CHAPTER

17

Differential Equations
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DIFFERENTIAL EQUATION

An equation involving an independent variable, a dependent
variable and the derivatives of the dependent variable, is
called a differential equation.

Illustrations
dy 3
1. x—+y=x
dx Y
3
2. d—+2dy+6dy+7 =0
dx’ dx

w

2
e +4(dy) +3y=0
dx? d.
2 3
1+(d_y) =Q
dx ax’

are some examples of differential equations.

»

Order of a Differential Equation

The order of highest derivative appearing in a differential
equation is called the order of the differential equation.

SOLVED EXAMPLES

1. The order of the differential equation whose general
solution is given by

X+

y=c;cos(2x+c)—(c3tcy) a "= +cgsin(x—cq)is

(A) 3 (B) 4 © 3 D) 2

Solution: (C)
We have,

X+ c.

y=c;cos (2x+cy)—(c3+cy) a = +cgsin(x—cy)

=c,cos (2x + ) —cg. a“ . d +¢gsin (x —cy)

where ¢; + ¢, = ¢y

= y=c,¢08 (2x +¢,) —cqd" + ¢ sin (x — ¢7),
where ¢q=cg. a”

Since the above relation contains five arbitrary con-

stants, so the order of the differential equation satis-
fying itis 5.

. The order of the differential equation whose general

solution is given by y = (¢, +¢,) cos (x +¢3) — ¢, € ¢

where ¢y, ¢, 3, ¢4, c5 are arbitrary constants, is

(A) 5 (B) 4 ©) 3 (D) 2
Solution: (C)

We can write y = 4 cos (x + B) — ce”

where A=c, +c¢,, B=cyand C=c e
d .
A sin (x + B) — Ce"
dx
2
d—{ = Acos (x + B) - Cé*
dx

a2
= —;)+y =-2ce"
dx
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3 2
= ﬂ+d—y—72cex——+y
d®  dx
3 2
dy _dy &
dc’ dx* dx

which is a differential equation of order 3.

Degree of a Differential Equation

The power of the highest order derivative appearing in a
differential equation, after it is made free from radicals and
fraction, is called the degree of the differential equation.

In the above illustrations, differential equation (1)
is of first order and first degree, differential equation (2)
is of order 3 and degree 1, differential equation (3) is of
order 2 and degree 1 and differential equation (4) is of
order 3 and degree 2, as after making it free from fractional

2
L . d
exponent by squaring, it can be re-written as {1 + (_y) ]

7 5 dx
) [ﬁ)

SOLVED EXAMPLES

3. The degree of differential equation

3
x=1+ & + — dy +— & o is
dx 21\ dx 31\ dx
(A) Three (B) One
(C) Not defined (D) None of these
Solution: (B)
dy
x= e(dx) = L =Inx

dx
order = 1 and degree = 1

4. The degree of the differential equation of all tangent
lines to the parabola y2 =4ax is

A) 1 (B) 2
©) 3 (D) None of these
Solution: (B)
The equation of any tangent to the parabola
y2=4axisy=mx+£, (1)
m
where m is any arbitrary constant.

. o . d
Differentiating with respect to x, we get d_y =m
X

Substituting the value of m in (1),

we get y—xﬂ+i
dy
dx
&Y d

= x(—y) — y+a—0
dx dx

which is a differential equation of degree 2.

. The degree of the differential equation

A Py iy d
(_y) —S—y 6 —— Y _ y+5 01is

dx* dx’ dx? dx
(A) 2 B)3 (€) 4 D) 5
Solution: (B)
We have,
4 5 3 2
d_f _ 5 d_f _6 d_g Ly s
dx dx dx dx

ayY Ly dy ’
= |52 =552 652482 5

dx dx dx dx
which is a differential equation of order 4 and degree
3.

. The order of the differential equation satisfying

J1-x* +\/1—y4 =a(x2—y2). is

(A) 1 (B) 2
©) 3 (D) None of these

Solution: (A)
Put x* = sin @, y* = sin f3.
.. Given equation reduces to

cos o+ cos f=a (sin o — sin f)

= 2cos(a+ﬁ)cos(a_ﬁ)
2 2
= 2acos(a+ﬁ)-sin(a_ﬁ)
2 2

= cot(aT_ﬁ)zaznx—ﬂ:2cotla

12 o102 -1
= sin x"—sin y"=2cot a

Differentiating with respect to x, we get

1 2y 1 2y dy
J1-x* \/1—y4
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d _4
. Ay _x 10t
dc  y\1-x*

which is a differential equation of first order and first
degree.

7. The degree of the differential equation

3 4 4
Q+x(ﬂ) =4log i is
ax’ dx dx?

(A1
(©) 4

Solution: (D)

Since, the given differential equation is not a polyno-
mial in differential coefficients, so its degree is not
defined.

(B) 3
(D) None of these

LINEAR AND NON-LINEAR DIFFERENTIAL
EQUATIONS

A differential equation in which the dependent variable and
its differential coefficients occur only in the first degree and
are not multiplied together is called a linear differential
equation.

Illustration 1

W 2Y 32 and 3xlogx Y + 4y = 2log x
dx X dx

are linear differential equations of the first order.
Hlustration 2
d’ d o : . .
3—; +82 46 y =¢" is a linear differential equation of
dx dx
the second order.
Hlustration 3
2yﬂ +2 =5x
dx
is a non-linear differential equation because y and dy/dx are
multiplied together.
Hlustration 4
2 2
LI d—y) +5y =0
dx? dx
dy

is a non-linear differential equation because o occurs in
the second degree. *

CAUTION

A linear differential equation is always of the first degree
but every differential equation of the first degree need not
be linear.

Hllustration 5

dy d’y dy o,
+ —+3y" =0
dx® dx*  dx 7

is a differential equation of the first degree but not linear.

Solution of a Differential Equation

Any relation between the dependent and independent varia-
bles (not involving the derivatives) which, when substituted
in the differential equation, reduces it to an identity is called
a solution of the differential equation.
Consider the differential equation:

dy

e cos X (1)
Then, y = sin x is a solution of (1). We notice that

y=sinx+1,y=sinx—3
are also solutions of (1).
The solution y = sinx + ¢, where c is an arbitrary con-
stant, is called the general solution of (1), since every solu-

tion of (1) can be obtained from y = sin x + ¢, for a suitable
choice of c.

General Solution

The solution of a differential equation which contains a
number of arbitrary constants equal to the order of the dif-
ferential equation is called the general solution. Thus, the
general solution of a differential equation of the nth order
has n arbitrary constants.

Particular Solution

A solution obtained by giving particular values to arbi-
trary constants in the general solution is called a particular
solution.

SOLVED EXAMPLE

8. A solution of the differential equation

2
(Q) —xﬂ+y =01is

dx dx
(A) y=2 (B) y=2x
(C) y=2x-4 (D) y=2x"—4
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Solution: (C)

Direct substitution of y = 2x — 4 in the equation shows
that it is a solution of the given differential equation.

FORMATION OF A DIFFERENTIAL
EQUATION

Let f(x, y, ¢}, ¢y, ... ¢,) = 0 be the solution of a differential
equation, where c|, ¢,, ..., ¢, are n arbitrary constants. If we
eliminate these n constants, we obtain the differential equa-
tion of the nth order satisfied by the given solution values.
Any equation taken together with n relations obtained by dif-
ferentiating it n times helps us to eliminate the » constants.

Working Rule for Formation of Differential

Equations

= Write the given equation.

m Differentiate the given equation with respect to indepen-
dent variable x as many times as the number of arbitrary
constants.

m Eliminate the arbitrary constants with the help of the given
equation and the equations obtained by differentiation to
get the required differential equation.

SOLVED EXAMPLES

9. The differential equation of all circles passing through
the origin and having their centres on the x-axis is

(A) y* =x*+2xy & (B) y*=x*—2xy &
dx dx
2_ 2 dy
©C) x'=y"+xy p (D) None of these
x

Solution: (A)

The equation of circles passing through the origin and
having their centres on the x-axis is

XX+ +2gx =0, (1)

where g is an arbitrary constant.
Differentiating with respect to x, we get

dy . dy
x+y — +g=0.1e,g=—|x+y—
y ax g g ( ydx)

Putting this value of g in (1), we get
x2+y22x(x+yd—y) =0,
dx

. d
Le., y2 =x'+ 2xy &
dx

10.

11.

The differential equation of family of parabolas with
foci at the origin and axis along the x-axis is

2
dy dy
A +2x =< —yp=0
()y(d) XY

X

X
2
dy dy
B — | +2y——-y=0
(B) X(dx) Yo Y
2
dy dy
C — | +2x—+y=0
© y(dx) Xty

(D) None of these

Solution: (A)

Let the directrix be x = — 2a and latus rectum be 4a.

Then, the equation of the parabola is

(distance from focus = distance from directrix),
x2+y2=(2a er)2 ory2=4a (a+x) D

Differentiating with respect to x, we get

dy 1 d
— =2ao0ra=—y—-
ydx 2ydx

Putting this value of a in (1), the differential equation
is

2 dy(ydy
=2, XX
el R

2
dy dy
D x| 22y =0
* y(dx) x(dx) g

The differential equation that represents all parabolas
each of which has a latus rectum 4a and whose axes
are parallel to x-axis, is

2 3
au+(d—y) =0

A
(A) 2 e

d’y (dy)
B) 2a—-+|—1| =0
® 242 (d)

d’y dy)3
C) 2a———| =0
© 2% (%
(D) None of these

Solution: (B)
Equation of the family of such parabolas is
-k’ =4a (x—h) (1

where 4 and k are arbitrary constants.
Differentiating with respect to x, we get



12.

13.
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d Solution: (A)
y . . .
=K I =2a (2) The equation of the general circle is given by
2, .2 -
Differentiating again, XAy 2getofyte=0 M
5 5 Differentiating with respect to x, we get
Py (I8 3
=K ) = 3) 2x+ 20 +2g+ 2/ =0 )
Putting value of y — k from (2) in (3), we get Differentiating again, we get
) 3 L+y 2y + 57 =0 (3)
dy (4 _
2a e \de) 0, Differentiating again, we have
2y/ y/l +yy//l +y’ y// +ﬂ//l — 0 (4)

which is the required differential equation.

The differential equation satisfied by ax’ + by2 =1is

(A) xy )" +xy" >+ =0
(B) xp)" +x>~3'=0
(©) xp)" —xy" >+ =0
(D) None of these

Solution: (B)
The given solution is

ax’ + byt =1 (1)
Differentiating with respect to x, we get
2ax +2byy’ =0 2)
Differentiating again, we get
2a+2b (7 + ") =0 3)
From (2), we have
a_z—w.
b X

Also from (3), we have

a ,2 77
— ==+
b
-y’ 2
= ==0"+p")
X
: yyl:xylz +xyyll
N xyy//+xy/2_yy/:0

which is the required differential equation.

The differential equation of the family of general
circles is

(A) yru (1 +y12) o 3yly”2 =0

(B) y”/ (1 +y/ 2) + 3)/ y”2 =0

(C) y”/ (1 +y/ 2) - 3y//y/2 =0

(D) None of these

14.

15.

Eliminating ffrom (3) and (4), we get
Yy =) =y oy + 3 ) =0

= YA+ =3 =0,

which is the required differential equation.

The equation of the family of curves which intersect
the hyperbola xy = 2 orthogonally is

3 2

X X
A) y=—+ B) y= —+
(A) y 6 c 3B) y 2 c
3 2
X X
C)y=-——+ D) y=-—+
©y s t¢ (D) y 2 ¢

Solution: (A)

d . .
Letm, = d_y for required family of curves at (x, y).
X

Let m, = Z—y for the hyperbola xy = 2.
X

Y _ 2

Then m, =
2 dx xz

Since the required family of curves is orthogonal to
the hyperbola,

m; Xmy=—1
- 2 2
= Qx — =71:>ﬂ=x—~:>dy=—dx
de \ 5?2 dx 2

Integrating, we get y = 4 ¢, which is the required
family. 6

The order of the differential equation, of which
xy=ce* +be "+ x* is a solution, is

A) 1 (B) 2

©) 3 (D) None of these
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16.

17.

Solution: (B)
We have,

xy=ce' +be " +x° (1)

Differentiating with respect to x, we get

d
x—y+y=cex—befx+2x (2)
dx
Differentiating again,
2
xd_y+2d_y =ce"+be "+2=xy—x+2
dx? dx
[Using (1)]
Hence, the required differential equation is
d’ d
x—y+2—y—xy+x2 -2=0
dx? dx

The order of this differential equation is 2.

The differential equation of all parabolas whose axes
are parallel to the axis of y, is

d3y d3y
AR ® !
3
(©) % =0 (D) None of these
X

Solution: (C)
Such parabolas are given by

(x—h)Y =4a (y—k),

where £, k a are three arbitrary constants.

. L . d
Differentiating with respect to x, (x — &) = 2a d_y
X

, - , d’y. d° 1
Differentiating again, / = 2a £y Le., £y _ .
dx? dx*  2a

: - o
Differentiating once again, d—f =0.
X

This is the required differential equation.

The differential equation of all ellipses centred at the
origin is

(A) Xy —x )i+ =0

(B) xpy, +x i =y =0

(©) xyyy +x 7 Ty =0

(D) None of these

Solution: (B)

The general equation of all ellipses centred at the
2 2
X
origin is —2+y—2 =1.
a b
Differentiating with respect to x, we get

i—f+i—f-yl=01.e.,aiz+blzyl=o (1)
Differentiating again, we get
Stor (F =0 @
a b

From (1) and (2), we have
1

5

= Xy + ) = =0,

(1 =0 —0m,) =0

which is the required differential equation.

Solution of First Order and First Degree
Differential Equations

The following methods may be used to solve first order and
first degree differential equations.

Variable Separable Differential Equations
A differential equation of the form

@ +g0) % -0 (1)

or Jx)dx+g(y)dy=0

is said to have separated variables.
Integrating Equation (1), we obtain

Jreacs [so) Las =,

where c is an arbitrary constant.

Hence | f(x)dx+ [g(y)dy = c is the solution of
Equation (1).

TRICK(S) FOR PROBLEM SOLVING

m There is no need to add arbitrary constants of integration
on both sides, since they can be combined to give just
one arbitrary constant. Moreover, the general solution of
a differential equation of order one must have only one
arbitrary constant.

m The constant of integration can be taken as ¢ or log ¢ or
tan 'c and so on depending on the nature of the problem.
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INITIAL VALUE PROBLEMS

In many cases instead of finding the general solution, we
find a particular solution satisfying a given initial condi-
tion, say, the condition that at some point x,, the solution
¥ (x) has the value y,,. This is expressed as y (x,) = ¥,.

A first-order differential equation together with an
initial condition is called an initial value problem.

SOLVED EXAMPLE

18. Find the particular solution of sin (Z—y) =a, given that

whenx=0,y=1. x
Solution:
. (d d .
We have, s1n(—y) =aor Y sin”la
dx dx
or dy = sin'a dx

Integrating both sides, we get

dy = |sintadx
Jar=]

= y= sin”! ajdx
=sin'a-x+ec
= y=x sinla + ¢

Whenx=0,y=1..1=0+corc=1
.. The required particular solution is

-1 .
J =sin"'a

y=xsin'a+1or

Equations Reducible to Variable Separable Form
Sometimes in a given differential equation, the variables are
not separable. But, some suitable substitution reduces it to a
form in which the variables are separable. For example, the
. . . d
differential equations of the type d_y =f(ax + by + ¢) can
x

be reduced to variable separable form by substituting ax +
by + ¢ = t. The reduced variable separable form is:

dt B
bf(t)+a

Integrating both sides to obtain the solution of this
differential equation.

