —
Now [,,+In+2=-[0 tan” x (1+ tan” x)dx +eosTx teostx
7 xsinx
/4 _ .. . .
=J': sec? ytan” x dx 0+4 0 T cos’ x ( 1+c052xls an odd functlon)
Substituting tan x = t, then 4 qu siny
sec’ x dx = dt o 14 cos?x
1 7 (7 — x)sin(w — x)
. [ =[=4| ——————dx
A '[Ot a 0 1+ cos’(m—x)
_ ol 1= 1 o4l n’sm)zc de_al” xsin)zc i
n+lf  n+l 0 1+cos“x 0 1+ cos”x
; = [=dn[ a1
Hence llm[l +1,_ 2]— lim — 0 14cos”x
" romntl T sinx
. 1 =[=2r| ———dx
= hm—l 0 1+cos”x
n—o0
1 ” Substitution cos x =t implies that—sin xdx = dt
=1 1_—27:]1 ——dt
The correct option is (B) 1+17°
i 2 =2nftan"' 1]
180. The integral f [x2]dx [tan "1,
=27r|:%+%]=27r§=7r2
J. dx+J [x?] dx+J-f X ]dx+J.\f[x

The correct option is (B)
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/2 \/sin xdx
\Jcosx ++/sinx

Jsin(rm /2 —x)

182. Let, /= j

/2
"‘ \/cos(ir/2 x)+\/sm(7t/2 X) *

/2 cosx
= 'f ———dx

Y, sinx ++/cosx

On adding Equations (1) and (2), we write
/2
2="ldx=1="
0 4

The correct option is (A)
183. The equations of given curve and a line are
y=2- X
and, y=—x

X

(3 ’ _3)

(M

2

(M
2

On solving Equations (1) and (2), we get the points of inter-

section of curves which are (0. 0) and (3, -3).

So the required area = jj{(2x —x)* —(—x)} dx

= Jj(3x —x%)dx

32 X ’
12 T3

27 2727
273 2
:gsqunit

2

The correct option is (A)

184. The integral
Fy=[ ft=f()dy
= 1o f= ) v

=[eu-nay
=x'—=(1+1)

The correct option is (B)

b
185. We have [ 'x f(x) dx

=j:(a+b—x)f(a+b—x)dx.

The correct option is (B)

186.

187.

188.

189.

190.

191.

2
lim tan(x”)

x—0 xSinx

2
— 1im tan(x”)

x—=0 Hf sinx
P i
X
The correct option is (C)

j;x(l—x)”dx - J;x"(l—x)
J' (x n+1

The correct option is (C)

=1

1 1
n+1 n+2.

sinx

Given F’(x)=5— which implies that

b
J.F'(x) dx=F(b)-F(a).

4 esin X 64 esin X
Now, J.3 dx = J
1 X 1

= F(k)-F(l)

64
= [ F'(x) dx = F(k)- F(1)
1

= F(64)— F(1) = F(k)— F(1)

=>k=64-
The correct option is (D)

Clearly area = 22 x\2 sq. units

=1.2) @, 1)

(1,0
The correct option is (A)

1

[rel? - rdx

0

Solving this by substituting

fx)=e"
S =)

= f(x)=¢€" +¢
Also, ¢=0 (- £(0)=1)

The correct option is (B)

I

The limit lim zlw" equals the integral

n—e

1
Iexdx =(e-1).

0

The correct option is (B)



192.

193.

194.

195.

197.

-1 1 3
} | 28
=——-x| +x——| +—-x| =—
3 3
-2 1 1
The correct option is (A)
T
2
+
J~ (sinx + cosx)? dx
0 /(sinx + cos x)? 198.
3
2 T
J(smx +cosx)dx = ‘ o8 x + sinx|; 227,
0
The correct option is (C)
V3 T
Let 1= [xf(sinx)dx = [(x—x)f (sinx)dx
0 0
V4
= ﬂ{f(smx)dx —1 (since sin(z — x) = sin(x)) 199.
/2
=I=r[ f(sinx)dc= A=7.
0
The correct option is (B)
—a) + =
fi=a)+ fl@)=1 200,
S(a) S(a)
L= [ xglx-x)ldy = [ (1-x)g{x(1-x)}dx
J(=a) Sf(=a)
b b
{ [r@ydx=[fa+b- x)de
a a
The correct option is (A)
2 3
196. Required area = J(Z —Xx)dx + J(x —2)dx=1.
1 2
y=x-2
201.
=2-x
‘ 1 2 3
The correct option is (A)
The limit
. 1 I 2 4 3 9 1
lim [—zsec2—+—zsecz—+—zsecz—2+ .+—seczl] 202.
n—e| n n n n n
is equal to
2 r r? 1 2 r ’
lim — — = lim—-—
lim n2 sec . = lim —- - " sec 3

j(x —1)dx+j(1 x )dx+j(x —1)dx

-2

-1

Definite Integral and Area  16.81

So that given limit is equal to value of integral stec2 x2dx
0

I D >
or —|2xsecx“dx=—|sectdt [putx =t
3| | [p ]