SOLVED EXAMPLES

dy
19. Solve: (x —y)* g = L.

Solution:
We have,
d d 1
(x—y)z—y=1:>—y: 2 (1)
dx dx (x— y)
Put xfy=z=>1—d—y=%
dx  dx
dy dz
— =1-— 2
dx dx @
From (1) and (2), we get
e
dx  (x-y)?
dz 1
= -4 -
dx 22
dz 1
= _— = 1__
dx z2
dz 2 -1
N az _
dx 22
2
= dz =dx
z5 =1

Integrating both sides, we get

2

z
dz = |dx
[
= J1+ ! dz =x+c
22 -1
1 z—1
= z+—log|—| =x+c
2 z+1
1 x—y-1
= (x—-y)+—=lo =x+ec.
( Y) 2 gx—y+1‘

20. The general solution of the differential equation
d 4 4
d—y tyg =g g W,
x
where g (x) is a given function of x, is
(A) g@) Flog[l+y+g)]=c
B) g(x)+log[l+y-g]=c
©) gx)—log[l+y-g@]=c
(D) None of these
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21.

Solution: (B)

We have,
d ,
S =W )g
X
Put gx)—y=V
, dy dV
— _ = = —
g dx dx
Hence g () - ar =V-g'(x)
dx
dv ,
= o (1-1g X
X
= li_VV =g'(x) dx
av ,
= Jm = '[g (x) dx
= —log(1-"=gkx)-c
- g@+log(1-V)=c

g)+log[l+y—-gx]=c

The solution of the equation log d_y =9x — 6y + 6,
given that y = 1 when x =0, is x

(A) 3¢ =26"%+6¢°

(B) 3¢ =267 70— 6¢°

(C) 3eéy: 269x+6 + 66

(D) None of these

Solution: (C)

We have,
dy
log—=— =9%x—6y+6
dx
= ﬂ :e9x—6y+6:e9x+6.ef6y
dx
= 86y dy — e9x+6 dx
6y e9x+6
Integrating, we get — = +e
g g g 6 5
Putting x =0, y = 1, we get
e el ) e°
— =— +tcle.c= —
6 9 18
6y 9x+6 6
- The solutionis *— = & + &
6 9 18

= 3% =210 4 o0

22.

23.

The particular solution of cos y dx + (1 + 2¢ )
sinydy=0,whenx=0,y= % is

(A) e"-2=3 NG cos y

(B) & +2=+2 cosy

(C) ¢+2=3 2 cosy

(D) None of these

Solution: (C)

We have,
cosydx+(1+2e ) sinydy=0
= L+mdy=0
1+2e* cosy
e’ —siny
= - dy =logc
J.e" +2 '[ cos y
= log (e’ +2)—logcosy=logc
e +2
= log =logc
cos y
= e +2=ccosy,

1 .
where 1+2=c¢-— ie.c=3 \/5

2
. The solution is €' + 2 =3 /2 cos y

The equation of the curve which passes through the
point (2a, a) and for which the sum of the cartesian
sub tangent and the abscissa is equal to the constant
a, is

(A) y(x-a)=a’ B)yx+a)=d’

C) x(y-a)=d* (D) x(y+a)=d*
Solution: (A)
We have,
Cartesian subtangent + abscissa = constant

Y _ix=a

dy / dx

= ﬁ +x =a

y dy
- dy _ _dx

y a-x

Integrating, we get

logy +log (x —a) =log ¢



24.

25.

26.
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ya-a)=c

As the curve passes through the point (2a, a), we have
c=d.

Hence, the required curve is y (x —a) = a.
Solution of the differential equation x dy —y dx =0
represents
(A) parabola whose vertex is at origin
(B) circle whose centre is at origin

(C) arectangular hyperbola
(D) straight line passing through origin

Solution: (D)

We have,
xdy—ydx=0= dy _ & =0
y X
Integrating, we get log y —log x = log ¢
= logz=10gc:>l=c:>y=cx
X X

which is a straight line through the origin.

The solution of the differential equation 2x @ _ y=3
represents dx
(A) Circles
(C) Ellipse

Solution: (D)

(B) Straight lines
(D) Parabola

We have,
Zxd—y:y+3:> 2 dy:@-
dx y+3 X

Integrating, we get
2 log (v +3) =log x + log ¢ = log cx
= 10g(y+3)2=10gcx
= (y+3)y=cx
which is a parabola.

The equation of the curve satisfying the differential
equation y, (x2 + 1) = 4xy,, passing through the point
(0, — 4) and having slope of tangent at x =0 as 4 is

5 3
(A) y=4 x?+x+2i—1

5 3

X 2x
B) y= 4| ——x+"— -1
B)y 5 3

5 x3
©C)y=4]—+x+—+1

(D) None of these

27.

28.

Solution: (A)
We have,

y_2=2 2x

N .x2+1

Integrating with respect to. x, we get
log y, =210g(x2+ 1) +logc=y, =c(x*+ 1)
y,(0)=4, -.c=4
=4+ 1Y = dy=4 "+ 1+2x) dx

Since

. . X 2x?
Integrating again, we get y =4 5 + = +x |+ k.

Puttingx =0, y=—4, we get k=—4.
.. The required equation of curve is

5 3
X 2x
=4 |—+—+x-1
7 (5 3 j

If2 f(x) =f " (x) and f(0) = 3, then f(2) equals

(A) 4¢° (B) 3¢ () 2¢° (D) 3¢°
Solution: (B)
We have,
_ PACI
2f(x)=f (x):>f(x) =2.

Integrating, we get
log f(x) =2x +¢,.

N f(X) — e2x+cl = b er — ce2x’

where c= e
Putting x =0, f(0)=3, we get c=3.

F(x)=3e™ = f(2) = 3¢

The solution of & _mrs represents a circle when
dx by+ f
(A) a=b B) a=-»
(C) a=-2b (D) a=2b
Solution: (B)
We have,
dy ax+g
= = =bytf)dy=(ax+g)d
& byt f (by +f)dy=(ax+g)dx

Integrating, we get

by2 ax? ,
— tfy=—"tgxtc
S = te

= axz—by2+2gx—2jj/+c=0.

This represents a circle if a =— b.
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HOMOGENEOUS DIFFERENTIAL
EQUATIONS

Homogeneous Function

A function f(x, y) in x and y is called a homogeneous func-
tion of degree n, if the degree of each term is n.
Hlustration 1

fx, )= X+ y2 + xy is a homogeneous function of degree
2, since each term is of degree 2.

Hlustration 2

g,y = X+ 4x2y + 7xy2 is a homogeneous function of
degree 3, since each term is of degree 3.

Hlustration 3

h(x,y)= X+ 4x2y + 7xy2 is not a homogeneous function,
since first term is of degree 2, while each one of second and
third terms is of degree 3.

Homogeneous Differential Equations

dy _ f(x)
dx  g(x,y)
f(x, y) as well as g (x, y) is a homogeneous function of
same degree in x and y is called a homogenous differential
equation.

A differential equation of the form , Where

REMEMBER

A function of 2 is always a homogenous function.
X

Illustration 4

d 24yt . . .
G _X*V isa homogenous differential equation, as
dx Xy

(x2 + yz) as well as xy is a homogenous function of degree 2.

Illustration 5
&

(Y. . . .
7 = xsm(;) is a homogeneous differential equation,
x

as X Sin(l) being a function of X, is a homogenous
X x

function.

Working Rule for Solving a Homogeneous

Differential Equation

d f(x, , ) )
Let Y fxy) be the given homogeneous differential

ax gxy)
equation.

m Puty = vx so that & = v+xﬂ,
dx dx

= Putting these values in the given equation, we get

v+xg =F(v) = L = dl
dx [F(v) = V] X
dv
= = + c.
-[F(v)— oglx|+c

y
m Replace v by M to obtain the required solution.

Equations Reducible to the Homogeneous Form
Type I: Consider a differential equation of the form:

Qz—ax+by+c,wherei¢£ (1)
dx  Ax+ By+C A B
This is clearly non-homogeneous. In order to make it
homogeneous, we proceed as follows:

We substitute x =X+ h and y = Y + k in Equation (1),
where /, k are constants to be determined suitably.

dx

We have —— =1land d_y =1, so that
dX dY

dy _dy dY dX _dY

dc  dY dX dx dX
Now Equation (1) becomes

dy aX +bY +(ah+ bk +c)

“r 2
dX AX+BY+Ah+Bk+C) )
Choose /4 and % so that
ah+bk+c=0,
Ah+ Bk+ C=0.
These equations give
bC —-B Ac —
_ C c’k: c—aC 3)
aB —Ab aB — Ab

Now Equation (2) becomes

dY aX+bY

dX AX+BY’

which being a homogeneous equation can be solved by
means of the substitution ¥ = v.X.
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Type I1: Consider a differential equation of the form Linear Differential Equations
dy  ax+by+c A differential equation of the form
dc  Ax+By+C’ &y
a b —+ Py =0, (1)
where 1" dx
where P and Q are functions of x (or constants), is called a
=k (say)

Since a B — A b = 0, the above method fails in view of
Equation (3).

dyv kAx+By)+c
dx Ax+By+C
Substitute Ax + By = z so that

dy dz

& dv

We have 4)
A+B

Now Equation (4) becomes

“E _pkre
dx z+C

which is an equation with variables separable.

SOLVED EXAMPLE

29. Solution of the equation x dy = ( y+x M] dx is
S (ylx)

(A)f{f]=cy (B)f(l)=cx

y X

©) f (1) =cxy (D) None of these
X

Solution: (B)

We have,
/.
xdy= (y+ x]j(y X)de
f (y/x)
/.
= b -2y J (y x) which is homogeneous.
dc x f’ (y/x)
Put y = Vx so that & =V+x d—V,
x dx

we obtain

pox Dy SO O,

dx Sy x

Integrating, we get
log f(V) =log x + log ¢

= logf(V)=logex = f(z) =cx.
x

linear differential equation of the first order.

d
Working Rule For Solving d—‘)‘: +Py =Q

m Find integrating factor (.F) = eJde.

m The solution of the differential equation is

y (LF) = jQ (LF) dx +c,

where c is constant of integration.

TRICK(S) FOR PROBLEM SOLVING

m Sometimes a first order differential equation which is not
expressible as Equation (1) becomes a linear equation of
the form
& +Ry =S5,
dy
where R and S are functions of y alone (or constants). The
integrating factor in this case is given by,

I = el

The solution of this equation is
x-(LF) = J[S x (LF)]dy + C,

where C is the constant of integration.

» The fact €9 = t will be frequently used in the solution of
linear equations.

Equations Reducible to the Linear Form

Consider a differential equation of the form:

dy
—+Py=0)", 1
dx
where P and Q are functions of x. This equation can be
reduced to the linear form as follows:

Dividing both sides of Equation (1) by ", we get

ad i,
y "yl =0 @)
dx
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L d

1
=z=>(-n+1
2= )y dx dx

Puty ""

Substituting in Equation (2), we obtain

£+(1—n)Pz =(1-n)Q,
dx

which is now a linear equation with z as the dependent
variable.

SOLVED EXAMPLES

30. The general solution of the differential equation &
=ytanx—y2secxis dx
(A) tanx=(c+secx)y
(B) secy=(c+tany)x
(C) secx=(c+tanx)y
(D) None of these

Solution: (C)

We have
d
—yzytanx—yzsecx
dx
1 d
—z—y——tanx=fsecx
yodx y
.1 -1d dv
Putting — =V = —2—y=—,
y yodx  dx

.o dv D
we obtain e +tan x- ¥V = sec x, which is linear.
X

tan x dx 1
LF. = ej = %% Y =gecx.

Hence, the solution is

1
Vsecx= jseczxdx+c or — secx=tanx+c¢
y
or secx=y(c+tanx)

31. The general solution of the differential equation y (xzy
+e)de—e"dy=0is
(A) Xy—3e" =cy
(C) y’x -3¢ =cx
Solution: (B)
We have

(B) X’y +3e" =cy
(D) y’x + 3¢’ =cx

y(Py+e)di—e dy=0

d
N ex _y =x2y2 +yex
dx

Dividing by y°¢", we get

Qv 1o

- - =Xe
yodx y

Put 1 = V' so that _—21@ = ar

y yodx  dx

We thus have ar +V =P "
dx

, which is linear

L E= ejldx =e
Hence, the solution is
_ c
Vxe'=— sze et dx+§

1 X

x C 3 X
or —e =— —+—orxy+3e =c
33 Y Y

y

. d o
32. The solution of x* 2 + 4x* tan y=e¢"secy satisfying

y(1)=0,is dx
(A) tany = (x —2)e" log x
(B) siny=e"(x—1)x*
(C) tany=(x—1) &' x>
(D) siny=e"(x—1)x>

Solution: (B)

We have,

cos d_y+ i siny = i

Y dx  x Y X3
. dy dt
Let siny=t=cosy —= —
Y Y dx dx

dt 4 e’

— 4+ — = —

dx  x X3

fﬂd)‘ 4logx _ 4
LE=¢~ =¢"%" =y

.. The solution is

X
4 4 € _ X X
tx = X x =xe—¢e tc¢
X

4
sinyx"=xe"—e" +c¢

siny=e"(x—1)x7*



33. Solution of the equation % =
X

(A) &=e" —1+ce®
(C) e'=¢’ —1+ce™®

Solution: (A)

Differential Equations 17.13

= y 2 — 2(x) PCORE NI
Y (¢ — &) is
. or y=[gx)— 1]+ ce*¥
(B) &'=¢e" —1+ce’

(D) None of these SOLUTION BY INSPECTION

The following derivatives must be remembered as they are

We have, very useful in solving some differential equations directly.
d 1. d(x+y)=dx+dy
d_y =" V(e -¢) 2. d (xy) = ydx + xdy
by

. d(i) _ ydx —xdy

dy 2
= &t =" Y y
4 42) = xdy—ydx
. dy dV . )T 2
Putting € = V'so that ¢’ — = — e get x x
x X
av 5. d(log xy): M
. + .V =¢*, which is linear in V. Y
x dy—yd
. 6. d logz) _xdy-yds
ILE=c¢ =e° X xy
So, the solution is 7. d(xmyn):xmilynil (my dx + nx dy)
V.e = J-eeieh dx+c 8. d llog (x* +y2)): M
2 x“+y
= e’ -ef =jez-zdz+c 1 x4y xdy—ydx
Ly N 9. d|—log = SR
(Putting ¢’ =z = ¢ dx =dz) 2 xX=y x“—y
y. e _ _ )4 _ X _ e _
= elef =z-De+tec=(e"—-1e +c 10. d tan_ll)=xa])2} yzdx
= =" —1+ce® X xTt+y

34. If g(x) is a differential function,
differential equation

dy + [y g(x) - gx) g(x)]dx=0
(A) y=[g@x)—1]+ce =™

(B) yef = [g(x) + 1]e* + ¢
(©) y=[g)— 11 +¢

(D) None of these.

Solution: (A)

dlfeen]™ Sy
I=n [/ (]

18 12. d(«[xz +y2): %
xX“+y

SOLVED EXAMPLES

xdy — ydx

11.

then the solution of the

We have, 35. Solution of the equation xdx + ydy + = y2 =01s
dy + [vg'(x) —g(x) g ()] dx =0
dy (A) =x tan ﬂ
= gy =g g = 2
Thus is a linear differential equation +x2 42
a (B) xoytan | ST
with LF = ol €% _ o0 2
22
c—x"—y
So, the solution is (C) y=xtan —

y et = J' 2(x)- g'(x) e¥Wdx (D) None of these
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36.

37.

Solution: (C)
We have,

xdy—ydx

2

xdx+ydy+ >
X" +y

=0

1 Y
= 3 d(x*+y") +dtan (x) =0

U N S a2
Integrating, 5 (x"+y)+tan | =

= xz-l-yz-i-Ztan*l =c

=< N|o

2 2
s y=xtan (cxfy) is the required solution.

The solution of the equation

. d . )
y s x d_y: COS X (smx—y?}, given y = 1 when
X
T .
X= — 18
2
(A) y*=sinx (B) y*=2sinx
Q) x> =sin D) x*>=2sin
( y y

Solution: (A)
Put y2 sinx=V.

Then 2y d—ysinx+y2 cos x = ar
dx d.

X

. . Ldv .
So, the given equation becomes — e sin x cos x
X

= dV =2 sinx cos x dx
Integrating, we get
) . 2 . o2
V=sinx+c.1.e.,) sinx=sinx +c¢

Puttingy=1,x= z,wegetl=1+ci.e.c=0

2

So, the solution is y2 sinx =sin“x i.e. y2 =sinx.

dx

1S

A) k=y+to)(xy—c)=0
B) x+ty+te)(xy—c)=0
(©) (x—y+0) (2x-0)=0

(D) (y-x+¢)(y-c)=0
Solution: (A)
We have,

2
dy dy
+v—x) | Z| -y H=0
X =) (dx) ydx

2

. . d d
Solution of the equation x (d_y) + (y - x)—y -y =0
. X

38.

39.

= (d—y—l)(xd—y+y)=0
dx dx

& dy

=lorx — =—
dx dx 7
. dy .
The solution of — =1lisy=x+c¢
dx
. d . dy d .
and solution of x 2 =—yie. YL E _0is
dx y X

log (xy)=logcie xy=c
Hence, general solution is (x —y + ¢) (xy —¢) = 0.

Solution of equation (xy4 +y)dx—xdy=0is
(A) 4)c4y3 +3x° = cy3 (B) 3)c3y4 + 4y3 =cx’
©) 3x4y3 +4x = cy3 (D) None of these

Solution: (C)

We have,
xy4dx+ydxfxdy=0
- xdv+ LEZED
y
P ydi-xd
- x3dx+(£) ydioxdy
y y

2
= Sdx+ (fj d(f)zo
y y
Integrating, we get
1« ’ ,
—+-|=] =c
4 3\y

or 3x4y3 +4xr=c y3,
which is the required solution.

The solution of the differential equation
d .
x* —y—xy =1+ cosZ is
dx X
(A) cos RAN P
X x

(B) x*=(c+x% tan R
X

y
C) tan—=c—
© o

1
2x?

1
(D) tan L =c+ —
X x



40.
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Solution: (C)
We have

dy
X g —xy= 1+cos§ =2cos’ 5,

y 2 dy
= sec’ (E)(x ;—xy] =2

dy
1 2( Y * dx ’ 1
= —sec” | — | —— = —
2 2x x2 x3
dx 2x X
Integrating, we get

tan DA c — L

2x 2x2

which is the required solution.

Solution of the equation xdy — [ y + xy3 (1 + log x)]
dx=0is

2 3
2 283 (2
(A) = =i(§+1ogx)+c

3
2 3
2 2
(B) x—zzi(—+logx]+c
y 3 \3
2 3
—-X x> (2
C) ——=—|=+logx |+
©) = 3(3 gx) c

(D) None of these

Solution: (A)
We have,
xdy—y d)c=xy3 (1 +log x) dx

= - [MJ =xy (1 +log x) dx
y

= d(f] =xy (1 +log x) dx
Y

= —id(ﬁ) =x2(1+10gx)dx
yo\y

Integrating, we get

2
3 3
Y * 1.
2

=(1+1logx) x?_.[

3 x
2 3 3
= —x—z=X—(1+10g)c)—x—+£
2y 3 9 2
¥ 2x (2
= -—— = — |7 tlogx| t+c
¥ 3 3

41.

42.

Solution of the differential equation
y(xy+ 2x2y2)dx + x(xy — xzyz)dy =0is

1

(A) 2log|x|—log|y|-—=c
Xy
1

(B) 2log|x|+log|y|—— =c¢
Xy

1
(©) 2log|x|-log|y[+—=c
Xy
(D) None of these

Solution: (A)
We have,

(0 +209") dv + (Cy ~x'y)dy =0
= x(ydc+xdy)+x*Qydx—xdy)=0

L A, ( 2 ldy) =0 (Dividing by x*)")
x“y X Y

On integrating, we get

1
— —+2log|x|—-log|y|=c
xy

The general solution of the differential equation
y(Py+e)de—edy=0is
(A) X’y -3¢ =3¢y
(C) vy’ —3¢" =3 cx

Solution: (B)

(B) x’y+ 3¢ =3¢y
(D) None of these

We have,

Yy + €)dx — €'dy =0
= xAydx +yetdx — e dy =0
S das ECCd

y
X
= Xdx+ d [e_) =0
y
On integrating, we get
3 X
x? + & ¢ orx’y +3e" =3¢y

Equations of the Form % +Po(y) =0/,
x

where P and Q are functions of x alone or constants

Step I: Divide both sides by f(») to get rid of /() from the
R.H.S., such that

1 .dy+P.M—

7oy oy ~9
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S

Step III: If v = i[M] =k L@, where £ is
dc  dx [ f(») S(y) dx

some constant, the equation reduces to the form.

1 dv
—— +Pv=
k dx 0

Step II: Put

ﬂ + kPv =kQ,
dx

which is a linear differential equation with v as the depend-
ent variable.

EXERCISES

Single Option Correct Type

» d(¢(x)) »

1. Solution of equation & = dx "
dx d(x)
(a) y= e ® y= 224
X X
© y=22 (D) y= 009 +x+
xX+c

2. The family passing through (0, 0) and satisfying the

differential equation % (where y,= 4 ) is
N dx"

(B) y=hkx
(D) y=k(e-1)

(A) y=k
(©) y=k(e+ 1)

3. The solution of differential equation
seczy & +2x tanyz)c3 is
dx

L 5 -x
(A) tany = E(x —1)+ ce

| X
(B) tany = E(x 1)+ ce

1 5 —-x’
(C) tany = E(x +1)+ ce

1 2 X
(D) tany = E(x + 1)+ ce

4. Solution of the differential equation ydx + (x + xzy)
dy=0is

1
(A) logy==Cx (B) - —+logy=C
Xy
1 1
(C) —+logy=C D) -—=C
Xy Xy

dy X +x+1

. The family of curves represented by — =

x iyl

2
and the family represented by % X0 5 +y+l =0

X x"+x+1
(A) Touch each other
(B) Are orthogonal
(C) Are one and the same
(D) None of these

. If ¢(x) is a differentiable function then the solution of

dyt (v ¢'(x) — 9(x) ¢'(x)) dx =0 is
(A) y=(px)- 1) +ce ¢

(B) yp(x) = (¢p(x)) +c

(C) ye¢™=p(x) e¢™ +c

(D) (- $(x) = (9(x)) e ¢

. Solution of the differential equation

o4 (xyd_y}@(d_y)iﬂ(@f

is dx 2! dx 31 \dx
(A) y=In(x)+c (B) y=(Inx)*+c
(C) y==% /(Inx)* +¢ (D) xy=x"+k

. The orthogonal trajectories of the family of semi-

cubical parabola is given by
(A) x>+ 3y2 =
(C) x+3y*=¢?

(B) 3%+ y2 =
(D) 3* + 24 =

. Solution of the differential equation

. d . o
2y sin xd—y = 2sin x cos x — ” cos x satisfying y (%)
X
=1 is given by

(B) y=sin’x
(D) y2 sin x =4 cos’ x

(A) y2: sin x
©) yzzcosx+ 1



10.

11.

12.

13.

14.

15.

Differential Equations 17.17

The solution of the differential equation
ydx—xdy+ (logx)dx=0is

(A) y=logx+cx B) y=1+logx+c

1
(C) ytcex=log— (D) None of these
X

Solution of
(? sin’® y —y2 cos x) dx + ()c3 cos y sin® y — 2y sin x)
dy=0is
3.3
x7sin” y
A) ——=

3
(B) x° sin3y=y2 sinx +c¢
3.3
©) $=yzsinx+c

(D) None of these

The equation of the curve for which the square of
the ordinate is twice the rectangle contained by the
abscissa and the x-intercept of the normal and passing
through (2, 1) is

(A) x2+y2—x=O
(C) 2 +4°—9x =0

(B) 4x* +2)° —9y=0
(D) 4x* +2)*—9x=0

The solution of the differential equation

dy

X+y— 4

—dx =x*+2% + L

b <

7 dx
b 1 y 1

(A) =+—— =¢ B) =———F——=c
4 x+y X x“+4y
X 1

€ ———F——=c (D) None of these
Yy x+y

The solution of the differential equation
(x —=»)(2dy — dx) =3dx — 5dy is

(A) 2x—y=loglx—y+z)+c

B) 2x+y=loglx—y+z)+c

©€) 2y—x=log(x—y+z)+c

(D) None of these

xdc+ydy  JI-(x"+y)

18

Solution of

xdy—ydx ’x2+y2
[2, 2
(A) sin TV YT~
11
(B) tan~ \ =c¢

[2, 2 Y
(C) sin V¥ TV =tan_1;=c

(D) None of these

16.

17.

18.

19.

20.

Which of the following does not represent the

2
. d
orthogonal trajectory of the system of curves (d_y)
X

X
(A) 9a(y + ¢)* = 4x°

-2
(B) yte=—=x"

3Ja

2 3
(C) y+tc=—=x
3Ja

(D) All are orthogonal trajectories

Solution of (Ly—l]@ _ (Lyﬂ

, given that
x+y—-2)dx xX+y+2

y=1whenx=1,1is

p— 2_
(A) log|™ )/2) 220 +y)
2
(B) log ("_yz) 22y
2
(©) log (”yz) 22y

(D) None of these

Solution of

(y+x\/5(x+y)+y)dx+(y\/g(x+y)fx)dy=0is

Y

(A) x2+y2=2tanl\/;+c
Yy

(B) x2+y2:4tan_1\/; +c

Y
©) X -i-y2 =tan ' \/; +c

(D) None of these

A particle starts at the origin and moves along the

x-axis in such a way that its velocity at the point
. dx

(x, 0) is given by the formula @ = cos® x. Then the

particle never reaches the point on

(A) x= (B) x=

MW

©) x= (D) x=1

The equation of the curve for which the cartesian
subtangent varies as the reciprocal of the square of the
abscissa, is
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21.

22.

23.

24.

25.

26.

27.

(B) x= ce’

(D) None of these

(A) x= ce’

(C) y: Cexx/3k

Solution of dy _ y(xlogy—y) is
dx  x(ylogx—x)

(A) X' =cy B) xy=c

©) (x)'=c (D) None of these

If the solution of i = ax+3 represents a circle,
dx 2y +

then the value of a is

(A) 2 (B) 2 © 3 (D) 4

Solution of ;dyz =( zy 2—1]dxis
X" +y xX“+y

711 71X
(A) x—tan " ;. =c (B) tan "  =c

Y
(C) x+tan! Y =c (D) None of these

If y =y(x) and

i
+s1nx(ﬂ) =—cos x, y(0) = Mheny(z) i
y+1 dx 2

1 2 1
4 3 B) 3 © =3 D) 1

The equation of the curve passing through the point
2ay

— is
x(y-a

(1, 1) and having slope
(A) ' 2 =e”

(B) ya . x2a=ey—1

(€) y* x'=e

(D) None of these

The solution of the differential equation
(x cos x —sin x +yx2) dx + x3dy =0 is equal to

(A)

sin x

Sm—x-i-xy=c B) — +x=c
X

sin x

(©) (D) None of these

+ty=c
X

The solution of the differential equation
ydx—xdy +3x5 e dx=0is

AN B) X' =c
y

©) L+ =c D) L e =c
X X

28.

29.

30.

31.

32.

33.

34.

Solution of the differential equation

[y (1+x ") +siny] dx+ (x + log x + x cos y) dy = 0 is
(A) xytylogx=c

(B) xytxsiny=c

(C) xy+tylogx+xsiny=c

(D) None of these

The differential equation of the curve for which the
normal at every point passes through a fixed point
(h, k) is

@A)y k=" ¢ By k=2 @ h
dy dy

© y-k=2n x ® v k= -
dx dx

Solution of the differential equation

[3xy2 + x sin (xy)] dy+ [y3 +ysin (xy)] dx=01is

(A) xy3 —cosxy=c (B) xy° +cosxy=c
©) xy2 —cosxy=c (D) xy2 +sinxy=c
The equation of the curve which passes through the
point (2a, a) and for which the sum of the cartesian
sub tangent and the abscissa is equal to the constant q,
is

(A) yx-a)=d’
©) x(p-a)=d’

Solution of differential equation

t(dg(x)]_tz
ﬁ dx

=—F is

B) yx+a)=d’
(D) x(y+a)=d*

dx 2()
(A) (= E*C (B) % ‘e
©) r=% (D) 1=g() +x+c

If the curve y = f(x) passing through the point (1, 2)

and satisfies the differential equation xdy + (y — X yz)
dx =0, then
1

A) xy=—

(A) 2=
1

€ — =2
Xy

(B) x3y =2

(D) None of these

Let 7 be the purchase value of an equipment and /(7)
be the value after it has been used for ¢ years. The value
V(t) depreciates at a rate given by differential equation
dvi(t . .
# =—k(T — t), where k > 0 is a constant and 7 is
the total life in years of the equipment. Then the scrap
value V(T) of the equipment is



3s.

36.

37.

38.

39.

40.

41.

Differential Equations 17.19
[ —
(A) e (B) T* - . 42. Solution of the equation xdx + ydy + M =0is
X +y
kT? k(T —1)? 24,2
(©) 1= = (D) 1—(7) (A) y=xtan %
it Y =y+3>0and y(0) =2, then y(In 2) is equal to c+x’+y?
dx ’ (B) x=ytan fy
(A) -2 (B) 7 ©) 5 (D) 13 ey 12
. . . (C) y=xtan | 0
The population p(f) at time ¢ of a certain mouse 2

. . . . . dp(t
species satisfies the differential equation %

= 0.5p(t) — 450. If p(0) = 850, then the time at which
the population become zero is

(A) 2In 18 (B) In9
(C) 12In18 (D) In 18
1— 2
The differential equation % NV determines a
X y

family of circles with
(A) variable radius and fixed centre

(B) variable radius and variable centre

(C) fixed radius and variable centre on x-axis
(D) fixed radius and variable centre on y-axis

The solution of the differential equation & Xy
satisfying the condition y(1) =1 is * *
(A) y=Inx+x (B) y=xInx+x*
(C) y=xe“ Y (D) y=xInx+x

The differential equation of the family of circles with
fixed radius 5 units and centre on the line y =2 is

(A) (=27 =25-(y~2)

(B) (y-2)y”=25-(y-2)’

©) (r-2))7=25-(r-2)

(D) (=2 =25-(y-2)’

The differential equation which represents the family

of curves y = ¢,e™", where ¢, and ¢, are arbitrary con-
stants is

(A) ¥ =y (B) Y=y
© y'=y D) =0
The general solution of the differential equation
d ’ ’

Ziyg 0=g@g ),

dx

where g (x) is a given function of x, is
(A) gx)tlog[l+y+gx)]=C
B) g(x) tlog[l+y—-gx)]=C
©) gx)—log[l+y-gx)]=C
(D) None of these

43.