1 L1

=—(tant), = —tanl

2( Jo 2

The correct option is (D)
Given that

I L I L
h=[2"dx b= [2% dv, Iy = [2" dx, 1, = [ 2" dx

0 0 0 0
V0<x< 1,x2>x3

1 1
= j2"1 dx > J’Zxx dx

0 0

= >
The correct option is (B)

0
Required area (OAB) = j In(x + e)dx

I-e

1
1
=|:x1n(x+e)—_[ xdx:| =1.
x+e o

The correct option is (A)
The parabolas y* = 4x and x” = 4y are symmetric about line
y=x,
Now, area bounded between y2 =

i(zﬁ_x)dx:

4x and y = x is

= A4 =¥andAS =4, =E

SZ

= A A4 A 1]

The correct option is (D)

S(x)
lim dt
x—2 x—2
0
Applying L Hopital rule

lim[4/(x)” f(x) |= 472 /')
—ax6x =18
48
The correct option is (D)

Given that _[ f(x)dx = Bsin B+ —cosﬁ +28
/4
Differentiating w.r.t b

f(ﬁ)=ﬂCOSﬁ+sinﬂ—%sinﬁ+\/E

The correct option is (D)
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208. Leta=k+ h,where[a]=kand0<h< 1

2
203. '[ cos X dx = Icosz xdx = r . a 2 3

Sladt 2 o [ dx = L @) + [ 2 (oyd +

The correct option is (B) 1 1 2

k k+h

204. Perpendicular distance of centre (1,0,—1) from .. J. (k—1)dx + 'f k' (x)dx

x+2y-2=4 2 2 k=1 k

‘%%_4‘ . = (S - F(D)} +2f() - f@)} +3(F@) - FO)} +
ZT: S e +k=D{fk)— flk—=D}+k{f(k+h) - f(k)}

3 =—f()-f2)- f3)....... - fk)+k f(k+h)

So, radius = %—le. =[a] fl@-{f(D)+ f2)+ fB)+....+ f([a])}

2 The correct option is (B)
The correct option is (B)

6 logt
205, Wehave I = | IR 209. Given that f(x) = j
3V9—x+ Jx
V9 Now, F(e)= f(e)+ f ! which implies that
=1= dx (applying property of definite > - : P
.[\/— \/— e

integrals) logt “logt
Adding both the above integrals, we find Fle)= .1[ 1+1¢ di+ .!. 1+1¢ T
r 3
21=jarx=3=>1=E _jlogt+j- log?
3 SETERT(E)
The correct option is (B)
206. Given integral _j-logz gL
2

a A
I= {xf(sm x)dy = .([(7[ ~x)(sinx)dx The correct option is (A)

™ Todt T
=z f(sinx)de— I 210, [———=7
o s -1 2
r 1,1 4
= 21 =z f(sinx)dx :>[Sec t]ﬁ =3
0
This implies that = seclxF_T
2
/2
3
j f(sinx)dx = nj £(sinx)dx o seclye 77r
/2
=r j f(cosx)dx = x=—\2
0

Lo The correction option is (D
The correct option is (D) P (D)

1
207. Given integral 211. Area, A= j (Jx = x)dx
—m/2
I= I [(x+7m)* + cos? (x + 3m)]dx 27!
“3n/2 = [2 32 _x]
Putx+ 7=t 3 2 0
/2 /2 2 1 1
I= J [t3+coszt]dt=2J.cos2tdt 37276
-n/2 0

/2 P
= [ 1+ cos2r)dr =2+0

The correct option is (C)



—_
—
—

e e e -

The correct option is (C)

212. The integral

1 . 1 1
sinx X 2 2
I=|—Fdx<|—F=dx= \/;dxzfxm ==
;'; X ;[\/; ;‘). 3 03
:>I<z
3
1c:osx ; 1 \/—
And the integral J = dx< |[—=dv=2Jx =2
wal =[S o

ST
The correct option is (B)
213. Solving the equations we get the points of intersection
(-2, ) and (-2, -1)
The bounded region is shown as shaded region.
The required area of the shaded portion

1
= 2[(1-3y") - (-2»?)
0

1 y31 2
2|/(=yHdy=2|y-=| =2x==
{( yo)dy [y 3] 3

[SSRINN

0

<

x+2y2=0

Xx+3y%=1
The correct option is (D)

214. If the given integral is

I = |[cotx]dx, (1)

S =
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then, 7 = [[cot(rr — x)}dx = [[—cot x]dx 2)
0 0
Adding (1) and (2)