44.

45.

46.

48.

(D) None of these
[/ x)) Iis

Solution of the equation x dy = ( y+x—"=

)
(A) f(fJ = cy
y

(B) f(l) = cx
X
©) f(z) =cxy (D) None of these
X

Solution of the equation % =" V(e —€)is
x

(A) &=¢" —1+ce™®

(C) e'=e’ —1+ce®

(B) &= e" —1+ce
(D) None of these

Solution of the equation x(d—y)z +(y—x)d—y—y
—0is dx dx
(A) x=y+o)(xy—c)=0

B) x+ty+to)y—c)=0

(©) x=y+e)(2xy—0)=0

D) (y—x+c)(xy—c)=0

The differential equation of the family of general
circles is

(A) yl/l (1 +y/ 2) _ 3y1yﬂ2 =0
(B) y/// (l +y/ 2) + 3y/y//2 =0
(C) y,/’ (1 +y/ 2) _ 3y’/yl 2 — O
(D) None of these

. The equation of the family of curves which intersect

the hyperbola xy = 2 orthogonally is
3 2
() y="+C (B) y= " +C

3 2
(©) y=-"-+C (D) y=~"-+C

The solution of the differential equation

XT—-xy =1+ cos 2 is
x
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49.

50.

51.

52.

53.

(A) cosZ=1+%
X X
(B) ¥=(c+x’)tan 2
X
©) tan = = ¢ — R
2x 2x?

1
D) tanL=c+ —
X X

Solution of the differential equation
xry-l\dy = xtyl , given that y = 1 when
x+y—-2)dx x+y+2

(x+y)k—k‘

x=1,1s k(y —x) + log =0, where k=

A1 (B) 2 © 3 (D) 4
Solution of the equation xdy — [ y + xy° (1 + log x)]
dx=01is
2 3

- 2 2
W = =L(_+1ogx)+c

y 3 \3

2 3

(B) x—zz 2i(£+ logx) +C
y 313
-X

R )
C) —="|Z+logx|+C
© 3 (3 gX)

(D) None of these
d(¢(x)) _ >
y— )
Solution of equation & SN ) SENS
dx ¢(x)

(a) y= 20*e ®) y=2D

X X
(© y=22 (D) y= 6 +x+e

x+c¢

Solution of the differential equation ydx + (x + xzy)

dy=0is |

(A) logy=Cx (B) - —+logy=C
Xy

D) -+ =c

1
(C) —+logy=C
Xy Xy

The equation of the curve for which the square of
the ordinate is twice the rectangle contained by the
abscissa and the x-intercept of the normal and passing
through (2, 1) is

(A) x2+y27x=0
(C) 2x* + 4 —9x =0

(B) 4x* +2)° =9y =0
(D) 4x*+2)* - 9x=0

54.

5S.

56.

57.

58.

1= (x2+2
Solution of xdx+ydy _ m ,

1S

xdy—ydx \/x2+y2
[2, 2
(A) sin 'VY TV =
IX
(B) tan " =c

[2, 2 Y
(C) sin ' V¥ TV =tan’1; +c
(D) None of these

The solution of the differential equation (x cos x — sin
x+ yxz) dx + x3dy =0 is equal to

sin x sin x

(A) +xy=c (B) +tx=c
X X

© Y y=c (D) None of these
X

Solution of the differential equation

[y (1+x")+siny] dx+ (x+log x +x cos y) dy=0is
(A) xy+tylogx=c

(B) xytxsiny=c

(C) xytylogx+xsiny=c

(D) None of these

The equation of the curve, passing through (2, 5) and
having the area of triangle formed by the x-axis, the
ordinate of a point on the curve and the tangent at the
point 5 square units, is
(A) xy=10
(C) »*=10x

(B) x* =10y

(D) xyl/2 =10

If the curve y = f(x) passing through the point (1, 2)

and satisfies the differential equation xdy+ (y + X yz)

dx =0, then
1

A) xy=—

(A) 2=

© + =2
Xy

(B) xX’y=2

(D) None of these

59. The solution of the differential equation

xdx+ ydy _ a’—x*—y? s
xdy — ydx \J x*+y?

(A) X2+ y2 =acos {c +tan”!
(B) \/xz + y2 =asin {c +tan”!
(©) \/xz + y2 =asin {c +tan”!

(D) None of these

"<|>'< ><|"< ><|'\<
—— ——



60.

61.

62.

63.

64.

65.

66.

Differential Equations 17.21

The solution of the equation
2

(2x log y) dx + (x—+3y2]dy=0is
¥

(B) y3 log x +xX=¢
(D) None of these

(A) leogy+y3:c
(C) X’ logy-y’=c

The solution of the equation

X . .
+ +siny |[dy=0is
(0052 (xy) J

(A) tan (xy) +cosx—cosy=c
(B) tan (xy) —cosx—cosy=c
(C) tan (xy) tcosx+cosy=c
(D) None of these

y+sinx cos’ (xy)

cos? (xy)

The solution of the equation @ =— Y s

dx 2ylogy+y—x

(A) x=ylogy+ < (B) y=xlogx+ <
y X

(C) x=—yplogy+ < (D) None of these
y

. . d
Solution of the equation coszxd—yf y tan 2x = cos™x,
X

P ) 33 .
when |x|<— and y| — |=—,1is

4 6 8

sin2x sin2x
(A) y= > B) y= —————

2(tan X — 1) 2(1 —tan x)
in2

©) y= SIAY (D) None of these

2(1+ tan® x)

The solution of the equation @ + x(x + y) =
Pa+yP—lis dx

(A) (x+y)°=ce?+x*+1

(B) (x+y)?=ce?—x*+1

(C) (x+y)?=ce?+x*+1

(D) None of these

. . . d
The solution of the equation sin y d_y =cosy(l—x
X

cos y) is

(A) secy=(1+x)+ce'

(B) tan y = (1 +x) + ce*

(C) secy=(1+x)+ce™
(D) None of these

The solution of the differential equation
x(2e” + e™)dy = y(e™— y2e™) dx is
(A) xy=In(@"+¢) (B) xy=In(e™+ ¢)

©) 2 =Ine+ o) (D) X =1n(Ee®+¢)
x y

67.

68.

69.

70.

71.

72.

73.

Solution of the equation
X X

x[ y(eyde =+ 1) [y(e) dr, x> 0is
0 0

1 1

c c -

(A)y=—5e” (B) y=—e*
X X

Lo R

€ y==e~ (D) y=—e*
X X

The solution of the differential equation
(1 +tany) (dx—dy) + 2xdy=01is

(A) x(siny+cosy)=siny+ce”

(B) x(siny—cosy)=siny+ce”

(C) x(siny+cosy)=cosy+ce”

(D) None of these

The equation of the curve satisfying the differential
equation

dy 2.2
xX—y—=[x"-
Yo sy
and passing through the point (1, 0) is
1

(A) (2x—1)+x2_y2=0
B) (3x-2 =0
®) Gx-2)+
©) (2x-3)+ 21 -=0
Xty

(D) None of these

Solution of the differential equation 2y sin x;l—y=
X

2 sinx cos x fyzcos x satisfying y (%) =1 is given by

(A) y* =sinx
©) yzzcosx+1

(B) y = sin’x

(D) y2 sin x = 4 cos’x
The solution of the equation

vy (2xy+ ) dx — (€4 ) dy =0, if p(0) =1, is

(A) 6—4x°y—3y° —3y=0

(B) 6¢"+4x°y—3y° —3y=0

(C) 6+ 4x’y +3)° —3y=0

(D) None of these

The solution of the equation ye ™ dx — (xe ™ + %)
dy=0is

(A) 3¢+ y?=c
(C) 2¢™+)*=¢

(B) 2¢™+)*=¢
(D) None of these

The differential equation corresponding to

3
y= 2 c,e™", where ¢;s are arbitrary constants and
i=1
m,, m,, my are roots of the equation m—Tm+6= 0, 1s
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(A) y3=Ty; +6y=0

(©) y3=Ty—6y=0

74. If y = ¢+ et cyesatisfies the differential
3 2

7y 40 b

equation —~+a——+b—+cy=0,
a a dx? dx 4

More than One Option Correct Type

(B) y3+ 7y, +6y=0
(D) None of these

@ +b +c

then is equal to

abc

1

1 1 1
(A) 2 (B) ~2 © 5 (D) -3

75. The differential equation of the curve for which the
initial ordinate of any tangent is equal to the corre-
sponding sub-normal is
(A) Linear
(C) Exact

(B) Homogenous
(D) None of these

76. If g(x) be a function defined on [-1, 1]. If the area of
the equilateral triangle with two of its vertices at (0, 0)

and (x, g(x)) is ? , then the function is

(A) g(x) =+ y(1-x?) (B) g(x)=—(1-x%)
(C) gx) = yJ(1-x%) (D) g(x)= y(1+x?)

: o d
77. For a certain curve y = f'(x) satisfying d_;/ =6x -4,
X

f(x) has a local minimum value 5 when x = 1.

Passage Based Questions

(A) Equation of the curve is y=x" — 2x* +x + 5
. 1
(B) f(x) has a local maximum at x = 3

(C) Global maximum value of f'(x) is 7
(D) Global minimum value of f(x) is 5

. ) Dy
78. The solution of the equation Yy =xe" Y s

dx
1 (n—l)y_l 2
(A) log(e J=X—+c
2
2

(n=1) ey

(B) W= L=ty (n=1) 7y
e(n—l)y 1

(C) log (m} = n2 +c

x?_
-+
(n )2 x

(D) " W=ce

Passage 1

A differential equation is said to be exact if it can be derived
from its primitive by direct differentiation without any fur-
ther transformation such as elimination, etc. The differen-
tial equation

(- ay)dx + (y2 —ax)dy=0
is exact in as much as it can be derived from its primitive
x3—3axy+y3:c

by direct differentiation.
The necessary and sufficient condition for the differ-
ential equation M dx + N dy = 0 to be exact is that

M _av
dy  oOx
oM . o . .
where — is the derivative of M with respect to y keeping

o

I L .
x as constant and — 1is the derivative of N with respect to
X

x keeping y as constant.

If the equation M dx + N dy = 0 is exact, then it can
be integrated as follows:

Firstly, integrate M with respect to x regarding y as
constant. Then, integrate with respect to y those of the terms
in N which do not involve x. The sum of the two expressions
thus obtained equated to a constant is the required solution.

79. The solution of the equation
a*(x dy — ydx) is

xdx+ydy=
X y?
X
(A) x> +)*+ 24 tan™ ; =4
(B) x*+)* — 24" tan™ , =4
X

(C) x*—y*+ 24" tan™! y = A
(D) None of these

80. The solution of the equation

1
|:y(1+—)+cosy:| dx + [x +logx — x siny]dy =0 is
x
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(A) y(x+logx)—xcosy=c
B) y(x+logx)+xsiny=c
(C) y(x+logx)+xcosy=c
(D) None of these

Passage 2

Some equations which are not exact can be made exact on
multiplication by some suitable function known as an inte-
grating factor.
The equation
xdy —ydx =0
which is not exact becomes so on multiplication by 1/)7,
for then we

1
%dy——dxzo
y y

which is easily seen to be exact.

We can solve it either by re-arranging the terms and
making them exact differential or by the method of exact
equations. We now give some rules for finding integrating
factors of differential equation

Mdx+ Ndy =0

to make it exact.
I. If Mx + Ny # 0 and the equation is homogeneous, then

—— isan L.LE.
Mx + Ny

I1. Ifthe equation Mdx + Ndy = 0 is not exact but is of the
1
form fi(xy)y dx + f5(xy)x dy = 0, then e is an

x — Ny
L.F, provided Mx — Ny # 0

Mo
dy  Ox . .
III. When ———— is a function of x alone, say f(x),
then LF. = ejf(x) -
ON oM

ox

IV. When Tay is a function of y alone, say f(y),

then L.F. = ejf(y)dy

81. The solution of the differential equation
(xzy - 2xy2) dx — (x3 - 3x2y) dy=01is

(A) = _2logx+3logy=c
y
X

(B) —+2logx+3logy=c
y

(©) = —2logx—3logy=c
y
(D) None of these

82. The solution of the equation
(xy sinxy + cosxy) y dx + (xysinxy —cos xy) x dy =0 is
(A) ysecxy=cx (B) xsecxy=cy
(C) xcosec xy=cy (D) None of these

83. The integrating factor to make the differential equation
(xy2 —ex%) dx — x*y dy = 0 exact is
*) - ®
© = ®)

84. The integrating factor to make the differential equation
()/4 +2y)dx + (xy3 + 2y4 —4x) dy =0 exact is

1 1
(A) — B) —
y y
1 1
© = D) —
Y y
Passage 3
A differential equation of the form y = px + f(p), where
dy . . .
p= £ is known as Clairaut’s equation. We now find the
solution of the above equation.
The given equation is
y=pxtf(p) (1)

It is solvable for y.
Differentiating with respect to x, we get

dy dp ., . dp
= + x— + C—
dx P xdx /() dx
d, . d
= p=p+x Ly pip) 2L
dx dx
dp . ., . dp
= —+ —=0
x— f(p) —

Factorizing ? +[x+ ' (p]l=0
X

Cancelling the factor x + f”’(p) which does not involve Z—p,
x
we have dp =
dx
Integrating, p=c (2)

Eliminating p between (1) and (2), the required
solution of (1) is

y=cx+f(c)
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85. The solution of the equation (y —px) (p—1)=p is

(A) y=er+ ——  (B) y=ex— ——
c—1 c—1

©C) x=cy+ Ll (D) None of these
c—

86. The solution of the equation

dy ? 22 dy 242 :
(;) (x —a )—Z(E)xy+y -b°=0is
(A) y=cx+ Va*c? +b?
B) y=cx+ Vb2 +d?
(C) y=cx— Va*c? +b?
D) y=cx— Vb2 + d?

87. The solution of the equation

2
dy dy .
—a)| =] +(x=-y)=-y=0
(x—a) (dx) (x =) - is

2 2
(A)y=cx+& (B)yzcx—L
c+1 c+1

2.2

C) y=cx- ac
c+1

88. The solution of the equation
pzx(x72)+p(2y72xyfx+2)+y2+y=0is
A tex+2c)(y—cex+1)=0
B) y—cx+2c)(y+tex+1)=0
©C) y—cx+2c)(y—cx+1)=0
D) yp—ex+2c0)(y—cx—-1)=0

(D) None of these

Passage 4

A curve which cuts every member of a given family of
curves according to a given law is called a trajectory of

Match the Column Type

the family. We shall consider only the case when each tra-
jectory cuts every member of a given family at a constant
angle. The trajectory will be called Orthogonal if the con-
stant angle is a right angle. For example, every line through
the origin of coordinates is an orthogonal trajectory of the
family of concentric circles with centre at the origin. Let
the equation of the given family of curves be

Jx,p,0)=0 )

Differentiate (1) and eliminate the arbitaray constant ¢
between (1) and the resulting equation. That gives the dif-
ferential equation of the family (1).

. d
Let it be F(x, y, —y) =0 )
dx
d d
Replace & by — e
dx dy
The differential equation of the orthogonal trajectory
is
d
F[x, », ——x)= 0 3)
dy

Integrate (3) to get the equation of the required
orthogonal trajectory.

89. Orthogonal trajectory of the family of hyperbolas
Xy = K is
(A) X+ y2 =c
(C) 2 —2)*=¢

(B) x*—y=c
(D) None of these

90. The orthogonal trajectory of the family of parabolas
y2 =4ax is
(A) 2x* +y?=¢
(B) X*+2)*=c¢
(C) 2 —y*=¢
(D) None of these

91. The differential equation of family of

Column-I Column-II
I. Circles passing through the origin and having their cen- (A) xy —+x|—| —y=—=0
tres on the x-axis dx dx dx

II. Parabolas with foci at the origin and axis along the x-axis (B) y? = x” + 2xy —

dy

. dy Y’ dy
III. Parabolas each of which has a latus rectum 4a and whose (C) »|—— | +2x| = |-y =0

axes are parallel to x-axis

IV. Ellipsescentred at the origin

dx dx

d’y dy)3
D) 252 4[ 2| 20
(D) adxz (x
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92. 93.
Column-I Column-II Column-I Column-II
L ZXdy : :( : Y . —l)dx (A) X’y +3e =cy L ydc—xdy+(logx)dx=0  (A) tan_1£+x=c
x“+y x“+y

.y (y+e)dx —e'dy =0 B) 3xH +4’=¢)’

&Y d
1L (—y) x40 (C) y=x tan(c - x)
dx dx

V. (xy4+y)dx—xdy=0 (D) y=2x-4

Assertion-Reason Type

II. (xzsin3y fyzcos x) dx + (x’cos B) y=1+logx+c
y sin’y — 2y sin x) dy =0

dy _ y(xlogy—y)

1. C) ¥=¢
dx  x(ylogx —x) © &
xdy ¥ x3sin3y
WV =5 5|« O ——
x*+y x*+y 3
=y’sinx +c

Instructions: In the following questions an Assertion (4) is
given followed by a Reason (R). Mark your responses from
the following options:
(A) Assertion(A) is True and Reason(R) is True;
Reason(R)isacorrect explanation for Assertion(A)
(B) Assertion(A)isTrue,Reason(R)isTrue; Reason(R)
is not a correct explanation for Assertion(A)
(C) Assertion(A) is True, Reason(R) is False
(D) Assertion(A) is False, Reason(R) is True

94. Assertion: The order of the differential equation, of
which xy = ce* + be ™ + x* is a solution, is 2.
Reason: The differential equation is
d*y
dx?

+2Q
X

2
X —xy+x°-2=0.
4 9%

95. Assertion: A normal is drawn at a point P(x, y) of
a curve. It meets the x-axis and the y-axis in points

A and B, respectively, such that L + L =1, where
0OA OB

Previous Year’s Questions

O is the origin. The equation of such a curve passing
through (5, 4) is (x — 1)* + (y — 1)* =25.

dy
Reason: O4 =x+y —
Y dx dy

dx

96. Assertion: The solution of the equation x sin 646 +
(x* — 2x%cos @+ cos O)dx =01is 2 cos O=x + cx e ™

X2

. e
Reason: Integrating factor = —
X

97. Assertion: The differential equation of all straight
lines which are at a constant distance p from the origin
is (v —x1)" =p” (1437
Reason: The general equation of any straight line
which is at a constant distance p from the origin is
X cos a+ysin o=p.

98. The order and degree of the differential equation

2/3 3
(1+3@) =49 are [2002]
dx dx®
2
© 3,3) D) 1,2)
2
99. The solution of the equation d—f = is
X
[2002]

—2x —2x
e e

B
4 ® =

+ex+d

(A)

1 1
(C) —e* +ex’+d (D) —e ™ +c+d
4 4
100. The differential equation of all non-vertical lines in a
plane is [2002]
2 2
(A) d_g/ =0 (B) d_f =0
dx dy

dy dx
C) —=0 D) —=0
© - (D) &
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101.

102.

103.

104.

105.

106.

107.

The degree and order of the differential equation of
the family of all parabolas whose axis is x-axis, are

respectively [2003]
(A) 2,1 B) 1,2 ©) 3,2 D) 2,3

The solution of the differential equation
1+ y*)(x = 'Y)Z—z =0, is [2003]

(A) (x=2)=k ey
(B) 2xe™ y=e2 4k
(€) xe™ " =tan”' y+k

(D) X eZtan"y _ etan”y +k

The differential equation for the family of curves
X+ y2— 2ay = 0, where a is an arbitrary constant is
[2004]

(A) 2=y =xy
(B) 2(x* +y* ) =xy
() %=y ) =2xy
(D) &+ ) =2xp
The solution of the differential equation y dx + (x +
) dy=01is [2004]
1

(A) ——=C

(B) —L+10gy =C
Xy xy

1
(C) —+logy=C (D) logy=Cx

Xy
The differential equation representing the family of
curves y2 = 2c(x ++/c ) where ¢ > 0, is a parameter,

is of order and degree as follows: [2005]

(A) order 1, degree 2
(C) order 1, degree 3

(B) order 1, degree 1
(D) order 2, degree 2

If x% = y(log y —logx+1), then the solution of the
X

equation is [2005]

(A) ylog(i] =cx (B) xlog(f) =cy

(©) 1og(1) =cx (D) 1og(f] =cp
x y

The differential equation whose solution is AP + By2
=1, where 4 and B are arbitrary constants is of
[2006]

(A) second order and second degree
(B) first order and second degree

108.

109.

110.

111.

112.

113.

114.

(C) first order and first degree
(D) second order and first degree

The differential equation of all circles passing through
the origin and having their centres on the x-axis is
[2037 1

(A) ¥ = y2 +xy by (B) ¥ = y2 +3xyd—y
X

dx
©) y*=x* +2xyd—y D) y*=x* —2xyﬂ
dx dx
The solution of the differential equation % = x:y
satisfying the condition y (1) =1 is [2008]

(B) ylenx-i-x2
(D) y=xInx+x

(A) y=Inx+ux

(C) y=xe*

The differential equation of the family of circles with

fixed radius 5 units and centre on the line y = 2 is
[2008]

(A) (=27 =25-(y-2)

(B) (-2 =25-(y-2)°

© ¢-2%7=25-(-2

(D) (x=2*=25-(y-2)"

The differential equation which represents the fam-

ily of curves y = ¢,e“", where ¢, and ¢, are arbitrary

constants is [2009]
(A) ¥ =) (B) " =yy
©) »'=y D) ' =0

Solution to the differential equation cos x dy = y(sin
X)) dx, 0< x < % is [2010]

(A) ysecx=tanx +c¢
(C) tanx = (sec x + )y

(B) ytanx=secx +c¢
(D) secx=(tanx+c)y

Let / be the purchase value of an equipment and V(¢)
be the value of equipment after it has been used for ¢
years. The value V(¢) depreciates at a rate given by the
dz(t) — k(T —1), where k> 0 is
t

a constant and 7 is the total life in years of the equip-
ment. Then, the scrap value V(7)) of the equipment is

[2011]

k(T —1)?
2

21
(D) T2~

The population p(#) at time ¢ of a certain mouse species
dp(1)
=0.5p(¢
7 p(t)

— 450 with initial condition p(0) = 850, then the value
of 't for which p(t) =0 is [2012]

differential equation

kT?

(A) Z—T B) /-

© "

satisfies the differential equation
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116.
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(A) 21n 18 (B) In9

© %ln 18 (D) In 18

At present, a firm is manufacturing 2000 items. It is

estimated that the rate of change of production P with

respect to additional number of workers x is given

by cjl—P =100-12+/x . If the firm employs 25 more

X

workers, then the new level of production of items is
[2013]

(A) 3000 (D) 2500

(B) 3500  (C) 4500

Let the population of rabbits surviving at a
time ¢ be governed by the differential equation

% = % p(t)—200. If initially p(0) = 100, then p(7)

equals [2014]

117.

118.

(A) 400 —300 ¢" (B) 300200 ¢
(C) 600 — 500 ¢ (D) 400 —300 ¢ >

Let y(x) be the solution of the differential equation

(xlogx)?+y =2xlogx,(x >1). Then y(e) is equal
X

to:

(A) 0 (B) 2

(©) 2e (D) e

Ifa curve y =f(x) passes through the point (1, 1) and
satisfies the differential equation, y(1+ xy)dx = xdy.

[2015]

then f(—%) is equal to: [2016]
4 2
(A) 3 (B) 3
4 2
© 3 (D) 3
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HINTS AND SOLUTIONS

Single Option Correct Type

1. Given equation can be re-written as
, 2
dy  ¢(x) _ vy

& e o)
L a1 ¢ 1
1, 10®

oAy e o)

.1 1 dy du
Putting — =u, we get— ——= —
v yodx  dx

P _ 1

#(x)  P(x)

Now (1) becomes du +u
dx

(AEIPN
LE=¢ @  =f).

Multiplying both sides by L.F., we have

L uor=1=y= 22
x+

dx c

The correct option is (C)

2. 2 c1=d(ogy)=1
N
= logy,=x+c
= yi=ket
= y=ke'+ B

Since it passes through (0, 0), k+B =0
Thus, family is y = k ('~ 1).
The correct option is (D)

d
3. seczy A +2xtany=x3
dx

Lettany=v
dy d
= sec’y 24
dx  dx
The given equation becomes
d
L=y
dx
Now, LE = o2 = o

Hence, the solution of the differential equation is

. .
voet = Jx3'ex dx+c

Let X’ =t=dt=2xdx
> 1 1
= v-e' =7Jtetdt+c=fe’(t—1)+c
2 2
> 1
= v-e' =5ex -1 +c

(M

1 2
tanyzg =1+ ce™™
The correct option is (A)

4. ydx+(x+ xzy)dy =0

= -_— == —X'=> —+— ==X,
dy dy y
dx 1 1
= ¥ 2 dy +x ; =1
dx
Put xﬁlzté—xfzdizﬂ,
y dy
dt 1 dt 1
get, ——tt|—|=-1= ——]|—|t =1
dy \y dy \y
It is linear in ¢.
: _idy —lo; ~1
Integrating factor= ¢ ¥ =¢ *®'=y

-, Solution is #(y™) = [(y")dy+c

1 1
—=logy+c=>logy— — =C
y Xy

1
- =
X
The correct option is (B)

5. For the family of curves represented by the first differential
equation, the slope of the tangent at any point (x, y) is given
by

(@) _x2+x+1
).y +y+1

For the family of curves represented by the second differen-
tial equation, the slope of the tangent at any point is given by

(dl) _ y2+y+1
dx), X +x+l

Since, (ﬂ) x(ﬂ) =-1
dx ), dx e

Hence, the two curves are orthogonal.
The correct option is (B)

6. The given equation can be written in the linear form as
follows:

dy , ,
Sy @) =1 1)
The integrating factor of this equation is eI PO _ o),

Hence - @) = f(x) f/(x) €W
dx



10.

Differential Equations

Integrating, we have ye?® = Jze’ dt +c , (where t = ¢(x))

=te'— e+ ¢
y=(@@-1+ce
The correct option is (A)
dy
e d
x= evxd* = lnxzxy—y
dx

Hence,

1
= dy = |—Inxdx
Jrar =]
2 2
1
= 7})2 :7(nx) +k

= y=%/(nx)*+c

The correct option is (C)

Family of semi-cubical parabolas is given by
a=x

a is variable parameter

.. Differentiating the above semi-cubical equation,

we have
dy 2
2ay —=3x
Y dx
Eliminating a from (1) and (2)
2x° dy > dy
—y— =3x=>2x— =3
Ve T T T

dy

(M

2

3)

. . . dx .
Now for orthogonal trajectories changing — — — 2 in 3)
dx dy

d.
P o3y 3y dy+ 2xde =0
dy
Integrating we have

3,2 52
= X1 =c—:>3y2+2x2=c
2 1 2

The correct option is (D)

2

The given equation can be written as
.d .
2y sinx L4 +y2 €os x = sin 2x
dx
d 5 . .
= — ()" sinx)=sin2x
dx
. . 2 . 1
On integrating, we get )~ sin x = 75 cos 2x + ¢

. 1
Putting x = % andy=1,we getc= 5

1
Hence, y2 sin x = 5 (1 —cos 2x)

= y2 sin x = sin’x or y2 =sinx.

The correct option is (A)
Hereyfxﬂ-s- logx=0
dx

. dy
ie, x— —y=logx
dx y g

11.

12.

dl_y _ log x

dx «x X

.C.,

Pdx —Uxdx - -1 _
_[ :eJ =e( logx) _ elogx -

e X

S 1 1
solutlonlsyx1=J.£-fdx+c
X X
. y 1 —
ie, = = |—=logxdx+c= e -tdt+c
o .[xz J ]

1
Putlogx=t.. —dx=dt
x

Also, x=¢'
—t —t
v,
X -1 -
=e'[-t+1]+c

=¥ logx+1)+e
1

=— (1-logx)+c
X

y=(1-logx)+cx
The correct option is (D)
The given diff. eqn. can be written as
(sin y dx + x cos y dy) ** sin’ v
=2ysinxdy -5-y2 cos x dx
= d (x sin y) (x sin y)2 =d (y2 sin x)
Integrating, we get
(xsin y)3
3

The correct option is (C)

2 .
=y"smmx+c

. . d
Equation of the normal at (x, y)is Y —y=— d—x
'y

. dy
S x-Intercept =y d— +Xx
x

Given: y2 =2x (yd—y + x)
dx

2 2
-2
= @:7)/ al .Puty=wx
dx 2xy
2 2
Ll P2 a2+
dx 2v dx
2v dx
= dv+|— =logk
J.v2+2 J.x s

= log (V +2)+logx=logk
= x(P+2)=k=y"+28% —kx =0

. 9
If this passes through (2, 1), i = 5

Then, the equation becomes 4%+ 2y 29x=0.
The correct option is (D)

(X—x)

(Putting Y= 0)

. Then

2v
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dy
x+y—
13. Given: dx _ 24 2y2 + 2
o
7 dx

d x)
LA+ (y

(XZ + y2 )2 (x]Z
y

Integrating, we get

1 -1 y 1
5 7= - tc=>c="——
xX“+y x/y X

The correct option is (B)
14. The given equation can be written as
(2x =2y +5)dy=(x—y+3)dx

d _
- dy _ x y+3
dx  2(x—-y)+5
Put x—y=V:>1—@=d—V
dx dx
Therefore, the given equation becomes
dV V43 ordl_ V+2
dx 2V +5 dx 2V +5
2V +5
= a= L0 orde= |24t
V+2 V+

On integrating, we get
x=2V+log(V+2)+c
= x=2(x-y)tlogx—y+2)+c

Therefore, 2y —x =log(x —y + 2) + ¢, is the required solution.