21 = ]E[cot X Jdx + ir[[—cot X|dx == ]E(—l)dx
0 0 0

o [x]+[-x] = —lifxe Z
=0ifxe Z

1=-=
2

The correct option is (D)

215. Equation of tangent at (2, 3) to the parabola (v 2)P=x-1
isx—2y+4=0

2y=x+4
D (0, 3)

Required Area = Area of AOCB + Area of OAPD — Area of
APCD

3
:1(4><2)+j(y2—4y+5)dy—1(1x2)
2 ! 2

3
3
- 4+|:J;—2y2+5y:| —1=4-9-18+15-1
0
=28 —-19 =9 sq. units

(or)

3
Area=[(2y—4-y* +4y-5)dy
0
3 3
==y +6y=5)dy==[3-y)dy
0

0
Jo-3»T 27
o3 0_ 3

The correct option is (C)

=9 sq.units
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216. 'f(cosx —sinx)dx + J (sinx —cosx)dx +

217.

218.

K Sm

0 x
4
3z

2
_[ (cosx —sinx) = 42 -2
St

4

Cos X

sin x

The correct option is (D)

P'(x)=p'(1 =)

= px)=-p(1 —x)tc

atx =0
pO)=—p(l)+c==42=c
now p(x) =—p(1 —x) +42

= p(x) +p(l —x) =42

1 1
1= J.p(x)dx = fp(l —x)dx
0 0
1
21 = [(42)dx = 1 =21
0

The correct option is (A)

Ilog(1+x)
1+ x?

1+ tan26

lo g(l + tan(j —0 Dde

log(l+l_tan9 )d@
1+tan@

7[

3
j~log(1 +tan@)
0

8

Il
(o]
ot—.a\ﬁ S — [y ot—.as\-fl

T
=8log2——1
£y

sec?0dO (letx = tanB)

log2d6 — SI log(1+tan8)d6

219.

220.

221.

222.

223.

224.

21 =2nlog2
I = rlog2
The correct option is (D)
1 e
1 1 3
Area :J‘xdx+J.fdx:f+1:f
X 2 2

The correct option is (B)

()= Jx sinx
Given x € (0,57”)

f’(x) changes sign from +ve to —ve at 7
f7(x) changes sign from —ve to +ve at 27
f'has local max at 7, local min at 27
The correct option is (C)

Required area

A= 2@(3& - \/Z;de} = 235\25@

32 P
=5 Yy :E[zyz_o]:M
0 3

3/2 3

The correct option is (C)

g(x)= jcos 4edt
0

= g’(x) =cosdx

sin4x
4

sin4x

=g(x)= +k

=g(x)=

[ g(0)=0]
glx+m)=g(x)+g(r) = g(x)— g(m)( g(m) =0)

The correct option is (B) or (C)

The derlvatlveZ— ‘x‘ 25 x=2=y= ﬂ ‘dt =

forx =2.

And, y= ﬂt\dt =-2 forx=-2.
0

.. Equation of tangents are

y=2=2(x-2)=y=2x-2>

and y+2=2(x+2)=y=2x+2
Putting y=0, we getx=1and — 1.
The correct option is (D)

2\/_2)6—3
dx=x>—6x+9

x> =10x+9



x=9,x=1
And, so

j(2y + 3)—y2]dy

3
3
[y2+3y—);:| =9+9-9=9
0

The correct option is (D)

/3

dx
225. Theintegral/ = | ——
HJ;61+\/tanx
T Vtanx
1= [ ~—dx
61+ tanx
=2
6
==,
12

The correct option is (C)

/1 + 4sin2£—4sin£dx
2 2

dx

226. 1

I
O =y

1—2sin£
2

/3 X T X
= J. 1-2sin— {x+ J. 2sin——1 |dx
2 2
0 /3

/2
=| x+4cos> 3y —4cos=—x
2 2

/3
_ Ty,
3002

S

=4\/§—4—§

The correct option is (D)

1
227. 4 :%x 7+ 2[1=xdx
0
n 4
==+—.
2 3
The correct option is (A)

Definite Integral and Area

16.85

228.

229.

230.

231.

The required area

y+l y
R

1 31
12 1
L2 ) Y
4\ 2 123 )
2 -

2

1(1 11 11, 1
T [ e |
42 8 2)) 230 '8
115 3_9

X ==,
4 8 16 32
The correct option is (C)

Yy E—

Applying the property
b b
[ fGodx =] f(a+b-x)dx
And then add
4
21 = [ldx
2

s 20=2
~I=1.
The correct option is (B)

Given expression

nmlin(Hi) fin(exdx
=e" N no=eo
(Gerneeen-0), _ s _ 27

eZ

=e

The correct option is (C)

N

©,0

2’ _ 5
Required Area = —a NG J.\/; dx
0

=7r—«/§% 2N2=r-8/3

The correct option is (C)
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