The correct option is (C)

15. Putx=rcos 6,y=rsin 0
dx=—rsin 8dO+ dr cos 0
dy=rcos 0d0+ drsin 0

. We have

rcos@(—rsinf@dO + drcosB)+ rsinf
(rcos@dO + drsin )

)dV
2

(rcos@) (rcos0dO+ drsinf) — rsin@
(—rsin@dO + dr - cos0)

—1?8in6 cosOdO + rcos’ Odr

- +r?sin® cos0dO + rsin®Odr _ N1-r
% cos® 0dO + rcos @ sinOdr r
+ 1% sin>0d6 — rsin 6 cosOdr
rdr 1—7?
= =
r°do r
d
= L —de
N
= sinlr=0+c

16.

17.

18.

Y
= sin ! y/x? +y2 =tan"' y Te

The correct option is (C)

The family of curves which are orthogonal (i.e., intersect
at right angles) to a given system of curves is obtained by

o d. dy . . . .
substituting — d—x for d—y in the differential equation of the
ly X

given system.

2
. . . N )

The given differential equation is (—y) =2

dx X

Replacing & by —@ , we get
dx dy

2 2
dx :z:(dl) :zidiy:i\/i
dy X dx a dx a

. 2 3
Integrating we get,y +c =+ —= x (1)
3Wa
4
= (y+e)f= o X¥'=9a(y +¢)? =4 )
a

From (1) and (2), all of the first three given options represent
required equations.

The correct option is (D)
x+y-l)dy (x+y+l
x+y-2)dx xX+y+2
Putx+y=¢
pe Y _de e (rAlfe=2
dx  dx dx t+2)\t—-1
dt ([ -t-2
dx T +t-2

On solving, we get 2(y — x) + log( =0

(x+y)* -2
2

The correct option is (D)
The given differential equation is

v +xJx (c+ )] de+ (Jw (c+3) —x) dy =0

= ydxfxdy-%\/g x+y)(xdex+tydy)=0

xdy —ydx

(x+ )
= ld(x2+y2)=2d(tan‘l\/;]
2 X
Y
= x2+y2:4tan’1\/;+c.

The correct option is (B)

= xdx+tydy=



19.

20.

21.

22.

23.

. dx . . .
Given: = = cos’ 7 x. Differentiate with respect to £,
t

d’x
dr*
d’x _
i

= 27sin2mx=0=sin2zx=sin 7

=-27sin 27/mx = —ve

1
S2mM=rT=x= —

The correct option is (C)

. . 1
Given: Cartesian sub-tangent o<

2
Y - * or & = x—dx
dyldx  x? ¥y k

ie.,

3
Integrating, log y = ;—k +log ¢
ory= ce* 3k
The correct option is (C)
dy _ y(xlogy—y)
dx  x(ylogx—x)

= x(ylogx—x) d—yzy(xlogyfy)
dx
= (logx—x)dy =logy—Z
y Jdx X

= X+logxlﬂ=logy+ﬁﬂ
X dx y dx

d d
=l == (x1l
ﬂ@%m w@%w

ylogy=xlogy+logc
log x'=log y*+ log ¢
X=cy"
The correct option is (A)

L

dy _ ax+3

dx  2y+f

= (2y+f)dy=(ax+3)dx
2y2 ax?

= —+fyi=—+3x+c
2 v 2

For the curve to be circle, a = -2 wheref2 +9+4c>0.

The correct option is (B)
Given diff. equation can be written as

xdy—ydx xdy—ydx
fyz——dxﬁﬁ ——dx
2
1+| =
A0 +dx=0

“()

Differential Equations
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square of abscissa

24,

25.

26.

27.

28.

Integrating, we get

tan' £ +x=c
X
The correct option is (C)
dy(2+sinx
dx\ 1+y

) =—cosx,(0)=1

dy  —cosx
(I+y) 2+sinx

Integrating both sides = In (1 + y) =—In (2 + sin x) + ¢ Put

x=0andy=1=In2)=-In2+c=c=In4.
Putx = g,ln(1+y):1n3+1n4 % =1n:>y=é

The correct option is (A)

We have, d—y = ﬂ
dx  x(y—a)
Mdy - zldx
y X
On integrating both sides, we get

=

alog|y|—y=-2alog|x|+locc
= Y xx¥=ce
Since, the curve passes through (1, 1), therefore
l=ce=c= 1
e
So, the equation of the curve is
P2 = P
The correct option is (D)
We have (x cos x — sin x +yx2) dx + x3dy =0
XCcos x —sin x

X2

d(Sir;x) +d(xy)=d(c)

dx + ydx +xdy =0

sin x

+xy=c
X

The correct option is (A)
Dividing the given equation by y2, we get

M o2 e AfX :_i(e»‘)
y dx\ y dx

. . X 3
On integrating, we get, — =— e*

y
The correct option is (A)

The given diff. equation can be written as

= (ydv+xdy)+ (de+ logx)dy
X

X ¥
+c= —+e =c

+sinydx+xcosydy=0

=d(xy)+d(logx)+d(xsiny)=0
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Integrating, we get
xy+ylogx+xsiny=c.
The correct option is (C)

29. The equation of the normal at any point (x, y) is given by,

Y—yz—@(X—x),
dy
This passes through (4, k)
:kfyzfé(hfx):(yfk)z(hfx) @
dy dy

The correct option is (A)

30. 3xy2dy + y3dx + sin (xy) (xdy + ydx) =0
or d (xy3) +sin (xy) d (xy) =0
On integrating, we get
Xy’ —cosxy=c
The correct option is (A)

31. We have
Cartesian subtangent + abscissa = constant
d d
24 +x=a:>y—y+x=a:> Y
dyldx dx y

Integrating, we get log y + log (x —a) =log ¢
yx—a)=c

As the curve passes through the point (24, a), we have ¢ = a

Hence the required curve is y (x —a) = a.
The correct option is (A)

di_ g 1

dx  g(x) g
1 dt 1g®x) 1
— 4= -
t*dx 1 g(x)  g(x)
1

32.

Let - =z
t
la_d
2 dx dx

Now by (1), we have
’ 1
dz &) _
de g(x) g
&dx
LF.=¢ 9 =g(x)

. 1
Therefore, the solutionisz g(x) =x+ ¢ = g(x) —=x+c¢
t

(€]
xX+c

= t

The correct option is (C)
33. xdy+(y+ ) de=0= xdy + ydx = fx3y2dx
xdy + ydx
x2y?
d(x);) =-—xdx
(xy)

=—xdx

(M

34.

35.

36.

Integrating, we get

1 x?
= ——=-—+*c¢
Xy 2
Using (1, 2) in (1), we get
1 1
—— =—-——+c=c=0.
2 2
1 x?

Xy
is the required curve.
The correct option is (B)

V(t) T

[avwy = [ k@ -ar
1

t=0

75
= nn-1= k|4
2 o

T2
= V(T)—I:—k[zj

2
= V(T):I—k%

The correct option is (C)

We have
dy
43
dx 7
1
= ——dy =dx
y+3

= In|(y + 3)| =x + k, where £k is a constant of integration

= (y+3)=ce
Initially whenx =0, y =2
=c=5

Finally the required solution is y + 3 = 5¢*

=y(n2)=5"2-3=10-3=7
The correct option is (B)
dp(t)  _
900 — p(t)
—21In[900 p(t)] =—t+ ¢
when 7 =0, p(0) = 850
—2In(50)=c

211‘1(50) —t
900 — p(1)

900 — p(f) = 50 "
p(f) =900 — 50 &”
let p(t)=0
0=900—500 ¢"'?
s 4,=2In18
The correct option is (A)

3
—— = —— D y=—orxy=2
5 y E y

(M



37.

38.

39.

40.

41.

) 1p-2yd

= - l—y2 =x+c=>lfy2:x2+cz+2cx

=>x2+y2+2cx+6271=0
Which is a circle with centre (—c, 0) and radius 1.
The correct option is (C)

y=vx
d
—y=v+x@
dx dx
dv
v+x— =1+vy
dx
d
= dv="2
X
v=logx+c
Y _
= = =logx+c
X

Since, y(1) = 1, we have
y=xlogx+x
The correct option is (D)

(x—hP+(y-27=25

= 2a-m+20-2) Yoo
dx

= (x—h):—(y—Z)d—y
dx
Substituting in Equation (1), we have
2
(- 2>2(d—y) F(y-2) =25
dx

(-2 =25-(-2
The correct option is (C)
y= e
V=q e
V=cy
y,l — c2y/
From Equation (2)
=
y

~n2
//=(y) = 2

So, y w =0

The correct option is (D)

We have, Z—y —g() )¢ @
X

Putg(x)—-y=V=g(x)— & _ 4
dx  dx

Hence, g’ (x) — ar =V-g ()
dx

Differential Equations

17.33

(M

(M

2

42.

43.

44.

dv dv

= — =(1- ! = —— =g (x)d
=g W= T =g s
dv ,

ad e AL

= —log(I-N=gx)-C
= gx)+tlog(l-"=C
g tlog[l+y—-gx)]=C
The correct option is (B)

xdy—ydx

X+ )2

We have, x dx +y dy + =0

1
= — d(+)}) +dtan! (1) =
2 X

. 1 _
Integrating, — (x2 + yz) +tan 'Y = <
2 X 2

= x2+y2+2tan712 =c

2_ 2
s y=xtan (”2))) is the required solution.

The correct option is (C)

We have, x dy = [y + j{, E;Zg} dx

/.
L4 =24 / (y x) which is homogeneous.

dx  x  f'(yk)

Put y = Vx so that & = V+xd—V,
dx dx

we obtain,

vixdV _y SO

o f)
Integrating, we get
log f(V)=log x +log c
= logf(V)=logex = f(z) =cx
X

The correct option is (B)

S0y g dx
£y

d ,
We have, &gy (e —¢&"
dx
dy
= gy ted= e,
. ’ ,d dav
Putting € = V'so that e’ 2 _47 , we get
x dx
a + ¢ x V= ¢*, which is linear in V.
dx
ILF. = eje w_ e

So, the solution is

Ve = J.ee\~ e di+c
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45.

46.

47.

[Putting ¢ =z = ¢" dx = dz]
= e =@z-1)+e=(e"-1)e +¢

= =" -1+ce™

The correct option is (A)

v\’ d
Wehave,x(—yJ +(y—x) L -y=0
dx dx

o (B (e2) =
dx dx

. d .
The solution of % =1 isy=x+tc
dx

and solution ofxg =—yie., & + ax =0is
X

log (xy)=logcie., xy=c.
Hence, general solution is (x —y +¢) (xy —¢) =0.
The correct option is (A)

The equation of the general circle is given by

X+ +2gy+ 26 +c=0 1)
Differentiating with respect to x, we get

2x + 2y +2g+ 2" =0 2)
Differentiating again, we get

L+y2 4y + £ =0 3)
Differentiating again, we have

207 Y YA =0 ©

Eliminating ffrom (3) and (4), we get

y,/l (1 +yyll +yl2) 7)/'// (yy/ll +3y, y/l) — 0
=" (1 +y%) =3y y"* =0, which is the required differen-
tial equation.

The correct option is (A)

d . .
Letm, = d—y for required family of curves at (x, y).
X

Let m,= % for the hyperbola xy = 2.
X

-2
Then, m, = % = —-
x

Since the required family of curves is orthogonal to the
hyperbola, .. m; xm,=—1

= @x(_—z) =1=

dx X2

2 2
X

Lo o=
T

3
Integrating, we get y = % + C, which is the required family.

The correct option is (A)

48. We have, x° & —xy=1+cos Y 2cos? .
dx X 2x
Yy 2 dy
= secz(;)'[x E—xy] =2
dy
2( ) di -7 1
= —sec’|— | —4
2x x2 X
1
= — tanl —
dx 2x ¥
Integrating, we get tan X =c —L
g g, weg o P

49.

which is the required solution.

The correct option is (C)
Letx+y=r= 1+d—y=£.
dx dx

Therefore, the given equation becomes

-1 (ﬂ_l)_t+l
t—2)\dx t+2
dt t+1\(t-2
= — 1= —| —
=)=

dt 1 —1-2
= =41
dx  t"+t-2
dt 21> — 4
= — =5
dx i
2 —
t-;itzdt =2dx
t- =2

= 1+ |ar =2ax
- =2
On integrating, we get

t+%log‘t2—2‘ =2x+c

= (x+y)+%log‘(x+y)2—2‘ =2¢

Given, y = 1, when x = 1, therefore log 2 = 2c.
Substituting the value of ¢ in (1), we get
2(y—x)+log | (x +y)* 2| =log2

(x+y)?-2

= 2(y—-x)+log 5

The correct option is (B)

50. We have,xdy—ydx= xy3 (1 +log x) dx

- - (ydxy_zxdyJ =xy (1 + log x) dx

=0. .. k=2.

(M



51.

52.

= d(x) =xy (1 +log x) dx
y

= _xd(x] =x? (1 + log x) dx
y y

Integrating, we get

2
(x
(yj Xi_Jﬁ.ldx
2

=(1+logx

( g X) 3 3 3

2 3 3
= —)672=X—(l+logx)—x—+g
2y 3 9 2
2 3
2x° (2
- —55=41(7+mmj+c

¥y 303

The correct option is (A)

Given equation can be rewritten as
, 2
dy  9'(x) _ y

o0 o)

LI A B
y2 dx y ¢(x) ¢(x)
Putting l =1, we get—f@ @
Y y 2 dx dx
Now, (1) becomes u ¢'() _ 1
de o) Hx)
-[4’ (x)
LE = e * = ¢(x). Multiplying both sides by I.E.,, we have
d X
dx [u¢(x)]_1 =y ¢( )
x+c

The correct option is (C)
ydx + (x + xzy)dy =0

Put x~ —t—x7 dy= -

We get, —dt+t(1]=—1:> dt—(ljz =1
dy y dy \y

It is linear in .

Integrating factor = e g y!

. Solution is #(y) = [(y™)dy+c

1
=logytc=logy— — =C

11
= —_—
Xy Xy

The correct option is (B)

Differential Equations

17.35

53.

54.

SS.

Equation of the normal at (x, y)is Y —y =—

. dy
S x-Intercept =y d— +Xx
x

. d
Given, y2 =2x (y—y + x)
dx

d 2257
L By

. Putting y = vx. Then,
dx 2xy &y

d 2 _ 2
dy _ v Z:xﬂ: 2+v7)
dx 2 dx 2v

=

J‘v +2
= log(v +2) +logx =log K

= x(VP+2)=K=)"+2*~Kx=0

v+x

dv +J'@=10gK
x

. 9
If this passes through (2, 1), K = 5

Then, the equation becomes 4 + Zy2 -9 =
The correct option is (D)
Putx=rcosqg,y=rsing
sodx=—rsingdq+drcosq

dy=rcos qdg+drsing
. We have

rcos@(—rsin@dO + drcosB)+ rsinf

(rcos8dO +drsin@) V17’

= v
dy

(Putting Y=10)

0.

(rcos@) (rcos0dO+ drsinf) — rsin@ - \/,,_2

(—rsin@d6 + drcos0)

—r*sin@ cos0dO + rcos® Odr

+7r7sin@ cosOdO + rsin’ Odr _ N1-r

2

2 cos>0dO+rcos@sin@dr r

+r2sin® 0d6 — rsin6 cosOdr

rdr _\jl—r2 dr

P2de v 1—-#2

[2, 2 Y
= sin’lrzq-f-c=>sin’1 Xty :tan’1x+c.

The correct option is (C)
We have (x cos x — sin x +yx2) dx + xsdy =0
XCOoS X —sin x

2
X

d(Sinx)+d(xy)=d(c)
X

dx + ydx + xdy =0

sin x

+txy=c

The correct option is (A)
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56.

57.

58.

59.

The given differential equation can be written as
= (ydv+xdy)+ (de + logx)dy
x

+sinydx+xcosydy=0
=d(xy)+d(logx)+d(xsiny)=0
Integrating, we get
xy+ylogx+xsiny=c
The correct option is (C)

dy 1 ,dx
Y-y=—" X—x)=>5= -y —
y dx( x) 5 &

d
= 102 =—a
y

10
= ——+x=c
Yy
Since it passes through (2, 5), therefore, ¢ = 0.

Thus, the equation of curve is xy = 10

y

Px.y)

The correct option is (A)
xdy+ (v + x3y2) dx=0 = xdy+ydx= fx3y2dx

d d. d
:>W=—xdx:> (xyz) =—xdx
x°y (xy)
Integrating, we get
1 2
- —=- e (1)
Xy 2

Using (1, 2) in (1), we get
1

- = —l+c =c=0
2 2

2 3
= >y=—Forxy=2
xy 2 X
is the required curve.
The correct option is (B)

Letx=rcos 6,y=rsin 6

S0 thatxz+y2=r2 (1)
and, tan ¢ = % (2)

From (1), we have de? + yz) = d(rz)
= xdvtydy=rdr 3)

60.

61.

62.

63.

From (2), we have d (Z) = d(tan 6)
X

xdy — ydx

.€.,
x2

ie,xdy—ydx =x*sec’0dO=1? cos*Osec’0do 4)

=sec’0do

Using (3) and (4) in the given equation, we get;

rdr at—rt dr

ie. =
2 2
P \/az 2

-
ie., sin”! (;) =0+c

or, r=asin(6+c)

or, \/xz + y2 =asin[c+ tanﬁl(y/x)]

The correct option is (B)

do
2do

The given differential equation can be written as
2
(log y) 2x dx + “—dy + 3y%dy =0
y

= (logy) dx’)y+ x'd(log y) +d(*) =0
= d(x*logy)+d(*)=0
= Xlogy+iy’=c (Integrating both sides)
The correct option is (A)

The given differential equation can be written as;

ydxzﬂ+5inxdx+sinydy=0
cos”(xy)

= secz(xy) d(xy) +sinx dx+sinydy=0

= tan(xy) —cosx—cosy=c (Integrating both sides)

The correct option is (B)

The equation can be written as

2y YIX _ omysy-F
y

dy y
ie., @+ l'x =QIny+1)
dy y
1
LE = eJde = ej;dy =" =y

.. The solution is

Xy = I(2lny+1)~ydy=y21ny+c
c

= x=ylny+ —

The correct option is (A)

The given equation can be written as;

d
—y—seczx-taan-y: cos® x
dx
J 2 tanx sec” x dx
—tan2x sec’ x dx 2
ILF. = eJ =g tanx-l



64.

65.

dt
" 2
e ' wheret=tan"x — 1

M = ¢ = |tan® x — 1

It is given that | x | < 774 and for this region tan’x < 1
LE =1 tan’x

.. The solution is;

y(1— tanzx) = Jcosz X (1 — tan? x) dx

I(cosz x —sin? x) dx = Icos 2x dx
sin2x
5 +

Now, when x = /6, y = %

33(. 1) 143
—|l-=|==——4c=¢c=0
8 3 2 2
= sin2x
2(1—tan2x)

The correct option is (B)

The given equation can be written as

(@+1)+x(x+y) =x(x +y)°
dx

M+x(x+y)=x3(x+y)3
dx
= (x+y)3w+x(x+y)72=x3
/x

Let (x +y) 2=z so that -2 (x + )~ dix+y)_dz

dx dx
The given equation reduces to
-1
— é +xz=x ie., % —2xz =-2%°
2 dx dx

ILF = ej_zx b2

.. The solution is,

2 e = J.—2x3~efx2dx =2+D)e ™ +c

x2 2
o, ——— =ce +tx + 1
(x+y)
The correct option is (C)

. d
We have, smy—y =cosy (1l —xcosy)
dx
. d
= smy—y — COS y = —x cos’y
dx
Dividing by coszy, we get

d
tany~secy-d—y —secy=-x
x

Differential Equations

66.

67.

68.

dy dv
Letsecy=v=secytany — = —
dx  dx
So, we get
dv L . . . .
e v =—x, which is a linear differential equation with
x
P=-1,0=—x

LFE = e'[PdX = e'[_ldx =e”

The solution is given by
ve ' = J.—x etdx=xe"+e +c

=e'(x+1)+c
or, v=(1+x)+ce
or, secy=(1+x)+ce"
The correct option is (A)
The given equation is
02 dy + xe™dy = ye dx —y e¥dx
= e (xdy + ydx) = & (ydx — xdy)

= ¢ (xdy + ydx) = e (ydx_zxdy)

y
= v d(xy) = e (d(x/y))
= de”)=de™) = e¥=e"+ ¢
or, xy=1In (eX/y +¢)

The correct option is (B)

Differentiating the given equation with respect to x, we get

xy(x)+1 J{y(t) dt =(x+1xy(x)+1 jt y(t) dt
0 0

X X
= [ywydt =Xy @)+ [t y0) dr
0 0
Differentiating again with respect to x we get,

Y(x) = X2y (x) = 2xp(x) + xp(x)

2
o (1- 30y = 2D
dx
- (1—3;()dx _ dy(x)
x y(x)
On Integrating, we get
C  _x
=—e
y 2

The correct option is (A)
We have,
(1 +tany) (dx —dy) + 2xdy =0
= (l+tany)dx=(1+tany—2x)dy

= ax + x =1, which is linear in x
dy l+tany
2 2
Now, I dy = J- - 5y
I+tany siny +cosy
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69.

70.

71.

_ J‘(H_cosy—any)dy
cosy+siny
y +log (cos y + sin y)

J- 2

1 ol
LF = ¢ !ty

=(cosy +siny) e’

The solution is given by,
x-e(cosy+siny)=é€’siny +c

or, x(siny-+cosy)=siny+ce”
The correct option is (A)
We have,

dy 222
x-y —=(x"-

y 5 =& =)
d(x’-y") _
2(x2 = 2

-1
= —— =2x+c

(+*-»?)
Since it passes through (1, 0),
-1=2+c=c=-3
Thus, the curve is

1

X2 y?

The correct option is (C)

(2x—3)+ =0

The given equation can be written as
. d .
2y sin x Dy y2 cosx =sin2x
dx
d (5. .
™ (y smx) =sin 2x
On integrating, we get

yzsinxz 7c052x+c

T -1
Putx= —,y=1,wegetc= —
2 7 & 2
Hence, the solution is
. 1 .
y2 sinx = 5 (I-cos2x) = sin® x

= )’ =sinx
The correct option is (A)

We have, ye* dx — & dy + 2x3*dx — y'dy =0

X g X
Lzedy+2x2dx—ydy20
y
x yex—exﬂ d
Let — =t= 5 dx
y y dx

— ey . elog (cosy +siny)

72.

73.

74.

(M

Xd _r
- e xze dy:dt
y
. (1) becomes, dt + 2x*dx — y dy = 0

Integrating, we get,

3002
2y,
3 2
X 2 2
= 428 -YL oo
y 3 2

Putx=0,y=1,wegetc=1/2

Hence, the solution is

66+ 4x’y —3)° —3y=0

The correct option is (B)

The given equation can be written as

(v dx—xdy)e™ =y dy=0
yvdx—xdy ¢

y2

= d(x/y)efx/yzy dy

=y dy

On integrating, we get

2
,e’X/y — L +c
or, 2¢+y7=c¢

The correct option is (B)

Given, y = ;""" ¢, + ¢3¢ (1)

_ mlx m2x m3x
=  yy=cime Tt eyme T+ eymse

— m](y_ Czemlr_ C3€m3x) + szzem2x+ c3m3em3x
[from (1)]
=myy + cy(m; —mpe"*+ cx(my — m)e"™ (2)
Now,
m3x

¥o = myy + cmy(my —m)e" + cymy(my — m)e
=myy +myly, —my —c3(m; — m1)€m3x]
+ cymy (my —my) & [from (2)]
= (my + my) yy —mymay + cy(my—my) (my — my)e"™>  (3)
Further,
V3 = (my +my)y, —mymay, + cymy(my —my) (m3 —my) e
= (my & my)yy —mymayy + ms[y, = (ms —my) yy + mymyy]
[from (3)]
= (my +my + my)y, — (mymyt mymy +myms) yy + mymymsy
=0y, =Ty —6y=y;=Ty +6y=0
The correct option is (A)

m3x

We have,

d .
LIS 2¢,65+ cye"— cye™
dx

d’ ;
—Z =4¢ e+ ¢y’ cie ™
dx

d’y

22 =8¢t ot e
3 1 2 3
dx
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Substituting in the given differential equation, we get
8+4a+2b+c=0

l+a+b+c=0

~1l+a-b+c=0

More than One Option Correct Type

=a=-2,b=-1,c=2
3 3 3
Thus, &50° ¢ 1
abc 4

The correct option is (B)

75. The subnormal is y & .
dx

Equation of tangent is

dy
Y—y= = (X-
y dx( x)

Put X=0, Yzyfxd—y
dx p
.. Initial ordinate is y — x i
] ] dx
According to question,
y & =y-x & = & A , which is homogeneous
dx dx dx x4y

. . d +
Again we can write, & _rry _ X
vy Y
The correct option is (A) and (B)

76. Length of the side of

AOPQ = \[x* +{g(x)}?
Y

-

P (x, gx))

0]

. 3 .
Now, area of triangle = % (s1de)2

REE

T "2 ¥+ {g()}’]

sog) = V1-x* or— A1-x?

The correct option is (B)and (C)

— + 1, which is linear.

77.

78.

Integrating the given equation, we have

d
@ =3 —dx+c
dx
dy
Whenx=1, — =0sothatc=1
dx
LU (1
dx

On integrating, we get

=x’ -2 +x+c,.

Whenx=1,y=35,so thatc, =5.
y=x3—2x2+x+5

o . 1

From (1), we get the criticial points x = 3’ x=1.

1 d? 1
Atx= —, d—f:—z < 0, therefore at x = —, y has a local

3 dx 3
maximum.

d? y

Also,atx=1, —5=-2>0, therefore at x = 1, y has a local
minimum.

Also,f(l)zS,f(%): %,f(O)zSandf@):I

Thus, the global maximum value = 7 and the global mini-
mum value = 5.

The correct option is (A), (B), (C) and (D)

We have, ? =x[e" T -1]

X
dy
= 7(2(”71))’—1 =xdx
1 (n=1)e"=br x?

- n—1j(e<n—1>y 1) b=

2

! I i _ X e = [Putr=¢"""]
n—17@¢-r 2
1 1 1 2
= J Y - —
n—1\ (-1 t 2
1 -1 x*
= og—="—+c¢
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Passage Based Questions

=

ey _q (n—l)(%zu)
=e

-

(-1 :
e - LTV e
RCaY

-
o I D S e gy

"
R R e e

The correct option is (A) and (B)

Passage 1
79. The given equation is
2 2
ay
xdx+ydy= dy — dx
yay x2+y2y Pty
2 2
or, [x+ Zay2:|dx+|:y—2axz:|dy=0 (1)
X" +y X" +y
Comparing it with Mdx + Ndy =0
2 2
ax
Here, M=x+ ———— ;N=y—
Pty YT Ty
oM _ a4y -2y -y
ay 2+ )2 (2 +2)?
87N2 0 a*(x* +y*) — x(2x) _ aA(x* = y?)
o (2 +2)? (2 + 2
. M ON . .
Since a— = a— . Equation (1) is exact. Hence, the
Jdy  Ox

80.

solution is

J M dx + J.(terms in N not containing x) dy = ¢

y constant

ie., J

2

ayy
X+ dx+ |ydy=c
( x2+y2) '[

 constant
2, axdx  y*
or —+ay J P 5 +7:C
2 yconstamx +y
2 2
X 1 4x
or —+a2y~—tan 1—+y—=c
2 y y 2
or ¥ +)*+24 tanfl; =2c
or x2+y2+2a2tan"; =4

The correct option is (A)

The given equation is
1 .
|:y(1+)+cosy:|dx+[x+logx—xsmy]dy:O (1)
X
Comparing it with M dx + Ndy=0

1 .
Here, M = y(1+f)+cosy,N=x+logx—xs1ny
X

oM . oN |
—=1+—-siny,—=1+——siny
dy x ox X
M
Since, a— = B—N .. equation (1) is exact.
dy  ox

Hence, solution is

ie.,

» constant

or, y J.(1+é)dx+cosy.[ldx=c

or, y(x+logx)+xcosy=c
The correct option is (C)

Passage 2

81. The given equation is

(x2y - 2xy2)dx - ()c3 — 3x2y) dy=0
Comparing with Mdx + Ndy =0

Here, M = xzy - 2xy2 IN=—x+ 3x2y
oM

oN
——=x"—4xy ; —=-3x"+6xp
dy ox

M
Since a— #* a—N , Equation (1) is not exact.

dy  ox
But (1) in homogeneous in x and y

1 1

1

j Mdx + J(terms in N not containing x)dy = ¢

(M

s LE

Multiplying (1) by —— it becomes
Xy

{33
y X y y

m_av -1
dy dx y
Hence, the solution is

| (l—i)dx—jjdyzc

y constant y

which is exact |: — 3

or, E—210gx+310gy=c
y

The correct option is (A)

B Mx + Ny B xzy—zxzy2 —x2y+3x2y2 Cx

2

y

2

@
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82. The given equation is 84. The given equation is
(xysinxy +cosxy)ydx+ (xysinxy—cosxy)xdy=0 (1) (y4 +2y) dx + (xy3 + 2y4 —4x)dy = 0. (1)
It is of the form f;(xy)y dx + f,(xy)x dy =0 Here, M:y4 +2y; N= xy3 + 2y4 —4x
Here, M = (xy sin xy + cos xy) y aﬂ=4y3+2;aﬂ=y3_4
and, N = (xy sin xy — cos xy)x dy ox
1 ON oM
LE= x (P-4 +2)  30°+2) 3
Mx — Ny x dy _ O -H-E 42 B0+ 3
] M yh+2y y* +2
B xy (xy sinxy + cosxy) — xy/xy sinxy — cos xy =/0)
-3
S LE = 70 S5 o -y
2 xy cosxy y
The correct option is (C)
Multiplying (1) by , it becomes
2xy cosxy
' . Passage 3
LR € dy+| 220 € dy=0 85. The equation is
2cosxy 2x 2cosxy 2y p
1 1 YT
or, (ytanxy+)dx+(xtanx —)dyzO P
* Y or, y=px+ L 1

. oM 9N ) _ P . -

which is exact | - g = . =tanxy + xy sec” xy It is of Clairaut’s form, hence its solution is

Hence, the solution is

1 -1
J (ytanxy+f)dx+'[—dy=a
v constant X y

~ log secxy
y

or, y +logx —logy=¢

X X
or, logsecxy+log — =logcorlog — secxy=1logc
y y

X
or, —Secxy=c

or, XSsecxy=cy
The correct option is (B)
83. The given equation is

1
[xyz—exi]dx—xzydyzo (1)

1
Here, M = xy2 —e¥ ,N= fxzy

oM oN
oy, o
o "2 5=
v
dy  ox _ 2x-(2x) _ 4y 4
N - _xzy - _xzy - X - f(x)

—~4
x) dx —d
LE = ejf(‘)d = e'[x : =etlogx=elogx™

1
:x4: =
X

The correct option is (D)

pmert -
1

The correct option is (A)
86. The given equation is
p2()c2 - az) —2pxy + y2 —=0
or, y2 —2pxy + pzx2 = azp2 +b°
or, (v —px) =d’p* + b

or, y—px=++Ja’p* +b*
or, y=px=t \/azpz +b2

Both the component equations are of Clairaut’s form
.. The solution is

y=cx* Ja*c? + b?

or, (y— cx)2 =’ + b
The correct option is (A) and (C)

87. The given equation is
(x—a)p’+px=(1+p)y
o,  (I+py=px(p+1)-ap’
ap?
p+1

or, y=px—

which is of Clairaut’s form and hence its solutioin is
2

y=cx—
The correct option is (B)

88. The given equation is
P = 2p%x +2py —2pxy —px + 2p + P +y=0
or, (F = 2pxy +p’x®) + 2p(y —px) + (v —px) + 2p =0
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or, (y—px)’+Qp+1)(y—px)+2p=0

or, (y—px+2p)(y—px+1)=0

Both the component equations are of Clairaut’s form and
hence the solution is

-—cx+20)(y—cx+1)=0
The correct option is (C)

Passage 4
89. The equation of the series of hyperbolas is
2
xy=Kk 1)
. - dy
(1) Differentiating (1), y +x o =0 2)
X

[The arbitrary constant £ is eliminated]
. dy dx . . .
(2) Replacing — by ——, the differential equation of
dx dy

orthogonal trajectories is
dx

-x—=0
y dy
or, xdx—ydy=0 3)
2 2
(3) Integrating (3), % - y? =¢

Match the Column Type

90.

or, x° 7y2 =2c, or x* 7y2 =c
The correct option is (B)
The equation of the series of parabolas is

y2 =4ax (1)
. . dy dy
(1) Differentiating (1), 2y —=4a ory—=2a 2)
dx dx
Eliminating a between (1) and (2), we get
d d
2 y Ly
=2y-— xory=2x—
rE dx 7 dx
. dy dx . . .
(2) Replacing — by ——, the differential equation of
dx dy
orthogonal trajectories is
d
y=-2x LN y dy =-2xdx 3)
dy
2
(3) Integrating (3), y? =+ ¢

or, 2% +y2 =2c, or 2x? er2 =c
The correct option is (A)

91. 1. The equation of circles passing through the origin and
having their centres on the x-axis is

)+ 2gx =0, ()
where g is an arbitrary constant.
Differentiating with respect to x, we get

dy

xX+y—
ydx

+g=0.ie,g=— (x+y%).

Putting this value of g in (1), we get

Xyt -2 (x+yQ) =0,
dx

. d
ie., y2 =x*+ 2xy—y
dx

The correct option is (B)

II. Let the directrix be x = — 2a and latus rectum be 4a.
Then, the equation of the parabola is

(distance from focus = distance from directrix),
x2+y2=(2a+x)20ry2=4a(a+x) (1)
Differentiating with respect to x, we get

dy 1 d
— =2aora= —y—-
ydx 2ydx

Putting this value of @ in (1), the differential equation is

d d
2 y|yay
= PN XY
7 ydx(de )

2
dy dy
or, — | +2x|—= |-y =0
(o) (%)

The correct option is (C)
II1. Equation of the family of such parabolas is
(v -k =da(x~h) M
where 4 and k are arbitrary constants.
Differentiating with respect to x, we get

-8 L2 @
dx
Differentiating again,
d’y dy)z
— k) —+| =1 =0 3
0-h 3 ( o 3)

Putting value of y — k from (2) in (3), we get
2 3
2a d—f + (dl) =0
dx dx

The correct option is (D)

IV. The general equation of all ellipses centred at the origin
2 2

N
s —+=— =1
a b
Differentiating with respect to x, we get
2x 2y . x y
—+—=5-y,=0ie, =+=5y, =0. (1)
& ! & b
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Differentiating again, we get

2
11 = Sax+ || a|Z =0
S+ () +w)=0 (®) S Y e
a b
From (1) and (2), we have “o1(x)
Integrating, we get — +—| = [ =¢
1 2 _ 4 3\y
7()0’1_)0’1_)00’2)—0 .
b The correct option is (B)
2 —
= Wyt i = =0, 93. I.Here,y—xj—erlogx:O
which is the required differential equation. p "
The correct option is (A) Le.,x d—“; —y=logx
. d log x
L j‘dyzz S 1 |dx ie, 22 - 087
X +y X4y dx  x X
= d)zj - y2d*x =—dx eJ e - ejivm =1V plogx
X" +y 1 1
.. solution is yx’1 = J OBX ‘dx+e
-1y xox
= d|tan” | =||=—-dx |
* ie, 2 =f—zlogxdx+c=je_’.tdt+c
Integrating both sides, we get X X
1
tan~' 2 =—x+cory=xtan(c—x) Putlogxzt.'.;dx=dt
X Also, x =ct
The correct option is (C)
-t -t
II. We have y (x*y + &) dx— &'dy =0 & 1.8 te=—e[t+1]+c
d -1 -1
N exl :x2 2 + ex \ 1
dx Yy Ty =e¢ ®[-logx+1]+c=—(1+logx)+c
. 1 1 . o
Dividing by y%¢", we get — @ _1 =x’e " sy=(l+logx)+c
yodx y

The correct option is (B)

Put L = Vso that ;21 dy _dv II. The given differential equation can be written as
y v dx dx (siny dx + x cos y dy) x? sin’ y
dv S =2y sinx dy +)* cos x dx
We thus have . +V =—x%"*, which is linear Y Y

X = d (x sin ) (x sin y)2 =d (y2 sin x)
- 1F = efldx = Integrating, we get
(xsin }’)3 2w
Hence, the solution is E =y"sinx+c
Ved =— J'xze—x e det & The correct option is (D)
3 d 1
; m, & yxlogy-y)
1 : _
or, —ef = %+§ orx’y+3e' =cy dx  x(ylogx—x)
y

dy
The correct option is (A) = x(ylogx-x) w Y (xlogy—y)

III. Direct substitution of y = 2x — 4 in the equation shows x\dy y
that it is a solution of the given differential equation. = (log X = de =logy— .
The correct option is (D) 7
IV. We have, xy*dx +y dx—x dy=0 - X+logx-@ ~logy + xdy
dx d.
ydx—xdy * o
= x dx + - =0 d d
y = ——(logx)= —(xlogy)
dx dx
*ydv-xd
= x3dx+(xjyxzxy:0 = ylogy=xlogy+logec
y y = log x'=log y*+ log ¢
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=x=c)" . d(y/x)
The correct option is (C) = ——— *tdx=0
IV. Given differential equation can be written as I+ (1
x
M =—dx Integrating, we get
x4y
Ed
- tan tx=c
- M - x
2 [1 + (X) ] The correct option is (A)
x

Assertion-Reason Type

94. We have, xy = ce* + be ™+ x* ) Since the curve passes through (5, 4), ¢ =25
Hence, the curve is
(=1 +(@-1)7%=25

Differentiating with respect to x, we get

X dy +y =ce —be *+2x ) The correct option is (A)
dx . . .
96. The given equation can be written as
Differentiating again,
. .do 1 5
dz dy 5 —sin 0—+cosf| 2x —— [=x
x—2+2 =ce' +be "+2=xy-x"+2 dx x
dx dx
Putcos O=u= sin 6 90 =
[Usmg (1)] ut cos u sin i dx
Hence, the required differential equation is The equation reduces to
A’y _dy
—+2——xy+x -2 =0. @+u(2x—l)=x2
da? dx dx X
The order of this differential equation is 2. 1 . R
. . J(Zx—f]dx=e‘ e
The correct option is (A) IFE=¢e x =

95. The equation of the normal at (x, y) is, - The solution is

dy _ x . : .
(X—x)+ (Y=y) =5 =0 u% = [xer dx:%jexd(xz):%ex te

= Xd + Yd =1 = 2cos =x+cxe ™
x+y dfy (x +y d—y) The correct option is (A)
X
dix 97. Any straight line which is at a constant distance p from the
@ origin is
dx .
p xcoso+tysina=p (@Y
by x+y L4 Differentiating both sides with respect to ‘x’, we get
= 04 =x+y,=" 0B= — & i
ay cos o+ sin @a— =0
dx dx
-1
Also L*_L | = tana:—whereylzg
04" OB A N
s+ Doy 7:@71) S+ r-1)=0 Sinazill—z;“’”: =
P y 1+ 1+ y;
Integrating, we get Putting in (1), we get
G- +a-1’=c . +y
Since the curve passes through (5, 4), c =25 \/1 + yl2 \/ 1+ yl2

Hence, the curve is

G o 125 =@ -0’ =p(1+1)
X — — =

The correct option is (A)
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Previous Year's Questions

98.

99.

100.

101.

102.

The given differential equation is

2/3 3
(1 + 3d—y) = 4(”@]
dx dx

Making the above equation free from radical 2/3, the
equation can be rewritten as

&V (&)
(1+3—y) =4 =2
dx dx

103.
This shows that the order and degree of given equation are 3
and 3 respectively.
The correct option is (C)
2)’ 2
The equation —=¢ "
d dx?
@ B e—2x
dx 2
2x 104.
e
=y=—+cx+d
4
The correct option is (B)
The general equation of all non-vertical lines in a plane is
ax+by=1,where b #0 105.
a+ bﬂ =0
dx
2
= bd—{ =0
dx
J>
= —;} =0
dx
which is the desired differential equation.
The correct option is (A)
Equation y* = 4a (x — h)
= 2 yy’ = 4a 106.
=y’ =2a

=" +()’ =0
The correct option is (B)

(1+y2)+(x—e‘a“"y)@ =0
dy

tan”'y

=1+ 2)—x+x——e
y
dy

N dx 1 ey
i x=
dy 1+ y2 1+ y2
1
— 4
LF=e fpdy: ejnyl 7 _ etan”y

Therefore the required solutions is
. . etan" ¥y
xe™ Y =Ieta" Y—— dy+K,
1+y

2tan”y

" e
ey :J'

dy+ K,
1+y2 !

o1 S
xetan v :7eZtan y+K]

tan”'y

o
2xe =ML K

The correct option is (B)
¥ +y? —2ay=0
Differentiating above equation:
2x +2yy’=2ay’=0
+ ’
L
y

= (> =)y =2x.
The correct option is (C)

(eliminating @)

The equation ydx + xdy + x*y dy = 0 implies
d 1 1
(zxyz) +—dy=0 =—-—+log=C.
Xy y xy

The correct option is (B)
y2 =2¢ (x + Vo)
Differentiating (1) we obtain

(M

2yy'=2¢-loryy =c ?2)
2 _ ’ ’ . .

= y° =2y (x++/yv") [on putting value of ¢ from (2) in

(D]

On simplifying, we get

(v =20/)" = 4py” 3)

Hence equation (3) is order 1 and degree 3.
The correct option is (C)

xdy
—=y(logy—logx+1
rn y(logy —logx +1)

& = y(log(y) + 1)
dx «x X

Substituting y = vx

=

oy,
dx

xdv
dx

:>v+x;'lv:v(logv+1)
dx

xilv—vlo Y
dx ¢

dv

dxk

vlogyv x

Putlogv==z

ldvzdz
v
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107.

108.

109.

dz _dx
z x
Inz=Inx+Inc

z=cx

logv=cx

log(z) =cx
X

The correct option is (C)

Given equation Ax” + By* = 1 implies
Ax+ Byd—y =0, and
dx
2 2
A+Byd—f+3(d—y) =0
dx dx
From (2) and (3)

d’y dy)2 dy
NPT ) I G P!
x{ ydx2 (dx ydx

d’y dy)z dy
=Sxy—>+x|—| —y—=0
ydx2 (dx ydx

The correct option is (A)

General equation of all such circles is X+ y2 +2gx =0.

On differentiating, we get

dy
2x+2
V'

—+2g=0
x

(M
2

3)

Equating the expression for g from above equation in the

general equation, we get
d

X +y2 + (—2x— Zy—y)x =0
dx

:>y2:x2+2xy &
dx

The correct option is (C)
Substituting, y = vx

dy dv
= = =v4+x—
dx dx

dv
S v+x—=1+v
dx

d
= dv= @
x
sov=logxy+c

:>X=logx+c
X

Since, y (1) = 1, we have
y=xlogx+x
The correct option is (D)

110.

111.

112.

113.

(x—h)?+(—-2)7%=25

ox—hy+20-2) Y=o
dx

=>(x—h)=—(y—2)%

Substitution in (1) implies that
dy ’
-2z ) T—-2=25

(=277 =25- (-2
The correct option is (C)

. _ c,x
Given y=ce

¢, x

= Y =c0e
So, V' =cy
: yl/ — cZy’
From (2)

The correct option is (D)
cos x dy = y(sin x—y)dx

d
= 2_ ytanx —y2 secx
dx

1dy 1
= —2———tanx=—secx
yodx
1
Let—=1¢
Yy
_Lldy_dr
y2 dx dx
dy dt
= —— —ftanx = —secx = — + (tan x)f = secx.
dx dx
LF= ejta"m =secx

Solution is #(LF) = [(LF)secxdx

1
= —=secx=tanx+c
Yy

The correct option is (D)

A KT -1)=dV =—KT -1yt
dt
Integrate
(-2) 2
att=0=V=1

(M

(M

@



114.

115.

116.

2 2 2
Z:kL+c:> —l—kiﬂc—V(T)—l—kL
2 2 2

The correct option is (A)

dpty) 1
0 —zp(t) 450

d(p(1) _
dt

p(t) ~900

d(p(t))
2 =00 (1) =900 J !

2In|p(t)—900| =t +¢

t=0

=2In50=0+c¢

= ¢=2In50

=~ 21n|p(t) - 900| = ¢ +21n 50

p()=0
=2In900=¢+2In50

¢ =2(In900 — In50) = 2ln(95000) 21n18.

The correct option is (A)

P 25
Given [ dP= [(100-12x) dx

2000 0

)3/2

(P—2000)=25x100 12:2

(25

P =3500.
The correct option is (B)

dp  p—400

dr 2
___1,

p—400 2

1n‘p—400‘=%t+c

att=0,p =100
In300=c

Differential Equations
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117.

118.

300 | 2

ln‘
2
=|p—400| = 300¢'"

p—400‘_t

= 400 — p = 300¢'? (as p <400)

= p=400-300¢'"?
The correct option is (A)

2x1
Q_"_y _ 2xInx

dx  xlnx xlnx

s LE. = ejﬁdx e
The solution is

ylnx = J2lnxdx

= ylnx=2(xlnx-x)+c

For x=1,c=2
ylnx=2(xInx—x+1)

Put x=e=y(e)=2.

The correct option is (B)

We have ydx + xyzdx = xdy

- xdy — ydx

y2

(42)

Integrating, we get

= xdx

XX
y
Since, it passes through (1, 1)
=1+C:>C=l
2 2
X —2x
= x+l+—=0=y= 5
Y x“+1

The correct option is (A)
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